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The aim of the present lecture is to expound a new way of deriving the Plancherel 
formula for complex semisimple Lie groups, a way based enterely on the ideas of inte- 
gral geometry. That  approach can be immediately extended to all Pseudo-Riemannian 
symmetric spaces for which the problem of integral geometry can be solved. 

The Plancherel formula for complex senfisimple Lie groups was first obtained in 1950- 
1951 by Gelfand-Naimark and Harish-Chandra[1],[2]. Some years later a new explicit proof  
of it, which used a regularisation procedure for parameter  dependent distributions, has 
been obtained in [3]. In 1959 Gelfand and Graev [4] have formulated a problem of integral 
geometry equivalent to the Plancherel fornmla: how can one reconstruct a function on the 
group from its integrals over horospheres, i.e. shifts of the maximal unipotent subgroup. 

A natural plan was to include that  problem into a more general class of problems 
of integral geometry replacing horospheres by other submanifolds and to develop general 
inversion procedures for such integral transformations. 

In 1967 Gelfand, Graev and Shapiro [5] have found the general structure of the inversion 
formulas (the • form) in the particular case when the integration was carried out over 
some family of p-dimensional planes in C n. That  result made it possible [6] to obtain 
the Plancherel formula for the group SL(1,C) since its horospheres can be interpreted 
as l ( I  - 1)/2 dimensional planes in C 12-1. For other groups one has to be able to solve 
problems of integral geometry involving integration over c u r v e d  submanifolds. Some 
fairly complete results in that  direction have been obtained in the case of 1-dimensional 
curves [7],[8]. In the present lecture we give some results for curved submanifolds of higher 
dimensions sufficient for the derivation of the Plancherel formula. 

Derivation of the Plancherel formula with the use of integral geometry is of a special 
interest since it clarifies geometrical structures responsible for the existence of the explicit 
Plancherel formula. There is no doubt that  the existence of a group action is too heavy 
a price for that .  We show that  it is in fact connected with the existence of a very sim- 
ple differential geometric structure on the space of horospheres. Tha t  structure can be 
naturally interpreted as a possible generalisation of structures appearing in the Penrose 
twistor theory [9]. This explains the title of this lecture. We have tried to formulate it in 
the most general way in order to stress our belief that  the structures in question are very 
significant also outside the scope of integral geometry. 
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The two main goals of our investigation can be summarized in the following way: 

(i) obtain a sufficiently general formula ]or the problems of integral geometry that can be 
applied, in particular, to the case of semisimple complex Lie groups; 

(it) specify a geometric structure on the space of horospheres responsible for ~he possibility 
to apply that formula. 

Accordingly, the lecture splits into three main parts: derivation of a general inversion 
formula for the non-linear problems of integral geometry; verification of the applicability of 
that formulation to the case of complex senfisimple Lie groups, and, finally, the description 
of the geometrical structure on the space of horospheres. 

1 A n  i n t r o d u c t i o n  i n t o  i n t e g r a l  g e o m e t r y  

1.1 T h e  G e l f a n d - G r a e v - S h a p i r o  o p e r a t o r  in t h e  p l a n a r  p r o b l e m  o f  in- 
tegral g e o m e t r y  [5]. 

Consider the manifold H -- Hmp of p-dimensional planes in C~ with a fixed parame- 
trisation. Denote by 7r(a,/3), a -- (aa, - . . ,ap) ,  aJ,fl  E C '~ the plane defined by the 
formula 

P 

z = st  +/3 = ~ ~J~j +/3 ,  ~ = ( t l , . . . , t , )  e c". (1) 
j = l  

Here (a,/~) are coordinates in H. 
To each function f (z)  E C~°(C ~) we associate its integrals over r(a,/3): 

](a,/3) = fC~ f (a t  + 3)dr h d--t, dt = dr1 A. . .  h dtp. (2) 

Denote by Hz the submartifold consisting of planes r(c~,/3) going through the point z. 
Consider the operators ~;j acting on forms and increasing the degree of each form by 1: 

Let 

P ropos i t i on  1 /5] The (p,p) form ( ~ A ~ ) ]  IH, is closed for each z E C '~, and i f7  is a 
2p-dimensional (over R ) cycle in H~ then 

f (~¢ A ~)] = c(7)f(z) (4) 

where e(7) does not depend on f .  



The only statement for which a proof is really needed is that  the form (g A g ) ]  I//~ is 
closed and that  is verified by a direct computation. 

Note that  if for a function ~ on H the forms (to A~)~ I//z are closed for all z then there 
exists a function f such that  ~ = ] .  

Let us now discuss some implications of formula (4) for integral geometry. Let K be a 
submanifold in H of (complex) dimension n and suppose that  our task is to reconstruct 
f (z)  from ] [K. Let Kz = K ~ H .  One can assume that  d imc(K~)  = p for allmost all 
z. If  those Kz are cycles such that  c(Kz) ~ 0 then one can reconstruct the function f (z)  
using formula (4). However, that  procedure involves a delicate point: information given 
only by ] on K may turn out to be insufficient for the computation of (t¢/\~)] IH, (tangent 
derivations might be insufficient). It is only for special types of submanifolds K that  the 
inversion problem can be solved in that  way (such submanifolds are called admissible). 
However the space of horospheres in SL(1,C) turned out to be admissible and that  made 
it possible to obtain in [6] the Plancherel formula for that  group. 

It is impor tant  to be able to compute the coefficient c(7 ). That  can be accomplished 
using test functions but it may be advisible to take into account its geometrical meaning: 
c(7)/(27r) 2p is the number of planes ~r E 7 contained in a general hyperplane. 

1 .2  C l o s e d  c o n t i n u a t i o n  o f  ~ t o  c u r v e d  m a n i f o l d s  

A crucial point in the preceding considerations involved the closeness of the form (~: A g ) ] .  
We now wish to continue it, while preserving that property, to the manifold (infinite 
dimensional) of all p-dimensional submanifolds. Considering a local situation let II denote 
the set of all smooth parametrized submanifolds in a neighborhood U C C~ of the origin: 

z = ~,(t), ~ = (~,~,..-,~,,,), z e C n, t C C p. (5) 

For each f(~) e C ~ ( U ) l e t  

](~o) = f f(~(t)) dt A d-t. (6) 

Denote by IIz the set of all ~ for which ~(0) = z. One has H C H : since ~(t)  = c~t + fl 
for each 7r(a,/3). To simplify the notation we conduct our computations for z = 0. 

The elements of the tangent space T~,II will be identified with the variations 5~. Con- 
sider a canonical decomposition of TvII0 of the form 

T~H0 = T (1) ® . . . ~  T (v) (7) 

and denote by ~(J)~, the component o f / ~  in T (j). 
The following conditions have to be satisfied: 

(i) 5(J)~(t) depends only on t l , ' " , t j ;  

(ii) It,--o = 0 

Those conditions imply that  

= • . ,  0 , . . . ,  o )  - ts_ , o , . . . ,  o ) ,  



and, consequently, descomposition (7) is defined uniquely. 
Define the operator aj on functionals F (~ )  in 11 taking them into 1-forms in II0; 

= ( S )  

and continue it on forms. In other words one has to take the value of the variation 6F of 
the functional F at the point T on the variation g(J)~/tj. By (ii) it is a regular variation, 
although, of course, it is not tangent to II0. In particular, for the functional ] (~ )  one has 

, : j ]  = f < g r a d / ( ~ ( t ) ) ,  6J~o(t) > / t j  dt A d-t. 

Let ~ = A aj and consider a (p,p)-form : 

O~Pf(~(t)) ~ 0 ) ~  A" " "~f(P)~P A~O)TJ~ "" "A6(P)~J~ rlti~ I]t-~" 

The following two main properties of the form (~ A ~ ) ]  are verified directly: 

(A) it is closed on rio 

(B) it coincides with the form from section 1.1, on the submanifolds of planes H0 C H0 

(see (3)). 

The form (a A ~ ) F  Irl, is defined in a similar way. These forms are closed if and only if 
there exist a function f such that  F = ] .  

T h e o r e m  1 For each 2p-dimensional (over R )  cycle "y E IIz one has 

f A : (9) 

This follows intmediately from (A),(B) and Proposition 1.1. 
For the computation of c('y) it is useful to take into account that  c(T) = c(~) where 

is a cycle of tangent planes to the submanifolds ~o ~ 7 at the point z (the cycles 7 and 
are homological). 

Now all the statements of the preceding section about links with integral geometry can 
be formulated for the more general situation considered here: one can solve the problem 
of integral geometry for the manifolds K C II, d i m c K  = n using formula (9) provided 
the forms (t~ A ~ ) F  I/~. are defined by F IK for almost all z, K~ are cycles and c(K~) ~ O. 
We shall presently see that  this condition is satisfied by spaces of horospheres in complex 
semisimple Lie groups. 

2 Solution of the integral geometry problem for complex 
semisimple Lie groups 

2.1 N o t a t i o n  

Let G be such a group, dim G = n; denote by ~ its Lie algebra, and by H and 7-/ its 
Caftan subgroup and Cartan subalgebra respectively, dim 7-/ = g. Let {a} be a system 
of positive roots numbered in such a way that  

if  al + ~j = ~k t henk  > i and k > j. (lO) 



The existence of such a numbering (which is not unique) is easily proved [10]..Denote by 
e:~j, j > 0, the root vectors corresponding to =t=cu, respectively, and let 

fl = [e-i, ei], [fi, e.i] = < fi, f j  > ej, 

where <, > denotes the Cartan scalar product.  For the basis in ~ we take all {e+j} and 
fj  for simple roots. Consider the exponential coordinate system in G (we are treating a 
local situation in a neighborhood of unity e C G). 

Let Z be a subalgebra generated by the vectors ej,  j > 0, dim Z = (n - 1)/2 __def 
p. Denote by Z the corresponding maximal unipotent group: Z = e x p ( ~ j > 0 t j e j )  and 
by Z_ the subgroup corresponding to negative roots. Each horosphere in G is of the 
form Z(gl,g2) = glZ92. One obtains almost all horosphere taking gl = ~ah, g2 = 
G for some ~1, if2 C Z_, h E H.  Accordingly {~a, G, h} define a coordinate system on the 
dense chart on the space of horospheres E, dim ~ = n. Almost all horospheres going 
through e are of the form Z(~-a ,~) ,  ~ E Z_, dim Z~ = dim Z = p where me denotes 
the set of all horospheres going through e. 

For each function f E Co(G) consider its integrals over horospheres 

]((~, ~2, h) = j(h)  f f(~ahexp ( ~  tjej)¢2) dt A d-t, (I1) 
j>0 

where 
1 

j (exp f )  = exp (~ < f , ~ ] i  >), f E 7L 
i>0 

2.2  R e s t r i c t i o n  o f  t h e  f o r m  (~ A K ) ]  t o  t h e  s p a c e  o f  h o r o s p h e r e s  

The homogeneity considerations imply that  it is sufficient to carry out our computations 
only for the unity element e C G, i.e. to compute (K A K)] I-%. In view of the parametri- 
sation chosen on me it is a form on Z_. The homogeneity considerations again imply that  
it is sufficient to carry out the computations only for ~ = e on Z_. 

Thus, one has to study a variation SZ of an horosphere Z in -Ze. Consider the expo- 
nential coordinate system on Z_: ~ = exp (~i>oSle_i). Then 

t fZ(t)  = d, tn[~ -a exp ( ~  t je j ) / ] ,  

where the differential with respect to s is taken for s = 0. Evidently, dZ takes values in 
the Lie algebra G. Using the formula exp( -eY)exp(X)exp(EY)  = exp(X + E[X, Y] + o(~)), 
one has 

6 z  = 

j>0 />o 

which for the canonical decomposition components yields 

~f(J)Z = tj[ej, ~ d,le_/] ; (12) 
/>0 

Thus df(J)Z/tj is a regular variation, and in our case it does not depend on t. Those 
variations are not tangent to the manifold of horospheres. However, as we shall presently 
see, the form (~¢A~)] can be computed. Let us study the variation 6(J)Z/tj in more detail: 

= - d , J j  + + 



where 

(i) ~5)Z is expressed in terms of ds~, k > j ;  

(ii) ~J)Z takes values in the Lie algebra Z of the group Z and can be expressed as a linear 
combination of e,~, m < j. 

We obtain the first surrmaand by taking l = j in (12). In ~J)Z we group together the 

summands with l > j and in 6~J)Z the surnmands with l < j .  One has to verify (ii). 
Consider[e j, e_j]. One has to check that if a j  - at is a root then it is a positive root 

a , , .  Indeed, let aj - al = -ok .  Then condition (10) implies that j > k contradicting 
the above inequality. If a j  - ctl = am then using (10) once again one has m < j .  

Let us now compute n ]  I~ for ( = e. Recall that in order to compute nj one has to 

evaluate the variation on 6(J)Z/tj. Note first of all that  the terms ~J) vanish as, according 
to (ii), they correspond to shifts along the horosphere Z itself, and those shifts preserve 
the volume element dt and, consequently, the integral ] .  

By induction in j starting with j = p and working in the direction of lower values we 

now prove that ~J )Z  also vanish. For j = p = (n - 1)/2 one has: $~J)Z = 0. Now we 
verify by induction that/~j>k nj f  is of the form c Aj>k dsj. Indeed, after addition of ~;k, the 

forms t~J)Z vanish because, in view of (i), they are linear combinations of dsm, m > j .  
Therefore Aj>k n j f  is of the form c Aj>~ dsj. Thus,  for each j only the value of the 
variation on -ds j f j  is essential, and that is a tangent variation to E corresponding to 
shifts by the elements of the Caftan subgroup H.  Denoting by Dj the derivation in the 
direction fj the result may be formulated in the following way: 

hi(e, e, e) = (-1)PIIj>oDjf(e, e, h) }h=~ Adsi. 

One has to take into account that  

e, exp(e / ) )  = f f ( e x p ( e / +  ~_tjej))dt  A ~ + ](,, O(E). 

It is to ensure conformity with that  relation that  the normalisation factor j(h) has been 
introduced into definition (11). The operator g is of a similar form and, by homogeneity, 
the formulas are valid for other points ( E Z. 

Thus 
(n / \  g ) ] ( ( - ~ ,  (,  e) = IIj>oDjD--jjf(~ -1, (, h) th=, dsj A dsj. 

It remains to consider the integral fx , (~  A ~ ) ]  and to compute c(E,).  

For the cycle E, the cycle of tangent planes E, consists of those subspaces in ~ that  are 
of the form TgZ,  g E G, where T a is the adjoint representation of G in G. It is sufficient 
to take g E U, where U is the maximal compact subgroup, and taking g E Z_ one gets 
almost all of the planes. Let ru be a hyperplane in ~ of the form < u, x > = 0, u E ~. It 
is sufficient to consider the case u E ~ so that general hyperplanes corresponds to regular 
elements of 7-(. In that case ru contains I W I planes from ~., where W is the order of the 
Weyl group of algebra corresponding to different orderings of roots on ~ .  That  can be 
easily deduced, e.g., from the Bruhat  decomposition. Therefore c(--e) = (2~r) '~-1 I W I 
and one has : 

1 
f z  I I j>°D/D-J ] ( / - l '  ; '  h) Ih=, A ( d s / h  dsj) .  (13) f(e) - (21r)n_l t W I _ j>o 



3 I n f i n i t e s i m a l  s t r u c t u r e  on  t h e  s p a c e  o f  h o r o s p h e r e s  E 

Finally we present without proof the geometrical structure on the horosphere manifold 
which is sufficient for the existence of the inversion formula based on the form (~ A ~)].  

Let us now study the structure of incidence relations between horospheres of the type 
of projective duality. Consider the horosphere manifold E, dim E = n. To the group 
elements g E G there correspond on E submanifolds of horospheres ~g going through g, 
dim ~g = p = ( n -  1)/2. Let ~ E E (fixing an horosphere Z(~) on G) and consider 
submanifolds Eg 9 ~ (i.e. g C Z(~)) and tangent planes C0g E T¢E to Eg at the point ~. 
Thus there arises a p-parameter family of p-planes in the tangent space T¢E. 

That  configuration of planes turns out to have a remarkable property which bears 
the main responsibility for the existence of the inversion formula. Let us call the set of 
p-planes that lie in a fixed (p+l)-plane and contain a fixed (p-1)-plane ~ a p-bunch (a,,k) 
and the (p-1)-plane a the axis of the p-bunch (a, A). Then the family of planes ¢rg splits 
into a (p-1)-parameter family of p-bunches; the axes of those bunches {a(P-a)}, in their 
turn, split into (p-2)-parameter family of (p-1)-bunches etc. At the last step one obtains 
a one-parameter family of straight lines (the axes of 2-bunches of the previous step) that  
lie in the same 2-plane and go through the origin. That stratification corresponds to the 
enumeration roots (10) and is, accordingly, non-unique. Each step involves a finite number 
of possibilities to choose a descomposition into bunches. Axes of bunches may be related 
to degenerate horospheres. 

If for a family E of p-dimensional submanifolds on the n-dimensional manifold G the 
above inductive decomposition into bunches of tangent planes holds for each point ~ C ~, 
then we shall say that F. satisfies the (H)-condition , or horospheric condition. For the 
problem of integral geometry to be solvable one more condition has to be satisfied. 

We shall say that  E satisfies the infinitesimal Desargues condition if in a neighborhood 
of each point there exists a diffeomorphism "flattening" Eg up to the 3-d order. That  
condition can be expressed analytically. 

On each family E of submanifolds Z~ C G satisfying both the (H)-condition and the 
infinitesimal Desargues condition the form (a A K)] induces an inversion formula. 

The (H)-condition can be reformulated in the "G-representation": there is a canonical 
rational-triangular structure on submanifolds Z~ (in particular, on horospheres), viz., there 
is a mapping of Z~ on C P  1, then a mapping of the inverse image of points again on C P  1, 
etc. It is a geometrical expression of the root structure and undoubtedly deserves a detailed 
study. In particular, it is interesting to consider how that  approach is related to the 
ihtegration theory of those non-linear equations that  can be represented as compatibility 
Conditions for systems of linear equations with several spectra] parameters. 
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