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Abstract
Frequency metrology is a cornerstone of modern precision measurements and optical atomic
clocks have emerged as one of the most precise measurement devices. In this progress report,
we explore various Ramsey interrogation schemes tailored to optical atomic clocks primarily
limited by laser noise. To incorporate frequency fluctuations directly into the theoretical model,
we consider a Bayesian framework. In this context, we review fundamental bounds arising in
Bayesian estimation theory, which serve as a benchmark throughout this work. We investigate
the trade-off between entanglement–enhanced sensitivity and robustness against laser noise in
order to identify optimal initial states, measurement schemes and estimation strategies. Beside
standard protocols based on coherent spin states, spin-squeezed states and Greenberger–
Horne–Zeilinger states, we consider variational Ramsey protocols implemented via low-depth
quantum circuits based on one-axis twisting operations to approach optimal stability. In
particular, we review known and identify new optimal Ramsey interrogation schemes for a
variety of scenarios, including different experimental platforms, ensemble sizes and regimes
characterized by a wide range of interrogation durations and dead times. Hence, this work
establishes a comprehensive theoretical framework for optimizing Ramsey interrogation
schemes, providing guidance for the development of next-generation optical atomic clocks.
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1. Introduction

Frequency metrology constitutes a fundamental pillar in mod-
ern precision measurements, driving advancements across a
wide range of scientific and technological fields [1–6]. At the
forefront of this discipline are optical atomic clocks, which
exploit narrow-linewidth atomic transitions in the optical
domain [7, 8]. This new generation of clocks was spurred
by technological advances over the past decades, including
breakthroughs in laser technology [7], the invention of the

optical frequency comb [9, 10], and the development of highly
controllable platforms such as ion-traps [11–13], tweezer-
arrays [14–17], and optical lattices [18–21]. Today, state-of-
the-art optical atomic clocks are among themost precise meas-
urement devices ever built, achieving stabilities on the order
of 10−18 and below [13, 22–32]. To illustrate this incred-
ible precision, such clocks would gain or lose less than a
second over the age of the Universe. They have surpassed tra-
ditional microwave-based Caesium atomic clocks, which long
served as the standard for timekeeping, paving the way for the
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redefinition of the SI second [7, 33]. This unprecedented sta-
bility renders optical clocks indispensable tools for a broad
spectrum of applications. In research, they are instrumental
in probing fundamental physics, from testing general relativ-
ity through gravitational redshift measurements [31, 33–37]
to exploring variations in fundamental constants [38, 39] and
searching for new physics beyond the standard model [40–42].
In technology, optical atomic clocks foster potential applica-
tions ranging from enhancing global navigation satellite sys-
tems [43, 44] and synchronizing large-scale networks [45] to
supporting precision geodesy [46–49].

QPN is the most fundamental process limiting clock sta-
bility, arising from the stochastic nature of quantum meas-
urements and the discrete outcomes inherent in finite-size
ensembles [50, 51]. For separable states of many atoms,
namely uncorrelated or classically-correlated states, the SQL
imposes a fundamental bound on QPN [1, 7, 8, 52]. However,
stability beyond this classical limit can be achieved by intro-
ducing entanglement within the atomic ensemble [1, 8, 52].
Three decades ago, Wineland et al proposed in seminal
works [53, 54] to entangle cold ions via their common coup-
ling to collective modes of motion to suppress projection
noise in frequency spectroscopy, thereby overcoming the SQL
and enhancing atomic clock stability. With the momentous
advancements in optical atomic clocks and programmable
quantum processors since then, this vision now encounters
new opportunities and challenges. In recent years, entangle-
ment on optical clock transitions has been demonstrated in
various setups, including the generation of spin squeezing in
trapped ions [55] and in neutral atoms mediated by cavit-
ies [27, 56] or Rydberg interactions [57]. Recently, also max-
imally entangled GHZ states and cascades thereof have been
realized in optical clocks based on tweezer-arrays [58, 59]. In
an ideal scenario, these GHZ states saturate the HL, repres-
enting the ultimate bound on projection noise and yielding a
quadratic improvement over the SQL [1].

However, in realistic scenarios, decoherence processes and
external noise degrade the coherence of the quantum sys-
tem, impairing the stability and preventing the achievement
of the HL [60–63]. While entanglement promises to over-
come the SQL and thereby improving clock stability, the det-
rimental effects of decoherence are particularly pronounced in
entangled states, since they are highly susceptible to the loss
of coherence. In particular, Huelga et al have demonstrated
that GHZ protocols suffer significantly from dephasing associ-
ated with random phase changes caused by stray fields or laser
noise, ultimately showing no improvement over the SQL [64].
In contrast, GHZ-like states offer optimal stability for clocks
with small ensembles that are primarily limited by spontan-
eous decay [65]. As a consequence, incorporating decoherence
effects and external noise is crucial for identifying optimal
interrogation protocols in frequency metrology.

Unlike magnetic field fluctuations or laser noise, the finite
lifetime of qubits in the excited state represents a funda-
mental limit rather than an external noise source, a limitation
examined in detail in [65]. State-of-the-art clock lasers achieve
coherence times of several seconds [66], entering the regime of

the excited-state lifetime of various clock candidates, such as
Sr+-ions (0.4s) or Ca+-ions (1.1s).With further technological
improvements in the short-term laser stabilization, coherence
times will potentially approach lifetimes of further clock spe-
cies as Yb-atoms (15.9s) or Al+-ions (20.7s). Nevertheless,
the excited-state lifetimes of several clock candidates remain
far beyond the regime of laser coherence times, ranging from
minutes (Sr-atoms) to years (Yb+-ions) [22]. Moreover, the
impressive level of laser coherence is often degraded dur-
ing propagation from the cavity to the location of the qubits.
Consequently, a significant number of setups are currently, and
will remain in the future, limited by laser noise.

Naively, frequency fluctuations and the associated laser
noise could be regarded as a purely technical problem.
However, stabilizing the laser is precisely the central object-
ive of an atomic clock time standard, or equivalently a fre-
quency standard, making frequency fluctuations the primary
measurand [6]. Disregarding laser noise as a mere technical
issue would thus contradict the fundamental concept of atomic
clocks. In principle, one might also ask how laser noise
can impose a limiting factor although, by definition, it is
the measurand, the quantity to be stabilized. To be precise,
only the component of laser noise that cannot be corrected
through interrogation of the atomic reference ultimately lim-
its clock stability. Since Ramsey protocols have a finite range
within which they can unambiguously interpret frequency
fluctuations, errors arise when laser noise exceeds this range,
fundamentally constraining stability. Additionally, dead time
in clock operation leads to undetected aliased frequency
deviations, further degrading performance. Investigating the
impact of frequency fluctuations is therefore essential for
advancing next-generation clocks. To address this challenge,
various approaches have been developed to account for fre-
quency noise and to determine optimal interrogation schemes
for specific experimental setups [67–70]. In this endeavor,
a particularly promising framework is the application of
Bayesian estimation theory to frequency metrology—denoted
as Bayesian frequency metrology—which incorporates laser
noise directly into the theoretical model and leverages prior
knowledge of frequency fluctuations for estimation [71–74].

As a consequence, determining optimal interrogation pro-
tocols involves a trade-off between achieving entanglement–
enhanced sensitivity, which enables surpassing the SQL, and
ensuring robustness against noise. In recent years, operation-
ally motivated echo protocols and variational quantum cir-
cuits have attracted significant interest, as they allow for a
diverse range of interrogation schemes [73–86]. In particular,
these approaches have the potential to generate a high degree
of entanglement while maintaining resilience to noise [73–
78]. OAT [87] interactions serve as a versatile tool for imple-
menting such protocols as they give rise to a variety of
entangled states, ranging from SSSs to GHZ states, and facil-
itate variational classes of generalized Ramsey protocols [73–
78]. Furthermore, OAT interactions are accessible in several
setups as in ion-traps via Mølmer–Sørensen gates [79, 88, 89],
in tweezer-arrays via Rydberg interactions [57, 90] or Bose–
Einstein condensates via elastic collisions [91–94].
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This work presents a progress report on frequency met-
rology tailored to optical atomic clocks employing Ramsey
interrogation schemes primarily limited by laser noise.
Specifically, we focus on single-ensemble clocks in which the
atomic reference is periodically interrogated using the same
protocol in each clock cycle. The objective is to outline poten-
tial advancements and challenges across various Ramsey inter-
rogation schemes, effectively providing a theoretical guide for
clock operation on different experimental platforms. In par-
ticular, we systematically examine a broad range of ensemble
sizes and regimes defined by interrogation duration and dead
time. To incorporate frequency fluctuations into the theor-
etical model, we employ a Bayesian framework for single-
ensemble clocks, where the atomic reference is periodically
interrogated using the same protocol in each clock cycle, while
more general schemes are addressed in the outlook. To estab-
lish a theoretical foundation, we review Bayesian estimation
theory and the corresponding fundamental bounds on clock
stability. Additionally, we incorporate previous findings on
clocks limited by laser noise, such as those in [67, 68], within
the Bayesian framework and extend them in certain regimes.
Building on pioneering work in [73, 74, 76] on variational
quantum circuits, we identify optimal Ramsey schemes for
various experimental platforms. It should be noted that in
certain setups, Rabi interrogation protocols may offer higher
stabilities as they are less sensitive to high-frequency laser
noise [28].

In the following, we provide a brief overview of each
section and outline the primary results:

• Section 2: We introduce the fundamental principles of
atomic clocks and establish the connection between fre-
quency metrology and phase estimation theory. By high-
lighting the impact of LO noise on clock stability, we motiv-
ate the Bayesian approach as an effective framework for
atomic clocks primarily limited by frequency fluctuations
of the LO. To start with, the framework of Bayesian phase
estimation theory is introduced and a hierarchy of lower
bounds on the estimation uncertainty is collected, drawing
an analogy to the local (frequentist) approach. In partic-
ular, the ultimate lower bound is derived, denoted as the
OQI, which represents the primary benchmark in this work.
Additionally, the linear estimation strategy is discussed and
the optimal Bayesian estimator is determined. By introdu-
cing the ADEV,we explicitly connect Bayesian phase estim-
ation theory to frequency metrology and establish a rela-
tion between interrogation time and prior knowledge of the
phase. Furthermore, we discuss general trade-offs in the
context of frequency metrology. Hence, this section intro-
duces the fundamental concepts and establishes the theoret-
ical framework of this work.

• Section 3: This section aims to saturate the ultimate lower
bound imposed by the OQI. Initially, the standard proto-
cols, utilizing CSSs, SSSs and GHZ states, are compared
to the OQI. While GHZ states saturate the OQI at short
interrogation times and SSS perform close to it at inter-
mediate durations, substantial potential for enhancement

remains across a broad range of interrogation times, par-
ticularly at long durations. To address this, especially con-
sidering small ensemble sizes characteristic of ion-traps
and tweezer-arrays, we introduce generalized Ramsey pro-
tocols based on variational quantum circuits and identify
optimal interrogation schemes. We demonstrate that in this
regime, even low-depth quantum circuits suffice to approx-
imate the OQI, which is crucial for maintaining reason-
able operational complexity and thus enabling near-term
experimental implementation. While the required circuit
depth to achieve OQI stability increases with N, the per-
formance gain diminishes with complexity, leading to a
trade-off between reduced instability and increased exper-
imental overhead, further motivating a focus on low circuit-
complexity approaches.

• Section 4: To validate theoretical predictions on clock sta-
bility, we perform Monte Carlo simulations of the full feed-
back loop in an atomic clock, cf figure 1, from which we can
infer its long-term stability as quantified by the ADEV. In
this context, fringe hops emerge as a significant limitation.
In particular, for small ensembles (N≲ 20), characteristic of
ion-traps, fringe hops impose a stricter constraint on clock
stability than the CTL of the LO. As a consequence, for long
interrogation times, variational protocols provide marginal
to no advantage over SSS, while GHZ states remain optimal
at short interrogation times. In contrast, for ensembles sizes
in the regime of tweezer-arrays (N≳ 20), fringe hops and
the CTL impose comparable limitations on clock stabil-
ity at long interrogation times. Consequently, variational
Ramsey protocols provide a substantial improvement over
SSS. Nevertheless, the variation in stability across different
clock runs, due to the stochastic nature of atomic clocks, and
the relative reduction in enhancement with increasing cir-
cuit depth, further supports the focus on low-depth quantum
circuits.

• Section 5: Incorporating dead time into atomic clock opera-
tion within the framework of Bayesian frequencymetrology,
we investigate the trade-off between QPN, the CTL, and
dead time effects. While clock stability for short dead times
or small ensembles closely resembles the dead time-free
scenario, dead time effects become increasingly significant
with growing ensemble size or dead time, ultimately limiting
clock performance. Following a general analysis, we exam-
ine specific examples with state-of-the-art parameters rel-
evant to different experimental platforms, such as ion-traps,
tweezer-arrays and lattice clocks.While GHZ states and SSS
remain optimal for ion-traps utilizing only a few ions, the
potential gain from variational quantum circuits in tweezer-
arrays with several tens of atoms is substantially dimin-
ished. Specifically, SSS perform close to the OQI across
a wide range of interrogation times, whereas variational
quantum circuits offer an enhancement only at long inter-
rogation times. However, this improvement is significantly
reduced compared to the dead time-free case. Additionally,
in the presence of dead time, fringe hops remain the dom-
inant limitation in this regime, whereas in the dead time-
free case, they constrain clock stability only at the same

4



Rep. Prog. Phys. 88 (2025) 124001 Report on Progress

Figure 1. (a) Basic principle of an atomic clock: a local oscillator (LO) with fluctuating frequency ωLO(t) is stabilized in a control loop to
an atomic transition ω0. During the free evolution time T, the probe state accumulates a phase ϕ arising from the frequency deviation. Based
on the measurement outcome x, the phase is estimated by ϕest and the LO frequency is corrected according to ωcorr by the servo. (b)
Broadening of the prior distribution with increasing interrogation time. (c) Generalized Ramsey interferometry: the phase ϕ is encoded
during the interrogation time T onto the initial state ρin via Λϕ,T. Based on the measurement outcome x of the observable X, an estimation
ϕest of the phase is conducted.

level as the CTL. As a consequence, SSS emerge as the pre-
ferred choice due to their robustness and practicality. For lat-
tice clocks with hundreds or thousands of atoms, dead time
effects strictly constrain clock stability and thus CSS suffice
to approximate the OQI.

Although this work is tailored to frequency metrology in
atomic clocks, the developed tools and techniques extend bey-
ond this specific application. In particular, they are broadly
applicable to general frequency metrology and Ramsey inter-
ferometry, including implementations in atom interferometry
and magnetometry.

2. Bayesian frequency metrology

2.1. Motivation

A clock, at its core, consists of two essential components: a
frequency standard, a device which generates a continuous and
consistent frequency signal, and a mechanism that counts the
oscillations over time. While the clockwork device essentially
translates the frequency signal into measurable time intervals,
the frequency standard represents the true heart of a clock [6].
Frequency standards are commonly classified as either active
or passive, depending on their operational principle. Active
frequency standards generate their own oscillation at a given
frequency, as the hydrogen maser or the Helium–Neon laser,
where stimulated emission results in a highly coherent signal.
Conversely, passive frequency standards require an external
source to stimulate their oscillation. While active frequency
standards typically excel in short-time stability, passive fre-
quency standards often achieve superior long-term stability
and accuracy, because the frequency can be precisely mon-
itored and corrected against the reference response over time.

Consequently, passive frequency standards are commonly pre-
ferred for clocks [4–6].

The concept of a passive frequency standard can be illus-
trated by imagining two pendulums. The first pendulum is our
primary, noisy pendulum, whose fluctuating frequency we aim
to stabilize. The second pendulum serves as an (almost) ideal
reference, though it does not oscillate on its own. Hence, the
task of a passive frequency standard is to periodically adjust
the primary pendulum’s frequency to match that of the refer-
ence pendulum by repeatedly measuring the frequency differ-
ence between the two [6]. However, each measurement intro-
duces some noise into the system. Hence, it is desirable to
extend the interrogation time as long as possible, thereby redu-
cing the relative impact of this measurement noise and ulti-
mately enhancing stability. If the interrogation time is exten-
ded too far, however, we risk missing a ‘tick’ of the reference,
leading to synchronization errors that may accumulate over
repeated measurements. Therefore, while longer interrogation
times improve stability, there is an optimal duration beyond
which stability is compromised [5–7].

In (passive) atomic clocks (cf figure 1(a)), the LO, repres-
enting the primary pendulum, generates an inherently noisy
frequency signal ωLO(t) that varies over time t. The LO is
stabilized to an atomic transition frequency ω0, acting as the
reference pendulum, through repeated interrogations of the
atomic ensemble according to a particular Ramsey interfer-
ometry scheme. During the Ramsey time T, the atoms accu-
mulate a phase ϕ =

´ t+T
t dt ′ω(t ′), which effectively reflects

the average of the frequency deviation ω(t) = ω0 −ωLO(t)
over the interrogation period. At the end of each interroga-
tion sequence, a measurement with outcome x is performed,
from which an estimate ϕest(x) of the monitored phase ϕ is
derived. The control cycle is completed by the servo that
applies feedback to correct the LO frequency by ωcorr, based
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on the phase estimate ϕest(x), resulting in a stabilized LO sig-
nal. Consequently, frequency metrology is directly connected
to phase estimation theory [1, 4–7].

LO noise plays a critical role in limiting the clock stabil-
ity, even though it may seem counterintuitive given that its
frequency is constantly measured and corrected based on feed-
back from the atomic reference. The phase fluctuations, arising
from the LO’s frequency noise, can be modeled by a distribu-
tion P(ϕ), depending on the particular noise profile, by inter-
preting the phase ϕ as a random variable. As the interrogation
time T increases, the LO noise grows, causing the distribution
to broaden as illustrated in figure 1(b). Typically, the phase
can only be estimated unambiguously within a limited range.
Hence, if the invertible domain of the main fringe of the signal
is exceeded, estimation errors are accumulated and ultimately
limit the stability. In the worst case, the feedback loop passes
to an adjacent Ramsey fringe, resulting in the clock running
systematically wrong and severely degrading the clock stabil-
ity. Consequently, frequency metrology features a trade-off:
longer interrogation times enhance stability, but LO frequency
fluctuations introduce limitations. An appropriate framework
to investigate different interrogation schemes respecting this
trade-off is represented by Bayesian estimation. This approach
essentially bridges between high sensitivity at the transition
frequency and large dynamic range, based on the regime of
frequency deviations the LO is likely to generate [67–69].

Building on themotivation outlined above, it becomes evid-
ent that phase estimation is a fundamental aspect of frequency
metrology, particularly in the context of atomic clocks. In this
section, we begin by introducing general phase estimation the-
ory within the Bayesian framework. By reviewing the literat-
ure, we establish a hierarchy of lower bounds on the estimation
error, drawing an analogy to the local (frequentist) approach,
and analyze different estimation strategies. Finally, we link
phase estimation to frequency metrology in the context of
atomic clocks through the ADEV and discuss emerging trade-
offs and their implications for the clock stability.

2.2. Bayesian phase estimation

In interferometry, the objective is to estimate an unknown
parameter ϕ as precise and accurate as possible. In generalized
Ramsey spectroscopy (cf figure 1(c)), the phase ϕ is encoded
onto the initial probe state ρin during the free evolution time T
(Ramsey dark time) via a completely-positive trace-preserving
map Λϕ,T. Additionally, this quantum channel Λϕ,T may also
include decoherence processes such as dephasing or spon-
taneous decay, with their impact depending on T. After the
free evolution, an appropriately chosen observable X is meas-
ured. The measurement is described by a positive operator-
valuedmeasure (POVM) {Πx}, whereΠx ⩾ 0 and

∑
xΠx = 1,

and x denotes the measurement outcome. Finally, an estimate
ϕest(x) of the parameter ϕ is performed, based on the meas-
urement outcome x (of X). In the context of an atomic clock,
the phase ϕ = ωT originates from the average frequency dif-
ference ω = 1

T

´ T
0 dt ′[ω0 −ωLO(t ′)] between the atomic trans-

ition ω0 and the LO ωLO, while X typically corresponds to a

spin measurement. Due to the inherent indeterministic nature
of quantum measurements, the outcomes x are random and
occur with conditional probability

P(x|ϕ) = Tr(ΠxΛϕ,T [ρin]) . (1)

Consequently, the estimator ϕest likewise is a random vari-
able, as it depends on themeasurement outcome x. Unlike state
preparation, free evolution, and measurement, which are gov-
erned by quantum mechanics, the estimation process involves
classical post-processing of measurement data and is thus
addressed within the framework of classical phase estimation
theory.

In local (or frequentist) phase estimation, it is typically
assumed that the phase ϕ is tightly centered around a fixed
working point ϕ0, such that (ϕ −ϕ0)

2 � 1, and that the
estimator is locally unbiased. Furthermore, probabilities are
defined as the infinite-sample limit of an event. However,
these assumptions are often not valid in the context of optical
atomic clocks. When the finite coherence time of the laser
becomes the dominant limitation on clock stability, fluctu-
ations in the accumulated phase during the free interrogation
time become relevant and in principle can take arbitrary values
−∞< ϕ <∞. Additionally, these fluctuations require phase
estimation based on single measurements to ensure unambigu-
ous determination of ϕ, as the phase may change significantly
between measurements of consecutive cycles, potentially pre-
venting a unique estimation or assignment. This constraint
makes asymptotic estimation, i.e. the collection and averaging
of large amounts of data, impossible.

To quantify the impact of these phase fluctuations and the
resulting limitations to the phase estimation uncertainty, a
commonly used cost function is the average MSE, defined as

(∆ϕ)
2
=

ˆ +∞

−∞
dϕP (ϕ)

∑
x

P(x|ϕ) [ϕ −ϕest (x)]
2
. (2)

It corresponds to the MSE of the estimated phase ϕest(x) with
respect to the true phase value ϕ—the typical cost function
of local phase estimation—averaged over the phase distri-
bution P(ϕ), which characterizes the phase fluctuations in
different clock cycles. The average MSE reflects a global
approach—extending local (frequentist) phase estimation—
by incorporating all possible values of ϕ, which additionally
makes unbiasedness redundant. Moreover, this approach is
well-suited for arbitrary signals and estimation strategies, as it
assesses the overall performance by averaging over the entire
phase distribution, eliminating the need for specific assump-
tions about the signal structure or the estimation method.
In general, for a proper estimation strategy, further inform-
ation about the phase is gained through the measurement.
Consequently, the average MSE is smaller than the variance
(δϕ)2 of the prior phase distribution P(ϕ) and thus, ultimately
is bounded by 0⩽ (∆ϕ)2 ⩽ (δϕ)2. In the limit of narrow phase
distributions, where P(ϕ) approximates a delta distribution
centered at the optimal working point ϕ0, the average MSE
reduces to the MSE. Due to its global averaging, it is always
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lower bounded by the MSE evaluated at the optimal working
point ϕ0, where the MSE attains its maximum.

As argued above, local (frequentist) phase estimation is
poorly suited in the regime where phase fluctuations around
the optimal working point impose a substantial limitation.
Although the accumulated phase is fixed for each interroga-
tion sequence, it varies over different clock cycles and thus
can be treated as a random variable, with the prior distribu-
tion P(ϕ) reflecting the knowledge on the phase prior to any
measurement. Consequently, Bayesian estimation theory rep-
resents the more appropriate framework. In Bayesian phase
estimation, the posterior knowledge of ϕ, represented by the
posterior distribution P(ϕ|x) and from which the estimator is
ultimately determined, is updated according to Bayes theorem

P(ϕ|x) = P (ϕ)P(x|ϕ)
P(x)

(3)

based on the statistical model P(x|ϕ) and the prior distribution
P(ϕ). The marginal likelihood P(x) =

´
dϕP(ϕ)P(x|ϕ) rep-

resents the probability of observing outcome x, averaged over
all possible values of ϕ. Thus, it essentially provides a nor-
malization of the posterior distribution. The interplay between
prior information and measurement data already becomes
evident at this stage. IfP(ϕ) varies slowly compared toP(x|ϕ),
for example in the case of a flat prior or in the asymptotic limit
of large ensembles, it has minimal influence on the posterior
knowledge, and the statistical model primarily governs the
inference strategy. Conversely, if the prior is sharply peaked,
prior information dominates the estimation process and signi-
ficantly shapes the posterior distribution.

Using Bayes theorem, equation (2) can be expressed in
terms of the posterior distribution according to

(∆ϕ)
2
=
∑
x

P(x)
ˆ +∞

−∞
dϕP(ϕ|x) [ϕ −ϕest (x)]

2
. (4)

In the remainder of this work, we estimate the accumu-
lated phase within the framework of Bayesian estimation
theory and quantify the phase estimation uncertainty based
on this cost function. Furthermore, we review correspond-
ing Bayesian bounds, to which we compare the performance
of the investigated Ramsey protocols. As a consequence, we
denote equation (4)—and thus likewise equation (2) due to its
equivalence—as the BMSE throughout this work, following
the literature such as [73–76, 95, 96].

For the primary investigations in this work, we assume a
unitary phase evolution through the quantum channel

Λϕ,T [ρin] =Rz (ϕ)ρinR†
z (ϕ) (5)

with rotation Rz(ϕ) = e−iϕSz , where Sx,y,z denote the collect-
ive spin operators of N two level systems. Consequently, the
quantum channel, and thus the statistical model P(x|ϕ), is
2π-periodic with respect to the phase, i.e. Λϕ,T = Λϕ+2π,T.
In this case, it is common to use a periodic cost function.
However, in the context of atomic clocks, we explicitly adopt
a global definition of the phase spanning −∞< ϕ <∞,

since ϕ + 2π k (with k ∈ Z) originates from a different fre-
quency deviation ω than ϕ, and thus has a distinct physical
interpretation. This distinction proves particularly useful to
quantify the CTL of the LO (cf section 2.3) and to discuss
fringe hops within this framework (cf section 4). Furthermore,
we assume a Gaussian prior distribution

P (ϕ) =
1√

2π (δϕ)2
exp

(
− ϕ2

2(δϕ)2

)
(6)

with zero mean and width δϕ, which is a reasonable approx-
imation for the full feedback loop of an atomic clock [67].

2.3. Bounds

The goal of Bayesian estimation is to minimize the cost func-
tion, the BMSE. For a given prior distribution P(ϕ), there
are three degrees of freedom to optimize: the initial state ρin,
the measurement {Πx}, and the estimation strategy ϕest(x).
Based on these degrees of freedom and building on [70, 97–
99], we collect a hierarchy of lower bounds for the BMSE
(see appendix A.1 for detailed proofs), analogous to the local
estimation approach. The discussion in this section remains
general, allowing for arbitrary prior distributions P(ϕ) and
quantum channels Λϕ,T. Specific assumptions and asymptotic
results will be explicitly noted.

BCRB—For a given initial state ρin and measurement {Πx},
the BCRB (∆ϕBCRB)

2 represents a lower bound on the BMSE
(∆ϕ)2 and thus, implicates an optimization over all pos-
sible estimators ϕest. Assuming standard regularity conditions∑

x ∂ϕP(x|ϕ) = 0 and vanishing of the prior at the boundar-
ies limϕ→±∞P(ϕ) = 0, the BCRB results from the van Trees
inequality [97] and reads [100]

(∆ϕ)
2 ⩾ (∆ϕBCRB)

2
=min

ϕest

(∆ϕ)
2
=

1

F + I
(7)

(proof in appendix A.1.1). Here, the measurement contribu-
tion is represented by the Fisher information averaged over
the prior distribution

F =

ˆ
dϕP (ϕ)F (ϕ) =

ˆ
dϕP (ϕ)

∑
x

1
P(x|ϕ)

(
dP(x|ϕ)

dϕ

)2

(8)

and

I =

ˆ
dϕ

1
P (ϕ)

(
dP (ϕ)

dϕ

)2

(9)

denotes the information contained in the prior knowledge,
given by the Fisher information of the prior distribution.While
I ⩾ 0, the average Fisher information F is upper bounded
by its maximal value Fmax = F(ϕ0) achieved at the optimal
working point ϕ0, i.e. F ⩽ Fmax. Hence, from equation (7)
it is evident that the BCRB in turn is lower bounded by
the CRB, the corresponding bound in local phase estimation,

7
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(∆ϕBCRB)
2 ⩾ (∆ϕCRB)

2 = 1/Fmax. In contrast to the local
approach, the optimal estimation strategy in the Bayesian
framework can be derived explicitly as we will show in
section 2.4.

For a Gaussian prior distribution, the prior information sim-
plifies to I = (δϕ)−2. Moreover, while F typically increases
with the ensemble size, the prior information I is independ-
ent of N. Consequently, in the asymptotic limit of large N, the
prior knowledge primarily contributes in the averaging of the

Fisher information and we obtain (∆ϕBCRB)
2 'F−1

.

BQCRB—The BQCRB extends the classical BCRB by includ-
ing the optimization over all measurements {Πx}. For a given
initial state ρin, the BQCRB

(∆ϕBQCRB)
2
= min

{Πx}
(∆ϕBCRB)

2
= min

{Πx},ϕest

(∆ϕ)
2 (10)

provides a lower bound on the BCRB and thus establishes the
hierachy

(∆ϕ)
2 ⩾ (∆ϕBCRB)

2 ⩾ (∆ϕBQCRB)
2
. (11)

Naively, one might suggest to simply replace the average
Fisher information F in equation (7) by the average QFI
FQ =

´
dϕFQ(Λϕ,T[ρin]). However, in general, the optimal

measurement depends on ϕ and thus, this approach would
effectively correspond to averaging over a set of measure-
ments, each optimized for a particular phase value ϕ. By
restricting the measurements, without loss of optimality, to the
class of projection-valued measures (PVMs)Πx = |x〉〈x|, with
orthonormal eigenstates |x〉, 〈x|x ′〉= δx,x ′ , of the observable
X with eigenvalue x, the BQCRB can be expressed as [72]

(∆ϕBQCRB)
2
= (δϕ)

2 −Tr
(
ρL2
)

(12)

(proof in appendix A.1.2). Here, the double minimization over
the measurement {Πx} and estimator ϕest is combined in a
single quantity L=

∑
xΠxϕest(x). The optimal L is determined

by the implicit equation

ρ ′ =
1
2
(ρL+Lρ) (13)

where ρ=
´
dϕP(ϕ)Λϕ,T[ρin] denotes the average state and

ρ ′ =
´
dϕP(ϕ)Λϕ,T[ρin]ϕ. The corresponding optimal meas-

urement basis and estimator are given by the eigenbasis and
eigenvalues of the operator L, respectively.

Interestingly, equations (12) and (13) have a similar struc-
ture as the QFI in local phase estimation. Indeed, assum-
ing a unitary phase evolution according to equation (5) and
a Gaussian prior distribution as defined in equation (6), the
BQCRB can be related to the QFI FQ[ρ] of the average state ρ
by [99]

(∆ϕBQCRB)
2
= (δϕ)

2
[
1− (δϕ)

2FQ [ρ]
]

(14)

(derivation in appendix A.1.2). In this case, the optimal meas-
urement corresponds to the SLD of the QFI approach asso-
ciated with FQ[ρ], and the optimal Bayesian estimator can be

determined explicitly (cf section 2.4.). Evaluating the BQCRB
thus becomes computationally equivalent to calculating the
QFI of the average state ρ. Indeed, the relation between the
BMSE and the QFI in equation (14) is an interesting math-
ematical coincidence that is worth pointing out. Although this
relation is only valid in the special case of single-parameter
estimation and Gaussian prior distributions, it connects two
conceptually different problems: On the one hand, global
phase estimation, where the parameter range is characterized
by the prior distribution, and on the other hand, local phase
estimation based on a probe state that has been averaged over
the prior distribution.

OQI—The OQI represents the ultimate lower bound of the
BMSE, completing the hierachy

(∆ϕ)
2 ⩾ (∆ϕBCRB)

2 ⩾ (∆ϕBQCRB)
2 ⩾ (∆ϕOQI)

2
. (15)

The OQI simultaneously optimizes over all three degrees of
freedom: the initial state ρin, measurement {Πx} and estimator
ϕest:

(∆ϕOQI)
2
=min

ρin

(∆ϕBQCRB)
2
= min

ρin,{Πx}
(∆ϕBCRB)

2

= min
ρin,{Πx},ϕest

(∆ϕ)
2
. (16)

Unfortunately, no general expressions for the OQI sensitivity
for arbitrary ensemble sizes are available, instead, they require
complex optimization procedures. An algorithm presented
in [72, 98] iteratively optimizes the initial probe state and
the measurement (cf appendix A.1.3) and enables an efficient
computation for ensembles with up to several hundreds of
particles. However, numerical optimization becomes challen-
ging as the ensemble size N� 1 increases and approaches the
asymptotic limit.

Considering a 2π-periodic quantum channel with respect to
the phase ϕ (cf equation (5)), the OQI allows for unambigu-
ous phase estimation within the range [−π,+π]. However, for
sufficiently broad prior distributions, the phase ϕ may exceed
this invertible regime and an estimation error of (2π)2 is accu-
mulated, associated with transitions between adjacent Ramsey
fringes. Although the Bayesian framework naturally accounts
for this crossover, it is nevertheless instructive to examine their
contribution separately. For a Gaussian prior distribution, the
estimation error associated with these events can be modeled
by (cf appendix A.1.3)

(
∆ϕCTL

OQI

)2
= 4π2

[
1− erf

(
π√
2δϕ

)]
(17)

where erf(z) denotes the error function. In the context of
an atomic clock, in this regime of long interrogation times,
the coherence time of the LO will become relevant and ulti-
mately limits the clock stability. Consequently, we will denote
equation (17) as the CTL of the OQI.

In the asymptotic limit (N� 1), assuming unitary phase
evolution as described by equation (5) and restricting to the
invertible range [−π,+π], it has been shown for arbitrary prior
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distributions [95, 99, 101, 102] that the ultimate lower bound
is given by

(∆ϕπHL)
2
=
π2

N2
. (18)

In the absence of decoherence, this asymptotic limit reflects
Heisenberg scaling with an additional factor of π, and is there-
fore referred to as the πHL. Intuitively, the πHL can be inter-
preted as the maximal estimation error associated with estim-
ating a phase within [−π,+π] using N+ 1 evenly spaced
measurement outcomes. Additionally taking into account the
estimation error outside of the invertible range, as modeled by
equation (17), the overall asymptotic estimation error for the
OQI reads(

∆ϕasym
OQI

)2
= (∆ϕπHL)

2
+
(
∆ϕCTL

OQI

)2
=
π2

N2
+ 4π2

[
1− erf

(
π√
2δϕ

)]
. (19)

This result combines the fundamental limit set by the πHL
with the contributions from phase estimation errors asso-
ciated with transitions between Ramsey fringes, offering a
comprehensive characterization of the OQI’s performance
in the asymptotic regime. Notably, this bound can be sat-
urated asymptotically by the POI [70, 73, 101–107] (cf
appendix A.1.3).

2.4. Estimators

Based on a statistical model P(x|ϕ), defined by an initial state
ρin, free evolutionΛϕ,T and measurement {Πx}, various estim-
ation strategies can be applied. In this work, we focus on two
such strategies: the linear estimator and the optimal Bayesian
estimator. The linear estimator is renowned for its simpli-
city and is both theoretically and experimentally commonly
used and well understood. It often arises naturally in a local
approach (i.e. for a narrow prior distribution and linear error
propagation), where it is the standard choice. In contrast, the
optimal Bayesian estimator, as the name suggests, achieves the
best possible performance in Bayesian phase estimation.

Linear estimator—The linear estimator

ϕlinear
est (x) = a · x, (20)

with scaling factor a ∈ R, originates from local phase estima-
tion. In this context, assuming an unbiased estimator and small
deviations from the optimal working point ϕ0, the signal can
be approximated linearly. In this case, the estimation error is
typically characterized by QPN [1]

∆ϕQPN =
ξ√
N

=
∆X(ϕ0)

|∂ϕ〈X(ϕ)〉|ϕ=ϕ0

, (21)

where ξ denotes the Wineland squeezing parameter [53, 54].
This local result is obtained in the limit of narrow prior distri-
butions (δϕ→ 0) around the optimal working point ϕ0 and by

choosing the particular scaling factor a= (∂ϕ〈X(ϕ)〉|ϕ=ϕ0)
−1,

corresponding to the inverse slope of the signal at ϕ0.
In the Bayesian framework, however, this approach is

poorly suited. First, the assumption of narrow prior distribu-
tions fails for realistic fluctuations of the phase, as discussed
above. Second, the prior information explicitly influences the
cost function and thus, the scaling factor a has to depend on the
prior distribution. For an arbitrary prior distribution with zero
mean

´
dϕP(ϕ)ϕ = 0 and variance (δϕ)2 =

´
dϕP(ϕ)ϕ2, the

optimal scaling factor and corresponding BMSE are given by
(cf appendix A.2.1)

a=

´
dϕP (ϕ)ϕ〈X(ϕ)〉´
dϕP (ϕ)〈X2 (ϕ)〉

(22)

(∆ϕ)
2
= (δϕ)

2 −
[
´
dϕP (ϕ)ϕ〈X(ϕ)〉]2´
dϕP (ϕ)〈X2 (ϕ)〉

. (23)

As in the local approach, the linear estimator and its estim-
ation error depend only on the first and second moments
of the observable X, which typically are easier to evaluate
than the full statistical model P(x|ϕ). This simplicity makes
the linear estimator a practical choice for phase estimation.
Nevertheless, despite its advantages and reliable performance
in several situations, the linear estimation strategy in general
does not saturate the BCRB and thus is not optimal.

Optimal Bayesian estimator—In contrast to local phase estim-
ation, where the CRB can in general only be approximated in
the infinite-sample limit using the maximum-likelihood estim-
ator [1], the optimal estimator in Bayesian phase estimation
can be derived explicitly [70]

ϕopt
est (x) =

ˆ
dϕP(ϕ|x)ϕ (24)

(derivation in appendix A.2.2), saturating the BCRB with
single shot measurements. This estimator corresponds to the
average phase with respect to the posterior distribution P(ϕ|x),
which can be expressed in terms of the statistical model
P(x|ϕ) and prior distribution P(ϕ) according to Bayes the-
orem equation (3). As a consequence, the optimal Bayesian
estimator can be highly non-linear. The associated BMSE is
given by

(∆ϕ)
2
= (δϕ)

2 −
∑
x

[
´
dϕP (ϕ)P(x|ϕ)ϕ]2

P(x)
. (25)

Although this resembles the structure of equation (23), the
BMSE for the optimal Bayesian estimator explicitly depends
on the statistical model, rather than merely on the first and
second moments of the observable. Additionally, for the
optimal Bayesian estimator, equation (4) reduces to the aver-
age posterior variance. Since the optimal Bayesian estim-
ator saturates the BCRB, and thus minimizes the BMSE with
respect to all estimation strategies, it is commonly referred to
as the minimal MSE estimator. However, we continue to use
the term ‘optimal Bayesian estimator’ throughout this work
for consistency and clarity.
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2.5. ADEV

The long-term stability of an atomic clock is quantified by the
ADEV σy(τ) [108, 109] (cf appendix A.3 for a brief intro-
ductory overview), characterizing the fluctuations of fractional
frequency deviations y(t) = ω(t)/ω0 averaged over τ � TC =
T+TD. Here, the total cycle duration TC accounts for the inter-
rogation time T and any potential dead time TD, arising from
preparation steps and application of the feedback. In local fre-
quency metrology, assuming short interrogation times leading
to narrow prior distributions, the ADEV is well approximated
by [1, 7]

σy (τ) =
1
ω0

∆ϕQPN

T

√
TC

τ
=

1
ω0

ξ√
N

1
T

√
TC

τ
. (26)

In this context, clock stability is determined by QPN∆ϕQPN =
ξ/
√
N, characterizing the uncertainty associated with the

measurement process.
However, the BMSE in Bayesian frequency metrology—

which leverages Bayesian phase estimation strategies tailored
to frequency metrology and directly includes the frequency
fluctuations into the theoretical model—incorporates both
measurement uncertainty and prior knowledge, preventing a
straightforward substitution of ∆ϕQPN by ∆ϕ. To isolate the
measurement contribution from the prior knowledge I, we
introduce the effective measurement uncertainty motivated by
the BCRB in equation (7) and following [67, 73]

∆ϕM =

(
1

(∆ϕ)
2 −I

)−1/2

=

(
1

(∆ϕ)
2 −

1

(δϕ)
2

)−1/2

(27)

where I = (δϕ)−2 for a Gaussian distribution. Hence, ∆ϕM
quantifies the quality of the measurement process in a single
interrogation cycle. According to the discussion of the BCRB
in section 2.3, the effective measurement uncertainty is lower
bounded by the average Fisher information (∆ϕM)

2 ⩾ 1/F
and thus, a connection to the local approach can be established,
yielding

(∆ϕM)
2 ⩾ 1

F
⩾ (∆ϕCRB)

2
=

1
Fmax

=
1

F (ϕ0)
. (28)

As a consequence, the clock stability in local frequencymetro-
logy, quantified by equation (26), emerges in the limit of nar-
row prior distributions (δϕ � 1) or equivalently short inter-
rogation times (T� 1).

With the effective measurement uncertainty, the ADEV in
the framework of Bayesian frequency metrology is given by

σy (τ) =
1
ω0

∆ϕM
T

√
TC

τ
. (29)

Consequently, the three key quantities for quantifying the
sensitivity and ultimately the clock stability in Bayesian fre-
quency metrology are the prior width δϕ, the BMSE ∆ϕ, and

the effective measurement uncertainty∆ϕM . In the following,
we will examine their relation in a qualitative discussion.

Due to noise in the LO, the phase diffusion grows with
Ramsey dark time. Thus, the prior width δϕ of the relative
phase will be monotonically increasing with the interrogation
time T (cf figure 1(b)). At first glance, one might assume that
δϕ is solely determined by the characteristics of the free run-
ning LO frequency ωLO(t). However, it depends even more
strongly on the noise of the stabilized frequency ω(t) and
therefore on the details of interrogation, estimation and feed-
back. Although, in general, the prior phase distribution can
vary over different clock cycles, it becomes stationary if the
feedback loop stabilizes the LO reliably to the atomic ref-
erence. In this case, the residual noise can be considered to
be white, to a good approximation, and thus can be modeled
by a normal distribution characterized by the spread δϕ (cf
equation (6)).

For a given finite δϕ, the interrogation protocol and estima-
tion strategy can be optimized to minimize the estimation error
∆ϕ. At the same time, the effective measurement uncertainty,
equation (27), and thus also the ADEV, equation (29), are min-
imized. Consequently, ∆ϕ will ultimately determine the sta-
bilized frequency noise, which in turn affects δϕ. Therefore, in
order to reflect the closed feedback loop of the atomic clock,
∆ϕ has to be optimized iteratively for suitably chosen δϕ, as
detailed in section 2.6.

The average error in phase estimation ∆ϕ depends on the
prior width δϕ as well as the particular interrogation sequence
and estimation strategy. As discussed before, ∆ϕ⩽ δϕ and
thus the estimation error ∆ϕ is reduced compared to the
prior width δϕ, since a proper Ramsey protocol increases the
information about the phase. Here, equality ∆ϕ = δϕ cor-
responds a worst case scenario in which the effective meas-
urement variance diverges ∆ϕM →∞. This case represents
an ineffective interrogation scheme, where the information
gained through measurement and estimation fails to improve
the characterization of residual noise. Conversely, a hypothet-
ical perfect phase estimation (precluded by quantum mechan-
ics due to its intrinsic indeterminism) would result in a van-
ishing estimation error∆ϕ→ 0. Likewise, the effective meas-
urement uncertainty would also vanish ∆ϕM → 0, since this
scenario implies a perfect measurement.

The form of the ADEV in equation (29) suggests that
the stability can be improved by increasing the interrogation
time T. However, this is only true as long as the CTL of the
LO remains negligible and QPN ∆ϕQPN = ξ√

N
of the meas-

urement dominates the effective measurement uncertainty. In
general, three regimes can be distinguished based on the rela-
tion between the prior width δϕ and the QPN ∆ϕQPN:

(i) Considering small prior widths δϕ� 1, the measurement
and estimation protocol cannot significantly improve the
knowledge of the phase distribution, since ∆ϕQPN � δϕ
and thus ∆ϕ ' δϕ. In this case, ∆ϕM '∆ϕQPN and the
local form of the ADEV, equation (26), is reproduced.

(ii) With increasing interrogation time T, the prior width sur-
passes QPN δϕ >∆ϕQPN. Nevertheless, in this regime,
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the information gain on the phase distribution resulting
from the measurement and estimation strategy leads to
∆ϕ� δϕ and thus∆ϕM < δϕ. Hence, the optimal work-
ing point of the atomic clock is located in this region.

(iii) At long interrogation times, the coherence time of the LO
will become relevant and ultimately limits the clock sta-
bility. Here, the phase noise exceeds the domain of the
measurement scheme where an unambiguous estimation
is possible, giving ∆ϕM � δϕ '∆ϕ �∆ϕQPN.

Consequently, the ADEV features a trade-off between
increased stability achieved through long interrogation times
and the limitations imposed by the coherence time of the LO,
which are characterized by the CTL. Fortunately, as previ-
ously discussed, this trade-off is inherently addressed within
the framework of Bayesian frequency metrology. In terms of
clock stability, this trade-off gives rise to an optimal interrog-
ation time Tmin at which the minimal ADEV σmin is achieved.
While σmin accounts for the bias in phase estimation for phases
beyond the invertible range of the Ramsey sequence (via the
CTL), it nevertheless remains restricted to a single clock cycle
and neglects cumulative effects that might arise in a full feed-
back loop. Themost prominent of these effects are fringe hops,
which are discussed in detail in section 4 as they can only
appear within the full feedback loop.

2.6. Interrogation time and prior width

In the previous section, we linked the clock stability at inter-
rogation time T, characterized by the ADEV, with Bayesian
phase estimation with prior width δϕ, described by the BMSE.
Furthermore, we qualitatively discussed that the prior width
increases with the interrogation time. To complete the connec-
tion between Bayesian phase estimation and frequency metro-
logy, this section aims to establish an explicit relation between
δϕ and T. This relation serves as a bridge between the fre-
quency fluctuations of the laser in an experiment and a theor-
etical representation in terms of a Gaussian prior distribution
with a specific width. Establishing this connection is essential
for accurately modeling experiments and ensuring the applic-
ability of theoretical predictions to realistic scenarios.

State-of-the-art clock lasers are characterized by the spec-
tral noise density Sy( f) =

∑
α hαf

−(1+α), which can be
modeled by a power law [7, 109–111], whereα=−1,0,1 cor-
responds to white, flicker and random walk frequency noise,
respectively. Accordingly, the Allan variance of the free-
running LO can be expressed as σ2

y,LO(τ) = h̃ατα. To compare
different LOs, a single timescale is defined characterizing the
stability. Following [67], we define the laser coherence time Z
implicitly by

σy,LO (ZC)2πν0Z= 1rad. (30)

Here, σy,LO(ZC) denotes the ADEV of the LO averaging over
a single cycle duration ZC = Z+TD with dead time TD.

In [67], it was demonstrated that the prior width of the full
feedback loop can be approximated by the power law

(δϕ)
2 ' χ(α)

(
T
Z

)2+α

(31)

depending solely on the ratio of interrogation time T and
coherence time of the LO Z, and the numerically determ-
ined factor χ(α) = 1,1.7,2 for α=−1,0,1. This approxim-
ation was derived in the limit of large ensembles and long
interrogation times using the conventional Ramsey protocol
in the framework of local phase estimation, and success-
fully applied in [68, 73]. However, in the full feedback loop
of an atomic clock, the prior width δϕ and estimation error
∆ϕ mutually influence each other. Therefore, δϕ has to be
adjusted iteratively to account for the closed feedback loop
dynamics, as motivated in the previous section and detailed
in appendix A.5.4. This iterative procedure is employed in
section 4, where realistic Monte Carlo simulations of the full
feedback loop of an atomic clock are performed. Nevertheless,
equation (31) remains a convenient approximation for general
investigations and is thus adopted in section 3.

In the following, motivated by state-of-the-art clock
lasers [66], we assume a LO predominantly limited by flicker
frequency noise. Additionally, we neglect systematic shifts in
the atomic transition frequency ω0. Moreover, we will assume
the atomic excited-state lifetime texc to be substantially longer
than the clock cycle duration TC, such that texc � TC.

3. Quantum frequency metrology

In this section, we aim to saturate the OQI in the context of
atomic clocks. We begin by analyzing standard protocols and
compare their performance to the OQI. Afterwards, we intro-
duce variational classes of quantum circuits and investigate the
associated optimal Ramsey protocols.

3.1. Standard protocols

To start with, we examine the effective measurement uncer-
tainty and corresponding clock stability of standard Ramsey
protocols (see appendix A.4 for detailed derivations).
Specifically, we focus on CSSs, SSSs, and GHZ states, as
well as the ultimate lower bound defined by the OQI. For all
Ramsey schemes, the dependence of clock stability on the
interrogation time T reflects the three regimes discussed in
section 2.5, representing a trade-off between enhanced sta-
bility achieved through longer interrogation times and the
CTL. These distinct regimes are depicted in figure 2(a), which
illustrates the generic dependence of stability on interrogation
time. Furthermore, the scaling of the minimal ADEV σmin

with ensemble size N at the optimal interrogation time Tmin

is presented in figure 2(b). These figures are based on the
work of Kaubrügger et al [73] and are adapted here within the
framework defined above. In particular, emphasis is placed
on comparing the linear and optimal Bayesian estimation

11



Rep. Prog. Phys. 88 (2025) 124001 Report on Progress

Figure 2. (a) Generic scaling of the dimensionless Allan deviation σy(τ)×ω0
√
τZ with the interrogation time T for the example of

N= 32, rescaled by the averaging time τ , laser coherence time Z and transition frequency ω0. Stabilities for the CSS (orange), SSS (red)
and GHZ (green) protocols are compared to the performance of the OQI (black). For CSS and SSS, both the linear (dashed) and optimal
Bayesian estimator (solid) are depicted. The gray shaded area represents the inaccessible stability region set by the OQI limit, while the
orange shaded area indicates achievable stabilities using uncorrelated atoms. Dotted lines correspond to the CTL for OQI (black) and for
CSS and SSS with the linear estimator (orange). Additionally, benchmarks such as the SQL (orange), HL (green), and πHL (black) are
included as dashed–dotted lines. (b) Scaling of the dimensionless minimal Allan deviation σmin ×ω0

√
τZ with the ensemble size N. In

addition to the standard protocols, the POI performance (violet) is presented. For the OQI and POI, numerical optimization is performed for
N⩽ 100, while the asymptotic behavior, represented by the πHL (black dashed–dotted), is shown for N> 100.

strategies across different protocols, with performance bench-
marked against the OQI. To enable comparability between
various setups, the achievable ADEVs σy(τ) are rescaled with
respect to the atomic transition frequency ω0, the total aver-
aging time τ and the laser coherence time Z. This rescaling
ensures that the results are transferable to specific experi-
mental parameters.

CSSs—The conventional clock protocol employs Ramsey
interferometry with CSSs [112–114] as initial states, a col-
lective projective spin measurement and a linear estimation
strategy. In this scenario, the effective measurement uncer-
tainty can be evaluated analytically [67] as

(
∆ϕCSS

M

)2
=

cosh
(
(δϕ)

2
)

N
+ sinh

(
(δϕ)

2
)
− (δϕ)

2
. (32)

For short interrogation times T/Z� 1, leading to narrow
prior widths δϕ� 1, the conventional SQL∆ϕSQL = 1/

√
N is

recovered. Conversely, for long interrogation times T/Z∼ 1,
frequency fluctuations of the LO dominate and the first term
in equation (32) becomes negligible. This regime defines the
CTL for CSS with a linear estimator,(

∆ϕCSS
CTL

)2
= sinh

(
(δϕ)

2
)
− (δϕ)

2
. (33)

Hence, the stability reflects a trade-off between these two
regimes, as illustrated in figure 2(a), determining the minimal
ADEV σmin. As the ensemble sizeN increases, the first term in
equation (32) decreases, leading to shorter optimal interroga-
tion times Tmin to achieve σmin.

For the optimal Bayesian estimator, an explicit evaluation
of the conditional probabilitiesP(x|ϕ) is required, as discussed
in section 2.4. Although P(x|ϕ) can be determined analytic-
ally for the CSS, the integrals in equation (25) generally have
to be evaluated numerically. For short interrogation times, the
narrow prior phase distribution allows for a good approxim-
ation by linearizing the signal. Thus, the optimal Bayesian

estimator reproduces the linear estimator in this regime. In
contrast, for interrogation times in the region of the min-
imal ADEV, higher-order contributions of the sinusoidal sig-
nal become relevant and the curvature of the signal has to
be considered. In this case, the optimal Bayesian estimator
approximates the arcsin estimator, which directly inverts the
signal and thus allows to estimate the phase unambiguously in
the range [−π/2,+π/2]. This results in an extended dynamic
range compared to the linear estimator, which cannot account
for any non-linearity of the signal and thus exhibits a higher
minimal instability. As a consequence, the optimal Bayesian
estimator improves the scaling of∆ϕM with the ensemble size
N to O(N−0.47), compared to O(N−0.42) for the linear estim-
ator, as shown in figure 2(b). While the choice of estimator
has limited impact for small ensembles, the stability gain from
the optimal Bayesian estimator becomes significant for large
ensembles N� 1. Importantly, this improvement arises solely
from classical post-processing of the measurement outcomes,
while the quantum circuit remains unchanged. Nevertheless,
the CTL prevents both estimation strategies from achieving
the SQL of 1/

√
N.

SSSs—Extending the conventional Ramsey protocol with a
single OAT interaction [87] for state preparation, various
entangled states can be generated. Here, OAT interactions
are denoted by Tk(µ) = exp

(
−iµ2 S

2
k

)
with twisting strength

µ around axis k, where Sk = k1Sx+ k2Sy+ k3Sz is the spin
projection along direction k. In particular, for small twisting
strengths µ, OAT generates SSSs by shearing the initial CSS
around the twisting axis, characterized by a squeezing para-
meter ξ < 1. Using the linear estimator, the effective measure-
ment uncertainty is given by

(
∆ϕSSS

M

)2
=

〈S2y〉
〈Sx〉2

cosh
(
(δϕ)

2
)
+

〈S2x〉
〈Sx〉2

sinh
(
(δϕ)

2
)

− (δϕ)
2
, (34)
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with expectation values provided in appendix A.4.2. SSS show
enhanced stability compared to CSS due to reduced fluctu-
ations in the measured spin observable. However, the gain
comes at the cost of smaller dynamic range, as the min-
imal ADEV is achieved at shorter interrogation times com-
pared to CSS (cf figure 2(a)). This is a direct consequence of
SSS sharing the same CTL as CSS, since 〈S2y〉/〈Sx〉2 � 1 and
〈S2x〉/〈Sx〉2 ' 1 for large prior widths δϕ and optimal twist-
ing strength. Similar to the conventional Ramsey protocol,
SSS with the optimal Bayesian estimator achieve a slightly
extended dynamic range at long interrogation times. For large
ensembles N� 1, the asymptotic scaling of the effective
measurement uncertainty with the optimal Bayesian estimator
approximatesO(N−2/3), depicted in figure 2(b), reflecting the
scaling observed in local phase estimation [1, 87]. In contrast,
the linear estimator exhibits a scalingO(N−0.63). Furthermore,
the optimal Bayesian estimation strategy offers a remarkable
advantage at short interrogation times, where δϕ ≲ 1/N, as
shown in figure 2(a). In this regime, the estimator becomes
highly non-linear, allowing for substantially stronger twist-
ing strengths µ, resulting in stronger squeezing and enhanced
stability. However, as δϕ approaches 1/N, the scaling of the
ADEV with the interrogation time T stagnates and converges
towards the stability achieved with the linear estimator.

GHZ states—The maximally entangled GHZ state |GHZ〉=[
|↓〉⊗N+ |↑〉⊗N

]
/
√
2 [115] represents an equal superposition

of the collective ground and excited states. The corresponding
Ramsey sequence, initially proposed by Bollinger et al [116],
is referred to as the GHZ protocol. During the free evolution
time, the accumulated phase is amplified by a factor of N due
to the maximal entanglement of the GHZ state. Subsequently,
the parity Π is measured, resulting in a binary outcome ±1
that indicates whether the number of atoms in the ground state
is even or odd. Since a binary outcome inevitably results in a
linear estimator, both estimation strategies coincide and result
in the effective measurement uncertainty

(
∆ϕGHZ

M

)2
=

eN
2(δϕ)2

N2
− (δϕ)

2
. (35)

However, the optimal Bayesian estimator allows to avoid a
parity measurement and perform a conventional projective
spin measurement instead. In this case, the optimal Bayesian
estimator effectively maps even and odd numbers of atoms
in the ground state to the parity ±1, thereby mimicking a
parity measurement and achieving the same sensitivity (cf
appendix A.4.3). This strategy was essentially employed in a
different framework in [117]. Both measurement and estim-
ation strategies are optimal, since equation (35) aligns with
the BQCRB. For short interrogation times, where δϕ ≲ 1/N,
the GHZ protocol achieves the conventional HL∆ϕHL = 1/N,
as illustrated in figure 2(a), which corresponds to the OQI in
a decoherence-free local phase estimation scenario. However,
the sensitivity of the GHZ protocol decreases N-times faster
than that of CSS as the prior width increases. For a parity

measurement, this is attributed to the N-times increased oscil-
lation frequency of the sinusoidal signal, yielding a reduced
dynamic range. Ultimately, the resulting ambiguities in phase
estimation cause the GHZ protocol to be effectively insensit-
ive to phases ϕ ≳ 1/N. Consequently, the optimal interroga-
tion time scales approximately as 1/(NZ), leading to a scaling
of the effective measurement uncertainty of O(N−1/2), equi-
valent to the SQL (cf figure 2(b)). While the minimal ADEV
of the GHZ protocol provides only a minor improvement over
CSS and is outperformed by SSS, its shorter optimal interrog-
ation time offers practical advantages. For instance, reduced
probe times mitigate contrast losses and time dilation shifts
caused by motional heating in ion crystals, thus improving the
signal-to-noise ratio and the accuracy of such a clock [7].

OQI—As discussed in section 2.3, the OQI requires numer-
ical optimization, as no analytical expressions are available
for arbitrary ensemble sizes. Instead, we investigate the gen-
eral scaling based on figure 2. For short interrogation times
T/Z� 1, where δϕ ≲ 1/N, the OQI is saturated by the GHZ
protocol, achieving the HL σHL(τ) = 1/(N

√
Tτ), as shown in

figure 2(a). As the interrogation time increases and δϕ ≳ N, a
characteristic plateau emerges in which the ADEV decreases
only marginally with T. This plateau shifts to shorter inter-
rogation times as the ensemble size N increases, reflecting
the CTL of the GHZ protocol. Beyond this plateau, as the
interrogation time increases further, the scaling of the ADEV
with T converges back to 1/

√
T, ultimately reaching its min-

imum σmin at Tmin. In the limit of large ensembles (N� 1),
this minimum is determined by the πHL. While the OQI sig-
nificantly outperforms SSS at Tmin, SSS perform close to the
OQI in the transition regime, especially for small ensembles.
The relative gain of the OQI over SSS at Tmin increases with
the ensemble size, as illustrated in figure 2(b). In the asymp-
totic limitN� 1, the POI, introduced in section 2.3 and further
detailed in appendix A.1.3, is optimal, saturating the πHL. In
this regime, the OQI scales asO(N−0.97), closely approximat-
ing Heisenberg scaling. Ultimately, the CTL is approached at
long interrogation times.

In the following, we essentially distinguish between two
different regimes concerning the ensemble size N: the first
regime covers systems ranging from N= 1 to some tens of
atoms, as relevant for ion-traps [11–13] or tweezer-arrays [14–
17]. The remainder of this section primarily focuses on
bridging the gap between SSS and the OQI by identifying
Ramsey protocols of increasing complexity that approximate
the OQI within this regime. In contrast, for large ensembles
(N≳ 100), the regime of lattice clocks is reached and the
asymptotic scaling is approximated [7, 18–21]. In this regime,
dead time typically emerges as the dominant limitation [68],
as discussed in detail in section 5.

3.2. Variational classes

Recent advances in quantum information have inspired the
development of variational quantum circuits as versatile tools
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for implementing interferometers with setup-specific quantum
gates. Typically, each layer in these circuits comprises an
entanglement-generating interaction and (single qubit) rota-
tions that provide geometric flexibility. OAT [87] interac-
tions have gathered significant attention, as they can be imple-
mented in several experimental platforms [57, 79, 88–94]
and corresponding circuits represent a natural extension of
SSSs. Combined with collective rotations, OAT interactions
form the building blocks of several variational quantum cir-
cuits [73–78].While [75] offers a unified framework for gener-
alized echo protocols in local phase estimation, encompassing
numerous previously documented approaches [77, 79–86],
this work investigates variational classes specifically tailored
to Bayesian frequency metrology.

In general, any variational Ramsey protocol can be
expressed as

P(x|ϕ) = Tr(|x〉〈x|Λϕ,T [ρin]) (36)

ρin = Uprep|ψ0〉〈ψ0|U†
prep (37)

|x〉〈x|= U†
meas|M〉〈M|Umeas, (38)

with arbitrary unitary preparation andmeasurement operations
Uprep and Umeas, respectively. While Uprep generates the initial
state by acting on the ground state |ψ0〉= |↓〉⊗N, Umeas effect-
ively determines the measurement X by transforming the pro-
jectors |M〉〈M| associated with Dicke states of spin S= N/2
and eigenvalue M of Sz. Since any alternative choice of |ψ0〉
and Dicke basis {|M〉〈M|} can be incorporated into Uprep and
Umeas by additional transformations, fixing |ψ0〉 and {|M〉〈M|}
does not limit the generality of the protocol. The unitariesUprep

andUmeas are constructed from n andm layers of the variational
circuit, respectively. Consequently, n effectively determines
the level of entanglement in the initial state, while m gov-
erns the measurement strategy and dynamic range, ultimately
determining the minimal ADEV σmin.

Previous results—Pioneering work on Bayesian variational
Ramsey protocols was conducted in [73, 76]. These studies
introduced a variational class constrained to be invariant under
the x-parity transformation, resulting in an anti-symmetric sig-
nal. Each layer of the quantum circuit consisted of two OAT
interactions applied along orthogonal directions, combined
with a collective rotation about one of these axes. While this
choice provided a diverse class of entanglement-generating
unitaries in each layer, it imposed significant geometric con-
straints. Nevertheless, the quality of phase estimation was
not compromised, as the main objective was to saturate the
OQI in the asymptotic limit of deep circuits. The analysis
primarily focused on ensembles with several tens of qubits
and employed linear estimation strategies. Kaubruegger et al
demonstrated that the minimal ADEV σmin could be achieved
with sufficiently deep circuits. However, this approach had two
key drawbacks: the reliance on deep circuits due to restricted
geometric flexibility, and the inclusion of two OAT interac-
tions per layer, which are experimentally more challenging to
implement than collective rotations.

Thurtell and Miyake [74] addressed these limitations by
proposing a variational class where each layer comprises a
single OAT interaction around the z-axis combined with global
rotations. These rotations are designed to effectively transform
the OAT interaction with respect to an arbitrary axis, thereby
eliminating geometric constraints. This approach reduced both
the circuit depth and the number of OAT interactions, while
achieving results comparable to those in [73]. Nevertheless, a
considerable number of OAT interactions remained necessary.
Moreover, the analysis was conductedwithin the framework of
general Bayesian phase estimation and thus, did not consider
the trade-off with respect to the interrogation time in frequency
metrology.

Variational Ramsey protocols—In the following, we aim to
approximate the OQIwithin the framework of Bayesian estim-
ation tailored to frequency metrology. Instead of exploring the
convergence towards the OQI with many layers for state pre-
paration and measurement, we focus on variational quantum
circuits with minimal depth. We primarily consider small
ensembles relevant to ion-traps and additionally investigate
the transition toward tweezer-arrays, which have been pre-
dominantly studied in [73, 74]. Given the high degree of con-
trol achievable in these systems, this represents the regime
where near-term experimental implementation is most likely.
Moreover, variational protocols are less favorable in setups
with many atoms, such as in lattice clocks, as we will dis-
cuss below. In contrast to earlier studies, relying on linear
estimation strategies, we employ the optimal Bayesian estim-
ator to fully exploit the potential of variational Ramsey pro-
tocols. This choice is motivated by the substantial improve-
ments observed for the standard protocols, including enhanced
squeezing for SSS at short interrogation times, an extended
dynamic range for CSS and SSS, and an effective reduc-
tion in the circuit depth required to implement the GHZ pro-
tocol. Additionally, by using the optimal Bayesian estimator,
we ensure saturation of the BCRB for any given initial state
and measurement and thus minimizing the required circuit
depth. A comprehensive comparison with the linear estima-
tion strategy is provided in section 4.3.

Building on the advancements in [73, 74], we define the
variational class of generalized Ramsey protocols considered
in this work, as illustrated in figure 3(a), by

Uprep =Rn

 n⊗
j=1

Tj

Rπ
2

Umeas =Rm

 n+m⊗
j=n+1

Tj

R†
n, (39)

where we introduced the abbreviations Tj = Tkj(µj) andRπ
2
=

Ry
(
−π

2

)
. The π/2-pulse Rπ

2
in Uen generates the CSS polar-

ized in x-direction |+〉⊗N = (|↑〉+ |↓〉)⊗N/
√
2
N
=Rπ

2
|↓〉⊗N.

14



Rep. Prog. Phys. 88 (2025) 124001 Report on Progress

Figure 3. (a) Visualization of the variational Ramsey protocols defined in equation (39). The π/2-pulse Rπ
2
=Ry(−π/2) generates the

coherent spin state (CSS) polarized in x-direction from the ground state |ψ0⟩= |↓⟩⊗N. Entanglement in the initial state and measurement is
introduced via one-axis-twisting (OAT) interactions, denoted by Tj = Tkj(µj) with twisting strength µj around axis kj. During the free
evolution time T, the phase ϕ is imprinted onto the initial state via a rotation around the z-axis. The rotations Rn and Rm result in an
effective phase evolution around an arbitrary axis n, Sn =R†

nSzRn, and an effective measurement of Sm =R†
mSzRm, respectively. Finally,

the phase is estimated based on measurement outcome M of observable Sz. (b)–(d) Approximating the OQI using variational [1,m]-classes
(blue) for (a) N= 4, (b) N= 8 and (c) N= 32. For comparison, the standard protocols are shown as they naturally emerge as specific
quantum circuits within the variational classes. Additionally, the BQCRB of SSS is shown (dashed gray). With increasing N, the complexity
of the variational circuits required to approach OQI performance increases. (e) Scaling of the gain in clock stability compared to CSS at the
optimal interrogation time Tmin with N.

The rotations Rn and Rm result in an effective phase evolu-
tion around an arbitrary axis n, Sn =R†

nSzRn, and an effect-
ive measurement of Sm =R†

mSzRm, respectively. Similarly,
each OAT Tk(µ) =R†

kTz(µ)Rk can be expressed as an OAT
with respect to the z-axis and a rotationRk. The resulting vari-
ational classes are not restricted by any geometric constraints.
By employing the optimal Bayesian estimator, which can take
arbitrary non-linear forms, there are likewise no restrictions
imposed on the signals. Consequently, the signals often exhibit
strongly non-sinusoidal shapes without any symmetry and no
apparent relation to the phase (cf appendix A.5.2), which may
initially seem counterintuitive. However, when combined with
the corresponding estimator, this approach achieves a low
phase estimation uncertainty, as we will see in this section. A
similar behavior has already been observed for the GHZ pro-
tocol, where the estimator effectively mimics a parity meas-
urement while the signal itself vanishes. In contrast, the use of

a linear estimator, as defined in equation (20), typically results
in signals that are anti-symmetric, at least within the range of
the prior distribution.

For a given protocol class [n,m], the quantum circuit
contains n+m OAT interactions with associated twisting
strengths µj. Together with the rotations Rn,Rm,Rkj , which
ensure geometric generality and are each characterized by two
variational parameters, the total number of variational para-
meters is 4+ 3(n+m). Notably, the particular choice of the
CSS |+〉⊗N as the initial state allows us to fix the first OAT of
Uprep along the z-axis without losing any generality. This sim-
plification reduces the total number of variational parameters
by two.

The variational class defined in equation (39) contains
the standard Ramsey protocols as limiting cases. CSSs are
recovered in the [0,0]-protocol, while SSSs are implemented
within the [1,0]-class. The GHZ protocol emerges as a special

15



Rep. Prog. Phys. 88 (2025) 124001 Report on Progress

case, either within the [1,0]-class using the optimal Bayesian
estimator, as discussed in the previous section, or as part of the
[1,1]-class, as implemented in [79].

3.3. Optimal protocols

For fixed ensemble size N, circuit depth [n,m] and prior phase
width δϕ, the optimization of the quantum circuits introduced
above is performed over all variational parameters. To enable a
general discussion, we adopt the power-law scaling of the prior
width with interrogation time T, as defined in equation (31).
Results for exemplary ensemble sizes N as well as the scaling
of the stability withN are presented in figure 3. The variational
protocols are primarily compared to the OQI, as saturating it
is the central goal of this section. Additionally, comparisons
to standard Ramsey protocols are provided where relevant to
highlight specific advantages and limitations.

General results—We begin by examining the general behavior
and scaling of the variational classes, with a particular focus
on the number of layers n and m. While [n,0]-protocols yield
collective spin measurements with sinusoidal signals, increas-
ing m allows for arbitrary signal shapes (cf appendix A.5.2),
since no geometric constraints are imposed. As for the stand-
ard Ramsey protocols, variational protocols exhibit a clear
trade-off between enhanced stability for increasing interrog-
ation times and the CTL of the LO.

At long interrogation times close to the minimal ADEV
σmin, the OQI is saturated by the BQCRB of SSS for any
ensemble size N. Within the variational framework, this can
be implemented using the [1,m]-classes, as the optimal meas-
urement of the BQCRB is approximated in the limit m� 1.
Increasing the number of entangling layers n yields σmin com-
parable to that of the corresponding [1,m]-protocols, consist-
ent with findings in [74]. Consequently, to extend the dynamic
range and approximate the OQI at long interrogation times
requires to increase m.

In contrast, at short interrogation times, the dynamic range
is negligible, and increasing the entanglement depth of the
initial state, effectively determined by n, becomes beneficial.
However, GHZ states are already optimal in this regime and
saturate the HL. Thus, n= 1 remains sufficient.

At the plateau of the OQI, where GHZ states become
ineffective, the [1,m]-classes in general do not saturate the
OQI. This regime becomes broader for larger ensembles,
since the dynamic range of GHZ states reduces with N. Here,
achieving the OQI requires asymptotically deep quantum cir-
cuits, which, however, is unfavorable. Even in the limit of
n+m� 1, as considered in [73, 76], the variational class
only gradually approximates the OQI with increasing com-
plexity. Furthermore, in the plateau regime, the optimal vari-
ational parameters strongly depend on the prior width, caus-
ing substantial variations in the interferometer sequence. As
a consequence, even minor modifications in the interrog-
ation time can lead to profound changes in the form of
both the signals and the associated estimation strategies. In
particular, as the regime of GHZ states is exceeded, the
twisting strengths decrease significantly, effectively reducing

the degree of entanglement to adapt to increased LO noise.
Interestingly, this susceptibility diminishes with increasing
circuit complexity m. This can be interpreted as follows: For
low depth quantum circuits, the variational degree of freedom
is limited and thus, the optimal states and measurements have
to be extremely well tailored to a specific prior width to ensure
a sufficiently high degree of entanglement and dynamic range
at the same time. As the variational complexity increases, the
variational space grows and reduces the susceptibility to small
variations in the prior width. Additionally, this dependence
gives rise to a large number of local minima, making global
optimization tedious and facilitating numerical errors, indic-
ated by the non-smooth curves.

As a consequence, we focus on approximating the OQI in
all regimes except the plateau using variational [1,m]-classes
and strive for a minimal circuit depth m.

Protocol complexity and ensemble size—For the simplest case,
N= 2, the GHZ protocol is optimal across most interrogation
times because the critical prior width, δϕ ∼ 1/N, is relatively
large. Consequently, the region between the plateau and the
minimal ADEV is narrow. In this transitional regime, SSS
achieve the OQI, while the minimal ADEV as well as the plat-
eau of the OQI are saturated by the simplest non-trivial vari-
ational class, the [1,1]-protocols. Hence, standard protocols
are sufficient to saturate the OQI across a wide range of inter-
rogation times.

For N= 4, illustrated in figure 3(b), the plateau of the OQI
already broadens significantly. SSS perform close to the OQI
and the variational protocols over a narrow range of interroga-
tion times in the transition regime. The [1,1]-protocols remain
optimal for a broad range of interrogation times, closely
approaching the OQI at the plateau and at the minimal ADEV.
Increasing the circuit complexity, the [1,2]-class approximates
the OQI.

For N= 8, depicted in figure 3(c), the discrepancy between
low-depth quantum circuits and the OQI at the plateau
becomes more pronounced. Even the BQCRB of SSS, effect-
ively represented by [1,m]-classes for m� 1, approximates
the OQI only closely. In the transition regime, where the OQI
scaling reverts to ∼ 1/

√
T, SSS approximate both the vari-

ational classes and the OQI, but the deviation grows with
N, as discussed in section 3.1. At the minimal ADEV, [1,1]-
protocols substantially extend the dynamic range, but never-
theless leave a noticeable gap to the OQI, which is largely
closed by [1,2]-classes. Increasing the variational complexity
further, the [1,3]-class approximates the OQI in the vicinity of
σmin, but does not fully saturate it. Consequently, already for
N= 8 relatively deep quantum circuits are required to saturate
the OQI entirely. Since the gain diminishes with increasing m,
and in order to keep the quantum circuit comparably simple,
we do not increase the circuit depth further.

AsN increases, this trend continues, as shown forN= 32 in
figure 3(d). In this case, even the BQCRB of SSS exhibits sig-
nificant deviations from the OQI at the plateau. In contrast, in
the scaling regime of∼ 1/

√
T, and particularly at the minimal

ADEV, the BQCRB saturates the OQI. The overall minimum
is approximated by increasing m, but diminishing gains make
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deeper circuits less advantageous. Hence, we restrict our ana-
lysis to variational classes [1,m] with m⩽ 3 as before. In gen-
eral, the variational complexity required to saturate the OQI
grows with N (cf figure 3(e)). These results align with the
asymptotic analysis of OQI saturation in [73, 74, 76].

For large ensemble sizes (N≳ 100), reaching the regime of
optical lattice clocks, atom number fluctuations during inter-
rogation become relevant [7]. Variational Ramsey protocols,
optimized for fixedN, are highly sensitive to such fluctuations,
making them less favorable in this regime. Instead, the POI
emerges as a robust alternative, saturating the OQI in the limit
of large N.

In summary, for systems with small ensembles N, such as
ion-traps and tweezer-arrays, low-depth variational classes are
sufficient to approximate the OQI. These protocols generally
achieve optimal performance across all interrogation times,
except at the OQI plateau. Already the simplest variational
protocols from the [1,1]-class significantly enhance the sta-
bility at long interrogation times, particularly in the regime
of the minimal ADEV. The circuit depth of [1,m] protocols
required to actually saturate the OQI at long interrogation
times increases withN. However, the performance gain dimin-
ishes with m, presenting a trade-off between reduced instabil-
ity and increasing complexity. To maintain a reasonable bal-
ance between dynamic range and circuit depth, we restrict our
analysis to m⩽ 3, acknowledging that the OQI can be fully
saturated in the limit of deep circuits m� 1, as quantified by
the BQCRB of SSS.

4. Application in the full feedback loop of an atomic
clock

The Bayesian approach captures key aspects of atomic
clock operation, including finite prior information, single-shot
measurements, and the trade-off between enhanced stability
achieved through longer interrogation times and the CTL of
the LO. However, it models only a single clock cycle and neg-
lects cumulative effects that arise in a full feedback loop. In
particular, in the regime where the invertible domain of the
main fringe is exceeded by the prior distribution and thus an
unambiguous phase estimation is no longer possible, so called
fringe hops might occur. In this scenario, the feedback loop
passes to an adjacent fringe resulting in the clock running sys-
tematically wrong and consequently degrading the clock sta-
bility. Whether fringe hops or the CTL impose the domin-
ant constraint depends on the specific Ramsey protocol and
interrogation time. Since fringe hops are a feature only emer-
ging in the context of a full feedback loop, they are not cap-
tured by the theoretical model presented above.While existing
approaches, such as those in [68, 118], provide rough estimates
for the effects of fringe hops based on single cycle properties,
they are typically limited to sinusoidal signals and lack gen-
eral applicability. A rigorous treatment of fringe hops requires
modeling the complete feedback loop, as pursued in [69], but
adapting this framework to variational Ramsey protocols lies
beyond the scope of this work. Instead, we perform realistic

Monte Carlo simulations of the full feedback loop to validate
our theoretical predictions on clock stability. These numer-
ical simulations reflect the basic principles of atomic clock
operation (cf section 2.1), building on the methods presen-
ted in [67, 68]. Further implementation details are provided
in the appendix A.5.3. The prior width in the full feedback
loop is determined iteratively, as discussed in section 2.6 and
appendix A.5.4.

To start with, in section 4.1 we examine the limitations
imposed by fringe hops and discuss the associated deviations
between theoretical predictions and numerical simulations. In
section 4.2, we investigate the clock stability within the full
feedback loop of an atomic clock for various Ramsey protocols
and ensemble sizes, identifying the protocols that perform best
in the respective regimes. Furthermore, in section 4.3, we com-
pare the linear estimation strategy with the optimal Bayesian
estimator, focusing particularly on variational quantum cir-
cuits and the limitations imposed by fringe hops.

4.1. Limitation due to fringe hops

Results of numerical simulations, presented in figure 4, show
good agreement with theoretical predictions across a wide
range of interrogation times. However, significant deviations
arise in two regimes.

First, for small ensembles at long interrogation times, fringe
hops limit the clock stability rather than the CTL. As a res-
ult, the minimal ADEV σmin is not achieved for the stand-
ard protocols and variational classes. Instead, the best sta-
bility is observed at Tsim < Tmin, lying within the transition
regime between the plateau of the OQI and σmin. However,
as N increases, Tsim approaches the CTL at Tmin, resulting
in improved stability. In particular, for N≳ 20, fringe hops
and the CTL spoil the stability at the same level and thus,
the minimal ADEV is achieved for the standard protocols and
variational classes. Notably, GHZ protocols remain limited
by fringe hops regardless of N due to their inherently narrow
dynamic range which decreases with the ensemble size.

Second, deviations arise in the regime of the plateau of the
OQI, which primarily can be explained by three arguments:
(i) similar to long interrogation times, fringe hops can occur
in this regime. For instance, for δϕ ≲ 1/N, the optimal vari-
ational protocols resemble the GHZ protocol. However, as
argued before, fringe hops prevent GHZ protocols to achieve
its minimal ADEV. Likewise, the optimal variational proto-
cols may not attain the theoretical prediction as δϕ ∼ 1/N. In
this regime, m 6= 0 typically generates highly non-sinusoidal
signals with reduced dynamic range compared to CSS and
SSS (cf appendix A.5.2), resulting in severe limitations due
to fringe hops. (ii) As described in the previous section, in
the regime of the OQI plateau, the optimal variational para-
meters are highly sensitive to small changes in the interrog-
ation time, where this susceptibility diminishes with the cir-
cuit complexity m. With increasing ensemble size, this limita-
tion increases, since the plateau gets broader with N. Although
the prior width is determined iteratively, modeling the actual
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Figure 4. Numerical simulations of the full feedback loop in an
atomic clock compared to the theoretical predictions of the Allan
deviation for ensemble sizes (a) N= 4, (b) N= 8 and (c) N= 32.
The variational Ramsey protocols [n,m] consist of n and m layers of
one-axis-twisting interactions for state preparation and
measurement, respectively. Symbols represent the mean clock
stability, while error bars indicate fluctuations over independent
clock runs, arising from the stochastic nature of the Monte Carlo
simulations. Fringe hops limit stability in the plateau regime and at
long interrogation times, as discussed in the main text. The
associated prior width is obtained iteratively. Further details on the
numerical simulations are provided in appendix A.5.3.

prior distribution solely based on the width remains a sim-
plified parameterization of the prior knowledge. Furthermore,
this iterative evaluation of the prior width relies on a fixed
interrogation sequence (cf appendix A.5.4), which may not
capture the true prior width of variational protocols suffi-
ciently accurate. Consequently, the optimization can lead to

variational protocols that aremore susceptible to the true resid-
ual noise than predicted by the model, resulting in deviations
between theoretical predictions and numerical simulations.
(iii) Additionally, the assumption of a Gaussian prior distri-
bution for the residual noise in each cycle may not repro-
duce the true dynamics appropriately. In particular, for small
ensembles, the number of possible measurement outcomes is
small and thus, the central limit theorem justifies this assump-
tion to a reasonable level only in the asymptotic limit of many
repetitions. Consequently, corresponding deviations reduce
with increasing N.

As a consequence, stability can be compromised in both
regimes. To address these limitations, we simulate the clock
performance of several protocols for a fixed interrogation time
T and variational class [n,m], corresponding to distinct local
minima in the parameter landscape, and select the protocol that
achieves the best stability (see appendix A.5.3). Consequently,
the best-performing protocol identified in simulations may
differ from the theoretical optimum, leading to deviations
between simulation and theory. Furthermore, the sensitivity
landscape typically features numerous local minima and thus,
it is not feasible to simulate all emerging protocols. In extreme
cases, fringe hops may affect all simulated protocols, leading
to complete stability loss. Hence, we show the least complex
variational class [1,m] that achieves theoretical predictions at
the OQI plateau. At long interrogation times, we include sim-
ulation results of deeper quantum circuits where a substantial
gain is observed.

4.2. Clock stability

Overall, numerical simulations align closely with theor-
etical predictions across a wide range of interrogation
times. However, as discussed in the previous section, fringe
hops impose the primary limitation at the OQI plateau.
Additionally, for ensembles with N≲ 20 and long interroga-
tion times, fringe hops limit the clock stability rather than the
CTL of the LO. As a consequence, the minimal ADEV σmin

is not achieved for small ensembles, and variational protocols
provide marginal to no advantage over SSS in this regime. In
particular, we distinguish between three regimes based on the
ensemble size:

(i) For very small ensembles with N≲ 4 (cf figure 4(a)), the
GHZ protocol saturates the ultimate lower limit, repres-
ented by the OQI, for short interrogation times, while
at long interrogation times, approaching the fringe hop
limit Tsim, SSS become optimal. Hence, variational pro-
tocols provide an advantage over standard protocols only
in the regime of the OQI plateau. In this regime, typic-
ally the simplest [1,1]-class already is sufficient to satur-
ate the OQI. However, the optimal protocols vary signi-
ficantly with interrogation time, increasing their suscept-
ibility to fringe hops. Furthermore, the OQI plateau is
relatively narrow for N≲ 4. Given the trade-off between
potential stability gains and the experimental challenges
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involved in implementing more complex Ramsey proto-
cols, the GHZ protocol at short interrogation times and
SSS at longer interrogation times remain the preferable
choices for ensembles with N≲ 4.

(ii) For intermediate ensembles with N≲ 20 (cf figure 4(b)),
fringe hops continue to impose the fundamental limita-
tion at long interrogation times. Furthermore, the regime
of the OQI plateau expands, which in turn increases the
region where variational protocols provide an advantage
over SSS. Nevertheless, [1,m] protocols remain fragile to
fringe hops in this regime and additionally do not suffice
to actually saturate the OQI. At long interrogation times
approaching Tsim, which itself approximates Tmin with
increasing N, variational protocols offer improved stabil-
ity compared to SSS. In this regime, again the simplest
[1,1]-class is sufficient to achieve a relevant improve-
ment, while the additional benefit of [1,m] protocols with
m> 1 is negligible when considering the fluctuations over
independent clock runs. However, to achieve a gain com-
pared to SSS at long interrogation times requires T∼ Tsim.
For practical implementation in an experiment, [67] sug-
gests to choose an interrogation time slightly shorter than
Tsim, effectively providing a safety margin against fringe
hops. As a result, similar to N⩽ 4, variational proto-
cols forN≲ 20 effectively enhance clock stability primar-
ily within the OQI plateau regime, which remains less
favorable in experimental settings, while GHZ states and
SSS are beneficial at short and long interrogation times,
respectively.

(iii) As the ensemble size increases to N≳ 20 (cf figure 4(c)),
the limitations imposed by fringe hops and the CTL
become comparable. In this regime, variational protocols
succeed to achieve σmin, resulting in a substantial gain in
stability over SSS. Furthermore, as N grows, increasing
the circuit complexity m of the [1,m] protocols provides
relevant gains in stability.

To conclude, variational protocols for clocks with only a
few atoms, characteristic of ion-traps, primarily enhance sta-
bility within the OQI plateau. However, this regime is less
favorable due to the strong dependence of variational paramet-
ers on interrogation time and increased susceptibility to fringe
hops. In contrast, for clocks with several tens of atoms, typical
of tweezer-arrays, variational Ramsey protocols offer a signi-
ficant improvement in clock stability, particularly at long inter-
rogation times. Here, low-depth quantum circuits are suffi-
cient, as the benefits diminish with increasingm, resulting in a
trade-off between increased complexity and extended dynamic
range.

4.3. Comparison of linear and optimal Bayesian estimation

In section 3.1, we observed that the optimal Bayesian estim-
ator achieves significant improvements over the linear estim-
ator in several regimes for standard protocols. For instance, it
provides a larger dynamic range at long interrogation times
and enables stronger spin-squeezing at short interrogation

times due to its non-linearity. Nevertheless, the linear estim-
ator delivers equivalent results at interrogation times where the
signal can be linearized within the extent of the prior distribu-
tion, which typically corresponds to T/Z� 1. Moreover, the
linear estimator simplifies numerical studies (see section 2.4)
and has delivered remarkable results in previous works [67,
68], including applications in variational Ramsey interfero-
metry [73, 74, 76]. Therefore, we compare the performance
of the linear and optimal Bayesian estimators in the context
of variational interrogation protocols to determine whether
the potential advantages of the optimal Bayesian estimator,
while significant in some regimes for standard protocols, trans-
late into meaningful improvements in the case of variational
quantum circuits.

In figure 5, we compare theoretical predictions of clock
stability for optimized variational [1,m] protocols employing
both estimation strategies. Surprisingly, the linear estimator
effectively achieves the same stability as the optimal Bayesian
estimator. In particular, the optimal Bayesian estimator does
not extend the dynamic range at long interrogation times and
correspondingly does not enhance the minimal ADEV, while
offering only a marginal enhancement in the plateau regime of
the OQI, where GHZ protocols become ineffective. However,
this gain is negligible, especially when considering the sta-
bility issues in this regime discussed in the previous sections.
Consequently, in theory, the optimal Bayesian estimator does
not provide a relevant improvement over the linear estimator,
which is consistent with findings in [76] for exclusively anti-
symmetric signals (cf supplementary discussion S9 in [76]).

While theoretical predictions offer valuable insights, their
validation in realistic scenarios is essential for a compre-
hensive analysis, as discussed before. Figure 5 additionally
presents numerical simulations of the full feedback loop. The
standard protocols perform as predicted by theory, exhibiting
the same limitation imposed by fringe hops at long interrog-
ation times, as observed with the optimal Bayesian estimator.
For larger ensemble sizes N≳ 20, where the CTL and fringe
hops constrain clock stability at the same level, the reduced
dynamic range of the linear estimator for sinusoidal signals
becomes relevant. As a results, the optimal Bayesian estim-
ator achieves higher stabilities for CSS and SSS, as discussed
in section 3.1. Again, variational protocols are constrained by
fringe hops in two distinct regimes. (i) At the OQI plateau, the
susceptibility to fringe hops is significantly enhanced for the
linear estimator compared to the optimal Bayesian estimator,
as indicated by larger deviations between theoretical predic-
tions and numerical simulations, as well as broader regions
where deeper quantum circuits are required to achieve the-
oretical expectations. However, given the strong variation in
optimal Ramsey schemes and the emergence of fringe hops,
operating a clock in these regimes may be experimentally
unfavorable anyway, as discussed in previous sections. Thus,
the stronger limitation imposed by fringe hops in this regime
is of minor practical relevance. (ii) For N≲ 20, clock sta-
bility is limited by fringe hops at the same level for both
estimation strategies, leading to comparable maximal inter-
rogation times Tsim (cf figures 5(a) and (b)). In contrast to
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Figure 5. Numerical simulations of the full feedback loop in an
atomic clock with a linear estimation strategy for ensemble sizes (a)
N= 4, (b) N= 8 and (c) N= 32 characterized by the Allan
deviation. The variational Ramsey protocols [n,m] consist of n and
m layers of one-axis-twisting interactions for state preparation and
measurement, respectively. Lines depict theoretical predictions with
the linear (dashed) and optimal Bayesian estimator (solid). Symbols
represent the mean clock stability, while error bars indicate
fluctuations over independent clock runs, arising from the stochastic
nature of the process. Fringe hops limit stability in the plateau
regime and at long interrogation times, as discussed in the main text.
Further details on the numerical simulations are provided in
appendix A.5.3.

the optimal Bayesian estimator, for larger ensembles with
N≳ 20, fringe hops remain the dominant limitation when
using the linear estimation strategy. As a consequence, the
minimal ADEV σmin is not achieved for [1,m] protocols, as

illustrated in figure 5(c). Therefore, in clocks with a few tens
of atoms, typically realized in tweezer-arrays, the linear estim-
ation strategy causes fringe hops to impose a stricter constraint
on clock stability than the coherence time of the LO.

In summary, the optimal Bayesian estimator guarantees
to saturate the BCRB, thereby maximizing the use of the
measurement data. Whether the linear estimation strategy can
achieve comparable performance depends strongly on the par-
ticular interrogation scheme and must be evaluated for each
specific scenario. For variational Ramsey protocols, as con-
sidered in this work, the optimal Bayesian estimator proves to
be less susceptible to fringe hops. While this difference may
be negligible in the regime of the OQI plateau, where these
protocols are potentially unfavorable for experimental imple-
mentation, the critical ensemble size at which fringe hops and
the CTL constrain the clock stability at the same level is larger
when using the linear estimation strategy.

Moreover, it is important to note that the estimation strategy
primarily affects the classical post-processing of the measure-
ment outcome. Consequently, the complexity of the Ramsey
sequence remains unchanged for both estimation strategies.
The quantum circuit itself is only indirectly influenced, as the
choice of estimator affects the optimal variational paramet-
ers. Typically, the optimal Bayesian estimator leads to smaller
total twisting strengthsµ=

∑
j |µj|, particularly for variational

classes [1,m]withm> 1. Hence, the linear estimation strategy
effectively requires larger twisting strengths to compensate for
the non-linearity of the optimal Bayesian estimator. As a res-
ult, quantum circuits employing the optimal Bayesian estim-
ator achieve shorter gate durations, which may be of practical
interest.

5. Dead time

In the previous sections, we extensively discussed the trade-
off between QPN, which decreases with the interrogation time
T (cf equation (26)), and the CTL of the LO, which con-
straints clock stability at long interrogation times. Here, we
extend the discussion to account for the effect of dead time
TD in atomic clock operation. Dead time typically arises from
processes such as probe preparation, measurement, and the
application of feedback. During this period, frequency fluctu-
ations of the LO remain unmonitored by the Ramsey interroga-
tion and therefore cannot bemeasured or corrected. The cumu-
lative effect of this lack of information degrades the long-term
stability of the atomic clock, a phenomenon first described by
Dick [119, 120], therefore commonly referred to as the Dick
effect. The contribution of the Dick effect to the clock stability
is directly inferred from the spectral noise density Sy( f) of the
LO and is given by [120, 121]

σ2
y,Dick (τ) =

1
τ

T2
C

T2

∞∑
k=1

Sy

(
k
TC

)
sin2 (π kT/TC)

π2k2
, (40)

where TC = TD +T is the clock cycle duration. The impact of
the Dick effect diminishes with longer interrogation times T,
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as it depends on the ratio T/TC which decreases when the rel-
ative contribution of dead time is reduced. Taking dead time
into account, the overall clock stability is determined by the
interplay between QPN, CTL, and Dick noise. Specifically, it
is characterized by the total ADEV

σy,tot (τ) =
√
σ2
y,QPN (τ)+σ2

y,CTL (τ)+σ2
y,Dick (τ), (41)

where QPN and the CTL are combined in the Bayesian frame-
work as σ2

y (τ) = σ2
y,QPN(τ)+σ2

y,CTL(τ). While the Bayesian
approach generally does not permit a strict separation of
QPN and CTL contributions, except in specific cases such
as the OQI or for CSS and SSS with a linear estimator (cf
section 3.1), it is nevertheless advantageous to treat them form-
ally as independent components to discuss their general scal-
ing quantitatively. The trade-off characterized by σy,tot(τ) has
been thoroughly studied for CSS and SSS with a linear estim-
ator in [68], where QPN was characterized using local phase
estimation theory, while the CTLwas modeled via a stochastic
differential equation describing the stabilized frequency of the
LO. In contrast, in this work we adapt the discussion to the
Bayesian framework, which provides an intuitive and com-
prehensive approach to treating these effects. Additionally, for
comparison, we include the ultimate lower bound on clock
stability represented by the OQI. After analyzing the gen-
eral scaling of σy,tot(τ) for standard protocols, we consider
various experimental platforms and discuss the effect of dead
times characteristic of each setup. Furthermore, we explore
the potential benefits of variational quantum circuits in these
regimes.

5.1. Dead time in Bayesian frequency metrology

In addition to the contribution described by equation (40),
dead time affects Bayesian frequency metrology in two dis-
tinct ways. First, and most notably, it modifies the scaling
of the ADEV, associated with QPN and the CTL, as a func-
tion of the interrogation time T. Instead of the ideal ∼ 1/

√
T

scaling, dead time reduces it to ∼
√
TC/T2, as apparent in

equation (29). Second, dead time broadens the prior distri-
bution of the phase due to unmonitored frequency fluctu-
ations during TD. Among these two effects, the modified scal-
ing with T has a substantially larger impact, whereas the
broadening of the prior distribution introduces only a relat-
ively minor correction. Nevertheless, incorporating the impli-
cit broadening is crucial for accurate modeling and for identi-
fying optimal Ramsey protocols and estimation strategies, as
the prior width strongly influences the optimal interrogation
sequence, as explored in previous sections.

Although the prior width could, in principle, be adjusted
iteratively to include dead time as for TD = 0, this approach
is computationally demanding. Moreover, our goal is to estab-
lish a direct connection between scenarios with (TD > 0) and
without (TD = 0) dead time. Since the additional frequency
fluctuations during dead time are unmonitored by the Ramsey
interrogation, the broadening of the prior distribution during

dead time and during the Ramsey sequence T are independ-
ent processes. Treating the broadening of the phase distribu-
tion during dead time as a phase diffusion process, the mod-
ified prior distribution P(ϕ) = (PD ∗PT)(ϕ) is obtained by
a convolution of the initial prior distribution PT(ϕ), result-
ing from the Ramsey interrogation time T with correspond-
ing width δϕT (cf section 2.6), and the distribution PD(ϕ)
associated with dead time. In this context, PD(ϕ) effectively
acts as a Green’s function [122]. Although LO noise in gen-
eral is correlated, the additional noise introduced during dead
time within the full feedback loop is well approximated as
white noise in the asymptotic limit of many clock cycles.
Consequently, PD(ϕ) is modeled as a Gaussian distribution
with zero mean and a width δϕD. As a result, the modified
prior distribution P(ϕ) remains Gaussian with zero mean and
variance

(δϕ)
2
= (δϕD)

2
+(δϕT)

2
. (42)

To fully incorporate the impact of dead time into the
Bayesian framework, we now relate the broadening of the
phase distribution, characterized by δϕD, to the dead time TD,
akin to the dead time-free case in section 2.6. Rather than
deriving a comprehensive model for arbitrary scenarios, we
establish a relation δϕD(TD) that primarily aims to accurately
predict behavior in the vicinity of the minimal ADEV σmin at
interrogation time Tmin. To this end, the broadening of the prior
width during dead time can be effectively modeled by trans-
lating the additional frequency fluctuations into hypothetical
phase shifts, as if they had occurred during a Ramsey inter-
rogation of duration TD. In this context, the associated prior
width is given by (cf appendix A.5.5)

(δϕD)
2 ' 2

(
TD

Z

)2+α

, (43)

reflecting a power-law dependence, analogous to
equation (31). Here, the parameter α again characterizes the
nature of the frequency noise, with values α=−1,0,1 corres-
ponding to white, flicker, and random walk frequency noise,
respectively.

As a consequence, adjusting the prior width according to
equation (42) extends the Bayesian framework to incorpor-
ate dead time within the clock cycle, accounting for both the
Ramsey interrogation time T and the dead time TD. Therefore,
aside from adapting the prior width to reflect dead time TD, the
findings from the previous sections remain directly applicable.
Therefore, the primary remaining task is to analyze the impact
of the Dick effect σy,Dick(τ) on overall clock stability.

5.2. General results

In general, the total clock stability reflects a trade-off
between QPN, the CTL and the Dick effect, as described by
equation (41). While the CTL emerges at long interrogation
times, limiting the clock stability as T approaches the laser
coherence time Z, both QPN and Dick noise decrease mono-
tonically with the interrogation time T. Unlike QPN, which
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Figure 6. (a) Generic scaling of the dimensionless total Allan deviation σy,tot(τ)×ω0
√
τZ with the interrogation time T for dead time

TD/Z= 0.1. The total stability (solid) of the OQI for N= 8 (gray) and N= 32 (black) is shown in comparison to the trade-off between QPN
and CTL (dashed). The N-independent lower limit σlim (symbol) is imposed by a trade-off (solid brown) between Dick noise (dashed
brown) and CTL (dotted black). Consequently, the brown shaded area is inaccessible. (b) Scaling of the total dimensionless minimal Allan
deviation σmin ×ω0

√
τZ with the ensemble size N for TD/Z= 0.1. GHZ protocols (green) achieve no gain compared to CSS. For CSS

(orange) and SSS (red), both the linear (dashed) and optimal Bayesian estimator (solid) are depicted. The gray shaded area represents the
inaccessible stability region set by the OQI (black), while the orange shaded area indicates achievable stabilities using uncorrelated atoms.
Dotted lines correspond to the lower limit σlim for the OQI and CSS with linear estimator, while the dashed dotted line denotes the lower
limit for CSS using the optimal Bayesian estimator. SSS exhibit the same lower limit as discussed in the main text and seen from the
convergence. The POI (violet) saturates the OQI for N≳ 50. For the OQI and POI, numerical optimization is performed for N⩽ 100, while
the asymptotic behavior, represented by the πHL (black dashed–dotted), is shown for N> 100. (c) Critical ensemble size Ncrit as a function
of the dead time TD/Z for the OQI (black), CSS (orange) and SSS (red). Again, dashed lines correspond to the linear estimator, while solid
lines represent the optimal Bayesian estimator. The evaluation of the SSS with optimal Bayesian estimator requires the computation of the
conditional probabilities (cf section 2.4) and thus is unfeasible for large N. For N≳ 100, the asymptotic OQI, imposed by the πHL (black
dashed–dotted), is shown. (d) Scaling of the total dimensionless lower limit σlim ×ω0

√
τZ with dead time for the OQI (black) and CSS

(orange). For the CSS, linear (dashed) and optimal Bayesian estimator (solid) are displayed. (e) Corresponding interrogation times Tlim,
effectively characterizing the dynamic range. SSS result in the same σlim and Tlim as CSS, cf discussion in the main text.

reduces with larger ensembles, the CTL and Dick noise are
independent of N. As a result, whether the minimal ADEV
σmin, achieved at optimal interrogation time Tmin, arises from
a trade-off between QPN and CTL or between the Dick effect
and CTL depends on the particular dead time, ensemble size
and Ramsey protocol [68].

For short dead times or small ensembles, QPN typic-
ally dominates Dick noise, leading to behavior that closely
resembles the dead time-free case (cf N= 8 in figure 6(a)).
Here, the clock stability is primarily determined by a trade-
off between QPN and CTL and, therefore, depends on the
ensemble size as well as the choice of Ramsey sequence.
However, as dead time increases or QPN decreases, at some
point, QPN is reduced to the level of Dick noise. Since Dick
noise typically decreases more slowly with the interrogation

time than QPN, first, it becomes dominant at long interrog-
ation times, limiting the minimal ADEV σmin (cf N= 32 in
figure 6(a)). Reducing QPN further, by either increasing the
ensemble size or adapting the Ramsey interrogation, improves
σmin only marginally. In the regime where dead time effects
strictly dominate over QPN, as is the case for large ensembles
or long dead times, no further improvements in clock stabil-
ity are possible, as Dick noise is independent of the particu-
lar Ramsey sequence and ensemble size. Therefore, we can
define a lower limit σlim on the clock stability, at correspond-
ing interrogation time Tlim, which is characterized by a trade-
off between Dick noise and CTL. Since the CTL is protocol-
dependent, σlim in general differs for distinct Ramsey proto-
cols and is primarily determined by their respective dynamic
range.
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Figure 6(b) illustrates the scaling of σmin with the
ensemble size N for the standard Ramsey protocols. For small
ensembles, where QPN dominates, clock stability improves
as N increases, as in the ideal scenario (TD = 0). However, as
the ensemble size grows, Dick noise becomes relevant, redu-
cing the N-scaling and causing the clock stability to converge
to σlim. Unfortunately, explicit expressions for σlim can only
be derived for protocols where QPN and CTL are separable,
such as the OQI or CSS and SSS with a linear estimator.
Otherwise, the convergence towards σlim with N has to be
evaluated numerically. As argued before, CSS and SSS with
a linear estimator exhibit the same CTL and, consequently,
identical lower limits. A similar behavior is observed for both
protocols using the optimal Bayesian estimator, which how-
ever, achieves an improved σlim due to the larger dynamic
range (cf section 3.1). GHZ protocols, already highly suscept-
ible to LO noise in dead time-free scenarios, are further con-
strained by dead time, making them suitable only for small
ensembles and short dead times. In the asymptotic limit, the
performance of the POI again saturates the OQI.

To characterize the transition between the regimes domin-
ated by either QPN orDick noise, we define a critical ensemble
size Ncrit, at which the ADEV σy(τ) (cf equation (29)), arising
from QPN and the CTL, saturates σlim at Tlim. Beyond Ncrit,
Dick noise dominates over QPN and thus spoils the N-scaling
of σmin, which ultimately converges towards σlim, without
substantial improvements as N increases. Since Ncrit depends
explicitly on QPN, it differs for distinct Ramsey protocols and
estimation strategies, as generically illustrated in figure 6(c).
For instance, Ncrit for SSS is substantially smaller than for
CSS, since they exhibit the same CTL, but SSS have a sub-
stantially smaller QPN. Consequently, the required ensemble
size to approach σlim is substantially smaller for SSS compared
to CSS, with a reduction of up to two orders of magnitude for
short TD, while still maintaining a significant difference even
at long dead times. In contrast, the difference between OQI
and SSS is relatively small, amounting to less than one order
of magnitude for short dead times and becoming effectively
negligible as TD increases.

For a particular dead time TD, the lower limit σlim is
determined solely by the CTL of the Ramsey protocol and
estimation strategy, essentially reflecting the dynamic range.
Consequently, CSS and SSS achieve the same lower limit for
a specific estimator. Moreover, as shown in figure 6(d), the
enhancement of σlim for the OQI compared to CSS or SSS is
relatively small. Interestingly, increasing the dynamic range
of CSS and SSS by substituting the linear by the optimal
Bayesian estimation strategy yields a greater gain than the
advantage provided by the OQI over CSS or SSS with the
optimal Bayesian estimator.

As TD increases, the potential enhancement of σlim dimin-
ishes further. This can be understood as follows: In gen-
eral, dead time shifts Tmin, where the minimal ADEV σmin

is achieved, to longer interrogation times. This is shown in
figure 6(e) and primarily results from the impact of σy,Dick (cf
figure 6(a)). However, in this regime, the difference in the CTL
for distinct Ramsey schemes decreases with increasing T (cf

figure 2(a)), thereby reducing the advantage associated with a
larger dynamic range. While the OQI allows unbiased phase
estimation over [−π,+π], the optimal Bayesian strategy for
the CSS and SSS resembles the arcsin estimator and thus cov-
ers the range [−π/2,+π/2] (cf section 3.1). As a result, the
OQI and CSS or SSS with optimal Bayesian estimator exhibit
a similar behavior, where the corresponding gain only margin-
ally reduces with TD. In contrast, the deviation between the lin-
ear and optimal Bayesian estimators for CSS and SSS reduces
substantially with TD, since the corresponding Ncrit becomes
smaller, leading to a reduced gain in dynamic range for the
optimal Bayesian estimator, as discussed in section 3.1.

To summarize, for small ensembles N or short dead times
TD, clock stability is primarily limited by QPN, closely resem-
bling the dead time-free case. However, as N or TD increases,
the Dick effect becomes the dominant noise and ultimately
limits the clock stability. Beyond the critical ensemble size
Ncrit, which decreases with TD, the minimal ADEV σmin con-
verges to the lower limit σlim. In this regime, further improve-
ments in clock stability by increasing the ensemble size
or adapting the Ramsey sequence are marginal. As a con-
sequence, clocks with large ensembles N� 1 limited by Dick
noise sufficiently well approximate the lower limit σlim by
employing CSS or SSS.

5.3. Setup specific dead times

Building on the general discussion of dead time effects on
clock stability in standard protocols, this section focuses on
examining specific examples relevant to particular experi-
mental setups, such as ion-traps, tweezer-arrays and lattice
clocks, ranging from a few to thousands of atoms.

In general, atomic clock operation involves three key time
scales: the laser coherence time Z, the dead time TD and the
interrogation time T. In a given experimental setup, Z and TD

are primarily independent but fixed, defining a specific ratio
TD/Z. In contrast, T remains an adjustable parameter, which
is implicitly constrained by Z. As a consequence, findings on
clock stability cannot be trivially rescaled with respect to vari-
ous laser coherence times Z, as in the dead time-free scenario,
or dead times TD, since a modification of Z or TD results in a
change of the ratio TD/Z, which in turn has a substantial impact
on the clock stability, as discussed in the previous section.

In experimental settings, the dead time TD and interrogation
time T commonly are expressed in terms of the dimensionless
duty cycle

η =
T
TC

=
T

T+TD
, (44)

which quantifies the relative contribution of the interrogation
time T to the total duration of the clock cycle TC = TD +T.
Hence, a larger duty cycle η corresponds to a reduced relat-
ive impact of dead time. However, it is crucial to note that
nevertheless a specific ratio of TD and Z is always assumed
implicitly.
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While the laser coherence time Z is independent of the
atomic reference, dead time strongly depends on the partic-
ular experimental platform. To address this, we investigate the
clock stability for typical dead times across the three predom-
inant regimes: ion-traps, tweezer-arrays, and lattice clocks.
Each of these platforms exhibits distinct time scale dynam-
ics and operational characteristics that significantly influ-
ence clock performance. Ion-traps provide the highest degree
of control, including rapid cooling and no need for reload-
ing due to the deep trap depths, resulting in relatively short
dead times [7]. Although recent advancements in Coulomb
crystals have facilitated multi-ion clocks [12, 13], ion-traps
remain inherently limited in scalability, typically operating
with only a few ions. In contrast, optical lattice clocks employ
large ensembles of hundreds to thousands of atoms, enabling
high precision at the cost of experimental challenges such
as atom number fluctuations and interatomic collisions [7].
Furthermore, these systems exhibit substantially longer dead
times due to processes such as loading the lattice and cool-
ing the atoms [18–21]. Additionally, dead time has a particu-
larly pronounced impact on clock stability in lattice clocks, as
QPN is typically suppressed well below the Dick effect, as dis-
cussed in the previous section. Tweezer-arrays bridge between
these two contrary approaches, offering a balance between the
high control in ion-traps and the scalability inherent in lattice
clocks [14–17]. By incorporating ensembles of several tens of
atoms, they offer a promising compromise between precision,
scalability, and operational efficiency.

In the following, we investigate the clock stability for rep-
resentative dead times TD and laser coherence times Z across
these three distinct regimes. As discussed before, this is equi-
valently expressed by fixing the ratio TD/Z. Starting with ion-
traps, which feature relatively short dead times, we explicitly
examine the interplay between laser coherence time Z, dead
time TD, and interrogation time T, or equivalently the duty
cycle η, using state-of-the-art parameter values to develop
an intuitive understanding of the relationship between these
time scales. Subsequently, we progressively increase the dead
time for setups representing tweezer-arrays and lattice clocks,
illustrating how dead time increasingly constrains clock per-
formance and how the optimal Ramsey protocols change
accordingly.

Besides the experimental platform, dead time is also
affected by the particular interrogation sequence. In practice,
the preparation time required for different quantum states—
particularly entangled states—can vary significantly depend-
ing on the specific initial state. Likewise, the measurement
time can vary substantially between different measurement
strategies, especially for correlated measurement transform-
ations as pursued for the variational Ramsey protocols. For
instance, the conventional Ramsey protocol—utilizing CSSs
and a projective spin measurement—can be performed rel-
atively quickly, as it relies on standard collective rotations
of the spin system. In contrast, SSSs already require non-
linear interactions or measurement-based feedback for state
preparation, which introduce additional time overheads.While

the variational [1,m] protocols—investigated in the previous
sections—have comparable state preparation times to SSS, as
they are also generated by a single OAT interaction, each addi-
tional layer of the quantum circuit implementing the effect-
ive measurement involves interaction times that scale with
the corresponding twisting strength. The OQI, which rep-
resents the ultimate lower bound and currently lacks a spe-
cific experimental implementation, potentially requires even
more demanding resources. As a consequence, for a particu-
lar experimental setup, dead times arising from state prepar-
ation and measurement have to be considered for each inter-
rogation scheme. However, the resulting dead times are highly
individual for each experimental setup and are thus challen-
ging to quantify in general. To nevertheless provide theoret-
ical insight, we compare different Ramsey protocols assuming
a fixed dead time for each experimental platform, independent
of the protocol complexity. While the results derived in the
following provide general insight, this assumption should be
kept in mind, as it may lead to an overestimation of the per-
formance of highly entangled states in practical scenarios.

Ion-traps—In ion-traps, dead times of about TD = 100 ms are
routinely implemented in experiments.Moreover, state-of-the-
art clock lasers achieve laser coherence times Z of several
seconds. However, in practice, this impressive level of coher-
ence is often not entirely maintained as the laser propagates
between the cavity, which not necessarily is located close to
the trap or even in the same laboratory, and the ions. While
optical path-length stabilization should, in principle, preserve
coherence all the way to the ions, experimental imperfec-
tions, such as phase noise within the vacuum chamber, typ-
ically lead to a degradation of this quality. Therefore, we
assume a laser coherence time of Z= 2 s at the location of
the ions. Hence, in this exemplary scenario we obtain a ratio
TD/Z= 0.05. Furthermore, figure 4 demonstrates that fringe
hops limit the clock stability at interrogation times around
Tsim ∼ 0.4− 0.5×Z. Consequently, the maximal achievable
duty cycle, given by ηmax = Tsim/(Tsim +TD), is on the order
of 90%.

As discussed in the previous section, for small ensembles
and short dead times, clock stability typically resembles the
dead time-free scenario (TD = 0), as illustrated in figure 7(a)
for N= 8 and TD/Z= 0.05. In this case, QPN remains the
primary limitation, while the Dick effect has only a mar-
ginal impact, leading to a behavior similar to that shown
in figure 4(b). However, in comparison, the plateau of the
OQI in the presence of dead time is substantially less pro-
nounced and thus, fringe hops impose a less stringent lim-
itation in this regime. As in the TD = 0 case, SSS approx-
imate the OQI in the transition region between the plateau
and σmin. At long interrogation times, fringe hops remain the
primary constraint, limiting the interrogation time to Tsim <
Tmin. Furthermore, variational protocols effectively provide no
significant enhancement in clock stability around Tsim. As a
result, for optical atomic clocks based on ion-traps, GHZ states
and SSS approach the OQI over a broad range of interrogation
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Figure 7. Theoretical predictions and numerical simulations of various Ramsey protocols for (a) N= 8 and TD/Z= 0.05, (b) N= 32 and
TD/Z= 0.1, (c) N= 100 and TD/Z= 0.2, (d) N= 1000 and TD/Z= 0.2. The variational Ramsey protocols [n,m] consist of n and m layers
of one-axis-twisting interactions for state preparation and measurement, respectively. Theory curves (lines) are displayed for the linear
(dashed) and optimal Bayesian estimator (solid). Symbols represent numerical simulations in the full feedback loop of an atomic clock
employing the optimal Bayesian estimation strategy. In both cases, the total Allan deviation is rescaled with respect to the atomic transition
frequency ω0, total averaging time τ and laser coherence time Z. The lower x-axis represents the interrogation time T relative to Z, while the
upper x-axis denotes the dimensionless duty cycle η. The gray shaded area represents the inaccessible stability region set by the OQI limit
(black), while the orange shaded area indicates achievable stabilities using uncorrelated atoms. For N= 8 (a) and N= 32 (b) the
performance of variational quantum circuits (blue) is shown in addition to the standard protocols, namely GHZ states (green), CSS (orange)
and SSS (red). For N= 1000, the asymptotic regime is reached and thus, the OQI is approximated by the πHL.

times, while the deviation from the OQI or variational classes
within the plateau are reduced compared to the dead time-free
scenario.

Tweezer-arrays—For tweezer arrays, we consider a represent-
ative case with N= 32 in figure 7(b), assuming an increased
dead time of TD/Z= 0.1. Within the framework of the pre-
vious example, this corresponds to an absolute dead time of
TD = 200 ms and a maximal achievable duty cycle of approx-
imately ηmax = 80%. As already evident in figure 6(a), dead
time in this regime imposes a significant limitation on clock
stability. While GHZ states essentially are ineffective, SSS
already perform close to the OQI for short and intermedi-
ate interrogation times. Variational protocols offer only mar-
ginal improvements in stability, with a noticeable enhance-
ment observed only for [1,m] protocols in the vicinity of Tmin.
However, this gain is significantly smaller than in the dead
time-free case, and unlike the TD = 0 scenario, fringe hops
constrain clock stability at interrogation times Tsim ≲ Tmin.
Additionally considering a safety margin for fringe hops, as
discussed in section 4, the improvement becomes effectively
negligible. Consequently, SSS emerge as a robust Ramsey
sequence, achieving clock stabilities close to the OQI in this
regime.

Interestingly, for short interrogation times, deviations
between theoretical predictions and numerical simulations
appear. These discrepancies stem from the assumed prior
width in the presence of dead time, which is intended to
provide a reliable model primarily for interrogation times in
the vicinity of σmin.

Crossover regime—Typically, the boundaries with respect to
the ensemble size N between different platforms are not
sharply defined. To explore the transition between tweezer-
arrays and lattice clocks, we examine the case of N= 100
in figure 6(c), with an increased dead time TD/Z= 0.2. In
the example above, this corresponds to TD = 400 ms and an
associated maximal duty cycle of approximately ηmax = 65%.
Such an increase in dead times is characteristic of lattice
clocks, as discussed before, but can also result from various
processes such as the overhead of operating multiple tweezer
arrays simultaneously, the potential need for reloading due to
shallower trap depths or extended cooling times. Moreover,
inhomogeneous interactions may be relevant, as addressed
in [73]. In this regime, variational classes are no longer favor-
able, as discussed in previous sections. A key characteristic of
this regime is that dead time becomes the dominant limitation.
However, while CSS have not yet fully converged to the lower
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bound σlim, SSS already approximate it. As a result, SSS per-
form close to the OQI across all interrogation times, except
at Tmin, where their limited dynamic range becomes apparent.
Additionally, the choice of estimation strategy for standard
protocols gains importance, as the optimal Bayesian estimator
yields significantly higher clock stability at long interrogation
times compared to the linear estimator.

Lattice clocks—Finally, we investigate the regime of lattice
clocks with large ensembles N� 1, where QPN is reduced
well below the Dick noise. Figure 7(d) illustrates the case of
N= 1000 with TD/Z= 0.2. In this regime, both CSS and SSS
closely approximate the lower limit σlim. As a result, at long
interrogation times, both protocols achieve comparable clock
stability, whereas SSS provide a significant advantage at short
interrogation times. Furthermore, the optimal Bayesian estim-
ator results in a substantially higher stability in the vicinity
of Tmin compared to the linear estimation strategy. Notably,
deviations from theoretical predictions and numerical simula-
tions appear for the SSS at short interrogation times due to the
choice of prior width (cf section 5.1). Additionally, since SSS
introduce correlations between atoms, unlike CSS, numerical
approximations are required to simulate the full feedback loop
for N� 1, which can further contribute to discrepancies.

In summary, for small ensembles representing ion-traps,
the behavior closely resembles the dead time-free case. Here,
standard protocols as GHZ states or SSS already achieve clock
stabilities comparable to the OQI for a wide range of interrog-
ation times. As the ensemble size N or dead time TD increases,
Dick noise becomes the dominant limitation, effectively redu-
cing the potential enhancement offered by variational quantum
circuits compared to SSS. In particular, dead time results in
SSS performing close to the OQI for a variety of scenarios.
In the regime of large ensembles N� 1, characteristic for lat-
tice clocks, CSS likewise converge to the lower limit σlim at
long interrogation times and thus, are sufficient to approximate
the OQI. As a consequence, dead time significantly constraints
clock stability, where the degree of limitation increases with
the ensemble size.

6. Outlook

At this point, rather than reiterating the detailed insights and
results from the previous sections, we refer the reader to the
introduction for a comprehensive overview. We also highlight
the primary assumptions underlying the statements and con-
clusions of this work. This review is framed within the con-
text of frequency metrology tailored to optical atomic clock
time standards—or equivalently, frequency standards—that
employ generalized Ramsey protocols to stabilize the fre-
quency output of the laser. Specifically, we focus on single-
ensemble clocks in which the atomic reference is periodic-
ally interrogated using the same protocol in each clock cycle.
Furthermore, we assume that laser noise imposes the primary
limitation. For this purpose, we adopted the framework of
Bayesian estimation theory to directly incorporate frequency
fluctuations into the theoretical model. Our primary metric is

the ADEV, which represents the achievable stability. Other
metrics—such as the sensor bandwidth—are not considered
relevant in this context, however, they might be important in
different scenarios such as for gravitational wave detection.

Approaches to mitigate laser noise limitations—In the follow-
ing, we briefly discuss promising avenues for further improve-
ments in optical atomic clocks. Overall, laser noise constrains
clock stability in three distinct ways: via the laser CTL, the
emergence of fringe hops and dead time effects. In addi-
tion to ongoing technological improvements in laser stabil-
ity [66, 123, 124], several interrogation schemes have been
proposed that go beyond the conventional single-ensemble
approach, where the atomic reference is interrogated with the
same protocol in every clock cycle, by employing adaptive
schemes [71, 96, 125, 126] and multi-ensemble strategies.
For instance, dynamical decoupling sequences [127] and
synchronous differential clock comparisons [128–131] have
been demonstrated to extend interrogation times well bey-
ond the laser coherence time. Other approaches involve act-
ive feedback and feedforward on the laser [132, 133], or cas-
caded clock operation that allows for increasingly long inter-
rogation times [59, 133–136]. Furthermore, dead time free
clock operation can be achieved by asynchronously inter-
rogating two atomic ensembles [24, 137, 138]. As proposed
by Rosenband and Leibrandt in reference [139], partition-
ing atoms into multiple ensembles with distinct interroga-
tion times can exponentially improve clock stability relat-
ive to the atom number. Moreover, synchronous out-of-phase
interrogations expand the invertible phase range and enhance
the dynamic range [118, 140]. Although these approaches
extend beyond the scope of the present work, many of their
underlying principles can be integrated with the Ramsey pro-
tocols discussed here, potentially mitigating the limitations
imposed by laser noise and enabling longer interrogation
times.

Decoherence and noise—Beyond the effects of laser noise,
other decoherence processes can have a significant impact on
the clock performance, depending on the specific parameters
of the experiment. While numerical optimization in the con-
text of local (frequentist) phase estimation with decoherence
already is a fundamental challenge on its own—as discussed
in detail, for example, in the appendix of [65] for spontaneous
decay—additionally introducing the averages over the prior
phase distribution, inherent in Bayesian estimation theory,
further increases the complexity. Consequently, incorporating
decoherence effects directly into the theoretical framework
of Bayesian phase estimation—as pursued in this work—
would combine the numerical challenges of both approaches.
Furthermore, the resulting optimal protocols may change sub-
stantially and thus would require a thorough investigation,
similar to the discussion of dead time. However, this is bey-
ond the scope of this progress report on frequency metrology
limited by laser noise. Instead, we briefly review the literature
considering decoherence effects.

In the context of Bayesian phase estimation, the robustness
of optimal Ramsey protocols to dephasing was investigated by
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adding dephasing to the optimal protocol in the decoherence-
free scenario. For instance, [72] considers additional collective
dephasing that is not associated with laser noise. Since collect-
ive dephasing is phenomenologically similar to the treatment
of laser noise within the Bayesian framework, it affects sta-
bility in much the same way. The impact of uncorrelated
single-atom dephasing in the Bayesian framework has been
explored in [73], where it was observed that for moderate
dephasing strengths the overall behavior remains qualitatively
unchanged, although stability is naturally degraded. However,
the benefit provided by variational quantum circuits, or more
complex Ramsey schemes in general, over SSS diminishes
substantially as the dephasing strength increases, leading to a
behavior akin to that observed for dead time. Similarly, a com-
parable pattern was reported in [74] for correlated single-atom
dephasing.

In contrast, decoherence effects are directly incorporated
into the theoretical model in the context of local (frequentist)
phase estimation, which makes the resulting optimal Ramsey
protocols naturally robust against the respective noise process.
In scenarios where single-atom dephasing imposes the dom-
inant noise source, the regime explored in the seminal work
by Huelga et al in [64] is entered. In the asymptotic limit of
large ensembles, SSS are known to be optimal [141], whereas
for small ensembles, the optimal interrogation scheme can
be efficiently determined numerically by exploiting permuta-
tional invariance [142]. Likewise, SSS remain asymptotic-
ally optimal for setups limited by spontaneous decay. In
contrast, for small ensembles, highly entangled GHZ-like
states approach the ultimate bounds, as demonstrated in [65].
Beyond decoherence during the Ramsey dark time, noise
affecting the twisting operations has also been considered
in [74, 75]. As expected, deeper quantum circuits, which gen-
erally require stronger total twisting strengths, exhibit higher
susceptibility to noise. Braverman et al [143] demonstrates
that the potential improvements in clock stability through
spin squeezing are significantly reduced if the squeezing is
non-unitary. It further highlights that contrast loss during the
squeezing process is less detrimental to clock stability than
during the Ramsey dark time.

Overall, these observations reinforce the conclusions of this
work: Standard protocols with low complexity—employing
CSSs, GHZ states and SSSs in particular—achieve stabilities
compatible with the ultimate limit across a wide range of scen-
arios, whereas deeper quantum circuits—generating arbitrary
states and measurements—offer a significant advantage only
in very specific parameter regimes. This is consistent with a
well-established observation in quantum sensing: In general,
no single interrogation scheme is universally optimal. Instead,
there exists an optimal protocol for a given application and its
specific system parameters.
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Appendix

A.1. Derivations of Bayesian bounds

In the following, we derive the Bayesian bounds summarized
in the main text.

A.1.1. BCRB. To derive the BCRB, following [100], we
assume standard regularity conditions∑

x

∂ϕP(x|ϕ) = ∂ϕ
∑
x

P(x|ϕ) = 0, (A1)

where the last equality results from normalization of the con-
ditional probabilities P(x|ϕ), and vanishing of the prior at the
boundaries

lim
ϕ→±∞

P (ϕ) = 0. (A2)

By defining the function

f(ϕ,x) =
√

P (ϕ)P(x|ϕ) [ϕ−ϕest (x)] , (A3)

the BMSE can be expressed as a squared norm

(∆ϕ)
2
=

ˆ
dϕ
∑
x

f 2 (ϕ,x) . (A4)

Furthermore, we define

g(ϕ,x) =
1√

P (ϕ)P(x|ϕ)
dP (ϕ)P(x|ϕ)

dϕ
(A5)

such that
ˆ

dϕ
∑
x

g2 (ϕ,x) =
ˆ

dϕ
∑
x

1
P (ϕ)P(x|ϕ)

×
(
P (ϕ)

dP(x|ϕ)
dϕ

+P(x|ϕ) dP (ϕ)

dϕ

)2

(A6)
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=

ˆ
dϕP (ϕ)

∑
x

1
P(x|ϕ)

(
dP(x|ϕ)

dϕ

)2

+

ˆ
dϕ

1
P (ϕ)

(
dP (ϕ)

dϕ

)2∑
x

P(x|ϕ) (A7)

+ 2
ˆ

dϕ
dP (ϕ)

dϕ

∑
x

dP(x|ϕ)
dϕ

(A8)

= F + I. (A9)

In the last step, we introduced the average Fisher information
F and prior knowledge I defined in equations (8) and (9),
respectively. Furthermore, the last term vanishes as a con-
sequence of the regularity condition equation (A1). Using par-
tial integration, equation (A2) and normalization of the prob-
ability distributions, we evaluate

ˆ
dϕ
∑
x

f(ϕ,x)g(ϕ,x)

=

ˆ
dϕ
∑
x

[ϕ−ϕest (x)]
dP (ϕ)P(x|ϕ)

dϕ
(A10)

=

[∑
x

[ϕ−ϕest (x)]P (ϕ)P(x|ϕ)

]+∞

−∞

−
ˆ

dϕP (ϕ)
∑
x

P(x|ϕ) (A11)

=−1. (A12)

Finally, application of the Cauchy–Schwarz inequality yields(ˆ
dϕ
∑
x

f(ϕ,x)g(ϕ,x)

)2

⩽
(ˆ

dϕ
∑
x

f 2 (ϕ,x)

)

×

(ˆ
dϕ
∑
x

g2 (ϕ,x)

)
(A13)

which, with the definitions from above, is equivalent to 1⩽
(∆ϕ)2

[
F + I

]
and ultimately results in the van Trees inequal-

ity equation (7).

A.1.2. BQCRB. To derive the BQCRB, we follow [72]. We
start by rewriting the BMSE as

(∆ϕ)
2
=

ˆ
dϕP (ϕ)

∑
x

Tr(Λϕ,T [ρin]Πx) [ϕ −ϕest (x)]
2

(A14)

= (δϕ)
2
+Tr

(ˆ
dϕP (ϕ)Λϕ,T [ρin]

∑
x

Πxϕ
2
est (x)

)

− 2Tr

(ˆ
dϕP (ϕ)ϕΛϕ,T [ρin]

∑
x

Πxϕest (x)

)
(A15)

= (δϕ)
2
+Tr(ρL2)− 2Tr(ρ ′L1) (A16)

where (δϕ)2 represents the variance of the prior distribu-
tion, ρ=

´
dϕP(ϕ)Λϕ,T[ρin] denotes the average state and

ρ ′ =
´
dϕP(ϕ)Λϕ,T[ρin]ϕ. Furthermore, we have combined

the measurement {Πx} and estimator ϕest by defining the oper-
ators L1 =

∑
xΠxϕest(x) and L2 =

∑
xΠxϕ

2
est(x).

In a first step, following [72, 144, 145], we will demon-
strate that, without loss of optimality, the measurement can be
restricted to the class of PVMs, i.e. projective von Neumann
measurements Πx = |x〉〈x|, with orthonormal eigenstates |x〉,
〈x|x ′〉= δx,x ′ , of the observable X with eigenvalue x. We
denote the projective strategy by LPVM

1,2 , where LPVM
1 = L1 =∑

xϕest(x)|x〉〈x| effectively corresponds to the eigendecom-
position. Based on equation (A16), we have to show that
Tr(ρLPVM

2 )⩽ Tr(ρL2) to prove that we do not lose any optim-
ality by restricting to the projective strategy. Using that L1 is
hermitian and Πx ⩾ 0, we can consider the inequality∑

x

(ϕest (x)−L1)Πx (ϕest (x)−L1)⩾ 0 (A17)∑
x

ϕ2
est (x)Πx−

∑
x

ϕest (x)ΠxL1

−L1

∑
x

ϕest (x)Πx+L1

∑
x

ΠxL1 ⩾ 0 (A18)

L2 −L2
1 ⩾ 0 (A19)

L2 ⩾ L2
1, (A20)

where we have identified L1 and L2 in equation (A18)
and used the completeness relation

∑
xΠx = 1. However,

equality in equation (A20) is achieved specifically for the
projective strategy, since LPVM

2 =
∑

xϕ
2
est(x)|x〉〈x|= (LPVM

1 )2.
Therefore, Tr(ρLPVM

2 )⩽ Tr(ρL2) and it is always optimal to
choose the measurement to be projective.

In a second step, we derive the BQCRB equation (12).
Choosing the projective strategy discussed above and accord-
ingly labeling L= L1 and thus L2 = L2, the BMSE reads

(∆ϕ)
2
= (δϕ)

2
+Tr

(
ρL2
)
− 2Tr(ρ ′L) . (A21)

Hence, the task of finding the optimal measurement and estim-
ation maps to the optimization of the operator L, containing
both. Variation of L according to L 7→ L+ ϵδL with infinites-
imal parameter ϵ and hermitian δL yields

(∆ϕ)
2
= (δϕ)

2
+Tr

(
ρ
[
L2 + ϵLδL+ ϵδLL+ ϵ2δL2

])
− 2Tr(ρ ′ [L+ ϵδL]) . (A22)

Differentiation with respect to ϵ and evaluation at ϵ= 0 results
in

0= Tr([ρL+Lρ− 2ρ ′]δL) . (A23)

Since equation (A23) must hold for any δL, it implies

ρ ′ =
1
2
(Lρ+ ρL) , (A24)
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reproducing equation (13). Substituting this expression for ρ ′

in equation (A21), we find

(∆ϕ)
2
= (δϕ)

2
+Tr

(
ρL2
)
− 2Tr(ρ ′L) (A25)

= (δϕ)
2
+Tr

(
ρL2
)
−Tr

(
ρL2
)
−Tr(LρL) (A26)

= (δϕ)
2 −Tr

(
ρL2
)
, (A27)

which corresponds to the BQCRB equation (12).
Finally, we will express the BQCRB in terms of the QFI

of the average state ρ. Assuming a unitary phase evolution
according to equation (5), corresponding to the von Neumann
equation

∂ϕΛϕ,T [ρin] =−i [Sz,Λϕ,T [ρin]] , (A28)

and a Gaussian prior distribution as defined in equation (6), we
can rewrite ρ ′ as

ρ ′ =

ˆ
dϕP (ϕ)ϕΛϕ,T [ρin] (A29)

=−(δϕ)
2
ˆ

dϕ (∂ϕP (ϕ))Λϕ,T [ρin] (A30)

=−(δϕ)
2
[P (ϕ)Λϕ,T [ρin]]

+∞
−∞

+(δϕ)
2
ˆ

dϕP (ϕ)∂ϕΛϕ,T [ρin] (A31)

=−i(δϕ)2
[
Sz,
ˆ

dϕP (ϕ)Λϕ,T [ρin]

]
(A32)

=−i(δϕ)2 [Sz,ρ] (A33)

where we exploited the property ∂ϕP(ϕ) =−(δϕ)−2ϕP(ϕ)
of a Gaussian prior distribution. Furthermore, we used par-
tial integration in the second step and equation (A2) as well
as equation (A28) in equation (A31). With equations (A24)
and (A33), we obtain

1
2
(Lρ+ ρL) =−i(δϕ)2 [Sz,ρ] . (A34)

Substituting L := (δϕ)2Llocal, the BQCRB equation (A27) and
the implicit equation (A34) become

(∆ϕ)
2
= (δϕ)

2
[
1− (δϕ)

2Tr
(
ρL2

local

)]
(A35)

1
2
(Llocalρ+ ρLlocal) =−i [Sz,ρ] . (A36)

Comparison to the QFI approach in local phase estimation
shows that Llocal defines the SLD [144, 146, 147] and thus,
Tr(ρL2

local) = FQ[ρ] corresponds to the QFI of the average state
ρ, resulting in equation (14)

(∆ϕBQCRB)
2
= (δϕ)

2
[
1− (δϕ)

2FQ [ρ]
]
. (A37)

A.1.3. OQI. The OQI represents the ultimate lower bound
of the BMSE. However, no general expressions for arbitrary
ensemble sizes exist, but rather complex optimization proced-
ures are required.

Iterative algorithm—In the following, we outline an algorithm
introduced in [72, 98], which iteratively optimizes the initial
probe state ρin and measurement {Πx}. Although numerical
optimization becomes challenging with increasing ensemble
size, this algorithm enables efficient computation at least for
small N. For a given input probe state ρin, the optimal pro-
jective measurement and estimation strategy L can be determ-
ined according to the previous discussion on the BQCRB.
Conversely, for a given L, the optimal ρin can be evalu-
ated as follows. Rewriting equation (A16), the BMSE can be
expressed as

(∆ϕ)
2
= (δϕ)

2
+Tr

(ˆ
dϕP (ϕ)Λϕ,T [ρin]

(
L2 − 2ϕL

))
.

(A38)

Defining the adjoint quantum channel Λ†
ϕ,T via

Tr(Λϕ,T[ρ]A) = Tr(ρΛ†
ϕ,T[A]) for an arbitrary operator A, the

BMSE becomes

(∆ϕ)
2
= (δϕ)

2
+Tr

(
ρin

ˆ
dϕP (ϕ)Λ†

ϕ,T

[
L2 − 2ϕL

])
.

(A39)

Consequently, the optimal input probe state ρin = |ψin〉〈ψin|
corresponds to the eigenvector |ψin〉 of the operator´
dϕP(ϕ)Λ†

ϕ,T[L
2 − 2ϕL] associated with its most negative

eigenvalue. In the iterative algorithm, starting from an arbit-
rary state, repeatedly the optimal measurement and the corres-
ponding optimal probe state are determined, until the BMSE
converges to the OQI.

CTL—In the following, we derive equation (17). Considering
a 2π-periodic quantum channel with respect to the phase ϕ
as imposed by equation (5), the OQI allows for unambiguous
phase estimation within the range [−π,+π]. Exceeding this
invertible regime, an estimation error is accumulated which
increases with the distance from the primary Ramsey fringe.
In particular, an estimation error of ϵk = (2π k)2 is accumu-
lated if the phase slips in the region [−(2k+ 1)π ,−(2k− 1)π]
or [+(2k− 1)π ,+(2k+ 1)π] for k ∈ N. The estimation error
associated with these events can be modeled by(

∆ϕOQI
CTL

)2
=

∞∑
k=1

ϵkPk (A40)

which effectively represents the average of the estimation error
ϵk weighted with its corresponding probability

Pk =
ˆ −(2k−1)π

−(2k+1)π
dϕP (ϕ)+

ˆ (2k+1)π

(2k−1)π
dϕP (ϕ) . (A41)

Consequently, equation (A40) constitutes an asymptotic limit
for broad prior distributions. In the context of atomic clocks,
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this regime corresponds to long interrogation times, where
the coherence time of the LO will become relevant and ulti-
mately limits the clock stability. Therefore, we will denote
equation (17) as the CTL of the OQI. Assuming a Gaussian
prior distribution as defined in equation (6), the probabilities
Pk can be evaluated explicitly to read

Pk = 2
ˆ (2k+1)π

(2k−1)π
dϕP (ϕ) = 2

ˆ (2k+1)π

0
dϕP (ϕ)

− 2
ˆ (2k−1)π

0
dϕP (ϕ) = erf

(
(2k+ 1)π√

2δϕ

)
− erf

(
(2k− 1)π√

2δϕ

)
(A42)

where we substituted t= ϕ√
2δϕ

and used the error function

erf(z) =
´ z
0 dte

−t2 . In the relevant regime of prior widths
considered in this work, where typically only the adjacent
fringes around ϕ= 0 contribute, the prior distribution P(ϕ)
is effectively limited to the region [−3π,+3π]. As a result,
the CTL simplifies significantly compared to the general form
in equation (A40), which accounts for contributions from all
Ramsey fringes. In this restricted regime, the CTL reduces to(

∆ϕOQI
CTL

)2
= 4π2

[ˆ −π

−∞
dϕP (ϕ)+

ˆ ∞

π

dϕP (ϕ)

]
= 4π2

[
1−
ˆ π

−π

dϕP (ϕ)

]
= 4π2

[
1− erf

(
π√
2δϕ

)]
. (A43)

Asymptotic scaling (πHL)—With increasing ensemble size,
the numerical algorithm presented above becomes computa-
tionally challenging. However, in the asymptotic limit (N�
1), an explicit analytical expression for theOQI can be derived.
Assuming unitary phase evolution as described by equation (5)
and restricting to the invertible range [−π,+π], it has been
shown for arbitrary prior distributions [95, 99, 101, 102] that
the ultimate lower bound is given by πHL, as defined in
equation (18). An intuitive derivation for Gaussian prior dis-
tributions is given in [99] and is reproduced here. Based on
equation (14), the optimization of the BQCRB over all input
probe states ρin is equivalent to evaluating the QFI for the aver-
aged state ρ. This averaging can be formally associated with
a collective dephasing process, where the dephasing rate is
identified with the variance of the prior distribution [72, 99].
Combining this perspective with the asymptotic result for col-
lective dephasing in [63], the asymptotic OQI can be expressed
as

(∆ϕOQI)
2 N≫1' (δϕ)

2

1− 1

1+ π2

N2(δϕ)2

 N≫1' (δϕ)
2

×

[
1−

(
1− π2

N2 (δϕ)
2

)]
=
π2

N2
(A44)

wherewe used the expansion 1
1+x

x≪1' 1− x. This result is valid
for Gaussian prior distributions with widths δϕ � N, which
encompasses all relevant widths in the asymptotic regimeN�
1. It is therefore reasonable to expect that this result general-
izes to arbitrary prior distributions, as the fundamental char-
acteristics of the estimation problem in this regime remain
largely unaffected by the specific shape of the prior [95, 99].

POI—Finally, we aim to identify the protocol that saturates the
asymptotic limit of the OQI. As discussed above, simultan-
eously determining the optimal measurement, input state, and
estimation strategy is a highly non-trivial problem. However,
assuming a flat prior distribution and a periodic cost function
in the interval [−π,+π], the concept of covariant measure-
ments [101, 146] provides an explicit solution for the optimal
measurement operator, the so-called phase operator [70, 73,
101–107]. The phase operator Φ is defined as

Φ =

N/2∑
s=−N/2

ϕs|s〉〈s|

ϕs =
2π s
N+ 1

|s〉= 1√
N+ 1

N/2∑
M=−N/2

e−iϕsM|M〉 (A45)

where ϕs are the eigenvalues with corresponding eigenstates
|s〉, constructed from the eigenstates |M〉 of Sz with eigenvalue
M and total spinN/2. An interferometer based onΦ is referred
to as POI. Furthermore, under these assumptions, the optimal
input states in the asymptotic regime (N� 1), known as sine
states [70, 73, 101–107] and saturating the πHL, can also be
explicitly determined

|ψΦ〉=
√

2
N+ 1

N/2∑
M=−N/2

sin

(
π (M+ 1/2)

N+ 1

)
|M〉. (A46)

However, since the assumptions of a periodic cost function
and flat prior distribution are contrary to the framework intro-
duced in section 2.2, namely a global BMSE with phases
−∞< ϕ <+∞ and Gaussian prior distributions, these states
are not necessarily optimal in the approach pursued in this
work. Therefore, the optimal initial states and measurements
must be explicitly evaluated. Nevertheless, it is instructive to
investigate the performance of the POI and compare to the
standard protocols as well as variational classes discussed in
themain text. Notably, this scenario is contrary to the BQCRB,
since the measurement is fixed by Φ, while we aim to optim-
ize over all initial states. For a fixed prior width, the optimal
state |ψΦ〉 can be identified by adapting the iterative algorithm
presented above and building on methods from [73]: Starting
with an arbitrary initial state |ψ(0)

in 〉, such as |ψ(0)
in 〉= |s=

0〉, the optimal Bayesian estimator (cf section 2.4) ϕ(0)est (s)

is computed. Based on ϕ(0)est (s), the subsequent input probe
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state |ψ(1)
in 〉 in the iterative algorithm is evaluated by select-

ing the eigenstate corresponding to the most negative eigen-
value of the operator

´
dϕP(ϕ)Λ†

ϕ,T[L
2 − 2ϕL] defined in

equation (A39). This ensures that the state |ψ(1)
in 〉 is optimal for

a given measurement and estimator. This process is repeated
until convergence to the optimal state |ψΦ〉, tailored to the
framework considered in this work, is achieved. Numerical
evaluation of this iterative algorithm shows that the POI satur-
ates the OQI in the limit of large ensembles within the frame-
work of this work, as discussed in the main text and depicted
in figure 2(b).

A.2. Estimators

In the following, we derive explicit expressions for the linear
and optimal Bayesian estimators, as presented in section 2.4.

A.2.1. Linear estimator. With the linear estimator defined in
equation (20) as ϕlinear

est (x) = a · x, the BMSE is expressed as

(∆ϕ)
2
= (δϕ)

2 − 2a
ˆ

dϕP (ϕ)ϕ
∑
x

xP(x|ϕ)

+ a2
ˆ

dϕP (ϕ)
∑
x

x2P(x|ϕ) (A47)

= (δϕ)
2 − 2a

ˆ
dϕP (ϕ)ϕ〈X(ϕ)〉

+ a2
ˆ

dϕP (ϕ)〈X2 (ϕ)〉. (A48)

Here, the moments of the observable X are defined by
〈Xn(ϕ)〉=

∑
x x

nP(x|ϕ). The optimal scaling factor a is
determined by minimizing the BMSE. Differentiating
equation (A48) and solving for a yields

a=

´
dϕP (ϕ)ϕ〈X(ϕ)〉´
dϕP (ϕ)〈X2 (ϕ)〉

. (A49)

Hence, from equation (A48), the corresponding BMSE is
given by equation (23), i.e.

(∆ϕ)
2
= (δϕ)

2 −
[
´
dϕP (ϕ)ϕ〈X(ϕ)〉]2´
dϕP (ϕ)〈X2 (ϕ)〉

. (A50)

Due to the linearity of the estimator, the scaling factor and
BMSE only depend on the first and second moments of the
observable X, rather than the full statistical model P(x|ϕ). This
dependence significantly simplifies practical computations,
while retaining reliable performance in several situations.
Nevertheless, the linear estimation strategy is not optimal in
general.

A.2.2. Optimal Bayesian estimator. To start with, we
expand equation (4)

(∆ϕ)
2
=
∑
x

P(x)

[ˆ
dϕP(ϕ|x)ϕ2 − 2ϕest (x)

ˆ
dϕP(ϕ|x)ϕ

+ϕ2
est (x)

ˆ
dϕP(ϕ|x)

]
. (A51)

As before, the first term results in the prior variance (δϕ)2,
while the last integral simplifies to unity due to the normal-
ization of the posterior distribution. To minimize the BMSE,
the optimal Bayesian estimator has to minimize the term in
the brackets for each measurement outcome x, since P(x)⩾ 0
and ϕest(x) is independent for different x. Differentiation and
solving for the estimator yields the optimal Bayesian estimator
given in equation (24), ϕopt

est (x) =
´
dϕP(ϕ|x)ϕ [70]. Thus, the

optimal Bayesian estimator corresponds to the mean posterior
phase. With this result, the BMSE becomes

(∆ϕ)
2
= (δϕ)

2 −
∑
x

P(x)
(
ϕopt
est (x)

)2
. (A52)

Equivalently, the BMSE can be expressed in terms of the stat-
istical model P(x|ϕ) and prior distribution P(ϕ) according to
Bayes theorem equation (3), resulting in equation (25). Unlike
the linear estimator, the optimal Bayesian estimator as well as
the corresponding BMSE depend explicitly on the statistical
model, rather than just the first and second moments of the
observable. While this dependence ensures optimality, it also
increases computational complexity.

A.3. ADEV

In the following, we characterize the frequency fluctuations
ω(t) = ω0 −ωLO(t), arising from deviations of the atomic
transition frequency ω0 and LO frequency ωLO(t). To facil-
itate comparisons between LO at different ω0, it is convenient
to introduce the dimensionless fractional frequency deviation

y(t) =
ω (t)
ω0

=
ω0 −ωLO (t)

ω0
. (A53)

In general, the LO produces a continuous noisy frequency
trace y(t). However, in many applications, including the opera-
tion of an atomic clock, only a sequence of discrete frequency
measurements averaged over individual clock cycles of dura-
tion TC is recorded. We assume that each clock cycle consists
of dead time TD, duringwhich the atomic reference is not inter-
rogated, followed by an interrogation time T. Consequently,
the frequency trace is divided into equal intervals of duration
TC = TD +T. The fractional frequency value recorded at the
end of cycle k is obtained by
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yk =
1
TC

ˆ kTC

(k−1)TC

dt y(t) =
1
TC

[ˆ (k−1)TC+TD

(k−1)TC

dt y(t)

+

ˆ kTC

(k−1)TC+TD

dt y(t)

]
. (A54)

A common method to characterizing statistical processes
involves calculating the mean value y and the variance s2,
defined by

y=
1
n

n∑
k=1

yk (A55)

s2 =
1

n− 1

n∑
k=1

(yk− y)2 , (A56)

where n denotes the total number of fractional frequency
values yk. However, the standard variance is only a mean-
ingful measure for uncorrelated noise. If the noise is cor-
related, the deviation from its mean value is no longer sta-
tionary [109] and thus, the standard variance might be non-
convergent. Consequently, it is not recommended to charac-
terize frequency standards or atomic clocks using the standard
variance.

To determine the clock stability, we consider the fractional
frequency fluctuations averaged over a total measurement time
τ = mTC, corresponding to m individual clock cycles,

yj =
1
τ

ˆ jτ

( j−1)τ
dt y(t) =

1
τ

jm∑
k=( j−1)m+1

ˆ kTC

(k−1)TC

dt y(t)

=
1
m

jm∑
k=( j−1)m+1

yk. (A57)

The most widely used time-domain metric for evaluating the
stability of frequency standards and atomic clocks [6, 109–
111] is represented by the ADEV [108, 148]. It is defined as
the square root of the Allan variance [6, 108]

σ2
y (τ) =

1
2
〈
(
yj+1 − yj

)2〉, (A58)

where 〈·〉 denotes statistical averaging. While the standard
deviation measures the spread of uncorrelated fluctuations
around a mean value, the ADEV focuses on differences
between consecutive measurements, making it sensitive to
time-correlated noise. This distinction allows the ADEV to
reveal trends and patterns in the temporal behavior of fre-
quency fluctuations, which the standard deviation would aver-
age out or fail to capture. Unlike the standard variance, the
Allan variance converges for most types of noise encountered
in frequency standards. As it quantifies the fractional fre-
quency fluctuations, a lower value indicates reduced instabil-
ity, or equivalently, improved stability. The ADEV σy(τ)
depends on the averaging time τ , providing insights into
noise characteristics on different timescales. Short averaging
times τ ∼ TC reveal short-term stability, while large τ � TC

describe long-term stability. Therefore, analyzing the full τ -
dependence of σy(τ) is essential to assess the performance of
different oscillators.

In practice, for finite data sets, the statistical averaging is
realized as [109]

σ2
y (τ) =

1
2(M− 1)

M−1∑
j=1

(
yj+1 − yj

)2
(A59)

whereM= m
n represents the number of consecutive frequency

intervals with length τ = mTC. The quantity usually addressed
is the square root of the Allan variance, namely the ADEV.

To summarize, the ADEV is an essential metric for assess-
ing the stability of atomic clocks and frequency standards.
It provides a measure of fractional frequency fluctuations
over various timescales, distinguishing between short-term
and long-term stability. Unlike the standard variance, which
is only meaningful for uncorrelated noise, the ADEV is well-
suited to analyze correlated noise, capturing trends and tem-
poral patterns in the fluctuations. This makes it an indispens-
able tool for comparing and optimizing the performance of dif-
ferent oscillators.

A.4. Sensitivity of standard protocols

In the following, we derive the sensitivities of the CSS, SSS
and GHZ protocols introduced in the main text.

A.4.1. CSSs. For ameasurement of the collective spin oper-
ator Sy and unitary phase evolution through a rotation around
the z-axis, according to equation (5), the first and second
moments of the observable are given by

〈X(ϕ)〉= 〈Sy (ϕ)〉= 〈Sy〉cos(ϕ)+ 〈Sx〉sin(ϕ) (A60)

〈X2 (ϕ)〉= 〈S2y (ϕ)〉= 〈S2y〉cos2 (ϕ)
+ 〈SySx+ SxSy〉sin(ϕ)cos(ϕ)+ 〈S2x〉sin

2 (ϕ) ,
(A61)

where the expectation values 〈·〉 are evaluated with respect to
the initial state |ψin〉, independent of the phase ϕ. Assuming
a Gaussian prior distribution, as defined in equation (6), the
integrals in equation (23) become

ˆ
dϕP (ϕ)ϕ〈X(ϕ)〉=

ˆ
dϕP (ϕ)ϕ [〈Sy〉cos(ϕ)

+〈Sx〉sin(ϕ)] = 〈Sx〉(δϕ)2 e−(δϕ)2/2 (A62)ˆ
dϕP (ϕ)〈X2 (ϕ)〉=

ˆ
dϕP (ϕ)

[
〈S2y〉cos2 (ϕ)

+〈SySx+ SxSy〉sin(ϕ)cos(ϕ)+ 〈S2x〉sin2 (ϕ)
]

(A63)

= e−(δϕ)2
[
〈S2y〉cosh

(
(δϕ)

2
)
+ 〈S2x〉sinh

(
(δϕ)

2
)]
, (A64)
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where terms with odd integrands vanish directly. Thus, the
optimal linear scaling factor, corresponding BMSE and effect-
ive measurement uncertainty are given by

a=
⟨Sx⟩(δϕ)2 e(δϕ)

2/2

⟨S2y⟩cosh
(
(δϕ)2

)
+ ⟨S2x⟩ sinh

(
(δϕ)2

)
(∆ϕ)2 = (δϕ)2

×

1− (δϕ)2
⟨Sx⟩2

⟨S2y⟩cosh
(
(δϕ)2

)
+ ⟨S2x⟩ sinh

(
(δϕ)2

)


(∆ϕM)
2 =

⟨S2y⟩
⟨Sx⟩2

cosh
(
(δϕ)2

)
+

⟨S2x⟩
⟨Sx⟩2

sinh
(
(δϕ)2

)
− (δϕ)2 .

(A65)

For the conventional Ramsey protocol, a CSS polarized in x-
direction is prepared by a π/2-pulse applied to the collective
ground state

|CSS〉=Ry
(
−π

2

)
|↓〉⊗N = |+〉⊗N =

[
1√
2
(|↓〉+ |↑〉)

]⊗N

,

(A66)

which representsN uncorrelated atoms, each in an equal super-
position of the ground and excited state. CSS and their prop-
erties are discussed in detail in [112–114]. With expectation
values

〈Sx〉=
N
2
, 〈Sy〉= 〈Sz〉= 0,

〈S2x〉=
N2

4
, 〈S2y〉=

N
4
= 〈S2z 〉, 〈SxSy〉= 0= 〈SxSz〉,

(A67)

we derive

aCSS =
2e(δϕ)

2/2

cosh
(
(δϕ)

2
)
+Nsinh

(
(δϕ)

2
) (A68)

(∆ϕCSS)
2
= (δϕ)

2

×

1− (δϕ)
2 N

cosh
(
(δϕ)

2
)
+Nsinh

(
(δϕ)

2
)


(A69)

(
∆ϕCSS

M

)2
=

cosh
(
(δϕ)

2
)

N
+ sinh

(
(δϕ)

2
)
− (δϕ)

2
. (A70)

Rewriting the first term, we recover the result from [67]

(
∆ϕCSS

M

)2
=

e(δϕ)
2

N
+

(
1− 1

N

)
sinh

(
(δϕ)

2
)
− (δϕ)

2
.

(A71)

A.4.2. SSSs. The application of an OAT interaction
Tz(µ) = exp

(
−iµ2 S

2
z

)
with small twisting strength µ to the

CSS, defined in equation (A66), generates a SSS. To align the

minimal spin variance along the y-axis, an additional rotation
Rx(θ) around the x-axis by an angle θ is applied. Thus, the
initial state reads

|SSS〉=Rx (θ)Tz (µ) |CSS〉. (A72)

These states are introduced and discussed in detail in [87].
In comparison to CSS, the SSS differs primarily in its
polarization and spin variances, while other properties
remain unchanged. Hence, the optimal linear scaling factor,
BMSE and effective measurement uncertainty are given by
equation (A65) with expectation values

〈Sx〉=
N
2
cosN−1

(
µ
2

)
(A73)

〈S2x〉=
N
4

{
N
[
1− cos2N−2

(
µ
2

)]
− 1

2
(N− 1)A

}
+ 〈Sx〉2

(A74)

〈S2y〉=
N
4

{
1+

1
4
(N− 1)

[
A−

√
A2 +B2

]}
, (A75)

where A= 1− cosN−2(µ) and B= 4sin
(
µ
2

)
cosN−2

(
µ
2

)
.

A.4.3. GHZ states. The GHZ state [115] is defined by

|GHZ〉= 1√
2

[
|↓〉⊗N+ |↑〉⊗N

]
, (A76)

which represents an equal superposition of the collective
ground and excited states and thus, is maximally entangled.
After the free evolution, the state reads

|ψϕ〉=Rz
(
− π

2N

)
Rz (ϕ) |GHZ〉= 1√

2

[
ei

N
2 ϕ−iπ4 |↓〉⊗N

+e−i N2 ϕ+iπ4 |↑〉⊗N
]
, (A77)

where the additional rotation Rz
(
− π

2N

)
is applied to shift the

optimal working point to ϕ0 = 0, since the prior is centered
around ϕ= 0. Equivalently, the prior distribution could be
shifted by π/2N. The expectation value of the parity Π =
(−1)Nσ⊗N

x is given by

〈Π(ϕ)〉= (−1)N sin(Nϕ) . (A78)

Since σ2
x = 1, the secondmoment directly yields 〈Π2(ϕ)〉= 1.

Hence, the integrals in equation (23) become

ˆ
dϕP (ϕ)ϕ〈X(ϕ)〉= (−1)N

ˆ
dϕP (ϕ)ϕsin(Nϕ)

= (−1)NN(δϕ)
2 e−N2(δϕ)2/2 (A79)ˆ

dϕP (ϕ)〈X2 (ϕ)〉= 1. (A80)

Consequently, the corresponding optimal linear scaling factor,
BMSE and effective measurement uncertainty are given by
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aGHZ = (−1)NN(δϕ)
2 e−N2(δϕ)2/2

(∆ϕGHZ)
2
= (δϕ)

2
[
1−N2 (δϕ)

2 e−N
2(δϕ)2

]
(
∆ϕGHZ

M

)2
=

eN
2(δϕ)2

N2
− (δϕ)

2
. (A81)

Due to the binary nature of the parity measurement, the linear
estimator is already optimal and thus, saturates the BCRB and
coincides with the optimal Bayesian estimator.

However, the parity measurement can also be mimicked by
a projective spin measurement and application of the corres-
ponding optimal Bayesian estimator: for N even, a Ramsey
pulse is applied after the free evolution time, implemented by
a rotation of π/2 around the x-axis, resulting in the final state

|ψf〉=Rx
(
π
2

)
|ψϕ〉=

1√
2

1
√
2
N

[
ei

N
2 ϕ−iπ4 (|↓〉− i|↑〉)⊗N

+e−i N2 ϕ+iπ4 (|↑〉− i|↓〉)⊗N
]
. (A82)

For N odd, calculations are analogous with final rotation
around the y-axis. Finally, a projective measurement of Sz is
performed. Note that the final Ramsey pulse can equivalently
be absorbed in the observable, leading to an effective measure-
ment of Sy, as for the CSS and SSS protocol. The conditional
probabilities are evaluated to read

P
(
x=+N

2 −N−|ϕ
)
=

1
2N

(
N
N−

)[
1+(−1)

N
2 +N− sin(Nϕ)

]
(A83)

where N− denotes the number of atoms in the ground state.
Interestingly, the conditional probabilities for N− and N−N−
are equal (since N is even), resulting in a vanishing signal
〈X(ϕ)〉 ≡ 0. Nevertheless, with

P
(
x=+N

2 −N−
)
=

ˆ
dϕP(x|ϕ)P (ϕ)

=
1
2N

(
N
N−

)
, (A84)

the optimal Bayesian estimator is given by

ϕest
(
x=+N

2 −N−
)
=

1
P(x)

ˆ
dϕP(x|ϕ)P (ϕ)ϕ

= (−1)
N
2 +N− N(δϕ)

2 e−N(δϕ)2/2.
(A85)

and an efficient estimation is possible. Consequently, the
optimal estimation strategy distinguishes between even and
odd numbers of atoms in the ground state and thus, effectively
mimics a parity measurement.

As a final step, we determine the BQCRB for theGHZ state.
Using equation (A77), we find

Λϕ,T [ρin] =
1
2

[
|↓〉〈↓|⊗N+ eiNϕ|↓〉〈↑|⊗N+ e−iNϕ|↑〉

〈↓|⊗N+ |↑〉〈↑|⊗N
]
, (A86)

which leads to the average state

ρ=
1
2

[
|↓〉〈↓|⊗N+ e−N2(δϕ)2/2(

|↓〉〈↑|⊗N+ |↑〉〈↓|⊗N
)
+ |↑〉〈↑|⊗N

]
. (A87)

Interestingly, equation (A87) is no longer pure due to the aver-
aging and effectively corresponds to a real 2x2-matrix. Hence,
using equation (14), the BQCRB directly follows from

FQ [ρ] = N2e−N2(δϕ)2 (A88)

and results in the same value as in equation (A81).

A.5. Numerical methods

This section presents the numerical methods employed in this
work, including the optimization of the variational quantum
circuits, the simulation of the full feedback loop in an atomic
clock, the iterative determination of the prior width and
the incorporation of dead time noise into the prior phase
distribution.

A.5.1. Optimization. The 2+ 3(n+m) variational paramet-
ers of the quantum circuits introduced in section 3.2 are
optimized using the scipy library in Python [149]. Due to the
vast number of local minima, a global optimization method
is required. Specifically, we employ a differential evolution
approach. As discussed in section 4, for fixed interrogation
time T and class [n,m], multiple local minima are identified in
different regions to mitigate limitations caused by fringe hops.
Following [68, 75], figure A1(a) illustrates a generic optim-
ization landscape in the µ1–µ2-plane for the [1,1]-class with
N= 8 at an interrogation time of T/Z= 0.1. The µ1–µ2-plane
is divided into four quadrants (I–IV), with regimes of strong
twistings (V–VII) considered separately. Notably, region (VII)
is effectively equivalent to (VI) due to the periodic nature of
OAT interactions. For variational protocols [1,m] with deeper
circuits (m= 2,3), the twisting strength landscape expands
and is divided into eight quadrants considering the twisting
strengths µj. Local minima identified in these landscapes, rep-
resented by distinct symbols, correspond to specific protocols
simulated within the full feedback loop of an atomic clock (see
section 4.1).

A.5.2. Ramsey signals. The standard protocols, namely
CSS, SSS and GHZ protocols, exhibit sinusoidal signals.
While CSS and SSS have a dynamic range of [−π/2,+π/2],
allowing for unbiased phase estimation within this interval, the
phase is imprinted N times faster for the GHZ state, leading
to a correspondingly N times smaller dynamic range. In con-
trast, the application of variational quantum circuits with mul-
tiple layers for state preparation and measurement can gen-
erate arbitrary signals. Within the variational classes intro-
duced in section 3.2, there are no restrictions on the geo-
metry, and therefore the signal shape is not constrained. While
[n,0]-protocols yield collective spin measurements that result
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Figure A1. (a) Optimization landscape in the µ1–µ2-plane for the [1,1] class with N= 8 at an interrogation time of T/Z= 0.1. The Allan
deviation σy(τ) is rescaled by the averaging time τ , coherence time Z and transition frequency ω0. Darker areas correspond to better
stability. The optimization areas (I–VII) are separated by white lines, while local minima within these regions are illustrates by symbols. In
theory, the lowest instability is achieved by the protocol indicated by the hexagon in area (III), while the other local minima result in a
comparable clock stability. (b) Comparison of signals ⟨X(ϕ)⟩ of the optimal [1,1] and [1,2] protocols for the linear (dashed) and optimal
Bayesian estimator (solid), with N= 8 at an interrogation time of T/Z= 0.1. The gray shaded region represents the spread of the prior
distribution, with its width δϕ corresponding to the specific interrogation time.

in sinusoidal signals, increasing m allows for arbitrary signal
shapes. Typically, when m 6= 0, highly non-sinusoidal signals
are generated, where the dynamic range adapts to the inter-
rogation time and the associated frequency fluctuations of the
LO.

Generic Ramsey signals for the [1,1] and [1,2] protocols
are illustrated in figure A1(b) for N= 8 at interrogation time
T/Z= 0.1. The signals, associatedwith the optimal variational
parameters, are compared for both the linear and optimal
Bayesian estimation strategies. Specifically, the signal for the
[1,1]-class with the optimal Bayesian estimator corresponds to
the hexagon in figure A1(a).

In principle, the estimation strategy does not affect the sig-
nal directly, as it is determined solely by the initial state, phase
imprint, and measurement. However, the choice of the estim-
ator influences the optimization of the variational paramet-
ers, which in turn affects the signal. Consequently, the linear
estimation strategy typically results in anti-symmetric signals,
at least within the range of the prior distribution. In contrast,
the optimal Bayesian estimator can become highly non-linear.
As a result, these signals often exhibit strongly non-sinusoidal
shapes, lacking symmetry and any apparent relation to the
phase. While this may initially seem counterintuitive, this
approach achieves lower phase estimation uncertainty when
combined with the corresponding estimator, as discussed in
section 3.2. An example is presented in section 3.1 for theGHZ
protocol with projective spin measurement, where the estim-
ator effectively mimics a parity measurement, while the signal
itself vanishes. A similar behavior is observed for the [1,2]
protocol with optimal Bayesian estimator in figure A1(b).

A.5.3. Clock simulation. This section provides a brief over-
view of the methods used to simulate an atomic clock. The
Monte Carlo simulation of the full feedback loop builds
on [67, 68]. Throughout this work, we assume clock oper-
ations with identical interrogation sequences in each clock
cycle. Specifically, the interrogation time T, dead time TD and

Ramsey protocol are fixed in a single clock run. Consequently,
the trace of average frequency deviations {ωk}, where k
denotes the index of the clock cycle, can be generated in
advance for a given spectral noise density Sy( f) or LO ADEV
σy,LO(τ). In principle, the frequency traces can be obtained
by Fourier transformation of the corresponding noise in the
Fourier frequency domain. However, this approach becomes
computationally expensive for long traces with length n� 1.
While white and random walk frequency noise can be gen-
erated using standard methods [109], flicker frequency noise
is efficiently generated by a sum of multiple damped ran-
dom walks [67]. Given the frequency trace {ωk}, the clock
operation is simulated by implementing the full feedback
loop, closely following the basic clock operation outlined in
section 2.1. In each clock cycle k, the accumulated phase ϕk =
ωkT is used to evaluate the conditional probabilities P(x|ϕk).
A random measurement outcome xk is then sampled based on
this statistics. Finally, the frequency is corrected by the servo
according to ωcorr,k inferred from the phase estimate ϕest(xk).
The servo is implemented by a general linear predictor, presen-
ted in [67], taking into account 50 previous frequency estim-
ates. This procedure is repeated in each clock cycle for n= 107

cycles in a single clock run. Afterwards, the clock stability is
determined for the stabilized frequency trace.

Although the ADEV σy(τ) depends on the total averaging
time τ , clock stability is typically characterized by a single
value, assuming that the ADEV scales as ∼ 1/

√
τ for τ � 1s

(cf equation (29)). Conventionally, this is the ADEV at unit
averaging time σy(τ = 1s). Equivalently, the ADEV can be
rescaled with the total averaging time, i.e. σy(τ)

√
τ . However,

the delayed feedback in a clock operation leads to a large
deviation of theoretical prediction and simulation or experi-
ment at τ ∼ 1s, while the long term stability σy(τ)∝ 1/

√
τ

is achieved for τ � 1s. Therefore, the stability is evaluated
at τ � 1 and extrapolated to its hypothetical value at τ = 1 s
based on the scaling σy(τ)∝ 1/

√
τ .

Since clock operation involves stochastic processes, such as
frequency trace generation andmeasurement sampling, results
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Figure A2. (a) Convergence of the prior variance (δϕ)2 in the iterative approach for N= 8. The distinct iteration stages are illustrated by
colored lines. Additionally, the power law scaling equation (31) and the SQL 1/N are shown for comparison. (b) Additional noise due to
dead time characterized by the associated prior variance (δϕD)2 given in equation (43) for white (gray), flicker (pink) and random walk
frequency noise (brown). Mean values are averaged over 10 independent runs.

vary across different clock runs. To ensure robust stability
estimates, each setup, defined by fixed ensemble size N, inter-
rogation time T, dead time TD, and Ramsey sequence, is sim-
ulated over 10 independent clock runs. Symbols in the corres-
ponding figures therefore represent mean values, while error
bars indicate standard deviations. To include a protocol in the
results, we impose the stringent criterion that no fringe hops
occur across 108 total clock cycles, since even a single fringe
hop results in a complete loss of clock stability.

Fringe hops represent a substantial limitation at long inter-
rogation times, where they can dominate even over the CTL for
small ensembles. Additionally, fringe hops arise for the vari-
ational protocols at the plateau of the OQI (cf section 4.1). To
address this, we simulate several protocols from the optimiz-
ation (see above) for a given interrogation time T and vari-
ational class [1,m]. As a result, the theoretically optimal pro-
tocol may be limited by fringe hops in the full feedback loop
and thus, a different protocol performs best in simulations,
leading to substantial deviations between theoretical predic-
tions and numerical simulations. To give an example, the vari-
ational protocol associated with the hexagon in area (III) in
figure A1 achieves the lowest ADEV in theory, while it is lim-
ited by fringe hops in the numerically simulated full feedback
loop. Instead, the protocol corresponding to the circle in area
(V) performs best in numerical simulations, resulting in a sig-
nificant deviation to theoretical prediction. In extreme cases,
all simulated protocols may suffer from fringe hops, and no
data points are shown at these interrogation times. However,
the susceptibility to fringe hops at the OQI plateau decreases
with increasing circuit complexity m (cf section 4.1). Thus,
simulation results for protocols with the lowest depth m⩽ 3
that are not limited by fringe hops are shown.

A.5.4. Iterative prior width. Equation (31) provides a good
approximation of the prior phase width δϕ in the regime of
large ensembles N and long interrogation times T, as demon-
strated in [67, 68, 73]. However, as discussed in the main text,
the prior width δϕ and estimation error ∆ϕ mutually influ-
ence each other in the full feedback loop of an atomic clock.
Moreover, any model of the prior width can only capture the

true residual noise to a certain degree. Consequently, an on-
device optimization, as utilized in [76], would most accur-
ately reflect the experimental conditions and thus, yield the
best results. However, this approach has several disadvantages.
First, it precludes theoretical predictions and ab initio stud-
ies of clock stability, making it impossible to exclude proto-
cols prone to fringe hops, for instance. Second, it is excep-
tionally demanding in terms of experimental time. While the
variational parameters need only be optimized for individual
clock runs, evaluating the ADEV as a cost function requires a
sufficiently long averaging time τ for each optimization step
to achieve the long-term scaling according to 1/

√
τ . Unlike

Bayesian phase estimation, which can focus on single interrog-
ation cycles, on-device optimization for clock stability must
account for time-varying frequency deviationsω across cycles.
As a result, on-device optimization using the ADEV as a cost
function is impractical.

To overcome these challenges, we focus on modeling the
prior knowledge according to equation (6) and iteratively
adjust the prior width δϕ to account for the closed feedback
loop dynamics. The general strategy involves simulating the
full feedback loop multiple times and using the results from
previous simulations to estimate the prior width for the sub-
sequent iteration stage. This procedure is repeated until con-
vergence is achieved. In each iteration stage, the frequency
deviation ω at the end of the Ramsey dark time is recorded
and interpolated as a function of the interrogation time at a
fixed ensemble size. Directly applying this iterative method
to the variational protocols would lead to the same issues dis-
cussed above. Therefore, it is advantageous to use fixed and
reliable protocols, such as CSS and SSS, to ensure consist-
ency. Additionally, comparing results across protocols would
be cumbersome, as each protocol yields a distinct prior width
and corresponding OQI. Instead, we approximate the prior
width δϕ for a fixed ensemble size through the following iter-
ative stages:

• Stage 0 (Initialization): Start with a heuristic prior width,
where δϕ is interpolated linearly on a log-log scale between
(δϕ)2 = (T/Z)4/3N−1/4 for T/Z= 0.01 and the value given
by equation (31) for T/Z= 1. Using this prior width,
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simulate the CSS protocol with the optimal Bayesian estim-
ator and record the resulting frequency deviations {ωk}.

• Stage 1 (Refinement): Use the recorded {ωk} from the pre-
vious simulation to determine the corresponding prior phase
distribution. Fit this distribution to a Gaussian as described
in equation (6) to obtain an updated prior width δϕ. Plot δϕ
as a function of interrogation time and fit it with a fifth-order
polynomial. Exclude prior widths for interrogation times
where fringe hops limit stability and additionally add the
value from equation (31) at T/Z= 1. Simulate the SSS pro-
tocol with the updated prior width.

• Stages 2,3, . . . (Iteration): Repeat the refinement process.

Convergence is typically achieved after stage 3, even for small
ensembles, as the prior width from stage 4 introduces only neg-
ligible adjustments. This convergence is generically illustrated
in figure A2(a). Hence, the prior width from stage 3 is adopted
to model a realistic atomic clock scenario used in sections 4
and 5.3. While this iterative approach provides a reason-
able approximation of the closed feedback loop dynamics, it
remains a simplification. Consequently, deviations between
theoretical predictions and numerical simulations may still
arise, as discussed above and in the main text.

A.5.5. Prior width with dead time. As discussed in the main
text, the additional noise introduced during dead time can be
approximated as white noise in the asymptotic limit of many
clock cycles. The corresponding prior width δϕD is determined
by simulating the uncorrected frequency trace of the LO and
quantifying the noise accumulated during the cycle duration
TD. Specifically, the new frequency deviations ωnew,k = ωk−
ωk−1 are recorded for each cycle k, representing the differences
between consecutive cycles. Using the recorded ωnew,k, the
phase distribution associated with a hypothetical phase shift
during TD is evaluated, and the corresponding prior width δϕD
is extracted. Simulations confirm the power-law scaling pre-
dicted by equation (43), as illustrated in figure A2(b).
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