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Abstract. We construct isomorphism between super ~-Yangian Y~(sl(1, 1)) of special linear
superalgebra sl(1, 1) and quantum loop superalgebra U~(Lsl(1, 1)).

1. Introduction
Lie Superalgebras are a working tool for physicists in the study of supersymmetric models of
quantum field theory. Classification of simple Lie superalgebras of classical type was obtained
by Victor Kac in the late 70-ies of the last century (see [14]). Lie superalgebras of classical type
in this classification are divided into basic and strange Lie superalgebras, and the last unlike
basic Lie superalgebras, are not contragredient Lie superalgebras (see [14], [10]). In the middle
of the 80s of the last century V. Drinfeld had introduced quantum groups that are deformations
of universal algebras of simple Lie algebras (see [6], [7], [8], [9], [3]). One of the most important
examples of such deformations were the Yangians ([6], [7], [9], [3], [17]) associated with rational
solutions of the quantum Yang-Baxter equation as well as quantized universal enveloping Kac-
Moody algebras and quantum loop algebras. Somewhat later, the Yangians of Lie superalgebras
(see [23], [19], and also, for example, [26], [28]) were also studied, which also found application
in quantum field theory, in particular, in the quantum theory of superstrings ([2], [5], [22]).

The problems of representation theory of the infinite dimensional Quantum Algebras (see [17],
[1], [20], [27], [29], [32], [31]) are the some of the most important problems of Quantum Algebras
theory for applications in mathematical physics and for the theory of exactly solvable models
of statistical mechanics and quantum field theory especially in connection with the problems of
finding quantum and universal R-matrices for various classes of quantum algebras (see [6], [7],
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[8], [4], [16], [22], [15], [24], [25]). Two most important examples of infinite dimensional quantum
algebras the Yangians and quantum affine algebras have a similar representations theory as well
as in the case of superalgebras that which indicates a deep connection between these objects (see
[6], [7], [27], [29], [32]). This relationship was clear already V. Drinfeld, who determined both
these classes of Hopf algebras. But explicit results that formulate a connection between these
objects have been published relatively recently (see [11], [12], [13], [30]).

Some words about structure of this article. In the second section we recall definition of
the special linear Lie Superalgebra in terms of root generators and defining relations. After
them we define of the Yangian of Lie Superalgebra and quantum loop superalgebra in terms of
generators and defining relations. We define it in terms of current system of generators ([23],
[27]). We formulate the theorem on classification of finite dimensional irreducible representations
of Yangian and Quantum loop superalgebra. The main result we formulate in next section and
prove it in last section.

We’ll use the following notations. We denote by C the field of complex numbers, by K[u] the
ring of polynomials with coefficients in ring K, by K[u], K[[u]] the ring of polynomials and ring
of formal power series, correspondingly, with coefficients from ring K; by Z+ = {0, 1, 2, . . .} the
set of non negative integers, which is union of zero and set of natural numbers N, and by Z the
set of integer numbers.

2. Definition of Lie superalgebra A(m,n)
2.1. Lie Superalgebra A(m,n)
Let me recall basic definitions from Lie Superalgebra theory, related to the Lie Superalgebra
A(m,n) (see also [10], [14]).

Let C(m+1|n) = Cm+1⊕Cn be a Z2- graded (m+1|n) dimensional vector space (superspace)
over complex numbers field C. Let’s choose a standart basis in this superspace. We’ll numerate
the elements of this basis by integer numbers from segment [1, n + m + 1] (without zero). So,
let (e1, e2, . . . , em+1, em+2, . . . , em+n+1) be a standart basis in C(m|n), and End(C(n|n)) be a
superalgebra of linear operators acting in C(m + 1|n). Basis in End(C(m + 1|n)) is formed by
matrices Ea,b, 1 ≤ a, b,≤ m+ n+ 1, ab 6= 0 and parity p for Ea,b is defines by formula:

p(Ea,b) = |a|+ |b|, (1)

where |a| = p(a) = 0, if a ≤ m+ 1 and |a| = p(a) = 1, for a > m+ 1, |a|, |b| ∈ Z2.
Recall, that general linear Lie superalgebra gl(n|n) is defined as vector space End(C(n|n))

with (super)bracket [·, ·] defined by formula :

[x, y] = x · y − (−1)|x||y|y · x. (2)

Super trace on gl(n|n) defined by formula str(Eab) = δab(−1)1+|a| on base elements and extends
linearly to all other elements of the vector gl(n|n).

Recall also a definition of special linear Lie superalgebra sl(m+ 1|n):

sl(m+ 1|n) = {A ∈ gl(n|n)|str(A) = 0}. (3)

I recall a definition of Lie superalgebra A(m,n). There is a basic Lie suparalgebra generated
by generators hi, x±i , i ∈ {1, 2, . . . ,m,m+ 1, . . . ,m+ n+ 1}. Cartan matrix determines defining
relations.

I recall that corresponding symmetric Сartan matrix has the following matrix elements:
aii = 2, i < m + 1, amm = 0, ai,i = −2,m + 1 < i ≤ m + n + 1, ai,i+1 = ai+1,i = −1for
i < m + 1, and ai,i+1 = ai+1,i = 1 for i ≥ m + 1. All other matrix elements are equal zero.
Unless otherwise stated, below we will use the Cartan symmetric matrix everywhere.
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The system of defining relations looks as follows:

[hi, hj ] = 0,

i ∈ I = {1, 2, . . . ,m,m+ 1, . . . ,m+ n+ 1}; (4)
[hi, x

±
j ] = ±aijx±j , i, j ∈ I; (5)

[x+
i , x

−
j ] = δijhi, i, j ∈ I; (6)

[x±m+1, x
±
m+1] = 0; (7)

[x±i , x
±
j ] = 0; |i− j| > 1; (8)

[x±i , [x
±
i , x

±
j ]] = 0, |i− j| = 1, i, j ∈ I; (9)

[[x±m, x
±
m+1], [x±m+1, x

±
m+2]] = 0. (10)

Let’s note that the generators x±m+1 are odd, and other generators are even, p(x±m+1) =

1, p(x±i ) = p(hj) = 0, where p be a parity function, j ∈ I, i ∈ I\{m + 1} (see [14]). Let now
g = A(m,n) = sl(m+ 1, n+ 1).

2.2. The Lie superalgebra sl(1, 1)
We first consider an important special case of the Lie superalgebra sl(1, 1).

It is easy to see that the Yangian Y (sl(1, 1)) is generated by the generators hn, en, fn, n ∈ Z0,
which satisfy the following defining relations:

[hk, hl] = 0, (11)
[hk, el] = [hk, fl] = 0, (12)
[ek, el] = [fk, fl] = 0, (13)

[ek, fl] = hk+l. (14)

3. Definition of Yangian and quantum loop superalgebra
3.1. Definition of Yangian
I recall definition of Yangian of special linear superalgebra (see [23], [24], [25]) for the case Lie
superalgebra mathfraksl(1, 1).

Definition 1 The Yangian Y (sl(1, 1)) is generated by the generators hn, en, fn, n ∈ Z0, which
satisfy the following defining relations:

[hk, hl] = 0, (15)
[hk, el] = [hk, fl] = 0, (16)
[ek, el] = [fk, fl] = 0, (17)

[ek, fl] = hk+l. (18)

3.2. Definition of quantum loop superalgebra
In this subsection we define quantum loop superalgebra.

We now explicitly formulate the definition of the quantum loop superalgebra U~(LA(m,n)),
slightly changing the notation, following G. Lustig. In addition, we assume that q = e~/2. We
use also the following standard notation:

[n]q =
qn − q−n

q − q−1
, [n]q! = [n]q · [n− 1]q · . . . [1]q,

[n
k

]
q

=
[n]q

[n− k]q · [k]q
.

Now, we define quantum universal enveloping superalgebra of Lie superalgebra g = A(m,n).
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Definition 2 Let U~(Lg) be an associative superalgebra over C[[~]] topologically generated by
generators {Ei,k, Fi,k, Hi,k}i∈I,k∈Z, which satisfy the following system of defining relations:
1) For every i, j ∈ I and r, s ∈ Z

[Hi,r, Hj,s] = 0. (19)

2) For every i, j ∈ I and k ∈ Z

[Hi,0, Ej,k] = ai,jEj,k, [Hi,0, Fj,k] = −ai,jFj,k. (20)

3) For every i, j ∈ I and r, k ∈ Z\{0}

[Hi,r, Ej,k] =
[rai,j ]qi

r
Ej,r+k, [Hi,r, Fj,k] = − [rai,j ]qi

r
Fj,r+k. (21)

4) For every i, j ∈ I and k, l ∈ Z

Ei,k+1Ej,l − q
aij
i Ej,lEi,k+1 = q

aij
i Ei,kEj,l+1 − Ej,l+1Ei,k,

Fi,k+1Fj,l − q
−aij
i Fj,lFi,k+1 = q

−aij
i Fi,kFj,l+1 − Fj,l+1Fi,k. (22)

5) For every i, j ∈ I and k, l ∈ Z

[Ei,k, Fj,l] = δi,j
ψi,k+l − ϕi,k+l

qi − q−1
i

. (23)

6) Let i 6= j ∈ I and let m = 1− aij. For every k1, . . . , km ∈ Z and l ∈ Z

∑
π∈Sm

m∑
s=0

(−1)s
[m
s

]
qi
Ei,kπ(1) · . . . · Ei,kπ(s) · Ej,l · Ei,kπ(s+1)

· . . . · Ei,kπ(m)
= 0, (24)

∑
π∈Sm

m∑
s=0

(−1)s
[m
s

]
qi
Fi,kπ(1) · . . . · Fi,kπ(s) · Fj,l · Fi,kπ(s+1)

· . . . · Fi,kπ(m)
= 0, (25)

7)
[[Em,k, Em+1,0]q, [Em+1,0, Em+2,r]q]q = 0, (26)

[[Fm,k, Fm+1,0]q−1 , [Fm+1,0, Fm+2,r]q−1 ]q−1 = 0, (27)

where elements ψi,r, ϕi,r are defined the following formulas:

ψi(z) =
∑
r≥0

ψi,rz
−r = exp(

~di
2
Hi,0) exp((qi − q−1

i )
∑
s≥1

Hi,sz
−s),

ϕi(z) =
∑
r≥0

ϕi,−rz
r = exp(−~di

2
Hi,0) exp(−(qi − q−1

i )
∑
s≥1

Hi,−sz
s),

and ψi,−k = ϕi,k = 0 for k ≥ 1. In addition, p(Hi,r) = 0 for i ∈ I, r ∈ Z+, and
p(X±i,r) = 0 for i ∈ I\{m + 1}, r ∈ Z, p(x±m+1,r) = 0 for r ∈ Z. We also use the notation
[a, b]q := ab− (−1)p(a)p(b)qba for q-(super)commutator.

We also denote by U0 ⊂ U~(Lg) a commutative subalgebra generated by generators
{Hi,r}i∈I,r∈Z.
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Definition 3 The quantum loop algebra U~(Lsl(1, 1)) is generated by the generators
{En, Fn, Hn}n∈Z, which satisfy the following system of defining relations:

[Hr, Hs] = 0, (28)
[Hr, Es] = [Hr, Fs] = 0, (29)
[Er, Es] = [Fr, Fs] = 0, (30)

[Er, Fs] =
ψr+s − ϕr+s
e~/2 − e−~/2

, (31)

for all r, s ∈ Z. Here as above elements ψr, ϕr are defined by the following formulas:

ψi(z) =
∑
r≥0

ψrz
−r = exp(

~
2
H0) exp((e~/2 − e−~/2)

∑
s≥1

Hsz
−s),

ϕi(z) =
∑
r≥0

ϕrz
r = exp(−~

2
H0) exp(−(e~/2 − e−~/2)

∑
s≥1

H−sz
s).

4. Representation theory of super Yangian and quantum loop superalgebra
4.1. Representation theory of Yangian
For the reader’s convenience, we formulate the main result of the paper [27] (see also [29],
[32]), the classification theorem for finite-dimensional irreducible representations of the Yangian
Y (A(m,n)) in the case m = n = 0. (We note that Y (sl(1, 1)) = Y (A(0, 0)) for m 6= n. We give
its obvious modification for Y~(A(m,n))

Theorem 1 1) Every irreducible finite-dimensional Y~(sl(1, 1))-module V is a module with
highest weight d :V = V (d), i. e.,

h(u)v0 =

(
1 + ~

∞∑
k=0

hk · u−k−1

)
v0 =

(
1 + ~

∞∑
k=0

dk · u−k−1

)
v0,

where v0 is a highest vector.
2) The module V (d) is finite-dimensional if and only if there exist polynomials P d, Qd, which
satisfy the following conditions:
a) all these polynomials with leading coefficients equal to 1 (or monic);
b)

P d(u)

Qd(u)
= 1 + ~

∑∞
k=0 dk · u−k−1. (32)

4.2. Representation theory of Quantum Affine Superalgebras
We now formulate an analogue of the above result on the classification of finite-dimensional
irreducible representations of the Yangian for the quantum affine Lie superalgebra Uq(A(1)(0, 0)).

Let g = A(m,n), V be a module over Yangian U~(Lg) = U~(LA(m,n)).

Definition 4 Let V be a module over U~(LA(m,n)) of Lie Superalgebra g = A(m,n), δ̄ =
{δi,r|i ∈ I, r ∈ Z+} be a collection of complex numbers. Let’s denote by Vδ̄± and call weight
subspace of module V the space

Vδ̄+ = {v ∈ V : ψi,rv = δ+
i,rv}, Vδ̄− = {v ∈ V : ϕi,rv = δ−i,rv}. (33)
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The module V is called highest weight module (or Verma module) if it is generated by primitive
vector, that is V = U~(g) · v for some primitive vector v ∈ Vδ̄.

Let V0 = {v ∈ V |x+
i,kv = 0,∀k ∈ Z+}.

Easy to check that if module generated by highest vector is finite dimensional then we can
find such polynomial Q(z) =

∑d
s=0 asz

s ∈ 1 + zC[z] such that
∑d

s=0 asFd−sv+ = 0.
Collection of numbers δ̄ = {δi,r} is called weight of module over Quantum loop superalgebra.

We also use the notation ∆ for wight generating function:

Kv+ = ∆(K)v+,
∑
n∈Z

ψn − ϕn
q − q−1

znv+ = ∆

(∑
n∈Z

ψn − ϕn
q − q−1

zn

)
v+ =

∑
n∈Z

fnz
n = f(z). (34)

The vector v ∈ V is called primitive, if v ∈ Vδ̄ and X
±
i,r · v = 0 for all i ∈ I, r ∈ Z+.

Easy to check that Q(z)f(z) = 0.
We need the following result (see [31]).

Definition 5 Define Rm,n to be set of tetrads (P, f, c,Q) such that:
1)

f(z) =
∑
n∈Z

fnz
n ∈ zC[z]

for all 1 ≤ i ≤M +N − 1, i 6= M ,

2) c ∈ C\{0} with c− c−1

q − q−1
= f0,

3) P = (Pi)1≤i≤M+N,i6=M , Pi(z) ∈ 1 + zC[z] for all i,
4) Q(z) ∈ 1 + zC[z] with Q(z)f(z) = 0.

Theorem 2 Finite-dimensional simple Uq(sl(M,N))- modules are parametrized by their highest
weights ∆ ∈ RM,N .

From this theorem 2 follows the following theorem.

Theorem 3 1) Every irreducible finite-dimensional Uq(A(1)(0, 0))-module V is a module with
highest weight δ :V = V (δ), i.e.

ψ(z)v0 =

( ∞∑
k=0

δ+
k · z

−k

)
v+, ϕ(z)v0 =

( ∞∑
k=0

δ−k · z
k

)
v+,

where v0 is a highest vector.
2) The module V (δ) is finite-dimensional if and only if there exist polynomials P δ, Qδ, which
satisfy the following conditions:
a) all these polynomials with leading coefficients equal to 1 and non-zero free terms;
b)

P δ(z)

Qδ(z)
=
∑∞

k=0 δ
+
k · z

−k =
∑∞

k=0 δ
−
−k · z

k. (35)

We note that R1,1 to be set of triples (f, c, P ). Let T1,1 be the set of monic polynomials
of the same degree with non-zero free terms, which classifies finite dimensional modules over
U~(sl(1, 1)) due theorem 3.

Lets define bijective correspondence between the set T1,1 and the set R1,1, namely, g : T1,1 →
R1,1,

g : (P,Q) 7→
(

1

q − q−1
I+
(
P (z)

Q(z)

)
− 1

q − q−1
I−
(
P (z)

Q(z)

)
, c, P (z)

)
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where I± : C[[z±]] → C[[z, z−1]] be a canonical inclusions of formal series, c−2 = limz→0
P (z)

Q(z)
.

Thus, above defined mapping g defines an isomorphism between pairs of polynomials (P δ, Qδ)
and the set R(1, 1), which proves the equivalence of the theorems 2 and 3.

5. Main result
Let g = sl(1, 1). We denote (as above) by Lg the Lie algebra (Laurent polynomial) loops with
values in the simple algebra (basic Lie superalgebra) of g. In this subsection we construct a
homomorphism of the quantum loop (super)algebra U~(Lg) into the quantum (super)algebra
Y~(g) from which the Yangian Y (g) is obtained by specialization for ~ = 1. In constructing,
we confine ourselves to the special case of a basic Lie superalgebra of type A(m,n), that is,
we assume that g = A(0, 0) = sl(1, 1). To construct this homomorphism, we need descriptions
of quantum affine algebras (superalgebras) and Yangians in terms of generating functions of
generators.

Let {Er, Fr, Hr}r∈Z be the loop generators of the quantum affine algebra U~(Lg), and
{ek, fk, hk}k∈Z+ are the generators of the Yangian Y~(g).

Let g = sl(1, 1), Ŷ~(g) be a completion of Yangian Y~(g) with respect to h-adic topology,
defined by natural filtration. I recall, that this filtration defined by N -grading, which, is defined
as follows:

deg(hk) = deg(x±k ) = k, deg(~) = 1.

Define the map

Φ : U~((Lg)→ Ŷ~(g), (36)

on generators by the following formulas:

Φ(Hr) =
~

q − q−1

∑
k≥0 tk

rk

k! , (37)

Φ(Er) = erσ
∑

m≥0 g
+
mem, (38)

Φ(Fr) = erσ
∑

m≥0 g
−
i,mfm. (39)

Here, as above, we use the following notations q = e~/2. We use also the system of logarithmic
generators generators {tr}r∈N of commutative subalgebra Y~(h) ⊂ Y~(g) generated by generators
{hr}r∈N. These logarithmic generators are defined by the following equality for the generating
functions:

~
∑
r≥0

tru
−r−1 = log

1 +
∑
r≥0

hru
−r−1

 . (40)

The elements {g±m}m∈N lie in the completion of the algebra Y~(h) and are defined as follows.
Consider the following formal power series:

γ(v) = ~
∑
r≥0

tr
r!

(
− d

dv

)r+1

G(v).

Then

∑
m≥0

g±mv
m =

(
~

q − q−1

)1/2

exp

(
γ(v)

2

)
.
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Finally, σ±i are homomorphisms of sub-superalgebras

σ± : Y~(b±)(⊂ Y~(g))→ Y~(b±),

which are defined on the generators {hr, er, fr} as follows. They leave the generators hk fixed,
and the other generators act as shifts:

σ+ : er → er+1, σ− : fr → fj,r+1.

The elements {g±m}m∈N belong to the completion of the algebra Y~(h) and are defined as
follows. Consider the following formal power series:

G(v) = log

(
v

ev/2 − ev/2

)
∈ Q[[v]]

and define γ ∈ ˆY 0[v] by formula:

γ(v) = ~
∑
r≥0

tr
r!

(
− d

dv

)r+1

G(v).

Then

∑
m≥0

g±mv
m =

(
~

q − q−1

)1/2

exp

(
γ(v)

2

)
.

Let σ± subsuperalgebra homomorphisms

σ± : Y~(b±)(⊂ Y~(g))→ Y~(b±),

which are given on the generators {hr, er, fr} as follows. They leave the generators hk fixed, and
to the other generators act as shifts: σ+ : er → ej,r+1, σ− : fr → fj,r+1.

Let g = sl(1, 1). Let also Ŷ~(g) be the completion of the Yangian with respect to itsN -grading.
Consider the following mappings

c : U~(Lg)→ U(Lg), (41)
which given by ~→ 0, and also map

d : U(Lg) = U(g[z, z−1])→ U(g), (42)

which given by formula d(f(z)) = f(1). Then the kernel of the composition of these mappings

e = d ◦ c : U~(Lg)→ U(g)

we denote by I := Ker(e). We define the completion of a quantum loop algebra with respect to
the I-adic topology given by the powers of the ideal I:

Û~(Lg) := limn→∞U~(Lg)/In. (43)
We state the main result of this paper.

Theorem 4 The map Φ, given by the formulas (37) – (39), defines a monomorphism of
associative superalgebras over Q[[~]]:

Φ : U~(Lg)→ Ŷ~(g), (44)

which extends to an isomorphism of completions

Φ̂ : Û~(Lg)→ Ŷ~(g). (45)
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6. Proof of the main result
First, we describe homomorphism Φ : U~(sl(1, 1))→ Y~(sl(1, 1)).

We first recall the definition of the Borel transformation (more precisely, the inverse of the
Borel transform), which is a discrete analog of the Laplace transform. We denote by B the
transformation associating the functions f(u) ∈ A[[u]] with values in some associative algebra
A, the function B(f)(v) ∈ u−1A[[u−1]], defined as

f(u) =

∞∑
k=0

fku
−k−1 → B(f)(v) =

∞∑
r=0

frv
r

r!
. (46)

We note the following properties of the Borel transform of the generating function t(u) of the
logarithmic generators {tk}∞k=0.

Because the,
[h(u), ek] = [h(u), fk] = 0,

then it follows that u
[t(u), ek] = [t(u), fk] = 0,

which means that

[B(t(u))(v), ek] = [B(t(u))(v), fk] = 0. (47)

Easy to check that

B(log(1− pu−1)) =
1− epv

v
. (48)

Indeed, using the Borel transformation properties, which coincide with the properties of the
Laplace transform, we obtain the following equalities:

B(log(1− pu−1)) =
1

v
B(

d

du
(log(1− pu−1))) =

1

v
B

(
−pu−2

1− pu−1

)

=
1

v
B

(
−p

u(u− p)

)
=

1

v
B

(
1

u
− 1

u− p

)
=

1

v
(1− epv).

To prove the theorem in this particular case, it suffices to verify the equivalence of the relations
(18) and (23). We first note that

Φ(Er) = erσ+
∑

m≥0 gmem =
∑

m≥0 g
(+,k)
m em = erσ+g(σ+)e0, (49)

Φ(Fr) = erσ−
∑

m≥0 gmfm =
∑

m≥0 g
(−,k)
m fm = erσ−g(σ−)f0. (50)

Let us prove an explicit calculation of equality

[Φ(Er),Φ(Fl)] =
Φ(ψr+s)− Φ(ϕr+s)

e~/2 − e~/2
. (51)

Explicitly calculate the right and left sides of the equality to be proved (51). It is easy to see
that

Φ(Er)Φ(Fl) = erσ+g(σ+)e0e
rσ−g(σ−)f0.

As

g(v) =
∑
m≥0

gmv
m =

∑
m≥0

gmv
m =

(
~

e~ − e−~/2

)1/2

exp(γ(v)/2)
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=

(
~

e~/2 − e−~/2

)1/2

exp

(
1

2
B(t(u))

(
− d

dv

)(
d

dv
log

(
ev/2 − e−v/2

v

)))
.

For brevity we use the notation ∂v :=
d

dv
. Then

g(v) =
∑
m≥0

gmv
m =

(
~

e~/2 − e−~/2

)1/2

exp

(
1

2
B(t(u)) (−∂v)

(
log

(
ev/2 − e−v/2

v

))′)
.

It is easy to check that

g(σ+)e0 =
∑
m≥0

gmσ
m
+ e0 =

∑
m≥0

gmem.

Similarly,

g(σ−)f0 =
∑
m≥0

gmσ
m
− e0 =

∑
m≥0

gmfm.

Note also that if the variables u and v commute, then

g(u)g(v) =

(
~

e~ − e−~/2

)
exp(γ(u)/2 + γ(v)/2) =

(
~

e~ − e−~/2

)
exp

(
1

2
B(t(u1))

(
− d

du

)
(log(f0(u)))′ +

1

2
B(t(u1))

(
− d

dv

)
d

dv
(log(f0))′

)
,

where f0(u) =
eu/2 − e−u/2

u
.

Now we can calculate Φ(Er)Φ(El). Actually,

Φ(Er)Φ(El) = erσ+g(σ+)e0e
rσ−g(σ−)e0f0 = g(σ+)g(σ−)erfl

Similarly,

Φ(Fl)Φ(Er) = g(σ+)g(σ−)fler.

From this we immediately obtain that

[Φ(Er)Φ(El),Φ(El)Φ(Er)] = [g(σ+)g(σ−)erfl, g(σ+)g(σ−)fler]

=
∑
m≥0

∑
n≥0

gmgn(em+rfn+l − fn+lem+r) =
∑
m≥0

∑
n≥0

gmgnhm+n+r+l

On the other hand,

Φ(Hr) =
B(t(u))(r)

e~/2 − e−~/2
.

Then

Φ(ψ(z)) =
∑
r≥0

Φ(ψr)z
−r = exp

(
~Φ(H0)

2

)
exp

(e~/2 − e~/2)∑
s≥1

Φ(Hs)z
−s


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= exp

(
~Φ(H0)

2

)
exp

∑
s≥1

B(t(u))(s)z−s


= exp

(
~

2(e~/2 − e−~/2)
t0

)
exp

∑
s≥1

B(t(u))(s)z−s

 .

Similarly,

Φ(ϕ(z)) =
∑
r≥0

Φ(ϕr)z
r = exp

(
−~Φ(H0)

2

)
exp

∑
s≥1

B(t(u))(−s)zs
 .

We describe the action of generators, respectively, of a quantum loop superalgebra and a
Yangian, in finite-dimensional irreducible modules. We need the results of the papers [27] and
[29], in which the classification of finite-dimensional irreducible Yangian modules of a special
linear Lie superalgebra is given. We need an explicit definition of the action of the Cartan
generators on the highest vectors of finite-dimensional irreducible modules over, respectively, the
Yangian and the quantum loop algebra.

We denote by DY the Yangian morphism into a finite-dimensional irreducible module given
by a family of Drinfeld polynomials. The finite-dimensional irreducible Yangian module is given
by a pair of Drinfeld polynomials P d(u) and Qd(u) with leading coefficient equal to 1. In this
case the polynomials are uniquely determined by their complex roots: a1, . . . , an and b1, . . . , bn
and the action of the generating function of the Yangian on the highest vector is given by the
following formula (see [27]):

h(u)v0 =

1 +
∑
k≥0

dku
−k−1

 v0,
P d(u)

Qd(u)
= 1 +

∑
k≥0

dku
−k−1, (52)

where as above h(u) = 1 +
∑

k≥0 hku
−k−1 be a generating function of Cartan generators. In

other words

h(u)v0 =
P d(u)

Qd(u)
v0 = R(m) =

(u− a1) · . . . (u− an)

(u− b1) · . . . (u− bn))
v0. (53)

Let’s define then

DY (h(u) =
P d(u)

Qd(u)
=

(u− a1) · . . . (u− an)

(u− b1) · . . . (u− bn))
. (54)

Assuming the quantities a1, . . . , an, b1, . . . , bm as parameters, we obtain the mapping

DY : Y 0 → C[~, a1, . . . , an, b1, . . . , bn].

Cartan subalgebra of the Yangian into a commutative polynomial ring defined by the formula
(54).

Similarly we define the map

DU : U0 → S(m) = C[q,A1, . . . , An, B1, . . . , Bn],

DU (ψ(z)) =
P δ(z)

Qδ(z)
=

(z −A1) · . . . (z −An)

(z −B1) · . . . (z −Bn))
. (55)
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We now compute the action of the homomorphism DY : Y (sl(1, 1)) → End(VP,Q) onto t(u),
as well as the images of the generators hk and tk under the action of this mapping. The following
proposition holds.

Proposition 6.1 The following formulas are valid:

DU (ψr) =
∑n

p=1B
r
p(Bp −Ap)

(∏
p′ 6=p

Bp −Ap′
Bp −Bp′

)
, (56)

DU (ϕr) =
∑n

p=1B
−r
p (Ap −Bp)

(∏
p′ 6=p

Bp −Ap′
Bp −Bp′

)
, (57)

DU ((q − q−1)Hk) = 1
p

∑n
p=1(Bp −Ap), (58)

DY (hr) =
∑n

p=1 b
r
p(bp − ap)

(∏
p′ 6=p

bp − ap′
bp − bp′

)
, (59)

DY (tr) =
1

r + 1

∑n
p=1

br+1
p − ar+1

p

~
, (60)

DY (B(t(u))(v) =
∑n

p=1

exp(bpv)− exp(apv)

v
. (61)

Proof The proof is carried out by direct calculation, by expansion in powers of the variable
u−1 of the left and right sides of the equalities to be proved.

�
From the sentence 6.1 it follows easily that

Proposition 6.2 1) Homomorphisms

DY : Y 0 →
⊕
n≥1

R(n), DU : U0 →
⊕
n≥1

S(m) (62)

are injective.

Now we can formulate and prove the most important auxiliary assertion

Lemma 1 The following equality holds

Φ

(
ψk − ϕk

e~/2 − e−~/2

)
=

~
e~/2 − e−~/2

ekv exp(γ(v))|vn=hn . (63)

Proof We first calculate the left-hand side of the equality.

~ekv exp(B(−∂)G′(v)|vn=hn = ~ekv exp

 n∑
p=1

ebp(∂) − eap(∂)

∂

G(v)|vn=hn

= ~ekv
n∑
p=1

exp (G(v + bp)−G(v + ap)) |vn=hn

= ~ekv
n∏
p=1

v − bp
v − ap

· e
(v−ap)/2 − e−(v−ap)/2

e(v−bp)/2 − e−(v−bp)/2
|vn=hn .

So, we obtain
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DY

~ekv
n∏
p=1

v − bp
v − ap

· e
(v−ap)/2 − e−(v−ap)/2

e(v−bp)/2 − e−(v−bp)/2
|vn=hn

 .

A direct calculation proves the following assertion.

Proposition 6.3 Let F (v) =
∑∞

k=0 fkv
k. Then

F (v)|vn=hn =

∞∑
k=0

fkhk.

Taking into account the equality (59) and the sentence 6.3, we get that the last equality is

DY
(
~ekv exp(γv)|vn=hn

)
= DY

~ekv
n∏
p=1

v − bp
v − ap

· exp(
bp − ap

2
) · e

v − eap
ev − ebp

|vn=hn

 .

Taking into account, that limv→bp
v − bp
ev − ebp

= e−bp we obtain, that last eqiality is equal

~
n∑
p=1

ekbp~
∏
p′ 6=p

bp − bp′
bp − ap′

· 1

bp − ap
· e

bp − eap′

ebp − ebp′
· (ebp − eap)

= ~
n∑
p=1

ekbp(ebp − eap)
∏
p′ 6=p

ebp − eap′

ebp − ebp′
.

By the formula (56), we see that

(
~

e~/2 − e−~/2
)DU (ψr) = ~

n∑
p=1

Br
p(Bp −Ap)

∏
p′ 6=p

Bp −Ap′
Bp −Bp′

 ,

that coincides after replacement Ap = eap , Bp = ebb with DY (~erv exp(γv)|vn=hn).
Analogously, considering the expansion in a neighborhood of an infinitely, we obtain that

DY (~erv exp(γv)|v−n−1=hn) coincides with (
~

e~/2 − e−~/2
)DU (ϕr).

Lemma is proved. �
Easy to see that from lemma 1 and proposition 6.2 follows equality (51):

[Φ(Er),Φ(Fl)] =
Φ(ψr+s)− Φ(ϕr+s)

e~/2 − e−~/2
,

since, as was proved earlier, by the injectivity of the mapping DU , which follows from the
proposition 6.2, left-hand side of equality is equal to ekv exp(γv)|vn=hn . From the lemma 1 and
the injectivity of the map DY , which also follows from the proposition 6.2, it follows that the
right-hand side of the equality (51) also is equal to ekv exp(γv)|vn=hn .

Thus, the equality (51) is proved.
Equality (51) easily implies the equivalence of (2) and (3).
�
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