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1. Introduction

The study of the AdS/CFT correspondence [1,2] provides many new ideas and fruitful observations related to computations in QFT. In
the case of AdS3/CFT, correspondence it is essential to consider the large-c limit which corresponds to the weak gravitational coupling in
the bulk according to Brown-Henneaux formula [3]. One of the most elaborated issues is the correspondence between Virasoro conformal
blocks with heavy operators in the large-c limit and probe particles propagating in the AdSs background with conical defects originally
obtained for lower-point blocks [4-10]." The large-c n-point conformal blocks were studied in [17,19-21]. However, exact expressions for
large-c conformal blocks are still unknown.

In this work, we continue to study large-c conformal blocks as holographic Steiner trees on the Poincare disk [22]. We consider
holographic Steiner trees with N =4 and N =5 endpoints in the superlight approximation where one or more weights are much less
than the others. Their lengths are calculated by making use of the hyperbolic trigonometry relations. On the boundary, such Steiner trees
are dual to the large-c conformal blocks with superlight operators [8]. Also, we find the lengths of (2M + 1) holographic Steiner trees in
the superlight approximation corresponding to the (2M + 2)-point large-c conformal blocks with superlight operators.

E-mail address: pavlov@Ipi.ru.
1 Other recent related research focuses on p-adic AdS/CFT correspondence [11-13], entanglement entropy [14,15] and OTOC computations [16-18].
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Fig. 1. N = 6 Steiner tree. FT points are indicated by black points, different colors correspond to different weights, the angles are given by formula (2.5). The outer hexagon
is shown in dashed lines.

The paper is organized as follows. In Section 2 we study the Steiner tree problem on the Poincare disk and calculate the lengths of the
holographic Steiner trees with N =4 and N =5 endpoints in the superlight approximation. Section 3 applies the monodromy method to
calculate the large-c conformal blocks in the heavy-light approximation extended further by the superlight approximation. Here, we show
the holographic correspondence relation between large-c conformal blocks and the lengths of the Steiner trees obtained in Section 2.2.
Concluding Section 4 summarizes our results.

2. Holographic Steiner trees on the Poincare disk

In the context of AdS3/CFT; correspondence the Poincare disk with an angle deficit arises as a constant-time slice of AdS3 space [6,8].
In this section we focus on the Steiner tree problem on the Poincare disk” for the special class of trees called holographic [22]. We use
hyperbolic trigonometry to calculate particular holographic Steiner trees with N = 3,4, 5 endpoints and then generalize these results to
N-point Steiner trees.

2.1. The Steiner problem on the Poincare disk

The Poincare disk. Let D, denote the Poincare disk with the angle deficit which is parametrized by « € (0, 1]. In complex coordinates
(z,2) it is defined as Dy = {|z| < 1, arg(z) € [0, 27 «)} and the boundary is a part of the circle dD, = {|z| =1, arg(z) € [0, 2t @)}. After
reparameterization arg(z) — « arg(z) we obtain the Poincare disk model ID. In what follows we do all calculations on the Poincare disk
and then recover parameter «. The length of a geodesic segment between two points z; and z, is given by

1+u _ |1z — 2|
1—u’ T N-=zizn]

Lp(z1,22) =log (2.1)

The regularized length (see e.g. appendix A in [22] for details) of the geodesic connecting two boundary endpoints z; = exp[iw;] and zj =
expliw;] takes the form

Wi — Wj
—
where the regulator ¢ — 0+. The regularized length of the geodesic connecting the bulk point z = rexp[i¢] and the boundary point
zi = exp[iw;] is given by

L (wi, wj) =a;; —2loge,  ajj=log [4sin2 wij] . W= (2.2)

2(r? —2rcos(p — wj) +1)
1-12

We denote by Lpy the finite part of the regularized length on the Poincare disk which is obtained by discarding the ¢-dependent terms in
(2.2) and (2.3).

Lp(wi,r,¢)=b—loge, b =log : (2.3)

Steiner trees. Given N points (outer vertices) belonging to ID or dID we consider a connected tree Gy with N outer edges attached to
outer vertices and N — 3 inner edges. The outer and inner edges are connected to each other at N —2 trivalent inner vertices. The weighted
length of Gy reads

Lﬂlg) = Z €L + Z gjf.j R (2.4)
{

{outer edges} inner edges}

where €; and €; are weights of outer and inner edges, respectively. The Steiner problem is to find positions of inner vertices for given tree
and weights such that the weighted length (2.4) is minimal. In this case the inner vertices are called Fermat-Torricelli (FT) points and
Gy is called the Steiner tree (see Fig. 1). Also, for further purposes one can consider a hyperbolic N-gon with corners at the outer vertices
of the Steiner tree (outer polygon). One can show that the angles between edges with weights €4, €, €. intersecting at FT point are given

2 The Euclidean Steiner tree problem in context of QFT is considered in [23].
3 For more detailed analysis, see [24-26].
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by
2 2 2 2 2 2 2 2 2
—€5 — € +€; —€5 +€; —€; € — €y — €
COSYge=——F——"—, COSYpe=——7T—"—", COSYypp=—"—" (2.5)
2€4€, 2€c€p 2€4€p
supplemented by the triangle inequalities
€q+€p > €, € +€>¢€p, €p+€c>€q. (2.6)

The relations (2.5) and (2.6) follow from the requirement that the Steiner tree has a minimal length and fix the positions of the FT points.
In what follows we focus on two types of Steiner trees [22]: 1) N boundary endpoints, 2) N — 1 boundary endpoints and one endpoint
in the center of ID. We will refer to them as ideal and non-ideal holographic Steiner trees,* respectively.

Superlight approximation. Suppose now that one of the three weights in (2.5) is much less than the other two, which are assumed to be
equal,

€K€E=¢€p: Yab =TT, Yac = Ybc =T /2. (2.7)

We see that two edges of the vertex merge into a single geodesic segment while the third edge stretches in a perpendicular direction.
Then, the case of three arbitrary weights can be regarded as a perturbation of this configuration in the small parameter ¢..

Hyperbolic trigonometry. The lengths of the edges of the Steiner tree in (2.4) are determined by the coordinates of the FT points. For N =3
Steiner trees the coordinates of the FT point can be calculated explicitly but for case N > 4 the analysis becomes much more complicated.
However, the lengths of the edges of Steiner trees can be found using hyperbolic trigonometry. For example, N = 3 Steiner trees cut the
outer triangle into three triangles and the edges of the trees can be considered as the sides of the hyperbolic triangles. Here we provide
the hyperbolic trigonometry relations that will be useful in calculating the edge lengths of holographic Steiner trees.

Given a hyperbolic triangle with sides A, B, C and interior angles «, 8, ¥ opposite to A, B, C the first and second cosine theorem, and
the sine theorem read as

cosh A = cosh B cosh C — sinh Bsinh C cos« ,
coshCsinw sin =cosy + cosacosf,

sinhA  sinhB _ sinhC (2.8)
sin¢  sing  siny
When one of the vertices is on the boundary (8 = 0), the first cosine law can be cast into the form
exp[A] = exp[C](cosh B — sinh Bcosa) + O(¢) , (2.9)

where A and C denote the regularized lengths of sides connected to the vertex. For two vertices on the boundary (8 = y = 0) the
regularized lengths A, B, C are related as

A:B+C+210gsin%+(’)(e). (2.10)

2.2. Examples of Steiner trees

In this section, the lengths of N =3 ideal and non-ideal Steiner trees and N =4 ideal Steiner tree are found for arbitrary weights. On
the other hand, N = 4,5 non-ideal trees are considered in the superlight approximation. We generalize this approach to higher N and
consider a particular example of the N-point non-ideal Steiner tree.

N =3 trees. Let us consider N =3 ideal Steiner tree with three boundary endpoints w; and outer edges of lengths X;,i=1, 2,3 (see (a)
Fig. 2). Since the Steiner tree splits the outer triangle into three triangles with two vertices on the boundary we apply (2.10) to each of
them and find

a2 =X1+ Xz +210gsin% ,
a23=x3+x2+2logsin%, 211)
Y13

a3 = X3+ X1 +210gsin7

where a;; and y;; are given by (2.2) and (2.5). Solving this system of linear equations we find the weighted length defined by (2.4) as

LS)(wﬂei) = (€1 + €3 — €3)logsinwyq + (€1 + €3 — €3) logsin wiq + (€3 + €3 — €1) logsinwsy + C, (2.12)

where

4 These trees are characterized by a certain topology and on the boundary side turn out to be dual to the s-channel classical conformal blocks. Other block/tree topologies
were studied in [19,20].
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w1
w3
wq w2
w2

Fig. 2. (a) N =3 ideal tree, (b) N =3 non-ideal tree. The outer triangles are depicted in dashed lines, different colors correspond to different weights.

2 (1ozsin Y2 + logsin 2 + lozsin V12
C_Z(logsm 5 + logsin > + logsin > ) (2.13)

A similar analysis in the case of non-ideal N =3 tree (see (b) Fig. 2) is a bit more complicated. Let Y and Z be the lengths of outer
edges of weights €1, and X be the length of the radial line of weight €3. The outer triangle has a vertex in the center of D and two
boundary vertices wq . In this case, the outer triangle is cut by the Steiner tree into two triangles with one boundary vertex and one
triangle with two boundary vertices. Again, using (2.9) and (2.10) we find

2 =exp[Y](cosh X — sinh X cos y13) ,
2 =exp[Z](cosh X — sinh X cos y»3) , (214)

a12=Y+Z+210gsin%.

The weighted length of the N = 3 non-ideal tree is found to be®

COS W21 .
+ v log sin wyq

J1— B2sin® wiy (215)
€ -
—3713 log <;3cos wa1 +4/1 — B2sin? W21) +C,

€3
LS (warl€) = ~ | Arcth

where

€1+ € €1 —€
Y= ., B= ; (2.16)
€3 €3

and C is given by

. € y—1 Y2 -8 y+8 )
C=—(log————— I | . 217
2 <°g(y+1><1—52)+”°g<y2—1)(1—ﬂ2>+ﬁOg(l—ﬂzw—ﬂ) (217)

Ideal N = 4 tree. Here we consider an N = 4 ideal tree with two FT points (see (a) Fig. 3). This Steiner tree has four outer edges with
weights €; ,i=1,...,4 and one inner edge with weight & connecting two FT points.® The minimum length condition here is encoded by
six angles oy (three at each of the FT points) given by (2.5).

Let A, B,C,D denote the regularized lengths of outer edges and R be the length of the inner edge. Consider an auxiliary triangle
whose vertices are two boundary endpoints wq and w; and the FT point (see (b) Fig. 3). Here, K; and K, are the regularized lengths
of the sides attached to the boundary points wy; and w3 and A and A’ are the angles between R and K; and K», respectively. Using the
relations (2.9) and (2.10) one finds

exp[K1] = (coshR — sinh R cosa1) exp[A], exp[K>] = (cosh R — sinh R cos &) exp[B],

o (2.18)
A+ B 4—210gsin73 =aiy.

Since K1 together with the edges C, D cut the outer tetragon into three triangles, one has

5 Originally, this length was obtained in the context of the wordline approach [6]. For the analysis in the context of Steiner trees see [22].
6 The particular case of the tree with weights €; = €, and €3 = €4 was studied in [27].

4
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Fig. 3. (a) N =4 ideal tree with five independent weights depicted in different colors and outer tetragon in dashed lines. (b) The auxiliary triangle (in black lines) dissecting
the outer tetragon.

exp[K;D](1 — cos(aqg — 1)) = a3, exp[K2C](1 — cos(as — 1)) =d14,
exp[A] = exp[K1](coshR — sinh RcosA) , exp[B] = exp[K>](coshR — sinh R cos ') , (2.19)
C+D +210gsin% =da34 .

Eliminating K12 and A, A’ from equations (2.18) and (2.19) we obtain

1 [ —1 (142U = BB +V(B1 — B2)? +4UU + 1 — B12)
R = log y1—1 Z_i_;( 1P2 1 2 12) ’ (2.20)

i+l Ja=pHa—p2

where

1 sin w41 Sin wsp
U=exp[z(a3+a14 —a3g —ap)]=——"—"7"—"—,
2 Sin wys sin wy

(2.21)
_a+te €31 ¢€4 ﬂ_61—62 ,8—63_64
V1= z , V2= z s 1= z ) 2 = z .
The lengths of the outer edges can be found from (2.18) and (2.19) together with
exp[K2D1(1 — cos(ag + 1)) =ang , exp[K1C](1 — cos(as + 1)) =ais . (2.22)
Finally, the weighted length (2.4) takes the form
L](S)(w,-|ei, €) = € (y2 logsin wyz + 1 logsinwy1 + R) —
R Bt — B3 +2U(1+ B1B2) — (B1 + )V (B1 — B2)? +4U(U + 1 — B21) N
2 sin Wap (sinws1)~1(1 4+ U) (2.23)

2 (sinwgq)~1sinwsy U

€B2 =P, <2U(ﬂ1/32 1) = (B1— B)? + (B2 — BV Br — P2 +AUU + 1 — ,32/31))

where we dropped the weight-dependent constants. In the case 81 = 8, = 0, which corresponds to equal dimensions €; = €; and €3 = €4,
the length is given by

LS (wiler, €3, €) = 261 logsin was + 2€3 logsin o + 2€ log(v/1+ U +VU) . (2.24)
2.3. N=4and N = 5 non-ideal trees in the superlight approximation
The lengths of N > 4 non-ideal Steiner trees with arbitrary weights are unknown. However, the N = 4 non-ideal tree can be considered

as a perturbation of the N = 3 non-ideal tree with respect to one of outer weights [8]. In this section we calculate N=4 and N =5
non-ideal trees in the superlight approximation by perturbing N =3 ideal tree and disconnected N =4 trees.

5
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wq @ wi @ wq @‘N§
wa w3 wa w3
w3 w3

Fig. 4. Disconnected N =4 tree (a) and N =4 non-ideal tree (b). The green line in (b) carries the superlight weight €1, the non-deformed tree is shown in red lines. (c) shows
an auxiliary bridge tree associated with the N =4 non-ideal tree.

w1 w1 w1
w3 w3 w3
w2 w2 w2

Fig. 5. (a) N = 3 ideal tree, (b) N =4 non-ideal tree with the superlight weight €,. The green line represents a perpendicular to the inner edge. (c) An auxiliary Steiner tree
shown in black lines, the outer triangle shown in dashed lines.

Non-ideal N = 4 tree from disconnected N = 4 tree. Let us consider a N =4 non-ideal tree as a perturbation of a disconnected N =4 tree
(see (a) and (b) Fig. 4). The resulting N =4 non-ideal tree has one inner edge with the weight €; < €13 and two pairs of outer edges:
the first one with weights €; = €, is a geodesic connecting wy and w; according to (2.7), and the second one is a radial line with weight
€3 = €. However, the radial length is a weight-dependent constant so that it can be omitted.

The N =4 non-ideal tree without the radial line can be obtained by cutting an auxiliary N =4 ideal tree as shown on (c) of Fig. 4.
Such an auxiliary tree has four outer edges with weights €; and the outer vertices of the tree are located at points (wy, wp, w3, wy),
where w5, = wj +2ws — wy and wj =2ws3 + wy are identified by reflecting endpoints w; and w; relative to the radius connecting the
center of D and the endpoint ws. Using (2.24) we find that the length of the N =4 non-ideal tree takes the form

sin(ws — wy) sin ws

LD (wiler, &) = 261 logsinwyy + & log(y1+ 0 +v0), 0= . (2.25)
Sinz w
2

Non-ideal N =4 tree from ideal N = 3 tree. Another example of a N =4 non-ideal tree is obtained by adding an outer edge with superlight
weight €, to the N =3 ideal tree (see (b) Fig. 5). According to (2.18) the outer edge (denoted by K) is the perpendicular to the third edge
of the N =3 ideal tree.

Let us consider an auxiliary triangle with two boundary vertices and a third vertex in the center of D (see (c¢) Fig. 5). An auxiliary
Steiner tree of the triangle consists of edges X1, X2 of the N =3 ideal tree and the edge A stretched to the center of ID. To simplify the
calculations here we assume €1 = €,. Using the trigonometric relations (2.8) and (2.9) we find

exp[X1](coshA —sinh Acos(yi3 +«@)) =2, exp[Xz](coshA —sinhAcos(y;s — o)) =2,

(2.26)
sinhK sino =sinh A,
where « is the angle between edges X3 and A. Solving equations (2.26) in the variable K we obtain
. 2W3— w3y —wq
sin S E—
sinhK = Wi wi . ws—wy (2.27)
sin sin
2 2
Then, the length of the non-ideal N =4 tree takes the form
. 2W3 — w3y —wq
] > 3) = : s 2
Ly (wil€q, €3, €2) = Ly (wil€q, €1, €3) + €2 Arcsinh Wi Wi W , (2.28)
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w2 w3

Fig. 6. N =5 non-ideal tree. The unperturbed N =4 tree is shown in red. The green lines represent the inner edge of the tree and the radial line with superlight weights €;
and €3, respectively.

w

6

Fig.7. N =2M + 1 non-ideal Steiner tree in the superlight approximation. Red lines correspond to connecting outer vertices wy;_1 and wy;. The inner edges with weights €;
and the radial line with the weight €, are shown in green.

where L](S))(Wflél, €1, €3) is given by (2.12).

Non-ideal N =5 tree from N = 4 disconnected tree. Here, we consider a N =5 non-ideal tree with two superlight weights €, €3, see Fig. 6.
The unperturbed N =4 disconnected tree is given by two geodesics with weights €1, €3 connecting pairs w1, wp and ws, w4, respectively.
In the superlight approximation the length of the tree is given by the sum of the length of the N =4 ideal tree and the length of the
radial line. The length of the radial line given by the first term in (2.15) under the condition €3 < €1 3 is equal to

w
Ly (wa3) = & log ot —~ . (2.29)

The length of the bridge line with weight €; <« €13 stretched between the geodesics is given by the last terms in formula (2.24) as

- sin wg1 sinw
LY w) =& logVT+U+VU) U=-—1"72 (2.30)
sin wys3 sin waq
In this case, the lengths (2.29) and (2.30) are determined only by coordinates w; and do not depend on the structure of the unperturbed
tree, i.e. weights €1 3. Finally, the weighted length of the N =5 non-ideal tree takes the form

w
L](D?)(wnel, €3, €1, €3) = 2¢€1 logsin waq + 2€3logsin wys + €1 log(+/1+ U + \/E) + €3 logcot % . (2.31)

Multi-point trees. The superlight approximation allows one to calculate the length of a multi-point non-ideal Steiner tree with N =2M +1,
M =3,4,5, ... outer vertices. The tree is a perturbation of a disconnected N =2M Steiner tree consisting of M geodesics with weights ¢;,
i=1,...,N which connect the points wy;_1, wy;. The inner bridge lines with superlight weights €;, j=1,...,N —1 are connected to the
geodesics at FT points and the last outer edge connected to the center of D carries the weight €, (see Fig. 7).

Since the lengths of the radial and bridge lines for the tree are given by (2.29) and (2.30), then the weighted length of the N =2M +1
non-ideal tree takes the form

M-1
- - Won_
LD (wile, &) = Lg™ (wile) +2 ) &jlog (\/U2i+1 1+ ¢U2i+1) + € logcot —#12L (2.32)

i=1

where
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e Z, 5.6,

n—1*"h

Zn, €

€& €na €3

Fig. 8. The n-point perturbative conformal block with two background operators depicted by bold black lines.

M

2M .

Ly (wile)=2) eilogsinwyi_1 i, Usio1 =
i=1

SIN Woiy1,2i SIN W22 2i-1
SIN Wo; 2i—1 SIN W2i42 241

(2.33)

Note that this analysis can be generalized to other cases of non-ideal Steiner trees in the superlight approximation. For example, one can
consider a disconnected M = 3N tree consisting of N ideal Steiner trees with three boundary endpoints as an unperturbed tree. However,
the example is more complicated from a computational point of view.

3. Large-c conformal blocks

Here, we discuss the n-point large-c conformal blocks with heavy operators in the heavy-light approximation. To this end, we use the
monodromy method [4,5,9,19,21,28] to demonstrate the holographic correspondence relation (3.7) for particular examples of 5-point and
6-point blocks with superlight operators. This analysis is generalized to the (2M + 2)-point conformal block.

3.1. Large-c conformal blocks and monodromy method

Consider primary operators O;(zi, z;), i =1, ...,n at fixed points (z,z) = {(z1, z1), ..., (zn, Zn)}. Let Fp(z|A;, AP, c) be the corresponding
holomorphic conformal block which depends on conformal dimensions A; and exchange dimensions Ap ,p=1,...,n—3 and the central
charge ¢ [29]. Assuming that in the limit ¢ — oo dimensions A and A are proportional to the central charge one can check perturbatively
up to a sufficiently high order that the conformal block takes the exponential form [30]’

- c . 1 6A; . 6A,
Fa(zI&p. A, C) = exp [—fn(z|e,-,6p)] +0 (—) L e=—t =P (31)
6 c c c
where f(z|e;, €p) is a large-c block, €;, €, are classical dimensions which are finite in the large-c limit. In what follows, we work within
the heavy-light approximation [5-7,21,22] when two external operators with €, = €,_1 = ¢, are assumed to be heavier than the other
external and exchange operators® (see Fig. 8)

€,6pKLey, i=1,..,n-2, p=1,..,n-3. (3.2)

Monodromy method and heavy-light approximation. This method is discussed in details in [5,6] for 4-point conformal blocks and generalized
to n-point blocks in [4,8,19,21]. Below we summarize the main steps.

Let W(y|z) be an auxiliary n + 1-point conformal block with one degenerate operator V(j 2y inserted in the point (y, y) and n primary
operators O;. In the large-c limit the auxiliary block is factored into a product of the form

V2| =vien|chEaé). (33)

where ¥ (y|z) is a semiclassical contribution of the operator V(1 2). On the other hand, the auxiliary block satisfies the BPZ equation which
is reduced to the Fuchsian-type equation with n singular regular points

d2
[— + T(yIZ)] Y(ylz)=0,

dy?
! d fa(zlei, &p) .
€; Ci Z|€j, €
T _ j j . _9Jn i»€p
¥12) j_Z](y_Zj)ﬁy_Zj, =

where gradients c; are accessory parameters. In the first order in the heavy-light approximation it leads to the monodromy equations [21]

2
10100 4 (1909) = —an?e? . k=1,..n-3, (35)

k>

where

7 Conformal blocks beyond these limits limit are considered in [31,32]. For recent study of the block exponentiation see [33].
8 The case of three or more heavy operators is considered in [27,34].
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. n—2 k+1
k 2mi
ITL):T (0(61+2Xj—2(1—zj)“(Xj—ejoz) , a=+/1—4¢,,
=2 =2
(@l _ ik oo _ 2w R 36
R ki I = > Xi. j=¢j(I=zj) —¢€j. (3.6)

j=k+2

These are n — 3 quadratic equations which can be explicitly solved for lower-point conformal blocks. More specifically, one can find
accessory parameters for the 4-point block [6] and 5, 6-identity blocks [22], because the system (3.5) reduces to quadratic equations for
each parameter. We will discuss an example of such a 6-point identity block generalizing the one found in [22].°

Holographic correspondence relation. The duality between large-c conformal blocks and Steiner trees on the Poincare disk is given by the
holographic correspondence relation

n—2
~ -1 ~ . .
Fa@ilew. ép) =Ly Vawilen. &) +i Y awi.  we=ilog(1 -z, (37)
k=1

where Lg)_l)(awklek, €p) is the weighted length of the Steiner tree corresponding to the n-point block with weights €, €, that are equal

to the classical dimensions of the block. Note that the length L%_”(awklek, €p) depends on the rescaled coordinates ocwy due to the fact
that o is the angle deficit of the Poincare disk (see Section 2.1).

3.2. Examples of conformal blocks

In this section we calculate 5-point and 6-point large-c conformal blocks dual to the lengths of Steiner trees computed in Section 2.2.
By virtue of (3.7) the relations (2.6) define the fusion rules for such blocks. We use the following variables

Pi=(1-2zp)%, j=2,..n-3, (3.8)

and set w1 =0 in the lengths of Steiner trees due to the condition Py =1.

5-Point non-identity blocks with superlight operators. Here we suppose that one of the exchange operator dimensions €1 or €; is superlight:
€12 K 61,2,3.10 The first example corresponds to €; < €1,2,3. The weighted length of the dual Steiner tree is given by (2.25) and from the
fusion rules (2.6) we get €1 = €, and €, = €3. Then, using the holographic correspondence relation (3.7) we find

fs(zl€1, €3, €1) = €1(—1 +Ol)10gP;/a — (€3 +0l€1)10g1’;/a

(3.9)
—(2€1 + &) log[1 — P2] + & log[P2 — P} — \/ (1—P3)(P} - P2)].
The accessory parameters corresponding to the conformal block (3.9) must satisfy monodromy equations (3.5)
2
(I(j"j)) FICIDO _ _gp2e2 ORI OD __gp2c2 (3.10)

A few comments are in order. Since the block (3.9) is linear in €; we consider equations (3.10) up to the second order in €; inclusively.
After direct substitution of the accessory parameters corresponding to the conformal block (3.9), the first equation is satisfied exactly but
the left-hand side of the second equation contains the term which is proportional to élz.” In what follow we will refer to a semi-linear
order (in superlight dimensions) as a situation in which the monodromy equations with superlight dimensions in right-hand sides are
satisfied exactly and remaining ones are satisfied in the first order in superlight dimensions. In addition, the analysis of equations (3.10)
only in the first order in €; gives one nontrivial equation for two accessory parameters and the second one becomes trivial.

Next we consider the case €; < €1,2,3. The block is dual to the Steiner tree of the length (2.28) so that we assume €; = €;. The fusion
rules (2.6) require €; = €3. According to (3.7) the conformal block has the form

f5(@ler, €3, &) = €1(~1+a) (log Py/* +10g P}/") — € (log[1 — Ps] + log[P; — P31)

Py P2) (311)
(1—="P3)(P2—P3) |’

and, substituting the accessory parameters associated with the conformal block into the monodromy equations (3.5), we find

—(2€1 — €3)log[1 — P,] + €Arcsinh |:

2
(sz) FICDO — _gp2e2 ORI O _ _gp2e2 (312)

As in the previous case the monodromy equations are satisfied in the semi-linear order in €.

9 For a general 5-point block, the accessory parameters are the roots of fourth-degree equations and the explicit form of such a conformal block is unknown. In the case
n > 6, the solution of the system (3.5) can only be written for special factorized blocks. In further one can consider the choice of special values of the classical dimensions
and insertion points of operators as a possible way to simplify such a system for multi-point blocks.

10 For the analysis of other approximations used to calculate 5-point large-c block see [35,36].
™ This term will be canceled when considering the higher order corrections to the block (3.9).
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6-Point identity block with light operators. Let us consider the 6-point identity block with €3 =0 and denote € = €;. According to the fusion
rules (2.6) it follows that €, = €4. The length of the corresponding Steiner tree is given by (2.23) and according to (3.7) the conformal
block takes the form

fo(zl€i, &) = e2(a — 1) log Py/® + e3(a — 1) log Py/* + ea( — 1) log P,/*

€ Py, — P Py, —P
—= (Bilog Py — B2 log P3 + B2 log Py — By log ———2 — _log —2—
2 1—P3 1— Py

—€ <V2 log[P3 — P4] + y1log[1 — P2] + log [1 +2U = paf1 + \/ﬁi +4U% +4(1 - p12) U])

3.13
<2—ﬂ%—ﬂ%+zu<l+ﬁ1ﬂz>—ﬁ+/ﬁ%+4uw+1—ﬂzﬁo) G132

1+U

€B+
— o
+ 2

+ 10g (u <2U(ﬂ1ﬁz — 1) =B BB AU 1 - ﬁzﬂ1)>) ,

(1= Pg)(P; — P3) B
U= ppps—py PE=PEP

The monodromy equations (3.5) for the conformal block (3.13) take the form

2 2
(6]1) (6]1) ;(6[1) 222 (6]2) (6]2) 1 (612) 2,2
<I++) +ILIT = —4mes (I++) + I 17 = —4Amce;
(3.14)
(613),(613) _
I8 =0,

and one can explicitly show that the corresponding accessory parameters satisfy these equations without using superlight approximation.

6-Point non-identity block with superlight operators. Here we discuss the case of non-identity 6-point block with €; =€, and €3 = €4. The
fusion rules (2.6) constrain the dimensions as €, = €3. There are two superlight exchange operators with dimensions €; 3 < €1,3. Using
holographic correspondence relation (3.7) and the length of the corresponding Steiner tree (2.31) we find that the conformal block takes
the form

1/« \/ V
fe(zl€1, €3,€1,€3) =(—1+ @) (ellogP /o +e€3log Py 1/et +e€3logP, )—i—e log ———
4/ 3+ ./
(3.15)
1—P3)(P,—P 1—Pyg)(P—P
—2€; log[1 — Py] — 2€3 log[P5 — Pa] — 2&; log [ [ L= P P2 =Pa) - [ = Pa)(P2 = P3) )
(1 —P2)(P3 — Py) (1 —P2)(P3— Py)
After substituting the corresponding accessory parameters into the monodromy equations
2 2
(1f£)> +I(6I1)I(5\l) _ 472 61 ’ (&E)) +I(6\2)I(6I2) _ 472 63,
(3.16)
(613) ;(613) 222
Y7177 = —4m“es

we find that they are satisfied up to the semi-linear order in € 3.

(2M + 2)-point conformal block with superlight operators. The foregoing analysis can be generalized to (2M + 2)-point conformal block dual
to the multi-point Steiner tree (2.32) (see Fig. 7 and 9). It has M exchange superlight operators with weights €;, j =1, ...., M. The fusion
rules are

€1 =€2i =E2i_1 , i=1,...M. (3.17)
According to (3.7) and (2.32) the block function takes the form
2M M-1
\/ Y Pn_>
fami2(zl€i, €j) = ) falzle) + ) fa(zl€)) + € 3log—**, (3.18)
+ 1<j ; i le j n— 3+ Pn—z
where

fazle) = (=1 +c)eziy (log Py/%, +log P,/ ) — 2€5i-1 0g[Pai-1 — Pail.

F Paj—1 = P2j41)(P2j — Pa;j Pyiq1—Pyii1)(Pyi — Pyi
f2(zI€)) = —2€;log (\/( 2j—1 = P2j+1)(P2j — P2jy2) +\/1+( 2j—1 = P2j11)(Paj 2]+2)> .

(P2j—1 — P2j)(P2j+1 — P2j+2) (P3j—1 = P32j)(P2j+1 — P2j12)

(319)
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611—3
Fig. 9. (2M + 2)-point large-c conformal block with M superlight operators depicted by green lines.

It can be explicitly shown that this block satisfies the monodromy equations (3.5) in the semi-linear order in the dimensions of superlight
operators €;.

4. Conclusion

In this paper we explicitly computed the weighted lengths of the N =4,5,6 Steiner trees on the Poincare disk and demonstrated
that they calculate the dual CFT, large-c conformal blocks. On the boundary side, the superlight approximation corresponds to superlight
operators. Our results along with previously known are shown in the table below. HL and SL denote the heavy-light and the superlight
approximations, respectively.

N Steiner tree with N endpoints N + 1-point conformal block Approximation
2 Ideal tree, Ref. [5] Ref. [5] HL

3 Ideal tree, Ref. [22] Ref. [22] HL

3 Non-ideal tree, Refs. [6,8,22] Refs. [6,8,22] HL

4 Simplest ideal tree, Ref. [22] Ref. [22] HL

4 General ideal tree, eq. (2.23) eq. (3.13) HL

4 Non-ideal tree, Refs. [8,10,35] Refs. [8,10,35] HL+SL
4 Non-ideal tree, eq. (2.25) eq. (3.9) HL+SL
4 Non-ideal tree, eq. (2.28) eq. (3.11) HL+SL
5 Non-ideal tree, eq. (2.31) eq. (3.15) HL+SL
N Non-ideal tree, Ref. [19] Ref. [19] HL+SL
N Various disconnected trees, Ref. [22] Ref. [22] HL
N=2M+1 Non-ideal tree, eq. (2.32) eq. (3.18) HL+SL

One can analyze N-point Steiner trees as deformations of other unperturbed tree configurations. Also it would be interesting to com-
pute the lengths of Steiner trees in the second and next orders in the superlight approximation.
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