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Abstract

We present an alternative formulation of quantum mechanical angular momentum, based on spatial
wavefunctions that depend on the Euler angles ¢, 6, x, and have an additional internal projection #.
The wavefunctions are Wigner D-functions, D;,,, (¢, 0, x), for which the body-fixed projection
quantum number # has the unusual value n = Is| = m = g,0orn = 0. We show that the
states D, (v, 0, x) of elementary particles with spin s give a gyromagnetic ratioof g = 2 for s > 0,
and we identify these as the spatial angular-momentum wavefunctions of known fundamental
charged particles with spin. All known Standard-Model particles can be categorized with either value
n = gorn = 0, and all known particle reactions are consistent with the conservation of its projection
in the internal frame, and with internal-frame Clebsch-Gordan coefficients of unity. Therefore, we
make the case thatthe D (¢, 6, x) are useful as spatial wavefunctions for spin. Some implications
and new predictions related to the quantum number # for fundamental particles are discussed, such as
the proposed Dirac-fermion nature of the neutrino, the explanation of some Standard-Model
structure, and some proposed dark-matter candidates.

1. Introduction

In conventional quantum-mechanical angular-momentum theory, there are spatial wavefunctions for
describing the angular position of an orbiting particle in a central field, the spherical harmonics Y (6, ¢) (where
I is the angular momentum quantum number, and m is the azimuthal quantum number, the projection of the
angular momentum [ along the space-fixed Z axis). The Y (8, () give the probability amplitude of finding the
particle at the angular location described by the angles 6 and ¢. However, no analogous spatial wavefunction
exists for angular momentum or spin in conventional quantum mechanics, which would describe the angular
distribution of the angular momentum in terms of spatial coordinates. In fact, it is generally believed that spatial
wavefunctions for spin do not exist. For example, in a well-known textbook [1] it is stated that: ‘the electron also
carries another form of angular momentum, which has nothing to do with motion in space (and which is not,
therefore, described by any function of the position variables 1, 8, ) but which is somewhat analogous to
classical spin (and for which, therefore, we use the same word)’.

The aim of this paper is to show that spatial wavefunctions of spin exist and are useful, in the form of a
Wigner D-function, D], (¢, 6, x), for which the body-fixed projection quantum number # has the unusual
valuen = Isl = {/s(s + 1) = g,0orn = 0 (evenfor s = 1/2). We first give a practical review of the usual
Wigner D ,j;,m (¢, 0, x) functions (for which m’ must range from —j to +;j in integer steps), and then give some
arguments for extending the value to m’ = ,/j(j + 1), for angular momentum spatial wavefunctions, which
describe the spatial distribution of the angular momentum vector.

For the description of the rotation of bodies with internal structure (such as molecules), the Wigner
D r{l,m (¢, 0, x) functions are spatial wavefunctions that describe the angular distribution of the body-fixed z’
axis (which is parallel to the principle axis of the molecule) for given projections m and m’ of j alongZ and z’,
respectively, and ¢, 0, x are the Euler angles. For the D ,f;,m (¢, 6, x) tobe non-divergent and normalizable m
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Figure 1. Vector-Model representation of the symmetric top molecule CH;Cl in the |JKM) state. The angular momentum J projects
M along the space-fixed Z axis, and K along the body-fixed z axis (which is parallel to the principle axis of the molecule).
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Figure 2. (a) Vector-Model description of the Y/, (8, () state: the orbital angular momentum vector I projects m along Z, and is
delocalized around Z in a cone. The orbital angular momentum lalso projects 0 along z’ (which is parallel to the position of the
particle r) and is perpendicular to the orbital plane of the orbiting particle (which precesses along with 1). (b) Exact values of

1Y, (8, ) I? (in blue) are compared to the classical VM prediction of the probability distribution of the particle; the Y, (8, ) oscillate
within the classically-allowed region, and decay exponentially outside it.

and m’ must range from —j to +j in integer steps. We give three examples of using D r{j,m (¢, 0, x) as spatial
wavefunctions, culminating in a proposal for a spatial wavefunction for the spin vector s.

First, we consider a symmetric-top molecule (such as CH;Cl) in the state [JKM) = DL (@, 0, x),shown in
figure 1 using the Vector Model. Df,, (¢, 0, ) gives the probability amplitude of finding the principle axis of
the molecule (the z’ axis, parallel to the C-Cl bond and also the electric dipole moment of the molecule) at angle
0 to the Z axis. The expectation value of cos 6 is given by ( cos ) = KM /J(J + 1), so that selection of positive or
negative values of KM will preferentially orient the molecular principle axis parallel or antiparallel to the
laboratory Z axis. Such |JKM) state selection has been used to study the dependence of photodissociation and
bimolecular reactions on the orientation and alignment of symmetric-top molecules [2—8].

Second, the Y/, (6, () spatial wavefunctions of orbital angular momentum are proportional to
D({m (¢, 8, X), with 0 projection of I along the z’ axis (as m’ = 0), so that I is always perpendicular to z.
Therefore, the D§, (¢, 0, X) = Y} (8, ) describes the special case where z’ is parallel to the position of the
orbiting particle, and I is perpendicular to the orbital plane, as shown in figure 2(a), using the Vector Model. This
Vector-Model picture correctly shows that, asymptotically, the Y (6, ¢) and the probability of finding the
particle will only have nonzero values within the classically-allowed angle ranges of % —0,<0< g + O
where 6, is the Vector-Model angle between I and the Z axis, given by cos 6,, = m/| 1 |. For finite values of I, the
Y! (8, ) will oscillate within this classically-allowed region, and will decay exponentially outside this region, in
the classically-forbidden region, as shown in figure 2(b).

Finally, for the third example, we will consider something unusual: choosing the projection n = /j(j + 1)

in D/ (¢, 6, x) so that the internal quantization axis z is parallel to the angular momentum j, as shown in

2
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Figure 3. Depiction of the angular-momentum frame, where z is defined as being parallel to j. In this frame, the spin-wavefunction is
given by Dm »(#> 0, x), for which the angular momentum j projects m along the space-fixed Zaxis and ljl=/j(j + 1) alongz.

figure 3 using the Vector Model (note that we now use z for the vector parallel to angular momentum j, and

reserve z’ for internal frames defined by other internal structure, such as the molecular dipole moment in

figure 1). The asymptotic limit of this case was considered recently, where the asymptotic spatial wavefunction
j .

D(H%)m(ap, 0, x) wasused [9]:

D/ m(SD, 0, x) = e"™°5(0 — 0,,) ei(H%)X (1)

(-1

where 0, is the Vector-Model polar angle, given by cos 6, = m/| j |. Note that in the high- j limit, the
asymptotic magnitude of j tendsto j + % @sljl = jG+1) —j+ %) so that D(]j+ ) )m(go, 0, x)isthe
asymptotic limit of D \]/W (@, 0, X). The spatial wavefunction of equation (1) allows the geometrical

description of Clebsch-Gordan coefficients, Wigner rotation matrix elements d I{I,m(ga, 0, x), m-state
correlation matrix elements, and the calculation of the gyromagnetic ratio of elementary charged particles at the
treelevel (¢ = 2). These results are exact in the high- j limit, but, surprisingly, they are either exact or an
excellent approximation downto j = % [9]. Clearly, it seems that an asymptotic spatial wavefunction that treats
j asathree-dimensional entity is a useful concept. Based on the success of the unnormalizable wavefunction of
equation (1), we ask whether the concept of an exact spatial wavefunction for j extends to finite values of j.

We note, however, that equation (1) has at least three unusual features:

(1) The internal projection quantum number 7 seemingly violates the uncertainty principle, by taking a value
n=1jl=j+ %which is outside of the usual range —j to +.

(2) The quantum number 7 assumes only a single value (a singlet: n = j + %) which is, therefore, non-
rotatable to any other states in the internal coordinates, which is unusual for a non-zero angular
momentum j.

(3) The wavefunction of equation (1) is only an asymptotic wavefunction for a reduced space defined by
0 = 0, for appropriately reduced angular momentum operators [9].

Furthermore, the unusual features of equation (1) are not explained at a more fundamental level of quantum
mechanical angular momentum, so that the origins of equation (1) are not made clear in [9]. One aim of this
paper is to give a more fundamental explanation for equation (1), so that we can have a physical basis to extend
equation (1) to low- j spatial wavefunctions. To do so, we propose that angular momenta have a reduced, two-
dimensional internal space, defined only by the operators j ?and ]; This assumption results in an internal
projectionn = | j| = \/j(j + 1) thatis unique and constant, and j is non-rotatable in the internal coordinates,
with the quantization axis z always parallel to the angular momentum j, as shown in figure 3 (explaining ata
deeper level the three unusual features in the previous paragraph). We find that this assumption of a two-
dimensional angular momentum in the internal coordinate allows us to reproduce the asymptotic spatial
wavefunction of spin of equation (1) and to extend it to low j. At the end of the introduction, we describe the
predictive power of these low- j spatial wavefunctions of spin, which helps justify our proposal for this spatial
wavefunction.
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In the external XYZ space j s expressed in terms of Jx» Jy»and J; as usual:
P=ix+k+7; (2a)
In contrast, for the internal reduced space of theA two—c}imensional angular momentum we have the simpler
relation for the angular momentum operators j and j, [10]:
it=i (2b)
Finally, requiring that J *and f ? have the same expectation value:
22

3 =G =iG+n=0GD 3)

yields the expectation value of fz toben = ljl = \/j(j + 1) = ;.Aconsequence of the fact thatIn| > j is that
the D;m (¢, 0, x) are not conventionally normalizable. The main aim of this paper is to show that the

D;m (¢, 0, x) are useful wavefunctions, through a regularization procedure that allows the calculation of
expectation values, which is an extension of a regularization procedure first introduced by Pandres for half-
integer spherical harmonics [11]. To demonstrate the usefulness of the spatial-wavefunction formalism, we use
the D], (¢, 0, x) to compute directly the gyromagnetic ratio of elementary charged particles with spin, by
calculating the expectation value of the magnetic-moment operator. Interestingly, g = 2 is computed for all
values of spin, for s > 0. This agrees with the Dirac equation and Standard Model predictions for spins of 2 and
1, and confirms various arguments that ¢ = 2 is the natural tree-level gyromagnetic ratio for all values of spin
[12, 13]. We note that, just as the magnitude of j is relativistically invariant [14], so is its maximum projection
alongitselfn = ljl = \j(j + 1).

Spatial wavefunctions are usually considered as problematic in relativistic quantum field theories, because of
their seemingly non-covariant behavior under Lorentz transformations, and because they can spread faster than
light. However, Pav§i¢ has shown that a quantum field theoretic analysis, which distinguishes between basis
position states and wave packet states, clarifies the issue of Lorentz covariance [15, 16]. The issue of causality is
resolved by observing that superluminal transmission of information cannot be achieved by such wave packets
[17]. Therefore, spatial wavefunctions (such as those discussed here) are not clearly inconsistent with relativistic
quantum field theory.

We give a brief outline of the paper. In section 2, we describe the wavefunctions D/, (¢, 6, x) as solutions of
the space-fixed angular momentum operators j 2, fz, fi, and of the body-fixed operator ]; In section 3, we
introduce the definition of the inner product that allows the regularization of the Dg,m(cp, 0, x),and the
calculation of the triple product of the D/ (¢, 6, x) functions, needed for the calculation of expectation values
(we use the term regularization, and avoid the term ‘renormalization’, as this has a related but clearly different
meaning in quantum electrodynamics). In section 4 we discuss the spatial distributions of the Djm (v, 0, x)
states, and how these connect with classical mechanics in the high- j limit. In section 5 we describe how the
DI{’m (v, 0, ) are consistent with the usual angular momentum coupling and rotational transformations of the
ljm) states. In section 6 we calculate the g factor of spins of any s and #, from the expectation value of the
magnetic moment operator. In section 7 we give arguments for why spin-1/2 particles have 3 internal
orthogonal projections in three dimensional particles, along the x’, 3/, z’ axes of the particle. In section 8 we
discuss how the spin wavefunctions of Standard Model particles D, ,, (¢, 0, x) fall into two categories: those
with n = s and those with n = 0 (for which the spin s is perpendicular to the symmetry axis of the particle). We
show that the internal-frame Clebsch-Gordan coefficients for allowed particle reactions are all unity, and thus
do not affect the calculations of these reactions. We also present selection rules and a new conservation law,
related to n, for particle reactions, from which we determine that the neutrino is a Dirac Fermion. In section 9 we
discuss how the new degree of freedom of the internal projection 7 opens the way for new dark-matter
candidates (particularly those with # = 0), and we discuss one such possibility. In section 10 we discuss some
implications of the internal spin projections for isospin and weak isospin in the strong and the weak forces.
Finally, in section 11 we discuss the conclusions of our results.

2. Wavefunctions

We propose the spatial wavefunction of the angular momentum j to be the Djm (v, 0, x) Wigner D-functions

[where ; = \/j(j + 1)], which connect asymptotically to those of equation (1), to be:
Dy, 6, %) = € i (6) ¢i7x @

However, we will investigate the more general solution, D], (¢, 6, ), to the operator J ?in the external
coordinates (equation (2a)), for which the projection 7 along z can take any value:
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D] (i, 0, X) = €™ d ], (0) €™ ©)
where m is the projection of the angular momentum j along the Z axis. The requirement that D], (¢, 6, x) be
normalizable constrains m and 7 to range from —j to +j, in integer steps, as is the case for the well-known
Wigner D-functions DI{I,m (> 0, x). Forthe D] (0, 6, x) we use the more general body-fixed projection 1,
because in this Section we will treat 2 as a continuous variable, for values outside of the normal range of —j to +7,
to better understand the properties of the D/ (¢, 6, ).

The D/ (¢, 6, x) wavefunctions are clearly eigenfunctions of the space-fixed angular momentum operator
Jzs given by (henceforth we set 7 = 1) [18]:

f, = —i— (6)

yielding eigenvalue 1, corresponding to the projection of j along the Z.
The D] (¢, 6, x) wavefunctions are also eigenfunctions of the body-fixed angular momentum operator j;,
given by [18]:
- 0

I, = *ia )

yielding the eigenvalue 7. .
We will now determine the angular dependence of the D], (i, 6, x), which must be eigenfunctions of the

j? operator, given by [18]:
2 2 2 2
f2:—6—+c098+_1 8_+8__2c0598 (8)
00? 00  sin?0\ 0p?  0x? Opdx
Operating J *on DI (¢, 6, x)inequation (5) yields the eigenvalue j(j + 1), and evaluating the derivatives in ¢
and x gives a differential equation in @ for d/, (0):

392 s1n29(m + n? — 2 mncos®) +j(j+ l)] dJ (0) =0 ©)

The general solution for d/ _ (6) is given by:
. . m—n m—+n . . .
dl.0) = [A(sm g) (cos g) 2Fl(m —jm+j+ L1+ m— nsin? g)

+ B(sing)n_m (cos g)n+m2F1(n —jn+j+ L1+ n— m;sin? g)] (10)

where , F, (a, b;cz) is the Gaussian hypergeometric function, and A and B are constants. Note that for n = m’
(where m’ ranges from —j to j in integer steps), equation (10) can be reduced to the conventional Wigner
j .
dal,.(© functlons;
The operator J, raises or lowers the m quantum number:

D] (0, 0, ) = iG+ D) — m(m £ DD;,..(, 0, X) (11)

and is given by [17]:

R . 0 1 0 0
= e*¥ t0— — — | £= 12
Je=e {I[CO dp  sinf dx ] 89} (12)

An apparent exception to the standard rule of equation (11) are the maximum projection states, where a non-
zero function seems to be given, with projection m = £(j + 1), beyond the physical range:

i](% 0, X) ni(ﬂrl)(gp’ 0, X) (13)

However, using work by Pandres and others [11, 19, 20], it can be demonstrated that the states
D, ,(j+1) (¢ 0, x) are vanishing functions, as shown by two facts: (1) lowering/raising them back to m = +j

n,

yields zero (see Appendix A):
fq: D,{,i(]ur])(@» 0,x)=0 (14)
and (2) their norms, using the inner project defined in section 3, also vanish:
<Dn +(j+1) (@5 0, )1 D, i(1+1) (v, 0, x)) = (15)

Using the general solution of equation (10), we give expressions for the d;/,,(6) for spin 0, ¥4, and 1; specifically,
we give expressions for spin 0 (which is merely a constant):

5
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dgy(0) = No (16)
for spin ¥2:

1

15120 = o€ (con ) (sin)
* 5_%(Cos g)i%in (Sin g)ni%(n + 5 cos 9)] (17a)

1

1 in nf% . S
d2  ,0) = Nl/z[ez;(cos g) (sm %) P — %cos 0)

+ eﬂj(cos %)%_n (sin g)%w ] (17b)

and for spin 1:

d;,1(9) = Nl[e%r<cos g)H" (Sin g)lfn

e’%‘ cos? ! sin ! n? + ncos —lsin2
) ) e e e)] .
dio(H) =N [%(cos g)n (sin %)ﬂ (n — cos®)
+ e}—f (cos g)_n (sin %)n (n + cos 0)] (18b)

2

+ e’%(cos g)lin (sin g)Hn ] (18¢)

where the N; are normalization constants, and the constants A and B in equation (10) have been chosen so that the
(2j + 1)-degenerate group of D/, (0, 0, ) satisfy equations (11)~(14) and are geometrically symmetric: lowering/
raising from = m to Fm corresponds to the geometrical transformation # — 7 — 6 and complex conjugation,

4l ) =N, l e%(c()sg)"’] (sing)ﬂ'*] (nz Cpcos— %sinzﬁ)
n,—1 -

S 0 ) 0 . o ;
which gives cos 7 — sin 2, sin - — cos -, cos 0 — —cos 6, and sign reversal of the phase factors eTimy _, oFime

and e*% — 7. Notice that for this geometrical transformation, [d,{" Lo, =0, )I* = d,{;m((p, 0, x).In
addition, notice that for the geometrical transformations § — 6 + 27 or ¢ — ¢ + 27, that

D} (¢, 0, X) — (=1)¥D] (¢, 0, x),so that functions with half-integer j change sign, whereas those with
integer j donot.

Wavefunctions for any j can be generated by setting the first term of the d,{) jstateas

im o\t (. o\i—n .
€4 (cos 5) (sm 5) ; subsequently all the first terms of the states down to m = —j are produced by

. 2~ . i .« i . in . ] +n ] —-n
operating J_ sequentially on D] ;- Similarly, the second term of the d . jstateissetas e+ (sm %) (cos g) ,

and the second terms of the states up to m = +j are produced by operating J, sequentially on Dr{, _j-Inboth

cases, after each operation of [, the result must be divided by the factor \/ j(j+ 1) —m(@m £ 1),from
equation (11).

3.Inner product regularization and expectation values

The expressions of equations (17—18) are unnormalizable for n = /j(j + 1) = /,because atleast one term in
each expression gives a divergent integral. In fact, in general, all terms for all values of j are divergent, except for
one term of the maximum projection states. To regularize these expressions, we use an extension of the
definition of the inner product (¥ |¥) given by Pandres [11] for half-integer spherical harmonics (to include an
integral over the angle , over an infinite domain):

2m 2mq

i) = [ do|sin6 [ do [ tim LW e, 6, Ve, 6, x) — F(O) (19)
q
0 0

q—00 2m
0
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where f (0) is:
f) = i a,(sin@)~™ + cos @ i b,,(sin @)=, (19b)
m=1 m=1

and the constants a,, and b,, are chosen so that diverging terms in U*¥’ sin #, which are propotional to negative
powers of sin 0, are cancelled. Note that U*0’ sin 6 is first expanded in powers of sin 0, to separate terms with
negative powers (that diverge) from non-negative powers (that don’t diverge). We interpret the extension of the
regularization of Pandres [11] of equation (19) to be the correct inner product for spatial wave functions of
angular momenta which are three-dimensional in the external frame and two-dimensional in the internal frame.
The divergent terms subtracted using equation (190) are the terms needed to remove the consequences of the
angular uncertainty principle in the internal frame from [ f o j;] = ifz, which forbids normalizable wavefunc-
tions with projection m > j. However, the angular uncertainty principle does not hold in the two-dimensional
internal frame as there are no fx or ]; operators. Therefore, equation (19) allows the regularization of the

D] ,.(¢, 0, x)for n = ;,with j parallel to z. In fact, it regularizes the D] (¢, 0, x) forall n, from

—00 < n < oo.Itmayseem strange that equation (19) regularizes D,{;m (v, 0, x) forall n, even though
Standard-Model particles only require values 7 = s or n = 0 (see section 8). However, this larger range of n is
needed, when considering angular momentum coupling, to describe the projections of angular momenta onto
the internal symmetry axes of the other angular momenta (as described in section 8 and Appendix C).

The actual value of the normalization constant N; is not relevant for two reasons: (1) the unnormalizable
state cannot be used to calculate the direct angular distribution of j, as only expectation values can be calculated
(see sections 4), and (2) expectation values are expressed as a ratio where N; cancels.

The inner product can be used to show analytically that:

(D) (@5 0, %) | DL, (05 05 X)) = Burnmim (20)

for —j < n < +j without regularization, as these wavefunctions are normalizable. For Inl > j equation (19)
will regularize the inner product forall n. -
The integral of the triple product of D/, (R) functions is given by [18]:

D} (RD ((R)IDP (R)=8r> ( Lo2oh 2la
< mlm‘( ) mzmz( ) m3’”3( 2 —m{ —my my J\—tm —my ms (21a)
“Importantly, equation (19) allows the extension of the integral of equation (21a), of the triple product of
D/, (R) functions, to those of D}, (R) functions:

(D, (RYDE, (R) | Dl (R)) = SWZ( hoo ok )( ho ko k ) (21b)
—n; ny — n3 n3)\—hn —hp m3
where n/ and n; = n — nare the projections of j, and j, along the z axis of Js» so that n/ + n, = n3,and
my + my = mj3. Equation (210) is derived as is equation (21a) [18], with the difference that sums over m’ are
replaced by integrals over 7, and that the orthogonality relation from equation (19) is used instead of the normal
orthogonality relation for D il,’m (¢, 0, x).Equation (21b) can be verified analytically for any value of #; in the

range —j, < n; < +j; for both terms in the D,f'j.m,. (R),and for In;| > j; for the first term of each D,f] (R), which is

not divergent. For the divergent terms of the Djl.,,, (R), equation (21b) can be verified straightforwardly for
interger or half-integer n; > j.. Equation (21b) allows the calculation of expectation values of D). (R)
wavefunctions for any n. In Appendix B, we demonstrate a calculation of the expectation value of (a) cos  for
j=m=1/2,andn = 1,and (b) P,(cos 8) for j = m = 1,and n = 3/2, demonstrating the regularization of
equation (19) and the use of equation (21b). For D,{;mZ (R) = Dé‘q (R), the Dé‘q (R) are proportional to the
spherical harmonics Yé‘ (6, v), which span the space of all angular functions, so that the effect of the angular part
of any operator on D,{m (R) can be calculated with equation (21b).

We give a special case of equation (21b) below, which, along with equation (21b), is a key result of this paper.
For two of the D-functions with the same value of j, 1, and m, and the third, Dé‘o (R),with n = m = 0, wehave

the expectation value (Doko (R)):

, ) 4 (j k j)(j k j)
(D],,(R)Dgy(R) | DJ,,,(R)) no0n)\mom . g .

- - = = , kOl , kO | 22
(D], (R)DY(R) | D}, (R)) (j 0 j)(j 0 j) (s KOljm) {jm, KO | jm) @

n 0 n)\m 0 m

Equation (22) is used for the calculation of expectation values, such as for the calculation of the gyromagnetic
ratio ¢ = 2, from the calculation of the expectation value of the magnetic moment operator. Equations (215) or

7
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(22) can also be used to calculate selection rules in particle reactions, from the overlap integral of the spin
wavefunctions (see section 8).

Clebsch-Gordan coefficients in the internal frame are not, in all cases, calculated as those in the external
frame. The main reason for this is that, in the external frame, all angular momenta have a common quantization
axis Z, whereas in the internal frame, each angular momentum has a separate internal axis z. However, the
internal Clebsch-Gordan coefficients of the form (j 1, kOlj n) share a common internal z axis, and therefore
these can be calculated using the standard formulas. In particular, the (j n, kOlj n) have analytical expressions,
which are mathematically valid for any value of n; for example, we give the values for k ranging from 0 to 4:

(jn,001jn) =Py(cosb,) =1 (23a)
in,101jn) = Py(cosb,) = —— (23b)
(jn jn) 1(cos W
. Co jG+1
(jn,201jn) = \/(] VTR Py (cos 6,,) (23¢)
. . j(+ 1 cos b,
;301 = P 0,) + — 23d
i i) \/(j—l)(j—1/2)(j+3/2)(j+2[ s(cost) (Zj(j+1)] @3
(jn,401jn)
= PGAD Py(cos b,) + 25c0s 0y — 6 cos* 6, — 6 (23e)
G=3/2G-DG-1/2G+3/2G+2G+52| " GG+ D

where cos 6, = n/\/j(j + 1),and the Pi(x) are Legendre polynomials of rank k. In section 8 (and Appendix C)
we demonstrate how Clebsch-Gordan coefficients (j, n/, j, n,lj; 1) in the internal frame are calculated, that
don’thave the form (j n, k 0 | j n), and how these are relevant to Standard-Model particle reactions. In the next
section, we use equation (19) to examine the angular distribution of orbital angular momentum.

4. Angular momentum spatial distributions

The spatial distribution of a spatial wavefunction with# = ; is given by the squareIDjm (¢, 0, x)I>. However,
with the exception of the trivial case of the j = 0 state (where IDg (0, 6, X)I* = Nj is constant with no
dependence on angles), these squares are unnormalizable, so that the angular distribution of j does not
correspond to an observable.

However, the magnetic moment p of j can be probed with a magnetic field B, through the interaction
Hamiltonian H = —p - B = | plIBl cos 6. The expectation value of cos § = Dj (0, 6, 0) can be calculated
using equation (22):

(cosO) = (j 7,101 j 4 (jm, kO jm) (24a)

where(j 7,101 j ;) = 1fromequation (22), and thus:
m

ViG+ 1D
which agrees with known quantum mechanics and the Vector Model.

We then investigate the limit j — 00, and the calculation of (P (cos 6)) for all k.
The Clebsch-Gordan coefficient ( j 7, k 0| j 7) canbe written in the form:

(cos®) = = cos 0,, (24b)

. . . 0
(7 7 k01j 7 = U(j)| Pe(cosb) + L (25)
jG+1D
where Uy () is a constant, and f () is proportional to powers of cos 6 up to rank (k — 2). In the limit of
j— 00, U(j) — land f(6)/j(j + 1) — O,sothat(j 7, k01 j /) — 1,and the expectation values
(Pg(cos 6)) become well defined. Specifically, in thislimit, ( j m, k 01 j m) — Pi(cos6,,),so that:
(Pi(cos0)) — Py(cosb,,) for j — oo (26)

where cos 6,, = m/./j(j + 1).Thislimit of the expectation value of equation (26) is consistent with the classical
limit of the Vector Model:

ID,..(¢, 0, )P — 6 — 0,) forj — o0 (27)

We conclude that the expectation values ( Py (cos 6)) agree with known quantum mechanics: for k = 1
( cos 0) gives the well-known projection of j along the Z axis, in equation (24a). In the classical limit of j — oo,

8
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the (Py(cos #)) and IDj-m (¢, 0, x)I? give values consistent with the classical limit of the Vector Model, given by
equations (26) and (27), and the full spatial distribution of j becomes consistent with the semiclassical limit (see
also the discussion of angular momentum wavepackets in [9]).

5. Clebsch-Gordan coefficients and wigner D-functions in the external frame

5.1. Clebsch-Gordan coefficients
For the inner product in equation (19), J, and J_ are mutual Hermitian adjoints (proved similarly as in the
Appendix of [11]):

Jouy = (Wj ¥ (28)

Using equation (28), it is straightforward to show that [11]:

(DJ(0, 0, X) | D1, (0, 0, X)) = 65 Syt Sy (for lml, 1’| < ) (29a)

(D,{m(gp, 0, x) |D,{,/m,(<p, 0, x)) = 0 (for Iml or Im'l > ) (29b)

Asthe D}, functions form an orthonormal set [examples given in equations (17—18)] and obey equations (8)
and (11), all Clebsch-Gordan coefficients can be calculated in the usual way using the lowering operator J_
[18,21].

5.2. Wigner D-functions for space-fixed-axis rotations

The usual Wigner rotation matrix elements d yﬁ,ml (0) [21, 22], for rotations in the space-fixed axis, can be
1

expressed in terms of a Clebsch-Gordan coefficient, where the Ij, ;) state is coupled to an infinite angular

momentum j, atangle § to the Z axis [9]:

dr, (0) = (=Di=m jliinoo Gy, jymo | g, + m], my 4 my) (30)

2

where cos 0 = m;/j,; note that m, = j, cos § also tends to infinity. This coupled state decouples uniquely to the

lj, m{) state along the z quantization axis (parallel to j,):

j“moo (G, +mis jy+m| |j, jpr imi) =1 (31)

Therefore, equation (30) describes the probability amplitude that the Ij; 1) state, along Z, is projected to the

lj, m{) state along a new quantization axis z, atangle 6 to Z, which is the definition of d rﬁ,m (0). Therefore,
1"
equation (30) shows that the D/, functions transform under rotation as the ljm) state.

We demonstrate this for s = 1/2 , using the general Clebsch-Gordan coefficient for the ‘ %%> state [18]:

11 . . 1 1 i, = my + 1
<__’ )2 m2|]2:|:—, my + _> = /2 . 2 (32)
22 2 2 2j, + 1

Inserting equation (32) into equation (30) yields, for m/ = % and — %, and using m, = j, cos §:

1 1 i (1 0 1

O =dt, @)= tim (RLTOOFTL_ At st 0 (330)
3 i3 e 2, + 1 2 2

1 1 (1 — 0 1 _

B0 = —db (0 = tim |2 T [dzcosh) _ 8 (33b)
72 2772 j,—00 2]2 +1 2 2

1
showing, as expected, that the D (¢, 8, x) transform under rotation as spinors.

5.3. Wigner D-functions for body-fixed-axis rotations

We defined the body-fixed z axis to be exactly parallel to the angular momentum j (or parallel to the internal
body-fixed symmetry axis of an elementary particle). This definition seems to preclude any body-fixed-axis
rotation of the z axis, as it is fixed with respect to j (or the body-fixed axis), by definition. We examine the
internal consistency of the angular momentum algebra, by considering the Wigner rotation matrix d,{;n ),
which gives the probability amplitude for the rotation of the z axis by angle 6. The d;/ ,(9) function is
unnormalizable for n = /j(j + 1), however, we can calculate the expectation value of cos 8, using
equation (22):
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1’[2

(cosf) = {(jn, 101 jn)?> = — (34)
JjG+1
where (j n, 101 j n)is given by equation (23b). For n = /j(j + 1), equation (34) gives that { cos §) = 1,
which can be interpreted by the fact that the regularized Id; ,(9) * distribution is singularly distributed at ¢ = 0,
equivalent to § (#). We conclude that the D/, (¢, 6, x)withn = [j(j + 1) = / cannotbe rotated to change
the projection n. This argument applies to all three of the orthogonal states described in section 7, as they each

correspond to a maximum projection state: n,’ = \/j(j + 1),orny = \/j(j + 1),orn, = \Jj(j + 1).The

symmetry of each non-rotatable state is U(1).

6. G-factor calculation

We now use the spin wavefunctions to calculate the g factor of an elementary particle, which has mass M,
charge e, spin s, and a spatial angular momentum wavefunction i, (¢, 6, X) = D, ,,(¢, 0, Xx), given by
equation (5), with s = j. It will have magnetic moment components i, and /i, along the Z and z axes,
respectively, given by:

fi, = nuSz = —ip— (35a)

fr, = pS. = —ip— (35b)
where 1 = eh/(2M). The z axisis at angle 0 to Z, and z is distributed about Z with cylindrical symmetry, so
that only the parallel component of /i, contributes to the total magnetic moment along Z:

fiy =iy + cos O, (36)

The magnetic moment is then given by the expectation value of [LZT for the state D, (v, 0, x) = D, ,,(R),
given by:
(D}, (R) | (fiz + costii,) Dy, (R))
(Di(®) | D3, (R))

2
(Bl = = p(m + n{cosf)) = um(l + ni) (37)

s(s+ 1)
where the expectation value { cos §) = nm/[s(s + 1)]is given by equations (22) and (23b). The magnetic
moment of an elementary particle is expressed generally as gy, so that we find in general:

=1 i 38
(%) >

If we require that ¢ = 2 (at the tree level) for charged particles independent of the value of s [14], then
equation (38) gives a clear geometrical interpretation (and without relativistic considerations [21, 23]): we see
that the projection of s along the body-fixed z axis must be maximal, n = {/s(s + 1), and a magnetic moment
points along s with magnitude i \/s(s 4+ 1). This result supports the picture of the two-dimensional angular
momentum shown in figure 3. In addition, [, and fi, contribute equally to the magnetic moment of the particle
alongZ.

We note that this straightforward geometric calculation of ¢ = 2 forall s (given n = /s(s + 1)) cannotbe
calculated straightforwardly in standard quantum mechanics for s > 1[12, 13]. The interaction of a charged
particle with spin s = 1/2 with an electromagnetic field can be taken into account by substituting the derivative
of charged fields in the Lagrangian with the covariant derivative [24]:

Oup — Oup + ieA, (39)

where e is the electric charge of the field ¢, and the A, are the components of the magnetic vector potential. The
substitution of equation (39) is known as the ‘minimal substitution’ or ‘minimal coupling’, and it correctly
yields ¢ = 2 for s = 1/2. Using ‘minimal coupling’ in the Proca equation for s = 1[25,26] yields g = 1.
Belinfante then calculated g = 2/3 for s = 3/2, and subsequently proposed the Belinfante conjecture [27]: that
g = 1/s, forall spins s. However, the charged W boson with s = 1is observed to have g = 2 [28],
experimentally refuting Belifante’s conjecture, and showing that ‘minimal coupling’ is not sufficient; the
requirement that the Lagrangian be gauge invariant adds an extra term to the Lagrangian [29], which then

gives g = 2.

Several arguments are given elsewhere [12, 13] that ¢ = 2 is the natural value for all elementary charged
particles with any spin s. Here, we add an additional geometric argument: that g = 2 for any spin s corresponds
to s and the magnetic moment p being parallel or antiparallel to z, with n = /s(s + 1), asshown in figure 3,
where z defines the body-fixed axis of the D;, ,, (¢, 6, x) symmetric-top wavefunction. In contrast, solving

10
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Figure 4. Depiction of the three orthogonal internal-coordinate spin-projection states, along the z axis with n,; = /s(s + 1), thex
axiswith ny = /s(s + 1),and theyaxis with n,; = /s(s + 1); thelatter two can be described by a doubly degenerate n’ = 0 state.

equation (38) for the Belifante conjecture of g = 1/syieldsn = /(1 — s?). This result, although it gives the
correct result for s = 1/2 (that n = /3 /2, yielding g = 2), it gives the physically meaningless result that 7 is
imaginary for s > 1.

7. The three internal spin projections for spin-1/2

From section 6 we see that all charged fundamental particles with spin s > 0 (i.e., the quarks, charged leptons,
and the W boson) must have internal projection n = {/s(s + 1) = 4. However, we will see in the next section
that neutral particles that are their own antiparticle must have the internal projection n, = 0 (e.g., for the
photon and the Zboson, and also for the gluon), where z’ is an internal symmetry axis of the particle. Spin wave
functions with n = 0 have already been described by Pandres [11, 19], in the description of half-integer

1
spherical harmonics, for example: Yll//22 4, p) x DO2 (¢, 0, x). This occurrence of internal projections

> 2

differentthan n = /s(s 4+ 1), which is the unique solution given for a two-dimensional angular momentum in
equation (3), is due to the different possibilities of arranging two-dimensional angular momenta in the three-
dimensional internal space of a particle. We show the three orthogonal arrangements of spin in the internal
frame of a particle in figure 4, which are the only arrangements for spin-1/2, and the only stable arrangements
for higher spin particles (i.e., all Standard Model particles are described by n,y = /s(s + 1) or n, = 0). For the
choice of quantization axis along z’, we have one state with n,y = /s(s + 1) and doubly degenerate states with
n,’ = 0. By symmetry, the same applies for choice of quantization axis along x’ or y'.

The three internal projections for spin-1/2 are the fewest states that form an isotropic set in three
dimensions. These three states, if equally populated, form an isotropic combination in the internal coordinates,
as shown by the spatial average:

S Doy 0, VI3 DS (0, 0,%) 302

) == =t —=s6+1) (40)
& = S5 00 1 Do, 60) 5 Y

n

The operation of §% on D, (¢, 0, x) returns the eigenvalue n? the D, ,, (¢, 0, ) states are regularized
with (D; (v, 6, x) 1 D} ,.(¢, 0, X)) = 1(seesection 3),and 7 is summed over the three states with values
n = 0 (doubly degenerate)and n = /s(s + 1) = 4.

Another argument for the three projection states of s = 1/2 in figure 4 is to determine which set of
Dj {,12 (¢, 0, x) states are nonrotatable in the internal frame, as required. To achieve this, we consider the Wigner
rotation matrix element for rotation of the D}/2(¢p, 6, x) state to itself, given by D}/2(¢, 6, x). Although
D}2(¢, 6, x)is not normalizable for all 11, we can determine expectation values of D}/2(¢, 6, x) using
equation (22). For example, ( cos ) = n?/s(s + 1) = 4n?/3,sothatfor n = /3 /2 = 4,(cos ) = 1, whichis
consistent with D!/2(¢p, 6, x) = 6(6). This result gives all the probability at § = 0, so that the D'/ (¢, 6, x)
state (with s parallel to z’) is non-rotatable. In contrast, the states with 0 < #n < s are not consistent with being
nonrotatable,as 0 < (cosf) < 1for D,i {12 (¢, 0, x). However, for n = 0, the expectation value of all Legendre

11
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Table 1. The internal spin projection # of standard-model particles, and proposed dark-matter particles.

Internal spin projection 1

n= \/m =s n=20
Standard-Model particles W boson Zboson
Quarks (gq) Photon ()
Charged Leptons (e7, =, 77) Gluon (g)
Neutrinos Ve~ V> V7o) Higgs Boson (H°)
Proposed Dark-Matter particles Mirror Matter (g, W, e’ it’, 7) Mirror Matter (7, g, Z, H’)

Neutral Quarks (q°)
Neutral Leptons (e°, 12, 7°)

polynomials of cos § are zero for k > 0, (Pr(cos6)) = 0.Onlythe k = 0 term yields unity, which is consistent
with DY (¢, 0, x) = 1,s0 thatthe DL/?(¢, 0, x) state (with s perpendicualar to z') is also non-rotatable.
Therefore, a consistent set of nonrotatable states are the D,% Z/,fn(go, 0, x)forn, = J3 /2 =gsandn, = 0.
However, choosing x’ or y’ as the quantization axis yields the states n,y = /3 /2 = sand n,y = 0,and
ny = J3/2=sandn y = 0, respectively. Therefore, we conclude that the three states shown in figure 4,
parallel to each of the x’, y/, z'  axes, describe all these cases, with each n = 0 state describing the doubly
degenerate states perpendicular to the quantization axis. Finally, we note that these three orthogonal states
(where one is parallel to the symmetry axis of the particle, and the other two are perpendicular) are relativistically
invariant, as aboost in the external frame will change the observed angle between two vectors only if the two
vectors are not parallel or perpendicular to each other. Therefore, a boost will not transform the orthogonal
states from one to another.

The three internal projection states for s = 1/2 in figure 4 will be applied, in the next two sections, to spin,
isospin, and weak isospin, to explain some of the Standard Model structure.

8. Implications for standard-model particles: Clebsch-Gordan coefficents in the internal
frame

The charge conjugation operator, C, reverses all the charges of a particle, and transforms the wavefunction of a
particle into that of its antiparticle. The interpretation given here (and explained further in section 10) is that
operation of C is equivalent to the inversion of the internal coordinates of the particle:

B, (x/, y', 2') = (—x', —y’, —2) causes a change in sign of the projection of s on any of the x/, y’, z’ axes. An
equivalent result is the inversion of the spin s, by p;pin (x) = —x. Therefore, applying the spin-inversion
operator Aspin to the spin wavefunction D ,, (¢, 0, x) of a particle yields:

Ppin Diy(i05 0, X) = D2, (05 0, X) (41)

Thus, the wavefunction D (¢, 8, x) is unchanged after operation of épin onlyfor n = 0,and thisa
necessary condition for a particle to be its own antiparticle. Therefore, we propose that the Standard-Model
particles fall into two categories, those with internal projection # = 4,and with n = 0.

The Standard Model particles are presented in table 1 according to their internal projection quantum
number n. All particles, except the neutrino, clearly fall into one of the two categories: the charged particles have
n = g,and the neutral particles that are their own antiparticle have n = 0. However, it has not been
experimentally established whether the neutrino is its own antiparticle. We justify this categorization below, and
show that the neutrino belongs to n = 4. The justification will include calculations of Clebsch-Gordan
coefficients in the internal frame.

We begin by considering the emission of virtual photons, gluons, and Z bosons, in the reactions:

e-— e + 7 (42a)
q—q+g (42b)
e —e + 72 (42¢)

In all three cases, we can describe each process by the overlap integral of equation (21b), for which the
fermion has the initial quantum numbers s;, n;, m;  before emission, the final quantum numbers s¢, ny, my
after emission, and the emitted boson has quantum numbers s, 1y, 1:

(Dyi. (R | D,me (R)D;,, (R)) o< (sin; | spng, syny) (sim; | spmyg, spmy) (43)

12
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Conservation of the projection quantum numbers in the Clebsch-Gordan coefficients of equation (43)
yields m; = my + myand n; = n; + my. As n, = 0 (as expected for the particles v, g, and Z that are their own
antiparticles), the 71-state projection conservation is consistent with n; = ny. Note also that, for these cases, the
143 143
22 22
equation (23b), leaving only the Clebsch-Gordan coefficient (s;m; | sy my, s,my) to determine the spatial aspects
of the coupling process. This must be a general rule, that the magnitude |(s;n; | sy 1y, s,1)| = 1 for allknown
allowed particle decays, otherwise we would introduce extra factors that would conflict with the experimental
results of known particle physics. We will see that this rule holds, for all cases considered in the Standard Model.

Next, we consider the decay of an n = 0 particle with spin s; = 1, into a pair of n = 0 particles each with
spin s¢. The decay probability will be proportional to the overlap integral of the spin wavefunctions:

Clebsch-Gordan coefficient (s;n; | syny, symy) = < , 10> = 1 (which can be determined from

(D§,,,(R) 1 Dy,

A (R)DY,, (R)) o< (101 sp 0, sp 0) (sim; | sp(m; — my), spmy) (44)

0 my

As the decay probability is proportional to the simple Clebsch-Gordan coefficient (10 | s¢ 0, s 0), we can
draw some simple conclusions: (10 | s 0, sy 0) = 0 for any value of sy, because
(101s70,s70) o< (sp 0110, s; 0) = 0, usingequation (23b). Therefore, the decay of an #n = 0 particle with
s; = 1cannot decayinto two n = 0 particles. Therefore, equation (44) is a generalization of the Landau-Yang
theorem [30-32], which is used to justify why, for example, the Z boson cannot decay to 2 photons (which are
n = 0 particles). By using equation (44), we extend predictions beyond the Landau-Yang theorem, and predict
that the Z boson cannot decay to any two n = 0 particles. As the Z boson is known to decay to neutrino-
antineutrino pairs, it follows that the neutrino is notan n = 0 particle, and therefore that the neutrino is not a
Majorana particle (which are their own antiparticles, and must have n = 0).

We next consider the decay of particles with spin s; and n; = /s;(s; + 1), to show that known decays are
consistent with conservation of internal projection along the z’ axis of the decaying particle (and to determine
the internal projection of the neutrino through another reaction). We consider the example of the decay of the
W boson:

Wt — et + 1, (45)
The application of equation (43) yields, for sy = 1, my = +/2:

1 L 1 1
(Dl ® 1D, (RD} (R)) <1 V2 rReaky n,fc>

1 1
<1 my | 5 my+, 5 m,,e> (46)

rms

where n/. and n,fe are the projections of the spin of the positron and electron neutrino, respectively, onto the z’
axis of the decaying W+ boson (and not on the symmetry axes of each product particle). Therefore, although
conservation projection requires 1. + nV/e = ny = /2, thevalues of J.and nlfe must be integrated over their

full allowed physics range. The calculation to determine < lolénf/, %n f > = 1,as expected for an allowed

particle reaction, and is shown in Appendix C. The symmetry of the calculation determines that
n, = n.+ = /3 /2. Astraightforward generalization of this calculation shows that the internal-frame Clebsch-
Gordan coefficient, for the coupling of two angular momenta with n; = 4 to yield a third angular momentum
with n; = 4, is always unity. For example, for the coupling of orbital angular momenta l; + I, = L, the
coefficent (I n/, b, ny | Is £3),ms = 1, ensuring no change to known angular-momentum coupling rules.

We demonstrate 1,, = +/3 /2 again, but in a more geometrically clear fashion. For the decay of a particle
with n; = (/s;(s; + 1), the projection of the spins along the decaying particle’s z’ axis, and the subsequent
projection on the space-fixed Z axis (given by | sI( cos §)) must be conserved for the reaction:

JsiGsi + 1) 7 sp(sp+ 1)

where ( cos§) = nm/[s(s + 1)]from equation (22),and Is| = /s(s + 1). Note that here #y is the internal
projection of each particle spin on its own z’ axis.
We use equation (47) for the decay of a W boson in the Ism) = [11) state, for which:

(ﬂw*)(ﬂ’lw*) _ (”e+)(me+) (nz/e)(mug) (48&)
Vswiws+ 1) s + D s, + D
where sy + = my+ = 1, 5.+ = m,+ = %, Sy, = M, = %, iyt = Jsw+Gw+ + 1) = V2,
s¢(s;+ + 1) = /3 /2,and note that my+= m,+ + m,,. Inserting these values into equation (48a)

gives:

13
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1 1 n,
1= — + | —=%— (48b)
zztmm+nl
and therefore that n,, = \/s,,(s,, + 1) = 3 /2. Thus, we determine that the neutrino has the same internal
projection as charged fermions, that the neutrino is a Dirac fermion, and its spin wavefunction is described by
1

D,?m(cp, 0, x)withn = \/5/2.

We next consider the decay of the Z boson to a fermion (f) anti-fermion (f ) pair, such as:
Z—f+f (49)
The application of equation (43) yields, for s, = 1, n; = 0:

1 1 1 1
) D12 D12 101 =1, = nt 1 myp, — m;
(Do, m,, (R | oy (R) s R) x (101 5 ng 5 ny . my | sz ; my (50)
The calculation to determine < 101 % n}, % n f' > = lisshown in Appendix C, as expected for an allowed
rms
particle reaction.

Finally, we consider the decay of a spin-0 particle, the Higgs boson H?, into a fermion (f) anti-fermion (f)
pair, or boson anti-boson pairs, such as:

H—f+f (51a)
H - Z+2Z (51b)
HO — v+~ (51¢)
H® — W+ + W~ (51d)

The Clebsch-Gordan coefficient for equation (51a) in the internal frame is given by <0 0l % n}, % n }>,
where ny = —ng. Thevalueof (j n, 001 j n)isclearlyl,asis (j m, 00| j m) = lintheexternal
coordinates. However, exchanging the second and third angular momenta divides the coefficient by the square
root of the degeneracy of the |jm) state, \/2j + 1,sothat: (j m, j —m | 00) = (—=1)/="//2j + 1.However,
the degeneracy of the ljn) state in the internal frame is 1. We find (and verify in Appendix C, for s, = 0 and
s, = 1), that interchanging two spins does not change the magnitude of a Clebsch-Gordan coefficient in the
internal frame, and can change it only by a phase factor:

[{sim1, 00 | s3m3) 1 = {511y, s3m3 1 0 0)| = I(s3m3, 00 | 571y (52a)
|<517”l1, 1 ny | S3Tl3>| = |<$1Vl1, S313 |1 Il2>| = |<S31’l3, 1 ny | 511’11>| (5217)
Therefore, <0 0l % n}, % n }> = 1, within a phase factor, using equation (52a) and
rms

< %n} 100, % n }> = 1, which is determined from equation (23b). An alternate derivation of this result, by
integrating over all n}, is given in Appendix C.

The decays of equations (51b) and (51c) are described by (00110, 10). However, using equation (23b),
(10100, 10) = 1, and using equation (52a) yields [{00/10, 10) | = 1. Finally, the decay of equation (51d) is
similarly described by (0 0 | 1 11, 1 1{),,s = 1,and this is also derived in Appendix C.

We stress that all the Clebsch-Gordan coefficients in the internal frame are 1 (within a phase factor) for all the
allowed particle reactions that we have considered, which is a necessary result to agree with known particle
physics. In addition, the Clebsch-Gordan coefficient is 0 for reactions forbidden by the Landau-Yang theorem.
The Clebsch-Gordan coefficients for the reactions discussed in this Section are summarized in table 2.

In contrast, we note that the emission of bosons with spin s > 1 from a particle with angular momentum j
and n = s will have a Clebsch-Gordan coefficient in the internal frame that is always greater than 1. For
example, for emission of a spin-2 boson by a particle in the |j #) state, the Clebsch-Gordan coefficient in the
internal frame is given by (j #120,j n), which is described by equation (23c). The value of (j 4120,j 4) is always
greater than 1, because P,(cos 6,) = 1for n = s, however the coefficient is always greater than 1 (for finite
j= 1

o
\/ __JG+D :\/1+ 4 > 1 (53)
(—1/2G+3/2) (—1/2(G+3/2)
For example, for j = 1, (1 /212 0,1 v/2) = /8/5 (see Appendix B2 for an explicit calculation of
(Py(cos 0)) for the D} (i, 0, ) state, which involves the coefficient (1 3/212 0,1 3/2) = {/19/10, which s also

greater than 1). Similar arguments hold for bosons with higher spins, that the (j sls 0,j ) are greater than 1, for
integer s > 2.In contrast, (j Ols 0,j 0) has a magnitude that is always less than 1. For example for s = 2 and

j=1,(10120,10) = —/2/5.
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Table 2. Internal spin frame Clebsch-Gordan coefficients for particle-
decay reactions and orbital angular momentum coupling.

Decay reaction or Clebsch-Gordan coefficient in the
angular momentum internal frame (s;nilsp1 11, Sp2t52)s
coupling within a phase factor
- - 143 143 _
e ety <57|57,10>71
13 143
q9—q9+g <57I57,10>:1
- - 13,143 _
e —e + 2 <ETIET,10>71
1 1
W+—>e++y€ <1\/3|5n61+’5n’;>,ms:1
3 L s 1
Z—f+f (101 Efgnf>ﬂm:1
0 r 1 11 _
H— f+f < 0l nf, nf>yms—1
H - Z+Z (00110,10) =
H' =~y +7 <oo|10,1o>:1
HY— W+ + w- (00111, 1 nfm =1
Z—v+7 (10110,10) = 0 (Forbidden)
Z—g+g (10110,10) = 0 (Forbidden)
11 + lz — l3 <l] nl’, lz flz/ | l3 /3>rms =1

We saw that for Standard-Model particle reactions involving the bosons that are spin-1 (and for all
Standard-Model particle reactions, shown in table 2), the internal-frame Clebsch-Gordan coefficients have a
magnitude of unity, so that the internal projections 7 seem to play the role of a hidden parameter that has no
effect on known reactions. In contrast, the internal projections 7 give internal-frame Clebsch-Gordan
coefficients that differ from unity in reactions involving bosons with spins greater than 1. This may explain why
all observed bosonic elementary particles have spin s = 0 or 1. At the very least, assuming the internal quantum
number # is correct, the internal-frame Clebsch-Gordan coefficients need to be taken into account for reactions
with bosons with spin s > 1, such as for the spin-2 graviton. This may have implications for calculations in
quantum gravity.

9. Dark matter candidates

Baryonic matter is associated with at least three obvious asymmetries: (1) the preponderance of matter over
antimatter; (2) the fact that known baryonic matter violates parity through the weak interaction; and (3) the
further asymmetry introduced here, that known baryons have internal angular momentum projection

n = {/s(s + 1) only, which constitutes alack of isotropy in the internal (body-fixed) coordinate system (due to
lack of baryons with n = 0, needed for isotropy in the internal coordinate system).

Mirror Matter [33] has been proposed as a solution to asymmetry (2), which results in a doubling of all
Standard Model particles with mirror pairs, that are dark with respect to normal baryonic matter, and have
opposite parity violation effects. However, Mirror Matter particles will be as self-interacting as normal baryonic
matter is, and so can only constitute a small fraction of the dark matter (assuming equal temperature with
baryonic matter), as the ACDM model assumes non-interacting dark matter, and it explains the cosmic
background radiation power spectrum well [34] (we note that Mirror Matter can explain dark matter, for low
temperatures of the Mirror Matter [35]). Nevertheless, there is evidence that suggests the existence of some self-
interacting dark matter [36—40], and Mirror Matter offers a plausible explanation for such self-interacting dark
matter.

We address the lack of internal projection isotropy, i.e. asymmetry (3), by proposing that there exists neutral
baryonic matter, based on neutral quarks that have internal projection n = 0, and with similar mass as charged
baryonic matter. We also address the parity asymmetry (2) by proposing equal amounts of mirror matter.
Finally, we can also address the matter-antimatter asymmetry (1) by proposing that the mirror matter is also
antimatter (related to baryonic matter by a CP transformation); although there currently seems to be no
predictive power in the proposal of mirror antimatter, we mention it as a plausible way to resolve the matter-
antimatter asymmetry. In this way, all three asymmetries are addressed, albeit asymmetries (1) and (2) are
entangled; however, it seems that this is the highest symmetry for which the matter and antimatter do not
annihilate.

The abundance of particles of the proposed symmetries is shown in figure 5. We use two assumptions to explain
the observed fraction of dark matter: (1) there are equal amounts of matter and mirror matter, and (2) the
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MATTER MIRROR MATTER
1 Charged 1 Charged
6 Fermions /6 Fermions

Baryonic Matter —

Neutral
2 / 6

2 Neutral
Fermions / 6

Fermions

=

Dark Matter

Figure 5. The proposed abundance of particles: 1/6 is baryonic matter, and the remaining 5/6 is dark matter (shaded gray). Of the 5/6
dark matter, 1/6 is mirror matter, 2/6 neutral dark matter, and 2 /6 mirror neutral dark matter; therefore, 4/6 of the dark matter is
cold dark matter (CDM), and 1/6 (the baryonic mirror matter) is self-interacting.

populations of the internal-frame # states are isotropic, with equal population. Therefore, there are 6 equal parts,
shown by the 2 pairs of 3 orthogonal arrows in figure 5, where only 1/ 6 corresponds to baryonic matter, and the
remaining 5/6 are dark matter. Specifically, 1/6 is baryonic matter (the pink arrow atleft with # = 4), 1/6 is mirror
matter (the pink arrow at right with # = ), 2/6 are baryonic dark matter (the two green and brown arrows with

n = 0 atleft), and 2/6 of mirror dark matter (the two green and brown arrows with # = 0 at right). Note that the
mirror matter is dark to the baryonic matter. Therefore, the predicted fraction that is dark matter is 5/6 = 83.3%,
which agrees well with experimental observations of 85% [34]. We note that if the mass of the (n = 0) neutral quarks
are larger than the charged quarks, by a similar ratio as that of the (n = 0) Zbosontothe (1 = /S(S + 1))W
boson (by about 13%), then the calculated dark matter fraction increases from 5/6 to about 85%, to give near exact
agreement, shown by the following ratio: (1 4+ 4 x 1.13)/(2 + 4 x 1.13) ~ 85%.

We now consider whether these neutral (n = 0) baryons can be observed directly, either through direct
decay, or produced at particle colliders. First, they cannot decay to any known Standard-Model particles,
because it is not possible to do so while conserving charge, lepton number, and baryon number. Second, we
showed, using equation (44), that the decay of a Z boson is forbidden to any #n = 0 particle-antiparticle pair
(such as two photons or two neutral quarks); this explains why neutral (n = 0) quarks cannot be formed from Z
boson decay. Third, a channel for potentially observing evidence for these dark-matter particles is the formation
of neutral quark-antiquark pairs from the decay of the Higgs boson. If the neutral quarks have similar masses
with the charged quarks, the Higgs neutral-quark decay channel will be dominated by neutral bottom quarks.
Current searches for dark channels limit their fraction to about 18% (20 = 10%) [41]. A calculation of the
expected production of neutral quark-antiquark pairs can be compared to this dark-channel uncertainty, to test
this possibility. Furthermore, future experiments will reduce the dark-channel uncertainty further, and may
confirm or disprove this prediction.

An additional prediction that can be tested is that the self-interacting mirror antimatter is 1/6 of the total
matter (from figure 5, equal to the baryonic contribution). It can be investigated whether the tension in the
current dark-matter models is eliminated or reduced from the inclusion of the self-interacting mirror antimatter
(as 1/5 of the total dark matter).

10. Internal projections for the strong and weak forces

In this paper, we have proposed that the spin of fundamental particles have three internal projections, described
byn, = n, = ny = s (orequivalently, n,’ = 5 and the doubly degenerate 1, = 0). Spin is associated with the
electromagnetic force; there are very close analogues of spin for the strong and weak forces, isospin and weak
isospin, respectively, and it is natural to consider whether the three internal projections also exist for the spins of
these forces. We propose that they do, and that they are already clearly present in the Standard Model: the three
internal projections of isospin are the three quark colors, and the three internal projections of weak isospin
correspond to the three generations of matter. We present the similar projection structure for the three forces in
figure 6, to highlight the similarities and the differences.

In all three cases, we propose (without theoretical justification, but as a simple explanation of the
observations) that there is a charge axis that breaks the symmetry between the three projection states, and that,
the projection of the spin on the charge axis determines the charge of each state. For the electromagnetic force,
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Figure 6. The three spin-projection states for (a) spin for the electromagnetic force, (b) isospin for the strong force, and (c) weak
isospin for the weak force. See text for details.

one projection of the spin is fully parallel to the electric charge axis, so that the particles of this state have
maximum electric charge Q for the particle in question (givenby Q = T; + %Yw, where T; is the third
component of the weak isospin and Yy is the weak hypercharge). In contrast, the other two orthogonal states
have 0 projection on the charge axis, and thus are neutral. These neutral spin-1/2 particles (e.g. quarks)
correspond to dark matter (see section 9 and figure 5).

For the strong force, each of the three spin projections correspond to the three colors of quarks. The (1,1,1)
vector, which corresponds to the sum of all three projection vectors, is perpendicular to the strong-charge axis.
The arrangement of the three states is such that each state has an fractional projection on the charge field, and
thus has a fractional strong charge, which is forbidden for each free particle, as it must be quantized (have integer
value). However, either a quark-antiquark pair or three quarks of each projection (color) yields zero projection,
and hence a zero net strong charge, which is correctly quantized and allowed. Therefore, figure 6(b) gives a
geometric interpretation of the known rules for quark combinations, to yield a zero projection (colorless)
combination for allowed composite particles. We can also understand the gluon in terms of these internal
projections. We consider coupling a spin-1/2 particle with a spin-1/2 antiparticle, which will give a spin-1 and a
spin-0 particle: % ® % = 0 @ 1, corresponding to m-state projections of a singletand triplet: 2 ® 2 = 1 @ 3.
However, the three internal n-state projections of the particle and the three internal n-state projections of the
antiparticle will give nine total projections, of which will correspond to an isospin-0 particle (singlet) and an
octet for the isospin-1 particle: 3 ® 3 = 1 & 8. Therefore, the remaining eight states correspond to the gluon
(in this case), showing consistency with the known SU(3) symmetry of the strong force.

For the weak force, we propose that the internal weak isospin projections play a role in determining the
particle mass of the fermions, and thus these three projections produce the three generations of matter (for the
quarks and the leptons). For the charged leptons, these three projections correspond to the electron, muon, and
tau. Koide noticed in 1981 that the masses of the charged leptons are related by a simple formula [42]:

me + my, + m;

(Jme + Jmy, + ;)

2
~ — 54
3 (54)

Experimental measurements of the charged lepton masses agree with equation (54) within experimental
uncertainty. A geometric interpretation of equation (54) was proposed by Foot [43], that the (1,1,1) vector is at
an angle of 45° to the (square-root) mass axis. This interpretation, shown in figure 6(c), is consistent with the
space of the three internal spin projections given here. This formula, or extensions of it, have also been applied to
quarks and neutrinos [44—46]. For example, the three heaviest quarks are found to satisfy equation (54) [44, 46].
In addition, we propose a weak charge axis parallel to the (1,1,1) vector, so that the three charged leptons have
the same weak charge.

Note that for the description in figure 6, the charge conjugation operator, C, is equivalent to inverting all the
charge axes, or inverting all the spin projections, as in both cases this inverts all the charges of a particle.
Therefore, C is equivalent to the internal-frame parity inversion operator: C (x', y/, z/) = (—x', —y', —2/).

In general, we see that the internal projections seem to play a similar role in all three forces, in determining
the charge or mass of particles, but the character of the symmetry breaking is different for each of them, with the
square of the cosine of the angle between the (1,1,1) vector and the charge/mass axis (shown in figures 6(a)—(c))
being 1/3,0,and 1/2, respectively. In our opinion, this similarity makes the argument for the existence of dark
matter more compelling, as its absence would represent a symmetry breaking of electromagnetism with respect
to the other two forces. It is also remarkable to notice that the internal spin projections of the three forces
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generates much of the observed structure of the Standard Model. However, a comprehensive theory of particle
physics is needed which will explain many missing details, such as the angle 6, for each force, shown in
figures 6(a)—(c).

11. Conclusions

We have presented the spatial wavefunctions of spin, D;,,,(, 6, X), that treat s as a three-dimensional entity in
the external frame, but as a two-dimensional entity in the internal frame. Compared to the conventional Ism)
spin states of elementary particles, these wavefunctions have an additional three internal body-fixed spin
projections: ny = n,/ = n, = {/s(s + 1) (orequivalently, n,” = \/s(s + 1), and the doubly degenerate

n, = 0 state).

These spatial spin wavefunctions D,,, (¢, 0, x) reproduce all the known results of quantum mechanical
angular momentum theory. However, the additional degree of freedom, the internal projection 7, allows the
explanation of new phenomena, or the explanation of known phenomena geometrically. We summarize five
advantages of the D;,,, (¢, 0, x) angular momentum wavefunctions:

(1) The D,im(go, 0, x), for n = JI(I + 1), connect quantum mechanical and classical angular momentum
smoothly, through the asymptotic wavefunction of equation (1), described in [9].

(2) The gyromagnetic ratio of charged particles with spin s, g = 2, can be calculated as a direct expectation
value of the magnetic-moment operator for the D;,,,(®, 8, x) states, withn = /s(s + 1) = 4.

(3) The three n-state projections, n, = n,/ = n,’ = g, for Standard-Model particles suggest an explanation
for some of the Standard-Model structure. For each of the three forces of nature (leaving gravity aside), the
three internal spin projections correspond to: (a) the three quark colors, for isospin of the strong force; (b)
the three generations of matter for weak isospin of the weak force; (c) charged matter with n, = sand
doubly-degenerate neutral dark matter (with 1, = 0), for spin of the electromagnetic force. Furthermore,
all Standard-Model particles can be categorized as either n,’ = sor n, = 0.

(4) The internal projection 7 plays a role in the selection rules of decaying elementary particles, and can
generalize the Landau-Yang theorem [30-32]. Using the selection rule of equation (44), or the internal-
projection conservation of equation (46), we show that the neutrino is described by n = 4 (for both spin
and weak isospin), and is thus a Dirac fermion, and not a Majorana fermion (which has n = 0).

(5) The new degree of freedom of the internal projection 7 allows new candidates for dark matter, such as
neutral quarks (with n = 0). Dark matter fractions of about 5/6 can be predicted, assuming neutral quarks
have a similar mass as charged quarks, and assuming the existence of equal quantities of mirror matter.

Some of these points allow us to make testable predictions or hypotheses that go beyond standard angular-
momentum theory, e.g, the Dirac-fermion nature of the neutrino, some decay selection rules of fundamental
particles, and the prediction of properties of new dark-matter candidates and their self-interaction in
cosmological models. Most importantly, these predictions are expected to be tested in the next few years, as there
are intensive experimental efforts related to all three predictions.

We believe that the importance of the potential applications of some or all of the five points above make it
worthwhile to study the foundations of the spatial wavefunctions of spin D;,,,(, 0, x) further, and to
investigate whether the D;,, (¢, 8, x) are fully consistent with quantum field theory and the Standard
Model [48, 49].
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Appendix A

Here we show that, for all n:
J 1Dl 0,0 =0 (AD)

D,{) (> 0, x) is defined in equation (5), and d,{, ;(0) s given in equation (10), where there are two terms,
proportional to the constants A and B. For the first term, for m = j, 2Fl(m —jm+j+ L1+ m— nsin’ g) =1,
.. . j—n jtn . . ~ . .
so that the first term reduces to Ae”¥ (sm g) (cos %) eX. Operation of ], on this term, from equation (12),

gives 0, satisfying equation (A1) for all 1. Operation of J, on the second term yields:
o O O\ , , 0
]+B(sm —) (cos —) 2F1(n —jn+j+ L1+ n— jsin? —)
2 2 2
o —j+n—1 —j—n—1
= Be!UtD¢(n — j) (sin 5) (cos E) einx (A2)

Finally, the operation of J_ on the result of equation (A2) yields 0, showing that equation (A1) holds for all 1,
and by symmetry, J,J_ D,j’ i, 0, x) = 0.

AppendixB

We demonstrate the use of equations (19) and (22), by calculating the expectation values of cos 6 for

1
I¥) = D2, (p, 0, x),and of Py(cos 0) for W) = D} (¢, 6, x). Wewill calculate the expectation values
) 2

separately for each of the two terms of the wavefunction, given in equations (17—18), to show that both terms of
each wavefunction give the same results for both normalization and the expectation values, and are, therefore,
practically symmetric.

1

B1.The DE (5 0, x) state

First, we calculate U*V sin 6, from equation (17), for the integral of equation (19a):
O 5 AR YA Y )
U Using = [Ny j51*| 2 cos—| + —[cos— sin—| (2 + cosh) (B1)
2 2 2 2
Then, we expand the second term (which diverges at § = 7), in powers of sin :

. 4
: (Cos g)*Z (Sin Q)Z (2 + cos6)? :(Sm 1) @t st — (1= cosf)® @+ costy?
2 2

2 Z(Sin g)z (cos g)z 2sin’0
_ 1—cosf 1 — 2cosf + sin® 0
T sin?0 + 2 (BZ)

Using equation (19b), we subtract off the diverging first term, where f (6) = (1 — cos 6)/sinf.
Finally, we perform the integral of equation (19a) separately on the first term and regularized second term to

yield:
T 27 2mq | 0 4
fd@ fd(p lim —dx2 INllz(cos —) =37 IN; 52 (B3a)
q—o0 g 2 2

0 0 0

N B B 1 — 2cosf + sin?0

f do f do [ 1im ~dy |N1I2( - COSZ + sin ) = 373 IN o (B3b)

q—00 q 2
0 0 0

1
Showing that both terms of D12 (¢, 0, x) have the same norm, and that the sum of both is 67> INj /,[*.
> 2

We now follow a similar procedure for the calculation of (¥ | cos 6 |T):

% . ) 0\ 1 OY2( . 0V 2
U*cos W sin @ = IN, /,1° cos 0] 2 COSE + 3 COSE smE (2 + cosb) (B4)
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Again, we expand the second term (which diverges at ¢ = ), in powers of sin 6:

-2 2 _ 2 2
cos@(coS g) (sin g) 2 + cos) = &5 6(1 — cos ?) (2 + cos )
2 2 2 2sin*6

_ —1+ cosb n cos + 2sin?f + cos @ sin?f
sin% 0 2

(B5)

We subtract off the diverging first term, where f (6) = —(1 — cos 6)/sin? 0.
Finally, we perform the integral of equation (19a) separately on the first term and regularized second term to

yield:
Tr 2T 27q 1 9 4
fd@ fdcp lim —dy IN1122 cos@(cos —) =273 INy 2 (B6a)
q—0 q 2 2
0 0 0
f o 1 cosf + 2sin? + cos @ sin® 0
f 46 f do [ lim —dy |N1|2( ! ) — 23 INLP (B6b)
0 0 o T4 ? 2 2

The expectation values of both terms yield the same results in equation (B6), and their sumis 47> IN1 12,
2

1
Finally, the expectation value ( cos 0) for [¥) = D ?, (6) is given by the ratio of the results of the integrals of

equations (B6) and (B3), whichis ( cos #) = 2/3. This agrees with { cos ) = nm/s(s + 1), theanalytical result
from equations (22) and (23b),fors = m = 1/2andn = 1.
B2.The D} (s 0, x) state

First, we calculate U*W sin 6, from equation (18), for the integral of equation (19a):

6 —4 2 2
U*sin 0 = IN;I? 2(cos 9) + l(cos Q) (sin g) (g + icos@ - lsin2 0) (B7)
2 2 2 2 4 2 2

Then, we expand the second term (which diverges at § = 7), in powers of sin 6:

2
- 2 2 (1 - cos0)* (2 + 2cosf — Lsin20
%(cos %) (sin Q) (% + icos& - %sin2 6) = (4 2 2 )

2 2 sin*6f
36 — 36c0sf — 3sin*0 — 15 cos 0 sin*0 n 1 — 4cosf + 3 + cosfsin?0
16sin*0 4
(B8)

Using equation (19b), we subtract off the diverging first term, inversely proportional to sin* 6,
where f(0) = (36 — 36cosf — 3sin?0 — 15 cos 0 sin®6)/16sin* 6.
Finally, we perform the integral of equation (19a) separately on the first term and regularized second term to

yield:
T 2 2mq 1 9 6 5
fd@ fdgp lim —dy2 INllz(cos —) = =71 IN o? (B9a)
q— q 2 2

0 0 0

P R 1 — 4cosf + 3 0 sin2 0 5

f o f do [ 1im Lay |N1|2( — 4cos +4 + cosfsin ) = 27 1Ny (B9D)

q—0o0 q
0 0 0

1
Showing that both terms of D12 1 (¢, 0, x) have the same norm, and that the sum of both is 573 IN; /2 2.
> 2

We now follow a similar procedure for the calculation of (¥ | P,(cos 0)1¥):

. 279 3 1 . 2

6 sinz) (= + Zcosf — =sin%0
U*P,(cos @) Wsin @ = P,(cos 0)IN;I? Z(COSQ) + ( 2) (4 2 I 2 )
2 2(cos %)

(B10)
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Again, we expand the second term (which diverges at ¢ = ), in powers of sin 6:

P,(cos ) (sin %)2 (% + g cosf — %sin2 9)2 P,(cos0)(1 — cos 0)? (z + %cos 0 — % sin? 6’)2

2(cos 2)4 sin*¢
_ 36 — 36c0sf — 57sin?6 + 39 cos ) sin? 6
16 sin*0
n 17 + 13 cos® + 12sin?6 + 56 cos3023in26’ — 36sin*0 — 12 cosfsin0 (B11)
We subtractoff f(0) = (36 — 36cos — 57sin*6 + 39 cos @ sin?#) /16 sin 6 from the diverging
first term.
Finally, we perform the integral of equation (19a) separately on the first term and regularized second term to
yield:
f A RE
f do [4#2 IN;122P,(cos 9)(cos E) ] = Eﬁ IN; 212 (B12a)

0

™

2 20 — 36sint 0 — "
fd9[4ﬂ_2 |N1|2(17 + 13cos + 12sin*6 + 56cos39251n 6 — 36sin*6 — 12 cos 0 sin 9)] — %71-3 INy 12

0
(B12b)

The expectation values of both terms yield the same results in equation (B12), and their sum is %79 IN; 12,
Finally, the expectation value (P(cos 0)) for IW) = DI (¢, 0, x)is given by the ratio of the results of the
s

integrals of equations (B12) and (B9), which is (P, (cos #)) = 19/40. This agrees with the analytical result from
equations (22) and (23¢),fors = m = landn = 3/2:

B s(s + 1) 3m? —s(s + 1) \[3n®* — s(s + 1)
Palcost) = -6+ ;)( 256+ 1) )( 26+ 1) ) B

Appendix C

In this Appendix, we calculate the internal-frame Clebsch-Gordan coefficients for < 1J2 1 % n e@, % nlje >,

< 101 % n}, % n}>, <0 0l % n}, % n}>, and (0 0 | 1 1, 1 nj)intable 2 and equations (46) and (50). We use
analytical expressions for the squares of the usual Clebsch-Gordan coefficient in the external frame, as the
derivation of Clebsch-Gordan coefficients can be performed independent of the use of raising and lowering
operators [50, 51], and therefore applies to the coupling of angular momenta in the internal frame.

The Clebsch-Gordan coefficients in the external frame are given by a general, analytical expression, first
given by Racah [18]. However, if we choose a fixed value of j;, then this complicated, general expression can be
simplified, particularly if j, is close to its maximal value. First, we use the analytical expression for the square of
the Clebsch-Gordan coefficient ( j,m, j,m, | j;ms) with the maximal value j; = j, + j, [52]:

_ @D'@)!Gy gy A A m) Gy Ay, — o — o)
(2]1 + 2]2)’(]1 + 17’11)'(]1 - ml)'(]z + mZ)'(]z - mZ)'

(jym, jymp 1§, + jy, My + my)? (C1)

For the coefficient <1 V21 % n e’+, % nlff >, projection conservation gives  # e’+ + ”z; = 2. Setting

/ 1 1 7 \2 . .
x = ne@,we have n, =2 — x. Therefore, <1 N2 | 7 neﬁ, 7 n,,> can be determined as an integral over the

regularizable projections in the internal frame, for the range —oo < x < oo (note that equation (19) ensures
regularizability over this range):

2 ) 2
<1«/§Iln’+,ln;> :f<lx,l\/57xllx/§>dx (C2)
2 ¢ 2 7 2 2
where<% X, % V2 —x1142 >2 is determined from equation (C1):
2 — ! !
<%x,%ﬁ —x|1ﬁ> = 1= V2)ld + J2)! (C3)

25 +2)(5 — %) - V2 +x)1(5 + V2 — %)
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Integrating equation (C2) can be performed using (C3) and the integral [47]:

fm dx _ T(a+B+7+6—3)

< Fla+0l'@ -+l -—x) Ta+B8-DIG+y—-DI'(y+06-DI'E@E+1-1)
(C4)

where'(n) = (n — 1),and Re[a + B + v + 6] > 3.Theintegralyields<1 V2 % neg, %n,ﬁ >2 = 1. There-

fore, <1 V21 l n’+, % nV’e > = 1, within a phase factor.
rms

2
Similarly, we can determine <1 olt nf, ! }> from:

2 * 2 x
<10| nf,l f> :f<%x’%_xuo>dx:f2[(l+x)d:zl—x)']2 =1 (C5)
v Lo (E )t - x)

!

Integrating equation (C5) yields <1 0l nf, ny >2 = 1,and therefore <1 01+ nf, f> =1

Next, we determine the value of < 00 I f, n f> We use the analytical expression for the square of the
Clebsch-Gordan coefficient ( j,m, j,m; | jj m3) w1th Js = J; +Jj, — land ms = my + m, [52]:

(s fyma 1y + 3, — 1,my + my)*

:4(j2m1 — jlmg)Z(Zj1 - D!Q2j, — DIy, +jy +my +my — DI, +j, — my — my — D!
(27, + 210Gy + m) (G, — m)!(j, + m)!(j, — my)!

(Co)

Choosing an arbitrary axis in the frame of the decaying spin-0 particle the projections of the two product

spins are given by x and —x, respectively. Similar to above, <0 01 f, ny >2 can be written by the following

integral, where <5 X, 5 —x10 0> is determined from equation (L6):
1\ 11 o p 2x%dx
<00| nf, nf> f<5x,5 —x|00> dx—jo;[(%—’—x)!(%_x)!]z (C7)
Equation (C7) can be brought into the form of equation (C4) by using I'(x + 1) = xI'(x), so that:
]‘O 2x2 dx
o [(% + x)'(% — x)!]2
7 2 ) )
A C R e T e Ty e R s Ty A

Note that there is also an integral proportional to x on the right-hand side (not shown), which is odd, and

2
yields 0 for i 1ntegrat10n over the even domain. Evaluating equation (C8) yields <0 0 I f, Ln } > = 1,and
therefore <0 01t nf, ny > = = 1(within a phase factor).

Finally, we determme thevalueof (0 0 | 1 n;, 1 ng), using the analytical expression for the square of the
Clebsch-Gordan coefficient ( j,m, j,m; | jyms) with j, = j, + j, — 2and mz = my + m, [52]:

o o ) ) ) ) —1
G fyma s+, — 20y = — 2@ = V2@ =D (20 2% 2+ 2j, — 4
! : ! : 2Qj, + 2j, = DQjy + 2j, = D|\jy —my [\ — my \ Gy +Jp, —my —mp — 2

2 =2 \(2,-2 2 2, =2 2j, =2
>< . . - . .

o my ]2+m2 ]l_ml_l ]2—"_mz_1
N ‘2j1—2 ‘2j2—2

Jp—my =2\ j+my =2

Choosing an arbitrary axis in the frame of the decaying spin-0 particle, the projections of the two product
spins are given by x and —x, respectively. Similar to above, (0 0 | 1 1, 1 1} )? can be written, using
equation (C9), by the following integral:

(C9)
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Figure C1. Quasiprobability distributions (a) <5 x5 —X I'1 O> ,(b)<5 x5 V2 —xl1 \/5> ,(©) <§ x5 —X 10 O> ,and (d)
(1x,1 — x100)?vs.x, which s the projection of one product spin on the internal-frame quantization axis of the decaying particle’s
spin. The other product spin has projection (a,c,d) —x, and (b)v2 - x. The forbidden region, where V2 —xI>1 splorlxl > Is¢l,
is shaded grey. A vector-model pictorial description of the spin coupling is shown in the inset of each panel.

r (1 — 3x2)?sin®(mx)dx
322 (1 — x2)?

<00|1n,,’,1n,§>2:f<1x,1 — x100)2dx = ~ 1 (C10)

—00

We plot the quasiprobability distributions of <% X, % —xl1 0>2, <% X, % V2 —x1142 >2,

<% X, % —x10 0>2, and (1 x, 1 — x10 0)?in figure C1, using equations (C1) and (C6), and expressed
explicitly in equations (C5), (C3), and (C7), respectively. The only physical observable of these distributions is
their area, the total probability, which is 1. These are quasiprobability distributions because they can have
regions of probability that are negative or greater than 1 [53-55]. For example, see figure C1(b), where the peak
around x = +/2 /2 has probability greater than 1, whereas the tails have negative probabilities (which exactly
cancel excess probabilities near the peak). Notice also that panel (b) is the only one that gives a distribution that is
symmetric about x = /2 /2, (the rest are symmetric about x = 0). The reason for this is that the decaying
particle has 113 = /2 (the other three have 1; = 0), and the two product particles have n} = x, 1, = V2 — x,
j, = J,and n/ = n, for x = /2 /2. Therefore, the distribution must be symmetric about x = /2 /2. Note
also that the classically allowed region is white, and the classically forbidden region is shaded grey.

The projection x is the projection of a produced spin s along the internal frame of the decaying particle, and
is given by x = Isl cos 6, where 6, is the angle between s and z. Note that 6, is real in the classically allowed
region —| s | < x < | s |, whereas 6, is purely imaginary in the classically forbidden region —Isl > x > | s |
(similar to how the momentum of a particle is imagery in the classically forbidden region). Our expectation is
that the probability will oscillate in the classically allowed region, and will decay exponentially in the classically
forbidden region, as shown in figure C1. Notice that in the inset of each panel of figure C1 a vector-model
pictorial description is given, to visualize the projections of each angular momentum along the z axis. The
decaying particle spin has a fixed projection along z (as this is the decaying particle frame), whereas the two
product particle spins have projections that range from — o0 to +o0.
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