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Abstract

Milne Universe is one of the models of cosmology that employs hyperboloids as its surfaces of constant
time. The special relativistic construction of the model, though very interesting, has problems with the
observational data. We suggest a method to modify the model and remedy its issues. The idea is to
change the coordinates of the observers from the origin to a distance d in the time direction. It is
similar to the velocity 4-vector that does not vanish for an observer at rest and has a component cin the
timelike direction. The constant d is an invariant length that acts as abound for position in the same
way that c serves as abound for velocity. In this regard, translations in space turn out to be boosts,
similar to the translations in velocity. In this model, which we call Einstein-Milne, the cosmological
redshift is a result of spatial translations via the Doppler effect. We show that the model can explain the
Hubble diagram without assuming dark matter and energy, as well as acceleration of the Universe. The
Hubble constant is obtained as a function of supernovae Ia absolute magnitude by fitting the predicted
Hubble diagram to the data, which provides a means of releasing its tension.

1. Introduction

Edwin Hubble’s discovery of non-zero receding velocity of galaxies that is linear in distances has revolutionized
our understanding of the Universe [1]. About a century after his discovery, the Hubble constant Hy is still the
most important parameter in cosmology. The abundance of observational data in the last decades has increased
the accuracy of this constant in gravitational models. In addition, the data, specially from the Supernova
Cosmology Project [2], the High-Z Supernova Search Team on Type Ia supernovae (SNe Ia) [3], and the Low-Z
Calan/Tololo observations [4—6], has shed light on the dynamics of the Universe as it expands (Rev. [7]). Such
data is extended in numbers by Dark Energy Survey (DES) program [8—14] and other projects (e.g., CfA[15, 16],
CNIa[17],and others [18-20]) with improvements of search algorithms and analyses (e.g., as in [21-24]) while
in parallel, theoretical physicists try to confirm or modify the existing cosmological models or develop new ones.
The most successful model in explaining the observations, so far, has been the ACDM [25-27], thatisa
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric in general relativity (GR) with roughly 70% dark
energy in the form of cosmological constant A [28], 25% (cold) dark matter (Revs. [29, 30]), and 5% ordinary
matter (e.g., see [31]).

In spite of the splendid success of the ACDM in explanation of the cosmological data and acceleration of the
Universe (Rev. [32]), there are some challenges with this model (Revs. [33—35]). One of the issues that is relevant
to our discussion is the amount of hypothetical entities in the model, namely the dark sector. That is, after
decades of investigations, there is not yet a convincing non-gravitational explanation or evidence for dark energy
and matter. On top of this dilemma, recent observations of high redshift quasars [36], gamma ray bursts (GRB )
[37,38], and SNe [8—14] have implied a mismatch between the amount of the best fitting dark energy and matter
in comparison with the similar parameters that could be deduced from the earlier observations mentioned
above (e.g., GRB and quasars in [39, 40] and SNe in [41-47]). Another important issue related to the analysis of
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this paper is the Hubble tension. Based on the predictions of the ACDM model from the SN Ia observations, Hy
turns out to have a value of 73.30 & 1.04kms ™~ 'Mpc ™' [48] (see also other reports in [23, 49—-55] with values
around this number). On the other hand, Planck observations of the cosmic microwave background (CMB)
anisotropies have resulted in 67.4 + 0.5kms ™~ 'Mpc ™' [31, 56] (see the results in [57—61] in agreement with this
value). The two values of Hj are about 4o discrepant, which is known as the Hubble tension (Revs. [33, 62, 63]).

There are analyses in the literature (e.g., [64, 65]) to show that some of the problems are resolvable without
necessity of modification of the gravitational theory. On the other side, there are proposals for modification of
the gravitational model to overcome the issues. A non-exclusive list of such approaches can be found in
[63, 66, 67].

One of the proposals to deal with the expansion of the Universe is the Milne model [68—70] (Revs. [71, 72]).
The aim of this model is to provide an explanation for the recession velocities of galaxies solely based on special
relativity. The mathematical structure of the model is based on the hyperboloid foliation of the Minkowski
spacetime. An easy way to understand the Milne model is to focus on the FLRW coordination of the Minkowski
spacetime. To have a self-contained introduction and fix the notation, we briefly review the model here.

Milne model: a brief review
The Minknowski geometry in Cartesian coordinates X* = (cT, X, Y, Z) is

ds? = —c2dT? + dX? + dY? + dZ?, (1)
which in spherical coordinates X! = (cT, R, 6, ¢)would be
X = Rsinf cos p, Y = Rsinfsin ¢, Z = Rcos0, 2)
ds? = —c2dT? + dR? + R*(d6? + sin?0d?). 3)
Itis possible to change from the spherical to the Milne coordinates (7, X, 6, ©)
T = 7 coshy, R = c¢rsinhy, (4)
ds? = —c2d7? + c?r2(d? + sinh? x(d6? + sin? 0dp?)). (5)

Introducing the new radial coordinate R = sinh , the metric can be re-written as a FLRW metric
52

ds? = —c2dr? + g2 _
s cedtr a(T)(l_kR2

+ R?(d6? + sin® ngoz)) 6)

with k= — 1 and a(7) = ¢7. In this coordinate, the surfaces of constant 7 have the constant negative curvature. To
see this, by calculation of their extrinsic metric K, we find

da(7)
—3—— _
K=K%=—4d _ 23 @)
ca(T) cT

As aresult, the mean curvature of these surfaces is § = :_71 Moreover, the three dimensional Ricci scalar of
them is found to be equal to % that is a negative constant for a fixed 7. So, they are hyperbolic 3-spaces, H?, also
called two-sheeted hyperboloid of revolution, that we call them hyperboloids for short. These maximally
symmetric hypersurfaces are known since the 19th century by great mathematicians such as Gauss, Lobachevsky,
and Bolyai (Rev. [73]). The Milne metric in equation (6) is a coordinate representation of the flat, four-
dimensional Minkowski geometry that is maximally symmetric and possesses rotations, boosts, and translations
asits isometries.

We note that at 7 — 0 there is a coordinate singularity in the Milne metric. Nonetheless, in his model an
initial condition is imposed at this singular point 7= T'= R =0, and it is assumed that a random initial velocity
distribution yields the galaxies move on the straight worldlines of constant R forever, i.e., they reside ata

constant comoving radius R, and hence, constant . In this way, by equation (4), their radial velocity is

dR R
vy = — = ctanhy = —. 8
"= 3T X T ()
Denoting the inverse of the current age of the Universe by Hy, then at present, i.e.,at T = Hi,
0
HyR R
VH|present = HoR = OinRea R, = H_iHoR’ 9
c c

thatis Hubble’s law in Milne model. The R, denotes the radial coordinate of the Galaxy at the time of emission of
its light ray towards us, and its relation with the R can be found by simple trigonometry. The radial velocity vy
implies a redshift in the spectrum of the observed galaxies because of the special relativistic Doppler effect.
Notice that the Hubble constant Hy is not a fundamental constant in the Milne model and is simply the age of the
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Universe in which we live at the present. For the observers in the past and future, Hy takes the inverse value of
their cosmic time as the proportionality coefficient in equation (9).

In spite of the simplicity and elegance of the Milne model, it has some theoretical and observational
challenges to deal with. Although the distribution of matter is homogeneous and isotropic on the hyperboloids
of constant 7, it is not clear why the matter has exploded from a point of space, that is, R = 0, where we are living.
In other words, what is the reason for such discrimination between us and other distant observers in our special
relativistic inertial frame, i.e., those who are at rest w.r.t us? It is regrettable that they will not be able to observe
the isotropic cosmic redshift because the Universe has not exploded from their position if they follow their
worldline back in time. The answer to this fundamental question is not straightforward in the Milne model.
Another challenge is with the dynamics of the metric. The Milne metric in (5) is a member of FLRW metrics that,
by the Einstein equations, is expected to satisfy the Friedmann equations

> + - > (10)
a? 3 3 a 3

a\ ket 8nG Ac? i —4rnG 3P Ac?
+ +—,—=—p
a

in which the dot denotes derivation with respect to 7. The symbols A, p and P denote the cosmological constant,
the energy density and pressure of the matter as a perfect fluid (including radiation, baryons, and dark matter),
respectively. Noting that the Milne metric is the Minkowski metric, the r.h.s of the (10) has to vanish because the
Minkowski is a vacuum solution. However, for a FLRW metric with GR dynamics, the observed data of the
redshift and luminosity distances imposes constraints on the values of p, P, and A. In this context, the data is in
favor of non-vanishing values for these quantities, indicating the necessity of dark matter and dark energy.
Moreover, the best fit for the k turns out to be close to zero, that is in contrast with the k = — 1 in Milne’s model.
Saying in another words, the Milne model fails to reproduce the Hubble diagram of the observed distance
celestial objects (see [74—77]). In this regard, one can conclude that the Milne model is falsified by the
observation. It may be the reason that this model is not in the streamline of the cosmological investigations.
Nonetheless, the reader may be interested in looking at the works that study different aspects of the model, e.g.,
in [78-90], and alternatives to this model listed in e.g., [63, 66, 67].

Interestingly, it is possible to open a new way to deal with the challenges of the Milne and ACDM models.
The idea is to introduce the Hubble constant via a fundamental constant similar to the speed of light c. This new
constant, denoted by d, is a dimensionful constant with the dimensions of length. In parallel to ¢ that delimits
velocities in the Minkowski spacetime, d delimits the ‘position.” The dis introduced such that it is an invariant
bound, similar to c that is an invariant maximum speed, i.e., they have the same value for all inertial observers.
Surprisingly, such a modification can remedy the issues mentioned above and construct a new setup in the
context of large-scale gravitational formulations. To this end, in the rest of the paper we seldom refer to the
Milne coordinates. Instead, another coordinate is employed that is more suitable for such a modification; that
can be called the Einstein-Milne (EM) coordinate.

The paper is organized as follows: In the next section, inertial observers and frames in special relativity are
reviewed for later discussions. In section 3, the EM coordinates and frames are introduced. Transformations
within and between EM frames and their implications are studied in section 4. In section 5 we explain how the
EM model resolves the ‘center’ from the Milne universe. The GR dynamics of the model is investigated in
section 6. Theoretical prediction of the model for the Hubble diagram and its agreement with the observational
data are presented in section 7. In the last section, that is section 8, some clarifying discussions, the outlook of the
formulation for future works, and the conclusion are provided.

2. Review: Minkowski in cartesian coordinates

This section, although it may look very elementary (and probably boring) to an expert, is important in fully
understanding the upcoming sections. It is a purposeful review of the Minkowski spacetime in four dimensions
with signature (— 1, 1, 1, 1). The Greek indices run from 0 to 3 in accordance with the signature. We will keep the
speed of light ¢, Newton constant G, and Planck constant A explicit. The function log(... ) is the logarithm with
base 10, and In(... ) denotes the natural logarithm.

2.1. Cartesian coordinates

Beginning from the metric in Cartesian coordinates (1), an event is a point, as illustrated in figure 1, and is
specified by a coordinate (cT, X, Y, Z). A classical massive point particle is identified by a timelike line in the
geometry; that is its worldline. The velocity of such a particle is given by
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cT
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Figure 1. In Cartesian coordinates, the observer O is assumed to be at the origin. An event eis a point that is identified by its
coordinates (cT, X, Y, Z). The orange dashed lines show the hypersurfaces of constants T'and X. The gray dashed lines show one of the
light cones.

_dx
Mx—ﬁ
dy — _ 2 2 2
uy = 35, U = (ux, Uy, Uy), U = Uy + uy + uz (11)
4z
MZ—E

and its 4-vector

c
H 1 u
Ut — dx _ MX , (12)
do u? Y
I 2 \Uz

in which the proper time of a moving object is denoted by 0. On the other hand, the light, as well as other mass-
less particles, move on lightlike worldlines, i.e., the lines with % angle w.r.t the time axis.

2.2.Inertial observers and frames
2.2.1. Inertial observers
The observers that move freely, i.e., on straight worldlines in Minkowski background, are called inertial
observers. They have a constant velocity, and as long as the physics in special relativity is concerned, they are
equivalent without any preferences among them. The group of transformations among the inertial observers is
the celebrated Poincaré group. Let us review these transformations carefully that is appropriate for later
discussion. Beginning from the Cartesian coordinate X* we consider two inertial observers, O at
X5 = (cTo, Xo» Yo, Zo)and O’ at X’é’), = (cTy, X0 Yo', Zo'). The coordinates that the observers O and O’
attribute to the events can be denoted by X* and X '# respectively. Assume also that the observer O’ hasa
relative velocity v as measured by O, that is, when it is measured in the X* system of coordinates. By the
relativity principle, there is no absolute velocity for the inertial observers, so we can conventionally choose the O
to be at rest in the coordinates X".

In addition to the information above, we need two more pieces of information to be able to change from X*
to X '#: the coordinates of the origins of the X" and X /# systems in the X" system. Let us denote them by
Xt = (T, X, Y, Z)and X'* = (cT', X, Y/, Z') respectively. In this setup, the transformations from O to O’
that map the X" to X'# are

X' = AT — (X7 — X)), (13)

in which the A#(v") is the Lorentz group. In this paper the rotation subgroup is irrelevant and trivial in our
discussions, and we seldom mention it in the Lorentz group, while our focus will be on boosts.

Itis possible to trim the relation (13) a bit. The auxiliary (or better to say, the redundant) coordinate X" does
not appear explicitly in it. Noting that the difference X’ — X" is the same in X* and X*, we could ignore the
coordinate X" from the beginning and use the coordinate X*. It means that we could begin our analysis directly
from the O’s coordinate system. The identification X* = X" means that the origin of X" is chosen to be the
same as the origin of X*, i.e., X* = (0, 0, 0, 0). In addition, we notice that the X} and Xg, do not playany role
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, 0 o'
Xo X —Xo X/
O
c-¢----- —cTp
(a) (b)
Figure 2. Translations from an observer O to O’ in Cartesian coordinates. (a) From the point of view of O, the observer O’ is situated
at (cTo, Xo) with the worldline depicted by a solid blue line. (b) After the translations, the observer O is at the origin, while the
observer Oisat( — cTy, — X) in primed coordinates and follows the solid black worldline.

in the formula. In order to drop this redundancy too, it is standard (but conventional) to consider the observers
at the origin of their coordinates; that means X# = X 4 and X't = X", These identifications, together with the
previous one, yield X5 = (0, 0, 0, 0). Considering all of the above in (13), we achieve the standard Poincaré
transformation

X' = Af(V)IXY — X2). (14)

The term in the parenthesis is the action of the group of translations in space and time, and the A#(V") is the
standard notation of the Lorentz group. By setting X = X, in (14) itis clear that the new observer O’ also
attributes the coordinate X'’ = (0, 0, 0, 0) to himself.

2.2.2. Inertial frames

Another useful concept in the formulation of classical mechanics is the inertial frame. The concept distinguishes
the action of translations and boosts in Poincaré group. Translations in space and time in Cartesian coordinates
are shifts by a constant vector X{'

X' = X1 — X[ (15)

Conventionally, the observers that are related to each other by the translations (15), as well as the rotations, are
considered to be in the same inertial frame (we do not study accelerating observers in this paper). From the
physical point of view, the shift in (15) describes a change from the observer O at the origin X* = (0, 0, 0, 0) to an
observer O’ thatisat rest and situated at the point X{' = (cTy, Xo, Y5, Zo). Such a translation is illustration in
figure 2.

It is conventional to illustrate the Minkowski spacetime by the two dimensions cT'and X and eliminate the
coordinates Yand Z. So, the X direction will be the representative of all three spatial dimensions. Besides, this
spatial direction is usually chosen to be in the direction of the velocity of the object or observer. In the rest of the
paper, we use this convention whenever it is not necessary to consider all three dimensions.

In order to change coordinates for the observers in other inertial frames, special relativity employs a set of
transformations that are called boosts. As it was alluded to in the previous section, rotations and boosts
constitute a group that is called the Lorentz group. Explicitly and as a simple example, the transformation from
the coordinates X* of an observer O at the origin X = (0, 0, 0, 0) to X'# of an observer O’ situated at
X g, = (cTy, Xo, Yo, Zo) and with the velocity valong the X direction is given by (14) in which

¥y -8 00
— 00 1 v
Ay =78 : -, - (16)
0 0 10 i -3 & c
0 0 01

In summary, the translations and rotations change observers within one inertial frame, and the boosts transform
to another inertial frame.

For later arguments, it is important here to emphasize that the boost in A*, has the job of changing (or in the
context of this paper, translating) the velocity while not changing the position or clock of the observer (not to be
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Figure 3. (a) The inertial frame associated with the observer O that can be visualized by the worldlines of all observers that are at rest
with respect to her, and (b) another inertial frame that is moving with a relative velocity v = ¢ tan7.

confused by her clock rate). It is because, by such a boost, the initial observer coincides at position and time with
the new observer. They are at X = (0,0, 0,0)and X'* = (0, 0, 0, 0) respectively, which is the same point in the
spacetime. To change the position and clock of an observer, another transformation is used, which are the shifts
in space and time in equation (15).

A simple way to visualize an inertial frame is to consider the worldlines of all observers with zero relative
velocity, as in figure 3(a). The set of all straight and parallel worldlines with the angle = tan=!(|3]) = 0 with
respect to the ¢T axis (see figure 3(b)) constitutes another legitimate inertial frame if < %, i.e., the relative
velocity that labels the observers is less than the speed of light.

After the elementary review of special relativity, we can start the main part of the paper, whichisa
modification of the relation between observers and the transformations in special relativity.

3. Minkowski in Einstein-Milne coordinates

In classical mechanics before special relativity, Galilean transformations were used to translate in space and time,
as well as changing inertial frames. The latter, i.e., changing the inertial frames, could also be considered as
‘translations’ in velocities. In both cases, translations in space and time, and velocities, there were not any
bounds on the values of translations. One could change the position, time, and velocity as much as she wanted.
In special relativity, Einstein kept the translations in space and time intact, while he changed the translations in
the velocities such that there would be an upper bound on the velocities, that is, the speed of light c.

The main idea of this section is to modify translations in positions similar to what Einstein did for velocities.
To this end, on the same footing of the speed of light ¢, an upper bound for positions can be introduced. We
denote this bound on position by d. Such a construction induces a natural coordinate, the EM coordinates, that
will be denoted by x*. This system of coordinates uses the same hypersurfaces of constant time as the Milne
coordinates, while implementing the scale d in the formulation. In what follows, the reader may realize that the
steps are similar to the steps from Galilean mechanics to special relativity and employment of boosts in
translation of velocities, but this time for the positions.

3.1. Spherical version

The spherical version of EM coordinates, x ! = (ct, r, 6, ¢),isrelated to the spherical Cartesian coordinates

X! in equation (3) by

— =0, Y= 7)

in which 0<r < d. The constant d is the upper bound for positions that was advertised before and plays an
important role in the analysis of this paper. In spherical EM coordinates, the Minkowski metric is
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N cT .7 N cr L

(a) (b)

Figure 4. (a) The observer O is assumed to be at the origin (t = 0, x = 0) in Einstein-Milne coordinates. The dashed black line depicts
the hypersurface of simultaneity for the observer O. The orange lines show the hypersurfaces of constant ¢ and lines of constant x. (b)
An event eis a point that is identified by its associated Einstein-Milne coordinates (ct, x).

2ct

ed 2

2

ds? = (fczdtz + d% + r2(d6? + sin? Gdgaz)), f=1- %. (18)
Notice that the term in parenthesis is the four-dimensional de Sitter spacetime in the static coordinates. So, the
EM coordinates are the ones in which the Minkowski spacetime is manifestly conformal to the de Sitter
spacetime. This is an interesting feature concerning the causal structure of the two cosmological models.
Moreover, the EM coordinates cover the patch inside the light cone with its tip at the origin T= R =0 (see
figure 4).

The trace of the extrinsic curvature of the surfaces of constant ¢is found to be

—3e~d
K=K" = T (19)

2a

—6e d
.

constant and negative at any given time ¢, which means that they are the Milne’s hyperboloids.

The Ricci scalar of these hypersurfaces can also be found to be equal to So, the spatial curvatures are

3.2. Cartesian version

A convenient coordinate to study boosts in special relativity is the Cartesian coordinate. For the same reason, in
this section we focus on the Cartesian version of the EM coordinates x* = (ct, x, y, z) with the notation

x = (x, ¥ z), thatis defined by

cT d
_|x]_ o« 1 x
Xt = v |~ edﬁ y > (20)
z P \z
in which
—00 < t < 00, —d<{x,y,z} <d r2=x2+y? + 2%, 0<r<d. 21)
The Minkowski metric in this coordinate is
2ct
d dx + yd dz)?
ds? = S0 e 4 de? 4 dy? 4 dg2 4 Sy zda ) 22)
f &’f
The hypersurfaces of constant time t are the future sector of the hyperboloids that are determined by the
constraint
2t
X, X*=—d%a, (23)




I0OP Publishing Phys. Scr. 100 (2025) 085006 K Hajian

¥

Figure 5. An Einstein-Milne frame can be visualized by the straight worldlines of the observers that pass from the origin.

and hence,

d — X, X
t=—In[ —&—|. 24
2¢ n( d? ) 24

The lines of constant position are straight, timelike worldlines that pass from the tip of the light cone. An
illustration of these surfaces is presented in figure 4.

An interesting feature of the EM coordinates is that the observer at x** = (0, 0, 0, 0) is situated at
X"=(d,0,0,0),i.e.

(25)

S O O

This feature resembles the non-vanishing velocity 4-vector V* = (c, 0, 0, 0) for a particle at rest in an inertial
frame of special relativity.

Another feature of the EM coordinate is that it covers only the inside and future of the light cone with the tip
at X" =10, 0,0, 0). This condition, which is

X, X% <0, and  0< X, (26)

is the positional analogue of the similar condition on velocities in special relativity: that the velocity of the
physical observers is constrained to be less than cand future directed, and hence, V o/, V3 < 0and 0 < V2.
However, we realize that the velocity in special relativity is constrained to be on the hyperboloid

VoaVy = — c? while the position is not. In a section devoted to the velocity, we will show that the latter
constraint on the velocities is relaxed in the EM formulation, which makes the position and velocity more

similar.

3.3. Einstein-Milne frames

Similar to the inertial frames in Cartesian coordinate system, it is useful to define a new set of frames that are
induced by the EM coordinates. All observers that have constant EM positions, i.e., they are labeled by the
coordinates x** = (ct, xo, yo, 2o) with constants {xo, o, 2o} constitute a frame. We can call it an EM frame and
visualize it as all straight timelike worldlines that pass from the origin X* = (0, 0, 0, 0). A schematic of such a
frame is depicted in figure 5.

Notice that all of the observers that we consider in this paper, either in an inertial frame or in an EM frame,
are inertial observers. However, we did not touch the name of the frames in special relativity and still called them
inertial frames. So, one should be careful that the terminology does not mean that the observers in an EM frame
are not inertial.

Each EM frame highlights a light cone, that is found by the outermost worldlines in the EM coordinates, i.e.,
in the limit of positions to d. It is basically the congruence of the light rays that have emitted from some point
(}2', Y, 2) and at some time T'. In such a case, the tip of the light cone would be at XM = (cf, X, 7, Z). So, any
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Figure 6. Einstein-Milne frames: In this figure, two frames are depicted, one in black and the other in green. Their tips are situated at
(0,0)and (cT, X), respectively. Any EM frame can be labeled by the coordinate of its tip.

EM frame can be labeled by the coordinate X" of its tip. For visualization, two such frames are depicted in
figure 6.

A similar question as in the case of the inertial frames arises here, which is about the coordinate of the
observer. In contrast with the observers in the inertial frames at the origin, EM observers are considered to be not
atthe tip X", but at the coordinate X" + (d, 0, 0, 0). Let us emphasize it as the ‘fundamental feature’ of the EM
frames here.

Each EM frame in its associated (Cartesian) coordinates has the tip of its light cone at the origin (0, 0, 0, 0) and its
observerisat (d, 0,0, 0).

As aresult of this feature, the transformations between the EM observers can be different from the Poincaré
transformations in (14) that are suited to transform within and between the inertial frames. In the next section,
the appropriate EM transformations are investigated.

4, Einstein-Milne transformations

To find the appropriate transformations in the EM formulation, we divide the analysis into two parts:
transformations between the observers (i) within an EM frame and (ii) in different EM frames. We notice that
the observers in an EM frame are not at rest with respect to each other. This can be easily seen from the different
slopes of the worldlines in figure 5. Therefore, the transformations should be such that, in addition to position
and time, they should change the velocities in an appropriate way that is related to the change of positions. For
clarity, we introduce the spacetime action of the transformations in this section and postpone their action on the
velocities to the next section.

4.1. Transformation within a frame

Let us consider an observer Oat x5 = (0, 0, 0, 0), thatis, at X" = (d, 0, 0, 0) in an EM frame with its tip at
X*"=(0,0,0,0). An appropriate translation in position and time to another observer O’ at the point

x g, = (cto', X0s ¥o» Z20') that respects the fundamental feature of the EM frame can be given by a scaling and
boost-like transformation

s
XM =e d A(FonXY, Q7

in which A#(xo") is the boost in the direction of X’ with the magnitude
1 r
"y = —, /8 =

J1 — 3

The scaling acts as a translation in time, and the boost changes the position of the observer. Of course, A
represents the Lorentz group that includes rotations too. However, in this paper our focus is on the boosts and
ignore the rotations that can always be considered trivially.

As an example, let us consider the observer O’at x*, = (cto’, x> 0, 0).In this case, the boosts are
explicitly

O/
e (28)
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Figure 7. Translations from an observer O to O’ in EM coordinates, in contrast with figure 2. (a) From the point of view of O, the
observer O’ is situated at (cto/, xo) with the worldline depicted by a solid blue line. (b) After the translations, the observer O’ is at the
origin of his EM coordinate, i.e.,at ' = 0 and x’ = 0, while the observer Oisat (—cto’, —x0’) in primed coordinates and follows the
solid black worldline.

¥y =8 00
- 00 1 X0’/
Moy =" 7 , -, p=% 29)
e 0 0 10 BN d
0 0 01
and we find
—ct o’ —cto’ —ct o’ —ct o’
cT'=~e a (cT — BX), X'=~e da (X — BcT), Y =¢ a4 Y, Z'=e a Z. (30)

Asaresult of the transformation above, an event at x* = (ct, x, y, z) is mapped to x'#* = (ct’, x', y’, z') by

H=t—to, =20 Y gz (31)
= 1-2 1-2
d v d v d
Itis easy to check that in the new coordinates, the observer O is situated at X'’ = (d, 0, 0, 0) and the tip of
the frame light cone is at the origin X' = (0, 0, 0, 0). In other words, the transformation (27) respects the EM
fundamental feature that was emphasized in the previous section. A schematic of such an EM ‘space and time
translation’ from O to O’ is depicted in figure 7.

4.2. Transformation of the metric

The boost sector of the coordinate transformations in equation (27) from X* to X’# keeps the Cartesian metric
2ct !

diag( — 1,1, 1, 1) intact. But, the scaling sector multipliesitbya factor e @ .To undo the change of scales

between observers at different hyperboloids, in addition to the diffeomorphism (27) a rigid Weyl scaling with a

2ty

factor e~ 4 isnecessary, thatis

2ct o’

g;w —e d gyu‘ (32)

Such a scaling removes the ¢ o’ from the resulted metric that is written in coordinates x'# = (ct', x/, y', z), and
yields a metric that is exactly the same as (22) with the replacement (ct, x, y, z) — (ct’, x', y’, z’). From the
physical point of view, such a scaling is necessary to prevent any value of t from being privileged and makes all
observers at different time slices to be physically equivalent.

4.3. Velocity
In the EM model, the velocity 4-vector has a delicate difference in its components when compared to the special
relativity. Let us consider a massive point particle in motion with the velocity

10
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ur = X
X = ar
dy — _ _ 2 2 2
uy = 3o u = (ux, uy, Uyz), U= Juy + uy + uz. (33)
w —
Z = ar

Assume also that the particle is at some point x{' = (cto, X0, ¥,» Zo) from the point of view of the observer O, that
she herselfis at x* = (0, 0, 0, 0). The velocity 4-vector of such a particle is defined as

X ctodX cto c
4 T AYH — u
U+ = — -4 uX , (34)
do doo T
2 \Uz
in which o is the proper time of a moving object on its hyperboloid of constant time, and,
doty = —dXx"dX,,. (35)

We note that by the scaling equation (32) the proper time is different for the observers at different time ¢. Asa
result of this scaling, the proper time of the motion of the aforementioned particle from the point of view of the
observer O, denoted by do, is given by
ct
doo = e?oda, (36)
which provides the second equality in equation (34). So, although the definition of the velocity is similar to the
ct

0
special relativity, there is an extra e d when written in from the point of view of the observer O. The last equation
in equation (34) is the replacement of oo by d T via the relation

u2

dopo =c¢ 1— — dT, (37)
c

that is a rearrangement of equation (35). The necessity of the presence of the factor e%o in 4-velocities can be
realized by the expectation that an observer that is attached to the moving object should attribute the 4-velocity
(¢,0,0,0) toit, and so, such a factor is needed to cancel the scaling e '@ in the transformation equation (27) to
such an observer. An interesting feature of this modification is that the U* is no longer constrained to satisfy
U, U%= — . Instead, we find

2cty

U U%= —c% d . (38)

4.4. General transformations
The group of transformations in equation (27) acts within an EM frame and is composed of the Lorentz group
and the scaling. The rotation subgroup of the Lorentz group acts as the usual rotation, while the boost part does
the job of translations in EM position. Besides, the scaling serves as the translation in EM time.

The next step is to generalize the transformations that include changing from an EM frame to another one.
In other words, we would like to ask about how to transfer to an observer that his worldline does not necessarily
pass from the tip of the initial frame. To answer this question, let us consider the initial EM frame with the tip of
its light cone at the origin X** = (0, 0, 0, 0) and its observer O at X* = (4, 0, 0, 0). Another observer O’ is at some
point X, or by the relation (20) at some x g ,» inside the future light cone of the initial frame, i.e., his coordinate
respects the condition (26). His velocity 3- and 4-vectors are denoted by v = (vy, vy, v,) and Vg, respectively.
The configuration of the two observers is illustrated in figure 8.

Given the setup that is described above, the transformation from the observer O to O is given by

_co’ — SV
X't =e"a A(V)X" - X), (39)

in which
XA” = XV d‘/‘y
- %o’ T c o’ (40)

is the coordinate of the tip of the new frame to which O’ belongs. The intuition of the generic transformation
(39) is as follows: The EM frame that the O’ could be one of its observers is not unique. However, the X" isthe
tip of the frame to which O’ belongs, and in addition, he is on a hyperboloid with a similar curvature as his
original one in the initial frame (see figure 9). By equation (19) it means to be at the similar time ¢ /. This can be
examined by calculating the square of the norm of X/, — X" via equation (23) and finding that the result is the

same as for the X/}, itself. Having the tip of the new frame in hand, the X" — X" in (39) is a shift to this new

frame. Then, within this frame, the O’ is transferred to the coordinate X'# = (d, 0, 0, 0). The A# (v") and the
time scaling do this latter job. A schematic of the initial and new EM frames is depicted in figure 9.

11
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Figure 8. A generic EM transformation changes from the observer O to an arbitrary observer O’ thatis inside the future part of the
light cone of the initial frame. The worldline of O’ does not pass from the tip of the light cone at the origin, and so it belongs to
another EM frame.

Figure 9. The observer O, which he and his worldline are colored in red, belongs to a frame that is depicted by green color. The frame
isintroduced such that he is at a hyperboloid, the brown, that is similar to his original hyperboloid, the blue. If the tip of this frame
happens to be at the origin, the generic EM transformations reduce to the translations within an EM frame.

In the next section, we will clarify why ¥ and X~ can be used interchangeably within a frame. However, at
the end of this section, let us have a closer look at the generic EM transformations in (39).

+ Inthe special case XM = (0, 0, 0, 0), the equation (39) reproduces the transformations within an EM frame
in equation (27). It is easy to visualize how the two frames in figure 9 coincide when X" = (0, 0, 0, 0).

+ The generic EM transformations in (39) have the group structure of Poincaré. Note that the parameter ¢ o’ in
the scaling is not independent from the Poincaré input parameters v" and X“,.

12
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Figure 10. (a) The 2-dimensional Minkowski in Cartesian coordinates: the vertical solid lines show the worldlines of some uniformly
distributed matter. (b) The same physical setup in the Carter-Penrose diagram: the diagram induces an illusion of the explosion of the
Universe from the pointi .

+ Although the transformation (39) resembles the transformation in (15) in group structure, they are different
in the context of the inertial frames and EM frames.
Inertial frames: The standard (shift-like) translations (15) act within an inertial frame, while boosts (16)
change one frame to another.
EM frames: The standard (shift-like) transformations change the frame, while the boosts (27) (and scaling)
act within a frame.

The rotation part of the Lorentz group acts in the same way in both of the frame types. The words above give
some intuition of the difference between the two types of frames, while the reader notices that all of the
transformations can be considered a change of frame depending on the definition of a frame. For example, ifa
rotated coordinate is considered a new frame, then it could be said that the rotation changes the frame. But this is
not the usual terminology in special relativity, and we have used similar terminology in the description above.

5.No center in the EM universe

In the introduction, a question was posed to the Milne model: Are the observers at R = 0 privileged because the
Universe has exploded at their position long ago? These observers (in contrast with other inertial observers in the
same inertial frame) have an isotropic panorama of the recessing galaxies. In EM formulation, the answer to this
question is ‘no, we are not privileged,” even though it is a problem for the Milne model. The aim of this section is
to clarify the difference between the two models that resolves this issue.

To see how the EM model answers this question, let us pose the question in a simpler setup that the reader is
probably more familiar with. Consider the 2-dimensional Minkowski spacetime in the Cartesian coordinates
(cT, X) filled with some matter that is homogeneously spread along the X axis. The setup is depicted in figure 10.
However, this homogenous setup looks different in Carter-Penrose coordinates (¢7Z, X) via the transformations

tan’l(—CT:X) + tan’l(—CT;X) tan’l(—CT:X) - tan’l(—CT;X)
cT= , X= ,cT, X e

2 2

T
>

which is illustrated in figure 10.

Looking at the Carter-Penrose diagram without having any additional information from the Cartesian
coordinate could, in principle, induce that the observer O = (0, 0) is at the center of the Universe because all of
the matter of the Universe has (apparently) originated from the same spatial point X’ = 0, thatis i~ = (—g, 0).
Here, the reader is invited to think about a method to reject this false deduction without referring to the
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Cartesian coordinates, having in mind that, per se, no coordinate is preferred to any other coordinates in general
relativity.

The above fallacy can be rejected using the proposition: translations in spacetime are governed by the
transformations that are generated by Ot and Ox. To this end, we may use the proof by contradiction as follows.

+ Assumption 1: 7~ = (—%, 0) is at the center of the Universe.

+ Corollary 1: Any observer who has Carter-Penrose spatial coordinate X’ equal to the i~ is at the center of the
Universe.

+ Corollary 2: The observer O in figure 10 is at the center of the Universe.
+ Corollary 3: Another observer O’ at X’ = 0 is not at the center of the Universe.

+ Assumption 2: Translations in spacetime are governed by the transformations that are generated by drand

Ox.
+ Corollary 4: The point i~ is invariant under the spacetime translations in Assumption 2.

+ Corollary 5: The observer O’ can always be translated to the similar Carter-Penrose spatial coordinate asi™,
thatis X = 0.

+ Corollary 6: By corollaries 1, 4, and 5, the observer O is at the center of the Universe.

But corollary 6 is in contradiction with corollary 3, showing that one of the assumptions (here, Assumption 1) is
false. The lesson that we learn from the above analysis is that apparent divergence (or convergence) of matter
from (or into) a point in an illustrative diagram may be an illusion and artifact of the choice of coordinates.

After this warming-up example, we can look again at figure 5. It resembles figure 10 in the sense that there isa
point X** = (0, 0) from which (apparently) the matter of the Universe is originating. However, in this case (and
based on the proposal of this paper), the Cartesian coordinates X* are the illusive ones, and the EM coordinates
x' are those that are assumed to govern the translations. The same proof can be used to show that neither the
point X* = (0, 0) nor the observer O at some point X* = (cT, 0) reside at a point that can be considered as the
center of the Universe. For completeness, the steps are explained below.

+ Assumption 1: X* = (0, 0) is the center of the Universe.

+ corollary 1: Any observer who has a Cartesian spatial coordinate X (or in 4-dimensional case, the radius R)
equal to zero is at the center of the Universe.

+ corollary 2: The observer O in figure 5 is at the center of the Universe.
+ corollary 3: Another observer O’ at X = 0is not at the center of the Universe.

+ Assumption 2: Translations in spacetime are governed by the transformations that are generated by EM
translations, that are the boosts in (30).

+ corollary 4: The point X** = (0, 0) is invariant under the spacetime translations in Assumption 2.
+ corollary 5: The observer O’ can always be translated to the Cartesian spatial coordinate X’ = 0.

+ corollary 6: The corollaries 1, 4, and 5, the observer O is at the center of the Universe,

which is in contradiction with corollary 3. So, one of the assumptions (that is proposed to be Assumption 1 in
this paper) is incorrect. It is important to emphasize the role of Assumption 2 in the above argument, that
distinguishes the EM coordinate. Besides, this assumption is the main difference between the EM and the Milne
model and resolves the ‘center of universe’ problem that was alluded to in the introduction.

So far we showed that the illusive central point of the divergence of matter in figure 5 does not result in the
existence of a center for the Universe. Nonetheless, it distinguishes one of the EM frames from the other ones;
the one whose tip is identified by X** = (0, 0). Does it make this EM frame a privileged one? To answer this
question, we recall that in the standard cosmology, there is one privileged inertial frame that its observers detect
the recession redshift isotropic, and other inertial frames that have non-vanishing velocity w.r.t. it would miss
this nice isotropic picture. In other words, in the standard cosmology, there is a privileged frame, while all
observers within that frame are equivalent. Therefore, the existence of a privileged frame in the Universe is not
considered so discriminating. The same is true in the EM model. It is an EM frame that is privileged by the
observation: the one with its tip at the point of explosion. However, it does not mean that we, as some observers
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in this frame, are fortunate in our position in the Universe. In other words, all distant observers in our EM frame
are as lucky as us and enjoy an isotropic view of redshifted galaxies.

5.1. Hubble’s law without ultra relativistic speeds
The velocity 4-vector in equation (34) is a covariant vector that transforms similar to the X" in equation (27)

e
Ut =e d AN (Xo)UY, (42)

This can also be derived by noting that in the definition of U* in equation (34) do, that is defined on the similar
hyperboloid of the particle, is invariant and does not change, while dX* changes similar to the X*".

To find how %’ is transformed, we note that e% in (42) is combined with the scaling factor in (34) to
constitute the new time t; = t, — t o of the particle. So, it suffices to focus on the A* (x'o) part of the
transformations in equation (27) on velocities. This transformation is just the action of a boost with the
parameter 3 = % in the X5 direction. Explicitly, for the simple case of the translation in x direction as in

equation (29), itis

c
ux — =Xo’ u u
! d /I Y ! 4
= Sy Y R *)
cd v cd v cd

However, this is exactly the action of boosts by the speed vy that is related to x o' by vy = gx o’- Thisisan
important result of the analysis in this paper; in EM formulation, a translation in position induces a translation
in velocity that are related to each other by a factor g. In other words, transformation from an observer O to
another observer O’ at x = xo'with 8 = % changes the inertial frame to another one with the velocity v = fc.
Therefore, the EM translations (27) are translations in both of the positions and velocities. For an EM translation
towards an arbitrary direction, this relation can be isotropically written as

c

V= —r. 44
7 (44)
This result is the celebrated Hubble’s law v = Hyr in EM relativity with
Ho= . (45)

Notice that in contrast with the standard Hubble’s law in open universes, the speed v in equation (44) cannot
exceed the light speed c because the positions (here, x o’ or r) are bounded above by d in equation (21).

Hubble’s relation in standard cosmology indicates superluminal speeds w.r.t an observer. Butitisnota
problem in standard cosmology because of the expansion of the geometry (see, e.g., [75, 91]). In the next section,
we study the dynamics of the EM model in GR and show that the values of d and the current density of matter are
such that the geometry at the current time can be well approximated to be a Minkowski. So, the forbidden
superlumnial Hubble’s velocity, which is a characteristic of the EM (and also the Milne) model, turns out to be
useful in explanation of the observed cosmological redshift.

6. Dynamics in general relativity

The Minkowski geometry, independent of its coordination, is a vacuum solution to GR. However, it is no longer
asolution if there is some matter in the Universe, as we see manifestly there is. The presence of matter brings
about dynamics in such a static geometry. General relativity, which is the most successful theory of gravity, is one
of the many gravitational theories that are built to model the dynamics of the matter and geometry of the
Universe. It is explained by the Einstein-Hilbert action and Lagrangian

!

I= [|d/=gL, L=
f WTE 167G

where R is the Ricci scalar (not to be confused by R as a radial coordinate), G is the Newton constant, and £ is
the Lagrangian of the matter. The field equation of this theory is the celebrated Einstein equation

381G
e

G/u/ = ﬂtm (47)

inwhich G, and T, are Einstein tensor and energy-momentum tensor of the matter fields, respectively.
Assuming the cosmological principle in the EM model, we consider the matter field to be a homogeneous and
isotropic perfect fluid,

T* = diag(—pc? P, P, P). (48)

15



10P Publishing

Phys. Scr. 100 (2025) 085006 K Hajian

On the same footsteps of the standard model of cosmology, we assume that the dynamics respects the isotropy
and homogeneity of the surfaces of constant ¢ in the EM metric (18). Therefore, the EM metric can only be
modified by a factor a(t) that scales the maximally symmetric hyperboloids of constant time. So, the ansatz of the
dynamical EM metric is

2ct

ds? = %(—fczdt2 + a2(t)[d7r2 + r2(d6? + sin? Gdgaz)]} f=1-—. (49)

By inserting this ansatz in the Einstein equation (47), the analogue of the first Friedmann equation in
equation (10) is found from the 00 component of the equations as

a ¢V . ke 8n1G 2ct
(foa) a5 (50)
fork=—1.

Ther.h.s of (50) is negligible w.r.t other terms by the observation of baryons and radiation, that are the visible
(i.e., not including the dark) matter and energy in the Universe. To see this, by equation (45) the (ke®)/(d*a®)
term can be written as (kHg)/(a?) in which k is equal to —1, and a(f) at present is chosen to be equal to 1. Besides,
tinr.h.s of (50) is set to 0 at present. So, comparison of the aforementioned term with the r.h.s of (50) is the
comparison of (3Hy)/(87G) and p. In the standard model of cosmology, the former is called the critical density
P Observational data shows that the energy density of the visible matter and radiation in the Universe is about 5
percent of the p.. Therefore, the field equation (50) is approximately

. 2 2
a ¢ ke
-+ =] + ~ 0. 51
(a d ) d’a® GV
The generic solution to this equation is
a(t) = 1 + age” 4. (52)

The constant a, is the integration constant that can be absorbed by the diffeomorphism
d et
t—t+ —In(1 + age 4). (53)
c

Hence, it can be set to zero, and the EM metric (18) is recovered. The solution (52) satisfies other components of
the field equation (47) in the dust approximation of the matter, that s, P = 0. This approximation is a valid
approximation, noting that the density of radiation is of order 10~* smaller than the density of baryons in the
Universe.

In summary, the visible matter content of the Universe is so dilute at present time that it can be ignored at
first order in the EM model. In this regard, it is possible to apply the formulation explained in the previous
sections to study kinematics at large scales. While the Universe’s matter and radiation content influence
spacetime dynamics, we’ll focus solely on kinematics in this paper, reserving dynamic investigations for future
work. In the next section, we explore one of the most interesting implications of the model, which is the
cosmological redshift.

7. Cosmological redshift: theory and observation

7.1. Translational redshift as a Doppler effect

In section 5.1 it was shown that an EM translation in space is concomitant with a change of velocity that is related
via Hubble’s law in equation (44). So, in the EM model, the boosts have a double job: translations in space and
velocity. However, the boosts also change the frequency of a beam of light by their action on its 4-momentum
vector. This effect is known as the relativistic Doppler effect.

Interestingly, in EM formulation, the frequency of a perceived light is always redshifted (i.e., not blueshifted),
if the source is at a distance in the same EM frame. To investigate this, imagine a spherical source of light of
frequency v, e.g., a galaxy, and an observer O in its vicinity. Consider also another observer O’ in the same EM
frame that is coordinated by a position r (as defined in equation (21)) in a cosmological distance from the Galaxy.
Assuming the isotropy, let us consider the observer O’ to reside in the positive X direction, and so, r = x . In
the vicinity of the source, the angular frequency and the wave number of the light beam are given by the standard
relations w=2nvand k = 27” respectively, where the wavelength \is givenby A = f Therefore, around the
source, the momentum 4-vector k* of the light propagating towards the O’ is given by k* = (fw, fikc, 0, 0). Such
a4-vector transforms covariantly as
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T NI (54)

However, similar to the velocity in (34), k” and k’” have an extra scaling in their definition whenever they are not
on the same hyperboloid as the observer. In this regard, the scaling in the transformation (27) only shifts the EM
time fin that factor and does not affect the frequencies. So, the frequency that the observer O’ perceives is
different from the one emitted from source by the action of the translation A/(r). By replacing A% (r) from (29)
and using the definitions w’ = 27/ and k' = 2/\—7 and therelation N = 5 ink'" = (hw', hk'c, 0, 0), we find the
translational redshift formula in the EM model to be

v = V. (55)
1+

The radius r is a positive number. So, this Doppler effect yields v’ < v, i.e., a redshift in the detected light.

Let us clarify why the words ‘perceived’ and ‘detected’ are emphasized above. The light rays that propagate in
the opposite direction of the residence point of an observer are blueshifted. To see this, such a ray in our setup
that was described above propagates in the negative X direction and has a momentum k* = (fw, — fikc, 0, 0). It is
easy to check that the frequency is blueshifted by the boost of the translation (54) simply by exchanging the plus
and minus signs in (55). However, such a beam will never be perceived by O’ unless there could be a mirror
effect somewhere that could be considered as a new source of the beam, and again brings the redshift to the
calculation, and the overall shift will be towards red.

7.2. Luminosity distance in EM model
One way to find the distances from shining point-like objects is to measure their light intensity while knowing
their intrinsic luminosity. Then, based on how fast the light intensity falls in its radial propagation, the distance
from the objects can be deduced. However, the radial dependence of the fall-off depends on the formulation and
model. Here, the aim is to study this topic in the EM formulation. This analysis elucidates how the model can
explain some related observational data in the next section.

Basics: Absolute luminosity L of a point-like isotropic celestial object is defined to be the total energy per
second emitted by it. If the flux of energy received from the object is denoted by F, that is the amount of energy
per second passing a unit area of the detector, then

L

- 56
4} (56)

in which d is called the luminosity distance. Besides, using the F the apparent magnitude m of the object is defined as

]T
m = —2.5log , (57)
(-710pc)

where Fjp is the flux of energy received from the object if it is situated at a luminosity distance of 10 parsecs
(10pc) from the observer. Similarly, the absolute magnitude M is defined by

M= 2.510g( ), (Liope = Frope x 4m(10pc)?). (58)
10pc
Putting the three equations above together, one finds
di
m = M + 5log > (59)
10pc
and if d; is measured in mega parsecs (Mpc),
m = M + 5log(d;) + 25. (60)

In addition to the magnitudes, the frequency of the received light can be measured in the detector. The ratio of
the emitted and received frequencies is parameterized by the redshift factor z,

/
l+2z— % _ VL (61)
which, in the EM model via equation (55), it is
1+ 2
1+z= I . (62)
T d

Luminosity distance: The inverse of equation (62) yields the relation between EM distance r and the redshift
factor zas
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Figure 11. A light ray is emitted from a source at ¢T, and R, and is received by the observer O. The luminosity distance is a distance that
the light is attenuated proportional to its square and is different from R, because of the distance and relative motion of the source.
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However, the distance that is usually measured in the lab is the luminosity distance d;. In order to find the d;(z)
instead of r(z), one needs to have d;(r). In the EM model, the relation between d; and ris given by

dL = > (64)

which is derived below. Therefore, by replacing equations (45) and (63) in equation (64), the relation between
the luminosity distance dy and the redshift factor zis found to be

< z2(z+2)  z(z+2)d
H, 2 2

da, = (65)
Derivation of equation (64): Similar to special relativity, in the EM model there are two reasons that the light
from a distant moving source is detected to be attenuated as seen by the receiver: the distance and the relative
motion. The former yields the fall-off of intensity when a spherical wave propagates. The latter includes redshift,
relativistic beaming (or headlight effect and Doppler boosting), and differences in the measurements of time
intervals.
To analyze these phenomena in the EM model, consider the receiver to be the observer O in her point (25) of
the EM frame with the coordination X*. In addition, imagine a source of light in the same frame but ata
constant distance r. According to the relation (44) such a source has a non-vanishing velocity v = gr as seen by
O. Let us consider a light ray emitted from the source and perceived by the observer O. Itis a practice of
trigonometry (see figure 11) to find from (20) and (44) that, given the r, the coordinate of the source at the
moment of emission X/ (the subscript ‘e’ for emission) is given by

d g (66)
1+

cTe:1

s

r
d
Using these relations in the equation (23) for X/ and dividing it with the similar equation for the
X5 =(d, 0,0, 0)wefind

c(te—to)
d

(67)

Figure 11 clarifies the setup and how these relations can be calculated by noting that the light rays move on
lightlike worldlines.

Now, let us focus on the observer in the vicinity of the source. He finds the energy flow towards the receiver
by measuring the amount of energy AE, that passes a solid angle d{2, and dividing it by the unit of his time At,.
The question is how this measured energy flow is seen from the point of view of the O, which her corresponding
quantities are denoted by AE, d€2, and At, respectively. To find the answer, we study the transformations of each
term separately.
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Table 1. Observational data for the redshift factor zand the effective apparent magnitude i of the low and high redshift supernovae
imported from tables 3, 4, and 5 of the Supernova Cosmology Project paper [94]. (A) Low-z SNe from Hamuy [95] and Riess [96]. (B) New

Fits to Perlmutter [2] SNe, (C) The additional 11 SNe by the Hubble space telescope reported in [94].

A

SN z md

19900 0.030 16.33 + 0.20
1990af 0.050 17.39 + 0.18
1992P 0.026 16.14 + 0.19
1992ae 0.075 18.35 + 0.18
1992ag 0.026 16.34 + 0.20
1992al 0.014 14.42 + 0.23
1992aq 0.101 19.12 + 0.17
1992bc 0.020 15.18 + 0.20
1992bg 0.036 16.66 + 0.20
1992bh 0.045 17.64 + 0.18
1992bl 0.043 17.03 + 0.18
1992bo 0.018 15.42 + 0.21
1992bp 0.079 18.16 + 0.18
1992br 0.088 18.93 £+ 0.20
1992bs 0.063 18.26 + 0.18
1993B 0.071 18.40 + 0.18
19930 0.052 17.53 £+ 0.18
1993ag 0.050 17.73 + 0.18
1994M 0.024 16.07 + 0.20
1994S 0.016 14.83 £+ 0.22
1995ac 0.049 17.17 + 0.18
1995bd 0.016 15.37 + 0.30
1996C 0.030 16.74 £+ 0.19
1996ab 0.125 19.47 + 0.19
1996bl 0.035 16.71 + 0.19
1996bo 0.016 15.65 + 0.22

B

SN z mg

1995ar 0.465 23.35 £+ 0.22
1995as 0.498 23.74 £ 0.23
1995aw 0.400 22.57 £+ 0.18
1995ax 0.615 23.38 + 0.22
1995ay 0.480 2290 £+ 0.19
1995az 0.450 22.66 + 0.20
1995ba 0.388 22.60 £+ 0.18
1996¢f 0.570 23.30 £+ 0.18
1996¢g 0.490 23.11 + 0.18
1996¢i 0.495 22.78 £+ 0.18
1996¢l 0.828 24.49 £ 0.46
1996cm 0.450 23.11 + 0.18
1996¢cn 0.430 23.09 £+ 0.19
1997F 0.580 23.57 £+ 0.20
1997H 0.526 23.09 £+ 0.19
19971 0.172 20.29 £+ 0.17
1997N 0.180 20.48 £+ 0.17
19970 0.374 23.60 £+ 0.18
1997P 0.472 22.99 £+ 0.18
1997Q 0.430 22.52 £ 0.17
1997R 0.657 23.80 £+ 0.19
1997ac 0.320 21.96 £+ 0.17
1997af 0.579 23.38 £ 0.18
1997ai 0.450 22.63 + 0.22
1997aj 0.581 23.16 £+ 0.18
1997am 0.416 22.63 £ 0.18
1997ap 0.830 24.38 £+ 0.18
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Table 1. (Continued.)

C
SN z ml

1997ek 0.863 24.59 £ 0.19
1997eq 0.538 23.15 £ 0.18
1997¢z 0.778 24.41 + 0.18
1998as 0.355 22.66 + 0.17
1998aw 0.440 23.26 £ 0.17
1998ax 0.497 23.47 + 0.17
1998ay 0.638 23.92 £+ 0.19
1998ba 0.430 22.90 £+ 0.18
1998be 0.644 23.64 + 0.18
1998bi 0.740 23.85 £ 0.17
2000fr 0.543 23.16 + 0.17

The AE can be different from AE, because of two effects. The first one is already studied in the previous
section. The energy of light is proportional to its frequency and is less than the emitted energy AE, by the redshift
factor in (55). In other words, E is the zeroth component of the momentum 4-vector and transforms by the
relation (27). The second effect is because the light gets fainter when propagated radially, usually known as the
inverse square law. However, it is easier to find the combination of these two effects by the conservation of
energy. To this end, we focus on the angular sector of the EM metric in spherical coordination X* = (¢T, R, 6, ¢)
and calculate the area of the surfaces of constant t and r, which is

2 2
A2, = 217 (402 + sin?0dp?) = A, — 2TeIT 68)

r? r

PE ke

Assuming that an spherical shell of light propagates outward from the origin at r = 0 and at the time t = 7,, by the
conservation of energy the fall-off is proportional to the inverse of the area calculated at the observer’s position,

which is
1 (1 _;_22)

A - 2c(to—te) _°
O dge a4 12

(69)

However, this fall-off is from the point of view of the sender. From the point of view of the receiver, the metric

(and so, its angular sector) is re-scaled by the relation equation (32). Therefore, in the relation above the area is
—2c(tQ—te)

multipliedbyafactore” 4  ,andhence,

fall-off oc——4-. (70)
2

The d€2 can differ from d€2, because of the aberration of the light rays. Similar to special relativity (see e.g.,
[92,93]), the light of an isotropic source is more concentrated towards its direction of motion; that is called the
headlight effect. To have self-contained paper, we derive this phenomenon step by step here. Consider alight ray
that is emitted with an angle 6, w.r.t the line of sight in figure 11 and into the solid angle d2, = d cos §,d¢. The ¢
is the azimuth around the line of sight, and the light ray is not going to be different in that direction. However,
aberration changes the motion of the light ray in the 0 direction as follows. Denoting the parallel and
perpendicular speeds of the ray to the line of sight by 1, = ¢ cos f, and u,, = c sin 6, respectively, we find

tanf = u_L = te I s He [N (71)
MH ’Y(ueu - g) ’Y(COS 96 - g)
in which the second equality is just replacement from equation (43). So,
cos b, — é
c0sf) = ————. (72)
1-— S cos 0.
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Figure 12. Hubble diagram in EM model: the blue dots and their error bars show the observed effective magnitude of 64 low and high
redshift SNe Ia from Supernova Cosmology Project (SCP) [94] in terms of the redshift z. The curve is the plot of m(z) that is fitted to
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Figure 13. Hubble constant H, in terms of the SNe Ia absolute magnitude M resulted from the SCP data: the two points on the curve
identify the values of M that reproduce the two discrepant values 67.4 and 73.3 kms ™ 'Mpc ' (among other reported values) that have

Taking a differentiation from both sides yields

dcosf =

72(1

dcosb,

r
— 4 cos 0,

v

(73)
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corrected mp

Figure 14. Hubble diagram in EM model: Corrected apparent magnitude versus redshift of 1829 SNe Ia (DES-5YR collaboration) are
depicted by small blue dots. Error bars are not shown for a better visualization, while they are used in the curve-fitting procedure. The
data of corrected magnitude as well as other interesting data such the errors are available in [101] based on the [8—14]. The curve is
fitted resultingto M = 23.97 £ 0.10.

So, on the line of sight, that is §, = 0 we find

142
dQ = 440, (74)
=3

Finally, by the first relation in equation (31) we find At = At,. Collecting this equality with the previously
achieved relations, that are the fall-off (70) and the aberration (74), we find

N N T N (B N
E _ o d x Ee _ i , 2B _ 1 4ok (75)

dQAt r? 11— dQ.At, r? dQ.At, 4} dQ.At,
Thelast equation yields the promised relation (64). |

7.3. Observational data and Hubble constant without tension
SNe type Ia are used as standard candles in distance measurements, because they have certain absolute
magnitudes during their explosion. As a result, if we know their absolute magnitude at, e.g., the peak of the
explosion, then we can find their luminosity distance by measuring their apparent magnitude via equation (60).
However, the connection of the luminosity distance to the real distance is model-dependent. To resolve this
issue, another piece of information, that is the redshift measurements, can help us to distinguish successful
models of cosmology. In this section, we investigate the data of the effective apparent magnitude versus the
observed redshift factor z for the SNe type Ia. For the ease of the reader, the data that we use is imported from
[94]in table 1.

From the theoretical side, the apparent magnitude 1 as a function of z can be calculated by equations (60)
and (65),

m(z) = M + log(@), (76)
in which
M = M + 5log(—) + 25. 77)
Hy

For the peak absolute magnitude M of SNe Ia, one can find a range of values from around —18.5 [52] to —19.5
[7], e.g., the valuesin [5, 33,43, 54, 97-100]. However, as long as the curve fitting of the Hubble diagram is
concerned, M and H are not independent parameters. It is because in the curve fitting of the m(z) with the data
in Tab. 1, the combination of M and H, in the form of M enters into the calculation.

Using the nonlinear least-squares method to fit the curve equation (76) to the data in Tab. 1, we find
M = 24.11 £ 0.07 with the remarkable 0.9915 R-square and adjusted R-square, 5.635 sum of squared errors
and 95% confidence bound. figure 12 depicts the Hubble diagram of the data and the fitted curve of the effective
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mp(z) (subscript B for Blue [94]). In the diagram, the blue dots and their error bars show the observed effective
magnitude of 64 low and high redshift SNe Ia from Supernova Cosmology Project (SCP) [94] in terms of the
redshift z. The curve depicts m(z) that is fitted to the data, which yields the aforementioned value for the
magnitude M.

Replacing M into equation (77), the Hy can be found in terms of M. The result is illustrated in figure 13. The
horizontal axis in the diagram is the absolute magnitude M of SN Ia while the vertical axis depicts the Hubble
constant Hy. It shows the sensitivity of the value of Hy w.r.t the M. For example, the two values of H, that are
reported from the Hubble Space Telescope data and the SHOES Team in [48] and Planck CMB data[31, 56], i.e.,
73.30 + 1.04and 67.4 4 0.5kms ™ 'Mpc ™, can be derived in the EM model if we assume M = — 18.95 + 0.08
and M= — 19.1 £ 0.1 respectively. As a result, the model is able to resolve the Hubble tension if the value of M is
determined by local measurements to be around the latter value.

Itis illuminating to compare and test the model with another data, the more recent Dark Energy Survey’s five
year (DES 5YR) SNe sample [8—14], that provides the corrected apparent magnitude mp versus redshift z of the
1829 number of SNe Ia (see e.g., [101]). After repeating a similar curve fitting as above, we find the best fit
M = 23.97 £ 0.10 with the 0.9843 R-square and adjusted R-square, 125.2 sum of squared errors and 95%
confidence bound. The result is depicted in figure 14, where the horizontal and vertical axes are the redshift
factor zand the corrected apparent magnitude mjp, respectively. Based on this set of data, the appropriate
absolute magnitudes that reproduce the SHOES and Planck reported Hubble constants are M = — 19.08 £ 0.10
and M= — 19.3 £ 0.1 respectively.

8. Discussion, outlook, and conclusion
Discussion

+ EMis special relativity locally: Due to the unprecedented success of special relativity at local experiments, any model
has to reduce to it locally. For the EM model, this happens when % < land ; < 1.In other words, in the limit

0 and L0 (78)
d d

the special relativity is recovered. The easiest way to see it is to apply this limit to the EM metric (18), which results
t
eJE — 1, fr)—1, (79)

and produces the standard metric (3) in the x* coordinates. Equivalently, one can use the coordinate relations (20)
and find

cT d+ct

X X

- y P (80)
7 z

while the d in the time component can be absorbed in the X# convention that was discussed in section 2.2.1.

+ Generators of infinitesimal EM transformations: The group structure of the EM transformations equation (39)
is the Poincaré group, and so the infinite-dimensional representation of its algebra in terms of vector
generators is the same as in the special relativity. For completeness, they are presented below:

Change of EM frames: H = lBT, P, =0y, i€{l,2,3}, (81)
c
Rotations: J; = X'0yi — X/ i, (82)
. 1,
Translations (boosts): C; = —X'0r + ¢TI0y (83)
c

with the commutation relations
[H) Cl] = Pi) [Pi) C]] = 5in1 Ul]) Pk] = 6jkpi - 6ikp') [Ci) C]] = ]1])
Uiilal = 6xJia — uJp + Suli — Oplis Ui CGi] = 6xCi — 64 C;. (84)

In the EM coordinates x* = (ct, x, y, z) the generators are

_af 1 1, _a x
H=[fei (FC& - gxlaxi), P=[fe i (—]%az + 0,0, (85)
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: , x'x/
Jij = x'0, — ¥, Ci = fd0y + 73)&’- (86)

+ Non-commutativity of the translations: From the previous argument, it can be seen that the EM translations
C,;do not commute. The physical meaning of their commutation relation in equation (84) is that there is an
extra rotation whenever we change the orders of translations in different directions. For example, if one moves
forward to some distance and then moves leftward (notice that it is not turning to the left!) by another
distance, she will be a bit rotated w.r.t another person who chooses to first move leftward and then forward.

+ Rapidity and Farness: In special relativity, there is a dimensionless quantity that is called rapidity. It is defined
by the relation w, = tanh~!(3) with 8 = % It has the nice property that it follows the orthodox addition rule.
For example, let us consider one spatial dimension for simplicity. If we transfer to a new inertial frame with the
relative velocity v, and then, transfer to another one that has velocity v, in the new frame, then the overall
procedure is not equivalent to transfer to an inertial frame with the velocity v; 4 v,. However, the rapidity of
the final frame w.r.t the initial frame is given by w; + w, correspondingly. An interesting feature of special
relativity, that is not emphasized in the literature is that, in principle, we can measure the velocity of an object
atleast in two different ways: (I) using our rulers and synchronized clocks to find v directly; (II) changing our
frame through small kicks, until we find the particle at rest in our last frame. In the second method and in the
limit of infinitesimal kicks, if we sum up the number of kicks, we will find w,, instead of v itself. Note thatin
contrast with the v that is bounded above, w, can take the values as large as one wishes. In analogy with the
rapidity, we can define ‘Farness’ in the position. The definition of the farness is similar, but for positions

w, = tanh™1(3), 8= —. (87)

Based on this definition, the previous argument on the different ways of measurement would make more
sense; if we measure the distance to a galaxy by walking towards it and counting our steps, we would measure
w;,instead of r or R. This is basically measuring the induced distances on our hyperboloid of constant time (see
the metric (18)),

1 prodr’
w== o (88)

The range of w, is infinity, which means we can walk out of our Milky Way, taking infinite numbers of steps
outward, and never reach the end of the Universe, any horizon, or any other special place.

+ Horizon versus bound: The ‘limiting length scale’ (or ‘bounded position’) is a coordinate-dependent term,
that is promoted to the similar status of special relativity’s limiting speed. The more accurate terminology
could be the ‘cosmological horizon.” The EM model’s horizon aligns with the de Sitter cosmological horizon
because their causal structures are similar, a similarity rooted in the irrelevance of the conformal /Weyl factor
in the metric (18)

+ Geodesic equation: Although there is an extra scaling in the definition of the velocity in equation (34), the
geodesic equation is satisfied by the straight lines in the Minkowski background. Explicitly, denoting

Ut = ed U{' with a constant 4-vector UJ' (that generates straight lines by (12)),
UrY, UY = UFQ,U” = Urd,(edUY) = UL Urdyed = ed UL Ul dued = (UL D,ed) U". (89)

The term in the last parenthesis is only a function of the proper time ¢ = e d, and so, this is the geodesic
equation written in terms of a non-affine parameter.

« Unnecessary initial conditions: One of Milne’s concerns in his model was to introduce the initial condition for
the position and velocity of the matter at T'= 0 such that it could lead to alinear recession of the galaxies (see
sections IITand IV of his book [68] for his comprehensive discussion). However, one can alternatively assume
the cosmological principle, i.e., the homogeneity and isotropy of the matter density and its pressure on all
maximally symmetric surfaces of constant time. This is what is done in section 6 by using equation (48). If it is
not clear for the reader why such a matter content is homogeneous and isotropic on all of the EM
hyperboloids, we encourage her or him to lower the index of T# , by the dynamical form of the EM metric
(22),
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2t
ds? = %l—fczdt2 + 512(1‘)(dx2 + dy? + dz? +

2
(xdx + ydy + zdz) ”) (90)

a’

and then calculate the variation of the result by the Lie derivatives generated in the direction of vectors J;;and
C;in (86). Vanishing outcome shows that T,,, is invariant under the rotations and translations on
hyperboloids; that means isotropy and homogeneity, respectively. In order to see how the cosmological
principle yields the linear recession velocity of the matter, we can write down the T, in the EM coordinates
and compare it with the perfect fluid relation

’I;w: (P‘FP)MW/‘FP&W) 91

in which W# = % is the EM velocity (not to be confused with the Cartesian U* in (34)). The result indicates
W' =0, which shows that the matter is at rest w.r.t the EM coordinates (%, ¥, x), and so they follow the Hubble
relation (44). As aresult, we deduce that in the EM model, initial conditions are not necessary to be imposed
on the matter.

+ Flatness problem: One of the main supports of the spatially flat universe in ACDM model is the Hubble
diagram of high redshift celestial objects. However, following back the dynamics of this model in time leads to
arequest for the fine-tuning of initial conditions of the model. This could be a challenge for the model if the
inflation scenario could not be implemented. The problem is called ‘flatness problem’ in the literature. The
reproduction of the Hubble diagram in the EM model was discussed extensively in the previous section,
indicating that the data can be justified without assuming the flatness of the Universe. However, irrespective of
this amendment, we note that the curvature of the EM hyperboloids (19) is inversely proportional to the d,
and is different from Milne’s equation (7)). So, if the constant d happens to have a very large value in
comparison with the experimental distances, then the curvature could be negligible. This notation may resolve
other possible experiments in favor of an approximately flat universe.

+ Horizon problem: It is a mismatch between the observation and the ACDM model without inflation. The
CMB data shows that different regions of the Universe, that in the standard model could never be in contact,
are in thermal equilibrium with each other. This problem is called the ‘horizon problem’ and has been
handled by the inflation proposal. In the EM model, the matter of the Universe has originated from the origin,
X*"=(0,0,0,0).So, not only is the thermal equilibrium of very far regions in the sky not a problem, but it can
also be considered as a confirmation for the model.

+ Coordinate singularities: While the Milne metric exhibits coordinate singularities as 7 — 0 and 7 — oo (where

2ct
metric components vanish or diverge), the EM metric (18) absorbs this feature into its conformal factor e 4 .
Instead, the EM metric introduces a new characteristic: a cosmological horizon atr — d.

+ More about d;(z): The EM relation between the luminosity distance and redshift in equation (65) is different
from its analogue in the ACDM model (find it, e.g., in equation (7) of [7]). It is also different from the d;(z) in
the Milne model (see [72, 74-76]) that has been falsified by the data.

+ Milne’s Hubble law: Combining the R, in (66) with the EM Hubble’s relations (44) and (45) reproduces
Milne’s version of the Hubble’s law in equation (9).

+ Two fundamental length scales: The Planck length scale £p is the length that can be derived from a
combination of ¢, G, and 71, and is about 1.6 x 10" meters. The introduction of d as another fundamental
length scale raises the question about the relation between these two different lengths. A possible answer could
be that £p delimits the accessible distances from below, while d delimits the accessible distances from above.
Based on the approximation Hy = 70kms ™ 'Mpc ™, the d is roughly about 14 billion light years.

+ Age of the Universe: In the EM model, all observers attribute the coordinate (d, 0, 0, 0) to themselves,
irrespective of what other observers measure about their position and time. So, it does not seem plausible to
interpret 4 as the age of the Universe, unless we would like to make ourselves privileged ones among other

Cc

observers.

+ What do we measure? The previous argument on the farness raises a question: which spatial distance do we
measure in the lab? Isit R, r, or w,? Or maybe other ones? The same question applies to the time direction. Do
we measure T or # The short answer may be: it depends on the setup of the experiment. Specially, the
derivation of the d; (z) in the EM model and its agreement with observation may be suggestive that in the
experiments of luminosity measurements, our clocks measure ¢, that is, the logarithm of the orthodox T. It
sounds like a slogan that ‘we measure the time logarithmically.’
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Outlook

The curious reader may have noticed that there are many interesting subjects and questions that are skipped in
this paper. Here are some of them, that the reader may add many to them. What physical implications has the
horizon r — d? What has happened at T — 02 How do the CMB and its perturbations fit into the model? Can the
direct observations related to the existence of the dark matter have a natural explanation in the EM model? How
are other observations, such as the baryon acoustic oscillations and structure formation, explained by the model?
What about other high-redshift observations such as quasars and gamma-ray bursts? I's the similarity of position
and velocity related to the similarity of x and p in quantum mechanics and kinematics in the symplectic
structures? What other implications may the scaling of time have? What could be the full and exact dynamic of
the Universe in this model that reproduces the current density of observable matter? The topics are very
attractive for further research, and any idea from the reader is welcomed. This work can be considered as an
initial suggestion for deeper and more complete formulation of the relativistic model of the Universe. To
enhance the analysis in this paper, future work will focus on the following key issues.

+ It’s essential to investigate the physical origin of the fundamental length scale d within the model.

+ While the model fits supernova data, it’s also expected to address other key cosmological observations,
including Cosmic Microwave Background anisotropies, Baryon Acoustic Oscillations, and large-scale
structure formation.

+ Studying the dynamics of the metric in EM model a significant question that warrants dedicated research, and
we’re actively pursuing it; part of this work is already underway and will appear in a forthcoming paper.

+ Future work will compare and discuss cosmological models beyond ACDM and EM to provide a
comprehensive overview of the context.

Conclusion

In the Einstein-Milne model, an observer attributes the coordinate X* = (d, 0, 0, 0) and the 4-velocity

U" =(c,0,0,0) to herself. The invariant constants d and c are the maximum position and velocity in the model.
The shifts in Poincaré group change the frames, while the Lorentz subgroup (augmented by scaling) does the job
of transformation within a frame. In the model, homogeneity and isotropy of matter yield the Hubble recession
in the Universe. This recession via the Doppler effect results in the cosmological redshift and the observed
Hubble diagrams. In this model, there is no need for dark matter and energy, as well as acceleration, to handle
the observed data. Moreover, the Hubble tension can be released if the absolute magnitude of SNe Ia is fixed by
local observations. The model suggests that the space and time that we measure depend on the setup of the
experiment. Especially, the clocks may measure the logarithm of the Cartesian time in special relativity.
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