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Abstract
Wepresent an alternative formulation of quantummechanical angularmomentum, based on spatial
wavefunctions that depend on the Euler anglesj q c, , , and have an additional internal projection n.
Thewavefunctions areWignerD-functions, ( )j q cD , ,s

nm , for which the body-fixed projection

quantumnumber n has the unusual value | | ( )= = + =sn s s 1 s, or =n 0.We show that the
states ( )j q cD , ,m

s
s of elementary particles with spin s give a gyromagnetic ratio of =g 2 for >s 0,

andwe identify these as the spatial angular-momentumwavefunctions of known fundamental
charged particles with spin. All known Standard-Model particles can be categorizedwith either value
=n s or =n 0, and all known particle reactions are consistent with the conservation of its projection

in the internal frame, andwith internal-frameClebsch-Gordan coefficients of unity. Therefore, we
make the case that the ( )j q cD , ,s

nm are useful as spatial wavefunctions for spin. Some implications
and newpredictions related to the quantumnumber n for fundamental particles are discussed, such as
the proposedDirac-fermion nature of the neutrino, the explanation of some Standard-Model
structure, and some proposed dark-matter candidates.

1. Introduction

In conventional quantum-mechanical angular-momentum theory, there are spatial wavefunctions for
describing the angular position of an orbiting particle in a central field, the spherical harmonics ( )q jY ,m

l (where
l is the angularmomentumquantumnumber, and m is the azimuthal quantumnumber, the projection of the
angularmomentum l along the space-fixedZ axis). The ( )q jY ,m

l give the probability amplitude offinding the
particle at the angular location described by the angles q andj.However, no analogous spatial wavefunction
exists for angularmomentumor spin in conventional quantummechanics, whichwould describe the angular
distribution of the angularmomentum in terms of spatial coordinates. In fact, it is generally believed that spatial
wavefunctions for spin do not exist. For example, in awell-known textbook [1] it is stated that: ‘the electron also
carries another formof angularmomentum,which has nothing to dowithmotion in space (andwhich is not,
therefore, described by any function of the position variables r, θ,j) butwhich is somewhat analogous to
classical spin (and forwhich, therefore, we use the sameword)’.

The aimof this paper is to show that spatial wavefunctions of spin exist and are useful, in the formof a
WignerD-function, ( )j q cD , ,s

nm , for which the body-fixed projection quantumnumber n has the unusual

value | | ( )= = + =sn s s 1 s, or =n 0 (even for /=s 1 2).Wefirst give a practical review of the usual

Wigner ( )j q c¢D , ,m m
j functions (for which ¢m must range from –j to+j in integer steps), and then give some

arguments for extending the value to ( )¢ = +m j j 1 , for angularmomentum spatial wavefunctions, which
describe the spatial distribution of the angularmomentumvector.

For the description of the rotation of bodies with internal structure (such asmolecules), theWigner

( )j q c¢D , ,j
m m functions are spatial wavefunctions that describe the angular distribution of the body-fixed ¢z

axis (which is parallel to the principle axis of themolecule) for given projections m and ¢m of j alongZ and ¢z ,

respectively, andj q c, , are the Euler angles. For the ( )j q c¢D , ,m m
j to be non-divergent and normalizable m
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and ¢m must range from –j to+j in integer steps.We give three examples of using ( )j q c¢D , ,m m
j as spatial

wavefunctions, culminating in a proposal for a spatial wavefunction for the spin vector s.
First, we consider a symmetric-topmolecule (such as CH3Cl) in the state | ( )j q cñ ºJKM D , ,KM

J , shown in
figure 1 using theVectorModel. ( )j q cD , ,KM

J gives the probability amplitude offinding the principle axis of
themolecule (the ¢z axis, parallel to theC-Cl bond and also the electric dipolemoment of themolecule) at angle
q to the Z axis. The expectation value of qcos is given by ( )/qá ñ = +KM J Jcos 1 , so that selection of positive or
negative values of KM will preferentially orient themolecular principle axis parallel or antiparallel to the
laboratory Z axis. Such | ñJKM state selection has been used to study the dependence of photodissociation and
bimolecular reactions on the orientation and alignment of symmetric-topmolecules [2–8].

Second, the ( )q jY ,m
l spatial wavefunctions of orbital angularmomentum are proportional to

( )j q cD , ,m
j

0 , with 0 projection of l along the ¢z axis (as )¢ =m 0 , so that l is always perpendicular to z .
Therefore, the ( ) ( )j q c q jºD Y, , ,m

j
m
l

0 describes the special case where ¢z is parallel to the position of the
orbiting particle, and l is perpendicular to the orbital plane, as shown infigure 2(a), using theVectorModel. This
Vector-Model picture correctly shows that, asymptotically, the ( )q jY ,m

l and the probability offinding the
particle will only have nonzero values within the classically-allowed angle ranges of q q q- +p p m m2 2

,

where qm is theVector-Model angle between l and the Z axis, given by | |/q = lmcos m . For finite values of l , the
( )q jY ,m

l will oscillate within this classically-allowed region, andwill decay exponentially outside this region, in
the classically-forbidden region, as shown infigure 2(b).

Finally, for the third example, wewill consider something unusual: choosing the projection ( )= +n j j 1

in ( )j q cD , ,j
nm so that the internal quantization axis z is parallel to the angularmomentum j, as shown in

Figure 1.Vector-Model representation of the symmetric topmolecule CH3Cl in the | ñJKM state. The angularmomentum J projects
M along the space-fixedZ axis, andK along the body-fixed z axis (which is parallel to the principle axis of themolecule).

Figure 2. (a)Vector-Model description of the ( )q jY ,m
l state: the orbital angularmomentum vector l projectsm alongZ, and is

delocalized aroundZ in a cone. The orbital angularmomentum l also projects 0 along ¢z (which is parallel to the position of the
particle r) and is perpendicular to the orbital plane of the orbiting particle (which precesses alongwith l). (b)Exact values of
| ( ) |q jY ,m

l 2 (in blue) are compared to the classical VMprediction of the probability distribution of the particle; the ( )q jY ,m
l oscillate

within the classically-allowed region, and decay exponentially outside it.
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figure 3 using theVectorModel (note thatwe nowuse z for the vector parallel to angularmomentum j, and
reserve ¢z for internal frames defined by other internal structure, such as themolecular dipolemoment in
figure 1). The asymptotic limit of this casewas considered recently, where the asymptotic spatial wavefunction

( ) ( )j q c
+

D , ,
j m
j

1
2

was used [9]:

( )
( )( ) ( ) ( )j q c d q q= -j c

+

+D e e, , 1
j m

j im
m

i j
1
2

1
2

where qm is theVector-Model polar angle, given by | |/q = jmcos m . Note that in the high- j limit, the
asymptoticmagnitude of j tends to +j 1

2
(as | | ( )= +  +j j j j1 1

2
) so that ( ) ( )j q c

+
D , ,

j m
j

1
2

is the

asymptotic limit of ( )( ) j q c
+

D , ,
j j m

j
1 ,

. The spatial wavefunction of equation (1) allows the geometrical

description of Clebsch-Gordan coefficients,Wigner rotationmatrix elements ( )j q c¢d , ,j
m m , m-state

correlationmatrix elements, and the calculation of the gyromagnetic ratio of elementary charged particles at the
tree level ( =g 2). These results are exact in the high- j limit, but, surprisingly, they are either exact or an
excellent approximation down to =j 1

2
[9]. Clearly, it seems that an asymptotic spatial wavefunction that treats

j as a three-dimensional entity is a useful concept. Based on the success of the unnormalizable wavefunction of
equation (1), we askwhether the concept of an exact spatial wavefunction for j extends tofinite values of j .

We note, however, that equation (1) has at least three unusual features:

(1) The internal projection quantum number n seemingly violates the uncertainty principle, by taking a value
| |= = +jn j 1

2
which is outside of the usual range –j to+j .

(2) The quantum number n assumes only a single value (a singlet: = +n j 1

2
) which is, therefore, non-

rotatable to any other states in the internal coordinates, which is unusual for a non-zero angular
momentum j .

(3) The wavefunction of equation (1) is only an asymptotic wavefunction for a reduced space defined by
q q= m, for appropriately reduced angularmomentumoperators [9].

Furthermore, the unusual features of equation (1) are not explained at amore fundamental level of quantum
mechanical angularmomentum, so that the origins of equation (1) are notmade clear in [9]. One aimof this
paper is to give amore fundamental explanation for equation (1), so thatwe can have a physical basis to extend
equation (1) to low- j spatial wavefunctions. To do so, we propose that angularmomenta have a reduced, two-

dimensional internal space, defined only by the operators ĵ
2
and ĵz . This assumption results in an internal

projection | | ( )= = +jn j j 1 that is unique and constant, and j is non-rotatable in the internal coordinates,
with the quantization axis z always parallel to the angularmomentum j, as shown in figure 3 (explaining at a
deeper level the three unusual features in the previous paragraph).Wefind that this assumption of a two-
dimensional angularmomentum in the internal coordinate allows us to reproduce the asymptotic spatial
wavefunction of spin of equation (1) and to extend it to low j . At the end of the introduction, we describe the
predictive power of these low- j spatial wavefunctions of spin, which helps justify our proposal for this spatial
wavefunction.

Figure 3.Depiction of the angular-momentum frame, where z is defined as being parallel to j . In this frame, the spin-wavefunction is
given by ( )( ) j q c

+
D , ,

j j m
j

1 ,
, for which the angularmomentum j projectsm along the space-fixedZ axis and |j|= ( )+j j 1 along z.
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In the external XYZ space Ĵ
2
is expressed in terms of ĴX, ĴY, and ĴZ as usual:

ˆ ˆ ˆ ˆ ( )= + +J J J J a2X Y Z
2 2 2 2

In contrast, for the internal reduced space of the two-dimensional angularmomentumwehave the simpler
relation for the angularmomentumoperators ĵ and ĵz [10]:

ˆ ˆ ( )=j j b2
z

2 2

Finally, requiring that Ĵ
2
and ĵ

2
have the same expectation value:

ˆ ˆ ( ) ˆ ( )á ñ = á ñ = + = á ñJ j j j j1 3
z

2 2 2

yields the expectation value of ĵz to be | | ( )= = + =jn j j 1 j.A consequence of the fact that | | >n j is that

the ( )j q cD , ,m
j
j are not conventionally normalizable. Themain aimof this paper is to show that the

( )j q cD , ,m
j
j are useful wavefunctions, through a regularization procedure that allows the calculation of

expectation values, which is an extension of a regularization procedure first introduced by Pandres for half-
integer spherical harmonics [11]. To demonstrate the usefulness of the spatial-wavefunction formalism,we use
the ( )j q cD , ,m

s
,s to compute directly the gyromagnetic ratio of elementary charged particles with spin, by

calculating the expectation value of themagnetic-moment operator. Interestingly, =g 2 is computed for all
values of spin, for >s 0. This agrees with theDirac equation and StandardModel predictions for spins of½ and
1, and confirms various arguments that =g 2 is the natural tree-level gyromagnetic ratio for all values of spin
[12, 13].We note that, just as themagnitude of j is relativistically invariant [14], so is itsmaximumprojection
along itself | | ( )= = +jn j j 1 .

Spatial wavefunctions are usually considered as problematic in relativistic quantumfield theories, because of
their seemingly non-covariant behavior under Lorentz transformations, and because they can spread faster than
light. However, Pavšič has shown that a quantumfield theoretic analysis, which distinguishes between basis
position states andwave packet states, clarifies the issue of Lorentz covariance [15, 16]. The issue of causality is
resolved by observing that superluminal transmission of information cannot be achieved by suchwave packets
[17]. Therefore, spatial wavefunctions (such as those discussed here) are not clearly inconsistent with relativistic
quantumfield theory.

We give a brief outline of the paper. In section 2, we describe thewavefunctions ( )j q cD , ,j
nm as solutions of

the space-fixed angularmomentumoperators Ĵ
2
, ĴZ, ̂J , and of the body-fixed operator ĵz . In section 3, we

introduce the definition of the inner product that allows the regularization of the ( )j q cD , ,j
n,m , and the

calculation of the triple product of the ( )j q cD , ,j
nm functions, needed for the calculation of expectation values

(we use the term regularization, and avoid the term ‘renormalization’, as this has a related but clearly different
meaning in quantum electrodynamics). In section 4we discuss the spatial distributions of the ( )j q cD , ,m

j
j

states, and how these connect with classicalmechanics in the high- j limit. In section 5we describe how the
( )j q cD , ,j

n,m are consistent with the usual angularmomentum coupling and rotational transformations of the
| ñjm states. In section 6we calculate the g factor of spins of any s and n, from the expectation value of the
magneticmoment operator. In section 7we give arguments for why spin-1/2 particles have 3 internal
orthogonal projections in three dimensional particles, along the ¢ ¢ ¢x y z, , axes of the particle. In section 8we
discuss how the spinwavefunctions of StandardModel particles ( )j q cD , ,n m

s
, fall into two categories: those

with =n s and thosewith =n 0 (for which the spin s is perpendicular to the symmetry axis of the particle).We
show that the internal-frameClebsch-Gordan coefficients for allowed particle reactions are all unity, and thus
do not affect the calculations of these reactions.We also present selection rules and a new conservation law,
related to n, for particle reactions, fromwhichwe determine that the neutrino is aDirac Fermion. In section 9we
discuss how the new degree of freedomof the internal projection n opens theway for newdark-matter
candidates (particularly thosewith =n 0), andwe discuss one such possibility. In section 10we discuss some
implications of the internal spin projections for isospin andweak isospin in the strong and theweak forces.
Finally, in section 11we discuss the conclusions of our results.

2.Wavefunctions

Wepropose the spatial wavefunction of the angularmomentum j to be the ( )j q cD , ,m
j
j WignerD-functions

[where ( )= +j j 1j ], which connect asymptotically to those of equation (1), to be:

( ) ( ) ( )j q c q= j cD e d e, , 4m
j im

m
j i

j j
j

However, wewill investigate themore general solution, ( )j q cD , ,j
nm , to the operator Ĵ

2 in the external
coordinates (equation (2a)), for which the projection n along z can take any value:
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( ) ( ) ( )j q c q= j cD e d e, , 5n m
j im j in

nm

where m is the projection of the angularmomentum j along the Z axis. The requirement that ( )j q cD , ,n m
j be

normalizable constrains m and n to range from –j to+j , in integer steps, as is the case for thewell-known
WignerD-functions ( )j q c¢D , ,j

m m . For the ( )j q cD , ,j
nm weuse themore general body-fixed projection n,

because in this Sectionwewill treat n as a continuous variable, for values outside of the normal range of –j to+j ,
to better understand the properties of the ( )j q cD , ,j

nm .
The ( )j q cD , ,j

nm wavefunctions are clearly eigenfunctions of the space-fixed angularmomentumoperator

ĴZ , given by (henceforthwe set = 1) [18]:

ˆ ( )
j

= -
¶
¶

J i 6Z

yielding eigenvalue m, corresponding to the projection of j along the Z.

The ( )j q cD , ,j
nm wavefunctions are also eigenfunctions of the body-fixed angularmomentumoperator ĵz ,

given by [18]:

ˆ ( )
c

= -
¶
¶

j i 7z

yielding the eigenvalue n.
Wewill nowdetermine the angular dependence of the ( )j q cD , ,j

nm , whichmust be eigenfunctions of the

Ĵ
2
operator, given by [18]:

ˆ ( )
q

q
q q j c

q
j c

= -
¶
¶

+
¶
¶

+
¶
¶

+
¶
¶

-
¶

¶ ¶
J cot

1

sin
2 cos 82

2

2 2

2

2

2

2

2

⎜ ⎟
⎧
⎨⎩

⎛
⎝

⎞
⎠

⎫
⎬⎭

Operating Ĵ
2 on ( )j q cD , ,j

nm in equation (5) yields the eigenvalue ( )+j j 1 , and evaluating the derivatives inj
and c gives a differential equation in q for ( )qd j

nm :

( ) ( ) ( ) ( )
q

q
q q

q q
¶
¶

+
¶
¶

- + - + + =m n j j dcot
1

sin
2 mn cos 1 0 9j

2

2 2
2 2

nm
⎡
⎣⎢

⎤
⎦⎥

The general solution for ( )qd j
nm is given by:

( ) ( ) ( )
( ) ( ) ( )

( )

( )

q = - + + + -

+ - + + + -

q q q

q q q

- +

- +

d A F m j m j m n

B F n j n j n m

sin cos , 1; 1 ; sin

sin cos , 1; 1 ; sin 10

j m n m n

n m n m

nm 2 2 12
2

2

2 2 12
2

2

⎡
⎣

⎤
⎦

where ( )F a b;c;, z12 is theGaussian hypergeometric function, and A and B are constants. Note that for = ¢n m
(where ¢m ranges from-j to j in integer steps), equation (10) can be reduced to the conventionalWigner

( )q¢d j
m m functions.

The operator ̂J raises or lowers the m quantumnumber:

ˆ ( ) ( ) ( ) ( ) ( )j q c j q c= + -  J D j j m m D, , 1 1 , , 11n m
j

n m
j
, 1

and is given by [17]:

ˆ ( )q
j q c q

=
¶
¶

-
¶
¶


¶
¶

j


J e i cot
1

sin
12i ⎧

⎨⎩
⎡
⎣⎢

⎤
⎦⎥

⎫
⎬⎭

An apparent exception to the standard rule of equation (11) are themaximumprojection states, where a non-
zero function seems to be given, with projection ( )=  +m j 1 , beyond the physical range:

ˆ ( ) ( ) ( )( )j q c j q c=   +J D D, , , , 13n j
j

n j
j

, , 1

However, usingwork by Pandres and others [11, 19, 20], it can be demonstrated that the states
( )( ) j q c +D , ,n j

j
, 1 are vanishing functions, as shown by two facts: (1) lowering/raising themback to = m j

yields zero (see Appendix A):

ˆ ( ) ( )( ) j q c = +J D , , 0 14n j
j
, 1

and (2) their norms, using the inner project defined in section 3, also vanish:

( )∣ ( ) ( )( ) ( )j q c j q cá ñ = +  +D D, , , , 0 15n j
j

n j
j

, 1 , 1

Using the general solution of equation (10), we give expressions for the ( )qdn m
j for spin 0,½, and 1; specifically,

we give expressions for spin 0 (which ismerely a constant):

5

Phys. Scr. 100 (2025) 035305 T PRakitzis



( ) ( )q =d N 1600
0

0

for spin½:

( ) ( )
( ) ( )

( )

( ) ( )

/ /q

q

=

+ +

p q q

q q

+ -

- - - -p

d N e

e n a

cos sin

cos sin cos 17

n

i n n

n n

,1 2

1
2

1 2 4
2 2

2 2

1

2

i

1
2

1
2

4

1
2

1
2

⎡
⎣

⎤
⎦

( ) ( )
( ) ( )

( ) ( )

( )

/ /q q= -

+

p q q

q q

-

- - -

- - +p

d N e n

e b

cos sin cos

cos sin 17

n

i n n

n n

, 1 2

1
2

1 2 4
2 2

1

2

2 2

i

1
2

1
2

4

1
2

1
2

⎡
⎣

⎤
⎦

and for spin 1:

( ) ( )
( )( ) ( )

( )

( )

q =

+

p q q

q q

+ -

+ -
p q q- - - -

d N e

a

cos sin

18

n
i n n

e n n

,1
1

1 4
2

1

2

1

cos sin cos sin

2

i n n
4

2

1

2

1
2 1

2

2

⎡
⎣

⎤

⎦
⎥

( ) ( )
( ) ( )

( ) ( )

( ) ( )

q q

q

= -

+ +

q q

q q

-

-

p

p-

d N n

n b

cos sin cos

cos sin cos 18

n
e n n

e n n

,0
1

1 2 2 2

2 2 2

i

i

4

4

⎡
⎣

⎤
⎦

( ) ( )

( )( ) ( )
( )

( )

q =

+

q q

q q

-

- -

- - +

p q q

p

- - -

d N

e ccos sin 18

n

e n n

n n

, 1
1

1

cos sin cos sin

2

2

1

2

1

i n n

i

4
2

1

2

1
2 1

2

2

4

⎡

⎣
⎢

⎤
⎦

where the Nj arenormalization constants, and the constantsA andB in equation (10)havebeen chosen so that the
( )+j2 1 -degenerate groupof ( )j q cD , ,n m

j
, satisfy equations (11)–(14) and are geometrically symmetric: lowering/

raising fromm tom corresponds to the geometrical transformation q p q - and complex conjugation,
which gives q qcos sin

2 2
, q qsin cos ,

2 2
q q -cos cos , and sign reversal of the phase factors j je eim im

and  p p
e e

i i
4 4 .Notice that for this geometrical transformation, [ ( )] ( )j p q c j q c- = *d d, , , ,n m

j
n m
j

, , . In
addition, notice that for the geometrical transformations q q p + 2 orj j p + 2 , that

( ) ( ) ( )j q c j q c -D D, , 1 , ,n m
j j

n m
j

,
2

, , so that functionswithhalf-integer j change sign,whereas thosewith
integer j donot.

Wavefunctions for any j can be generated by setting thefirst termof the dn j
j
, state as

( ) ( )p q q+ -
e cos sin

i j n j n
4

2 2
; subsequently all the first terms of the states down to = -m j are produced by

operating -̂J sequentially on Dn j
j
, . Similarly, the second termof the -dn j

j
, state is set as ( ) ( )q q- + -p

e sin cos
j n j n

2 2

i
4 ,

and the second terms of the states up to = +m j are produced by operating +̂J sequentially on -Dn j
j
, . In both

cases, after each operation of ̂J , the resultmust be divided by the factor ( ) ( )+ - j j m m1 1 , from
equation (11).

3. Inner product regularization and expectation values

The expressions of equations (17–18) are unnormalizable for ( )= + =n j j 1 j, because at least one term in
each expression gives a divergent integral. In fact, in general, all terms for all values of j are divergent, except for
one termof themaximumprojection states. To regularize these expressions, we use an extension of the
definition of the inner product |áY Y¢ñgiven by Pandres [11] for half-integer spherical harmonics (to include an
integral over the angle c, over an infinite domain):

| ( ) ( ) ( ) ( )ò ò òq q j
p

c j q c j q c qáY Y¢ñ = Y Y¢ -
p p p

¥
*d d

q
d f asin lim

1

2
, , , , 19

q

q
0 0

2

0

2
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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where ( )qf is:

( ) ( ) ( ) ( )å åq q q q= +
=

¥
-

=

¥
-f a b bsin cos sin , 19

m
m

m

m
m

m

1 1

and the constants am and bm are chosen so that diverging terms in qY Y¢* sin , which are propotional to negative
powers of qsin , are cancelled.Note that qY Y¢* sin isfirst expanded in powers of qsin , to separate termswith
negative powers (that diverge) fromnon-negative powers (that don’t diverge).We interpret the extension of the
regularization of Pandres [11] of equation (19) to be the correct inner product for spatial wave functions of
angularmomenta which are three-dimensional in the external frame and two-dimensional in the internal frame.
The divergent terms subtracted using equation (19b) are the terms needed to remove the consequences of the
angular uncertainty principle in the internal frame from [ ˆ ˆ ] ˆ=j j ij,x y z , which forbids normalizable wavefunc-
tionswith projection >m j . However, the angular uncertainty principle does not hold in the two-dimensional
internal frame as there are no ĵx or ĵy operators. Therefore, equation (19) allows the regularization of the

( )j q cD , ,n m
j
, for =n j, with j parallel to z . In fact, it regularizes the ( )j q cD , ,n m

j
, for all n, from

-¥ < < ¥n . Itmay seem strange that equation (19) regularizes ( )j q cD , ,n m
j
, for all n, even though

Standard-Model particles only require values =n s or =n 0 (see section 8). However, this larger range of n is
needed, when considering angularmomentum coupling, to describe the projections of angularmomenta onto
the internal symmetry axes of the other angularmomenta (as described in section 8 andAppendix C).

The actual value of the normalization constant Nj is not relevant for two reasons: (1) the unnormalizable
state cannot be used to calculate the direct angular distribution of j, as only expectation values can be calculated
(see sections 4), and (2) expectation values are expressed as a ratiowhere Nj cancels.

The inner product can be used to show analytically that:

( )│ ( ) ( )j q c j q c d dá ñ =¢ ¢ ¢ ¢D D, , , , 20n m
j

n m
j

n n m m, ,

for- + j n j without regularization, as these wavefunctions are normalizable. For | | >n j equation (19)
will regularize the inner product for all n.

The integral of the triple product of ( )¢D Rm m
j functions is given by [18]:

( ) ( ) | ( ) ( )pá ñ =
- ¢ - ¢ ¢ - -¢ ¢ ¢D R D R D R

j j j

m m m

j j j
m m m

a8 21
m m
j

m m
j

m m
j 2 1 2 3

1 2 3

1 2 3

1 2 31 1

1

2 2

2

3 3

3
⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

Importantly, equation (19) allows the extension of the integral of equation (21a), of the triple product of
( )¢D Rm m

j functions, to those of ( )D Rnm
j functions:

( ) ( ) | ( ) ( )pá ñ =
- ¢ ¢ - - -

D R D R D R
j j j

n n n n

j j j
m m m

b8 21n m
j

n m
j

n m
j 2 1 2 3

1 1 3 3

1 2 3

1 2 3
1 1
1

2 2
2

3 3
3

⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

where ¢n1 and ¢ = ¢ -n n n2 1 3 are the projections of j1 and j2 along the z axis of j3, so that ¢ + ¢ =n n n1 2 3, and
+ =m m m1 2 3. Equation (21b) is derived as is equation (21a) [18], with the difference that sums over ¢m are

replaced by integrals over n, and that the orthogonality relation from equation (19) is used instead of the normal
orthogonality relation for ( )j q c¢D , ,m m

j
, . Equation (21b) can be verified analytically for any value of ni in the

range- + j n ji i i for both terms in the ( )D Rn m
j
i i
i , and for | | >n ji i for thefirst termof each ( )D Rn j

j

i i

i , which is

not divergent. For the divergent terms of the ( )D Rn m
j
i i
i , equation (21b) can be verified straightforwardly for

interger or half-integer ni > ji. Equation (21b) allows the calculation of expectation values of ( )D Rnm
j

wavefunctions for any n. In Appendix B, we demonstrate a calculation of the expectation value of (a) qcos for
/= =j m 1 2, and =n 1, and (b) ( )qP cos2 for = =j m 1, and /=n 3 2, demonstrating the regularization of

equation (19) and the use of equation (21b). For ( ) ( )=D R D Rn m
j

q
k
02 2

2 , the ( )D Rq
k
0 are proportional to the

spherical harmonics ( )q jY ,q
k , which span the space of all angular functions, so that the effect of the angular part

of any operator on ( )D Rnm
j can be calculatedwith equation (21b).

We give a special case of equation (21b) below,which, alongwith equation (21b), is a key result of this paper.
For two of theD-functions with the same value of j , n, and m, and the third, ( )D Rk

00 , with = =n m 0, we have
the expectation value ( )á ñD Rk

00
:

( ) ( ) | ( )
( ) ( ) | ( )

| | ( )á ñ
á ñ

= = á ñá ñ
D R D R D R

D R D R D R

j k j

n n

j k j

m m

j j

n n

j j

m m

jn k jn jm k jm
0 0

0

0

0

0

, 0 , 0 22nm
j k

nm
j

nm
j

nm
j

00

00
0

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

Equation (22) is used for the calculation of expectation values, such as for the calculation of the gyromagnetic
ratio =g 2, from the calculation of the expectation value of themagneticmoment operator. Equations (21b) or
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(22) can also be used to calculate selection rules in particle reactions, from the overlap integral of the spin
wavefunctions (see section 8).

Clebsch-Gordan coefficients in the internal frame are not, in all cases, calculated as those in the external
frame. Themain reason for this is that, in the external frame, all angularmomenta have a commonquantization
axis Z , whereas in the internal frame, each angularmomentumhas a separate internal axis z . However, the
internal Clebsch-Gordan coefficients of the form |á ñj n k j n, 0 share a common internal z axis, and therefore
these can be calculated using the standard formulas. In particular, the |á ñj n k j n, 0 have analytical expressions,
which aremathematically valid for any value of n; for example, we give the values for k ranging from0 to 4:

| ( ) ( )qá ñ = =j n j n P a, 0 0 cos 1 23n0

| ( )
(

( )qá ñ = =
+

j n j n P
n

j j
b, 1 0 cos

1
23n1

| (
( )( )

( ) ( )
/ /

qá ñ =
+

- +
j n j n

j j

j j
P c, 2 0

1

1 2 3 2
cos 23n2

| (
( )( )( )(

( )
( ( )

( )
/ /

q
q

á ñ =
+

- - + +
+

+
j n j n

j j

j j j j
P

j j
d, 3 0

1

1 1 2 3 2 2
cos

cos

2 1
23n

n
3

⎡
⎣⎢

⎤
⎦⎥

|á ñj n j n, 4 0

( )
( )( )( )( )( )( )

( )
( ( )

( )
/ / / /

q
q

=
+

- - - + + +
+

-
+

j j

j j j j j j
P

j j
e

1

3 2 1 1 2 3 2 2 5 2
cos

25 cos 6

8 1
23n

n
3 3

4

2⎡
⎣⎢

⎤
⎦⎥

where ( )/q = +n j jcos 1n , and the ( )P xk are Legendre polynomials of rank k. In section 8 (andAppendix C)
wedemonstrate howClebsch-Gordan coefficients |á ¢ ¢ ñj n j n j n,1 1 2 2 3 3 in the internal frame are calculated, that
don’t have the form |á ñj n k j n, 0 , and how these are relevant to Standard-Model particle reactions. In the next
section, we use equation (19) to examine the angular distribution of orbital angularmomentum.

4. Angularmomentum spatial distributions

The spatial distribution of a spatial wavefunctionwith =n j is given by the square| ( ) |j q cD , ,m
j 2
j . However,

with the exception of the trivial case of the =j 0 state (where | ( ) |j q c =D N, ,0, 0
0 2

0
2 is constant with no

dependence on angles), these squares are unnormalizable, so that the angular distribution of j does not
correspond to an observable.

However, themagneticmomentm of j can be probedwith amagnetic fieldB, through the interaction
Hamiltonian | || |= -m ⋅ = m qB BH cos . The expectation value of ( )q q= Dcos 0, , 00, 0

1 can be calculated
using equation (22):

| | ( )qá ñ = á ñá ñj j jm k jm acos , 1 0 , 0 24j j

where |á ñ =j j, 1 0 1j j from equation (22), and thus:

( )
( )q qá ñ =

+
=

m

j j
bcos

1
cos 24m

which agrees with known quantummechanics and theVectorModel.
We then investigate the limit  ¥j , and the calculation of ( )qá ñP cosk for all k.
TheClebsch-Gordan coefficient |á ñj k j, 0j j can bewritten in the form:

| ( ) ( ) ( )
( )

( )q
q

á ñ = +
+

j k j U j P
f

j j
, 0 cos

1
25k kj j ⎡

⎣⎢
⎤
⎦⎥

where ( )U jk is a constant, and ( )qf is proportional to powers of qcos up to rank ( )-k 2 . In the limit of
 ¥j , ( ) U j 1k and ( ) ( )/q + f j j 1 0, so that |á ñ j k j, 0 1j j , and the expectation values

( )qá ñP cosk becomewell defined. Specifically, in this limit, | ( )qá ñ j m k j m P, 0 cosk m , so that:

( ) ( ) ( )q qá ñ   ¥P P jcos cos for 26k k m

where ( )/q = +m j jcos 1m . This limit of the expectation value of equation (26) is consistent with the classical
limit of theVectorModel:

| ( ) | ( ) ( )j q c d q q -  ¥D j, , for 27m
j

m
2

j

Weconclude that the expectation values ( )qá ñP cosk agreewith knownquantummechanics: for =k 1
qá ñcos gives thewell-knownprojection of j along the Z axis, in equation (24a). In the classical limit of  ¥j ,
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the ( )qá ñP cosk and | ( ) |j q cD , ,m
j 2
j give values consistent with the classical limit of theVectorModel, given by

equations (26) and (27), and the full spatial distribution of j becomes consistent with the semiclassical limit (see
also the discussion of angularmomentumwavepackets in [9]).

5. Clebsch-Gordan coefficients andwignerD-functions in the external frame

5.1. Clebsch-Gordan coefficients
For the inner product in equation (19), +̂J and -̂J aremutualHermitian adjoints (proved similarly as in the
Appendix of [11]):

ˆ | | ˆ ( )á Y Y¢ñ = áY Y¢ñ+ -JJ 28

Using equation (28), it is straightforward to show that [11]:

( )│ ( ) ( | | | | ) ( )j q c j q c d d dá ñ = ¢¢ ¢
¢

¢ ¢ ¢ D D for m m j a, , , , , 29nm
j

n m
j

jj nn mm

( )│ ( ) ( | | | | ) ( )j q c j q cá ñ = ¢ >¢ ¢
¢D D for m or m j b, , , , 0 29nm

j
n m
j

As the Dn m
j functions form an orthonormal set [examples given in equations (17–18)] and obey equations (8)

and (11), all Clebsch-Gordan coefficients can be calculated in the usual way using the lowering operator -̂J
[18, 21].

5.2.WignerD-functions for space-fixed-axis rotations
The usualWigner rotationmatrix elements ( )q¢d

m m
j

1 1

1 [21, 22], for rotations in the space-fixed axis, can be

expressed in terms of aClebsch-Gordan coefficient, where the | ñj m1 1 state is coupled to an infinite angular
momentum j2 at angle q to the Z axis [9]:

( ) ( ) │ ( )q = - á + ¢ + ñ¢
- ¢

¥
d j m j m j m m m1 lim , , 30

m m
j j m

j
1 1 2 2 2 1 1 2

1 1

1 1 1

2

where /q = m jcos 2 2; note that q=m j cos2 2 also tends to infinity. This coupled state decouples uniquely to the
| ¢ñj m1 1 state along the z quantization axis (parallel to j2):

│ ( )á + ¢ + ¢ ¢ñ =
¥

j m j m j j j mlim , , 1 31
j

2 1 2 1 2 2 1 1
2

Therefore, equation (30) describes the probability amplitude that the | ñj m1 1 state, along Z , is projected to the

| ¢ñj m1 1 state along a newquantization axis z , at angle q to Z, which is the definition of ( )q¢d
m m
j

1 1

1 . Therefore,

equation (30) shows that the Dn m
j functions transformunder rotation as the | ñjm state.

We demonstrate this for /=s 1 2 , using the general Clebsch-Gordan coefficient for the
1

2

1

2
state [18]:

│ ( ) + =
 +

+
j m j m

j m

j

1

2

1

2
,

1

2
,

1

2

1

2 1
322 2 2 2

2 2

2

Inserting equation (32) into equation (30) yields, for ¢ =m1
1

2
and- 1

2
, and using q=m j cos2 2 :

( ) ( )
( ) ( ) ( )q q

q q q
= =

+ +

+
=

+
=- - ¥

d d
j

j
alim

1 cos 1

2 1

1 cos

2
cos

2
33

j

2

2

1
2

1
2

1
2

1
2

1
2

1
2

2

( ) ( )
( ) ( ) ( )q q

q q q
= - =

- +

+
=

-
=- - ¥

d d
j

j
blim

1 cos 1

2 1

1 cos

2
sin

2
33

j

2

2

1
2

1
2

1
2

1
2

1
2

1
2

2

showing, as expected, that the ( )j q cD , ,n m

1
2 transformunder rotation as spinors.

5.3.WignerD-functions for body-fixed-axis rotations
Wedefined the body-fixed z axis to be exactly parallel to the angularmomentum j (or parallel to the internal
body-fixed symmetry axis of an elementary particle). This definition seems to preclude any body-fixed-axis
rotation of the z axis, as it isfixedwith respect to j (or the body-fixed axis), by definition.We examine the
internal consistency of the angularmomentum algebra, by considering theWigner rotationmatrix ( )qdn n

j
, ,

which gives the probability amplitude for the rotation of the z axis by angle q. The ( )qdn n
j
, function is

unnormalizable for ( )= +n j j 1 , however, we can calculate the expectation value of qcos , using
equation (22):
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|
(

( )qá ñ = á ñ =
+

j n j n
n

j j
cos , 1 0

1
342

2

where |á ñj n j n, 1 0 is given by equation (23b). For ( )= +n j j 1 , equation (34) gives that qá ñ =cos 1,

which can be interpreted by the fact that the regularized | ( ) |qdn n
j
,

2 distribution is singularly distributed at q = 0,

equivalent to ( )d q .We conclude that the ( )j q cD , ,n m
j with ( )= + =n j j 1 j cannot be rotated to change

the projection n. This argument applies to all three of the orthogonal states described in section 7, as they each
correspond to amaximumprojection state: ( )= +¢n j j 1 ,z or ( )= +¢n j j 1x , or ( )= +¢n j j 1y . The
symmetry of each non-rotatable state is U(1).

6.G-factor calculation

Wenowuse the spinwavefunctions to calculate the g factor of an elementary particle, which hasmass M ,
charge e, spin s, and a spatial angularmomentumwavefunction ( ) ( )y j q c j q c= D, , , ,spin n m

s , given by
equation (5), with =s j . It will havemagneticmoment components m̂Z and m̂z , along the Z and z axes,
respectively, given by:

ˆ ˆ ( )m m m
j

= = -
¶
¶

S i a35Z Z

ˆ ˆ ( )m m m
c

= = -
¶
¶

S i b35z z

where ( )/m = e M2 . The z axis is at angle q toZ, and z is distributed aboutZwith cylindrical symmetry, so
that only the parallel component of m̂z contributes to the totalmagneticmoment alongZ:

ˆ ˆ ˆ ( )m m q m= + cos 36Z
T

Z z

Themagneticmoment is then given by the expectation value of m̂Z
T for the state ( ) ( )j q c ºD D R, ,n m

s
n m
s ,

given by:

ˆ
( )│( ˆ ˆ ) ( )

( )│ ( )
( )

( )
( )m m q má ñ =

á m + qm ñ

á ñ
= + á ñ = +

+

D R D R

D R D R
m n m

n

s s

cos
cos 1

1
37Z

T nm
s

nm
s

nm
s

nm
s

Z z
2

⎜ ⎟
⎛
⎝

⎞
⎠

where the expectation value [ ( )]/qá ñ = +nm s scos 1 is given by equations (22) and (23b). Themagnetic
moment of an elementary particle is expressed generally as mg m, so that wefind in general:

( )
( )= +

+
g

n

s s
1

1
38

2

⎜ ⎟
⎛
⎝

⎞
⎠

If we require that =g 2 (at the tree level) for charged particles independent of the value of s [14], then
equation (38) gives a clear geometrical interpretation (andwithout relativistic considerations [21, 23]): we see
that the projection of s along the body-fixed z axismust bemaximal, ( )= +n s s 1 , and amagneticmoment

points along s withmagnitude ( )m +B s s 1 . This result supports the picture of the two-dimensional angular
momentum shown infigure 3. In addition, m̂Z and m̂z contribute equally to themagneticmoment of the particle
alongZ.

Wenote that this straightforward geometric calculation of =g 2 for all s (given ( )= +n s s 1 ) cannot be
calculated straightforwardly in standard quantummechanics for >s 1 [12, 13]. The interaction of a charged
particle with spin /=s 1 2 with an electromagnetic field can be taken into account by substituting the derivative
of charged fields in the Lagrangianwith the covariant derivative [24]:

( )j j¶  ¶ +m m mieA 39

where e is the electric charge of the fieldj, and the mA are the components of themagnetic vector potential. The
substitution of equation (39) is known as the ‘minimal substitution’ or ‘minimal coupling’, and it correctly
yields =g 2 for /=s 1 2. Using ‘minimal coupling’ in the Proca equation for =s 1 [25, 26] yields =g 1.
Belinfante then calculated /=g 2 3 for /=s 3 2, and subsequently proposed the Belinfante conjecture [27]: that

/=g s1 , for all spins s. However, the chargedWbosonwith =s 1 is observed to have =g 2 [28],
experimentally refuting Belifante’s conjecture, and showing that ‘minimal coupling’ is not sufficient; the
requirement that the Lagrangian be gauge invariant adds an extra term to the Lagrangian [29], which then
gives =g 2.

Several arguments are given elsewhere [12, 13] that =g 2 is the natural value for all elementary charged
particles with any spin s. Here, we add an additional geometric argument: that =g 2 for any spin s corresponds
to s and themagneticmomentm being parallel or antiparallel to z , with ( )= +n s s 1 , as shown infigure 3,
where z defines the body-fixed axis of the ( )j q cD , ,n m

s symmetric-topwavefunction. In contrast, solving
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equation (38) for the Belifante conjecture of /=g s1 yields ( )= -n s1 2 . This result, although it gives the
correct result for /=s 1 2 (that /=n 3 2, yielding =g 2), it gives the physicallymeaningless result that n is
imaginary for >s 1.

7. The three internal spin projections for spin-1/2

From section 6we see that all charged fundamental particles with spin >s 0 (i.e., the quarks, charged leptons,
and theWboson)must have internal projection ( )= + =n s s 1 s. However, wewill see in the next section
that neutral particles that are their own antiparticlemust have the internal projection =n 0z (e.g., for the
photon and the Z boson, and also for the gluon), where ¢z is an internal symmetry axis of the particle. Spinwave
functionswith =n 0 have already been described by Pandres [11, 19], in the description of half-integer

spherical harmonics, for example: ( ) ( )/
/ q j j q cµY D, , ,1 2

1 2

0, 1
2

1
2 . This occurrence of internal projections

different than ( )= +n s s 1 , which is the unique solution given for a two-dimensional angularmomentum in
equation (3), is due to the different possibilities of arranging two-dimensional angularmomenta in the three-
dimensional internal space of a particle.We show the three orthogonal arrangements of spin in the internal
frame of a particle infigure 4, which are the only arrangements for spin-1/2, and the only stable arrangements
for higher spin particles (i.e., all StandardModel particles are described by ( )= +¢n s s 1z or =¢n 0z ). For the
choice of quantization axis along ¢z , we have one state with ( )= +¢n s s 1z and doubly degenerate states with

=¢n 0z . By symmetry, the same applies for choice of quantization axis along ¢x or ¢y .
The three internal projections for spin-1/2 are the fewest states that form an isotropic set in three

dimensions. These three states, if equally populated, form an isotropic combination in the internal coordinates,
as shown by the spatial average:

ˆ
( ) | ˆ | ( )

( ) | ( )
( ) ( )

å

å

åj q c j q c

j q c j q c
á ñ =

á ñ

á ñ
= = +

¢

s

D s D

D D

n

s s

, , 3 , ,

, , , ,

3

3
1 40n

nm
s

z n m
s

n
nm
s

nm
s

n2

2 2

The operation of ˆ ¢s
z
2 on ( )j q cD , ,n m

s returns the eigenvalue n2, the ( )j q cD , ,n m
s states are regularized

with ( ) | ( )j q c j q cá ñ =D D, , , , 1n m
s

n m
s (see section 3), and n is summed over the three states with values

=n 0 (doubly degenerate) and ( )= + =n s s 1 s.
Another argument for the three projection states of /=s 1 2 in figure 4 is to determine which set of
( )/ j q cD , ,n m

1 2 states are nonrotatable in the internal frame, as required. To achieve this, we consider theWigner

rotationmatrix element for rotation of the ( )/ j q cD , ,n m
1 2 state to itself, given by ( )/ j q cD , ,n n

1 2 . Although

( )/ j q cD , ,n n
1 2 is not normalizable for all n, we can determine expectation values of ( )/ j q cD , ,n n

1 2 using
equation (22). For example, ( )/ /qá ñ = + =n s s ncos 1 4 32 2 , so that for /= =n 3 2 s, qá ñ =cos 1, which is

consistent with ( ) ( )/ j q c d q=D , ,1 2
ss . This result gives all the probability at q = 0, so that the ( )/ j q cD , ,m

1 2
s

state (with s parallel to ¢z ) is non-rotatable. In contrast, the states with < <n0 s are not consistent with being
nonrotatable, as q< á ñ <0 cos 1 for ( )/ j q cD , ,n n

1 2 . However, for =n 0, the expectation value of all Legendre

Figure 4.Depiction of the three orthogonal internal-coordinate spin-projection states, along the z axis with ( )= +¢n s s 1z , the x
axis with ( )= +¢n s s 1x , and the y axis with ( )= +¢n s s 1y ; the latter two can be described by a doubly degenerate =¢n 0z state.
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polynomials of qcos are zero for >k 0, ( )qá ñ =P cos 0k . Only the =k 0 term yields unity, which is consistent

with ( )/ j q c =D , , 100
1 2 , so that the ( )/ j q cD , ,m0

1 2 state (with s perpendicualar to ¢z ) is also non-rotatable.
Therefore, a consistent set of nonrotatable states are the ( )/ j q c¢D , ,n m

1 2
z

for /= =¢n 3 2z s and =¢n 0.z

However, choosing ¢x or ¢y as the quantization axis yields the states /= =¢n 3 2x s and =¢n 0x , and
/= =¢n 3 2y s and =¢n 0y , respectively. Therefore, we conclude that the three states shown infigure 4,

parallel to each of the ¢ ¢ ¢x y z, , axes, describe all these cases, with each =n 0 state describing the doubly
degenerate states perpendicular to the quantization axis. Finally, we note that these three orthogonal states
(where one is parallel to the symmetry axis of the particle, and the other two are perpendicular) are relativistically
invariant, as a boost in the external framewill change the observed angle between two vectors only if the two
vectors are not parallel or perpendicular to each other. Therefore, a boost will not transform the orthogonal
states fromone to another.

The three internal projection states for /=s 1 2 infigure 4will be applied, in the next two sections, to spin,
isospin, andweak isospin, to explain some of the StandardModel structure.

8. Implications for standard-model particles: Clebsch-Gordan coefficents in the internal
frame

The charge conjugation operator, Ĉ , reverses all the charges of a particle, and transforms thewavefunction of a
particle into that of its antiparticle. The interpretation given here (and explained further in section 10) is that
operation of Ĉ is equivalent to the inversion of the internal coordinates of the particle:
ˆ ( ) ( )¢ ¢ ¢ = - ¢ - ¢ - ¢P x y z x y z, , , ,in causes a change in sign of the projection of s on any of the ¢ ¢ ¢x y z, , axes. An
equivalent result is the inversion of the spin s, by ˆ ( )c c= -Pspin . Therefore, applying the spin-inversion

operator P̂spin to the spinwavefunction ( )j q cD , ,n m
s of a particle yields:

ˆ ( ) ( ) ( )j q c j q c= -P D D, , , , 41spin nm
s

nm
s

Thus, thewavefunction ( )j q cD , ,n m
s is unchanged after operation of P̂spin only for =n 0, and this a

necessary condition for a particle to be its own antiparticle. Therefore, we propose that the Standard-Model
particles fall into two categories, thosewith internal projection =n s, andwith =n 0.

The StandardModel particles are presented in table 1 according to their internal projection quantum
number n. All particles, except the neutrino, clearly fall into one of the two categories: the charged particles have
=n s, and the neutral particles that are their own antiparticle have =n 0. However, it has not been

experimentally establishedwhether the neutrino is its own antiparticle.We justify this categorization below, and
show that the neutrino belongs to =n s. The justificationwill include calculations of Clebsch-Gordan
coefficients in the internal frame.

We begin by considering the emission of virtual photons, gluons, andZ bosons, in the reactions:

( )g +- -e e a42

( ) +q q g b42

( ) +- -e e Z c42

In all three cases, we can describe each process by the overlap integral of equation (21b), for which the
fermion has the initial quantumnumbers s n m, ,i i i before emission, the final quantumnumbers s n m, ,f f f

after emission, and the emitted boson has quantumnumbers s n m, ,b b b:

( ) | ( ) ( ) | | ( )á ñ µ á ñá ñD R D R D R s n s n s n s m s m s m, , 43n m
s

n m
s

n m
s

i i f f b b i i f f b bi i
i

f f
f

b b
b

Table 1.The internal spin projection n of standard-model particles, and proposed dark-matter particles.

Internal spin projection n

( )= + =n s s 1  =n 0

Standard-Model particles Wboson Z boson

Quarks (q) Photon (g )
Charged Leptons ( -e , m-, t-) Gluon (g )
Neutrinos (n n nm t- - -, ,e ) Higgs Boson (H 0)

ProposedDark-Matter particles MirrorMatter (q,W, e-,μ-, τ-) MirrorMatter (γ, g, Z,H0)
Neutral Quarks (q0)

Neutral Leptons (e0, m0, t0)
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Conservation of the projection quantumnumbers in theClebsch-Gordan coefficients of equation (43)
yields = +m m mi f b and = +n n ni f b. As =n 0b (as expected for the particles g , g , and Z that are their own
antiparticles), the n-state projection conservation is consistent with =n ni f . Note also that, for these cases, the

Clebsch-Gordan coefficient | |á ñ = =s n s n s n, , 10 1i i f f b b
1

2

3

2

1

2

3

2
(which can be determined from

equation (23b), leaving only theClebsch-Gordan coefficient |á ñs m s m s m,i i f f b b to determine the spatial aspects
of the coupling process. Thismust be a general rule, that themagnitude | | |á ñ =s n s n s n, 1i i f f b b for all known
allowed particle decays, otherwisewewould introduce extra factors that would conflict with the experimental
results of knownparticle physics.Wewill see that this rule holds, for all cases considered in the StandardModel.

Next, we consider the decay of an =n 0 particle with spin =s 1i , into a pair of =n 0 particles eachwith
spin sf . The decay probability will be proportional to the overlap integral of the spinwavefunctions:

( ) | ( ) ( ) | | ( ) ( )( )á ñ µ á ñá - ñ-D R D R D R s s s m s m m s m1 0 0, 0 , 44m
s

m m
s

m
s

f f i i f i f f f0 0 0i
i

i f

f

f

f

As the decay probability is proportional to the simple Clebsch-Gordan coefficient |á ñs s10 0, 0f f , we can
draw some simple conclusions: |á ñ =s s10 0, 0 0f f for any value of sf , because

| |á ñ µ á ñ =s s s s1 0 0, 0 0 1 0, 0 0f f f f , using equation (23b). Therefore, the decay of an =n 0 particle with
=s 1i cannot decay into two =n 0 particles. Therefore, equation (44) is a generalization of the Landau-Yang

theorem [30–32], which is used to justify why, for example, the Z boson cannot decay to 2 photons (which are
=n 0 particles). By using equation (44), we extend predictions beyond the Landau-Yang theorem, and predict

that the Z boson cannot decay to any two =n 0 particles. As the Z boson is known to decay to neutrino-
antineutrino pairs, it follows that the neutrino is not an =n 0 particle, and therefore that the neutrino is not a
Majorana particle (which are their own antiparticles, andmust have =n 0).

We next consider the decay of particles with spin si and ( )= +n s s 1i i i , to show that knowndecays are
consistent with conservation of internal projection along the ¢z axis of the decaying particle (and to determine
the internal projection of the neutrino through another reaction).We consider the example of the decay of the

+W boson:

( )n ++ +W e 45e

The application of equation (43) yields, for =s 1W , =n 2W :

( ) | ( ) ( ) | | ( )á ñ µ ¢ ¢n n¢ ¢n n+ + + +D R D R D R n n m m m1 2
1

2
,

1

2
1

1

2
,

1

2
46

m n m n m e
rms

W e2
1

,W e e e e e e

1
2

1
2

where ¢+n
e
and ¢nn

e
are the projections of the spin of the positron and electron neutrino, respectively, onto the ¢z

axis of the decaying +W boson (and not on the symmetry axes of each product particle). Therefore, although
conservation projection requires ¢ + ¢ = =n+n n n 2

e We
, the values of ¢+n

e
and ¢nn

e
must be integrated over their

full allowed physics range. The calculation to determine | ̅¢ ¢ =n n10 , 1f f
rms

1

2

1

2
, as expected for an allowed

particle reaction, and is shown inAppendix C. The symmetry of the calculation determines that
/= =n +n n 3 2ee

. A straightforward generalization of this calculation shows that the internal-frameClebsch-
Gordan coefficient, for the coupling of two angularmomenta with =ni ij to yield a third angularmomentum
with =n3 3j , is always unity. For example, for the coupling of orbital angularmomenta + =l l l1 2 3, the

coefficent |á ¢ ¢ ñ =l n l n l, 1rms1 1 2 2 3 3l , ensuring no change to known angular-momentum coupling rules.
We demonstrate /=nn 3 2

e
again, but in amore geometrically clear fashion. For the decay of a particle

with ( )= +n s s 1i i i , the projection of the spins along the decaying particle’s ¢z axis, and the subsequent
projection on the space-fixedZ axis (given by | | qá ñs cos )must be conserved for the reaction:

( ) ( )
( )å

+
=

+
n m

s s

n m

s s1 1
47i i

i i f

f f

f f

where [ ( )]/qá ñ = +nm s scos 1 from equation (22), and | | ( )= +s s s 1 . Note that here nf is the internal
projection of each particle spin on its own ¢z axis.

We use equation (47) for the decay of a +W boson in the | |ñ = ñsm 11 state, for which:

( )( )
( )

( )( )
( )

( )( )
( )

( )
+

=
+

+
+

n n

n n

+ +

+ +

+ +

+ +

n m

s s

n m

s s

n m

s s
a

1 1 1
48W W

W W

e e

e e

e e

e e

where = =+ +s m 1W W , = =+ +s me e
1

2
, = =n ns m 1

2e e
, ( )= + =+ + +n s s 1 2W W W ,

( ) /= + =+ + +n s s 1 3 2e e e , and note that =+mW + n+m me e
. Inserting these values into equation (48a)

gives:
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( )
( )= +

+
n

n n

n

s s
b1

1

2

1

2 1
48e

e e

⎛

⎝
⎜

⎞

⎠
⎟

and therefore that ( ) /= + =n n nn s s 1 3 2
e e e

. Thus, we determine that the neutrino has the same internal
projection as charged fermions, that the neutrino is aDirac fermion, and its spinwavefunction is described by

( )j q cD , ,n m

1
2 with /=n 3 2.
We next consider the decay of the Z boson to a fermion ( f ) anti-fermion ( ̅f ) pair, such as:

̅ ( ) +Z f f 49

The application of equation (43) yields, for =s 1Z , =n 0Z :

( ) | ( ) ( ) | | ( )¯ ¯
¯ ¯

/ /á ñ µ ¢ ¢¢ ¢D R D R D R n n m m1 0
1

2
,

1

2
1

1

2
m ,

1

2
50m n m n m f f

rms
W f0,

1
,

1 2
,

1 2
fW f f f f

The calculation to determine | ¯¢ ¢ =n n1 0 , 1f f
rms

1

2

1

2
is shown inAppendix C, as expected for an allowed

particle reaction.
Finally, we consider the decay of a spin-0 particle, theHiggs boson H 0, into a fermion ( f ) anti-fermion ( ̅f )

pair, or boson anti-boson pairs, such as:

̅ ( ) +H f f a510

( ) +H Z Z b510

( )g g +H c510

( ) ++ -H W W d510

TheClebsch-Gordan coefficient for equation (51a) in the internal frame is given by | ¯¢ ¢n n0 0 ,f f
1

2

1

2
,

where ̅= -n nf f . The value of |á ñj n j n, 0 0 is clearly 1, as is |á ñ =j m j m, 0 0 1 in the external
coordinates. However, exchanging the second and third angularmomenta divides the coefficient by the square
root of the degeneracy of the | ñjm state, +j2 1 , so that: | ( ) /á - ñ = - +-j m j m j, 0 0 1 2 1j m . However,
the degeneracy of the | ñjn state in the internal frame is 1.Wefind (and verify in Appendix C, for =s 02 and

=s 12 ), that interchanging two spins does not change themagnitude of aClebsch-Gordan coefficient in the
internal frame, and can change it only by a phase factor:

| | | | | | | | | ( )á ñ = á ñ = á ñs n s n s n s n s n s n a, 0 0 , 0 0 , 0 0 521 1 3 3 1 1 3 3 3 3 1 1

| | | | | | | | | ( )á ñ = á ñ = á ñs n n s n s n s n s n n s n b, 1 , 1 n , 1 521 1 2 3 3 1 1 3 3 2 3 3 2 1 1

Therefore, | ¯¢ ¢ =n n0 0 , 1f f
rms

1

2

1

2
, within a phase factor, using equation (52a) and

| ¯¢ ¢ =n n0 0, 1f f
1

2

1

2
, which is determined from equation (23b). An alternate derivation of this result, by

integrating over all ¢nf , is given inAppendix C.

The decays of equations (51b) and (51c) are described by |á ñ00 10, 10 . However, using equation (23b),
|á ñ =10 00, 10 1, and using equation (52a) yields | | |á ñ =00 10, 10 1. Finally, the decay of equation (51d) is

similarly described by | ¯á ¢ ¢ñ =n n0 0 1 , 1 1b b rms , and this is also derived inAppendix C.
We stress that all the Clebsch-Gordan coefficients in the internal frame are 1 (within a phase factor) for all the

allowed particle reactions that we have considered, which is a necessary result to agreewith knownparticle
physics. In addition, the Clebsch-Gordan coefficient is 0 for reactions forbidden by the Landau-Yang theorem.
TheClebsch-Gordan coefficients for the reactions discussed in this Section are summarized in table 2.

In contrast, we note that the emission of bosonswith spin >s 1 from a particle with angularmomentum j
and =n swill have aClebsch-Gordan coefficient in the internal frame that is always greater than 1. For
example, for emission of a spin-2 boson by a particle in the | ñj n state, the Clebsch-Gordan coefficient in the
internal frame is given by |á ñj n j n20, , which is described by equation (23c). The value of |á ñj j20,s s is always
greater than 1, because ( )q =P cos 1n2 for =n s, however the coefficient is always greater than 1 (forfinite
j 1):

( )
( )( ) ( )( )

( )
/ /

/

/ /

+
- +

= +
- +

>
j j

j j j j

1

1 2 3 2
1

3 4

1 2 3 2
1 53

For example, for =j 1, | /á ñ =1 2 2 0,1 2 8 5 (see Appendix B2 for an explicit calculation of
( )qá ñP cos2 for the ( )j q cD , ,

,1
1
3
2

state, which involves the coefficient |/ / /á ñ =1 3 2 2 0,1 3 2 19 10 , which is also

greater than 1). Similar arguments hold for bosonswith higher spins, that the |á ñj s j0,s s are greater than 1, for
integer >s 2. In contrast, |á ñj s j0 0, 0 has amagnitude that is always less than 1. For example for =s 2 and

=j 1, | /á ñ = -1 0 2 0,1 0 2 5 .
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We saw that for Standard-Model particle reactions involving the bosons that are spin-1 (and for all
Standard-Model particle reactions, shown in table 2), the internal-frameClebsch-Gordan coefficients have a
magnitude of unity, so that the internal projections n seem to play the role of a hidden parameter that has no
effect on known reactions. In contrast, the internal projections n give internal-frameClebsch-Gordan
coefficients that differ fromunity in reactions involving bosonswith spins greater than 1. Thismay explainwhy
all observed bosonic elementary particles have spin =s 0 or1. At the very least, assuming the internal quantum
number n is correct, the internal-frameClebsch-Gordan coefficients need to be taken into account for reactions
with bosonswith spin >s 1, such as for the spin-2 graviton. Thismay have implications for calculations in
quantumgravity.

9.Darkmatter candidates

Baryonicmatter is associatedwith at least three obvious asymmetries: (1) the preponderance ofmatter over
antimatter; (2) the fact that known baryonicmatter violates parity through theweak interaction; and (3) the
further asymmetry introduced here, that known baryons have internal angularmomentumprojection

( )= +n s s 1 only, which constitutes a lack of isotropy in the internal (body-fixed) coordinate system (due to
lack of baryonswith =n 0, needed for isotropy in the internal coordinate system).

MirrorMatter [33] has been proposed as a solution to asymmetry (2), which results in a doubling of all
StandardModel particles withmirror pairs, that are darkwith respect to normal baryonicmatter, and have
opposite parity violation effects. However,MirrorMatter particles will be as self-interacting as normal baryonic
matter is, and so can only constitute a small fraction of the darkmatter (assuming equal temperature with
baryonicmatter), as theΛCDMmodel assumes non-interacting darkmatter, and it explains the cosmic
background radiation power spectrumwell [34] (wenote thatMirrorMatter can explain darkmatter, for low
temperatures of theMirrorMatter [35]). Nevertheless, there is evidence that suggests the existence of some self-
interacting darkmatter [36–40], andMirrorMatter offers a plausible explanation for such self-interacting dark
matter.

We address the lack of internal projection isotropy, i.e. asymmetry (3), by proposing that there exists neutral
baryonicmatter, based on neutral quarks that have internal projection =n 0, andwith similarmass as charged
baryonicmatter.We also address the parity asymmetry (2) by proposing equal amounts ofmirrormatter.
Finally, we can also address thematter-antimatter asymmetry (1) by proposing that themirrormatter is also
antimatter (related to baryonicmatter by a ˆ ˆCP transformation); although there currently seems to be no
predictive power in the proposal ofmirror antimatter, wemention it as a plausible way to resolve thematter-
antimatter asymmetry. In this way, all three asymmetries are addressed, albeit asymmetries (1) and (2) are
entangled; however, it seems that this is the highest symmetry forwhich thematter and antimatter do not
annihilate.

The abundanceof particles of the proposed symmetries is shown infigure5.Weuse two assumptions to explain
the observed fractionof darkmatter: (1) there are equal amounts ofmatter andmirrormatter, and (2) the

Table 2. Ιnternal spin frameClebsch-Gordan coefficients for particle-
decay reactions and orbital angularmomentum coupling.

Decay reaction or

angularmomentum

coupling

Clebsch-Gordan coefficient in the

internal frame |á ñs n s n s n,i i f f f f1 1 2 2 ,

within a phase factor

g +- -e e | =, 10 11

2

3

2

1

2

3

2

 +q q g | =, 10 11

2

3

2

1

2

3

2

 +- -e e Z | =, 10 11

2

3

2

1

2

3

2

n ++ +W e e | ¢ ¢ =n+n n1 2 , 1
e rms

1

2

1

2 e

̅ +Z f f | ¯¢ ¢ =n n1 0 , 1f f
rms

1

2

1

2

̅ +H f f0 | ¯¢ ¢ =n n0 0 , 1f f
rms

1

2

1

2

 +H Z Z0 |á ñ =00 10,10 1

g g +H 0 |á ñ =00 10,10 1

 ++ -H W W0 | ¯á ¢ ¢ñ =n n0 0 1 , 1 1b b rms

g g +Z | ( )á ñ = Forbidden10 10,10 0

 +Z g g | ( )á ñ = Forbidden10 10,10 0

+ l l l1 2 3 |á ¢ ¢ ñ =l n l n l, 1rms1 1 2 2 3 3l
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populations of the internal-frame n states are isotropic,with equal population.Therefore, there are 6 equal parts,
shownby the 2pairs of 3 orthogonal arrows infigure5,where only 1/6 corresponds tobaryonicmatter, and the
remaining5/6 are darkmatter. Specifically, 1/6 is baryonicmatter (the pink arrowat leftwith =n s), 1/6 ismirror
matter (thepink arrowat rightwith =n s), 2/6 are baryonic darkmatter (the two green andbrownarrowswith
=n 0 at left), and2/6ofmirror darkmatter (the twogreen andbrownarrowswith =n 0 at right).Note that the

mirrormatter is dark to the baryonicmatter. Therefore, the predicted fraction that is darkmatter is 5/6≈83.3%,
which agreeswellwith experimental observations of 85% [34].Wenote that if themass of the ( =n 0)neutral quarks
are larger than the chargedquarks, by a similar ratio as that of the ( =n 0)Zboson to the ( ( )= +n S S 1 )W
boson (by about 13%), then the calculateddarkmatter fraction increases from5/6 to about 85%, to givenear exact
agreement, shownby the following ratio: ( ) ( )/+ ´ + ´ »1 4 1.13 2 4 1.13 85%.

We now consider whether these neutral ( =n 0) baryons can be observed directly, either through direct
decay, or produced at particle colliders. First, they cannot decay to any known Standard-Model particles,
because it is not possible to do sowhile conserving charge, lepton number, and baryon number. Second, we
showed, using equation (44), that the decay of a Z boson is forbidden to any =n 0 particle-antiparticle pair
(such as two photons or two neutral quarks); this explains why neutral ( =n 0) quarks cannot be formed fromZ
boson decay. Third, a channel for potentially observing evidence for these dark-matter particles is the formation
of neutral quark-antiquark pairs from the decay of theHiggs boson. If the neutral quarks have similarmasses
with the charged quarks, theHiggs neutral-quark decay channel will be dominated by neutral bottomquarks.
Current searches for dark channels limit their fraction to about 18% (2σ= 10%) [41]. A calculation of the
expected production of neutral quark-antiquark pairs can be compared to this dark-channel uncertainty, to test
this possibility. Furthermore, future experiments will reduce the dark-channel uncertainty further, andmay
confirmor disprove this prediction.

An additional prediction that can be tested is that the self-interactingmirror antimatter is 1/6 of the total
matter (fromfigure 5, equal to the baryonic contribution). It can be investigatedwhether the tension in the
current dark-mattermodels is eliminated or reduced from the inclusion of the self-interactingmirror antimatter
(as 1/5 of the total darkmatter).

10. Internal projections for the strong andweak forces

In this paper, we have proposed that the spin of fundamental particles have three internal projections, described
by = = =¢ ¢ ¢n n nx y z s (or equivalently, =¢nz s and the doubly degenerate =¢n 0z ). Spin is associatedwith the
electromagnetic force; there are very close analogues of spin for the strong andweak forces, isospin andweak
isospin, respectively, and it is natural to consider whether the three internal projections also exist for the spins of
these forces.We propose that they do, and that they are already clearly present in the StandardModel: the three
internal projections of isospin are the three quark colors, and the three internal projections of weak isospin
correspond to the three generations ofmatter.We present the similar projection structure for the three forces in
figure 6, to highlight the similarities and the differences.

In all three cases, we propose (without theoretical justification, but as a simple explanation of the
observations) that there is a charge axis that breaks the symmetry between the three projection states, and that,
the projection of the spin on the charge axis determines the charge of each state. For the electromagnetic force,

Figure 5.The proposed abundance of particles: 1/6 is baryonicmatter, and the remaining 5/6 is darkmatter (shaded gray). Of the 5/6
darkmatter, 1/6 ismirrormatter, 2/6 neutral darkmatter, and 2/6mirror neutral darkmatter; therefore, 4/6 of the darkmatter is
cold darkmatter (CDM), and 1/6 (the baryonicmirrormatter) is self-interacting.
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one projection of the spin is fully parallel to the electric charge axis, so that the particles of this state have
maximumelectric charge Q for the particle in question (given by = +Q T YW3

1

2
, whereT3 is the third

component of theweak isospin and YW is theweak hypercharge). In contrast, the other two orthogonal states
have 0 projection on the charge axis, and thus are neutral. These neutral spin-1/2 particles (e.g. quarks)
correspond to darkmatter (see section 9 andfigure 5).

For the strong force, each of the three spin projections correspond to the three colors of quarks. The (1,1,1)
vector, which corresponds to the sumof all three projection vectors, is perpendicular to the strong-charge axis.
The arrangement of the three states is such that each state has an fractional projection on the charge field, and
thus has a fractional strong charge, which is forbidden for each free particle, as itmust be quantized (have integer
value). However, either a quark-antiquark pair or three quarks of each projection (color) yields zero projection,
and hence a zero net strong charge, which is correctly quantized and allowed. Therefore, figure 6(b) gives a
geometric interpretation of the known rules for quark combinations, to yield a zero projection (colorless)
combination for allowed composite particles.We can also understand the gluon in terms of these internal
projections.We consider coupling a spin-1/2 particle with a spin-1/2 antiparticle, whichwill give a spin-1 and a
spin-0 particle: Ä = Å0 11

2

1

2
, corresponding tom-state projections of a singlet and triplet: Ä = Å2 2 1 3.

However, the three internal n-state projections of the particle and the three internal n-state projections of the
antiparticle will give nine total projections, of whichwill correspond to an isospin-0 particle (singlet) and an
octet for the isospin-1 particle: Ä = Å3 3 1 8. Therefore, the remaining eight states correspond to the gluon
(in this case), showing consistencywith the known SU(3) symmetry of the strong force.

For theweak force, we propose that the internal weak isospin projections play a role in determining the
particlemass of the fermions, and thus these three projections produce the three generations ofmatter (for the
quarks and the leptons). For the charged leptons, these three projections correspond to the electron,muon, and
tau. Koide noticed in 1981 that themasses of the charged leptons are related by a simple formula [42]:

( )
( )

+ +

+ +
»m t

m t

m m m

m m m

2

3
54

e

e
2

Experimentalmeasurements of the charged leptonmasses agree with equation (54)within experimental
uncertainty. A geometric interpretation of equation (54)was proposed by Foot [43], that the (1,1,1) vector is at
an angle of 45° to the (square-root)mass axis. This interpretation, shown infigure 6(c), is consistent with the
space of the three internal spin projections given here. This formula, or extensions of it, have also been applied to
quarks and neutrinos [44–46]. For example, the three heaviest quarks are found to satisfy equation (54) [44, 46].
In addition, we propose aweak charge axis parallel to the (1,1,1) vector, so that the three charged leptons have
the sameweak charge.

Note that for the description infigure 6, the charge conjugation operator, Ĉ , is equivalent to inverting all the
charge axes, or inverting all the spin projections, as in both cases this inverts all the charges of a particle.
Therefore, Ĉ is equivalent to the internal-frame parity inversion operator: ˆ ( ) ( )¢ ¢ ¢ = - ¢ - ¢ - ¢C x y z x y z, , , , .

In general, we see that the internal projections seem to play a similar role in all three forces, in determining
the charge ormass of particles, but the character of the symmetry breaking is different for each of them,with the
square of the cosine of the angle between the (1,1,1) vector and the charge/mass axis (shown infigures 6(a)–(c))
being 1/3, 0, and 1/2, respectively. In our opinion, this similaritymakes the argument for the existence of dark
mattermore compelling, as its absencewould represent a symmetry breaking of electromagnetismwith respect
to the other two forces. It is also remarkable to notice that the internal spin projections of the three forces

Figure 6.The three spin-projection states for (a) spin for the electromagnetic force, (b) isospin for the strong force, and (c)weak
isospin for the weak force. See text for details.
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generatesmuch of the observed structure of the StandardModel. However, a comprehensive theory of particle
physics is neededwhichwill explainmanymissing details, such as the angle qc for each force, shown in
figures 6(a)–(c).

11. Conclusions

Wehave presented the spatial wavefunctions of spin, ( )j q cD , ,nm
s , that treat s as a three-dimensional entity in

the external frame, but as a two-dimensional entity in the internal frame. Compared to the conventional | ñsm
spin states of elementary particles, thesewavefunctions have an additional three internal body-fixed spin
projections: ( )= = = +¢ ¢ ¢n n n s s 1x y z (or equivalently, ( )= +¢n s s 1z , and the doubly degenerate

=¢n 0z state).
These spatial spinwavefunctions ( )j q cD , ,nm

s reproduce all the known results of quantummechanical
angularmomentum theory.However, the additional degree of freedom, the internal projection n, allows the
explanation of newphenomena, or the explanation of knownphenomena geometrically.We summarizefive
advantages of the ( )j q cD , ,nm

s angularmomentumwavefunctions:

(1) The ( )j q cD , ,nm
l , for ( )= +n l l 1 , connect quantum mechanical and classical angular momentum

smoothly, through the asymptotic wavefunction of equation (1), described in [9].

(2) The gyromagnetic ratio of charged particles with spin s, =g 2, can be calculated as a direct expectation

value of themagnetic-moment operator for the ( )j q cD , ,nm
s states, with ( )= + =n s s 1 s.

(3) The three n-state projections, = = =¢ ¢ ¢n n nx y z s, for Standard-Model particles suggest an explanation
for some of the Standard-Model structure. For each of the three forces of nature (leaving gravity aside), the
three internal spin projections correspond to: (a) the three quark colors, for isospin of the strong force; (b)
the three generations ofmatter for weak isospin of theweak force; (c) chargedmatter with =nz s and
doubly-degenerate neutral darkmatter (with =n 0z ), for spin of the electromagnetic force. Furthermore,
all Standard-Model particles can be categorized as either =¢nz s or =¢n 0z .

(4) The internal projection n plays a role in the selection rules of decaying elementary particles, and can
generalize the Landau-Yang theorem [30–32]. Using the selection rule of equation (44), or the internal-
projection conservation of equation (46), we show that the neutrino is described by =n s (for both spin
andweak isospin), and is thus aDirac fermion, and not aMajorana fermion (which has )=n 0 .

(5) The new degree of freedom of the internal projection n allows new candidates for dark matter, such as
neutral quarks (with =n 0). Darkmatter fractions of about 5/6 can be predicted, assuming neutral quarks
have a similarmass as charged quarks, and assuming the existence of equal quantities ofmirrormatter.

Some of these points allow us tomake testable predictions or hypotheses that go beyond standard angular-
momentum theory, e.g, theDirac-fermion nature of the neutrino, some decay selection rules of fundamental
particles, and the prediction of properties of newdark-matter candidates and their self-interaction in
cosmologicalmodels.Most importantly, these predictions are expected to be tested in the next few years, as there
are intensive experimental efforts related to all three predictions.

We believe that the importance of the potential applications of some or all of the five points abovemake it
worthwhile to study the foundations of the spatial wavefunctions of spin ( )j q cD , ,nm

s further, and to
investigate whether the ( )j q cD , ,nm

s are fully consistent with quantum field theory and the Standard
Model [48, 49].
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AppendixA

Herewe show that, for all n:

ˆ ˆ ( ) ( )j q c =- +J J D , , 0 A1n j
j
,

( )j q cD , ,n j
j
, is defined in equation (5), and ( )qdn j

j
, is given in equation (10), where there are two terms,

proportional to the constants A and B. For thefirst term, for =m j , ( )- + + + - =qF m j m j m n;, 1; 1 sin 112
2

2
,

so that thefirst termreduces to ( ) ( )j q q c- +
Ae esin cosij

j n j n
in

2 2
.Operationof +̂J on this term, fromequation (12),

gives 0, satisfying equation (A1) for all n.Operationof +̂J on the second termyields:

ˆ q q q
- + + + -+

- +
J B F n j n j n jsin

2
cos

2
, 1; 1 ; sin

2

n j n j

12
2⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( ) ( )( ) q q
= -j c+

- + - - - -
Be n j esin

2
cos

2
A2i j

j n j n
in1

1 1
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

Finally, the operation of -̂J on the result of equation (A2) yields 0, showing that equation (A1) holds for all n,
and by symmetry, ˆ ˆ ( )j q c =+ - -J J D , , 0n j

j
, .

Appendix B

Wedemonstrate the use of equations (19) and (22), by calculating the expectation values of qcos for

| ( )j q cYñ = D , ,
1,

1
2

1
2

, and of ( )qP cos2 for | ( )j q cYñ = D , ,
, 1

1
3
2

.Wewill calculate the expectation values

separately for each of the two terms of thewavefunction, given in equations (17–18), to show that both terms of
eachwavefunction give the same results for both normalization and the expectation values, and are, therefore,
practically symmetric.

B1. The ( )j q c, ,D
1,

1
2

1
2

state

First, we calculate qY Y* sin , from equation (17), for the integral of equation (19a):

| | ( ) ( )/q
q q q

qY Y = + +
-

* Nsin 2 cos
2

1

2
cos

2
sin

2
2 cos B11 2

2
4 2 2

2⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤
⎦⎥

Then, we expand the second term (which diverges at q p= ), in powers of qsin :

( ) ( ) ( )
( ) ( )( )

( )

( ) ( ) ( )q+ = =

= +

q q q q q
q

q
q

q q

- + - +

- - +

q

q q
cos sin 2 cos

B2

1

2 2

2

2

2
2

sin 2 cos

2 sin cos

1 cos 2 cos

2 sin

1 cos

sin

1 2 cos sin

2

2

4
2

2

2

2

2

2 2

2

2

2

Using equation (19b), we subtract off the diverging first term, where ( ) ( )/q q q= -f 1 cos sin2 .
Finally, we perform the integral of equation (19a) separately on thefirst term and regularized second term to

yield:

| | | | ( )/ò ò òq j c
q

p=
p p p

¥
d d

q
d N N alim

1
2 cos

2
3 B3

q

q
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3
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⎢
⎢
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p
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⎢
⎢
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Showing that both terms of ( )j q cD , ,
1,

1
2

1
2

have the same norm, and that the sumof both is | |/p N6 3
1 2

2.

We now follow a similar procedure for the calculation of | |qáY Yñcos :

| | ( ) ( )/q q q
q q q

qY Y = + +
-

* Ncos sin cos 2 cos
2

1

2
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2
sin

2
2 cos B41 2
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Again, we expand the second term (which diverges at q p= ), in powers of qsin :

( ) ( ) ( )

( )

q q q
q

q q q
q

q
q

q q q q

+ =
- +

=
- +

+
+ +

-cos
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2
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2 cos
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⎞
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⎞
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We subtract off the diverging first term,where ( ) ( )/q q q= - -f 1 cos sin2 .
Finally, we perform the integral of equation (19a) separately on thefirst term and regularized second term to

yield:

| | | | ( )/ò ò òq j c q
q
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The expectation values of both terms yield the same results in equation (B6), and their sum is | |p N4 3 1
2

2.

Finally, the expectation value qá ñcos for | ( )qYñ = D
1,

1
2

1
2

is given by the ratio of the results of the integrals of

equations (B6) and (B3), which is /qá ñ =cos 2 3. This agrees with ( )/qá ñ = +nm s scos 1 , the analytical result
from equations (22) and (23b), for /= =s m 1 2 and =n 1.

B2. The ( )j q c, ,D
,1

1
3
2

state

First, we calculate qY Y* sin , from equation (18), for the integral of equation (19a):

| | ( )q
q q q
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Then, we expand the second term (which diverges at q p= ), in powers of qsin :
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Using equation (19b), we subtract off the diverging first term, inversely proportional to qsin4 ,
where ( ) ( )/q q q q q q= - - -f 36 36 cos 3 sin 15 cos sin 16 sin2 2 4 .

Finally, we perform the integral of equation (19a) separately on thefirst term and regularized second term to
yield:
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Showing that both terms of ( )j q cD , ,
1,

1
2

1
2

have the same norm, and that the sumof both is | |/p N5 3
1 2

2.

We now follow a similar procedure for the calculation of | ( ) |qáY YñP cos2 :
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Again, we expand the second term (which diverges at q p= ), in powers of qsin :

( )
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We subtract off ( ) ( )/q q q q q q= - - +f 36 36 cos 57 sin 39 cos sin 16 sin2 2 4 from the diverging
first term.

Finally, we perform the integral of equation (19a) separately on thefirst term and regularized second term to
yield:
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The expectation values of both terms yield the same results in equation (B12), and their sum is | |p N19

8
3

1
2.

Finally, the expectation value ( )qá ñP cos2 for | ( )j q cYñ = D , ,
,1

1
3
2

is given by the ratio of the results of the

integrals of equations (B12) and (B9), which is ( ) /qá ñ =P cos 19 402 . This agrees with the analytical result from
equations (22) and (23c), for = =s m 1 and /=n 3 2:
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AppendixC

In this Appendix, we calculate the internal-frameClebsch-Gordan coefficients for | ¢ ¢n+n n1 2 ,
e

1

2

1

2 e
,

| ¯¢ ¢n n1 0 ,f f
1

2

1

2
, | ¯¢ ¢n n0 0 ,f f

1

2

1

2
, and | ¯á ¢ ¢ñn n0 0 1 , 1b b in table 2 and equations (46) and (50).We use

analytical expressions for the squares of the usual Clebsch-Gordan coefficient in the external frame, as the
derivation of Clebsch-Gordan coefficients can be performed independent of the use of raising and lowering
operators [50, 51], and therefore applies to the coupling of angularmomenta in the internal frame.

TheClebsch-Gordan coefficients in the external frame are given by a general, analytical expression, first
given by Racah [18]. However, if we choose afixed value of j3, then this complicated, general expression can be
simplified, particularly if j3 is close to itsmaximal value. First, we use the analytical expression for the square of
theClebsch-Gordan coefficient |á ñj m j m j m,1 1 2 2 3 3 with themaximal value = +j j j3 1 2 [52]:

|
( )!( )!( )!( )!
( )!( )!( )!( )!( )!

( )á + + ñ =
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For the coefficient | ¢ ¢n+n n1 2 ,
e

1

2

1

2 e
, projection conservation gives ¢ + ¢ =n+n n 2

e e
. Setting

= ¢+x n
e
, we have ¢ = -nn x2

e
. Therefore, | ¢ ¢n+n n1 2 ,

e

1

2

1

2

2

e
can be determined as an integral over the

regularizable projections in the internal frame, for the range-¥ < < ¥x (note that equation (19) ensures
regularizability over this range):
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e
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Integrating equation (C2) can be performed using (C3) and the integral [47]:
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C4

where ( ) ( )!G = -n n 1 , and [ ]a b g d+ + + >Re 3. The integral yields | ¢ ¢ =n+n n1 2 , 1
e
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2
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e
. There-
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2 e
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Similarly, we can determine | ¯¢ ¢n n1 0 ,f f
1

2

1

2

2
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Integrating equation (C5) yields | ¯¢ ¢ =n n1 0 , 1f f
1

2

1

2

2
, and therefore | ¯¢ ¢ =n n1 0 , 1f f

rms

1
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1

2
.

Next, we determine the value of | ¯¢ ¢n n0 0 ,f f
1

2

1

2
.We use the analytical expression for the square of the

Clebsch-Gordan coefficient |á ñj m j m j m,1 1 2 2 3 3 with = + -j j j 13 1 2 and = +m m m3 1 2 [52]:
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Choosing an arbitrary axis in the frame of the decaying spin-0 particle, the projections of the two product

spins are given by x and –x, respectively. Similar to above, | ¯¢ ¢n n0 0 ,f f
1

2

1

2

2
can bewritten by the following

integral, where |-x x, 0 01
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2
is determined from equation (C6):
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Equation (C7) can be brought into the formof equation (C4) by using ( ) ( )G + = Gx x x1 , so that:
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Note that there is also an integral proportional to x on the right-hand side (not shown), which is odd, and

yields 0 for integration over the even domain. Evaluating equation (C8) yields | ¯¢ ¢ =n n0 0 , 1f f
1

2

1

2

2
, and

therefore | ¯¢ ¢ =n n0 0 , 1f f
rms
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(within a phase factor).

Finally, we determine the value of | ¯á ¢ ¢ñn n0 0 1 , 1b b , using the analytical expression for the square of the
Clebsch-Gordan coefficient |á ñj m j m j m,1 1 2 2 3 3 with = + -j j j 23 1 2 and = +m m m3 1 2 [52]:
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Choosing an arbitrary axis in the frame of the decaying spin-0 particle, the projections of the two product
spins are given by x and –x, respectively. Similar to above, | ¯á ¢ ¢ñn n0 0 1 , 1b b

2 can bewritten, using
equation (C9), by the following integral:
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Weplot the quasiprobability distributions of |-x x, 1 01
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2

2
, and |á - ñx x1 , 1 0 0 2 infigureC1, using equations (C1) and (C6), and expressed

explicitly in equations (C5), (C3), and (C7), respectively. The only physical observable of these distributions is
their area, the total probability, which is 1. These are quasiprobability distributions because they can have
regions of probability that are negative or greater than 1 [53–55]. For example, see figureC1(b), where the peak
around /=x 2 2 has probability greater than 1, whereas the tails have negative probabilities (which exactly
cancel excess probabilities near the peak). Notice also that panel (b) is the only one that gives a distribution that is
symmetric about /=x 2 2, (the rest are symmetric about =x 0). The reason for this is that the decaying
particle has =n 23 (the other three have =n 03 ), and the two product particles have ¢ =n x1 , ¢ = -n x22 ,

=j j1 2, and ¢ = ¢n n1 2 for /=x 2 2. Therefore, the distributionmust be symmetric about /=x 2 2. Note
also that the classically allowed region is white, and the classically forbidden region is shaded grey.

The projection x is the projection of a produced spin s along the internal frame of the decaying particle, and
is given by | | q= sx cos s, where qs is the angle between s and z . Note that qs is real in the classically allowed
region | | | |- < <s sx , whereas qs is purely imaginary in the classically forbidden region | | | |- > >s sx
(similar to how themomentumof a particle is imagery in the classically forbidden region). Our expectation is
that the probability will oscillate in the classically allowed region, andwill decay exponentially in the classically
forbidden region, as shown infigureC1.Notice that in the inset of each panel offigureC1 a vector-model
pictorial description is given, to visualize the projections of each angularmomentum along the z axis. The
decaying particle spin has afixed projection along z (as this is the decaying particle frame), whereas the two
product particle spins have projections that range from-¥ to+¥.

FigureC1.Quasiprobability distributions (a) |-x x, 1 01

2

1

2

2
, (b) |-x x, 2 1 21

2

1

2

2
, (c) |-x x, 0 01

2

1

2

2
, and (d)

|á - ñx x1 , 1 0 0 2 vs. x, which is the projection of one product spin on the internal-frame quantization axis of the decaying particle’s
spin. The other product spin has projection (a,c,d) –x , and (b) – x2 . The forbidden region, where | – | | |> sx2 f or | | | |> sx f ,
is shaded grey. A vector-model pictorial description of the spin coupling is shown in the inset of each panel.
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