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Abstract
Laser-driven electron acceleration in underdense plasma is a promising route towards the
realization of reliable sources of relativistic electrons in the 0.1–1GeV energy range.
Generation of such electron bunches at high repetition rates is hindered by the limited energy
per pulse, which inevitably results in very short pulse duration and tight focusing. Compressing
the laser energy in time and space allows scientists to use higher plasma density to drive
wakefieds, which in turn results in enhanced diffraction and dispersion of the broadband laser
pulse. These features make difficult to control the acceleration in the plasma wave and to
improve the beam quality. Here we propose a mm-long three-stage acceleration scheme, which
allows for tunable injection and optimal acceleration of high-quality electron bunches. The full
interaction length is modeled by 3D particle-in-cell simulations.

Supplementary material for this article is available online
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1. Introduction

Laser wakefield acceleration (LWFA) of electrons in under-
dense plasma has been developed to the point where the max-
imum electron energy is defined by the efficiency of the laser
guiding [1, 2], since transverse confinement of the laser pulse
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is necessary to maintain the intensity. Gas-filled discharge
capillary waveguides [3] are perfect solutions to extend the
acceleration length up to the pump depletion length [4], which
is proportional to the pulse duration and inversely proportional
to the plasma density [5]. In a quasi-linear wakefield the accel-
erating field amplitude is proportional to the square root of
density, thus by multiplying it with the depletion length we
find an energy gain which is higher if longer pulses and more
dilute plasma are used. The guiding is easier when the laser
spot size is large, which allows for using capillaries with dia-
meter much larger than the laser waist radius, thus avoiding
the damage of the inner wall of the capillary. This technique
seems highly feasible experimentally, but requires laser pulses
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Figure 1. Sketch of the proposed experimental scheme. The laser pulse, with few hundred milli-Joule energy, is focused to the raising edge
of a ∼300µm wide gas jet with nj1 = 7× 1018 cm−3. Here the laser pulse triggers the self injection of ∼10 s of pC electron charge, which
are accelerated to ∼70–100MeV energy before entering the capillary stage (a), where n0c = 4.1× 1018 cm−3. The spot size of the pulse is
preserved in the first gas jet. The low-divergence laser pulse gets focused in the second stage, while it further accelerates the electrons. In the
last stage (b) the laser pulse experiences significant plasma dispersion and for efficient acceleration the second gas jet with higher density
(nj2 = 6.7× 1018 cm−3) and increasing density profile is applied.

with 10 s of Joules energy, reducing the practicality and the
possible use in applications which require high repetition rate.
Recently, some efforts have been put to manipulate the density
profile in the waveguide [6] or to manufacture small diameter
capillary with help of micro-machining [7], which allows for
efficient guiding of tightly focused laser pulses as well.

From the view-point of applications [8–10], high average
electron current and high sampling frequency are demanded,
but current laser technology can provide laser pulses with very
limited energy at such high repetition rates. For example, at
ELI-ALPS the total energy in a single laser pulse will be on
the order of 100mJ compressed to less than 10 fs (a few laser
cycles), leading to ∼10TW power. Such an ultrashort laser
pulse has to be focused to a spot radius of w0 ∼ 10µm in order
to reach relativistic laser intensity (>1018 Wcm−2) needed
for driving a wakefield accelerator. Recent investigations have
shown that the electron acceleration in a simple high dens-
ity gas jet is very efficient, providing close to nC charge in a
single shot with average energy around 200MeV and with an
exponential tail up to ∼300MeV [11]. However, the energy
spread is 100% and the beam quality is low, that should be
improved by the careful control of the electron injection and
pulse propagation inside the plasma.

Generally, a good quality LWFA requires two stages: elec-
tron injection and long acceleration [12, 13]. In the present
work we incorporate an intermediate stage, which is neces-
sary to re-focus the laser pulse after the injection stage. Thus,
for the case of few-cycle laser pulses and in order to achieve
high quality GeV-class electron beams, a three-stage acceler-
ation scheme is proposed (see figure 1). It consists of a nar-
row gas jet, where the electron injection takes place; it is fol-
lowed by a capillary discharge tube where the laser pulse is
guided and re-focused within a millimeter length and finally

the laser pulse enters a second gas jet, which is tilted relat-
ive to the vertical axis in order to compensate for the deph-
asing, developed due to plasma dispersion. We show that in
the first stage it is possible to mitigate the pulse diffraction
and to preserve the laser spot size, which is achieved by care-
fully choosing the focus (or focal plane) position relative to
the position of the density peak in the gas jet. Up to now only
several relevant experimental results have been published and
they showed very different results, depending on the focus-
ing optics or gas jet parameters [14–18]. The employment of
a narrow gas filled capillary, as a discharge wave-guide, is
reasonable since such devices have been proven to be stable
at high repetition rates [19, 20]. Practically, the capillary dis-
charge waveguide and the two gas jets can be embedded in one
sapphire block, see [12], using laser micromachining techno-
logy. Furthermore, the total target system is only about 2mm
in length, allowing for a straightforward alignment and opera-
tion at high repetition rates.

The different behavior of ultra-short pulses was predicted
theoretically in earlier works [21, 22], where it was shown that
the critical power of self-focusing becomes much higher due
to the density pile-up at the front of the pulse. The density
modulation caused by the ponderomotive force can even can-
cel the relativistic self-focusing [23]. By approaching the few-
cycle regime not only the broad spectrum leads to enhanced
plasma dispersion effects, but also the large gradient in the
refractive index causes strong spectral modulations and red
shifting. In the opposite extreme case of very long pulses
longitudinal self-phase modulation leads to periodic bunch-
ing of the laser envelope, which has been studied extensively
[24–26]. Those long pulses can be effectively self-guided, but
the wakefield generation is highly nonlinear and the electron
acceleration is not controllable. For intermediate pulse lengths
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(similar to the plasma wavelength) relativistic self-guiding has
been observed experimentally [27–29], but for laser pulses
4–5 times longer than the pulse durations considered here.
Therefore, in the case of few-cycle pulses one has to consider
an external guiding structure, like a discharge capillary wave-
guide. In the next section it is shown that narrow capillaries
are suitable to reverse the diffraction of the laser pulse and it
is possible to extend the acceleration length by using a second
gas jet.

The paper is structured in the following sections. We intro-
duce an existing envelope guiding model [30] in section 2 to
determine the plasma and laser parameters which allows for
efficient self guiding in a tailored plasma profile consisting
of three stages, shown in figure 1. In section 3 we present a
3D simulation where the initial conditions and parameters are
based on the theoretical predictions of section 2. We shortly
mention in section 4 that our setup can operate in the beam-
driven regime as well, when the laser intensity is increased.
Finally, the sensitivity of the proposed scheme is tested in
section 5 with further simulations, where the initial setup is
changedwith respect to the optimal one, presented in section 3.
We conclude our work in section 6.

2. Start-to-end modeling of the three-stage
interaction

The shortness of a laser pulse is quite relative, because
one can always find a plasma density which satisfies the
condition ctL ≈ λp

√
γ/2, which ensures efficient wakefield

(or bubble) formation. Here tL is the laser pulse duration,

γ =
√
1+ a20/2 is the average relativistic factor of the elec-

trons, a0 = eEL/(meω0c) is the normalized laser field amp-
litude, λp = 2π c/ωp is the plasma wavelength and ωp =
(e2ne/(meϵ0))

1/2. In the case of few-cycle pulses one can
increase the plasma density, but the dephasing ruins the accel-
eration, because it scales stronglywith electron density∝ n3/2e ,
while the accelerating field is proportional to n1/2e . In order to
avoid strong wave-breaking and beam loading one has to con-
sider lower plasma densities (ωp < π

√
γ/tL), where the accel-

eration is limited by the pump depletion with a characteristic
length: Ld = ctLnc/ne, where nc = ω2

0ϵ0e
2/me is the critical

density. In this regime the pulse duration is not matched to the
cavity length, but matching the laser spot radius (w0) is still
possible [31]: w0 ≈ λp

√
γ/2> ctL.

The relatively tight focusing brings a new limiting factor
in the acceleration scheme, which is the diffraction length,
or Rayleigh length (LR = πw2

0/λ0, where λ0 is the laser
wavelength). It is obvious that guiding is meaningful when
Ld > 2LR, which leads to a threshold pulse duration (assum-
ing matched spot size): N> γπ/2, where N= ctL/λ0 is the
number of laser cycles within the FWHM of the intensity
envelope. In the case of high intensity pulses (a0 > 1) it is
exactly the few-cycle regime and this is the typical pulse
length (N⩽ γπ/2) that we consider in our work. We present

additional simulations in the supplementary material, which
highlights the difference between the propagation of few-cycle
and longer pulses in underdense plasma.

In this work for particle-in-cell modeling we use EPOCH
[32]. In the case of a full-scale three-dimensional simulation
the transverse dimensions of the simulation domain is strongly
limited due to computational requirements. Therefore, the
width of the simulation box is 60µm, while the length in the
x direction is 24µm. The grid size is 40 nm in the longitud-
inal and 120 nm in the lateral directions, thus the space in the
moving window is resolved by 600× 500× 500 grid points.
In each grid cells four electron macroparticles are initialized.
The field solver is of 4th order and the time step is 30% of the
Courant time step, which ensures negligible dispersion error
over the full propagation distance. This is particularly import-
ant in the case of few cycle pulses, where the spectrum is rel-
atively broad and the phase velocity should not be influenced
by the grid dispersion.

The plasma density in the first stage was chosen such that
the matching condition is fulfilled: w0 ≈ λp

√
γ/2. It means

that for w0 = 9µm the required average electron density is
ne ≈ 6× 1018 cm−3. For a pulse duration of about 12 fs and
wavelength of λ0 = 800 nm the theoretical depletion length is
around 1.5mm at this plasma density. In the capillary the dens-
ity is lower, therefore the laser pulse loses significant energy
only in the first and third stages of the interaction (see figure 1).
External electron injection is not considered in the model-
ing, but later we show that self-injection happens naturally in
the rear side of the gas jet, in the density down-ramp, sim-
ilarly to the case presented in [12]. The first gas jet has an
important role also in the guiding of the pulse, because for
an optimal focus position the laser spot size remains almost
constant while it propagates through the gas jet.

In the following we show that, if the longitudinal evolution
of the pulse shape is neglected, a laser pulse can be guided
more safely in a capillary when a0 ≫ 1. We start with the
envelope equation for the laser spot radius [33]:

∂2ρ

∂x2
=

4
k20w

4
0ρ

3

(
1− a20

32
k2pw

2
0 −

∆n
∆nc

ρ4
)
, (1)

where ρ= w/w0 is the spot radius normalized to the initial
waist size (w0), k0 and kp are the laser and plasma wave num-
bers, respectively. Here the channel depth (∆n= np(w0)−
n0) is calculated from the realistic density profile [34, 35]:
np(r)≈ n0 +(1/3)n0r2/R2

c , which is valid only close to the
axis: r< Rc/2 (see supplementarymaterial). The critical chan-
nel depth, which is optimal for guiding, is given as ∆nc =
(π rew2

0)
−1, where re = e2/(4πϵ0mec2) is the classical elec-

tron radius. Theoretically, ideal guiding is achieved when the
right hand side of equation (1) is zero and ρ= 1. This leads to
a quadratic equation for the matched initial laser spot radius
(w0 = wm):

w4
m

12R2
c
+
w2
ma

2
0

32
− 1
k2p

= 0. (2)
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Figure 2. Radial density profiles in a discharge capillary when the
laser pulse is also present. Behind the laser pulse (averaged between
x= 703–709µm in figure 1(a)) a deep quasi-parabolic profile
appears due to electron cavitation, while inside the pulse (averaged
between x= 709–713µm in figure 1(a)) a density hump is
observable, due to the longitudinal ponderomotive force. The center
of the laser pulse is at x= 711µm.

One can easily verify that in the limit a0 → 0 the well-
known non-relativistic matched spot size is recovered:w4

m,nr =

R2
c/(∆nchπ re), where ∆nch = n0/3 in our case. After analyz-

ing the solution of equation (2) we found that the guided laser
spot size can be as small as wm < Rc/3 if kpRca20 ≫ 32, which
is easily fulfilled for a0 > 2. Smaller laser spot means lower
intensity at the capillary walls, thus less damage is expected.

The estimations made above have limited validity when we
take into account the longitudinal evolution of the laser pulse.
Plasma dispersion (which leads to pulse elongation) and red-
shifting [36] can cause significant change in the peak intensity
on a longer time scale. All these spectral changes are propor-
tional to a20, therefore we cannot increase the laser intensity
arbitrarily. On the other hand, the ponderomotive repulsion
changes the density profile of electrons, witnessed by the laser
pulse, which we express as:

ne(r)≈ nb(r)+ δnexp(−2r2/w2), (3)

where nb is the background (unperturbed) plasma density,
which can also depend on radius in a capillary, for instance.
The generated density modulation is proportional to the radial
profile of the laser intensity [23] as it is confirmed in figure 2.
In our simulations for such a few-cycle pulse we observed
δn≈ 0.3nb up to 0.5nb averaged along the laser propagation
axis, but it depends on the pulse duration as well. For 12 fs
pulse duration we found good agreement with the fitting func-
tion using δn= 0.35nb. In the case of long pulses, in the blow-
out regime, the density has a minimum along the axis (r= 0)
and δn< 0 [37–39], which is also visible behind the laser pulse
in figure 2. If the pulse is longer its central part is guided
in this density modulation, i.e. in the self-generated channel.
In principle the head of a laser pulse (the first few cycles)
always experiences an increased density with quasi-Gaussian
radial profile, which causes enhanced diffraction in this por-
tion of the pulse. In the case of few cycle pulse the whole

pulse experiences this modulated refractive index, which can
be compensated only by external guiding, which is provided
by a discharge capillary in our case.

Considering the self-consistent plasma density modulation,
it can be easily recognized that in reality perfect guiding does
not exist, only at low intensity [40]: a0 < 1. At high intensity
the pulse envelope oscillates, higher order Laguerre modes can
appear [36, 41], and it can strongly interact with the capillary
wall. Recently a regenerative discharge waveguide was pro-
posed which can be used to mitigate the problem of radiation
damage [42]. However, if a short capillary is considered, where
the time is not enough for longitudinal pulse evolution, then a
simplified model is reliable and it is shown that the condition
w< Rc/2 can be maintained. In the case of tight focusing, we
have to take into account δn and the exact density profile (nb),
which closely reproduces the density profile observed in rel-
evant capillary discharges (see supplementary material) [34]:

nb(ρ)/n0 = 1− 0.119ρ2 + 2.3ρ3 − 3.056ρ4 + 2.05ρ6. (4)

The advantage of equation (4) is its easy implementation
in particle-in-cell codes for the initialization of the density
profile.

The propagation of a Gaussian laser pulse in underdense
plasma can be well described with the model presented in [30]
if we assume that the intensity profile remains Gaussian over
the entire propagation distance. In the supplementary material
we show that the Laguerre modes exist only for a short time
in the capillary and those are negligible when the pulse intens-
ity is increased. This model incorporates the time dependence
of the laser spot radius and the relativistic effects are also
included (γ > 1). The envelope equation describing the evol-
ution of the laser spot size in the paraxial approximation is
written in the following form:

d2w
dx2

=−2
K(w,x)
w

+
4

k20w
3
, (5)

where K(w,x) is a radially averaged quantity which incorpor-
ates the plasma response in a more general way. It is evaluated
numerically by performing the following integral:

K(w,x) =−
[
ωp0(x)
ck0

]2ˆ Rc

0

4r
w2

(1− s)e−s ne(r)
n0

×
(
1+

e−s

2W2

)−1/2

dr, (6)

where s= 2r2/w2,W= w/(w0a0) and n0 = ne(0) is the dens-
ity along the laser propagation axis. The advantage of this
method is that we can include arbitrary radial dependence
of the plasma density and it is possible to model the pulse
propagation in a plasma channel or in a density ramp. In the
simplified model of equation (1) a parabolic density profile is
assumed, while our function (equation (4)) is more accurate
over the whole capillary diameter.
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Figure 3. Modeling the influence of different parameters: (a) the focus position, (b) position of the capillary and (c) radius of the capillary.
In (c) the effect of higher laser intensity is also shown. In all cases δn = 0.35nb, the laser waist radius is w0 = 9µm and the plasma density
profile is the same as in figure 1. The vertical dashed lines show the borders between consecutive stages.

Now, by using equations (4)–(6) it is possible to model
the first two stages of the scheme presented in figure 1.
In the third stage the energy depletion is not negligible,
therefore the predictions of the model are only qualitatively
valid. The longitudinal density profile of the first gas jet is
Gaussian described with ne = nj1 exp(−(x− x01)2/σ2

j1), where
nj1 = 7.5× 1018 cm−3, σj1 = 280µm and x01 = 400µm. The
capillary starts at x= 660µm and its length is 1040µm with
lower density on axis: n0 = 4.2× 1018 cm−3. The lower dens-
ity is needed for phase matching, i.e. the length of the wake-
field (≈√

γ2π c/ωp) inside the capillary should be equal to the
wavelength at the position of electron injection inside the gas
jet (see figure 1).

The most important quantity in the proposed scheme is the
position of the laser focus. In order to model focusing we

define the laser spot size, w= w0

√
1+(x− xf)2/L2R, where xf

is the focus position, and its derivative (dw/dx) as initial condi-
tions in equation (5). The density up-ramp strongly influences
the pulse propagation, because the scale length of the dens-
ity variation has a similar dimension as the Rayleigh length of
the focused laser pulse. Transforming equation (5) into a form
similar to equation (1) one gets:

∂2ρ

∂x2
=

4
k20w

4ρ3

(
1− 1

2
k20w

2K

)
, (7)

From equation (6) one can easily observe that K∝ (k0w)−2,
therefore the right hand side of equation (7) is close to zero
when the x-dependence is eliminated from the integral, which
requires a longitudinal density profile (close to r= 0): ne(x)∝√
1+ 2a20/(1+(x− xf)2/L2R). Since this function is similar to

a Gaussian for x− xf < LR, the pulse diffraction is suppressed
inside the gas jet and the scale length of the density gradi-
ent should be close to the Rayleigh length of the laser pulse
(for more details see the supplementary material). This effect
is shown in figure 3(a), where the laser spot radius remains
almost constant if the focus position is x01 − xf = 250µm
(≈0.83LR) behind the center of the gas jet.

The position of the capillary entrance is also important,
obviously it should be close enough to the gas jet in order
to avoid a large laser spot radius entering the waveguide. In
figure 3(b) one can see that this position should be at x<
700µm, which means less than 300µm (≈LR) from the center

of the gas jet. Another important parameter is the radius of
the capillary playing an important role in the re-focusing of
the laser pulse. According to figure 3(c) the optimum value is
around Rc =28µm, a larger radius leads to more loose focus-
ing and the laser spot expands significantly even if the laser
intensity is increased (red dashed line in figure 3(c)). A smaller
capillary radius results in stronger focusing, but the condition
Rc ≫ w0 is more difficult to fulfill. We present more extensive
modeling of the pulse propagation in capillaries in the supple-
mentary material, where we show the upper limits of Rc that
can be used to focus a given laser pulse.

At the exit side of the capillary the laser pulse acquires a
negative divergence and gets focused again, therefore one can
use it to drive a strong wakefield again. For this purpose a
second gas jet is placed behind the capillary, where the plasma
density can be higher, because the laser intensity increases,
due to self-focusing. For keeping the electron bunch at the
same accelerating phase of the wakefield the group velocity
of the laser pulse has to be compensated by the shortening of
the plasma wavelength [43]. Mathematically it can be formu-
lated as dλp/dt= vg− c− vd, where vd ≪ c is the backward
velocity of the peak intensity of the pulse in a frame moving

with c. By using the expression vg = c
√
1− (ω2

p/γ)/ω
2
0 we

obtain the following dimensionless equation:

d
dξ

(√
nca0
nb

)
=

√
1− nb+ δn

nca0
− 1− vd

c
, (8)

where ξ = x/λ0. During the propagation in the plasma the
pulse acquires a positive chirp, which results in a back-shift
of the peak intensity, which is the origin of vd. This effect is
clearly visible in simulations shown by figure 6. For simplicity
we assume that the laser field amplitude is constant (a0 = 2),
which is justified by the fact that the increase of intensity due
to self-focusing is almost compensated by the energy deple-
tion, therefore the field amplitude can be considered constant.

The desired density up-ramp is achieved by a simple
method: the axis of the vertical gas jet is tilted by θ ≈ 20◦.
Due to the transverse expansion of the gas flow the density
decreases along the vertical axis as ne ∼ [1+(h/RN) tanα]−2,
where RN is the radius of the nozzle, h is the height meas-
ured from the tip of the nozzle and α is the half open-
ing angle (radial expansion) of the gas flow. By applying
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Figure 4. Full lines: solution of equation (8) for two values of vd.
Dashed lines: represent the density profile given by equation (9) for
two tilting angles: θ = 14◦ (blue) and θ = 22.5◦ (red). Here
δn/nb = 0.3, α= 20◦ and RN = 600λ0. Here x= 0 means the end
of the capillary.

coordinate transformation the density profile along the laser
axis (x−direction) has the form:

ne(x) = nj2
exp[−(x− x02)p/(RN)p]
[1− x tanα tanθ/RN]2

, (9)

where θ is the angle between the axis of the gas jet and the
vertical coordinate and x02 is the position of the center of the
nozzle. For the second nozzle we consider a flat-top density
profile, therefore in our simulations a super Gaussian func-
tion is used with p= 8. It is remarkable that one can find a
θ angle which provides a density up-ramp that matches per-
fectly with the desired phase-locking density ramp, which is
seen in figure 4. The effect of chirp evolution (vd) is demon-
strated in figure 4, where the full lines show the theoretical
density profiles needed for perfect phase locking (solution of
equation (8)) and the dashed lines represent the density given
by equation (9). For a larger vd (shorter pulse, stronger dis-
persion) one needs a larger tilt angle (θ) to make the density
profile steeper. The value of vd is not known exactly, but in
experiments the θ angle can be easily adjusted until optimal
acceleration is achieved.

3. Proof-of-principle simulations and comparison
with a two-stage scheme

First we present the reference case, when the beam loading of
the wakefield is negligible and high quality, high energy elec-
tron bunch is produced. The physical parameters of the sys-
tem are the same as in section 2: laser spot size is w0 = 9µm,
contains 220mJ energy compressed to 12 fs (FWHM) duration
and it is focused at xf = 150µm. The wavelength is λ0 = 800
nm. The normalized laser field amplitude is a0 = 2.75. The
radius of the capillary is Rc = 28µm. After the laser pulse
crosses the center of the gas jet it propagates in a density
down-ramp, thus the plasma wavelength, and the length of the
wakefield, increases. This is shown by drawing the axial dens-
ity distribution in figure 5, where vw = c

√
1− 1.5n0/nc is the

average group velocity of the laser pulse and this is the velocity

Figure 5. Longitudinal density profiles, along the laser propagation
axis at different time instances. The insets show the transverse
cross-section of the electron density distribution, which shows that
the electron injection happens somewhere around x= 570µm
(t= 1.9 ps). The label of the horizontal axis is the same as in the
main picture.

of the moving window. The location of the density peaks in
the back of the bubble is shifted backward, which means a
decreasing phase velocity of the wakefield. At this stage the
electron’s velocity inside the density peak can easily become
higher than the phase velocity of the bubble, which is exactly
the condition for self-injection.

The wakefield evolution is presented in figure 6 together
with the longitudinal phase-space distribution of the injec-
ted bunch. The first picture corresponds to the time instance
right after the laser pulse enters the capillary. At this stage the
electrons manifest a positive energy chirp and the tail of the
bunch modifies the wakefield significantly (see figure 6(a)).
A significant amount of low energy electrons are lost dur-
ing the propagation through the capillary. It happens because
the focusing field is weaker in the low density plasma and
the electrons with large divergence can escape radially. The
laser field amplitude at the beginning of the capillary is
≈8.8 TVm−1, which corresponds to a0 = 2.2. Taking into
account 10% energy loss in the first stage, the laser spot size
is found to be almost unchanged. Inside of the capillary a lin-
ear wakefield is generated which increases the positive energy
chirp, but at the same time it accelerates further the electrons
(see figure 6(b)).

The capillary ends at x= 1700µm and it is followed by
the second gas jet, which is tilted by θ = 22.5◦, thus the laser
pulse experiences a density profile shown by the red dashed
curve in figure 4 and nj2 = 0.004nc = 1.6n0. The center of this
gas jet is at x02 = 2200µm. At this stage the electron bunch is
accelerated in a positive slope of the field, which results in the
energy dechirping observed in figures 6(c) and (d). Note that
the Ex field amplitude in the gas jet is about ten times higher
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Figure 6. Phase-space distribution of electrons (blue dots) and accelerating electric field profiles (red lines) at different time instances:
2.4 ps (a), 5.2 ps (b), 6.6 ps (c) and 8 ps (d). The laser field is also shown by green that uses the scale of the right vertical axis.

Figure 7. (a) Energy spectra of electrons for two values of θ upon exiting the second gas jet. The blue curve correspond to the case
presented in figure 6. The dashed line shows the spectrum obtained in a scenario where no capillary was used (see figure 8). (b) Energy
spectrum obtained by using a longer capillary (2.4mm long), without using a second gas jet. (c) Final energy spectrum of electrons when
the laser pulse energy was increased by 20%. The injected charge, obtained by integrating the spectrum above the vertical dashed line, is 80
pC, which is ten times more than with the original pulse energy. All other parameters are the same as in the case of the red curve in (a).
(d) Comparison of electron angular distributions in the three cases presented in (a)–(c).

than in the capillary. From the middle of this gas jet the laser
pulse acquires a positive frequency chirp and it gets elong-
ated. The red-shifted laser pulse is slower than the electrons
and it can interact with the electron bunch, therefore the width
of the second gas jet is limited by this effect. We have tested
a larger angle as well (θ = 30◦) and the final energy spectra

are compared in figure 7(a). In both cases secondary injection
occurs near the rear side of the gas jet, where the plasma dis-
persion is very strong and the phase velocity of the wakefield
gets reduced significantly. One can avoid this abundant self-
injection by choosing shorter (narrower) gas jet or by decreas-
ing the tilt angle.
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Figure 8. (a) Density profile of the plasma after removing the capillary and moving the two gas jets closer. The density in both targets has
been increased by 10% in order to trigger the electron injection a little earlier (close to the first density peak). All other parameters are the
same as before and θ = 22.5◦. (b) Phase-space evolution of the injected electrons at the positions indicated by the colored circles in (a). The
inset shows the density distribution of electrons (same color scale as before) at the instance of the purple (third) point in (a). The label of the
horizontal axis is the same as in the main picture.

The large energy gain, observed in the simulations, is a con-
sequence of the second gas jet, where electron de-phasing is
suppressed and strong wakefield is generated. The necessity
of this third stage is proven by performing another simula-
tion, where the second gas jet is missing and a longer capil-
lary is used, which is exactly the setup considered in [12].
In this situation the energy spread is similar, but the central
energy in the bunch is lower, which is shown in figure 7(b).
The small energy spread is reached by phase-space rotation,
which is presented in the supplementary material. In section 2
it was mentioned that a higher laser intensity enhances the
guiding efficiency inside the capillary due to relativistic mass
increase of plasma electrons. The better guiding in the case of
more pulse energy is discussed in the supplementary file, here
we only show the resulting energy spectrum in figure 7(c).
The cut-off energy is much higher in this case, which is the
consequence of beam-driven plasma wakefield acceleration,
detailed in the next section. We also compare the angular dis-
tribution of accelerated electrons in figure 7(d), where the
beam-driven (high-intensity) case provides the less divergent
electron beam, but in all cases most of the electrons have a
divergence less than 0.5◦ (9mrad).

It is also important to see what would happen without the
capillary stage, therefore an additional simulation has been
performed, where the first and last stages are moved close to
each other, as it is shown in figure 8(a). In this case the dis-
tance between the centers of the gas jets is 800 µm, which still
allows a density down-ramp section, where electrons can be
injected. Near the half way of the full distance (x≈ 1mm) we
observed strong reflection from the boundaries due to the large
divergence of the laser pulse after entering the second gas jet.
The evolution of the electron phase-space distribution is shown
in figure 8(b). At later times the electron bunch probably gets
decelerated in the self-generated wakefield, which is shown
in the inset. On the other hand, the electron bunch enters the
region of the plasmawave, where the longitudinal electric field
is positive due to the shortening of the plasma wavelength. The
energy spectrum corresponding to the to last point in figure 8
is shown in figure 7. The evolution of the laser field amp-
litude also suggests that re-focusing of the laser pulse does not
occur in this case, because of three reasons: energy depletion,

plasma dispersion and electron density modulation. Inside a
capillary these effects are much weaker, due to the lower dens-
ity, and the diffraction is compensated by the concave density
profile.

One can estimate a simplified electron energy scaling by
keeping the peak intensity and pulse duration the same, while
increasing the laser spot size by factor of κ. In this case the
pulse energy increases by factor of κ2, but the plasma dens-
ity has to be reduced by κ2 following the condition λp ∝ w0.
If we consider that the propagation distance is proportional to
the Rayleigh-length in vacuum (LR ∝ κ2), then the electrons
energy scales linearly with κ, since the electric field scales
as Ex ∝

√
ne ∝ κ−1. Thus, doubling the spot size (four times

higher pulse energy) would lead to two times higher electron
energy, which means ≈0.9GeV quasi mono-energetic elec-
tron bunch produced by a 0.88 J laser pulse.

4. Transition to the beam-driven plasma wakefield
acceleration regime

By increasing the laser pulse energy the self injection of elec-
trons becomes much more efficient, such that the injected
charge is sufficient the modify the wakefield potential and to
generate a secondary wakefield in the back side of the bubble.
The density distribution in the capillary stage is shown in
figure 9(a). The bubble driven by the electron bunch is much
stronger than the one driven by the laser pulse. Later, when the
plasma density is higher (in the second gas jet) and the pulse
is focused again, the laser-driven bubble encircles the electron
bunch, which now enhances the the accelerating field inside of
the wake. This boosted acceleration happens in the second gas
jet and leads to the large cut-off energy presented in figure 7(b).

In this regime we lose the control over the energy spread
of the electron bunch. However, the laser guiding is more
efficient (see supplementary material), since the radial laser
intensity distribution is much narrower inside the capillary. On
the other hand the setup can be also simplified, because the
dephasing compensation is ineffective due to the beam load-
ing, thus the density of the second gas jet can be flattop (or
super-Gaussian), without tilting.

8



Plasma Phys. Control. Fusion 65 (2023) 105001 Z Lécz et al

Figure 9. Density distribution of plasma electrons inside the capillary (a) and inside the second gas jet (b). In the simulation, where 20 %
higher pulse energy is used.

Figure 10. Density distribution of plasma electrons for two focus positions: xf = 250µm (a)–(c) and xf = 50µm (d)–(f).

5. Sensitivity of the scheme on different parameters

In this section the validity of the model’s prediction is
tested further, by performing additional simulations with mis-
matched parameters, used in figure 3. First, the effect of
the focus position is emphasized in figure 10. The result
agrees well with the expected scenario: if the laser pulse
is focused too deep in the gas jet (figures 10(a)–(c)), then
strong self focusing takes place and large charge is injec-
ted. The evolution of the transverse laser intensity is presen-
ted in the supplementary material, which shows that later
inside the capillary the laser spot becomes much larger com-
pared to the case with xf = 150µm, which is the reference
case. When the focus position is far outside of the gas jet
(figures 10(d)–(f)), then self focusing and self injection does
not occur. In this case ionization injection could be applied
in the first gas jet, by mixing hydrogen with nitrogen, but
the safe guiding of the laser pulse in the capillary is not
guaranteed.

The predictions of figure 3(b) were also tested for two
cases, which are presented in the supplementary material. The
simulation result agrees well with the prediction of the model-
ing: when the capillary entrance is too far from the gas jet, the
laser spot size increases drastically and the laser field interacts
strongly with the capillary walls.

6. Conclusions

Ayet unexplored regime of laser wakefield acceleration driven
by few-cycle pulses has been studied numerically by using
three-dimensional particle-in-cell simulations and by existing
models for describing the evolution of the pulse envelope in
the paraxial approximation. We found that the plasma non-
uniformity in a Gaussian gas jet can alter the pulse propaga-
tion in a positive way, such that the pulse divergence remains
small at the exit side of the gas jet. This feature is exploited
to use a capillary for guiding, or re-focusing, the laser pulse
which can post-accelerate the injected electrons in a second
gas jet, which is tilted in order to compensate the de-phasing.
The scheme presented here is best suited for laser pulses longer
than ≈10 fs and wider than ≈10µm. These parameters seem
to be the absolute minimum requirements for the extension of
the acceleration length by means of external guiding and for
achieving good quality electron beams. In the case of shorter
or more tightly focused pulses the plasma dispersion and radial
diffraction are too strong.

For comparison we have presented a scenario, where the
capillary stage is not present. This simulation shows the neces-
sity of a guiding plasma channel, since the pulse gets easily
diffracted in the second gas jet, where the density is much
higher than in the capillary. Due to the lower density inside
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the capillary the plasma dispersion and energy depletion are
weak effects in this stage, and the radial compression of the
laser pulse becomes possible. In addition, simulations were
performed to test the sensitivity of the three-stage scheme
on mismatched setups, which can easily happen in exper-
iments and significantly alter the outgoing electron bunch
quality.

Finally, a comparison has been made with the setup presen-
ted in [12], where basically the first two stages of our scheme
were included. Although in our setup the pulse energy six
times lower, we obtained similar central energies (≈300MeV)
for the electron bunches, which can be explained by the care-
ful choice of plasma density inside the capillary. In our setup
the plasma wavelength is matched to the electrons location
relative to the driver pulse. Another important difference is
that the laser focus position is placed in front of the gas jet,
not behind it, as in [12], therefore the capillary guiding is
more critical in our case. In this work we have proven that
the laser pulse energy can be exploited more efficiently by
adding a second gas jet, that serves as an energy booster
and de-chirper, providing high quality electron bunches with
higher energy. The energy cutoff can be almost doubled if
the pulse energy is increased only by 20 %, leading to GeV-
scale electron accelerator by using less than half Joule laser
energy.
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