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Abstract

We establish an isomorphism between quantum circuits (QCs) and a subspace of polyatomic
molecules, which suggests that molecules can be used as descriptors of QCs for quantum machine
learning. Our numerical results show that the performance of QCs for quantum support vector
machines can be characterized by dimensionality-reduced molecular fingerprints as well as by the
size of the largest and smallest Gershgorin circles derived from the Coulomb matrices of the cor-
responding molecules. This can be used to restrict the search space for the compositional optim-
ization of QCs. We show that a high accuracy of a quantum algorithm can be achieved with high
probability by sampling from a specific set of molecules. This work implies that quantum ansatz
optimization can benefit from advances in cheminformatics and suggests an approach to identify
key elements that enhance the accuracy of a quantum algorithm by mapping QCs onto molecules
and exploring correlations between physical properties of molecules and circuit performance.

1. Introduction

Recent evidence suggests that general quantum learning algorithms are either efficiently classically sim-
ulable, or suffer from limitations due to vanishing of inner products of quantum states in exponentially
large Hilbert spaces [1], which leads to barren plateaus (BP) in variational algorithms [2—8] or expo-
nential concentration (EC) of quantum kernels [9-11]. BP and EC thus appear to preclude the quantum
advantage of quantum machine learning (QML). On the other hand, it has been shown that quantum
kernels can solve classification problems with NP [12] and PromiseBQP-complete complexity [13], indic-
ating that the quantum advantage of QML can be achieved, in principle. These results suggest that, for
practical applications, the search for the quantum advantage of QML should focus on general strategies
of encoding inductive bias into the quantum algorithms (see also [1]).

For gate-based quantum computing, quantum states are generated by circuits of logic gates consisting
of unitary operators acting on a given initial state of qubits. The most general strategy for constructing
optimally biased quantum circuits (QCs) is the optimization of operator sequences in the space of gate
permutations. However, the computational complexity of such optimization scales exponentially with the
number of gates and qubits, even when greedy algorithms are employed [14]. To reduce this complexity,
it is necessary to restrict the search space. This is usually achieved by either assuming a specific struc-
ture for the quantum ansatz or by building adaptive-structure ansatz from simple QCs. QC can also be
chosen to respect relevant symmetries. For example, EC can be avoided by restricting the space of QC to
covariant quantum kernels [15], or by quantum kernel bandwidth methods [16], quantum Fisher kernels
[17], and projected quantum kernel methods [18]. However, these methods rely on some prior informa-
tion about the data structure.

In the present work, we aim to restrict the search space of gate permutations, extending to deep cir-
cuits, by parameters determined from optimization of shallow circuits. More specifically, we consider
the following problem: given a set of QC with depth P < 7T, identify the predictors of the performance
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of QC with depth P > 7. To achieve this, we require an algorithm for QC construction that satisfies
the following conditions: (i) deep QC must inherit relevant properties of shallow circuits; (ii) the per-
formance of QC of any depth can be discriminated by efficiently (polynomial in the number of gates
and qubits) computable metrics. To develop an algorithm that meets these conditions, we establish and
exploit an isomorphism between QC and polyatomic molecules.

We then demonstrate that the shape of the resulting molecules, encoded in the Gershgorin circles
of Coulomb matrices for the spatial atomic arrangements, yields predictors of QC performance. With
the proposed circuit—molecule mapping, the computation of the Gershgorin circles is, at most, quad-
ratic in the number of qubits and gates. Our results demonstrate that these conclusions generalize both
to different samples within a given data set and to different datasets. Our results imply that mapping
QC onto physical objects, such as molecules, can be used to elucidate the important features of the
quantum ansatz design. The correspondence between QCs and molecular structures is grounded in
graph isomorphism principles, drawing parallels with methodologies in cheminformatics and quantum
computing. In cheminformatics, graph-based representations, such as canonical atom numbering [19]
and algorithms for cross-validating chemical and crystallographic data [20], leverage graph isomorph-
ism to ensure consistent molecular descriptions. Similarly, QCs are often represented as directed acyc-
lic graphs to capture gate dependencies and temporal ordering [21], providing a powerful framework
for quantum computation. In addition, QML employs graph-theoretic mappings of QCs, as demon-
strated in reinforcement learning-based optimization using ZX-calculus [22]. In this work, we explore
an alternative approach by establishing an isomorphic mapping between molecular structures (as phys-
ical descriptors) and QCs, leveraging graph-theoretic principles to encode molecular connectivity. The
bidirectional mapping-QCs to molecules and vice versa-remains consistent within each QC dataset, with
QC matrix representations read row by row to ensure non-conflicting gate ordering. This consistency
robustly captures substructures distinguishing performant from underperforming quantum kernels.

The proposed molecule—circuit mapping can be used to leverage numerical methods developed for
optimization of molecular properties in chemical compound spaces for QC optimization. Approaches
based on generative modeling, deep learning architectures, probabilistic search, and cheminformatics rep-
resentations provide systematic strategies for navigating and optimizing high-dimensional design spaces
under complex constraints. Generative adversarial networks (GANs) [23-25] and convolutional neural
networks [26, 27] have been effectively used to explore and design molecules with specific properties
by generating and optimizing chemical structures. Bayesian optimization (BO) techniques [28-30] have
recently been extended to efficiently navigate molecular spaces, balancing exploration and exploitation.
Cheminformatics approaches [31, 32] further enhance these methods by providing robust molecular rep-
resentations, enabling precise optimization of desired properties for drug discovery. Given the proposed
circuit—molecule mapping, these available methods can be repurposed to efficiently search QC ansatz
spaces and optimize QC architectures for targeted quantum computational tasks.

2. Isomorphism between QC and molecules

We begin by establishing an isomorphism between universal QC and a specifically defined sub-space of
polyatomic molecules. To prove isomorphism, we construct a mapping of QC with universal gate sets
onto polyatomic molecules that ensures: (1) bijection; (2) structure preservation—the mapping must
preserve the essential relationships such as adjacency and order of operations, and (3) reversibility—there
must exist an inverse mapping that is also structure-preserving.

A set of quantum gates is universal if the gates in this set can approximate any desired unitary oper-
ation to arbitrary precision [33]. This implies that a universal set of gates must support arbitrary single-
qubit rotations and, at least, two-qubit entanglement [34]. We consider, separately, three universal gate
sets: set (a) including the rotation operators R.(f), R,(6), and R.(f), the phase shift gate P(¢) and
CNOT [33, 35]; (b) the Clifford gates, including CNOT, the Hadamard gate H and the phase gate S,
supplemented by the phase-shift T gate; (c) a combination of the Toffoli gates T and the Hadamard
gates (computational universality) [36]. Though the Clifford set is not universal and can be simulated
classically [37], the addition of the T gate makes the set universal. Similarly, the Toffoli gate alone can
be used to simulate any classical reversible circuit, but is not sufficient for universal quantum computa-
tion. However, when combined with a quantum gate, such as H, the Toffoli gates can be used to build
universal QCs.

We aim to obtain molecular representations that encode the architecture of universal QC applied to
an arbitrary number nq of qubits. The representations adopted here encode the type and positions of
gates in the QCs. We note that each QC can be uniquely represented by an nqg x L matrix (shown in
figure 1), where L is the number of gate layers. The matrix rows represent the qubits, and the columns
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Figure 1. Three examples of mapping of quantum circuits with universal gate sets and the corresponding matrix representation of
gates to molecules. Each qubit is represented by a molecular branch stemming from the backbone carbon atom/chain, encircled
by the dashed line.

specify the gates or no-gate (identity I), which are applied to each qubit in a given circuit layer. We
assign each row of the matrix to a branch of atoms stemming from a central carbon atom chain and
identify each type of quantum gate with an atom that permits an appropriate number of covalent bonds.
The identity operator is specified by the carbon atom, while the quantum gates are specified by non-
carbon atoms placed in appropriate positions.

We encode the number of qubits into a polymeric carbon chain as illustrated in table 1. The goal is
to ensure that the resulting molecules have ng branches. For example, a four-qubit circuit can be rep-
resented by a molecule with four branches of an sp*-hybridized carbon atom, while a six-qubit circuit
requires two covalently bonded sp-hybridized carbon atoms. A molecule with an arbitrary number of
branches can be designed by inserting the appropriate number of carbon atoms in the central carbon
atom chain. We choose the hybridization of the carbon atoms in the backbone chain to represent nq
branches with the lowest number of carbon atoms. After assigning atoms to each molecular branch, we
saturate the valency of all atoms by attaching hydrogen atoms to create stable molecules. A QC with an
odd number of qubits is obtained by replacing one molecular branch with a hydrogen atom.

Each row of the matrix in figure 1 is represented by a molecular branch with quantum gates
described by specific atoms that permit, at least, two covalent bonds. Because the pool of such atoms
is limited, we restrict the entanglement gates between qubits with |i —j| < J, where i and j are the row
indices of the matrices in figure 1 and § is some finite integer. This does not restrict the universality
of the resulting QCs, as nearest-neighbor entanglement is sufficient to generate universal QC [38, 39].
Thus, we need 3-5 atoms that permit at least two covalent bonds (bi-valent atoms) to identify all gates
in any universal quantum gates set.

The mapping between QC gates and molecular structures, as shown in figure 1, may appear arbit-
rary due to the existence of multiple valid bijections. The variation across the three circuits arises from
illustrating the feasibility of mapping different universal gate sets-each with distinct gate types and
connectivity-onto molecular structures with varying atom choices, guided by atom valency, connectiv-
ity constraints, and entanglement range. In the results section, we examine alternative mappings and find
that the results are largely insensitive to the specific choice of atoms. This insensitivity suggests that our
conclusions depend primarily on the general structure of the QC—molecule correspondence rather than
on a particular bijection.
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3. Methodology for numerical calculations

3.1. Molecular descriptors

For machine learning and cheminformatics applications, molecules are encoded into molecular
descriptors. Molecular descriptors must generally be numerical, universal, and capable of capturing
essential features of molecules such as molecular shape, chemical bond arrangements, bond strengths
and orders, vibrational frequencies, and conformational flexibility. While it is possible to design unique
multi-dimensional descriptors, such as molecular fingerprints [40] or graph neural networks [41, 42]
to explicitly represent the spatial arrangement and connectivity of atoms within a molecule, much
recent work has focused on the development of physical descriptors, including Coulomb matrices

[43], bag of bonds features [44], smooth overlap of atomic positions [45], and the Faber—Christensen—
Huang-Lilienfeld representation [46]. Molecular fingerprints can be viewed as a digital signature of
molecules, encapsulating the structural and chemical attributes through strings with 1000-4000 bits.
Such descriptors are useful for cheminformatics applications, but impractical for interpreting the effects
of individual atom groups on molecular properties or for optimization of molecular properties in chem-
ical compound spaces. On the other hand, physical descriptors are more suitable for algorithms aiming
to optimize the molecular properties, e.g. in spaces of molecular isomers [47].

To demonstrate the feasibility of molecular representations of QCs, we first consider molecular fin-
gerprints as descriptors of QC. We use count-based molecular fingerprints implemented in RDKit and
inspired by the Daylight fingerprinting method [48]. These fingerprints identify subgraphs of a molecule
within a specified range of molecular groups, hash them into bit IDs, and use modulo operations to
map these IDs to a fingerprint of fixed size. The count-based format records the frequency of each sub-
graph occurrence rather than a binary presence/absence. The hashing process incorporates atomic and
bond properties, such as the atomic number (modulo 128), aromaticity, atom degree, and bond type
[49].

In order to explore practical applications of molecular descriptors for structural optimization of
QCs, we also employ the Coulomb matrix representations of molecules. As shown by Rupp et al [43],
molecules can be effectively described by a symmetric matrix with the matrix elements given by

_joszt fori=j W
o\ zigry fori#j,

where Z; and Z; are the atomic numbers of atoms i and j, respectively, r; is the distance between atoms
i and j, with the indices i,j € [1,%max)> and 7.y is the number of atoms in the molecule. The diagonal
elements of the Coulomb matrix represent a polynomial fit relating the atomic number to the total
energy of free atoms [43], while the off-diagonal elements describe the electrostatic interaction between
atoms i and j. The Coulomb matrix is invariant to molecular translations and rotations, though not
invariant to atomic permutations.

It was previously shown that the eigenvalues of Coulomb matrices contain physical information
about molecules [50]. However, within the QC-molecule mapping scheme proposed here, the number
of atoms grows polynomially with the number of qubits and gates in the corresponding QC. Therefore,
it is impractical to consider full Coulomb matrices or their eigenvalues as descriptors of QC. Instead, we
propose and explore the application of the Gershgorin circle theorem. This theorem identifies a region
in the complex plane that includes all eigenvalues of a complex square matrix [50]. More specifically,
for an m X m matrix with complex entries, the eigenvalues of matrix M lie within the union of discs
D,UD,U---UD,,, where each disc D; is defined as

D; = Z€C1|Z*Mii|<Z|Mij‘ ~ @
i

We use the radii of the smallest and largest Gershgorin circles for the Coulomb matrices of the cor-
responding molecules to characterize the QC and to restrict the structural optimization of QC.

To generate molecular structures, we use RDKit [49]. More specifically, for the calculations presented
here, we use molecular structures with the three-dimensional (3D) geometry optimized by the universal
force field (UFF) method. The UFF optimization minimizes potential energy, including van der Waals
interactions, and accounts for torsional interactions, in addition to energies of chemical bonds. This
yields physical steric conformations [51]. We have also repeated the present calculations with molecules
represented by two-dimensional (2D) arrangements of atoms. The 2D coordinates are computed using
the Kamada—Kawai force-directed algorithm, which optimizes atomic positions by minimizing an energy
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function based on linear springs [52]. This method preserves atomic connectivity but does not account
for steric effects. Since UFF optimization is computationally expensive and scales significantly with

the increasing number of atoms, bonded and non-bonded interactions [53], using 2D representations
reduces the computational cost of generating molecules. Furthermore, a 2D molecular representation can
be directly mapped to the coordinates of neutral atoms on quantum platforms with well-defined and
well-controlled 2D atom arrays, such as Pasqal [54] and Quera [55], which allows the application of par-
ticular quantum algorithms for determining molecular properties on such quantum computers [56, 57].

3.2. Quantum support vector machines (SVMs)

In the present work, we consider applications of QC for quantum kernels of SVMs. The resulting SVMs
are used for binary classification problems. The inputs x; € R” of the dataset D := {x;,y; € {0,1}}}
are encoded into quantum kernels

k(xx") = (@ (") U (x)U ()@ (x)) P, (3)

where
|® (x)) = exp (inka>H®"0>®”, (4)
k

x¢ is the kth component of x, Z; is the Pauli Z-gate acting on kth qubit, and H is the Hadamard gate.
The sequence of gates in U/ (x) determines the performance of the quantum SVM (QSVM) models [14].
We choose U to consist of L layers, each including one-qubit Ry gates and/or two-qubit CNOT gates.
Each of the Ry gates for qubit k is parameterized by 6 as follows:

—i0x; 0
RZ,k (9) = <e 0 ei@xk) . (5)

This yields a QC with the number of free parameters 6 equal to the number of Ry gates. We optimize
the parameters of all generated QCs using BO [58].

To illustrate that molecular descriptors can be used as representations of QCs, we consider four
distinct classification problems: (I) given the ionic radii of A, B, B’ and X, classification of halide per-
ovskites with the chemical formula A,BB’ X¢ into metals or non-metals [59] ; (II) classification of a
four-dimensional (4D) synthetic data set implemented in [60]; (III) classification of a five-dimensional
(5D) synthetic data set implemented in [60]; (IV) 5D- and ten-dimensional classification of digits 3 and
5 based on the MNIST dataset from [61]. Hereafter, we refer to these classification problems as per-
ovskite (for problem I), hidden-manifold (for problems II and III), and MNIST (for problem IV). For
each classification problem, we generate N QC U(x) including L layers of randomly sampled quantum
gates, and train QSVM with the corresponding quantum kernels. The accuracy of the resulting QSVM
is used as a metric of the corresponding quantum kernel performance. We use problems I and II to
identify the molecular properties that can be used to optimize the search of performant QC. We then
use problems III and IV to demonstrate the performance of the algorithm thus developed.

We use the following metric to quantify the performance of a quantum kernel (of equivalently a
QC). The dataset for each classification problem is split into a training set and a test set. The training
set for the perovskite classification problem includes 100 data points. For all other classification prob-
lems considered in this work, the training set includes 1000 data points. The test sets comprise 1442
randomly sampled materials for the perovskite classification problem and 1000 randomly selected data
points for all other classification problems considered in this work. We label the two classes of each clas-
sification problem as positive and negative and define the true positive rate (TPR) and true negative rate
(TNR) as the ratio of correct predictions to the total number of test points for a given class. The aver-
age accuracy of an SVM model is defined here as the balanced average of TPR and TNR computed over
the test set. The boundary separating performant and underperforming circuits is defined as the mid-
point between the maximum and minimum average classification accuracy over the entire set of QCs.
We include a margin of +£10% to define a QC as performant, when the average accuracy of the corres-
ponding SVM exceeds the boundary by more than 10%, and underperforming when the resulting aver-
age accuracy is more than 10% below the separating boundary. We discard the QC within the +10%
margin of the separating boundary.
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Table 1. Central carbon atom chain designed to produce nq covalently bonded branches. As illustrated, the carbon polymer chain
requires nc carbon atoms for even nq. A QC with an odd number of qubits can be obtained by replacing one molecular branch with a
hydrogen atom.

Number of qubits Carbon backbone
|
JRE— C PR
4 |
]
6 .
L
—C—C—C—
8 .
nQ nc = ’%Q —1

3.3. Simplified QC—molecule mapping

As shown in section 2, the operators U(x) can be built with the universal set of quantum gates. In order
to make computations more efficient, for numerical examples, we use two simplifications: (1) we allow
U(x) to include only one-qubit Rz gates and two-qubit CNOT gates; (2) we omit the identity operators
from the QC — molecule mapping. This makes the inverse mapping from molecules to QC non-unique.
However, our numerical tests show that this does not affect the results presented in this work.

The following section considers numerical examples with four-qubit and five-qubit QC. To
map quantum gates to atoms for the numerical examples, we utilize the following scheme: Ry — C,
CNOT(0 =1) — N, CNOT(§ =2) — O, CNOT(d = 3) — S, and CNOT(d = 4) — P. The carbon atom
backbone is constructed as illustrated in table 1. In particular, for the 5-qubit circuits, we use two sp’-
hybridized atoms with the valency of one of these atoms saturated by one hydrogen atom.

We consider two types of problems. First, we examine the performance of QC for QSVM in the
space of molecular descriptors in order to show that molecular descriptors can serve as meaningful
descriptors of QC. Second, we build molecules by constraining the algorithm to particular parts of a
molecular space, and transform these molecules into QC to illustrate that molecular descriptors can
reduce the complexity of compositional QC optimization.

4, Results

4.1. Molecular fingerprints as QC descriptors

We begin by illustrating the feasibility of applying widely used molecular fingerprints as variables to
characterize the performance of QC for QSVM. For this calculation, we generate N = 10000 QC U(x)
with L =5 layers of randomly sampled quantum gates and train QSVM with the corresponding quantum
kernels. Each QC is mapped onto a molecule, as described in section 3.3. High-dimensional fingerprints
are constructed for the corresponding molecule using the method in [48] as described in section 3.1.
The dimensionality of the molecular descriptors is then reduced by principal component analysis (PCA)
to two principal components. Each of the principal components is a linear combination of fingerprint
components.

Figure 2 shows the performance of QC for QSVM applied to two classification problems described
in section 3.2 as a function of the two principal components thus obtained. Here and hereafter, the
QSVM accuracy is represented by red circles for performant circuits and green triangles for underper-
forming kernels, yielding low accuracy of QSVM. The distinction between the performant and under-
performing QC adopted here is described in section 3.2. Figure 2 demonstrates that there is a separa-
tion between performant QC and underperforming QC in the PCA-reduced space of molecular finger-
prints. This separation is particularly clear for the 4D hidden-manifold classification problem, in which
the data for two classes are generated by a classical artificial neural network. This suggests that PCA-
reduced molecular fingerprints can be used to restrict the search of performant QC for QSVM through
the QC <> molecule mapping algorithm proposed here. The varying degree of separation between well-
performing and poorly performing QCs in figure 2, as observed in the present molecular descriptor-
based approach (e.g. clear separation right panel versus less distinct separation in the left panel), reflects
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Figure 2. Distributions of performant QC (red circles), yielding high classification accuracy of QSVM, and underperforming QC
(green triangles), leading to low classification accuracy of QSVM, in the space of two leading principal components after PCA
dimensionality reduction of molecular fingerprints. The results are obtained with 10 000 randomly generated QC used to build
kernels for QSVM to classify the 4D perovskite (left panel) and the 4D hidden-manifold (right panel) classification problems.

the problem-dependent nature of the classification task. We attribute this variability to the intrinsic com-
plexity, patterns, and correlations within each dataset, which determine the architecture of performant
and under-performing QCs and their corresponding molecular representations.

While figure 2 establishes a meaningful correlation between molecular descriptors and QC perform-
ance, reducing the dimensionality of molecular fingerprints by PCA requires diagonalization of high-
dimensional matrices. The computational complexity of matrix diagonalization scales as N, with the
matrix dimensionality Ngim, making PCA-reduced molecular fingerprints computationally expensive for
large QC. Furthermore, the complexity of molecular fingerprints complicates the interpretability of the
basic elements that make a QC performant. Therefore, the following section explores alternative molecu-
lar representations of QC.

4.2. Gershgorin circles of Coulomb matrices as QC descriptors
A key goal of the present work is to identify molecular properties that are (i) either scalar or low-
dimensional vectors; (ii) sensitive to the structural composition and shape of polyatomic molecules; (iii)
efficient to compute, and (iv) provide a meaningful characterization of the corresponding QC perform-
ance. To achieve this, we explore the correlation between the performance of QC for QSVM and the val-
ues of the radii of the Gershgorin circles (2) derived from the Coulomb matrices for the corresponding
molecules. The Gershgorin circle radii are represented by sums of the matrix elements and can thus be
efficiently computed. For each molecule, we consider the radii of the largest and smallest Gershgorin
circles, denoted for a given Coulomb matrix by Ry, and Ry, respectively.

The left panels of figure 3 illustrate the QC performance in the 2D space of Ry, and Ry, The right
panels of figure 3 show the probability density of performant and low-accuracy QC computed from
the distributions in the left panels by kernel density estimation (KDE) as functions of Ry,. The results
are presented for the 4D perovskite (upper panels) and 4D hidden-manifold (lower panels) classifica-
tion problems. Figure 3 shows that the magnitudes of the smallest and largest Gershgorin circles for a
given molecule can be used to guide the search of performant QC for QSVM. To illustrate this directly,
we generate two sets of 100 random molecules: one sampling from the quadrant with Ry, > 220 and
Rimax > 650 (higher probability of finding performant QC), and another sampling from the quadrant
with Ryin < 220 and Rpyax < 650 (lower probability of finding performant QC).

All molecules in these random sets correspond to QC with 5 layers. We map each of these molecules
onto a quantum kernel and apply the kernel thus obtained to the perovskite classification problem.
The accuracy of the resulting models is shown in figure 4, with the results obtained from molecules
with Ry, > 220 shown in the left panel and the results from molecules with Ry, < 220 in the right
panel. The horizontal dashed line represents the average accuracy of 10000 QSVM models illustrated in
figure 3. Figure 5 presents the same results but for the 4D hidden manifold dataset and with the panels
corresponding to sampling from the quadrant with Ry, > 170 and Ry, > 400 and the quadrant with
Rin < 170 and Ry, < 400.
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Figure 3. Left panels: distributions of performant QC (red circles) and underperforming QC (green triangles) in the space of the
smallest (Rmin) and largest (Rmax) Gershgorin radii for the 4D perovskite (top) and 4D hidden-manifold (bottom) classification
problems. Right panels: probability density of performant (solid red curves) and underperforming (broken green curves) as
functions of Rimin computed by KDE from the data in the left panels. The shaded region indicates the 95% confidence interval,
reflecting the uncertainty in the density estimation due to the finite sample size.
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Figure 4. Distributions of average QSVM accuracy for the 4D perovskite classification problem with five-layer QC constructed
from 100 randomly generated molecules with large radii (Rmin > 220) of the smallest Gershgorin circle (left panel) and low radii
(Rmin < 220) of the smallest Gershgorin circle (right panel). The dashed lines show the +=10% margin centered at the average of
the minimum and maximum classification accuracy in a sample of 10 000 random quantum circuits. The red circles and green
triangles represent performant and underperforming QC designs, respectively.

Note that the random samples of molecules used in figures 4 and 5 are independent of the set in
figure 3. The left panels of figures 4 and 5 show that randomly sampled molecules with a large value of
Rnmin are much more likely to produce a performant quantum kernel for both datasets (e.g. the number
of red circles is much larger than the number of green triangles). The right panels of figures 4 and 5
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Figure 5. Distributions of average QSVM accuracy for the 4D hidden-manifold classification problem with five-layer QC con-
structed from 100 randomly generated molecules with large radii (Rmin > 170) of the smallest Gershgorin circle (left panel) and
low radii (Rmin < 170) of the smallest Gershgorin circle (right panel). The dashed lines show the +-10% margin centered at the
average of the minimum and maximum classification accuracy in a sample of 10 000 random quantum circuits. The red circles
and green triangles represent performant and underperforming QC designs, respectively.

illustrate that the opposite is also true: randomly sampled molecules with a small value of Ry, are much
more likely to produce quantum kernels yielding low-accuracy models.

To extend the illustration of the present approach to a higher-dimensional problem, we analyze the
ten-dimensional (10-feature) MNIST classification problem to assess the robustness of the suggested
mapping approach. As shown in figure 6, the distributions of performant (red circles) and underper-
forming (green triangles) QCs in the space of the smallest R, and largest Ry, Gershgorin radii reveal
distinct separation, with performant QCs exhibiting larger R,. The right panels of figure 6, display-
ing KDE of Ry, confirm that performant QCs (solid red curves) are associated with higher Ry, val-
ues compared to underperforming QCs (broken green curves), with 95% confidence intervals high-
lighting robust statistical separation. These results confirm the efficacy of the present method in higher-
dimensional settings, demonstrating that balanced molecular connectivity enhances quantum kernel per-
formance in complex classification tasks.

We next illustrate the proposed algorithm of designing performant QC by engineering poly-
atomic molecules for two independent classification problems: a 5D version of the hidden-manifold
classification [60] and the 5D classification of digits 3 and 5 based on the MNIST dataset from [61].
We begin by generating a random sample of 10000 molecules, each corresponding to QC with five lay-
ers of gates, for each classification problem. We then map 100 molecules with the highest values of the
smallest Gershgorin circle radius and 100 molecules with the lowest values of the smallest Gershgorin
circle radius onto the corresponding QCs. Using QC thus constructed, we build QSVM models for the
5D hidden-manifold and 5D MNIST classification problems. The results are presented in figure 7.

Designing quantum kernels by molecule — QC mapping provides insights into what determines the
performance of quantum kernels for QSVM. Formally, a large radius of a Gershgorin circle indicates
that, for the corresponding row of the matrix, the sum of the magnitudes of the off-diagonal elements is
large compared to the magnitude of the diagonal element. For Hamiltonian matrices, a large Gershgorin
circle may indicate strong coupling between different states, where the results are less determined by
the local properties (diagonal elements) than by interactions with other states (off-diagonal elements).
For molecules represented by Coulomb matrices, a large radius of the smallest Gershgorin circle sug-
gests that the corresponding atom (associated with that particular row of the matrix) interacts strongly
with many other atoms in the molecule. This implies a compact shape of tightly packed atoms. A large
value of Ry, also suggests that the central atom—one of the carbons in the backbone chain for the
scheme adopted here—is in a highly symmetric or well-coordinated environment. For example, highly
symmetrical molecules such as benzene or fullerenes include atoms that have strong and relatively uni-
form interactions with multiple neighboring atoms, leading to large radii of the Gershgorin circles.

For quantum kernels produced by the molecule — QC mapping, this implies that the performance of
QSVM is enhanced by increasing the density of the gate layout. These circuits, characterized by uni-
formly distributed gates, exhibit greater expressivity and improved performance in classification tasks due
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Figure 6. Left panels: distributions of performant quantum circuits (QCs, red circles) and underperforming QCs (green triangles)
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ability density of performant (solid red curves) and underperforming (broken green curves) QCs as functions of Ryin, computed
via kernel density estimation (KDE) from the data in the left panels. The shaded regions represent the 95% confidence intervals,
accounting for uncertainty due to finite sample size.
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Figure 7. Distribution of average QSVM accuracy for the 5D hidden-manifold (left) and 5D MNIST (right) classification prob-
lems using five-layered QCs obtained from 10 000 randomly generated molecules. The red circles represent a subset of 100
molecules with the largest radius of the smallest Gershgorin circle, and the green triangles represent a subset of 100 molecules
with the smallest radius of the smallest Gershgorin circle. The dashed lines show the +10% margin centered at the average of the
minimum and maximum classification accuracy in the entire sample of 10 000 quantum circuits.

to increased entanglement and gate interactions. This correlation suggests that the spherical, evenly con-
nected architecture of such molecular graphs enables robust feature representation in the corresponding
circuits, facilitating capture of complex patterns in quantum computation.

To investigate the impact of atom set selection on the representational power of QCs generated from
molecular structures, we analyze the effect of varying atom types on the separation of performant and
underperforming QCs in the space of molecular descriptors. As shown in figure 8, mapping the per-
mutations of CNOT(i) gates to different sets of atoms—(1) {N, O, S}, (2) {N, P, O}, (3) {O, S, P}, (4)
{N, S, P}—do not significantly alter the separation behavior. A large R, indicates a central carbon
atom in a highly symmetric, spherical, or well-coordinated molecular environment, with strong, uni-
form interactions among neighboring atoms, which maps to circuits with high gate density and robust
feature-space coverage. This symmetry-driven property ensures that the representational power of the
QCs remains consistent across different atom type choices.

Although in the simplified mapping scheme we only consider Z-rotation and CNOT gates, the
molecular descriptor framework provides guidance at the level of circuit connectivity rather than for
specific gate identities. Changing the ratio of single-qubit to multi-qubit gates impacts the effective con-
nectivity of the molecular graph, which is directly reflected in the Gershgorin radii of the correspond-
ing Coulomb matrices. In particular, increasing the density of entangling gates generally leads to larger
values of the smallest Gershgorin radius Rpyin, While sparse or highly localized gate layouts reduce Rpin.
Extensions of the gate set, such as the inclusion of T gates, can be accommodated by extending the atom
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panel.

set without altering the descriptor logic or the search-space restriction strategy. As a result, the proposed
molecular descriptors provide gate-set-agnostic heuristics for designing expressive yet trainable QCs.

In the context of variational quantum algorithms, which are prone to BP, restricting the circuit
search space through structured mappings provides an efficient way to circuit design. On one hand, by
exploiting the molecule — QC isomorphism, we restrict the search space and consequently the distribu-
tion of QCs, avoiding random quantum gate selection and Haar random sampling, which are known to
induce BP in highly expressive unstructured models [62]. This structured mapping promotes trainability
by ensuring that gradients remain non-vanishing at moderate depths, as opposed to random unitaries
that lead to exponential suppression. In addition, we observe that circuits with large Rynin of molecular
descriptors show better classification performance in QSVMs. For quantum kernels generated using this
mapping, a large Rmin indicates that QSVM performance is enhanced by denser gate layouts, allowing
sufficient expressivity with moderate depth. Thus, this approach restricts the search space while balan-
cing expressivity with shallow to moderate depth, ensuring that the trainable circuits are still expressive
enough to capture relevant features.

These results indicate that molecular descriptors can provide meaningful structural guidance for QC
design. Highly symmetric and well-coordinated molecular environments, characterized by large values
of Ry, constrain the circuit search space toward architectures with balanced gate distributions, which
are well suited for learning tasks requiring uniform coverage of the feature space. In contrast, molecular
structures with increased branching map onto higher effective connectivity in the corresponding circuits,
enabling stronger and more spatially distributed entanglement at shallow to moderate circuit depths.
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Figure 9. Left: same as in figure 3(lower left) but for QC with 12 layers. Right: probability density of performant (solid curves)
and underperforming (broken curves) QC as functions of Riin computed for QC with 5 and 12 layers.

Taken together, molecular symmetry and branching provide complementary heuristics for limiting the
circuit search space in a way that preserves both expressivity and trainability.

A second key goal of this work is to develop an algorithm for identifying QC performance metrics
based on a set of shallow QC in order to design deep QC that yields high accuracy in the correspond-
ing quantum model. The QC <+ molecule mapping is well suited for this purpose as molecules can
be grown incrementally by increasing the length of the molecular branches. The shape of polyatomic
molecules thus designed is determined by the shape of the parent molecules by construction. To con-
firm this by numerical examples, we extend the calculations in figure 3(lower panels) to QC with addi-
tional layers of quantum gates. The results of figure 3 are based on QC with five layers of gates, whereas
figure 9 depicts the distribution of QC performance in the (Ryin, Rmax) space for QC with 12 layers.
Figure 9 shows that the performance of deeper QC is enhanced in similar parts of the molecular para-
meter space. The comparison of figures 3 and 9 suggest the following approach: first, a distribution of
efficient QC with a small number of gate layers is used to identify the range of Ruyin and R,y associated
with a high performance of the quantum algorithm. This range of Ryin and Rpax can then be used to
restrict the search of deeper QC that yield high performance.

The instability of QCs (e.g. vanishing gradients, decoherence, noise sensitivity) generally increases
with circuit depth. Leveraging the molecule — QC isomorphism, molecular descriptors such as Rpin
can guide the design of moderately deep circuits. Circuits with 5-12 layers are considered shallow to
moderately deep, providing a balance between mitigating noise accumulation and preserving sufficient
expressivity for meaningful computations.

We have repeated the calculations in figures 1-9 using 2D molecular representations. The numerical
tests indicate that using these representations produces similar distributions of performant and under-
performing QCs in the space of Gershgorin circle descriptors for QCs with five and 12 layers, and for
4D- and 5D datasets. Since optimization of 3D molecular structures is computationally more time-
consuming, these results indicate that 2D representations can be used as a less expensive yet accurate
alternative for mapping QCs to molecules. Furthermore, these results suggest the possibility of determin-
ing molecular properties using quantum platforms better suited for 2D graphs [54, 55] as an alternative
to experimental measurements or classical computations.

5. Conclusion

We have demonstrated the isomorphism between QCs and a subspace of polyatomic molecules, which
suggests that molecules can be used as descriptors of QCs. This connection has several important
implications. First, the numerical techniques for optimization of molecular properties in chemical com-
pound spaces can be adopted for optimization of QCs for quantum algorithms. Thus, quantum ansatz
optimization can benefit from advances in cheminformatics. In addition, a large number of descriptors
developed for machine learning in chemistry can be applied to machine learning in QC spaces. In this
work, we consider two qualitatively different molecular descriptors to characterize the performance
of QCs.

We have shown that the performance of QC for QSVM can be characterized by PCA-reduced
molecular fingerprints as well as by the size of the largest and smallest Gershgorin circles derived from
the Coulomb matrices of the corresponding molecules. This can be used to restrict the search space for
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the compositional optimization of QCs, as illustrated by figure 7 for two independent classification prob-
lems. We have shown that a high accuracy of a quantum algorithm can be achieved with high probabil-
ity by sampling from a particular set of molecules.

The specific QC ++ molecule mapping proposed here provides an algorithm for increasing the depth
of QCs, while improving the QC performance. Since qubits are encoded by different branches from a
carbon polymer chain, large polyatomic molecules representing deep QCs inherit some properties of
smaller molecules, corresponding to shallower QCs. This can be used to identify the range of molecu-
lar parameters yielding enhanced performance of a quantum algorithm with shallow circuits. The range
of the molecular parameters thus determined can then be exploited to restrict the search of optimal QCs
of larger depth.

The Gershgorin circles of Coulomb matrices effectively encode information about the distribution of
atoms as determined by the molecular shape. Our results thus indicate that the shape of molecules used
to construct QCs is important for the performance of the resulting quantum algorithm. More broadly,
the present work suggests an approach to identify key elements that enhance the accuracy of a quantum
algorithm by mapping QC onto molecules and exploring correlations between physical properties or
atomic compositions of molecules and circuit performance.
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