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Abstract

We introduce the topologically twisted index for four-dimensional A" = 1 gauge the-
ories quantized on AdS; x S'. We compute the index by applying supersymmetric
localization to partition functions of vector and chiral multiplets on AdS> x T2, with
and without a boundary: in both instances we classify normalizability and boundary
conditions for gauge, matter and ghost fields. The index is twisted as the dynamical
fields are coupled to a R-symmetry background 1-form with non-trivial exterior deriva-
tive and proportional to the spin connection. After regularization, the index is written
in terms of elliptic gamma functions, reminiscent of four-dimensional holomorphic
blocks, and crucially depends on the R-charge.

Keywords Supersymmetry - Differential geometry - Gauge theory - Index theory -
Dualities - Equivariant cohomology

Mathematics Subject Classification 81Q60 - 81T13 - 81T20 - 81T35 - 81T70 - 55N25 -
58120

Contents

1 Introduction and summary . . . . . . . . .. L e e
2 Supersymmetric background . . . . ...
3 Supersymmetry and cohomology . . . . . ...
3.1 Vector multiplet . . . . . . . . L e e
3.2 Chiral multiplet . . . . . . . . . e
4 Supersymmetric localization . . . . . . ... Lo L

B Antonio Pittelli
apittelli88 @gmail.com

Scuola Superiore Meridionale, Largo S. Marcellino 10, 80138 Napoli, Italy

2 INFN, Sezione di Napoli, Italy

Dipartimento di Matematica, Universita di Torino, Via Carlo Alberto 10, 10123 Turin, Italy
4 INFN, Sezione di Torino, Via Pietro Giuria 1, 10125 Torino, Italy

Published online: 07 March 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11005-024-01788-x&domain=pdf
http://orcid.org/0009-0009-0738-5998
http://orcid.org/0000-0003-0616-0681

39 Page2of24 D. lannotti, A. Pittelli

4.1 BPSIocus . . . . . .
4.2 One-loop determinant . . . . . . . . . .o vttt e e e e e
4.3 The Seiberg dual of SU(2) SQCD . . . . . . . . . . e
A Regularization of infinite products . . . . . . . . .. L

References . . . . . . . e

1 Introduction and summary

Supersymmetric field theories in both flat and curved spaces have been extensively
studied over the years, serving as a crucial arena for advancing our theoretical under-
standing of quantum field theory (QFT), especially in the regime of strong interactions
[1-3]. While the complete information of a QFT is contained in its generating func-
tional of correlation functions, exact computations of this functional in interacting
theories remain challenging. Nevertheless, the technique of supersymmetric localiza-
tion [4] has proven to be an extremely ductile tool, enabling exact non-perturbative
computations of specific generating functionals and other observables in a large class
of supersymmetric field theories defined on curved manifolds. In particular, localiza-
tion techniques have been employed to study supersymmetric field theories on compact
Riemannian manifolds, where a class of BPS observables can be precisely evaluated
by reducing functional integrals to Gaussian integrals around a supersymmetric locus.
Several such computations have been performed in various dimensions and for diverse
topologies, leading to precious results [5-21], see also [22] and references therein.
Building on this success, this paper shifts attention toward studying supersymmetric
gauge theories on non-compact hyperbolic manifolds, focusing on AdS; x T2, where
by AdS; we indicate d-dimensional Anti-de Sitter space with Euclidean signature.
Gauge theories in AdS have been investigated in connection with monodromy defects
[23], black-hole entropy [24, 25], chiral algebras [26] and holomorphic blocks [27, 28].
Moreover, the isometry group of AdS; being the (global) conformal group in (d — 1)-
dimensions, QFT in AdS can be studied via conformal bootstrap [29, 30]. Applying
supersymmetric localization to QFTs on non-compact manifolds is also interesting
from a technical viewpoint as it requires the study of the behavior at infinity of the
degrees of freedom contributing to the path integral. This is necessary to make sure
that not only the final result for the partition function is convergent and well-defined,
but also supersymmetry is preserved. Alternatively, one can consider a boundary at
a specific distance from the origin of AdS and explore the interplay between super-
symmetry, boundary conditions and boundary degrees of freedom [31-39]. Partition
functions of supersymmetric gauge theories on boundaries were also given intriguing
interpretations in terms of enumerative-geometry and representation theory [40, 41].
In this paper, we present a detailed calculation of partition functions for N' = 1
supersymmetric gauge theories defined on AdS; x T'2. This manifold manifests itself
as the near-horizon geometry of magnetic black strings obtained in five-dimensional
gauged N = 2 supergravity [42-44]. The construction of supersymmetric theories in
a fixed background geometry involves taking a suitable limit of new minimal super-
gravity, leading to background fields coupled to a supersymmetric gauge theory with
an R-symmetry, incorporating ordinary vector and chiral multiplets [45-47]. We turn
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Twisted index on hyperbolic four-manifolds Page3of24 39

on a non-trivial R-symmetry background field equal to half the spin connection, which
is the usual setup corresponding to the topological twist, preserving on AdS, x T2
two Killing spinors of opposite chirality and R-charge. The metric we use on the
four-manifold is refined by parameters that in the partition function combine into two
complex moduli: one is a fugacity p = ™7 for momentum on T2, with 7 being the
torus modular parameter, while the other is a fugacity ¢ probing angular momentum on
AdS;. Such fugacities allow for linking partition functions of supersymmetric gauge
theories on AdS, x T2 to flavored Witten indices for theories quantized on AdS; x S!,
namely

Ingsyr = Tee [ (=DF ™M) = Te [ (DT e 0%~ pP ] (1)

where 7 is the Hilbert space of BPS states on AdS, x § ! whereas the operator H is
the Hamiltonian, F is the fermionic number, .7 is the angular momentum on AdS,, P
is the translation operator along S', while ¢; and Q; are the chemical potential and the
charge operator for the i-th flavor symmetry,! respectively. Technically, supersymmet-
ric localization provides the plethystic exponential of the single-letter index (1.1). For
instance, the topologically twisted index on the four-dimensional hyperbolic manifold
AdS, x T? of supersymmetric quantum chromodynamics (SQCD) with gauge group
G = SU(2) and flavors Nr = 3 is given by the following contour integral over the
Cartan torus of G involving a ratio of elliptic Gamma functions:

o (0 @) o @) (i)
6 27i(gr YRH4E VF) 2ive . 27i(qg VR4 VF) —dxive .
[T= FF(‘f (alrwsaiv), ’”VG,q,l’>Ff<g (st Weiq, p
Z:/ dyg

@ T (4176 q, p)Te(e~47175: q, p)
(1.2)

where yG, yr and yg, respectively, are gauge, flavor and R-symmetry fugacities. The
contour of integration 4 should be fixed via the Jeffrey—Kirwan prescription [48] or by
inspecting the analyticity properties of the integral [27]. A non-trivial test of the correct
choice of the integration contour is the matching of partition functions corresponding
to theories related by non-perturbative dualities.

In the presence of boundaries, two dual sets of boundary conditions do not break
supersymmetry: either Dirichlet conditions, requiring the vanishing of fields at the
boundary; or Robin conditions, requiring the vanishing of derivatives of fields at the
boundary. In fact, derivatives are linear combinations of partial derivatives in directions
that can be parallel and normal to the boundary, hence Robin conditions effectively
are generalized Neumann conditions. A boundary then allows for constructing many
different theories by just combining multiplets satisfying a priori different sets of
supersymmetric boundary conditions. For example, (1.2) is the twisted index of a
gauge theory where Robin boundary conditions were imposed on the vector multi-
plet and Dirichlet boundary conditions were imposed upon the chiral multiplet. An
intriguing feature peculiar to the presence of boundaries is how boundary degrees of

1 Although the R-symmetry does not commute with the supercharges, the corresponding fugacity ¢g
appears in the index as all other flavor fugacities ¢;. Gauge fugacities appear as flavor fugacities that are
integrated over.
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freedom induce a flip of boundary conditions [34, 49]: for instance, suitably coupling
a lower-dimensional matter multiplet to a four-dimensional chiral multiplet fulfilling
Dirichlet boundary conditions effectively yields a chiral multiplet with Robin bound-
ary conditions. At the level of the partition function, such a flip of boundary conditions
is realized thanks to the multiplication properties of the special function appearing in
the 1-loop determinants whose integral defines the index:

CM CM CM CM 27iwM 27igivi.
Zi R =27 pZ7g s Zijla=e T /90<€ T CI) ) (1.3)

where 60(z,9) = (2,9)00(9/2; @)oos With (23 @)oo = []j0 (1 —2¢7) being the
indefinite g-Pochhammer symbol, Z ﬂ\f | p,r are the four-dimensional chiral-multiplet
1-loop determinants of fluctuations satisfying Dirichlet and Robin boundary condi-
tions, respectively, while Zlc_l\]ﬂa is the 1-loop determinant of the three-dimensional
boundary multiplet.

In summary, generalizing localization techniques to the case of non-compact man-
ifolds naturally opens up new avenues for exploration. Compelling future directions
include a careful study of the phase factors \IJLC)I_VIIe and WX% appearing after regulariza-
tion of the 1-loop determinants for chiral and vector multiplets, as such phases encode
important scheme-independent information about anomalies, vacuum energy and cen-
tral charges of the corresponding gauge theory in hyperbolic spacetime [14, 50-53].
Furthermore, it would be very interesting to analyze the large-N limit of A/ = 4 super-
symmetric Yang—Mills theory with gauge group SU(N) on AdS; x T2 as such limit
should connect to the configurations of BPS black strings found in [42, 43], similar
to those detected in the topologically twisted index on the compact manifold §? x T2
[54-57]. In particular, the constraint

w T o
yR—5+ax§=7y, ay,ay €7, (1.4)

which we derive in the main text, should also appear in the dual gravity theory with
YR, @ being related to the electrostatic potential and the angular velocity of the
supergravity solution, respectively. Besides, it would be very intriguing to investi-
gate non-perturbative dualities for gauge theories on AdS, x T'%; especially in relation
of boundary degrees of freedom, which are known to be affected by such transfor-
mations in a non-trivial way [58]. Eventually, possible generalizations of this paper
comprehend the inclusion of BPS defects, vortices or orbifold structures [59-63] on
AdS, x T?, as all these objects yield further refinements of the index [64].

Outline. In Sect.2, we set up the background geometry by introducing the chosen
metric and frame on AdS, x T'2. We then find its rigid supersymmetric completion
by solving the conformal Killing-spinor equation on AdS; x T2 endowed with a
background field for the U (1) g R-symmetry that is proportional to the spin connection
and encodes the topological twist. Thus, we show that such conformal Killing spinors
also solve the Killing-spinor equation with a suitable choice of background fields
descending from new minimal supergravity. Hence, we study periodicities and global
smoothness of Killing spinors on topologically twisted AdS, x 72, In Sect. 3, we write
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down the supersymmetric multiplets involved in our analysis, their supersymmetry
variations in component fields and Lagrangians. Then, we rewrite the supersymmetry
transformations in cohomological form by introducing a new set of fields that makes
manifest the fundamental degrees of freedom contributing to the partition function.
Moreover, we show how supersymmetric boundary conditions emerge from either
supersymmetry-exact deformations of the Lagrangian or the equations of motion.
In Sect.4, we calculate the path integral of topologically twisted gauge theories on
AdS; x T? by means of supersymmetric localization. We first solve the BPS equations
for vector and chiral multiplets, thus obtaining the supersymmetric locus over which
dynamical fields fluctuate. Then, we calculate the contribution to the partition function
of such fluctuations, giving rise to a non-trivial 1-loop determinant expressed as an
infinite product that can be regularized in terms of special functions. We explicitly
display the various possibilities corresponding to different choices of either boundary
or normalizability conditions imposed on supersymmetric fluctuations.

2 Supersymmetric background

We choose the following line element on AdS, x T2

ds? = 12d62 + L2 sinh® 6(dg + Q3dx + Qudy)? + Lzﬁz[(dx +rdy)? 4+ rzzdyz] :
.1

where the four-dimensional metric g,,, can be read off from the usual relation ds? =
guvdx?dx”, with x* = (0, ¢, x, y). In particular, 6 € [0, +00) and ¢ € [0, 27) are
coordinates on AdS,, while x, y € [0, 27) are coordinates on T2. The parameter L
has dimension of length and encodes the radius of AdS; appearing, e.g., in the Ricci
scalar Rags, = —2/ L?. The dimensionless parameters 71, 7> € R, respectively, are
real and imaginary part of the modular parameter 7 = 7| +it> of the torus 7', whereas
3, Q4 € Rintroduce in the partition function of the theory a fugacity w = 723 — Q4
for the angular momentum on AdS», as in [16, 54]. Finally, § € R parametrizes the
scale of T2 with respect to the radius of AdS;. We shall also consider a boundary
at & = 6y > 0 to explore the interplay between boundary conditions and boundary
degrees of freedom.
We adopt the orthonormal frame

el =Ldo, e? = Lsinh6(dg + Q3dx + Q4dy) ,
ed = LB(dx + t1dy) , et = Lpndy , (2.2)

satisfying, e.g., guv = (Sabeﬁefj and 890 = g“"eﬁe’j. In the frame (2.2), the non-trivial
components of the spin connection read

w12 = —wy1 = —coshO(de + Q23dx + Qady) . 2.3)
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On AdS, x T?, the conformal Killing-spinor equations,

1
(VM - iAg)q + Za,ﬁ”(vv - iAvC)g“ =0,

~ 1. . ~
(v,t + iAg)g + Zaua”(vv + 1A§); —0, 2.4)

is solved by

. . @
a = kg b Covrentta) (g) L T = e bawtenria) (‘;) @)
o

where kg € ~(C is a normalization constant and o34 € R parametrize non-trivial
phases of ¢, ¢ along the three circles inside AdS, x T2, while A is the background
field

1
A€ = E(wlz + apde + acdx + aydy) . (2.6)

Moreover, the spinors (2.5) fulfill the Killing-spinor equations

(Vi —iAL)E +iVue +iVVout =0,
(Vi + iAu)E — iV —iV'G,0 =0, @27

with background fields

V = LBk (dx + tdy) ,

3
A=AC+§V, (2.8)

where « is an arbitrary constant and the 1-forms A€ and A are smooth on AdS; if ay =
1. Thus, the ¢ and E reported in (2.5) are Killing spinors of R-charge +1, respectively.
As the field strength F®) of the R-symmetry field is non-trivial and satisfies F(®) =
dA = (1/2)dwi», the Killing spinors ¢ and E describe a supersymmetric AdS, x T2
background with a topological twist on AdS», analogous to those investigated in the
case of compact manifolds, e.g., in four [54] and three [16] dimensions. On a compact
two-dimensional manifold .#5, the direct link between F® and dw» characterizing
the topological twist implies that the R-symmetry flux equals the Euler characteristic
of .#>, up to a sign. On a two-dimensional manifold with boundary %,, the R-
symmetry flux fg is proportional to the line integral of A along the one-dimensional
boundary 0.%,. Indeed, applying Stokes’ theorem to the smooth R-symmetry field
A(()) = A|0‘V7:1 gives

f ! o ! dA ! f A 1(1 héy), (2.9)
- - = — = —(1 —cos s .
K=o )a 2w )a O T m Jg 0T 2 0
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with %, being AdS; with a boundary at & = 6y and Sé = 0%, being the circle in
AdS; at & = 6. As observed in [24], on AdS, fluxes are not quantized, as opposed
to what happens, e.g., on the two-sphere, where the single-valuedness of transition
functions between different patches requires all fluxes to take integer values.

Imposing either periodicity or anti-periodicity of the Killing spinors ¢, E along the
torus circles parametrized by x and y yields

oy, oy €Z. (2.10)
Furthermore, smoothness of the R-symmetry field A requires o, = 1, implying the
anti-periodicity of the Killing spinors along the shrinking circle in AdS, parametrized
by ¢. The Killing spinors reported in (2.5) are manifestly smooth in every point of
the four-manifold apart from the origin as ¢, E are written in the frame (2.2), which
is singular at & = 0 due to ¢ being undefined at the origin. Smoothness at & = 0 can

be examined by first rotating (2.2) into a frame that is non-singular at the origin via a
local Lorentz transformation £4,

0 ¢ 4
set, = —4%el, | 04y = ( ) , (2.11)
Iz Iz -9 0 )

which in turn induces the following rotation upon ¢, E:

é_/ — 2—14. — me%[(a(p—l)¢+axx+ayy] (é) i

=17 J,joef%[(awfl)waxxmyy] <(1)> i (2.12)

where
1 ab a 1 ~ab
£ =exp —Eﬁaba , £ =exp —gzab" , (2.13)

encode the action of local Lorentz transformations upon left- and right-handed spinors,
respectively. The spinors ¢/, E’ are independent of the coordinate ¢ if and only if
oy, = 1, which is then the value making the Killing spinors smooth on the whole
four-manifold.

3 Supersymmetry and cohomology

3.1 Vector multiplet

A vector multiplet enjoying N = 1 supersymmetry consists of a 1-form a;, encoding
the gauge field, two complex spinors A, A of opposite chirality parametrizing the

gauginos and a 0-form D corresponding to an auxiliary field ensuring off-shell closure
of the supersymmetry algebra. The fields (a s Ay A, D) have R-charges (0, +1, —1, 0),
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transform in the adjoint representation of the gauge group G. The vector-multiplet
supersymmetry variations with respect to ¢, ¢ read

Sa, = iE&'M)\ + i(oﬂx )
Sh = fuvalwé‘ +iD¢ ,
8% = fuwd"'c —iDC ,
~~ 3i ~ 31~
8D = ot (DMA + EVMA> — ot <DMA — §VM)L> , 3.
where f is the field strength of the gauge field a with components f,, = d,a, —

dvay, —iqgc [a#, av]. The constant g is the gauge charge appearing in the covariant
derivative

D, =V, —igrA, —iqca, on; (3.2)
where ogy; represents the action upon a field @ in the representation Rg of the
gauge group G. The bosonic fields a,, and D of the vector multiplet satisfy the reality
conditions

a, =ay, D'=-D, (3.3)
whereas there is no need to impose reality conditions upon the vector-multiplet

fermionic fields A, A. The supersymmetry transformations (3.1) can be rewritten in
cohomological form as follows:

da = A, SA = 21(,6[( + Q¢G)a s
806 =0,
SU=A, 8A =2i(Lk + Gog)V . (34

where we introduced the Grassmann-even O-forms ®, A as well as the Grassmann-
odd O-form W and 1-form A, given by

b = ixa, A =D —=2Y"Y'f,,,
~ o~ A [k
Ay =itouh +ilouh, = ; 2—?—~,
2ilC12 2il¢)?
. Ay A ~ . ~y AT A~
o = 1(W — (g A)a + 1@@ ;= (W4 g AN - 1@;” NGE))
with
K’L — ;O'ME YM — é‘GZCT NM — _{To'“é‘ NIL — KTO'N«ET
2|¢)? 2117 41z 1%1¢ 12

(3.6)
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being the Killing-spinor bilinears defined in [54]. The norms |¢ |2 and |E|2 descend
from the complex conjugates of the Killing spinors, which are

£ = ()" = yko* e~ 2 (Foptarriar) @ .11 = kol .
& = (29) = VT er(evetantan) ((D : C2=lkol, (37

providing in turn the reality conditions on Killing-spinor bilinears:

2
K =4lcPIC)PK" Yr= %Y“ : (3.8)

In particular, the Killing-spinor equations (2.7) imply that K*, which in our setup
reads

iko
k"9, = %(waw — 1 +3y) (3.9
is a Killing vector:
VK, = ie;w)npK)LVp — VuKn=0. (3.10)

Moreover, the explicit expression for the vector Y* is

1 . i
YRy, — — 1 gileggractan) (4 2 ) . 3.11
s 2Le b+ sinh§ ¢ -11)

In (3.4), the supersymmetry variation § manifests itself as an equivariant differential
fulfilling

8% =2i(Lk + Gag) . (3.12)
where the Lie derivative Lg generates a spacetime isometry of the manifold while

Goga = —da®g = —dPg +iggla, Pl ,
GogX = —igcPg omg X, X #a, (3.13)

represent the action of gauge transformations upon fields. In the case of weakly gauged
theories with background vector multiplets, (3.13) is interpreted as the action of the
flavor group G = GrF.

The vector-multiplet Lagrangian,

1 1 i o i 3~
Lym = quvflw - §D2 + %AGMDM)‘ + %)‘GMDM)‘ - EVM)‘UM)‘ ’ G.14)
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39 Page 100f 24 D. lannotti, A. Pittelli

is 8-exact up to boundary terms,

Lyw = 8Vym + Zvﬂ [V# () — Y*(32)]
= 8Vym +iVL[YH(W — (g A) iy A — YH(W + (g A)igA] (3.15)

with deformation term

T (7] ~d
Vom = 4|§|2<5 o) a+—|g_|2(8x)
+ 1 1

=—(5\y) [\ ( 5A) LKA-‘F 4(ty3 )y yA+4|§| (YSA) A .

(3.16)

In the absence of boundaries, the total derivative in (3.15) is irrelevant and the corre-
sponding action Sy is §-exact and then manifestly supersymmetric. In the presence
of boundaries, the total-derivative terms in (3.15) drop out if the following dual sets
of supersymmetric boundary conditions are imposed:

Robin : tyalyg = yaly =ty Alg = 13Alp =0,
Dirichlet : tkaly =tgaly =Wy =1gAly =0, (3.17)

together with the vanishing of the corresponding supersymmetry variations. Espe-
cially, Dirichlet conditions only affect the components of the gauge field a, that are
parallel to the boundary, whereas Robin conditions mix with each other components
that are either parallel or orthogonal to the boundary. After including Faddeev—Popov
ghosts ¢, ¢ and their supersymmetric completion, as, e.g., in [4, 32], the BRST-
improved supersymmetry variation (8 + 8grst)a, = (A + Dy.c) implies

Robin : Lyclyg = Lycly = Lycly = LyCly =0,
Dirichlet : clg=Cls =0. (3.18)

3.2 Chiral multiplet

N =1 chiral multiplets in a representation R of the gauge group G contain a 0-
form ¢, a left-handed spinor i and a O-form F', where the latter is a non-dynamical
field that, in analogy with D, allows the closure of the supersymmetry algebra on the
chiral multiplet without using the equations of motion. The fields (¢, ¥, F), whose R-
charges are (r,r — 1, r — 2), are related to each other by the following supersymmetry
variations:
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8¢ =20y,
$¢ = V2F¢ +iv2(a"C) Dy
§F =iN2¢5H (Dﬂl/f — %Vﬂw> —2i(¢X)é . (3.19)

The bosonic fields ¢ and F of the chiral multiplet fulfill the reality conditions
o' =9, Fi=_F, (3.20)

where $ and F , together with the ri&lt-handed spinor 1Z, form an anti-chiral multi-
plet? in the conjugate representation R¢ of the gauge group G. Their supersymmetry
transformation reads

56 = V24V,
8¢ = V2F¢ +ivV2(5"¢)Dud
§F = iﬁZaﬂ(Dﬂfﬁ + %VMJ) +2i(CA) . (3.21)

If we define cohomological fields corresponding to the Grassmann-odd O-forms B, C
and the Grassmann-even 0-form &

Ty
C =2y,
V2ig? o
cet .
=2B; — —— E=F —2iLy¢, (3.22)
v NG v
where
L, =v"D,, velK, K, Y, Y}, (3.23)

is the covariant Lie derivative along the vector v, the relations (3.19) can be written in
cohomological form:

§X; = th s (SX; = ZI(EK — iqRCDR + Q¢G)Xi s (3.24)

with i = 1,2, where X| = ¢, Xo = B, X| = C and X}, = E. The supersymmetry
variation of the auxiliary field F' in cohomological form is

8F =2i(Lg B+ LyC — ity Ag) . (3.25)

2 In Euclidean, spacetime imposing reality conditions upon fermionic fields is not necessary.
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The structure of (3.24) implies that the supersymmetry variation § behaves as an
equivariant differential also on chiral-multiplet fields, where @ is the R-symmetry
counterpart of the O-form @,

iko
CDR:LKA:TIBQ(wa(p—rax—}—ay) ) (3.26)

More generally, 8% acts upon a field X of R-charge gg, flavor charge g and gauge
charge g¢g as

82X =2iLg X = 2i(Lx + Gop + Gop + Gog) X (3.27)

where

QQRXZ—iqRq)RX, @RZLKAZ

(a)atp — Ty + Oly) , (3.28)

while Go,. formally acts as in (3.13) with respect to the flavor group G r. The object
®p did not appear in (3.4) as the fields (a, A, @G, ¥, A) are R-symmetry neutral.
The supersymmetry variations (3.21) can be recast in the form reported in (3.24) by
defining

T "
B = m N C= \/EZW )

— cet - o~ ~
v =+2B7 — \/‘|§§|2 E=F+2iLy¢, (3.29)

and choosing X| = 5 X, = B X = C as well as . X’ E.In cohomological form,
the supersymmetry variation of the auxiliary field F reads

8F =2i(Lg B — LyC —igiy A) . (3.30)
The chiral-multiplet Lagrangian,
Low = Du@D e +iVH[(Dud)¢ — dDuo] + (r/4)$(R +6V2 4+ D)¢> _FF
+iYF Dy + (VE2) G, ¥ +ivV2(¢ry — Yig) (3.31)
which in cohomological fields reads

Lom =4LkdLg¢ +4LydLyd — (B — 2iLyd)(E + 2iLy¢)
+2i(k¢Lx¢ + BLg B+ BLyC — CLyB + CLgC) —«kCC
+46[CigAp —2¢1y AB +2BiyAd + CV + §(A — 2igLra)p — (¥ — (g A)C],
(3.32)
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is 8-exact with respect to the deformation term Vcy given by

Lom =8Vem, Vom = —2iBLy¢ —2iCLg¢ — FB + q6d(V — tgA)d — kdC .
(3.33)

Consequently,

8Lem = 2iLk Vem = 2V, (K" Vew) - (3.34)
In the absence of boundaries, the supersymmetry variation of Lcwm being a total
derivative readily implies that the variation of the corresponding action Sc is zero.
Moreover, since K? = 0, in the presence of a boundary at 6 = 6 the Lagrangian of
the chiral multiplet is supersymmetric for any choice of boundary conditions, where

the latter can be obtained by imposing the vanishing of the boundary terms generated
by the equations of motion for to the bulk Lagrangian:

SeomLcm = (bulk) + 4VM[YM860m$L 7o + 4y "+ (LYa)‘Seomqs]
+2iV,, (Y BdeomC — Y*CeomB) , (3.35)

where the bulk terms vanish on the solution of the equations of motion. The boundary
terms descending from the equations of motion cancel out if the following dual sets
of supersymmetric boundary conditions are imposed:

Dirichlet : ¢y =y =Cy=Cy=0,

Robin : By =By = (Ly¢), = (Ly¢), =0. (3.36)
4 Supersymmetric localization
We now compute the partition function of gauge theories coupled to matter via super-
symmetric localization [4]. We focus on Abelian gauge theories as the generalization
to the non-Abelian case is straightforward. We start by deriving the supersymmetric

locus solving the BPS equations; then, we will compute the 1-loop determinant of the
fluctuations over the BPS locus.

4.1 BPS locus
The vector-multiplet BPS equations are

A=8r=Ah=8r=0, 4.1)
which in cohomological form read

(Lk +Gag)a =0, D —2iY*Y" f,, =0. (4.2)

@ Springer



39 Page 14 0f 24 D. lannotti, A. Pittelli

We employ the following ansatz:
a = [ag(0) + by |de + [ax(0) + beldx + [ay(0) + by]dy . 4.3)

where we set to zero the pure-gauge component ay (¢), while ay, a,, a, are complex
functions and the flat connections by, by, b, are complex constants, a priori. The gauge
field above is smooth on AdS; if by, = —a,(0). By plugging the ansatz (4.3) into the
BPS equations (4.2), we obtain the complex BPS locus for the vector multiplet:

[a)aw(@) —1a,(0) + ay(O)]BPS = ag = constant ,
Dlgps = L™ *sinh™"! (0)a,,(0) . (4.4)

implying that the BPS value of the gauge fugacity ®¢ is manifestly constant,

iko
LBty

dglpps = (ao + wby — Thy +by) . 4.5)

Imposing the reality conditions reported in (3.3) yields the real BPS locus

a,(0)|gps = a, = constant ,
ax(0)|gps = a, = constant ,
ay(0)|pps = a, = constant ,
Digps =0,

Re(w)ay, — 11ax + ay = Re(ap) ,

Im(w)a, — 12a, = Im(ap) . 4.6)
Using (4.6) for a smooth connection on AdS; gives b, = —a, and
iko
@ lpps = m[ay + by — t(ax + by)] . 4.7)

In the presence of a boundary at & = 6, there are two possibilities: if Dirichlet
conditions are imposed, then & |gps has to vanish at the boundary. Since ®¢|pps
is constant, Dirichlet conditions require ®|gps = O everywhere. Instead, Robin
boundary conditions do not impose any constraint on ®; = tga, which hence stays
non-trivial.

The BPS equations for the chiral multiplet read

Y =8y =¢=56y=0, (4.8)

@ Springer



Twisted index on hyperbolic four-manifolds Page150f24 39

which in cohomological form are

(Lx —igrPr —igcPc)ep =0,

(Lk +igrPr +igcPc)d =0,

F =2iLy¢,

F=—2iLyé, 4.9)

with ¢ = ¢(0, ¢, x, y) and 5 = ¢~>(0, @, x, ¥) being periodic in ¢, x, y. For generic
values of @, @, the trivial locus

p=¢g=F=F=0, (4.10)

is the only solution to (4.9, regardless of the presence of a boundary at & = 6y. In
particular, the value of fields reported in (4.10) trivializes the classical contribution to
the partition function given, e.g., by superpotential terms.

4.2 One-loop determinant

The 1-loop determinant of supersymmetric fluctuations over the BPS locus for a chiral
multiplet is

ZCM _ detKerLY 82

= —, 4.11
I detKerLy 82 ( )

with the kernel of the differential operator Ly = Y* D,, being spanned by functions
By, m,.m, labeled by integers corresponding to the Fourier modes around the circles
parametrized by ¢, x, y:

. i +i +im,y 0
KerLy : Buy.m,.m, = emo@timoxtimyy p(0) ©), my,me,myel.

My, my,my
(4.12)

The behavior of the modes B,, pomg,my Al the origin of AdS; is

My, My, My

lim B () ~ 6™ (4.13)

meaning that Binymy,m, is non-singular at § = 0 if m, € N. The modes Binymy,m,
satisfy the eigenvalue equation 623m oy = Ag B, oMy s where

_ 2iko
T LAD

’
|:—wm<p + Tmy —my +qG(ao +by —1hy — a)a(p) + -

B (w—Tay +ay) |,

(4.14)
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is the eigenvalue contributing to the numerator of ZICI‘]f Analogously, the kernel of
the differential operator Ly = Y* D, is spanned by functions ¢, s, n,,

. i i in, 0
KerLy : @p, i, = "/ TIGO L (©),  ngoneny €Z, (415

whose behavior near the origin of AdS; is

. 0 —
Jim BN 0, (O) ~ 67, (4.16)

implying that ¢y, », ., is non-singular at 6 = 0 if (—nw) = ¢, € N. The modes
®n,.n,.n, are eigenfunctions of the operator 82 with eigenvalue
2iko

r
6= Lpn [a)ﬁw + Ty —ny +qG(ao +by —1hy — a)a(p) + E(a) — Ty +ocy)] ,
4.17)

which contributes to the denominator of ZlC?f In both Ap and A4 the R-charges
qf; =r,q Ilg = (r — 2) as well as the gauge charge g, respectively, multiply the same

quantities yg and yg, where

1
vr = (@—Tar +ay),

Y6 = ap — way — thy + by . (4.18)

Especially, the first line in (4.18) can be interpreted as a constraint on the chemical
potentials yg, w, 7, as in the case of gauge theories on S° x S! dual to AdSs black
holes [18].

In the presence of boundaries, we have two possible 1-loop determinants: on the one
hand, if we impose Dirichlet conditions, the modes ¢, ooy have to satisfy a first-order
homogeneous differential equation with boundary condition ¢, n, .n, |3 = 0, implying
Dnyongn, = 0. Therefore, Dirichlet conditions kill the modes ¢, oy contributing to
the denominator of Z ﬂ\f, leaving the modes B,, ey unaffected. The result is

zZMo=T] [l leme—tme+my—qove——2ye]. (419

myeNmy,myeZ
which can be regularized by means of (A.4), yielding

Sy CM s P
zZWp =m0 /Fe(ez”‘(z” W g, p),

1
CM
Yy = m(l +1—2Q2yr — qivi) + )

x [2Qyr — qivi)(Qyr — qivi) —w — 1) + 0+ (1 —2Qyr — qivi) + )] ,
(4.20)
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with g;yv; = (rYr + g ¥c)- On the other hand, if we impose Robin conditions, the
modes B, oy have to satisfy a first-order homogeneous differential equation with
boundary condition By, m,.m,la = 0, which sets By, m,.m, = 0 everywhere. As
a consequence, Robin conditions trivialize the modes By, oy contributing to the
numerator of the chiral-multiplet 1-loop determinant and leave the modes ¢, oy
untouched because Ly, pneny = 0 on the whole four-manifold by definition. Thus,

—1
ZWe=T] [I lete+tn—ny+a6ve+rvr] . (4.21)
LyeNny,nyeZ

whose regularized form provided by (A.4) reads

| 2711\IIR l—- ( 21iqiyi . i q, P)
WM = —r(l +7—2qiyi + )
[2givi(qivi — o — D+ o+ 11 —2qyi + )] (4.22)

Dual 1-loop determinants are mapped to each other by multiplication of 1-loop deter-
minants corresponding to boundary multiplets:

CM CM CM CM 2riwtM 27iq;y; .
ZMe=ZX0Z . 280 = T s (M g)

CM CM FM FM —27iwtM 27iqivi .
Zi1lp=Z{1|RZL1a Zilla=e T 90(6 T q) s (4.23)

with the boundary phase being given by

1
WM — — o —[1+64ivi(qjvj —1—w) +oG+w)] =M -wiM . (4.24)

We utilized the superscripts CM and FM to indicate that the expressions Z CM|8 and
ZFM|d can be interpreted as partition functions of two-dimensional chiral and Fermi
multiplets. The dependence on the variable g signals that these multiplets live on a two-
dimensional torus characterized by the modular parameter w. A similar observation
was made in prior studies such as [34, 49], wherein a comprehensive examination of
such boundary multiplets was conducted.

Eventually, in the absence of boundaries, we require that both ¢, oy and
By, m,,m, are square integrable on AdS; x T2 according to the integral measure

Jdetg |@|2. (4.25)

AdS, xT?

By inspection, the behavior of the modes Bj, ooy, my At infinity is

hm BO ©) ~ =212 (4.26)

69— My, my,my
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and taking into account that

lim /detg ~ ¢” , (4.27)

60— 00

as well as that the modes are finite near the origin at & ~ 0, normalizability of
Bunymy.m, requires

r<l1. (4.28)

Analogously, the behavior of the modes ¢, ponny At infinity is

. 0 —0r/2
QETOO@W{%M(@)W iz, (4.29)

and normalizability of ¢, ooy imposes
r>1. (4.30)
In summary,
zr< =20, Zra1 = 2R (4.31)
and ZIC_I\L/Ilrzl =1 as there are no normalizable modes for r = 1.

Similarly to what happens in three dimensions [32], the 1-loop determinant for a
non-Abelian vector multiplet enjoying A = 1 supersymmetry is

dety 82)(det. §2)(detz 82
2= L 3 (Gt 2)( - )2 , (4.32)
(detlgaﬁ )(detlya(S )(detLWS )

where W, ¢ and ¢ contribute as modes By, oMy in the adjoint representation of the
gauge group G, with R-charge r = 2, while tya, tga and tya contribute as modes
czﬁ,lw,nx,,,}, in the adjoint of G with R-charges (2, 0, —2), respectively. Nonetheless, if
Dirichlet conditions upon vector multiplet modes are imposed, only (ya, tya survive
and after simplifications we find

1
Mo = ——— = (detye?)

1
- — (zM ) , 433
det,, 4 82 2 ( LR r=2 (4.33)

r=
where the product over roots of the adjoint representation of G is understood. On

the other hand, Robin conditions kill (ya, tya, leaving the other modes invariant;
therefore, after a few other simplifications,

ZVM|g = det.82 = (det352) = (zﬂﬂ D)r . (4.34)

r=
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Instead, in the absence of boundaries, all modes appearing in (4.32) do contribute,
a priori. In fact, various contributions drop out, giving at the end of the day

det, 82
VM Se® (ZCM> (ZC ) , 435
L™ ety q 82 L) LIR) (4.35)

where the last equality holds if we restrict to normalizable modes only, as in (4.31).

4.3 The Seiberg dual of SU(2) SQCD

As an application, we calculate the partition function of SQCD with gauge group
SU(2) and three flavors Ng. The degrees of freedom of SU (2) SQCD with Np = 3
can be encoded by a vector multiplet in the adjoint and six chiral multiplets ®;
withi = 1, ...6 in the fundamental representation of the symplectic group U Sp(2),
respectively, whereas i is an index corresponding to the fundamental of the flavor
symmetry SU (6) = SU(2NF). The partition function of this gauge theory, according
to Seiberg dualities [65, 66], should be related to the partition function of a Wess—
Zumino model of chiral multiplets characterizing fifteen mesons. Such a duality was
used, e.g., in [16] to test the four-dimensional uplift of the topologically twisted index
in three dimensions.

The first check is ensuring that the theory is not plagued by anomalies affecting
the gauge symmetry. Such anomalies make the partition function multivalued under
large gauge transformations shifting the gauge fugacity y¢ by an integer number. The
building blocks ZCM and ZVIL/[ consist of elliptic gamma functions and the phase
factors \Dlgl\g and \IJ{7M As elliptic gamma functions are single valued under integer
shifts of g, we just need to inspect the phases. Indeed, by considering Robin boundary
conditions for the vector multiplet and Dirichlet boundary conditions for the chiral
multiplets, the total phase factor ¥ does not depend on y, ensuring the absence of
gauge anomalies. Therefore, up to normalizations independent of y, the partition
function of SU (2) SQCD with Nr = 3 flavors is given by the contour integral (1.2)
with R-symmetry and flavor charges satisfying

In particular, we used the same minimal coupling with respect to the flavor symme-
try employed in [16]. We can compactify the notation by introducing the following
complex variables w and z;:

. 0
w = 276 , 7 = e2miap vr , l_[Zi =pq, (4.37)

where the product of the collective flavor fugacities z; is related to the refinement
parameters p and ¢ thanks to the constraint (1.4). The integral yielding Z then reads
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Z=f dw ]_[1,6=1 Fe(ZiU);CLp)Fe(Ziw_l;q’p). (4.38)
€

7 2wiw Fe(wz;q, p)Fe(w_Z;q’ p)

In the case in which the contour % is the unit circle, namely 4" = {w € C : |w| = 1},
the integral above represents the elliptic extension of the binomial theorem, providing
the result [67]

5 6
—————— T[] [] Telzizjza. p). (4.39)

BRCE q)oo(p Ploo iy =ity

which, up to an overall constant independent of the flavor fugacities, is the partition
function of the aforementioned Wess—Zumino model of fifteen chiral multiplets with

Dirichlet boundary conditions, as expected from Seiberg dualities. Especially, writing
down the charges q1(el) and qg) as components of the row vectors

qW =(1,1,0,0,0,0), q¥ =(=2,-2,1,1,1, 1), (4.40)

yields

. . 8
zZ' = Fe(ez”‘(zy’*“‘”);q,p)Fe(eZ”‘(VR"’F);q,p> r, ( mives g, p) . (441)

which is a result formally analogous to that obtained in [16].

A Regularization of infinite products

In the main text, we found that 1-loop determinants of supersymmetric multiplets on
AdS; x T? are triple infinite products of the form

Q(bolao, co)oo = [ | ] (@oni +na+ cot + bo) , (A.1)

teNny,nyeZ

with ag, bg and cg being complex constants. The product above can be regularized by
rewriting the products over Z as double products over N and using multiple Zeta and
Gamma functions [68]:
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Q5.5 (blarz. oo = [[ [] (@2n1 +n2+ct+b)(—anni +na+1—ct —b)
£eNny,npeN
x [—an(ni +1) +ny+cl+bllann(ni +1) +n2+1—cl —b],
_ 1
" T3(le,a, DT3(1 = b| — ¢, —arz, DI3(b —aple, —aip, DT3(1 —b+ap| —c,ap, 1)’
in[£3(0,blc,a12,1)+¢3(0,1=b+aiz|—c,ai2,1)]

=e
x <e2nib; eeric7e2rrialz) (827(1((112—1)); 6—27'[16’ eZnialz)
00

(627rib; e27ric7 eZﬂiam)oo

o0

— 7183(0.blc,a12,1)+83(0,1=b+an|—c,aiz, D]

(62n1(11|2+c7b); e2rric, e27riulz)oo
= 1830 ble.an. D+ 0. 1-btan|—c.an.D] /1, (eznih; e2ric ezﬂialz) , (A2)
where

(@192/7; 915 92) 0
(Z: 913 92) 0

Le(z, 91, 92) = (A.3)

is the elliptic Gamma function. Altogether,

1—[ 1—[ 1 - Ve @nbor, (eZnib; Q2ic ezmalz) ,
apni + ny + col + bg

KEan,I’LzEZ

(I+ap—2b+0c)2b(b—c—1)4+c+app(l—-2b+c)].
(A4)

V@3y(a, b, c) = — Yapc
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