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Abstract. In this paper, we recall Richardson’s solution of the reduced BCS model, its
relationship with the Gaudin model, and the known implementation of these models in conformal
field theory. The CFT techniques applied here are based on the use of the free field realization,
or more precisely, on the calculation of saddle-point values of Coulomb gas integrals representing
certain (perturbed) WZW conformal blocks. We identify the saddle-point limit as the classical
limit of conformal blocks. We show that this observation implies a new method for calculating
classical conformal blocks and can be further used in the study of quantum integrable models.

1. Introduction
In this note, we discuss the Richardson and Gaudin quantum integrable models and their
implementation in conformal field theory (CFT). We point out that the latter is related to
the classical limit of conformal blocks. Exploring this relationship in depth may lead to new
methods for analyzing quantum many-body systems, on the one hand, and for obtaining novel
results concerning conformal blocks, on the other hand. We give examples of these possibilities.

Conformal blocks F({Δi}ni=1 , {Δp}3g−3+n
p=1 , c | · ) represent holomorphic contributions to

physical correlation functions. Although they are fully determined by conformal symmetry,
they are not known in a closed form except for a few examples. These functions depend on the
central charge c of the Virasoro algebra, external conformal weights {Δi}ni=1, conformal weights

{Δp}3g−3+n
p=1 in the intermediate channels, vertex operators locations, and modular parameters

in case of conformal field theories living on surfaces with genus g > 0. Lately, a central issue
concerning conformal blocks is the problem of calculating their classical limit:

c −→∞ ⇐⇒ b −→ 0 or b −→∞ for c = 1 + 6

(
b+

1

b

)2
. (1)

Based on concrete examples one can conjecture how conformal blocks behave in the classical
limit. If all the weights are heavy, i.e., (Δi,Δp) = b2(δi, δp) and δi, δp = O(b0) then in the limit
(1) blocks exponentiate to functions known as Zamolodchikovs’ classical conformal blocks [1]:1

F({Δi}, {Δp}, c | · ) b→∞∼ eb
2f({δi},{δp}| · ). (2)

1 Analogously for b −→ 0 and (Δi,Δp) = b−2(δi, δp).
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If the external weights are heavy and light (limb→∞ b−2Δlight
k = 0) then in the classical limit

conformal blocks decompose into a product of the “light contribution” ψlight(·) and the exponent
of the classical block:2

F
(
{Δl} ∪ {Δlight

k }, {Δp}, c | ·
)

b→∞∼ ψlight(·) eb2f({δl},{δp}| · ). (3)

If all the weights are fixed then in the limit c −→ ∞ conformal blocks reduce to the so-called
global blocks, i.e., contributions to the correlation functions from representations of the sl(2,C)
algebra.

It turns out that semiclassical asymptotics of conformal blocks have fascinating mathematical
and physical applications. Monodromy problems, uniformization, hyperbolic geometry,
string field theory, Bethe/gauge and AGT correspondences, entanglement, quantum chaos,
thermalization, AdS3/CFT2 holography, and perturbation theory of black holes are just some of
the topics in which the classical limit of conformal blocks is used. The present article discusses
yet one more such area of application, i.e., in the field of quantum integrable systems. This
exposition is partially based on the work [2].

2. Models of Richardson and Gaudin
The Richardson model, also known as the reduced BCS model, is defined by the Hamiltonian,

ĤrBCS =
∑

j,σ=±
εjσc

†
jσcjσ − gd

∑
j,j′

c†j+c
†
j−cj′−cj′+ (4)

which consists of a kinetic term and an interaction term describing the attraction between Cooper

pairs. Here, c†jσ, cjσ are the fermion creation and annihilation operators in time-reversed states
| j,±〉 with energies εj±, j = 1, . . . ,Ω. The Hamiltonian (4) is a simplified version of the
Bardeen-Cooper-Schrieffer (BCS) Hamiltonian, where all couplings have been set equal to a

single one, namely g. The constant d is a mean level spacing. ĤrBCS can be written in terms

of the “hard-core” boson operators b†j = c†j+c
†
j−, bj = cj−cj+ which create, annihilate fermion

pairs, respectively and obey the following commutation rules [bj , b
†
j′ ] = δj,j′(1−2N̂j), N̂j = b†j bj .

The Hamiltonian (4) rewritten in terms of these operators reads as follows:

ĤrBCS =
∑
j

2εjb
†
jbj − gd

∑
j,j′

b†jbj′ . (5)

As above, the sums are taken over a set Ω of doubly degenerate energy levels εj±. In the
1960s Richardson exactly solved an eigenvalue problem for (5) through the Bethe ansatz [3, 4].
Richardson proposed an ansatz for an exact eigenstate, namely, |N 〉 = ∏N

ν=1B
†
ν | 0 〉, where the

pair operators B†ν =
∑Ω

j=1 b
†
j/(2εj − uν) have the form appropriate to the solution of the one-

pair problem. The quantities uν are pair energies. They are understood as auxiliary parameters
which are then chosen to fulfill the eigenvalue equation ĤrBCS |N 〉 = ErBCS(N) |N 〉, where

ErBCS(N) =
∑N

ν=1 uν . The state |N 〉 is an eigenstate of ĤrBCS if the N pair energies uν are,
complex in general, solutions of the (Bethe ansatz) equations:

1

gd
+

Ω∑
i=1

1

uν − zi =
N∑

μ �=ν

2

uν − uμ for ν = 1, . . . , N, zi = 2εi. (6)

There is a connection between the Richardson model and a class of integrable spin models
obtained by Gaudin. Indeed, in 1976 Gaudin proposed the so-called rational, trigonometric and

2 Analogously for b −→ 0 and limb→0 b
2Δlight

k = 0.
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elliptic integrable models based on sets of certain commuting Hamiltonians [5, 6]. The simplest
model in this family is the rational model defined by a collection of the following Hamiltonians:

ĤG,i =
Ω∑
j �=i

1

εi − εj
[
t0i t

0
j +

1

2

(
t+i t

−
j + t−i t

+
j

)]
=:

Ω∑
j �=i

ti · tj
εi − εj . (7)

Each separate spin corresponds to a spin-12 realization of the su(2) algebra generated by t0, t+,

t−. The spin-12 generators can be written in terms of the hard-core boson operators: t+j = b+j ,

t−j = bj , t
0
j = 1

2 − N̂j . Therefore, ĤG,i can be diagonalized by means of the Richardson method.

As before the energy eigenvalue is given by EG,i(N) =
∑N

ν=1 uν , but this time the parameters
uν satisfy equations which are nothing but the Richardson equations (6) in the limit g −→∞.

In 1997 Cambiagio, Rivas and Saraceno (CRS) uncovered [7] that conserved charges of

the reduced BCS model are given in terms of the rational Gaudin Hamiltonians, i.e., R̂i =
−t0i − gd ĤG,i. The quantum integrals of motion R̂i itself can be seen as a set of commuting
Hamiltonians. This is a famous Gaudin model of magnets also known as the central spin model.3

Knowing R̂i one can express ĤrBCS in terms of these quantum integrals of motion. As a result
one gets:

ĤrBCS = ĤXY +
Ω∑

j=1

εj + gd

(
1

2
Ω−N

)
, ĤXY =

Ω∑
j=1

2εjR̂j + gd
( Ω∑
j=1

R̂j

)2 − 3

4
gdΩ. (8)

Eq. (8) opens a possibility to calculate eigenvalues of R̂i by applying Richardson’s solution of

the spectral problem for ĤrBCS. However, the eigenvalues of CRS operators have been computed
in a different way. More specifically, in 2000 Sierra found [8] closed expression for them, i.e.,

λi =
gd

2

∂U(z,uc)

∂zi

∣∣∣
zi=2εi

= −1

2
+ gd

⎛⎝ N∑
ν=1

1

2εi − ucν
− 1

4

Ω∑
j �=i

1

εi − εj

⎞⎠ , (9)

using methods of CFT. The quantity U(z,uc) named “Coulomb energy” in [8] is the critical
value of the “potential”:

U(z,u) = −
Ω∑
i<j

log(zi − zj)− 4
N∑

ν<μ

log(uν − uμ)

+ 2
Ω∑
i=1

N∑
ν=1

log(zi − uν) + 1

gd

(
−

Ω∑
i=1

zi + 2
N∑
ν=1

uν

)
. (10)

Here, uc = (uc1, . . . , u
c
N ) is a solution of the conditions ∂U(z,u)/∂uν = 0, ν = 1, . . . , N which

are nothing but the Richardson equations (6). To solve eigenproblems for the Richardson model
conserved charges Sierra has shown in [8] that the Knizhnik-Zamolodchikov (KZ) equation

obeyed by the ̂su(2)k WZW block, i.e.,⎛⎝κ∂zi − Ω+1∑
j �=i

(ti · tj)/(zi − zj)
⎞⎠ψWZW(z1, . . . , zΩ+1) = 0, κ = (k + 2)/2 (11)

3 Actually, it describes a central spin at position “0” which is coupled to bath spins through long-range
interactions, Ĥ = Bsz0 + 2

∑Ω

j=1
(s0 · sj)/(ε0 − εj). Here, ε0 = 0 and εj are energy levels of the Richardson-

rBCS model. The magnetic field has been chosen as B = −2/g and d = 1.
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is completely equivalent to the following:

(2gd)−1R̂iψ = −κ∂ziψ, ψWZW = exp
[
(2gdκ)−1ĤXY

]
ψ. (12)

Here, ψ = ψCG
m (z) is certain perturbed WZW conformal block in the free field (Coulomb

gas) representation. More precisely, ψCG
m (z) consists of (i) the ̂su(2)k WZW chiral primary

fields Φj
m(z) = (γ(z))j−m Vα(z) built out of the γ-field of the βγ-system and Virasoro chiral

vertex operators Vα(z) represented as normal ordered exponentials with conformal weights
Δα = α(α− 2α0) = j(j + 1)/(k + 2);4 (ii) WZW screening charges; (iii) an additional operator
Vgd which breaks conformal invariance. Within this realization to every energy level zi = 2εi
corresponds the field Φj

mi
(zi) with the spin j = 1

2 and the “third component” mi = 1
2 (or

mi = −1
2) if the corresponding energy level is empty (or occupied) by a pair of fermions.

Integration variables uν in screening operators are the Richardson parameters. The operator
Vgd implements the coupling gd and is a source of the term 1

gd in the Richardson equations (6).

After ordering, ψCG
m (z) has a structure of a multidimensional contour integral,

ψCG
m (z) =

∮
C1

du1 . . .

∮
CN

duN ψβγ
m (z,u)e−α

2
0U(z,u), (13)

and in the limit α0 −→ ∞ ⇔ k −→ −2 ⇔ κ −→ 0 can be calculated using the saddle point
method. The stationary solutions of U(z,u) are then given by the solutions of the Richardson

equations. After all one gets ψCG
m (z) ∼ ψRe−α2

0U(z,uc) for α0 −→∞, where ψR is the Richardson

wave function. Using this asymptotic limit to the equation (12) one obtains R̂iψ
R = λiψ

R in the
limit κ −→ 0, where λi are given by (9).

As a final remark in this section let us note that the Coulomb energy U(z,uc) and eigenvalues
λi depend on the Richardson parameters uc = (uc1, . . . , u

c
N ). It would be nice to have techniques

that allow to calculate functions such as U(z,uc) without need to solve the Bethe ansatz
equations. In our opinion, it is possible to develop such a method.

3. Virasoro analogues of the Coulomb energy
As an example of the last statement in the previous section let us consider first the Coulomb
gas representation of some spherical four-point block, namely,

Z( · |zf ) =

〈
: eα̂1φ(0) :: eα̂2φ(x) :: eα̂3φ(1) :: eα̂4φ(∞) :

⎡⎣ x∫
0

: ebφ(u) : du

⎤⎦N1
⎡⎣ 1∫
0

: ebφ(u) : du

⎤⎦N2〉

= x
α1α2
2β (1− x)

α2α3
2β

N1∏
μ=1

x∫
0

duμ

N1+N2∏
μ=N1+1

1∫
0

duμ
∏
μ<ν

(uν − uμ)2β
∏
μ

uα1
μ (uμ − x)α2 (uμ − 1)α3 ,

where zf := (0, x, 1,∞). It was not clear for a long time how to choose integration contours to
get an integral representation of the four-point block consistent with historically first Belavin-
Polyakov-Zamolodchikov (BPZ) power series representation [9]:5

F( · |x ) = xΔ−Δ2−Δ1

⎛⎝1 + ∞∑
n=1

xn
∑

n=|I|=|J |
〈Δ4 |VΔ3(1)|Δn

I 〉
[
Gn

c,Δ

]IJ〈Δn
J |VΔ2(1)|Δ1 〉

⎞⎠ . (14)

4 Here, α = (k + 2)−
1
2 j = −2α0j.

5 In Eq. (14) symbols VΔi(zi) stand for Virasoro chiral vertex operators;
[
Gn

c,Δ

]IJ
is an inverse of the Gram

matrix
[
Gn

c,Δ

]
IJ

= 〈Δn
I |Δn

J 〉 calculated in the basis {|Δn
I 〉} of the subspace Vn

c,Δ of the Verma module
∞⊕

n=0

Vn
c,Δ

with basis vectors labeled by partitions I = (ik ≥ . . . ≥ i1 ≥ 1) with the length n = ik + . . .+ i1 =: |I|.
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Mironov, Morozov and Shakirov (MMS) showed [10] that Z( · |zf ) precisely reproduces the BPZ
four-point block expansion. Thus, there are two ways to compute the b −→ ∞ asymptotic of
Z( · |zf ). On the one hand, it’s just a saddle point limit of the integral. On the other hand, it is
the classical limit of the BPZ four-point block,

F(Δi,Δ, c |x ) b→∞∼ eb
2f(δi,δ |x) ⇔ f(δi, δ |x) = lim

b→∞
1

b2
logF(Δi,Δ, c |x ) =

= (δ − δ1 − δ2) log x+
(δ + δ2 − δ1)(δ + δ3 − δ4)

2δ
x+ . . . .

This leads to the following result.
1. For δi = ηi (ηi − 1), i = 1, 2, 3, δ4 = (N1 +N2 + η1 + η2 + η3) (N1 +N2 + η1 + η2 + η3 − 1)
and δ = (N1 + η1 + η2) (N1 + η1 + η2 − 1) the classical four-point block on the sphere can
be written in the following closed form [2], i.e.,

f(δi, δ |x) = −W ( · |zf ,uc)−
(
SN1(2η1, 2η2) + SN2(2(η1 + η2 +N1), 2η3)

)
+ 2η1η2 log x+ 2η2η3 log(1− x),

where W ( · |zf ,uc) is the critical value of the “action”:

W ( · |zf ,u) = −2
∑
μ<ν

log(uν − uμ)−
N1+N2∑
μ=1

[2η1 log uμ + 2η2 log (uμ − x) + 2η3 log (uμ − 1)] .

2. Parameters uc = (uc1, . . . , u
c
N1+N2=N ) are solutions of the saddle point equations:

∂W ( · |zf ,u)
∂uμ

= 0 ⇔ 2η1
uμ

+
2η2

uμ − x +
2η3

uμ − 1
+

N∑
ν �=μ

2

uμ − uν = 0,

μ = 1, . . . , N = N1 +N2.

The above statement can be generalized to the case of a multi-point spherical block [2]. One sees
that W ( · |zf ,uc) is a Virasoro analogue of the Coulomb energy U(z,uc) calculated in [8]. This
suggests that functions of this type are available as expansions of certain classical conformal
blocks. On the other hand, the MMS techniques and the saddle point method provide a tool
for summing expansions of classical blocks at least for certain values of the classical conformal
weights.

MMS also proposed an integral representation of the one-point block on the torus (with
modular parameter τ) and checked its consistency with the following q-series [11]:

F Δ̂
c,Δ(q) = qΔ−

c
24

∞∑
n=0

F Δ̂,n
c,Δ qn, q = e2πiτ ,

F Δ̂,n
c,Δ =

∑
|I|=|J |=n

〈
Δn

I |VΔ̂(1)|Δn
J

〉 [
Gn

c,Δ

]IJ
.

The MMS torus identity implies an analogous result to the one stated above, i.e.:
1. For δ̂ = N(N + 1) and δ = 1

4

(
a2 − 1

)
the classical torus one-point block,

f δ̂δ (q) =

(
δ − 1

4

)
log q + lim

b→∞
1

b2
log

[
1 +

∞∑
n=1

F Δ̂,n
1+6Q2,Δ qn

]
, (15)
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can be written in the following finite form:

f δ̂δ (q) =

(
δ − 1

4

)
log q −W(N, a, zc1, . . . , z

c
N ), (16)

where

W (N, a, z1, . . . , zN ) = −
∑
r<s

2 log θ∗(zr − zs) + 2N
N∑
r=1

log θ∗(zr)−
N∑
r=1

iazr, (17)

and θ∗(z) :=
∑∞

n=0(−1)nq
1
2
n(n+1) sin (2n+1)z

2 .
2. The parameters zc = (zc1, . . . , z

c
N ) are solutions of the saddle point equations ∂W/∂zr = 0,

r = 1, . . . , N .
The above result is new and will be discussed in detail in a separate paper. Here, we will just
only announce that, based on this observation, one can connect the integral representation of
the torus block and its classical/saddle point limit with the Bethe ansatz approach to the elliptic
Calogero-Moser (eCM) model. The latter is a quantum many-body system with the M -particle
Hamiltonian of the form [12]:

Ĥτ,�
M := −1

2

M∑
i=1

∂2

∂z2i
+ �(�+ 1)

∑
1≤i<j≤M

(℘(zi − zj , τ) + 2η) , (18)

where � ∈ Z>0 is the coupling constant and ℘(z, τ) is the Weierstrass elliptic function. In the

2-particle case the Hamiltonian (18) reads as follows Ĥτ,�
2 = − d2

dz2
+ �(�+1) (℘(z, τ) + 2η), where

z = z1 − z2, and (cf. [12]):
i. the Bethe ansatz equations are given by ∂Φτ/∂ti = 0, i = 1, . . . , �, where

Φτ (�,m1, t1, . . . , t�) = e
iπ
∑�

j=1
m1tj

∏
1≤j≤�

θ(tj)
−2� ∏

1≤i<j≤�
θ(ti − tj)2,

θ(x) :=
θ̂1(x)

θ̂′1(0)
, θ̂1(x) := 2q

1
8

∞∑
n=0

(−1)nq 1
2
n(n+1) sin((2n+ 1)πx);

ii. the eigenfunction (Bethe vector) of the operator Ĥτ,�
2 is equal to eiπzθ(z − t1) . . . θ(z −

t�)/θ(z)
� up to a constant;

iii. the eigenvalue of the operator Ĥτ,�
2 is equal to

const.− 2πi∂τS
(
t01, . . . , t

0
� ; τ
)
, (19)

where (t01, . . . , t
0
� ) satisfy the Bethe ansatz equations and

S(t1, . . . , t�; τ) = const. 2
∑
i<j

log θ(ti − tj)− 2�
∑
i

log θ(ti).

The eigenvalue equation for the 2-particle eCM Hamiltonian is nothing but the famous Lamé
equation, ψ′′(z)− [κ℘(z) + B ]ψ = 0. In CFT, one gets the latter from the classical limit of the
null vector decoupling equation for the torus 2-point function with a light degenerate operator:[

1

b2
∂2

∂z2
+

(
2Δ+η1 + 2η1z

∂

∂z

)
+Δβ (℘(z − w) + 2η1)

+ (ζ(z − w) + 2η1w)
∂

∂w

]
〈V+(z)Vβ(w)〉τ = − 2πi

Z(τ)

∂

∂τ

[
Z(τ) 〈V+(z)Vβ(w)〉τ

]
.
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In this way one can show that the Lamé eigenvalue B is given in terms of the classical torus
block [13]:

B

4π2
= q

∂

∂q
f δ̃δ (q)−

δ̃

12
E2(τ), δ̃ = −κ, q = e2πiτ . (20)

Combining (16), (19) and (20) one can expect that the critical value of S(t1, . . . , t�; τ) in (19) is
nothing but certain classical torus one-point block. It would be interesting to investigate how
it is in case of the M -particle operator (18).

4. Discussion
As a conclusion, we will share our thoughts on the possibility of using the classical limit of
conformal blocks in further research on quantum many-body systems.

The Coulomb energy calculated in [8] can be seen as the “perturbed su(2)k WZW classical
block”. It should be computable from the quantum block expansion. The success of this idea
would open the possibility of developing new techniques of finding energy spectra of quantum
integrable systems, which are alternative to the Bethe ansatz approach. Our preliminary
calculations yield, that also the classical block on the torus and the classical irregular block can
be represented as critical values of the corresponding Coulomb gas integrals. The saddle point
equations for the torus classical block are very similar to the Bethe ansatz equations for the eCM
model. We expect that in the case of the classical irregular block the corresponding integrable
model will be the periodic Toda chain. Finally, one can apply the KZ/BPZ correspondence
[14] in the limit c −→ ∞ to the integrable systems, integrability of which follows from the KZ
equation (eg., the Richardson model). We suppose that in this way it will be possible to show
that the classical Virasoro blocks determine energy spectra of these models.

There is one more formulation of the relationship between the Richardson model and CFT.
This is an approach proposed by Sedrakyan and Galitski in [15] (see also [16]), which is close in
spirit but technically different from the BCS/CFT correspondence discussed in [8]. The authors
of [15] asked whether there is a deformation of the SU(2) WZW model, such that the correlation
functions of it are solutions of the modified KZ equation, which contains the integrals of motion
of the Richardson model instead of just the Hamiltonians of the rational Gaudin model. This
deformed theory was identified in [15] as the boundary WZW model. Authors of [15] have
shown that the generalized KZ equation can be solved exactly using the so-called off-shell Bethe
ansatz technique. The solution of the latter can be given in an integral form. Analysis of this
solution shows that this integral has a saddle point defined by the Richardson equations. Here,
the same question arises as before. If the saddle point value of the chiral correlation function
represented by the appropriate integral solves the eigenvalue equations of Richardson conserved
charges (which has not been shown until the end in [15]), then does a certain “classical block”
correspond to this saddle point value? Moreover, one can ask directly about the limit c −→ ∞
of the modified KZ equation. To understand what might happen here, we would like to use for
this purpose the correspondence between the BPZ and KZ equations [14]. It turns out that the
correspondence found by SG [15] concerns a variety of dynamical systems that can be mapped on
the boundary WZW model and solved exactly in many cases. Such an example is two-level laser
with pumping and damping. Moreover, within the SG approach one can study a nonequilibrium
dynamics of various multi-level systems such as models with time-dependent interaction strength,
multi-level Landau-Zenner models and some many-body generalizations. An understanding of
the nonequilibrium dynamics of quantum systems is important in connection with quantum
information problems and the idea of quantum computer (see refs. in [16]).

The Coulomb gas integral (13) of the Richardson model is known in the theory of random
matrices as the so-called multi-Penner type β-ensemble with sources. So, in parallel it is possible
to use matrix models technology in this context. Precisely, we would like to use a well-known
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calculation scheme within matrix models — their semiclassical (’t Hooft) limit corresponding
to the large-c limit. This tool can be applied to investigate distributions of eigenvalues, i.e.,
the Richardson parameters (pair energies) of the reduced BCS model. It would be interesting
to compare this approach with the continuum limit of the Richardson equations, cf. [17]. At
least one reason is worth going in this direction. Gaudin proposed a continuum version of the
Richardson equations. The assumption he made is that the solutions organize themselves into
arcs Γk, k = 1, . . . ,K, which are symmetric under reflection on the real axis. For the ground
state all the roots form a single arc K = 1. Still an open problem is [17]: “Study of solutions of
Richardson equations with several arcs, i.e., K > 1 ... . ... they must describe very high excited
states formed by separate condensates in interaction. This case may be relevant to systems
such as arrays of superconducting grains or quantum dots. ..., the cases with K > 1 seem to
be related to the theory of hyperelliptic curves and higher genus Riemann surfaces, which may
shed some light on this physical problem.”. The matrix models framework seems to be natural
for these kinds of problems.

A fascinating open question concerning isolated quantum many-body systems is how they
evolve after a sudden perturbation or quench. For instance, in the paper [18] authors study a
relaxation dynamics of the central spin model. Precisely, they analyze time evolutions of several
quantities analytically and numerically. It has been observed that the quantum dynamics of
Gaudin magnets reveals a break-down of thermalization. Methods used in the work [18] (the
algebraic Bethe ansatz) do not go beyond those known from the Richardson solution and its
implementation in CFT. Moreover, it is suggested in [18] to investigate scrambling and out-of-
time-ordered correlators (OTOCs) for the Gaudin magnets. It should be stressed that OTOCs
have recently been actively studied in the framework of CFT and these studies use the limit
c −→∞ of conformal blocks. If it is possible to apply the large-c limit of CFT to analyze OTOCs
for the Gaudin magnets, it would be a very interesting research field for further exploration.
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