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Abstract

Although gauge/gravity dualities have been getting understood with great effort,
how the geometries emerge from and embed in gauge theories is still unclear. I show
it in the case of the gauge/gravity duality between BMN model and the type ITA
supergravity by investigating the exact partition function of the gauge theory. It
is revealed that the saddle point equations on the gauge theory side are equivalent
to the equations determining the dual geometry on the gravity side, and the ranges
of eigenvalue distributions on the gauge theory side actually relates to the typical

geometric scales. This thesis is based on [1, 2, 3].
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1 Introduction

The discovery of a Higgs boson and the result of cross sections related to the Higgs bosons
show that the standard model is almost completely correct below the energy scale that we
can reach so far. However, the standard model does not include one of the fundamental
interactions, the gravitation. Although the gravitation is negligible in experiments for
particle physics due to the smallness of the coupling constant, it is not sufficient to describe
nature without it. The problem is the non-renormalizable divergence that appears in
gravitational theories. Therefore we need a new framework beyond ordinary quantum
field theories, and the most successful one is superstring theory. We do not know theories
consistently quantizing the gravitation other than superstring theory, and it is supposed
as the ultimate theory for elementary particles.

A strong scenario connecting between the standard model and superstring theory is
that the particles in the standard model and gravitons are described as modes of the string
oscillation, and that our four-dimensional space-time is realized non-perturbatively as a
background space-time. The perturbation theory in superstring theory shows that each
oscillator mode has some quantum numbers and identified with a particle. This scenario
is considered to be realized by the compactification or the brane configuration, which
are somehow related by T-duality. To complete this scenario, one should show how the
background space-time and the standard model realize from the string theory. Especially,
the realization of the space-time is a quite important problem because it is assumed to
exist at the beginning in quantum field theories.

In order to discuss how they realize, one needs a non-perturbative definition of string
theory. The formulation presently understood as string theory is based on perturbation
theory. After the discovery of the D-brane, non-perturbative phenomena was studied well,
but D-branes themselves do not have an ability to describe non-perturbative phenomena.
Hence, the non-perturbative formulation for string theory is necessary, and in fact, there
are candidates of the non-perturbative formulation, such as string field theory, matrix
models, and gauge/gravity dualities. Especially, both matrix models and gauge/gravity
dualities state that a gauge theory somehow describes string theory, and it is believed that
the eigenvalues of the matrices in the gauge theory construct the background geometry
in string theory.

An old example of the realization of this belief is ¢ = 1 matrix model (see for reviews
(30, 31, 32]), which realizes non-perturbative formulation for two-dimensional bosonic
string theory. The eigenvalue density of the model forms a spatial direction, and the

model corresponds to two-dimensional gravity in the planar limit. If one takes an ap-



propriate double scaling limit, it correctly corresponds to string theory. An extension of
this idea is new matrix models. Banks-Fischler-Shenker-Susskind matrix model (BFSS
model, also known as Matrix Theory) [11] is considered to describe M-theory in infi-
nite momentum space non-perturbatively. This model is described by non-relativistic
DO0-branes because the fundamental degrees of freedom of M-theory are DO-branes in the
limit. Hence, BFSS model is a one-dimensional matrix model. Ishibashi-Kawai-Kitazawa-
Tsuchiya matrix model (IKKT model, also known as IIB matrix model) [12] is obtained
by dimensional reduction of BFSS model to a point. This is considered to be the non-
perturbative formulation of type IIB superstring theory. BFSS model and IKKT model
can be interpreted as matrix regularizations of membranes and strings, respectively. The
realization of gravity has been difficult for new matrix models, but gauge/gravity dual-
ities provide clear view of classical gravity. The successful correspondence is AdS/CFT
duality [27, 28, 29] between IIB classical supergravity on AdSs x S° and SU(N) four-
dimensional ' = 4 super Yang-Mills theory (SYM) in the large-N and strong 't Hooft
coupling limit. Gauge/gravity dualities manifestly realize the holography principle, and
considered to describe superstring theory with N and 't Hooft coupling finite.

Berenstein-Maldacena-Nastase matrix model (BMN model, also known as plane wave
matrix model) [34], which is focused on in this paper, is one of the candidates of the non-
perturbative formulation. This is conjectured as a non-perturbative definition of M-theory
in pp-wave background geometry. This is a mass-deformation of BFSS model, and so it
is naturally interpreted as a matrix regularization of membranes on pp-wave background.
This model has many vacua and mass gap. They preserve SU(2[4) symmetry and are given
by fuzzy spheres, which are labeled by representations of the SU(2) algebra. Therefore the
vacua can be labeled by integers (NQ(S), Dyg)s—12..a because a general form of the SU(2)
generators is a direct sum of irreducible representations, where s stands for a label of an
irreducible representation, D, stands for the dimension of the representation, Nz(s) for its
multiplicity, and A for the number of kinds of irreducible representations.

The notable property of BMN model is that there is gauge/gravity dualities between
vacua in BMN model and half-BPS gravity solutions of type IIA supergravity [33, 13].
As the vacua on the gauge theory side preserve SU(2|4) symmetry, the isometry of the
corresponding solutions is R x SO(3) x SO(6), which is the bosonic part of SU(2[4)
symmetry. The most of the gravity solution is determined by the isometry, but two non-
trivial directions are left. The part of the metric relative to those directions is determined
by a boundary condition. The boundary condition is described by a fermionic droplet
system, and is labeled by integers because the droplets are quantized. Thus the solutions

are labeled by integers like the gauge theory side. Actually, the vacuum structure of BMN



model corresponds to the structure of gravity solutions.

The aim of this paper is clarifying how the geometries embed in BMN model in the
context of the gauge/gravity duality. Although this gauge/gravity correspondence does
not produce our actual four-dimensional space-time, the mechanism of the emergence of
geometries itself would be an essential clue for the emergence of the real space-time. The
result is that a set of saddle point equations for the eigenvalue density of certain matrices
in BMN matrix model is equivalent to that of the equations that determines the metric
and fluxes of the corresponding geometry. This means that the eigenvalue density actually
construct the corresponding geometry.

To obtain the corresponding geometries, the saddle point equations on the gauge the-
ory side should be analyzed in the strong coupling region. Even though BMN model is
a one-dimensional matrix model, it is difficult to compute correlators in the strong cou-
pling region. The exact computation for BPS operators was achieved by the localization
technique, which appeared in for example [8, 9, 4, 5, 6, 7]. The localization technique let
us compute the vacuum expectation values of BPS operators exactly at one-loop order
thanks to a fermionic symmetry, which is usually supersymmetry.

The emergence of geometries from other SU(2|4) symmetric theories in the large-IV
limit can also be shown. This is because BMN model contains higher dimensional SU(2|4)
symmetric theories as special vacua in the limit [13, 15]. A= 8 SYM on R x S? is realized
from BMN model in the commutative limit of the fuzzy spheres. This is understood as
“blowing-up” of D2-branes from DO-branes. N'=4 SYM on R x S*/Z; can be obtained
by performing the Taylor’s T-duality [17, 16] from the SYM on R x S%. S? of the SYM is
naturally realized as a Hopf-fibration of S2. This is interpreted as a theory on D3-branes
wrapped around S3/Z;, obtained by T-duality of D2-branes. The successive application
of these two procedures lets us obtain A’ =4 SYM on R x S*/Z, from BMN model.

This paper is organized as follows. The gravity side for the gauge/gravity duality for
SU(2|4) is reviewed in section 2. The gauge theory side, BMN model and other SU(2|4)
symmetric theories, is summarized in section 3. Also, exact computation for BMN model
is shown in that section. Then, the saddle point equations in the BPS sector are obtained
in section 4. In the end of the section, the equation matching between gravity and gauge
theory sides is shown. This means that the emergence of geometries is shown in the gauge

theories.



2 Gauge/gravity duality for SU(2|4) symmetric theo-
ries

In this section, I review the gauge/gravity duality for SU(2|4) symmetric theories. The
corresponding geometries were obtained as a special limit of half-BPS geometries in M-
theory in [33], and later, the duality for SU(2|4) symmetric theories was discussed by Lin
and Maldacena [13]. They assumed the SU(2|4) symmetric ansatz and then showed that
finding the classical solutions is reduced to the problem of finding axisymmetric solutions
to the three-dimensional Laplace equation with appropriate boundary conditions given
by parallel charged conducting disks and a background potential.

In the simplest case of the supergravity solution, it has two interesting scaling limits in
which the solution becomes the D2-brane solution or the NS5-brane solution constructed
in [13]. In these limit, the equation determining the geometry is soluble and the solution

can be explicitly obtained. We will also see this in this section.

2.1 Dual geometry of BMN model

First, let us see the Lin-Maldacena solution [13], which is the solution with SU(2|4)
symmetry in type IIA supergravity. It can be obtained by dimensional reduction of
the eleven-dimensional supergravity solution with the symmetry. As the bosonic part of
SU(2|4) symmetry is Rx S0(3) x SO(6), there should be S? and S® in order for SO(3) and
SO(6) to act on the geometry. By solving the Killing spinor equation with that ansatz in
the condition that these spheres should shrink in a non-singular manner, one obtains the
geometry and a four-form flux. The ITA solution is found by the toroidal compactification

along a direction perpendicular to R x S? x S°. In the string frame, it is given by

. L\ 1/2 . .
_9 " "
ds?, = <V V) {_4 LA QL(drz + dz?) + 4dQ; + 2udsz§} ,

=V V-2V \% A
oAV YoVl
(v o AV —2V)°
By = < A + 22 | dS)y, €7 = IR ZTCR (2.1)

where A = (V —2V)V” — (V")? and the dots and primes denote %gr and £, respectively.

A remarkable feature of this solution is that it is written in terms of a single function

V(r, 2).
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Figure 1: Electrostatic system corresponding to a general vacuum of BMN model. This
figure is adapted from [3].

The Killing spinor equation in the supergravity imposes a condition that V' (r, z) satis-
fies the Laplace equation in a three-dimensional axisymmetric electrostatic system, where
r and z represent coordinates for the transverse and the axial directions, respectively.
The regularity of the metric requires that the electrostatic system must consist of some
conducting disks with radii tuned such that the charge densities vanish at the edges. In
addition, from the positivity of the metric, there must be a certain background potential.

So, the potential V(r, z) consists of these two contributions:
Vi(r,z) = Vog(r,z)+ V(r,z). (2.2)

The electrostatic system is determined once a theory and its vacuum are specified.
The electrostatic system relevant to BMN model consists of an infinite conducting plate
at z = 0, some finite conducting disks in the region of z > 0 (Fig. 1) and the background
potential of the form

2
Vo (1, 2) = Vo (7“22 — gz?’) , (2.3)

where Vj is a constant. The electrostatic system relevant to N' = 8 SYM on R x S?
consists of some finite conducting disks in the region —oo < z < oo (Fig. 2 (left)) and the

background potential of the form

Voo (r, 2) = WO(T2 — 222), (2.4)
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Figure 2: Electrostatic systems corresponding to a general vacuum of SYM on R x S?
(left) and SYM on Rx S3/Z; (right). The conducting disks in the right figure are arranged
periodically. This figure is adapted from [3].

where W, is a constant. The electrostatic system relevant to A" =4 SYM on R x S3/Z,
consists of an infinite number of finite conducting disks arranged periodically along the
z-axis (Fig. 2 (right)) and the background potential (2.4)!.

The condition that the charge densities vanish at the edges of the disks relates the
radii of the disks and the charges. So the independent parameters of this solution are the
total charges and the z-coordinates of the disks, as well as V4 in (2.3) or Wy in (2.4).

While V) and W, are related to the magnitude of the dilaton, the other parameters
turn out to be related to the brane charges. This geometry has an S? and an S° at each
point on the r-z plane. One can show that, on the z-axis, the radius of S® becomes zero
while, on the finite conducting disks, the radius of S? becomes zero. So one can consider
a various non-contractible S%’s or S%’s which are given by fibering the S? or S® on the
path (on the r-z plane) ending on different disks or on different segments of the z-axis,
respectively. On each S? or S°, one can measure the NSNS-flux or the RR-flux. When o’
is set to 1, they are quantized as

1 1
o= G fo B Mo = s [ (003 = Cun ) 2

where N5 and N, are the integers which are a NS5-brane charge and D2-brane charge,

Note that (2.4) is periodic up to terms of linear and constant in z, which do not contribute to the

gravity solution (2.1).



respectively. This relates the parameters of the electrostatic system to the brane charges.
As an example, let us consider the electrostatic system for BMN model with A finite plates
(see Fig. 1). We denote the total charge, the radius and the z-coordinate of s-th disk by
Qs, R, and d, respectively, where s = 1,--- ,A. In this case, there are A independent
non-contractible S*’s and the same number of S%s in the geometry. d, and Q are related
to the NS5-brane charges Nés) and the D2-brane charges NQ(S) as

mN, 5(8) 712N2(5)

5 o @s=—g (2.6)
for s = 1,---,A. Here dy = 0 denotes the position of the infinite plate. Hence, this
system is labeled by a set of integers { NS, NI91,

Those integers correspond to the sizes of blocks of the matrix in the corresponding

ds - ds—l =

vacuum in BMN model. NQ(S) is identified with the multiplicity of a fuzzy sphere, and
N, 5(8) is proportional to a differences of the radii of the fuzzy spheres. In addition, in [35],

the case of A = 1 was considered and Vj was inferred to be related to the gauge coupling

as
hm?
V= —— 2.7
where h is a constant. In [2], the constant h was determined as
2

Beyond the case of A = 1, the relation (2.7) with (2.8) also holds for the theory around

the general vacuum. This can be seen also from the result of this paper (4.18).

2.2 Electrostatic problem for BMN model

In the following, we derive a Fredholm integral equation which determines V(r, z) in (2.2).
We consider the situation shown in Fig. 1 and denote the solution of V(r, z) in the region
z € [ds,dsy1) by Vi(r, z), where s runs from 0 to A and (dy, da+1) = (0, 00) is assumed.
We first note that a general solution to the Laplace equation in an axially symmetric
system is given by Jo(ru)e*** where Jy(z) is the Bessel function of the first kind of order

zero and u is a positive real number. So we can write Vy(r, z) as
Vi(r,z) = /OO du(Cs(u)e*™ + Dg(u)e ") Jo(ru). (2.9)
0
Now we have the boundary condition that \7(7“, z) = 0 as z — 0 and z — oo. This means
Co(u) = —Do(u), Chx(u)=0. (2.10)

10



We also have some continuation conditions for V’s at z = d,. First, at z = d,, V, should
be equal to V,_;. This is satisfied if

Co(u)e®™™ + Dy(u)e™ " = Cy_y(u)e®™™ + Dy_y(u)e™ %", (2.11)
Second, when z = dg and r > R,, not only V; but also %‘f should be continuous. So we

have
/ duu (Cy(u)e®" — Dy(u)e™ " — Cy_1(u)e™" + Dy_1(u)e™®") Jo(ru) =0  (2.12)
0

for 7 > Rs. Third, when 2z = ds; and r < Ry (i.e. on the conducting disk), the value of
V (r, z) should be constant: V(r,ds) = As. In terms of Cs(u) and Dg(u), this is written

as
/000 du (Cs(u)e®™" + Dy(u)e™*") Jo(ru) = Ay — Vi . (r, ds). (2.13)
In order to solve the conditions (2.11), (2.12) and (2.13), we define
As(u) = u(Cy(u) = Coma(u))e™ — u(Ds(u) = Doy (u))e ™" (2.14)

for s =1,2,--- ,A. From (2.10) and (2.11), Cs(u) and Ds(u) can be written in terms of
Ags(u) as

diu

Dy(u) =" 62u A(u) =3 62u Ay(w). (2.15)

t=1 t=1

By substituting (2.14) and (2.15) to (2.12) and (2.13), we obtain

/000 u ™t Z((Sst + kst (u))Ar(u) Jo(ru)du = Fy(r), (0 <r < Ry)

t=1

/ T AL Jo(ru)du = 0, (R < 1) (2.16)

where kg (u) and Fy(r) are given by

gy (1) = —e~ (ool (1 5 Yelds—delu
Fo(r) = =2(As = iy (r,ds)). (2.17)

11



As shown in appendix C, the equations (2.16) can be reduced to the integral equations,
(C.28) and (C.29), for the functions hs(u) defined by (C.27)%. For our problem, it is more

convenient to work with the variables

fs(u) = — uhg(u). (2.18)

v
Then, (C.29) is written for {fs(x)} as

1 A Ry ds + dy |d8—dt|
+ %;/_Rt du {_(ds +dy)? + (7 — u)? + (ds—d)2 + (x—u)2] fr(u)

1 2
- — (As + g%dg - 2‘/0615.%‘2) ) (219>
T

and (C.28) shows that f; is vanishing outside the region [—Rg, Rs]. Here we have defined
fs(x) with negative x as fs(x) = fs(—x) and extended the domain to the entire real line.

The function fs(x) can be interpreted as the charge density on the s-th conducting
disk as follows. For z = d, and r < R, we have

0 0 fw)

SVl dy) = Vi (rdy) = Ky _yhy(r) = 4 (2.20)

- u2 — r2

On the other hand, this is equal to —4wo(r), where o(r) is the charge density for the r

direction. Hence, the total charge on the disk can be computed as
Q/de PP AC Y WA (2.21)
= — T u s u). .
Vi — 12 7a2 .

These relations show that fs(u) corresponds to the charge density on the s-th plate pro-
jected onto a diameter direction. These densities are fully determined by (2.19) and so is

the potential which can be written in terms of {fs(u)} as

AR 1 1
Ve—ditit2+r2 Szt d, +it) +17

L. (222)

Note that Rs and Ay are determined by fs(Rs) = 0 and (2.21). The s-th disk radius, R,

is related to the radius of s-th S° at the edge of the disk in the string frame, RS5, as [35]
R(S)2
R, = i‘”’ (2.23)

2n, Iy; and Iy in appendix C corresponds to A, [0, R,) and [R,, c0) in our problem, respectively.

12



in the string unit, @’ = 1. One can easily check this by using the Laplace equation to
rewrite V" and noting that V' = 0 on the disk.

Before closing this subsection, let us consider the simplest case, A = 1, which corre-
sponds to the simplest vacuum in BMN model. It was studied in detail in [35]. In this
case, some quantities are explicitly found. The electrostatic system associated with this
solution consists of one infinite conducting plate at z = 0 and another finite conducting
disk at z = d > 0 with radius R and charge (). The background potential is given by
Vo(r?z — 22%). Q and d are related to the brane charges as N5 = 2d/m and N, = 8Q /7.

In this case, it is convenient to rewrite V as
V(r,z) = VoR3¢.(r/R, z/R), (2.24)

where k = d/R and

_Bw) [ B 1 1
Gu(r,2) = 7r /1dt< \/r2—|—(z+m+it)2+\/rz—I—(z—m—f-it)Q)gn(t)‘ (229)

Notice that g,(t) is different from f;(¢) by a factor. Here (k) is a function of s, which
is determined later. g,(t) is the solution to the Fredholm integral equation of the second
kind,

1 2K
L(2) — | dyK.(z,9)g.(y) =1 — —2° 2.26
gr() /1 y K (2,9)9:(y) =1 30" (2.26)
with kernel
Kooy) =2 20 (2.27)

@) = [ dyE () 0) = " (2:28)
B(k) is given as
(2)
_ 59 (1)
B(k) = 2/@9,({0)(1) (2.29)

The equation (2.26) is solved by

- )
0r(6) = 90(0) = 2 g2(0) = g0 - jé)ﬁig@ (). (2.30)



The charge density o,(r) for the radial direction on the disk is related to g.(t) as

Br) 1, gk(t) 2m / b rou(r)
o(r) = ——~ | di———=, k() = —— dr ——. 2.31
g ( ) 2 i, /—t2 ) g ( ) ﬁ(ﬁ) " /—7”2 ) ( )
The radius of the disk is related to the charge as

1

@=atwvrt, o) =22 [ g0 (2.32)

1

The parameters of the electrostatic problem were identified with the parameters in
BMN model as [13, 35]

2N, T 72g% N, i hm?3
= d= —N R=|—F-— Vo = . 2.33
@ 8 7 27 (m%q(m)) 0T g2 (2:33)

Here, h is a constant which does not depend on g?/m3, N, and Nj5. In section 4, we

determine the value of h from the gauge theory side.

2.3 Electrostatic problem for ' =8 SYM on R x S?

The electrostatic system associated with the gravity dual of N' =8 SYM on R x S? is
shown in Fig. 2 (left). The case where A = 2 and Ry = R, was studied in [40]. Here,
we generalize their result. It was shown in [35, 15] that the solution for this system can
be obtained from the solution for BMN model by taking the D2-brane limit. After the
redefinitions ds - d+ds (1 < s <A), z — d+ z, D2-brane limit is written as

d— o0, Q,: fixed, Vod=W,: fixed. (2.34)

Indeed, in this limit, Fig. 1 becomes Fig. 2 (left) and the background potential for BMN
model (2.3) becomes

2

2d
Vi (1,2) = =W <T + 2dz) + Wo(r? —22%). (2.35)

One can neglect the first term since it does not affect the gravity solution which depends
only on V, V, V' and V”. Thus, the background potential for BMN model (2.3) exactly
reduces to that for SYM on R x S? (2.4) in the limit (2.34).

By taking the D2-brane limit (2.34) of the integral equation (2.19) and the potential
(2.25), we obtain

Ly~ " d. — d| N : :
fs(x) + = . du(d B iy u)zft<u) == (AL + 2Wod? — 2Woz?),  (2.36)
t=1 v it s

14



Figure 3: The electrostatic system for the D2-brane solution. This figure is adapted from

2].

and

V(rz) Z / o f5(1) (2:37)

rz) = : .
~J R, (z—ds+it)?+ 12

respectively. Here A’ is a constant potential on the s-th disk, V(r,ds) = AL (r < Ry).

Note that Ry and Al are determined by fs(Rs) = 0 and (2.21). The solution of (2.36)

gives a general solution to the electrostatic problem for SYM on R x S2.

Let us consider the simplest case, A = 1. The limit is given as
d— o0, @Q: fixed, Vod=Wj: fixed. (2.38)

We can see that this limit corresponds to the large-x limit.
By using the relation (2.33), one can rewrite this limit in terms of the parameters in
BMN model as

4 2
N5 — 00, N : fixed, 9= gze : fixed. (2.39)

m2N5 N

The limit corresponds to the commutative limit of fuzzy spheres, where BMN model
describes U(Ny) N =8 SYM on R x S%. The radius of S? is given by 1/m = 1/2. The
fixed quantity gsz in (2.39) is the gauge coupling constant in this theory.

In this simplest case, the integral equation can be solved. The limit is kK — oo. The

solution is
B(w) = 2,

15



Q(’%) = %’%7

fulz) 21 =22 (2.40)

2.4 Electrostatic problem for N =4 SYM on R x S3/Z;

The electrostatic system associated with the gravity dual of "= 4 SYM on R x S3/Z is
shown in Fig. 2 (right). The case for the trivial vacuum was studied in [40]. Here, we gen-
eralize their result. This can be obtained from that for SYM on R x S? by compactifying
the z direction to S* with the background potential intact [15].

We start from the solution for SYM on Rx 5%, (2.36) and (2.37), with disks periodically
arranged. We change the labelling of the disks so that they are labelled by two integers
(s,), where —oo < s < ocoand o € K C {1,2,--- ,k}. sis alabel of a single period and
« is that of each disk in the period. So each period consists of |K| conducting disks. We
put the position of each disk to be

@angw+a—D. (2.41)

The charge )5, and the radius R;, of each disk is independent of s: Q5. = (o and
R; o = R,. The charge density f;,(r) on each disk should also be independent of s:

fs,a(r) = fa(r). (2.42)

Note that the naive substitutions of these conditions to (2.36) and (2.37) do not
make sense because of the divergences coming from the periodicity. As remarked in [40],
this divergence can be avoided by solving the electrostatic problem for the electric field
rather than the potential. Hence, by differentiating (2.36) with respect to  and imposing

the periodicity condition, one can obtain the integral equations for the charge densities

{fa(r)},

/ Bg o — B / 4
fi(x) + E du K, — U fa(u) = —=Woa, (2.43)
ek’ —Bs T
where
1 [~  cosh{Zp(v|-1)} .
K - d 2 2 ip(x—u) _ ip(z+u) ) 2.44
k:(V7 x, u) A7 /_OO p sinh %k|p‘ (6 € ) ( )

The electric field generated by the conducting disks is obtained from (2.37) as

R

B > o T fa(t)
Er_ Z Z/Radt((z—2d5,a+it)2+7a2)g’

s=—o00 aeK
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N;

a3

Figure 4: The electrostatic system for the NS5-brane solution. This figure is adapted
from [2].

E, = i Z/R 2= 2satifalt) (2.45)

“Re (2= 2dyq 4 it)2 +12)2

s=—o00 aeK

2.5 Electrostatic problem for little string theory on R x S°

Let us consider the NS5-brane solution in the simplest case, A = 1, although the general
case can be also obtained straightforwardly. The NS5-brane solution is given by the form
of (2.1), where the electrostatic system now consists of two infinite conducting plates

separated by distance d as shown in Fig. 4. The electrostatic potential is given by

Viss(r, z) = isin (%) Iy (%r) , (2.46)

where gg is a constant and [, is the modified Bessel function of the first kind. For the
explicit form of the geometry, see [13, 35].

Now let us consider the NS5-brane limit, in which the gravity dual solution written
in terms of (2.2) with (2.3) is reduced to the NS5-brane solution constructed in [13]. The
NS5-brane limit is given as a double scaling limit where both R and 1} are sent to infinity
in an appropriate way. Let us review the derivation of the precise form of the scaling limit
[35]. We first make the Fourier expansion of the potential V' with (2.3) in » < R region

as,

nmr

Vi(r,z) = VOR3A(/€)§ + i Cp Sin (%T) Iy (7> : (2.47)
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where k£ = d/R and A(k) is defined as

Alr) = B(k) — gﬁ?’. (2.48)

The restricted form of the expansion (2.47) follows from the conditions that V' is regular
at r = 0, constant (VoR3A(k)) at 2 = d and zero at 2 = 0. Since the first term in (2.47)

does not contribute to the geometry, the NS5-brane limit is a limit where

1
6= —, ¢ —0 (n>1). (2.49)
9o

One can determine the coefficients ¢,’s by the inverse Fourier transformation at r = R as

nm

Cn = <[0 (?»_1 2V, R (), (2.50)

where
! 2
o) = [y (0u(00m0) = Ay = w4 30 sintomy). (250)
0
When x = d/R is small, p,(x) behaves as
(k) ~ b2, (2.52)

where b, are constants. Since I,,(z) ~ €*/v/27z for z > 1, we find for small x that

TR

Cn ~ 20,V 2m2ne "7 Vo (Rd)?. (2.53)

Then, the NS5-brane limit is given by

1 1
R — o0, d: fixed, Vyj— —

go 2b1\/27T2(

which realizes (2.49). Note that k = d/R goes to zero in this limit. The value of b; was
computed numerically and found to be b; = 0.040 [35].

TR

Rd) 2¢"t (2.54)

Using the relations (2.33), one can rewrite the limit (2.54) in the language of BMN

model as

= g, : fixed, Nj: fixed, (2.55)

A= g*N, (3)3 : (2.56)



The dual theory of the NS5-brane solution in ITA geometry is considered as a six-
dimensional non-gravitational string theory called the IIA little string theory (LST)[36,
37, 38, 39]. The parameter g5 is considered to be the string coupling constant of LST.
The limit (2.55) predicts that the dynamics of BMN model near the NS5-brane limit is
controlled by A4, and this can be confirmed by analyzing the gauge theory side [2].

Finally, let us see the solution in this x ~ 0 case with A = 1. The solution can be
obtained as

Nl

(1— 2%z, (2.57)

3

3 BMN model and other SU(2|4) symmetric gauge

theories

In this section, I review several properties of BMN model and other SU(2|4) symmetric
gauge theories. They all have many discrete vacua and the vacua have SU(2|4) symmetry.
These theories can be obtained by truncating A/ = 4 super Yang-Mills theory on R x S3,
which has superconformal symmetry forming SU(2,2|4) group. SU(2,2|4) group contains
SU(2), x SU(2)g € SO(4) as a bosonic subgroup, and one obtains SU(2|4) group by
quotienting SU(2,2|4) by a subgroup of SU(2)g. Thus, the SU(2|4) symmetric theories
can be obtained by the consistent truncation which leaves only fields invariant under the
subgroup of SU(2)g. In the following, I start with A" =4 SYM on R x S3, and obtain
SU(2|4) symmetric theories by a consistent truncation of it. Then, I show that N/ = 4
SYM on R x S3/Z;, and N =8 SYM on R x S? can be reproduced from BMN model in
the large- NV limit.

3.1 N=4SYMon R x S3

N =4 SYM on R x S? is obtained by the conformal mapping from that on R*, which
is obtained by dimensional reduction of A" =1 SYM on R%! along 5+ 1 dimensions. In

this paper, let us consider the theory in ten-dimensional Euclidean signature3. Its action

3We deal with gauge theories in the Euclidean signature so that the localization method would work.
N =4 SYM in that original Lorentzian signature is obtained by the Wick-rotation in 10-direction.
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1s written as

1 1 2 ;
Shust = — / drd€2s Tr<ZFMNFMN n %mem + %\IIFMDM\D), (3.1)
g3

where

Flo = 01As — VA1 —i[A1, Ad,  Fim = DX, = 01X, — i[Ar, X,

Fop = VoAy — VoAa —i[Aa, &), Fum = DaXn = Vo Xy — i[Ag, X,

Fon = —1[Xon, X0,

DiW = 0,0 — i[A, V], D,V =V,¥—i[A, U], Dn¥=—iXm¥. (3.2)

Here, indices M, N run from 1 to 10, and indices m,n from 5 to 10. Index 1 corresponds
to R direction, 7, and indices @, b run from 2 to 4, which indicate S® directions, with ;
a derivative with respect to 7 and V, a covariant derivative on S® in the local Lorentz
coordinates. A; and A, is gauge fields, and X,, are scalar fields which transform as
vector under SO(6). Its gauge group is U(N). ¥ consists of four Majorana spinor? fields,
and is understood as a 16-component Majorana-Weyl fermion in the (9 + 1)-dimensional
viewpoint. Due to the conformal mapping, the radius of the S® is determined as 2/m,
and the action has conformal mass terms and a three-point coupling of gauge fields.

For later convenience, I write down a detailed expression of the action:

Shyss = é drd€; Tr[%(alA,, — OpA; —i[A, Ay))?
+ 3§ (2eeAe + 0 — Ao — i[Ag, A
FADX S DX+ XX X XX X
+ %wrlaﬂf + %\praaaxp + %\Ifrmqf
+ %\I/Fl[Al, U] + %\IJF“[AW 0] + %xprm[xm, xp]] , (3.3)

where 0, means a derivative transformed by the dreibein : J, = €#0,. It is better to take
the dreibein as right-invariant one because we will break SU(2)g isometry and dimen-
sionally reduce the theory to lower dimensional ones. Though SU(2), rotates indices a, b
and ¢, they are contracted and so the action is invariant under SU(2)r. This SU(2) will

remain after the dimensional reductions.

4“Majorana” appearing here and later means that the spinor satisfies the Majorana condition if it is
Wick-rotated to the Lorentzian signature.
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The parameters of this theory are conformal mass m, gauge coupling gss and matrix
size Ngs. However, the independent parameters are ggg /m3 and Ngs because m has mass-
dimension one and gég has mass-dimension three. Therefore, let us set m as 2 from now
on.

The theory is invariant under the following fermionic transformations:

0, A1 = —iVTe, 0,A, = —iWlze, 0,X,, = —1VI,,€,

1 1, -
5,0 = <§FMNFMN — §erm(rlal + F“%)) €. (3.4)

where € is a Grassmann-even conformal Killing spinor satisfying
Oe =T1¢, Vae=TI¢, (3.5)
so that &, is Grassmann odd. For R x S3, € should satisfy
1l a ~ 1
(IMoy + 1V, )é = —3¢& (3.6)

One can easily see this by noting that (I''d; +I'*V,)e = 4¢ and so

1 - . . 1 y
Oe = Z(Fla1 + TV, )(T10, +T°Vy)e = ~Oe — Rrxse

1 6 © (3.7)

where Ry, gs is the scalar curvature of R x S of radius 2/m, which is 3m?/2 = 6. When
one considers the Wick-rotated theory, this transformation is interpreted as supersymme-
try. Thus, let us also call this fermionic symmetry “supersymmetry” for simplicity from
now on. Especially, if the direction of the Wick-rotation is 1-direction, it forms SU(2[4)

group. € is solved with the ansatz € = j:%lﬂ%e and the result is

er m e 2g M
e%_ efg
€y = _f 2 and e = | . " , (3.8)
€ 213 €29 13
€2 1 ez 1
for the upper and the lower sign in the ansatz, respectively. Here, 7;,--- ,n4 are four-

component constant spinors, and ¢g and g are 4 x 4 matrices defined by

STz (3.9)
where 0, ¢, 1) are the coordinates of S®. Hence, there are 32 supersymmetries in the theory.
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The vacuum of the theory is unique up to gauge transformation because the holon-
omy of the gauge connection on S? is trivial. As we see in the next subsection, SU(2|4)
symmetric theories have many discrete vacua in contrast. Their vacua possess 16 super-
symmetries because the components in (3.8) that depend on the coordinates of S* should

vanish in the theories.

3.2 SU(2|4) symmetric theories
3.21 N =4SYMon Rx 5%/,

One obtains this theory by quotienting S® by Z, along its fiber direction S'. Thus, it is
the theory quantized by the fields invariant under Z, in N'=4 SYM on R x S®. The Z,
action on the coordinate of S? is written as (0, p,1) — (0, p, v + 47 /k). The form of its
action is the same as (3.1) and (3.3), but the fields are restricted to Z invariant ones.
Its vacuum is labeled by holonomies because the holonomy is not unique due to the
homotopy of S3/Zy: 7,(S%/Z)) = Z). Thus, it can be found that U* = 1. If one takes
a gauge in which A; = 0 and A, is diagonal and constant in a patch, the gauge fields in

the vacuum take values of

N 1 0 A 1 0 R
Agzﬂcosgox, Agzﬂsincpx, Ay = tyx,

sin 6 sin 0

.0 1 2 k—1
X:2 dlag(§1M1,§1M2,§1M3,"' ,T].Mk), (310)

up to gauge transformation, where F correspond to patch N: (0 < § < 7) and patch S:
(0 < 6 < ), respectively, and {M;}i—1... x is a set of integers satisfying Zle M; = Ngs.

Hence, the explicit form of the holonomy can be written as a diagonal form:

2w [k R
Z% dIA A4
0 6=0

= diag(1as,, e * 1y, ™ F 1y, - 2 BD/EY ), (3.11)

U := Pexp

3.2.2 N =8SYM on R x 52

This is obtained simply by dimensional reduction of N =4 SYM on R x S® along the
fiber direction of S® — S%. Note that, before the dimensional reduction, the derivative

with respect to the local Lorentz coordinates in the right-invariant frame can be written

as
Oy ) o (o8¢
— 98,0y — 26—, + —— | si
23 €,0p — 2¢y sin@aw + g | sine Oy
4
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—(1 F cosB) cos p
—(1F cosh)siny | 0y, (3.12)

1 2
= 25; X (5989 + e},—@@)
Fsinf

sin 6 sin 6

where €, = (sin cos ¢, sin §sin ¢, cos 0), ey = Jyé, and €, = J,€,/sinf, and F correspond
to patch N: (0 < 6 < m) and patch S: (0 < 6 < 7), respectively. The fiber direction is
y, and the coordinates of base space, S?, are § and . Let us decompose the gauge fields

into the base space part and the part orthogonal to it as

Ay r?
1 1
A; | =22, « (a,ae te, 0) +260, | T°| =36 x (@07 +&,sin0 1) + 3817,
S111
A, T

(3.13)

and substitute the above expressions and A; = @ into (3.3) of SYM on R x S3. Then

one obtains

2
Skrxs? = %/deQQ Tr<2(fw)2 + 2(f1<p)2 18 (& B (I))

G sin 6

1 1/ 4 S|
2 - 2 - - - 2
+ =(2D, D) +2(4D9Q)) + (sin9D¢q)> +2(D1Xm)

2

1/ 2 > 1
+ —(2Dg X)) + = <—D¢Xm> 20, X,,)* + 5 Xm X"

2 \sinf 2

_ N~ N

— 71X, Xal[X™, X + %\prlal\l/ + %\Ifrea@m + %\Ifr%@aﬂ
3i 1 1 1
+ gwr%‘l\p + ST oy, W) + S 9T g, U] + SUT¥[a,,, V]

1 1
+ SUTV[O, U] + ixyrm[xm,xp]>, (3.14)

by dropping off y-dependence in every field because y is the fiber direction. Here, the
field strength is defined as fp, = Jpa, — Opa, — ilag, a,] and figg,) = O1ag0,0} — Ofg,p1a1 —
ila, age,y). We denote their matrix size by Ng2.

If one takes a gauge in which a; = 0 and ® is diagonal, it is easily found that the

vacuum is

A

ag =0, a,=—(cos@F1) P,
Ci) - diag<Q11N1, (121N27 T 7QA1NA>7 (315)

where F correspond to patch N and S, respectively, and {Ng}s—1... A is a set of integers
satisfying 29:1 N; = Ng:. Here, cach of {gs}s—1..a Is quantized so that 2¢, should
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be an integer, and these are understood as Dirac monopole charges. A is the number
of different values of monopole charges. This theory describes a gauge theory in the
background produced by monopoles sitting at the center of S2.

If one replaces 0, in (3.12) by —i®, it turns out to be the background covariant

derivative around a vacuum plus —i®:

1 R
26, x {ag(@e — itg) + €, — (0, - m@)} + 28, (—id). (3.16)

It implies that ® realizes the fiber direction of S3 — S2, which we will see later.

3.2.3 BMN model

One obtains BMN model by dimensionally reducing the whole of S® of A/ = 4 SYM on
R x 83, that is, by breaking SU(2)g entirely. Thus, this is a one-dimensional quantum

mechanics whose action is

1 1 1 '
S = / dr Tr(ZFMNFMN XXM 4 E\IJFMDM\I:), (3.17)

g2 2 2

where

FlM:DlXMzﬁlXM—Z.[Xl,XM] (M?él),
Fab = 2€achc - i[Xa; Xb]a Fam = DaXm = _i[Xay Xm]; an = _i[Xma Xn]7
1
DV =09 —i[X,,V], D,V = Zgabcf‘bc\ll —i[X,, V], D,V =—i[X,,¥]. (3.18)
Now the gauge field is only X;. X, and X, are SO(3) and SO(6) scalar fields, respectively.
U consists of 16 spinor fields, and is understood again as a 16-component Majorana-Weyl

fermion in the (9 + 1)-dimensional viewpoint. The matrix size is denoted by N.

If one takes the temporal gauge, X; = 0, the generic form of vacua is

1N2(1> ® LLDl]
Xy = 2L, = 2 1,0 ® Ly
2
1N2(A> ® LA
A
Y Y] (3.19)
2
s=1
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where L,’s are the SU(2) generators. LPs stand for SU (2) generators in the Ds-
dimensional representation, whose spin is j; = (Ds—1)/2, and A is the number of different
representations. NQ(S) stands for the multiplicity of the D,-dimensional representation. For

the comparison with the gravity side, we define Nés) in BMN model by
N =D,—-D,y, (s=1,---,A) (3.20)

where Dy := 0. Then, a set of those integers, {NQ(S),NéS)}SZL...’A, is chosen from all
of the partitions of N satisfying Zi}:l NZ(S)DS = N. Generally, they are block diagonal
matrices and labeled by SU(2) representations. Each block can be understood as a fuzzy
sphere whose radius is proportional to its spin. The fuzzy spheres are layered sharing their
centers, and they are considered as concentric M2-branes. Hence, Nz(s)’s are interpreted as
M2-brane charges placed apart from each other. On the other hand, D,’s are interpreted
as M5-brane charges[14].

3.3 Large-N equivalences
3.3.1 N =8SYM on R x S? from BMN model

Let us see the realization of N' =8 SYM on R x S? from BMN model in the large-N. This
is achieved by the continuum limit of fuzzy spheres. To see this large- N equivalence, One
needs to compare spherical harmonics and the action of covariant derivatives on them in
BMN model and those in SYM on R x S2.

In BMN model, the fluctuation fields are expanded by fuzzy spherical harmonics. If
one takes a vacuum (3.19), the fluctuation fields around it are composed of rectangular
block matrices. The block in the s-th row and ¢-th column (let us call this (s, t)-block) is
a (NQ(S) X NQ(t)) ® (Ds x D,;) matrix. Let us write a (s,¢)-block as X% and then it can
be expanded by fuzzy spherical harmonics }A/Jm(jsvjt) as

Js+it J
XeO(ry= 7 > X0) @ Vi, (3.21)

J:|j57]t| m=—J

where X% (7) represents the block in the s-th row and t¢-th column of the fluctuation

field. Fuzzy spherical harmonics satisfy the following properties:

(La©)*Y smiijo =J(J + DY g o)
Ly 0 Yy =V (J Fm)(J £m+ )Y mi10.,),
L4 © YJm(jsjt) :mYJm(jS:jt)’ (322)
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where Ly = Ly +iL3 and L,’s act on a D, x D, rectangular matrix M® as
Lo o M®Y = [P _ ppsO pibdd, (3.23)
More explicitly, it realizes by taking a set of fuzzy spherical harmonics as

9 1 ms m .
YJm(jsjt) = (DSDt>4 Z ( ) j5+ C‘]Jsmsjtmtljsms><‘7tmt‘7 (324)

ms,m¢

where C/™ 's are the Clebsch-Gordan coefficients. They satisfy the following equa-

JsMsjemy

tions: hermitian conjugates
Yimgg0)' = ()" Y iz, (3.25)

and the orthogonality relation

1 . N
T A Fomtiai) Firmttiin } = 0.6 (3.26)

tr is taken as the trace of D; x D; matrices.

Around a vacuum in SYM on R x S?, there are Dirac monopoles. The fluctuation fields
consist of rectangular block matrices and each of them is expanded by monopole spherical
harmonics. The (s,t)-block is N, x N; matrix and function on 7 € R and (0, ¢) € S%
In the case in which a monopole background exists, it can be expanded by a basis of the

space of functions on S? as

XED(1,0,0) = Z Z X )Y hniguman (0, 9)- (3.27)

J=|gs—qt| m=—J

Here, X% (7,0, ) represents the block in the s-th row and ¢-th column of the fluctuation
field in SYM on R x S?. This basis Yj,,,(0, ) is called monopole spherical harmonics,
which satisfy

(LYY g = J(J +1)Y g,

L(iq)yjmq — \/(J:Fm)(JjIm+ ]->YJm:t1qa

L9 are angular momentum operators with a monopole background, defined to satisfy

LY . —(1 F cosb)cosp

@O | = iz, x (@0 + E—0, ) + —— | — i 3.29
L?) 1€, X (69 9+ewsin9 S0) +sin0 (1:Fc980)81ng0 (3.29)
L Fsinf
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where F correspond to patch N and S, respectively. They also satisfy the equations for
complex conjugates
(Yqu)* = (_1>mqumefq7 (3.30)

and the orthogonality relation

Q) .
/4_7: (Yqu) YJ’m/q = 6JJ/5mm" (331)

From the above, it is found that the both theories have the same spectra of the
fluctuations and the same action of background covariant derivatives around the vacuum
on them if one takes the limit in which

9?92

2
2 +1=n+2¢, n-—oo with = =52 _ fived (3.32)
n T

and makes the identification that consists of N{” = N, X{"W0 Xﬁ‘zj)(s’t), Lso —
Ll ?Jm(jsjt) = Yimge—a (0, ), and tr/n — [dQy/(47). This makes |j; — ji| =
lgs — ;| and js + j; — o0, and so the spectra on the both sides get equivalent. It can be
also proved that the interaction terms in BMN model and those in SYM on R x S? are
also equivalent to each other. Therefore, if one writes the both actions by the coefficients
of spherical harmonics expansion, the action of BMN model around a vacuum, (3.19),
in the large-N limit of (3.32) is the same as that of SYM on R x 5% around a vacuum,
(3.15). Tt means that BMN model in that large-n limit realizes SYM on R x S? around
any vacua with Ng2 finite. This is true because these are massive theories and so there is

no flat direction, which spontaneously breaks symmetry like U(1)4.

3.3.2 N=4SYMon RxS%/Z, from N =8 SYM on R x S5? or BMN model

There are two ways to reproduce SYM on R x S3/Z,, from lower dimensional theories.
They are Taylor’s T-duality[17, 16] and the large-N reduction[21, 20]. While the large- N
reduction realizes SYM on R x S3/Z;, in large-Ngs, Taylor’s T-duality realizes it with
Ngs finite. In this sense, Taylor’s duality has an advantage than the large-N reduction.
However, Taylor’s T-duality demands the matrix size of the lower dimensional theories
infinity from the beginning while the large- N reduction does not.

Taylor’s T-duality

Let us see the realization of SYM on R x S3/Z; from SYM on R x S? first. In this scheme,
A in SYM on R x S? should be infinite at the beginning, and so we make the label for

blocks, s, run from —oo to oo. To reproduce nontrivial vacua of SYM on R x S3/Z;, one
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should relabel blocks from s to s and o with o running from 1 to k; for monopole charges,
gs should be replaced to ¢'* and N, to N*.
In order to obtain SYM on R x S3/Zy, let us set the vacuum in SYM on R x S? to be

o ks a—1
gl ==

SRS NY =M, for —co<s<oo, 1<a<k (3.33)

Thus, ® is written as

ks ks+k—1 k(s+1)

R I
) 9 My ) 9 M » 9

k(s+1)+k—1
2

0 = diag(- - - Lo, )

(3.34)

1M17"'7

Let us make some blocks in the fluctuation fields around the vacuum are identified with

each other as

XEath(r 9 @)= XETLattlh (1 g ,) = Xii;t)(T,G,(p) for —oo < Vs, "t < 00,
(3.35)

It is a M, x Mj block matrix, and we denote the (32F_, M) x (32F_, M,,) matrix whose
elements are those block matrices by X~ (r, 0, ). Fluctuation field X (7,6, ¢) can be
expanded as

oo

X(r6,9)= Y X (r6,9)0U", (3.36)

W=—00

where U is defined as the infinite dimensional matrix satisfying Uy = d5_41. Condition
(3.35) is called orbifolding condition. If we denote

Z x5 (7,6,0) 0 U (3.37)
by X@8 (7,0, ¢), the (a, B)-block of the commutator of ® and a fluctuation field turns
out to be

. >k _
i, X)) = i 3 wta—f ()

9 af (T7 07 SO) R U™. (338)

Then, let us see the fluctuation fields in SYM on R x S%/Z;, around the vacuum (3.10).
For each patch of S?, the expression of the («, 3)-block of a fluctuation in a Fourier series
expansion along the fiber direction, y, is generally written as

o0

X(r,0,0,9)@) = 3" X5 (r,0,0)e, (3.39)

wW=—00
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because all fields are assumed to be periodic under y — y + 47 /k. The action of the
background covariant derivative along y around the vacuum for the w-th component of
the Fourier series of the (a, 3)-block is

(wBw) L — w

[a,x — X, x)] " < AT IS g ) (3.40)
Now one can see that the spectra of the fluctuations on the both sides are the same

if one makes the identification that consists of the relation (3.33), X C(g)(w) — X é%g)(w),
kw+a—p

LS 7 ) [0, — iAg)@Fw) [T — ¢'3'V. Also, the trace for U should be identified with
(k/4rm) [ dy, and

27 g 2

— = s (3.41)
There is no divergence of tr 1 because it should be divided due to the orbifolding condition.
Then, it appears in comparing the both free energies: Fg:/trl = Fgs. By the above
identification, the actions on the both sides, (3.14) and (3.3), become the same, and so
SYM on R x S? around the vacuum (3.15) with (3.33) and the orbifolding condition
is equivalent to SYM on R x S3/Z; around the vacuum (3.10) because there is no flat
direction.

One can obtain SYM on Rx S3/Z; from BMN model by taking the procedure explained

in section 3.3.1 and Taylor’s T-duality successively. The relations for parameters are

7T292

D =n+ks+ta—1, n—oo with ——— =g,
n

N = M, (3.42)

Large-N reduction

SYM on R x S3/Z; can be reproduced also by the usual large-N reduction. In order to
obtain it, the vacuum in SYM on R x S? should be set as

k ~1
4 — ?3 N (O‘T)S N@ M,  for —=<s< (3.43)

vl =
o) =

Then, the double scaling limit which realizes SYM on R x S? is

QWg?qQMa
k

The contribution to the correlation functions in SYM on R x 5% or in SYM on R x S%/Z,

is only from the planar diagrams in this limit. By the perturbative analysis, one can find

AN — oo, M,— oo, with = gasM, = fixed for 1 <a<k. (3.44)
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that the planar diagrams in SYM on R x 5% and those in SYM on R x S/, provide the
same results. For the non-perturbative equivalence, we can see it in a BPS sector [1] by
using the result of the localization method.

The realization of SYM on R x S® from BMN model also requires the procedure in

section 3.3.1 in addition to the large- N reduction. The double scaling limit is

D§a> =n+ks+a—1 n— oo,
8n2g* M,

NQ(SO‘) =M, — oo with p
n

= gggMa = fixed for each «, (3.45)

and then A — oo should be taken.

3.4 Localization applied to BMN model

In this section, localization technique is applied to a BPS sector in BMN model. The BPS
sector should be suitable for observing the correspondence between the vacua in BMN
model and bubbling geometries.

The localization technique works if the following conditions hold:
1. There is a fermionic symmetry, say : QS = 0, where S is the action.

2. There is a Q-exact quantity which can be added to the action and the bosonic part
of which contains only positive-definite terms. If it is denoted by QV, it satisfies
Q*V =0.

3. The path-integral measure is closed®.

Note that there is no need for nilpotency of ). This @) is usually supersymmetry or the
combination of supersymmetry and BRS symmetry. In order to compute a ()-closed oper-
ator, say O, let us define a modified partition function Z(t¢) and the vacuum expectation

value of O in terms of Z(t) as
Z(t) == /[dX]e_S[X]_tQV, (0) = /[dX]Oe_S[X}_tQV/Z(t). (3.46)

Then,

%(<O>Z(t)) = /[dX]O(QV)e_S[X]—tQV — /[dX](Q OVe—S’[X}—tQV)

This condition is imposed because we assume that the deformation term in (3.46) is QV. For example,

if it is not satisfied and there is a functional U such that the path-integral measure times U is @)-closed,
then the condition 2 should be modified to the statement that the bosonic terms of U x QV are positive
definite.
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= Q( / [dX|OVeSEIZQV) — g (3.47)

Taking O as 1, it is found that Z(t) does not depend on ¢, nor does (O) for any @Q-closed
O. The original value of (O) is computed by Z(0), but its value computed by Z(t) is
the same for any ¢ since it is independent of ¢. Therefore, (O) can be computed also by
Z(t) at t — oo, which means that the fields in the @-closed sector are localized around
those satisfying QV = 0. Thus, the computation reduces to gaussian integrals around the
localizing locus, and so it becomes exact at one-loop.

In general, localization technique is usually applied to theories on a compact space,
but the theory we are analyzing is non-compact — real axis 7. As this non-compact
space, the real axis, does not have finite volume, the partition function of BMN model
on the real axis seems to have an infinite value. In order to make the effective action
finite, it is necessary to impose on the fields that they are closer to vacua at 7 — +oo.
By imposing it, one obtains a finite result because the fields in the BPS sector localize
around the origin of the real axis, thanks to the 7-dependence of the Killing spinor of the
BPS sector.

3.4.1 Determination of the BPS sector

We need to determine the appropriate BPS sector because it is emergence of geometries
that we are interested in, in this paper.

A supersymmetry of BMN model is obtained by the simple dimensional reduction of
(3.4) with (3.8).

55XM = —i\I/FME,
1

5,0 = 5FMNPMNe —2X,,I™¢. (3.48)

The Killing spinor equation is now written as
~ 1 ~
Vie=T}¢, Zgabcrbce =T,¢ (3.49)

Its solution is also obtained by the dimensional reduction of (3.8). Thus, 7o = ny = 0 for
e+ and 71 = n3 = 0 for e_. From now on, we concentrate on e, and omit the subscript
+. Then, let us set n3 = —Jym; so that d5(X,; —iX39) = 0 would hold at 7 = 0. Now the

Killing spinor is

T

T ™4 0
e=e3l e il (3.50)

0

0
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We take n; = (1,0,0,0)7 for simplicity. The Killing vector v := e['M¢ has the following

components
v'® =2icoshr, v*= -2, o’ =2sinhr, (3.51)
and the other elements are 0. There is a supersymmetric invariant operator defined by
(1) == oM Xy (7). (3.52)
In the BPS sector determined by (3.50), ¢ becomes
o(1) = =2 (Xy4(7) — sinh 7 Xg(7) — i cosh 7X;o(7)) . (3.53)
The condition that d:(X4(0) — iX;0(0)) = 0 or ds¢(7) = 0 can be understood as

follows. In order to observe emergence of geometries in the context of the gauge/gravity
duality, the classical configuration of the operators in BMN model corresponding to 7-
and z-directions should be determined by the equation of motion in the limit where the
supergravity approximation is valid. ¢(7) corresponds to the linear combination of r- and
z-directions because X, is naively the direction perpendicular to S? as well as S® and so
is sinh 7Xg + 7 cosh 7X10. Then, the configuration of ¢(7) in that limit is considered to
describe or have the information of how the metric of the corresponding geometry depends
on r and z. This is why we are interested in the BPS sector satisfying this condition,
since the equation of motion of ¢ is determined by the localization method in the sector.

The localization method requires off-shell supersymmetry. Following Berkovits’ con-
struction [23], the off-shell supersymmetry of BMN model is found that

5sXM = —i\I/FMG,
1 . :
6S\Ij — §FMNFMN€ . XmFmFIQOE 4 [{'lyi7
6 K; = i, Dy 0, (3.54)
with auxiliary fields K; and additional bosonic spinors v;, which satisfy
My, = 0,
1 N i i
é(efNe)Faﬂ = VpVj + €atp,
vilMy; = 6,5l e. (3.55)

Here, o, 8 are spinor indices, and ¢ runs from 1 to 7 so as to equate the number of bosonic
fields with a gauge fixing and that of fermionic fields. The action of BMN model is

invariant under this symmetry if one adds to the action

1 1
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If € satisfies (3.50), then v; is in the form of
m
v = V/2ea" e i 8 S (i=1,2,---,7) (3.57)
0
Let us see another form of the supersymmetry by expanding fermionic fields as
U =0, TV e+ T/, (3.58)

by the complete basis {T™'e, v!|M' =1,---,9, i =1,---,7}. Then the supersymmetry

1s written as

(SSXM/ = —i(ee)\I’M/, (EE)&S\DM/ = ((5¢ + 5U(1))XM’7
(66)55TZ‘ = Hi7 (5SHZ = —Z'(EE)(5¢ + 5U(1))Tia 55¢ = 0, (359)

where H; is defined as

Hi = (EE)Ki + 22'1/Z-€X10 —+ Siy (360)
12 9
o ) - P/Q/ o m~
Si = (2 P/%I FpigD?@e -2 ZE]XmF e> : (3.61)

d4 is the gauge transformation whose parameter is ¢: 93X = Do, 64T = i[¢, T]. bu)
is U(1) transformation which is a diagonal subgroup of SO(3) x SO(6):

5U(1)Xa = _25ab4U4Xb7
Su(1)Xom = 2(—62, Xs + 05, X5 — 07 Xe + 65, X7),
5U(1)Ti = 2(521T4 —l— (Sing — (SigTQ — 5,~4T1 + 5@'6T7 — 6i7T6). (362)

This U(1) transformation corresponds to the linear combination of the Lie derivative
along v® on S? and SU(2) subgroup of R-symmetry in the viewpoint of N' = 4 SYM. The

explicit form of s; is

s1 = 2c(Fis + For — Fyg) +25(Xg — Fus) + 2F5,
s9 = 2¢(—Fi7 + Fos + F35) — 25(X7 + Fiug) + 2Fgo,
s3 = 2¢(Fhg — Fos + Fsg) + 25(Xg — Fuz) + 2F70,
84 = 2¢(F15 + Fyg + F7) + 25(X5 + Fig) — 2Fyo,
S5 = 2¢(Fog + Fss — Fg7) — 2sF1y — 2F)g,
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s¢ = 2¢(—Fi3 + Fy7 + Fgs) — 25Fpy — 2Fy,
ST = 2C(F12 + F78 — F56) — 28F34 — 2F39. (363)

Now it is easy to see that 02 is the linear combination of gauge symmetry and U(1)

symmetry as
62 = —i(8y + du(r))- (3.64)

One can write the supersymmetry in a compact form by the following notation:

X = ( XM/ > 7 X/ — (—i(EE)‘I’M/> ‘
(€€>Ti I’IZ

Then, (X, X’) forms doublets, and ¢ is a singlet. They transform as

5. X = X', 0,X" = —i(ds+ 6um)X, 8.6 =0. (3.65)

3.4.2 BRS symmetry and combined symmetry ()

It is convenient to fix a gauge by the BRS-quantization method so as to perform the
localization technique. Thus, let us introduce ghost fields transforming under the BRS

symmetry as

55X = —[C,X]2, 65X = —[C, X,
§pC =ag — C?, dpp = —[C, ¢l

65C = b, 6pb = —[ag, C],
dpag = iCy, 65Cy = ilag, aol,
5Bb0 = ’iCO, 5300 = ’i[ao, bo], 5BCLO = O, (366)

where [C, |+ stands for the anti-commutator if the both fields are fermionic. Otherwise,
it stands for —iDyC for X, and the commutator, [C, Y], for Y. C,C’ are the usual
ghost and anti-ghost fields, and b is the Nakanishi-Lautrup field. Since C' and C' have
zero modes, ag is introduced as a ghost of ghost C, and other bosonic fields by, ay and
fermionic fields Cy, Cy are also introduced. The fields with subscript 0 are constant and
zero modes for fuzzy spherical harmonics. §% is the gauge transformation parameterized

by the constant field ay:

6% = —lao, ] (3.67)
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We use the combined symmetry which consists of the supersymmetry and the BRS
symmetry. The supersymmetry on the ghost fields and the fields accompanying them is
defined as

0;C = ¢, s(the other ghosts) = 0. (3.68)
Then, the combined symmetry Q) := 6, + dp is

QX = X'~ [C,X]s, QX' =—i(0y+ dp)X — [C, X')s,
QC =¢+ay—C? Qo=—[C g

Qé:b7 Qb: —[GO,O],
Qay = iCy, QCo = ilao, o),
Qbo = iCO, QCO = i[ao, bo], QCL() =0. (369)

One can find that Q? is U(1) transformation plus the gauge transformation by aq:
Q*=R, R:=—idpa) — [ao, ]. (3.70)
One can write -symmetry in a compact form again. After redefining
X =X —[C,X]5, ¢:=0¢+ay—C? (3.71)
let us define

ZO - (XM’7d07b0)7 Zl - (Ti7CJ é)?
Z(,) = (‘ijM’vémCO)a Zi = (]:[i?éa b) (372)

Note that Z, and Z; are bosonic and Z; and Zj are fermionic. Then, (Z;, Z!) forms

doublets, and Q)-symmetry is written as

where 1 =0, 1.

3.4.3 Positive definite deformation

To computing BPS operators in BMN model, we use ds-symmetry for the localization
technique. Then, one needs a positive definite deformation term for the action which is

0s-exact. Let us define V4 by

Vinare = Tt [U8,0] (3.74)
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where

5,0 = §FMNFMN€+ 2X WLV e — K'u;. (3.75)

Here, the bar makes the operator hermitian conjugate with K; treated as anti-hermitian
and others including Xy as hermitian. Actually, K; should be anti-hermitian for the
convergence of the path-integral. In the following, let us use Ki(E) = —iK;. The explicit

form of V,,uu 1S
Vinatt = T | (Dagr@ + S Xarr) W'+ T3] (3.76)
The d,-exact term of this is the same as QV},.:. The bosonic part of it is calculated as

vaatt’bos = 5svmatt’bos

= Tr |e"(D1 X10 + X10 — e TK)? 4 77 (D1 X0 — Xy + " K1P)?
+ QCZ (DaX10)* +2¢ Y (K2 4 2¢(DyXo)” — 2¢[X10, Xo]”
1#5
8 1 2

—2¢ ) [Xio, Xp]* + 8 + 42 e’ {F;4 5 D (€7 X0) + F, ,M}

m/=5 a’'=1

1 2
el {Fa,4 + 5D (€77 Xo) Fa+48} ” : (3.77)

where ¢ stands for cosh 7, and we will use s for sinh 7 later. We define S by

S =¢"(X5+ D1 X5+ Dy X+ D3 X7+ Dy Xg + e " Fog)?
+e (X5 — D1 X5 — Do Xg — D3 X7+ Dy Xg — e F98)2
+e"(Xg + D1 Xg — Dy X5+ D3 Xg — Dy Xy — e " Fyy)?
+e (X — D1 Xg + Dy X5 — D3 Xg — Dy X7+ e F97)2
+ eT(X7 + D1 X7 — Dy Xg — D3 X5 + Dy Xg + e Fyg)?

)
05)
)

(X7 - D1X7 + D2X8 + D3X5 + D4X6 — € F96 2

(& (Xg + Dng + D2X7 — D3X6 — D4X5 —e 5 2

+ e " (Xg — D1 Xg — Do X7+ D3 Xg — Dy X5 + €™ Fys)?, (3.78)

and F* by the selfdual and anti-selfdual parts of the field strength:

1 1 '
Fm/n/ :l: —Em/n/p/q/Fp q ), (379)

1 1
"’_§< 2

'd’ +
_(Fa/b’ + iga’b’c/d’Fc )7 Fm’

Fi//:
a’b 2
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where a/,b',--- run from 1 to 4 and m/,n’,--- from 5 to 8. These bosonic terms are
positive definite if one treats KZ-(E) as hermitian.

The localizing locus is obtained as the solution of @V}, = 0. It is equivalent to the
equations where each term of QV;,.q« is zero. In general, it is not so easy to solve it because
there should be instanton configurations [24, 25] which extremize the Q-exact term, due to
e*™ factors in (3.77) and (3.78). The equations for obtaining instantons can be understood
as mass-deformed Nahm equations [26]. The instanton effect is suppressed in the large- N
limit, and so it is not considered in this paper. Then, the localizing configuration should
become vacua at 7 — +o00, and furthermore, these both edges of the configuration should

be the same. In this condition, the localizing locus in the temporal gauge turns out to be

M ) M

Xy =—2L, (a=2,3,4), X;0= — K= (3.80)

where M is a constant matrix which satisfies [L,, M] = 0. These equations, of course,
satisfy the condition mentioned above. Note that gg = 4L4+ 2iM , which we will use later.

M is decomposed, in the same manner as L, in (3.19), as

A
M= Melp, (3.81)

s=1

where M is an NQ(S) X Nz(s) constant matrix. One can take the gauge where M is diagonal.
Let us denote the i-th element of the diagonalized M, by my; fori=1,--- ,NQ(S).

To perform the ordinary Faddeev-Popov gauge-fixing for the fluctuation fields, we
define the ghost action S, by

‘/gh =Tr |:é (ZF+%b+Zbo) +C (ELQ— %ao)‘| s

Sgh = t/dT QVgr = t/dTTr {b (zF + %b+ib0> —C (zQF+ %[é,ao] — Co>
+(¢ + ag — C?) (do - %ao) — iCéo} , (3.82)

where F'is a gauge-fixing condition. This is not BRS-exact but @Q-exact. We choose it
because the action should be ()-closed, and it is indeed equivalent to the original gauge-

fixing, which is performed by a BRS-exact action. F'is chosen to be the following in this
paper.

4
. 1 /
F= Dy X", .
a/zzl (COSh T ) (3:83)

37



where D, is defined as the background covariant derivative:

A

DiX =0 X, DX :=—i[X,, X]. (3.84)

X, is the vacuum configuration —2L,, defined in (3.19). Now, by choosing the gauge in

which & = & = 0, the ghost action is written as

Sgn =t / drTr Da’c) +CCy

cosh T

4
b(iF +ibg) + Y CDy (
=1

4
+(¢ + ag — 02)&0 — lCéo — Z C’Da/ (

a'=1

cosh T

\Ifra’e)] . (3.85)

One can note that, as is expected, zero modes of C, C and b are equivalent to zero by
integrating out Cy, Cy and by, respectively. One also finds that aq is identified with ¢ by
integrating ag. The last term does not contribute to the path-integral because there is no
diagram containing this term. If there exists such a diagram, it should have C' insertions

to terminate {C, é} propagators and is not a physical diagram.

3.4.4 One-loop determinant

Now we are ready to compute the one-loop determinant around the localizing locus. After
redefining the fields (3.72) so that Z; — Z; + Z;//t and Z! — Z! + Z!/\/t, let us take the
limit ¢ — oo, which makes all terms without the quadratic terms in the action vanish.

Then, the action becomes

Scl + Q(Vmatt + V:qh) (386)
where the first term is the classical action:
1 [ 1 N 1. 1 (g 2
S, = = /_ . dr Tr (5(81)(10)2 + 5Xfo +3 K >2> = Tr M?, (3.87)

and the second term is the quadratic ones in terms of fluctuation fields. Here, Via + Vi

in the second term is in the form of

DOO DOl ZO
Vinatt + Von, = (Z’, Z1) , (3.88)
e Y\ Dy Dy Z!

where D;;’s are linear differential operators. Then the Q-exact term is written as

DOO DOl ZO DOO DOl Z(,)
Viratt + Von) = RZ,Z’ + Z’,Z )
QVrnate + Vin) = (RZ ”(moDn><z> <00(DmDn><R%

(3.89)
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Let us define spaces Vz, and Vz, by the functional spaces of fluctuation fields Z, and Z;,
respectively, which are restricted to the ones that approach to vacua at 7 — +oo. By
using a natural linear map by operator Do, which maps V, to Vz,, one can see that the

one-loop determinant becomes

1
detcokerD R 2
Zictoop = | —4m2— ] 3.90
1-loop (detkeerR) (3:90)

since the determinants in the numerator and denominator of the original one-loop deter-
minant are partially canceled out. Here dety stands for a determinant of the endomor-
phism V' — V. Then the kernel and cokernel are decomposed into the direct sum of the

eigenspaces of R since Dy and R commute. If one writes the decomposition as

ker Dy = @ V.., cokerDy = @ %% (3.91)

where V,, and V! are the eigenspaces of 7, an eigenvalue of R, then the one-loop deter-

minant can be written as

(dimV},, —dimV/.;)/2
Zlfloop = H T ’ . (392)

Hence, computing the one-loop determinant reduces to finding the index of Do for ev-
ery eigenspace of R. The index is well-defined because BMN model is one-dimensional
quantum mechanics and so D;q is a Fredholm operator.

In (3.88), Z1 D197y part is written as

/dT Tr

25;T; + iC(F + by) + Cag

. 4
L > (5U(1)Xa, + 2D, (v Xy + 0" Xy) — i[ Xy, —2iM + v4f<4]) DYC

a’'=1

(3.93)

To compute the indices, one needs to find out from (3.93) the kernel and cokernel of D
and eigenvalues of R acting on them. Let f(7) be an n-dimensional vector which is an
element of the kernel or cokernel of Dyg. As they are subspaces of V, and V,, f(7) should
be 0 in the limit of 7 — £o00. Then, it satisfies an equation in the form of Df(7) = 0,

where

Dfi(r) = S () + Ay(r) (o). (3.94)
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1, j are vector indices and running from 1 to n. Here, A is an n X n matrix which generally
depends on 7, and goes to finite values in the limit of 7 — 4o00. Essentially, the problem
reduces to finding such f(7)’s. We use the following technique to find them.

The equation D f(7) = 0 can be diagonalized by the following gauge transformation:

U Nr) (0 + A(r))U(T) = Ag(1), (3.95)

where A, is a diagonal matrix. Then, the formal solution is

(ﬂT):[KTﬁmp(—lATAdﬁﬁdH>j@ (3.96)

where fj is a constant vector. If one takes U(7) as a matrix that gets constant at 7 — £oo0,
Ag(£00) is obtained by U~!(+oo)A(+oo)U(Foo) = Ay(doo). This asymptotic values

Aq(£00) are the same as those of Ag(7) in
VATV (T) = Ag(7). (3.97)

Let us denote the eigenvalues by A1 (7), -+, A\ (7), and so Ay(7) = diag(A(7), -+, Au(7)).
The equation (3.96) tells us that, the i-th component of fy can have a non-zero value if

the following condition holds:

lim Re);(7) >0 and lim Re);(7) <0. (3.98)

T—00 T——00

This is because the exponential factor in f;(7) goes to 0 at 7 — Foo under this condi-
tion. One finds that, if there are only k eigenvalues that satisfy the condition (3.98), the

dimension of the kernel of D is
dim(kerD) = k. (3.99)

When D is Dy, k is the dimension of ker Dqp; when D is the adjoint of D;, it is the
dimension of coker Dyg.

In the following, I will redefine the fields in order for easy view of A;;(7) and show
explicit forms of A;;(7) for some sets of fields. the fields are expanded in terms of fuzzy

spherical harmonics as (3.21).

Index for X5, - -, X3y

These fields are interpreted as bosonic fields in hypermultiplet in the viewpoint of N' = 4
SYM. If one defines W; and W5 as

W, = X5 +iXs, Wo= Xg+iX, (3.100)
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the equations for ker Do become
Wi + 2L, Wa] + 2 (Wi +2[Ly, W1]) = 0,
Wy — 2L, Wi + E(W2 — 9Ly, Wa)]) = 0, (3.101)

where Ly = Lo & i¢L3. Then, matrix A for f = (W S?,WSQ,WSQH,Wéj’i)J)T for
m=—-J—-J+1,---,J—11is written as

227+1) 0 0 0
som+1) 205
a—| 0 @mED % o (3.102)
0 —2i5. —22m+1) 0
0 0 0 (27 +1)

where 65 = /(J £ m)(J T m + 1). Only the eigenvalues for W% and Wi%", satisfy the
condition (3.98). As ag is identified with —¢, the action of R on these fields is

RIS =2 {1+ 20)W(5) + i) - wis)am) |
RW,5Y, = 2{ (1+20)WED 4 i(Mwsh, - WQ‘j’?JMt)} . (3.103)
Note that R is the operator at the localizing locus (3.80) to compute the one-loop deter-

minant. Thus, they contribute to the one-loop determinant as the following factor up to

an overall constant:

dstie NgU NGV

VY1) (L E— 3100

sit=1 J=|js—j¢| =1 j=1

Index for Ty, -+, Ty

These fields are interpreted as fermionic fields in hypermultiplet in the view point of
N = 4 SYM. Defining

§i =T, +iTy, & =T3+iTy, (3.105)

one finds that the equation for coker Diq tells us

_zg 0 0
0o = 20 0
A= e : (3.106)
0 25, —Z(m-1) 0
0 0 0 —2J
for f = (5D WD eloh) lSINT for = —J 41, —J +2,---,J. This does not contain

any fields satisfying (3.98), and so it does not contribute to the one-loop determinant.
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Index for Xl, te ,X4,X9 and bo,do

These fields are interpreted as bosonic fields in vector multiplet and the bosonic fields
associated with ghosts in the view point of N'=4 SYM. The equations for ker D;, are

F+by =0, (3.107)
N F .

do + Z_l 2D <%Da/ (v X, + vgxg)) + [5, —2iM +v'Xy| =0, (3.108)

c(2X4 — i[Xy, X3] +i[ X3, X3)) — 5(0, X4 + i[ Xy, X1]) — 81X = 0, (3.109)

(01 X5 + i[ X5, X1]) — 5(2X ;5 + i[ X, Xy] — i[ X4, Xo]) — i[ X2, Xo] = 0, (3.110)

(81 Xs + i[Xo, X1]) — 52X, — i[ X3, Xy + i[ X4, X3]) + i[ X3, Xo] = 0. (3.111)

Some fields do not contribute to the one-loop determinant. (3.107) says that by = 0
because F' — 0 at 7 — 400 while by is constant. Then, F' = 0 holds. For ag, the second
and third terms in (3.108) goes to zero in that limit, and so one finds @y = 0. From
(3.108) with F' = ag = 0, the following equation holds:

o, (%alm - sX9>) 428 L X — X)) = 0 (3.112)

Let gfﬁ;? be the coefficient of Y, ;) in X4y — sXg. Then, one can see that, by using
(3.112), gﬁ? satisfies

o0 (s,)\ 2
L st)q (si) NG jm 4J(J+1) =1 3\ (a2
= /oo o (gg‘]m Ogom ) = | d c + 2 + 2¢1 ) Jam |
(3.113)

since ggi;;f) Jc — 0 at 7 — £o00. Therefore, it is found that gf,s,;;:)

is zero when J # 0 because
the integrand of the above equation is positive definite. For J = 0, the equation (3.112) is
equivalent to 9y (8195 /c) = 0. Tts solution is ¢\" = const. x s. However, as g&" should
be finite or zero when 7 — 00, the constant factor has to be zero, and gé%’t) is also zero.
Thus, one has seen that g((]i;f) = 0 for any J, that is, Xy = sXj.

Now we have F' = 0, (3.109), (3.110) and (3.111) with X, = sXy, and they can be
written as

— i X, + z’ZXl (Lo, X_) 4+ [Lo, X4 ] + 28[L4, Xo] = 0,

.S
— (Lo, X+ [L_, X4] + sXg — ¢01 X + QZE[L4,X1] =0,

42



(O Xy — 2Ly, X1]) — $(2X4 — 2[La, X1]) — 2¢*[ Ly, Xo] =

0,
(X —2[L_, X1]) — s(2X_ + 2[La, X_]) + 23[L_, X,] = 0. (3.114)

Then, for f = (Xj,,:jl/\/_Xjéf?/\/_X (s8) _ X9( )Tform:—(]_|_17_(]_|_27...“]_

Jm7

1 with J > 1, matrix A is read off from (3.114) as

2ms 0 —V2i6_ —\/2i6_

C

0 —2ms /246, \/2i0,

A= y 3.115
V2is_ 25, =2 _2ms (3.115)
V2ib. —/2ib, s s

There also remain f = (X% /v/2, X5, =ieX)5) and f = (X750, /2, X0, —ieX 07T

Matrices A for them are

—2Is 9] 20V —2s 25/ ] —2iVJ

A=| 20/J -2 2= and A=|2/J -2 2Zs | (3.116)
—2iVJ - 2iJ s s

respectively. One can see that these three do not satisfy the condition (3.98) by confirming
that the determinant of each A for given J,m cannot be zero at any 7. Therefore, these

bosonic fields do not contribute to the one-loop determinant.

Index for C,C and Y5, Tg, Y-

These fields are interpreted as fermionic fields in vector multiplet and the ghost and
anti-ghost fields in the view point of N' =4 SYM. The elements of coker Dy, satisfy the

following equations:
_ %alé ~ LM — 204, 0,0 — 85[La, T] ~ 8el s Tg] + 8clLs, T7] =0,
%[LQ, O+ E[LQ, [iM — 2Ly, O] + 4ic[Ls, Y5] — 4is[Ly, Yg] — 2¢01 Y7 — 6sT7 = 0,
%[Lg, C + (Z—;[Lg, [iM — 2Ly, C)] — 4ic|[Ly, Ts) — 4is[Ly, T7] + 2¢0,Tg + 65T = 0,
%[L4, - o, (éalc) + %[La/, (Lo, C]] + (Z—;[L4, [iM — 2Ly, C]] + 250, s + 6e s
+ 4is[Ls, Y| + 4is[Ls, T7] = 0,
isdy (%alc) - 4LC'S[LQ/, [Lar, O] + 20, Y5 + 4i[Lo, o] + 4i[Ls, T7] = 0. (3.117)

There also exists a condition that C' and C' do not have zero modes. Let us redefine the

fields as C" = (C' — [iM — 2Ly, C])/(2v/2¢), C" = iC/ec, T = /25 and T4 = T £ Y7,
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and define a new field as d = 0;C" so as to make the equations linear differential ones.

Then, equations (3.117) become

0nC' —

3 2+/2 ~ 3vV?2
81d+_8d+20, [ a?[LaUC/H—’__\/_[L%O/]—'—C_\g_

2
Yy — V2[Le,C'] — V2[Ly, T4 + ﬁm - —S[L4, T, =0,

- 3 2
OY_ + V2i[L_,C") — V2U[L_, TL] + ?ST + 8[L4,T ] =0,

T, =0,

-, 28 -, 2
0"+ =C' + =Ly, Y] = V2([Ls T-) = [L-, Y4]) = 0,
2
005 + 2 [La, €4 24 V(L T4 L, T]) =0 (3.118)
Then, one finds that matrix A for f = (C ﬁfnt ,djn?aTJJrnfipTJS 1t)17T/5 o C}(’ST;t))T for
m=—J+1,-J+2,--- J—1is

0 —1 0 0 0 0
B 9 4J(J+1) 0 0 B bgm
0 0 2(1—2 0 —V2i0_ —+/2i0_
A= (1 —2m) fz, f_z (3.119)
0 0 0 S(1+2m) —V2i6,  V2id,
0 0 V2id_ V2i, g ms
0 0 V2is_ =266, 2me 2
This A does not contain any eigenvalues that satisfy (3.98).
For f = (C' JJ ot df,sf), T;ﬁ?, T?ﬁs’t), C’f,(j’t))T, matrix A is written as
0 —1 0 0 0
39 4J(J+1) 0 2 3
A=1|o0 0 $(1+2J) —21\/_ 2N_ : (3.120)
0 0 2iV/J 3s 2
0 0 20V J 2 2s

except for J = 0 because f does not have zero modes.® There is one eigenvalue of this A
which satisfies (3.98). The action of R on the field is

Rf =2{2Jf +i(M,f — fM,)}. (3.121)

SFrom the sixth equation in (3.118), T’ would seem to have a zero mode which is the cokernel of Dyj.
However, the second equation in (3.118) says that the zero mode vanishes because the other fields does

not have zero modes.
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Similarly, for f = (Cl,](it]), dJ Js T}_ th.g.p T/jgs}t)a C’(/](i’?)Tv

0 ~1 0 0 0
B 2-4J(J+1) 0 B2 3wyl

A=1o0 0 2(1+2J) —2ivJ —22\/_ : (3.122)
0 0 2iv/J b 2
0 0 2iJ -

except for J = 0. There is also one eigenvalue which satisfies (3.98), and the action of R

is
Rf =2{=2Jf+i(Msf — fM,)}. (3.123)

Now we have the final field, which is f = (Tjﬁsf), T J§ )) Matrix A for this field is

(23 +27) 0
A_( . §(3+2J))' (3.124)

These eigenvalues satisfy the condition (3.98). The action of R is
RTE) =2 {= 2+ 200500 +i0L %) - 50}
RY; 0 = 2 {(2 +20) Y55 +i(MY 0 — 1 t)Mt)} (3.125)

From (3.121), (3.123) and (3.125), the contribution to the one-loop determinant is ob-

tained as

jtie N N

[T T0 TTTTCH: + - moty

st=1 J=|js—g¢| i=1 j=1
J#0

]s+]t N<S) N(t)

X H IT TIII{@7+2)+ (ma—my)*H2 (3.126)

sit=1 J=|js—j¢| i=1 j=1

As we have collected the contribution to the index, the one-loop determinant can be
obtained now. Since M,’s are diagonalized, there exists a Vandermonde determinant fac-
tor: T[, I[;s;(msi—ms;)?. Combining (3.104), (3.126) and the Vandermonde determinant,

the one-loop determinant is

(s) Ar(®)
jstje Ny ' Ny 9 1

{(2J +2)% + (mg — my)* H(2J ms; — myj)*}] 2
Z1 toop = H 11 HH{ +2)° + PH ) + ( ik

st=1 J=|js—j¢| i=1 j=1 {(2‘]+ 1)2+(msz _mtj)2}2

(3.127)
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where [] means that the second factor in the numerator with s = ¢, J =0 and i = j is
not included in the product. This is the one-loop determinant around the vacuum labeled

by {NQ(S)7 Nés)}S:L._.’ A. The partition function around the vacuum? is obtained as

A N(S)

/H H deZ Zl loop € 92 22024 Dsm“ (3128)

s=1 i=1

The exponent of the last factor of (3.128) is (3.87). This result is an exact one up to the
instanton factor.

As a consistency check of our computation, we can reproduce a one-loop result of BMN
model around the trivial background [1]. Furthermore, we can show that BMN model
around the background corresponding to N' = 4 SYM on R x S? becomes a Gaussian
matrix model [1]. This is consistent with the results in [5, 18, 19].

Now we have the partition function, BPS operators, which are invariant under d,, can
be computed exactly. Let us consider a “Wilson” loop operator® W = < Tre ™. Its

value at the localizing locus where the vacuum is labeled by {NQ(S)7 Nés)}szL... A ls

A NS

% > ) Dyemme (3.129)

s=1 i=1

because the eigenvalues of 2L, are integers. Then, the expectation value at the vacuum

is

1 A N(t) A N<5)
“v 2P Z / [T I s 21 g #5227 (3130)
t=1 = s=1 =1

4 Emergent bubbling geometry

In this section, we investigate BMN model around a general vacuum as well as N' = 8
SYM on Rx S? and N = 4 SYM on R x S3/Z,,. First, we obtain the saddle point equation
of the matrix integral (3.128) with (3.127), which is a equation for eigenvalue densities of

the matrix, in two different ways. Then, we show that the eigenvalue densities satisfy the

"The partition function is originally defined as the summation of the contribution from all vacua. In
this case, however, a “partial” partition function around a vacuum can be defined in the large-N limit
because there are no instanton effect in the limit. In order to define it well, the condition mentioned at

the above of (3.80) should be imposed in addition to the large-N limit.
8From the viewpoint of N' = 4 SYM, it is interpreted as the BPS Wilson loop whose contour is a great

circle of S3. It is obtained by dimensional reduction of A" =4 SYM on R x S3.
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same integral equations as the charge densities of the corresponding electrostatic system.
We also show that the same relation holds for the other gauge theories.

In order to compare with the gravity side, one should analyze the gauge theories in
the parameter region where the dual supergravity description is valid. In order for the
supergravity approximation to be valid, the brane charges, N2(S) and Nés), should be very
large and N$* should be much larger than ¢?N{* and N{* to suppress the bulk string
coupling. In addition, the condition to suppress the o’ corrections is needed. Therefore,

the parameter region corresponds in the gauge theory side to the 't Hooft limit
N2(S) — 00, A& = g2N2(s) = fixed, (4.1)
and
Dy—Dsy > 1, A¥ > D, (4.2)

for arbitrary s. The conditions (4.2) sufficiently make the o’ corrections negligible. Note
that Dy — Ds_1 = %Nés) is the square of the S° radius in the s-th NS5-brane throat [13].
Also, as shown in appendix F, the second condition of (4.2) means that the radius of S°
near the tip of a disk in the electrostatic system is large. In these limits, (4.1) and (4.2),
one can evaluate the vacuum expectation values of BPS operators by applying the saddle
point approximation, which becomes exact in these limits.

The procedure to obtain the corresponding geometry is summarized as follows.
1. Identify the appropriate BPS sector.
2. Perform the localization technique and obtain the saddle point equations.

3. The saddle point equations should be the equations of motion determining the cor-
responding geometry in the parameter region where the supergravity approximation

is valid.

In this case, the appropriate BPS sector is the one under which ¢(7) is invariant. ¢ is
considered to correspond to points on the non-trivial two-dimensional subspace whose
coordinates are r and z on the gravity side. In fact, X4 in ¢ may correspond to z-
direction and Xgsinh7 + iXjgcosh7 in ¢ to r-direction. The BPS configuration (3.80)
tells us that X, is constructed by representations of SU (2), whose dimensions correspond
to the distances between disks in terms of the electrostatic system, and that X0 has M ,
which appears later to correspond to electric charges spreading along r-direction on disks.

z-direction is also understood as a direction emerged by the large-N reduction along the
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fiber of S? discussed in section 3.3.2. The insertion of ¢ into a vacuum expectation value
breaks the original symmetry R x SO(3) x SO(6) to SO(2) x SO(5), which is a symmetry
of §% x 8% around a fixed point on it. This suggests that the two-dimensional space of r
and z should be fibered on the point on R x S? x S°.

4.1 Saddle point equation

As we know that all the dual geometries correspond to vacua in BMN model, only the
partition function is needed®. In our case, two ways are known to obtain the saddle point
equations from the partition function — a naive saddle point analysis and the Fermi gas

approach.

4.1.1 Naive way

Let us obtain the saddle point equations by the usual saddle point analysis. When |Dg —
D,_1] > 1, one can rewrite the measure factor in (3.127) as

Ds—1

H {(2J 4+ 2)* + (m — mg)*H(2J)? 4 (mg — mg;)*}
{(2J +1)2 + (mg — my;)?}?

Ry 2D
_ anh? (Mg — ms;) s o n
tan 2 oXp (2D5)2 + (msi — m5j>2 ( 3)

for s =t, and
(Ds+Dy)/2—1

11 {(27 +2)% + (mai = myy)*H{(27)* + (msi — myy)*}

{(2J + 1) + (mg — myj)?}?

J=|Ds—Dy|/2
DS + Dt ‘Ds - Dt‘ }
=ex — +--- 4.4
P { (DS + Dt>2 + (msi — mtj)Z (Ds — Dt>2 + (msi - mtj)z ( )
for s # t, where “ -.” stands for 1/(Ds + D;) corrections. We introduce the eigenvalue

densities defined for each s as
N

Z Sz —myg;). (4.5)

In the large NQ(S) limit (4.2), p'®)(x)’s become continuous functions. Then, we obtain the
effective action for (3.128) with (3.127)

Serf = Z /dac 22 p) (z) Z /dxdy log tanh? ———2= ( ) ) (2)p®) (y)

91f dual geometrles correspond to BPS exmted states in a gauge theory, expectation values of BPS

operators also should be computed.
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A
1 D, + D, ’DS — Dt’
— dxd — (s) ®)
22/ iy | e~ b e
A

2 ([ dert) - 517, (46)

where p,’s are the Lagrange multipliers for the normalization of p*)(z)’s.

We assume that p®)(z) has its support on [— mﬁ{z), Tim ] As shown in appendix F, in the
limit of (4.1) and (4.2), the extents of p*)(z) become large; 243} > 1. Using the fact that
T, log tanh? =2 can be approximated to —7é(y) as z,, — oo, we obtain the following

saddle point equations

D, + D, |Dy — Dy .
Z/@ T D ) P

s 2Ds
A 22, (4.7)

T 7mg?

where z{2 and s are determined from
P () =0 and (4.8)
(s)

/_( dzp® (z) = NS, (4.9)

4.1.2 Fermi gas approach

Here we show that the matrix integral (3.128) can be mapped to a one-dimensional inter-

acting Fermi gas system with NQ(S) particles. We follow the method proposed in [42].
When Dy — D,_; > 1, the measure factors in (3.128) converge to the product of

tanh? M up to an over all constant. By using the Cauchy identity, we rewrite

those hyperbolic tangent parts as

N2(s) N2(5) 1
Hmhw: DI | —— (4.10)
iF£] O'ESN(S) =1 COSh%TSU(Z)

2

where €(o) stands for the sign of the permutation o.
We introduce the operators, p and ¢, that obey the canonical Heisenberg algebra
[D,q] = —i. Let H be the usual representation space of this algebra which is an infinite

dimensional Hilbert space spanned by the eigenstates of ¢. We denote the eigenstates by
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|m), which satisfy ¢lm) = m|m). Then, we have

Y
cosh M T cosh p

We also introduce the Hilbert spaces for N2(S) fermions, where s is the label of the particle

2 ‘mj>. (4.11)

cosh p

. . (s) . .
species. It is a subspace of ®/S\:1 H®N2 " and spanned by the antisymmetric states,

A

fmde b= @ | = 2 ()

Moy(1)) @ |[Moy(2) @ -+ @ ‘mas(Nés))>

=1 s
S ag ESNés)

(4.12)

We denote by ps; and ¢, the canonical pair on the i-th Hilbert space of s-th species. They
obey the commutation relations, [ps;, ¢i;] = —0;;05. With these notations, we can rewrite

the matrix integral (3.128) as the partition function of a Fermi gas system,
Z=Trp (4.13)

where the trace is taken over the states (4.12) as
Trp= /qui{{ml}w' Amatlpl{ma}, - {maty, (4.14)

and the density matrix is given by

A NQ(S) NQ(S) A NQ(S) Nét) NQ(S) N2(t>
=TT T ™ [T e | TT | TT 11 o~ 3 Wk (dsi—des) IT11 o3 Wet (@si=dij)
s=1 | i=1 i=1 st=1 | i j i
(4.15)
The functions T'(x), Uy(x) and W (z) are defined as follows.
T(z) := logcosh z,
2D,
Us(z) := " z?,
Dy + D,
Wi(z) = —
ot (7) (Dy + Dy)? + 22’
D,—D
Wy (z) = - | : (4.16)

(Ds — Dy)? + a2

Here, we have kept only the first term of the exponent in (4.3), and the first and second

terms of that in (4.4) because we are interested in the large-N{* limit. Even if N.°
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is large, the first term should be kept since it can become comparable to the Gaussian
potential in some parameter regions. The model defined by (4.13) is an interacting one-
dimensional Fermi gas system of A species of NQ(S) fermions, where the interaction is given
by Wi (mg; — myy).

The semi-classical limit of this model is described by the many-body Hamiltonian,
N . . 1 R R R ~
H = Z Z {T<psz) + US(QSZ)} + 5 Z Z Z {Wst(quw - Qtj> - Wst (qsi - Qtj)} . (417>
s i s,t 4 J

When NQ(S) 's are large, we can apply the Thomas-Fermi approximation at zero temperature
(see in appendix D) to the system (4.17). In this approximation, the original many-body
path integral can be evaluated at a saddle point characterized by the mean-field density
p®(z). p(x) is assumed to have a single support [—xﬁ?,x&i)] and it is normalized as
(4.9). p®(z) is determined by (D.9) which follows from the Thomas-Fermi equation at
zero temperature. In our case, the equation (D.9) is given by (4.7) where p is the chemical
potential for s-th species. Here, we have made an approximation that 7'(p) = log cosh p ~
|p|. This is valid when NQ(S) is large.

The semi-classical equation (4.7) is expected to be valid when 2 > 1 in the large-
Nz(s) limit. One can see that the quantum corrections in the Fermi gas model are indeed

negligible [2] when 22 > 1. At least for A = 1, one can also see that the condition

2 > 1 is written as 92N2(1) > Nél) in terms of the original parameters in BMN model

[2]. This is a strong coupling region of BMN model and corresponds to the region in the

gravity side where the o/ corrections are negligible.

4.2 Mapping to the gravity side

Notice that the saddle point equations of the eigenvalue densities (4.7) take a very similar
form as the integral equations for the charge densities (2.19). In fact, by using the relations
(2.6) and (2.7), one can find that they are exactly the same equations. Thus, we arrive

at the relations
1 /2\* /=
2 () = — 2 (—) 41
709 = (2) £ (50). (4.9
and
z'¥ = R,. (4.19)

Namely, the eigenvalue density on the gauge theory side has exactly the same functional

form and parameter dependence as the charge density on the gravity side, up to the trivial
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rescaling. Hence, they can naturally be identified with each other and this identification
relates the degrees of freedom on the gauge theory side to the background geometry on
the gravity side. By integrating both sides of (4.18) over [— 2 2l ] and using (2.21) and
(4.8), we find that those relations are consistent with (2.7) and (2.8).

If one finds exact solutions of (2.19) and (4.7), one can check the relations, (4.18) and
(4.19), more explicitly. Although we could not find general exact solutions, still we can
solve those equations in particular parameter regions. If a conducting disk is isolated at a
distance from the other disks, the term with an integration in the integral equation of the
disk becomes negligible. Then, the solution is simply given by a quadratic function. This
is effectively the same situation as the D2-brane limit with A = 1 considered in [2]. In
the same way, we can consider two isolated disks which effectively form the same system
as the NS5-brane limit with A = 1 [2]. In these cases, one can find the exact solutions
and check the relations, (4.19) and (4.18), more directly.

4.3 Higher dimensional SU(2|4) symmetric gauge theories

The equivalence between the charge density and the eigenvalue density also holds for the
other gauge theories with SU(2[4) symmetry.

In the D2-brane limit (3.32), the partition function (3.128) reduces to the matrix
integral for SYM on R x S? given by

A N A N 1+ (msz msg)2 2
R><S2 dmy; A S
N(S) /H :zl_Il " H " s=1 il—[l {1 + (msz mSj)z}Q]

1
N NP { Msi—my }{ M 2} ’ _mm m
. H H H H 1+ ( 2J+2J) 1+ ( : J) . g§2 s Ei’

Mgi—Mtj 2
sit=1 J=|gs—q¢| =1 j=1 {1+< 2J+1tj)
JA0

(4.20)

where A(ms) = [[;;(msi — ms;) is the Vandermonde determinant. The A =1 case can
be obtained from this equation and compared with the gravity side analysis in the end of
section 2.3.

In addition, by taking the T-duality with (3.33) and (3.41), we end up with the matrix
integral for SYM on R x S3/Z; given by

N(a) N( ) mai—maj )2 %
R S3/7 .
2ty /E[HdmmHAma 1;[1;[1 {1+ Mai 2maﬂ‘)2}2]
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00 o0 N NS {1+ (m(;]:;ﬁj)Z} {1_|_ (mmwmm‘f} :
<IIT 11 1111

2
u=—00 a,8 J=|ku/2+(a—p)/2| i=1 j=1 {1 X (W’Lai_mﬂj)Q}
J£0 2J+1
- kgé;r2 Za,i mil
xe sz . (4.21)

If we apply the corresponding limits discussed in section 2.3 and 2.4 to the integral
equation (2.19) of the charge density, we obtain the integral equations (2.36) and (2.43)
for SYM on R x S? and SYM on R x S3/Z;, respectively. In these cases, the integral
equations (2.36) and (2.43) for the charge densities can also be identified with the saddle
point equations for (4.20) and (4.21), respectively, where the same relations as (4.18) and
(4.19) hold. From the gauge theory side, the limits to obtain these higher dimensional
gauge theories are discussed in section 3.3.1 and 3.3.2, and they are consistent with the
gauge/gravity duality.

Note that the NS5-brane limit (2.55) can also be applied to the partition function
(3.128). This is considered to reduce to the matrix integral for ITA LST on R x S®. For
the A =1 case, we have the equation (2.26) and the solution in this limit is (2.57).

5 Summary and Discussion

We showed that the bubbling geometries in type ITA supergravity are realized in the
gauge theories with SU(2|4) symmetry. It was also found that the charge densities of the
electrostatic systems in the gravity dual are equivalent to the eigenvalue densities of the
matrix integrals which govern the 1/4-BPS sector of the gauge theories.

On the gravity side, the bubbling geometries are given in terms of the electrostatic
potential of electrostatic systems with conducting disks. First, we have considered the
electrostatic system corresponding to BMN model around a general vacuum. We have
shown that the boundary conditions of the potential are given by a system of dual integral
equations. Extending the method to analyze the dual integral equations written in [41], we
have reduced the dual integral equations to the Fredholm integral equations of the second
kind for the charge densities on the disks. By taking the D2-brane limit or performing the
T-duality as well as the D2-brane limit, we have also obtained the same type of integral
equations for the charge densities in the electrostatic system corresponding to SYM on
R x S? or SYM on R x S3/Z,.

On the gauge theory side, we have investigated the matrix integrals that describe 1/4-

BPS sectors of the gauge theories. First, we have considered the case for BMN model
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around a general vacuum in the regime where the supergravity approximation is valid.
In this regime, we have derived the saddle point equations of the eigenvalue densities of
the matrix integral, which are almost the same integral equations for the charge densities
on the gravity side. Then we have found that under the identifications of (2.6) and (2.7)
the integral equations of the eigenvalue densities are exactly equivalent to those for the
charge densities. As the D2-brane limit and the T-duality of BMN model lead to the other
gauge theories with SU(2|4) symmetry, that is, SYM on R x S? and SYM on R x S3/Z,,
we have also shown the equivalence of the charge densities and the eigenvalue densities.
Thus, we have concluded that since the bubbling geometries are completely determined
by the charge densities the geometries are constructed from the eigenvalue densities of
the gauge theories with SU(2[4) symmetry.

For A = 1, the saddle point equation in the D2-brane limit and NS5-brane limit are
soluble. By solving the equation in these limits, we found the value of a in (2.55), which
was not fixed solely by the argument in [35]. We can reproduce the radius of S®’s in the
D2-brane and the NS5-brane geometries in terms of the solutions on the gauge theory
side.[2] These results strongly support our identification between the eigenvalue density
and the electric charge density. In particular, our result in the NS5-brane limit reproduces
the known behavior of the five-brane radius proportional to A'/4[14] and it gives a strong
evidence for the description of five-branes in BMN model proposed in [14].

From the above observations, the results shown in this paper have provided a new evi-
dence of this gauge/gravity duality. The procedure used for obtaining the dual geometries
is expected to be applied to other proposed gauge/gravity dualities, for example dualities
concerning ABJM theory [44], N' = 2 superconformal field theories [45], and so forth.

Finally, let us comment on ITA LST on R x S®, which is another theory with SU(2[4)
symmetry. Like other SU(2|4) symmetric theories, LST on Rx S is thought to have many
discrete vacua and for each vacuum there exists a gravity dual given by type ITA bubbling
geometry [13]. The gravity dual of LST around the trivial vacuum was elaborated in [35]
and shown to be obtained from a double scaling limit of the gravity dual of BMN model
around a particular vacuum. Although it is also expected that the gravity dual of LST
around a general vacuum can be obtained from the same kind of double scaling limit of

the gravity dual of BMN model, some careful analysis seems to be needed.
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A Notations for Gamma matrices

Our gamma matrices are the same as those in [5].
Let us denote the ten-dimensional 32 x 32 gamma matrices by v (M =1,---,9,10).
They obey

AN = pMN (A1)

where 7y, is the local Lorentz metric: nyy = diag(l,---,1) for M,N = 1,---,9,10.
The associated representation of Spin(10) can be decomposed into two irreducible repre-
sentations by the chirality,

f}/ll = _Zf)/l e 79710_ (A2>

Then, let us decompose the ten-dimensional Dirac spinor into left-handed and right-

handed Weyl spinors and express the gamma matrices v in the block form,

M= (F(L Fj) . (A.3)

Every v turns to be symmetric by being multiplied with the charge conjugate matrix C,
which is the invariant matrix satisfying C'yMC = —MT A0 = —Cy!t and CT = —C.

If C is taken as
0 1
oo ( ) | (Ad)
-1 0

'™ and T'M are symmetric:

(DM)T = TM, (FM)T = [, (A.5)

rMN-
(L)

MN - TMN I'MN are defined as

MN _ _MN] _ M 0

v and
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Then, the following equations hold:

TMPNY — PPN} — pMN (A7)
rMTPQ — g MIPPQl 4 PPepM, (A.8)

There are some useful identities:

(FM)OCI{OZQ (FM)a3a4} = O? (Ag)
1 1
(T™)as(Tar)yp = —§(FM)045(FM)75 + ﬂ(FMNP)aﬁ(FMNP)v& (A.10)
(f“MN)a'B(fMN)f = 4(FM)M(1;M)/B5 -2 5§5§ -8 6355, (A.11)
where «, 3,--- are spinor indices. The first equality is so called “triality”, and the last
two are Fierz identities. Decomposing the indices M = 0,---,9 into a = 1,2,3,4 and
m=20,5,---,9, one obtains the following identities
Lol = —4T,,, (A.12)
Iy, =0, (A.13)
Tyl = 20, (A.14)
Tl = 4T (A.15)
The explicit form of the gamma matrices '™ and 'V is written below
0 EF
"=r1r'= 1, (@=1,---,8)
E, 0
o [1ss O 0 [lss 0
9=r9=[%° ;T = 10— 758 . (A.16)
0 _18><8 0 18><8
We also use I'? := —i[''® = —T'5. The 8 x 8 matrices E; (i = 1,--- ,8) are given as follows:
Ja’ 0 O _JT/
E, = _ (a'=1,2,3,4), En = " (m'=5,6,7,8). (A.17)
0 Ju I 0
The 4 x 4 matrices Jy, Jy are given by
Jl = 14><47 jl = 14><47
0 -1 0 0 0 -1 0 00 0 -1
1 0 0 0 0 0 1 00 —1
Jy = , Jg = , Jy = . (A.18)
0 0 0 -1 1 0 0 0 01 0
0 0 1 0 0 -1 0 O 10 0 0



0 -1 0 0 00 —1 0 0 0 —1
- 1 0 0 0 - 00 -1 - 0 0 1 0
Jo = , J3 = , Ju= ;
0 0 0 1 10 0 -1 0 0
0 0 —-10 01 0 O 1 0 0 0
and J,, by
1 0 0 0 0 1 0
0 -1 0 0 10 0
J5 - ,JG = y (Alg)
0 0 -1 0 00 0 1
0 0 0 -1 00 -1 0
0 0 1 0 0 0 01
0 0 0 -1 0O 0 10
J7 = ’ J8 -
1 0 0 0 0 -1 00
0 -1 0 0 1 0 00
The matrices J, and J, satisfy
Jan = _5ab14 + €achc, jajb = — ab14 — Eabcjc (a, b, C = 2, 3, 4). (AQO)
Note that, in this representation, “partial” chiralities are written as
Tyxa 0 0 0
0 -1 0 0
1234 = PIT2rsrt = o , (A.21)
0 0 —I4x4 O
0 0 0 1asa

Taxa 0 0 0
0 —I4xa O 0
0 0 Laxa 0
0 0 0 —14x4

F5678 — P5F6F7F8 —

B Notations for S°

In this appendix, we review the notation S® coordinates and their properties.

Firstly, let us remind that S® can be written by a quaternion:

q=a'+ir° +j2* + ka* € H, |q* =1
— = @ @ @ ) =
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r is the radius of S®, and r = 2/m = 1 in this paper. By noting that the algebra
of quaternions is the same as su(2) algebra, one can show that S® and SU(2) group
manifold are diffeomorphic. The coordinate of S? is written as an element of SU(2):

ol 72 23 74

Also, g can be written by Euler angles as
g — e—i(pa’3/26—i90'2/2e—i’¢)0'3/2 e SU(Q)

The relationship between the Cartesian coordinates and Euler angles is

0 _

x! :rsin—singo 5 ¢,
9 _

z? = —rsin—cosgo 5 ¢,

2 = —rcos—sinw_l_w,
2 2

z! :rcosecosgpdi—@b.

2 2

This is convenient for discussing the relationship between S® and S2. Its matrix elements

_set =0
e 2 cosg —e "2 smg
g = Z-LP—¢ . i«P-‘rdJ 9 )

are explicitly written as

2 COSQ

where the ranges of the coordinates are 0 < 6 <7, 0 < p < 2m, 0 < Y < 4.

The isometry of S® is SO(4) = SU(2);, x SU(2)r. g~ 'dg is left-invariant (SU(2);, >
h:g— hg), and dgg" is right-invariant (SU(2)g > h : g — gh). If one writes the metric
as

d2__ﬁt —ld 2__r_2t d —1\2
5" = —5 trl(g™ dg)T] = —5 trl(dgg™)7],

its isometry is manifest. By using Euler angles, it turns out to be

2
ds? = %[d82 + sin2 0de> + (dib + cos 0de)2]. (B.1)
Since tr[g~'dg] = d(det g) = 0, g 'dg can be expanded by Pauli matrices o, as
1 Zlfa -1 i a
g dg=——e0q1, dgg = ——€'041,
r r

and their coefficients e, e* are the left-invariant dreibein and the right-invariant dreibein,

respectively. The index a is contracted running from 2 to 4. The left-invariant dreibein is

g2 = g(desinw — dpsinf cos 1)),
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et = g(decosw + dipsinfsin ),
et = g(dw+dgocosﬁ).

One obtains the right-invariant dreibein by flipping the sign of 8, ¢, ¥, swapping ¢ <> ¥
and flipping the overall signs of the dreibeins:

e = g(—d@ sin ¢ + di) sin 0 cos p),
e = g(d@ cos ¢ + di sin 0 sin ), (B.2)
et = g(dgo + di cosb).

From now on, let us concentrate on the right-invariant dreibein. One sees that the right-
invariant dreibein satisfies the Maurer-Cartan equations,

de® — lgabcebec
r
by acting a differential on g~'dg. If one defines the spin connection as V,4, = e/*d, A, —
wabcA°, 1t is written as w® = —1gabe,
The Hopf fibration S% — S? (fiber: U(1) = S') is realized in the following manner.
Let us set patch N and S of S? = SU(2)/U(1) as 0 < 0 < w and 0 < § < 7, respectively,

and decompose ¢ into L and h:
g = Lh,
L = 67%003/2671‘002/26:&(’003/2,
h = e {(WEp)os/2 . e—iy03/27 (0 <y < 4n)

where & correspond to patch N and S, respectively. It realizes S? with radius r/2 as L
and U(1) as h. SU(2); symmetry out of the isometry of S® remains as the isometry of
S2.

Let us see a concrete realization of the fibration. By using Hopf coordinates, S® is
expressed as

|21+ |22|? = 1,

where z; = —e~3(W=9) sing and z5 = e~3W+9) cos g. The local trivialization of the fibra-
tion, ¢! : 83 — (S%,U(1)), is

Qbﬁl (21, 22) > (—21/29, 20/|22]) = (e“btan o e_’y/2)7
. 0
b5 (21,22) = (22/21, —21/|21]) = (€7 cot 3 e~ /2y,

The transition functions at 0 = 7/2 are tyg = —22/21 = e~ and the coordinates of S?

is represented by the sterecographic coordinates.
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C Dual integral equations

Let A(u) be a function defined on [0, 00). We define two functions on [0, 00) using A(u)

o(x) = /000 w2 (1 + k(u))A(u)J, (zu)du, (C.1)
X(x) = /000 A(u)J, (zu)du, (C.2)

where « is a positive half integer, k(u) is a given weight function on [0, 00) and J,(z) is
the Bessel function of the first kind of order v defined by

=y CUET (©3)

|
— sll(v+s+ 1)

In this appendix, we consider a problem of finding a solution for A(u), which solves the

following equations called the dual integral equations.

o(z) = F(z) for z € 1. (C4)
x(x) =G(z) for z € L. (C.5)

Here we have divided the positive real line [0, 00) to two segments denoted by I; and I,
which are written as [0,¢) and [c¢, 00), respectively. F(x) and G(z) are assumed to be
known functions defined on I; and I, respectively. We will see that the problem reduces
to a problem of solving a single Fredholm integral equation of the second kind [41].

In the following, for any function f(x) on [0,00), we denote by fi(x) and fo(x) the
restrictions of f(x) to I} and Iy, respectively. We assume that f;(x) = 0 unless x € I;
(i = 1,2), so that the original function can be written as f(z) = fi(x) + fo(x). For
example, the equation (C.4) can be written in this notation as ¢,(z) = F(z) for x € I;.

We also introduce the modified Hankel transformation,

Syof(x) = (;)a / (1) Ty () (C.6)

0

The inverse transformation is given by
Sn_é = Spta,—a- (C.7)
It is easy to see that
6@) = (5) Svz-azal(1+K) - ¥}(a), (€8)
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X(@) = Sy pp00(x), (C.9)

where 1(u) is defined by

Afu) = (), (C.10)
and the dot in (C.8) denotes the product of functions defined as usual by f - g(z) =
f(@)g(x).

We first put

Y(u) = Sy, —ah(u), (C.11)

and substitute this to (C.9). Then, after performing the inverse transformation (C.7)

twice, we obtain
h(z) = Sy j24a,-aSv2,0x(x) = Kyj2ia,—aXx (), (C.12)
where we have defined
Knatp = Snadnta,s: (C.13)

One can show that the transformation K, , can be written as

2220 (u? — )y 202t f (y)du for 0 < o,
Kn’af(x) _ { I'(a) f]} (Cl4)

—F”g:;)% a2t (2 — ) f(u)du for —1 < a <O.

See [41] for the definition for @ < —1. From (C.12) and (C.14), we find that the solution
for ho(z) is given by

hal) = Kojzsar-axa(®) = Koy ra-aGl2). (C.15)

Similarly, by applying the same calculation to (C.8), one can obtain the following equation
for x € 1.

h1<J7> + Sy/2—a,a{k . S,,/Z_ahl}(x) = H(l’) (Cl6)
The function H(z) is defined by!°

1) = (2) LopeaF (o) = Sua-ak(o)SupaaGl). (c17)

X

19The last term in (C.17) is obtained by using (C.15) and the relation, Sy o Ky+a.3 = Sn.ats-
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where I, o1 is defined by

]"La‘f‘ﬁ - Sn+a7ﬁsn’a, (ClS)
and it is written more explicitly as

op—2a—2n rx 277+1( 2 2)a—1f( )d f 0
N u X () u)au 10r <,
In,af( ) = { b ;

%% o w2 —u?) f(u)du for —1<a<0.

(C.19)

Note that H(z) depends only on the known functions k(x), F(x) and G(x). For the
second term in the left-hand side of (C.16), we interchange the order of the integration,
so that

1
Svja—aalk - Sujz—ahi} () = / K(xz,u)hy(u)du, (C.20)
0
where the integral kernel K (x,u) is defined by
u\e [
K(z,u) = u (-) / th(t) T, (t) Ty o (ut)dt. (C.21)
X 0

Hence, we conclude that h; is the solution of the Fredholm integral equation of the second
kind,

hy(x) + /0 K(x,u)hi(u)du = H(x). (C.22)

The two equations (C.15) and (C.22) fully determines h(z) = hy(x) + ho(z).
Now, we consider a generalization of this result to vector-valued functions. This is easy

since the above problem is linear in A(u). Let us consider a set of functions {As(u)|s =

1,---,n} which are determined by the equations,
¢s(z) = Fy(z) for z eI, (C.23)
Xs(2) = Gy(z) for e I8, (C.24)

where ¢4(z) and y;(z) are now defined by

b(z) = /0 Ty > (Ot + kst (u) A (u).J, (z)du, (C.25)
Xs(x) = /000 As(u)Jy, (zu)du. (C.26)

For each s, Fys(x) and G4(z) are assumed to be known functions and 11(52) are the two

connected intervals, the sum of which is equal to [0, 00). If we write for each s

A() = uSyjs,-ahs(u), (C.27)
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it is easy to see that hg(u) are determined by the following equations.

hsg(l') = KV/Q—i—a,—aGs(x)- (028)
noopl
ha(@)+ 3 / Koo(, u)her (u)du = Ho(x), (C.29)
t=1 70
where Hg(x) and K (z,y) are defined by
92 2 n
Hs(x) = (E) [I//Q,—CYFS(x) - Z Sy/2—a,akst(x)SV/ZOGt(x)7 (030)
t=1
and
u\e [
Ko, u) = () / toos (1) o (2t) Ty (). (C.31)
0

D Thomas-Fermi approximation

In this appendix, we review the Thomas-Fermi approximation, which is the semi-classical
limit of the Hartree approximation. We consider a one-dimensional many-body system at
finite temperature 1/ that has a one-body Hamiltonian of the form h(q,p) = T'(p)+U(q)
and a two-body interaction potential W(q,¢’). The Hartree approximation is just the
saddle-point evaluation of the path integral of this system and becomes exact when the
particle number N goes to infinity. In this approximation, the saddle point is characterized

by the mean-field density p(x) that satisfies the normalization

/dQP(Q) =N. (D.1)

p(x) is determined by the following Hartree equation.

1
BHGD—1) 1 1 ’ q> ) (D.2)

where p is the chemical potential and H (p, q) is the effective one-body Hamiltonian defined
by

plq) = <q

H(p,q) =T(p) +U(q) + /dQIW(%Q/)P(q/)- (D.3)

If one obtains p(x) by solving the equation (D.2), then from (D.1) one can also compute

the first derivative of the grand potential as
oJ
—=[d . D.4
o / qp(q) (D.4)
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The free energy is given by
F=logZ = J(u(N)) — u(N)N. (D.5)
In the semi-classical limit, the Hartree equation (D.2) reduces to

dp 1
p(q) - / 27h e/B(H(I%Q)_N) —+ 1 ) (D6>

This equation is called the Thomas-Fermi equation at finite temperature. When the

temperature goes to zero, the equation (D.6) is further simplified to

) = [ 5oblu— Hip.) (0.7

Let us assume that the Fermi surface {(p,q)|n = H(p,q)} is simply connected and sym-
metric under p — —p. Then (D.7) implies that p(q) is given by

olg) = 222 (D.5)

wh '
where pr(q) is the Fermi momentum. From the definition of pr(q), we obtain the following

integral equation that determines p(q).

u:Twm@»+ww+/ﬁww%wmw. (D.9)

This equation can be regarded as an extremization condition for the Thomas-Fermi func-

tional,

Erplp] = / dq trr(q) + / dgp(q)U(q) +% / dqdq'p(q)W (g 4")p(d’) — p ( / dgp(q) —N>

(D.10)
where t1r(q) is the kinetic energy functional
dp
o) = [ 7)1~ Hip.a)), (D.1)

and g is the Lagrange multiplier associated with the constraint (D.1), which can be
identified with the chemical potential at the saddle point. The free energy is given by
(D.10) with p satisfying (D.9);

F = —min, Erp[p]. (D.12)
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E Saddle-point method for the D2-brane limit

In this appendix, we solve our matrix integral for the D2-brane limit in the planar limit
by applying the usual saddle-point method [43]. We assume the one-cut solution. The

matrix integral in this limit is given by

/quthanh2 <—_J)) e =T (B.1)

1<

By changing the integral variables to z; := exp(mq; + gZ.m/4), the path integral is reduced

2 2 2
— o 2illogz)
/Hdzz e %5 : (E.2)
1>7 “i + Z]

The saddle-point equation is given by

2 log z 1 1
LY < - ) ~0. (E.3)
JooT  Z o Zi — Zj Zi + zj

to

Note that this equation is symmetric under the inversion, z; — 1/z;. Let [a,b] be the
support of the eigenvalue distribution of z;. From the inversion symmetry, it follows that
b =1/a. We define the resolvent as

W(2) :493272 (z_lz — Ziz) (E.4)

This function has two branch cuts at [a,b] and [—b, —a]. The eigenvalue distribution,

1
=% Z 0(z — 2), (E.5)
can be expressed as the discontinuity of W (z) as usual,
W (z +1i0) — W(z —i0) = —87%ig2: Nap(2). (E.6)

We introduce a new variable y = z2. The resolvent is also a holomorphic function of
y. So let us denote W (z) = P(y), where P(y) is holomorphic in y. P(y) has a single cut
at [a?,b?] on the y-plane. Using (E.3), one can easily get

8logy

P(y +10) + P(y —i0) = Nk

(E.7)
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where y € [a?, b?]. By defining a new function,

A P(y)

Ply) = , (E.8)
V(y—a®)(y — )
one can convert (E.7) to the discontinuity equation,
R . 1 81
Py +i0) — P(y — i0) = %8y (E.9)

Vy—a)ly—) V¥

This equation determines P up to the regular part. Since p(y) ~ y~2 when y — oo, the

regular part should be vanishing. Thus, we obtain

5o bg@ 8logp 1
P@”‘Lawwy—m¢ﬁ¢@—ﬂMW—m’ (10

and then the resolvent is given by

W(z) = 32 " dq logg \/(z2 =) = @) (E.11)

22—\ =)@ =)

From (E.6), the eigenvalue distribution is given by

o b logq (b2 —22) (22 — a?)
p(x) = —P/a dqq2 \/(b2 — —a7) (E.12)

T3g% No — a2 7*)(q?

where z € [a,b] and P | means the principal value. Note that it satisfies

a

rolw) = ~p(1/7). (E.13)

When the 't Hooft coupling gz, N> is large, the integral in (E.12) can be performed.
This limit will turn out to correspond to the large-b limit. By changing the variables in
(E.12) as

logh=—loga =a, logx =va, logq= ua, (E.14)
one can obtain
@)+ o) = b [ 20t (@19
zp(x) + — )= ——— w u sign(u — v at). )
P xp 7739%2]\]2 -1 &

Then, the integral can be easily performed. By using (E.13), one obtains

2 (logb)* — (log z)?
g2 Ny x

p(x) : (E.16)
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in the leading order of . Since fab p(x)dx =1 by definition, b is determined as

b=1ja= e[+ (22) ] 1

Thus, b is indeed large when the 't Hooft coupling is large.
Using (E.16), one can easily compute the free energy of the matrix integral. The result

is given by

9 N2

logZ = = — 2
og 10 (3922]\72)1/3

(E.18)

F Condition for large S° radius

In this appendix, we show that A(*) > D, is a sufficient condition for the large S°® radius
at the tips of the disks in the electrostatic problem. At the tip of a disk, the disk radius
R and the radius Rgs of S® are related as (2.23). Then, under the identification (4.19),
the S° radius is large if and only if 2% > 1. In the following, we show that 2> 1if
M%) > D.. We assume that the index s labels the disks in the order of the z-coordinate,
namely, D, 1 < D, (s =1,2,--- ,A).

First we divide the theory described by (4.6) into three parts. The first is the free

part, the action of which is given by

2 2D, , s T, (s 2
3 [ (?@: —us)p()($)+§(p()($)))- (F.1)

The second is the self-interaction part given by

1< 2D
-3 - ) (2)p® (y). F.2
#T T ;/dmy(zDs)2+ w—yp? W (-2)
The third is the interaction between different s and ¢, defined by
1 D, + D, |D, — D,
Sy = —— dxd — () ® ().
3 QZ/ o {(Ds+Dt)2+(fr—y)2 (Ds— D)2+ (w—y2)” ()p"(y)

s#t
(F.3)

The total theory is described by the sum of these. But for the moment, let us consider
more generally the theory defined by S(«, ) = S; + Sy + 5S3, where o and [ are
parameters. We start with the simplest free theory with a = = 0. In this case, the
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extents of the eigenvalues can be easily estimated as 23 ~ (A /D)3, This gives a
typical length scale of the free theory. From (F.2) and (F.3), one can also read off the
typical length scale of the interaction potentials. For the self-interaction, it is given by
Ax ~ Dy, where Ax denotes the separation distance between two eigenvalues. For the
interaction between different s and t, the scale (for a fixed s) is equal or greater than
DY/ 4, namely, Az 2> D?*. The lower bound is saturated by the interaction between s and
t = s+ 1. Then, let us consider turning on the interactions to recover the theory with
a = B = 1. The typical scale (\*)/D,)/3 of the free theory should be modified by the
interactions, which have structures with the length scale equal or greater than D¥* (Note
that we always assume that D, > 1). The modified scale should be at least greater than
min((A®) /D)3, D§/4), since there is nothing which provides a finer scale than these.
If the modified scale is 2% ~ DY 4, this is always large enough when Dy > 1. If the
modified scale is 2 ~ (A®)/D,)Y/3, this is large if A®) > D,. Therefore, we conclude
that if A®) > D, the typical extents of the eigenvalues are always much greater than 1.
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