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ABSTRACT: It was proposed recently that the near-horizon states of an extremal four-
dimensional Kerr black hole could be identified with a certain chiral conformal field theory
whose Virasoro algebra arises as an asymptotic symmetry algebra of the near-horizon
Kerr geometry. Supportive evidence for the proposed duality came from the equality of
the microscopic entropy of the CFT, calculated by means of the Cardy formula, and the
Bekenstein-Hawking entropy of the extremal Kerr black hole. In this paper we examine the
proposed Kerr/CFT correspondence in a broader context. In particular, we show that the
microscopic entropy and the Bekenstein-Hawking entropy agree also for the extremal Kerr-
AdS metric in four dimensions, and also for the extremal Kerr-AdS metrics in dimensions
5, 6 and 7. General formulae for all higher dimensions are also presented.
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1 Introduction

In a recent paper, it was shown that the near-horizon states of an extremal four-dimensional
Kerr black hole could be identified with a certain two-dimensional chiral conformal field
theory [1]. This CFT arises by considering the asymptotic symmetry generators associated
with a class of perturbations around the near-horizon Kerr geometry that obey suitably-
chosen boundary conditions. The Cardy formula then gives a microscopic formula for the
entropy for the CFT, and it was shown that this coincides with the Bekenstein-Hawking
entropy of the extremal Kerr black hole. This led the authors of [1] to conjecture that the
extreme Kerr black hole is holographically dual to a chiral two-dimensional CFT whose
central charge is proportional to the angular momentum of the black hole. (See [2-6] for
some earlier related work.)

In this paper, we test the conjectured Kerr/CFT Correspondence for a wider variety
of extremal rotating black holes. Firstly, we consider the case of the Kerr-AdS black
hole in four dimensions, beginning with the construction of the near-horizon geometry
of the extremal Kerr-AdS black hole [7]. We show that again in this generalisation to
include a cosmological constant, there is an agreement between the Cardy formula for
the CFT and the Bekenstein-Hawking entropy of the extremal black hole. We then turn
to the consideration of higher-dimensional rotating black holes [8-10], in the extremal



limit, beginning with a detailed discussion of the five-dimensional case [11]. In dimensions
higher than four, there is the new feature that there is more than one angular momentum,
since the black hole can rotate independently in multiple mutually-orthogonal spatial 2-
planes. We now find that there is a chiral two-dimensional CFT associated with each
of these rotations. The central charge is different for each CFEFT, but nevertheless, the
Cardy formula gives rise to the same microscopic entropy for the states in each CFT,
and furthermore, this microscopic entropy matches perfectly with the Bekenstein-Hawking
entropy of the extremal rotating black hole. This agreement holds for both Ricci-flat black
holes and those with a cosmological constant. Having demonstrated this explicitly for
the case of five-dimensional extremal rotating black holes, we then present the analogous
results for all higher dimensions. We have explicitly verified these expressions, and hence
the conjectured duality, in the cases of six and seven dimensional extremal black holes.
Our results include a construction of the metrics describing the near-horizon geometries
for extremal Kerr-AdS black holes in all dimensions.

2 Four-dimensional extremal Kerr-AdS black holes

2.1 The near-horizon metric

The metric of the four-dimensional Kerr-AdS black hole, satisfying R, = —3072 G, 18

given by [7]
dr?  d6? Agsin® 0 2442 \? A/ . asin?0 \2
ds* = p*( —— +—— ) + ——=—( adi - dp) — = (di - d
S p(A +A9>+ p2 (a = Qb) p2< = gb) s
02 = 2 1 a? cos? 6, A= (F4a>)(1 472072 —2M7,
Ag=1—ad*2cos’0, Z=1-a*"2. (2.1)

The outer horizon is located at r = r,, the largest root of A = 0. Note that in this
coordinate system the metric is asymptotic to AdS4 in a rotating frame, with angular
velocity Qoo = —al™2.

The Hawking temperature, the Bekenstein-Hawking entropy, the angular momentum
and the angular velocity of the horizon (as measured in the asymptotically rotating frame)
are given by

B T%r —a?+ T%€_2(3T% +a?) B 71'(712F + a?)
Th = SRR ; Spy=——%=—",
dmry (r3 + a?) =
az
J¢ = =2 Q¢ = 77“-2’_ n P . (22)

The extremal limit is attained when the function A has a double zero at the outer
horizon, which we shall denote by r = rg, i.e. when A(rg) = 0 and A’(rg) = 0, implying
that the Hawking temperature vanishes. In order to avoid expressions explicitly involving
roots of the polynomial equation, it is convenient to use these two conditions in order to
express the mass parameter M and the rotation parameter a in terms of rq:

ro(1 +r30=2)2 o 7T3(1+3r2072)

M=—— = = 2.3
1-— 7“8(72 “ 1— T(Q]E*Q ( )



Near the horizon of the extremal black hole, the function A takes the form

14 6r3¢=2 —3rge™
A= (i -1V + O((f - ro)?’) . with Vo= —ort T (2.4)
1—rgt~
To obtain the near-horizon geometry, we make the coordinate transformations
F=ro(l+Xy),  d=o¢+ 2+a2 : (2.5)
and scale the time ¢ by writing
2 .2
~ Trgta
t = 2.6
)\Tov ( )
Sending A — 0 then gives the near-horizon metric
2 2 2 2, .2 2
4 202 4 dy Vdo sin® 0 Ay [ 2ar rg+a
ds? = —( dt + - ydt + ———do
1% Y2 Ay I 1% =
pi = 13 +a*cos’ 0. (2.7)

Finally, we can transform the AdSs Poincaré coordinates y and t to global coordinates
r and 7 as follows. AdSs is described by the hyperboloid Z2 — X? — Y? = —1 in R?, whose
parameterisations in the Poincaré and global coordinate systems are

1
Poincaré : X+7=y, X—7Z==-—yt?, Y =yt,
Y
Global : X=+V1+r2cost, Y=V1+r?sint, Z=r. (2.8)

From this, we see that

V1+r2sinT
=r++vV1+r2cosT, t= ) 2.9
Y r++vV1+r2cost (29)

and hence we find that

dy? dr?
P 2\ 72
-y dt +? = —(1+7" )dT + 1+7"27
ydt = rdr +dy, (2.10)
where
1++v1 2 &i
~ = log ( TV .sm7'> . (2.11)
COST + 1 sinT
Thus by sending
2arg =y
POt v 212
the near-horizon metric (2.7) becomes
2 2 2 i 2 2
0% o, o . dr Vdo sin® 0 Ag [ 2arg 7"0 —|— a?
d52:—<— 1+7r%)dr= + + + rdr + do ) , (2.13
A ) 1+r2 7 Ay P 4 (2.13)

In the case of vanishing cosmological constant, the metric becomes the near-horizon geom-
etry of the Kerr solution, analysed in [12].



2.2 Central charge in the Virasoro algebra

Here we follow the procedures described in [1], in which the asymptotic symmetry algebra
for a certain class of diffeomorphisms of the near-horizon extremal metric is studied. A
crucial aspect of these diffeomorphisms is that the deviations h,,, of the background metric
are allowed, in the h,; and hgg directions, to be of the same order in inverse powers of r
as the corresponding components in the background metric itself. This is less restrictive
than the asymptotically AdS boundary conditions considered in [13], where all metric
components are required to be at sub-leading order. We refer the reader to [1] for a
detailed discussion of this point. By allowing the more general boundary conditions, it was
shown in [1] that a class of diffeomorphisms around the near-horizon extremal Kerr metric
gave rise to a chiral Virasoro algebra. We now apply the analogous analysis to the case
with a cosmological constant.
The relevant diffeomorphisms are given by the vector fields [1]

0 / 0
.= — — —_—. 2.14
O e OF (2.14)
The function €(¢) is periodic in the azimuthal angle, and we may consider a mode expansion
in terms of diffeomorphisms (,, in which we take €(¢) = —e "%
g O g O
(i = —€ 10 96 inre n? el (2.15)

The commutator of these vector fields generates the centreless Virasoro algebra,

i [C(m)7 g(")] - (m - n)C(m-HL) . (216)
Following the discussion in [1], charges Q¢ associated with these diffeomorphisms are
defined by integrals over a spatial slice 0%,

1

= — k 2.17
QC 8T Jox: ¢» ( )

where the 2-form k¢ is defined for a perturbation h,, around the background metric g,, by
1 1
kelh, g] = 3 GVuh =G Voh,” +(Vyh,” + §hVVCM - h,7Vs(,

%hw(vﬂga + vggﬂ)] F(dat A da?) (2.18)

where * denotes the Hodge dual. Note that the formula also applies to higher dimensions.
The Dirac bracket algebra of the charges includes a central term [14]:
1

where L¢g = (P09, + 9pv OuCP + gup 0,CP is the Lie derivative of g,,, with respect to .
Translated into modes, the corresponding commutator algebra is given by

1
[Lma Ln] = (m - n)Lern + ECL (m3 + am)5m+n,0 s (2'20)



with the central charge ¢y, given by

1

i
8T o5, kC(m) [»CC(")Q, 9l =——cL (m +am) Om+n,0 - (2.21)

12

(The term linear in m plays no essential role here, since it can be shifted arbitrarily by
c-number shifts of the generators L,,. Thus the value of the constant « is unimportant.)

Evaluating the integral (2.21) for the case of the four-dimensional near-horizon ex-
tremal Kerr-AdS metric (2.13), we find

1 _im 3p2 1+ 3r3 0~
ar | K a9, 91 = s/l s T )
_Qimro\/ (1— ro i 2 1+ 3T2€ 2) , (2.92)
(1 —=3rg f )?
and hence the central charge is
_ 1208 /(1 - (A + 35 072) (2.23)

1+6rg 2 37’0€ 4
2.3 Microscopic entropy and the Cardy formula

Following [1], one can adopt the Frolov-Thorne vacuum [15] to provide a definition of the
vacuum state for the extreme Kerr-AdS metric. Quantum fields for the general (non-
extremal) Kerr-AdS metric (2.1) can be expanded in eigenstates with asymptotic energy
w and angular momentum m, with ¢ and gb dependence e —iwi+imé I terms of the the
redefined ¢t and ¢ coordinates of the extremal near-horizon limit, given by (2.5) and (2.6),

we have A
e—iwf—l—imqb _ e_inRt'Hnqu’ (224)
where (r2 2)
rg+a*)w —am=
—m, _ . 2.25
nL=m R Mro V. (2.25)

The left-moving and right-moving temperatures 77, and Tx are then defined by writing the
Boltzmann factor e~ (=m%)/Th a5

e~ (w=—mQ)/Tu _ o—nr/TL—nr/TR (2.26)
This allows us to read off
Ty (T’(Q] + a2) Ty
T = Th = ———~-— . 2.27
r aZ(rd +a?)"1-Q4° n Arg V (227)

We now take the extremal limit, finding'

B L+6r2072—3rg 04
om(1 — 3r26-2)\ /(1 + 3r3 =-2)(1 — 72 4-2)

Tr=0. (2.28)

!Note that had we chosen to work in coordinate frame in which the angular velocity at infinity were
different (such as an asymptotically static frame), then the expressions for Q4 and for the #-dependent
shift in (2.5) would each be be displaced by the same additive constant, and so the final expression for 77,
n (2.27) would be the same.



In the case of vanishing cosmological constant, i.e. £~ = 0, the result reduces to T =
1/(27), given in [1].
From the Cardy formula for the entropy of a unitary conformal field theory at tem-
perature 717, the microscopic entropy is given by
1

S = §w2 e Ty . (2.29)
From (2.23) and (2.28), we therefore obtain the microscopic entropy
2mrd
=——0 2.30
1—3r3¢-2 (2.30)

for the CFT dual to the extremal Kerr-AdS black hole. This agrees perfectly with the
Bekenstein-Hawking entropy which given in (2.2), after taking the extremal limit.

3 Five-dimensional extremal rotating black holes

3.1 The extremal near-horizon metriNoc

The general result for the metric of a five-dimensional rotating black hole with S horizon
topology, satisfying the Einstein equation R, = —4072 9uv,» Was obtained by Hawking,
Hunter and Taylor-Robinson [11]. This metric, which generalises the Ricci-flat rotating
black hole of Myers and Perry [8], is given by

A/ . asin?6 beos20 . \2  Agsin20/ . (P2+a?) . \2
dsQ:——<dt—aS;n dpy — = d¢2> —i-(gzi(adt—(rjia)d@bl)

P2 —a Eb 2 —a

Agcos?0 [ . (P?+1b?) 22, PR

— | bdt - —=d —dr —db 3.1
= ( 2 )+ L+ £ (3.1)

1+ 72072 < b7 +a?)sin?0 a(7? + b?) cos? 0 2

where

A= %(ﬂ +a®)(FP+ )1+ —2M, Ag=1-a*0"%cos’0 — b1 2sin 6,

0% =72 4 a?cos® 0 + b?sin? 0, Se=1—a?0"2, Sy =1-b%"2. (3.2)
Note that in this coordinate system, the metric is asymptotic to AdSs in a rotating frame,
with angular velocities Q;‘i = —al~? and Q;‘; = —bl2.

The Hawking temperature, Bekenstein-Hawking entropy, the angular momenta and

the angular velocities on the horizon (in the asymptotically rotating frame) are given by

ri —a?b? + gQTi(QT%r +a?+ b2)

T =
H 21ry (12 + a?)(r? +b2) ’
7T2(T’_2|_ + a2)(7“3_ + b2)
Spr = ——
2r 2.2
mMa wMb
Jp = == > Joo = t= =5 >
91 2;%:2 2 2;1:%
aZ, b=,
0, = , - =0 3.3
®1 7‘3_ T a2 2 7‘3_ T2 ( )



Extremality occurs if A has a double zero at the horizon radius r = rg, implying that

the Hawking temperature vanishes. These conditions can conveniently be solved for M
and 72

_ (g +a®)*(rg + 1?)? (ab— r3)(ab + 1)

Co2rd(2r2 + a2+ b2) ra(2r + a? + b?)

With these parameters, we have A = (r — )2V 4+ O((r — ro)?), where

=2, (3.4)

V =4 +403rf +a* +b*)0 2. (3.5)

To extract the near-horizon geometry we first make the coordinate transformations

7= ro(1+ Ay), ¢1 — ¢1 +art, ¢ — ¢+ ast,
az, b=,
p— —_— p— . 3-6
(05} T’(2] +a2 9 a9 T’(2] + b2 ( )
then scale the time coordinate
. 2 2)(r2 4 p2
=Bt 3= (rg +a”)(rg +0%) (3.7)

)\TS’V ’

and finally send A — 0. The metric becomes

2 d 2162 Aysin26 /2 2 4 p2 2 2 2
ds2:@< 2dt+y >+p0 + =57 (“(TOJ“ )ydt+T0+ad¢1>

% Ag I roV Za
Ngcos? 0 (2b(r? + a? RS
4205 ( (6 +a%) gy 4 T d¢2> (3.8)
5 roV b
2
1+ 3t <2abp0 it + b(rd +a 2) sin? 9d¢1 N a(rg —i-gz)coszﬁd@) ’
T'OpO TOV Za =
where
P8 =18 4+ a*cos® O + b*sin 0, Ag=1—a*"%cos* 0 — b*(~?sin? 4. (3.9)

Finally, we can transform the AdSs Poincaré coordinates y and t to global coordinates

r and 7 by using the transformations (2.9), and sending

2by (r§ + a*) By
roV (rg +62) '

2a7 (TO + b2) —a
OV(TO +a?)

$1— o1+ ;P2 — 2+ (3.10)

where 7 is given by (2.11). The five-dimensional near-horizon extremal black hole met-

ric (3.8) becomes

6 dr’ 346° | Agsin®0 (2a(rg+b?) | 2

Vv Ag po V“QV
Agcos? 0 <26(r§+a2) b2 )
+ rdr+ d 3.11
Pg roV ¢ ( )
2
1—1—7"86 2 <2abp0 dT—l—b(TO—Hl )sm 9d¢1+a(r§+lf)00529d¢2> .
7°oPo oV Sa =b

(This result also appears, with £=! = 0, in [16], and with £=! > 0 in [17].)



3.2 Central charge and microscopic entropy

We can introduce an asymptotic symmetry group for this five-dimensional extremal black
hole in a manner that closely parallels the four-dimensional example in [1]. The difference
now is that instead of having just a single algebra of reparameterisations of the circle, as
n (2.14), there are now two, associated with the two independent azimuthal coordinates

¢1 and @o:

o 0
(1) _ — _ i -
Gy = e od in e or’
0 ; 0
R 3 @12

We can now calculate the central charges for each of the independent (mutually com-
muting) Virasoro algebras, using the formalism summarised in section 2.2. We find

6ma(rd + b%)? 3rarS(r3 + v%)(2r} + a® + v?)?
C = _= s
o1 =% 2(2r5 + a?r — a?b?)(—r§ + 3a2b*r3 + a2b* + a'b?)
o 6mb(rg + a?)? _ 3rbr§(rd + a?)(2r3 + a® + b?)? (3.13)
02 3=,V 2(2rg + b2rg — a?b?)(—r + 3a2b?r} + a?b* + a*b?) "~

There are now three Frolov-Thorne temperatures associated with the quantum field
theory of the extremal five-dimensional Kerr-AdS metric, which we shall denote by T3, Tj,

and T,. Thus we consider

o lwitimy drHime g _ —ine tHing, d1+ing, ¢ (3.14)
where
dr=¢1+art, gp=¢o+asl, =7t (3.15)
This implies that
n
Ng, =mi, Ngy = M2, w= Et + oy ng, + azng, . (3.16)

Now we consider

— miQy, — maf)
exp<—w my %{ ma ¢2>:exp<_ﬁ_%_n¢2>, (3.17)

Thus we have Ty Ty

= T = .
Yoa =y P27 gy —

where ay, s and (3 are given in (3.6) and (3.7). In the extremal limit, these quantities

T, =BT, Ty (3.18)

evaluate to give

T, =0,
T - ’I“()(’I“g +a?)V B ro(—rg + 3a2b27‘(2] + a?b* + a*b?)
2 AmaZ,(rg +02)  ma(r +b2)(2rs + b2 — a2b?)
B 7’0(7“8 + b2V B 7“0(—7’8 + 3a2b27“8 + a?b* 4 a*b?)
N 47TbEb(’l“g + a?) - 7Tb(7‘(2] + a2)(27“8‘ + a27’(2] —a2b?)

(3.19)



We can use the Cardy formula to calculate the microscopic entropy of the CFT asso-
ciated with each of the ¢; and ¢9 circles. The central charges (3.13) and Frolov-Thorne
temperatures (3.19) are different for the two CFTs, but nevertheless we find that the
microscopic entropy of each CEF'T is the same:

L, 1,
S = gﬂ' C¢1T¢1 = gﬂ' C¢2T¢2 (3.20)
Furthermore, this entropy agrees precisely with the Bekenstein-Hawking entropy of the
extremal five-dimensional black hole, which is obtained by substituting the extremality
conditions (3.4) into (3.3):

72rl(2r3 + a® + b%)?
2(2rg + ar} — a?b?)(2rg + b2r — a?b?)

Spr = (3.21)

In the Ricci-flat case £~ = 0, which implies 7“3 = a b, we have the much simpler expressions

a b 3 3
Ty, = ——, Ty, = ——, co; = —mb(a + b)?, Coy = —mal(a +b)?,
o1 77\/% 2 71'\/% 01 9 ( ) ®2 2 ( )
1
S = 5772(a +b)?Vab. (3.22)

4 Kerr-AdS/CFT correspondence in higher dimensions

The general Kerr-AdS metrics in arbitrary higher dimensions were obtained in [9, 10]. The
solutions were later generalised further to include NUT charges [18]. Although we shall
not be including the NUT parameters in our calculations, the form of the metrics obtained
in [18] will be the most convenient one for our purposes. We shall first review the Kerr-
AdS metrics written in this form, and then obtain their extremal limits. It is convenient
to consider the cases when the spacetime dimension is odd, D = 2n+ 1, and even, D = 2n,
separately.

4.1 D =2n+ 1 dimensional Kerr-AdS black holes, and extremal limit

We shall use the coordinates introduced in section 2 of [18], except that here we shall shift
the azimuthal angles by adding convenient constant multiples of the time coordinate .
Although the resulting coordinate frame is asymptotically rotating, it has the advantage
of simplifying the expression for the metric. (As we discussed in section 2.3 for the four-
dimensional example, the final results are independent of the choice of frame.) The metric
is then given by

-1

X[ <=~ o d)”
ds? = —dA2 Z - ﬁ[dt—Za?% f ] (4.1)

7

- X (72 —|—a %dgbz i, a 2 oo , , d(;ASZ- 9
+0;1U [ Z € +7°2Ha L2 dt—Z(r +a; )i €z‘ ,

i=1




'n—
U= l_[l(r2+yi)7 Ua == +y2)[ ], 1(yg va), 1<a<n-1,
a=
n n—1
€ = a’iEi k:l(a? _ai)7 Vi = ]](a’l2 _yi)7 1<:i< n,
a=1
14+72072 5 - _
X:TH(TZ—i—ai)—QM, Ei=1-al?,
k=1
1—y2072 -
XQZTH(ai—yg{)—i—ZLQ, 1<a<n-1. (4.2)
@ k=1

Note that the notation [] indicates that the term in the full product that vanishes is to
be omitted. We shall focus on the Kerr-AdS solutions, corresponding to setting all the
NUT charges zero, i.e. L, =0 for all 1 < a < n — 1. Without loss of generality, we may
order the rotation parameters such that a; < ay < --- < a,, in which case the compact
coordinates y, must lie in the ranges a, < yo < aqr1. The asymptotic region, where the
metric approaches AdSo, 11 written in global coordinates, is at # = co. The n azimuthal
angles le each have period 2w, and the asymptotic angular velocities are Q¢ = —a 2.

The horizon is located at 7 = r, where r, is the largest root of the polynomial function
X. The thermodynamic quantities for the Kerr-AdS solutions were obtained in [19]. The
mass, angular momenta and Bekenstein-Hawking entropy are given by

o mAp_o (” i 1>’ J - Ma;Ap_o AD,QﬁTi—Fa?
1

— = = 5 = TS = SpH = =
An([ 1, E5) =2 ‘ 4r=i([1; E5) Ay =

(4.3)
where Ap_o = 27(P=1/2/T[(D—1)/2] is the volume of the unit (D —2)-sphere. The Hawk-
ing temperature and the angular velocities on the horizon (measured in the asymptotically
rotating frame) are given by

1 1
T = — (1 -
= o [7”4- e ZZ: 2 +a? T+:| ’
=
Q= —-—-=. 4.4
! T?F—{—a% (44)

We now consider the extremal limit. It occurs when the function X has a double zero,
implying that the parameters must be chosen so that

X|f‘:T0 = 05 X/|f:T0 = 0, (45)

where 7 = 7y is the horizon of the extremal black hole. Near the horizon, the function X
can be expanded as

X = (7 = 0)?V +O((7 = r0)*) (4.6)

where

1
V=5 X i, - (4.7)

,10,



To extract the near-horizon geometry, we first make the coordinate redefinition

. ~ . a;=;
7 =ro(1+ A\y), ¢; = ¢; + ayt o = ﬁ, (4.8)
and then make a scaling of the time coordinate
2 2
‘E:/Bt’ ﬁ:l_.[l(ro—i_az). (4.9)

)\TSV

Finally, taking the limit A — 0 we obtain the near-horizon geometry

U dy?\ = U,
ds® = v < —ydt® + y—y2> + Z X—d?/i (4.10)
a=1""¢

—1
R Il el e

roiai [210s0r6 + ) . dgi ]
Ao [ C—ydt + (4 a) Z] :
0 Ha lya To i=1 €

i

where U and ﬁa are U and U, given in (4.2), but with 7 replaced by ro.

As in the four-dimensional and five-dimensional examples we discussed in previous
sections, we can finally transform from Poincaré coordinates ¢t and y to global coordinates 7
and r, by means of the redefinitions (2.9), together with appropriate shifts of the azimuthal
angles, giving the near-horizon metric in the form

> + Z S (4.11)
+§ Yo [WO Lo + yﬁ)rdT + Z aj (6 + ai)i d¢i:|2

U
d82 = v(—(1+7°2)

a=1 ﬁa V(Tg + yz) i1 a2 — y?x €;
a2 [2]]g0m5 + dg; 2
Hk 1% |: Hﬁ( 0 yﬁ rdr +ZTO+Q ¢z:| .
7nO H 1 ya TOV €i

4.2 D = 2n dimensional Kerr-AdS black holes and extremal limit

Again we use the same coordinates as those in section 2 of [18], but with shifted azimuthal
coordinates chosen so that the metric is simpler, albeit asymptotically rotating. It is
given by

ds® = —dA2+Z—d 2——[dt—2%d¢z}

n—1
E:Xa A 2:(f +az‘)%’d¢z’
a=1 i=1 v a E

— 11 —



n—1
'n—1
U= 1_[1(7”2+y«21)7 Ua == +y)[[,_, W—vd), 1<a<n-1,
o=
'm—1 n—1
€ azEZHk—l (0%2 - ai) ) Vi = 1_[1(a2 - ya) , 1<i<n-—1
a=
n—1
X =00+ +a3) —2M 7, 1—alt-
k=1
n—1
Xo =~ —yat ) ][ (e} —2) +2Laya. (4.13)
k=1

Turning off the NUT parameters, i.e. L, = 0, the solution describes the Kerr-AdS black
hole in even dimensions D = 2n. The coordinate ranges for y,, are somewhat different from
the odd dimensional case. Without loss of generality, we may order the rotation parameters
such that a1 < a9 < --- < a,_1, then we have —a1 < y1 < a1, and aq_1 < Yo < a, for
a=2,3,...,(n—1). The (n—1) azimuthal angles ®; each have period 27. The asymptotic
region is at ¥ — oo, where the metric approaches AdSs, in rotating global coordinates,
with ¢ = —a;f~2. The horizon is at # = r, where r is the largest root of the polynomial
function X. The thermodynamic quantities are given by

1 1
Ty = — |re(1 +
H o |:7°+ +T+ Z 2 + a 27”4_ :| )
—1 n—1
Ap_oM - 1 7“3_
B = =TT — — SBH - _AD 2
(0,5, & =, 11
a;Ap_oM a;Z;
g = i iy O = =i 4.14
' (05 T i

where, as in the previous cases, €2; gives the angular velocities on the horizon, in the
asymptotically-rotating frame.
As in the case of odd dimensions, the extremal limit is achieved by choosing parameters
such that
X

i=rg =0,  X'lizp, = 0. (4.15)

The horizon is at # = rg, and near the horizon, the function X has the expansion X =
(7 — 10)2V + O((f - r0)3), with V = 1X"|;,_,.

The near-horizon geometry can be extracted by first making the coordinate transfor-
mation =
a;=;

=ro(1+Ay), ¢i = ¢i + oyt az’:m,

(4.16)

and the time rescaling

[ (5 +ad) (4.17)

t=pt, B= MoV
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Finally, taking the limit A — 0 we obtain the near-horizon geometry

U ), U
d2:_ _ 2dt2 “y —ad2 41
i v< ! +y2>+ZXa Yo e
1 n—1 2
X, [2r ré+ 0+ a3)vyi dos
Z_[ 0[50 Q’yﬁ) dHZ%i] , (4.19)
— U, V(rg +y3) = % T Ya €

where U and U, are U and U, as given in (4.13), but with 7 replaced by 7.
In terms of global coordinates on the AdSs, the near-horizon metric becomes

n—1 77

U dr? U,
d32 = V < — (1 + 7"2)d7'2 —+ T T‘2> + Z X—dyg{ (420)
a=1"%
n-l 2 1,2 n—1 9
Xo [2roI15(r6 + y3) (r2 + a2)y; do;
+) = rdr + M—Z] : 4.21
az:l Ua [ V(rg +y2) ; a?—vy: e ( )

(Results for the near-horizon geometries for Myers-Perry black holes (i.e. with £=! = 0)
appear in [20].)
4.3 Frolov-Thorne vacuum temperature

There are [(D+1)/2] Frolov-Thorne temperatures associated with the quantum field theory
of the extremal D dimensional metric. We shall denote these by Ty and T;, with 1 <i <n
orl1 <i<n-—1when D =2n+1or D = 2n respectively. Thus we consider

efiwariZi mid; — efinotJriZi nidi , (422)

where (£,¢;) and (¢, ¢;) are related by (4.8) and (4.9), for both even or odd dimensions.
This implies that

n; = m;, w= % + Zami . (4.23)
i
Now consider 5 N
w—> .m;); n n;
exp < — %) = exp < — fo) — i f) . (4.24)
Thus we have T
Ty =0Ty, T, = o (4.25)

Note that the forms for a; and €); are the same for even and odd dimensions. In the
extremal limit, it is clear that Ty = 0. For the T}, both the numerator and denominator
vanish, leaving a finite and non-vanishing ratio, and hence we find

T, — (7"8 + a?)Q <8TH>

27“0(12‘5@' 8T+

_ Vg +a)
ry=ro Ama;Eiro Hj;éi (T(Z) + a?) ,

(4.26)

where € = 0 and 1 for even and odd dimensions respectively.
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4.4 Central charge and microscopic entropy

We may again consider a class of diffeomorphisms analogous to (2.14), which give rise to
an asymptotic symmetry algebra of transformations obeying boundary conditions of the
type discussed in [1]. In the general cases of rotating AdS black holes in D = 2n + 1 or
D = 2n dimensions we shall have n or (n — 1) commuting copies of the Virasoro algebra
respectively, generated by the diffeomorphisms

C(in) = —e 19 % —inre % % . (4.27)
The evaluation of the central terms cg, in the Virasoro algebras at the level of the Dirac
brackets of the charges (2.17), involving the calculation of the surface integral in (2.19)
using the extension of (2.18) to higher dimensions, is rather complicated and difficult to
perform in a general higher dimension.
The test of the validity of the Kerr/CFT correspondence in the higher dimensions
would amount to verifying that the central charges cy, are such that

1
Sy = §7T2 co, T for each 7, (4.28)

where Spp is the Bekenstein-Hawking entropy of the extremal rotating AdS black hole,
given by (4.3) or (4.14), with r = r¢ subject to X (r9) = 0 and X' (r¢) = 0, in odd or even
dimensions respectively, and with 7; being the Frolov-Thorne vacuum temperature (4.26)
for the i’th Virasoro algebra.

We have calculated the central charges cg, explicitly in the cases of D =6 and D =7
dimensions, and verified that the relations (4.28) are indeed satisfied. Thus in total we
have explicit confirmation of the equality of the microscopic entropy calculations and the
Bekenstein-Hawking entropy for extremal rotating black holes in dimensions 4, 5, 6 and 7.

5 Conclusions

In this paper, we have extended the recent results in [1] on the Kerr/CFT correspondence
for four-dimensional Kerr black holes, by including a cosmological constant and also by
considering the equivalent correspondence in all higher dimensions. The key observation
in [1] was that the asymptotic algebra of a class of diffeomorphisms of the near-horizon
geometry of the extremal Kerr black hole, subject to certain boundary conditions, contains
a Virasoro algebra related to reparameterisations of the azimuthal coordinate ¢ in the
Kerr metric. This algebra could be associated with a chiral CFT, and, realised at the level
of Dirac brackets of diffeomorphism charges, it has a central term related to the angular
momentum of the black hole. It was shown in [1] that the microscopic entropy of the CFT,
calculated using the Cardy formula, coincides with the Bekenstein-Hawking entropy of the
extremal Kerr black hole.

In dimensions higher than 4, the generalisations of the Kerr and Kerr-AdS metrics have
multiple independent angular momenta, associated with rotations in mutually-orthogonal
spatial 2-planes [8-11]. This leads to an asymptotic symmetry that includes multiple
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mutually commuting copies of the Virasoro algebra. The central terms in these Virasoro
algebras are all different (when the rotation parameters are unequal), but nevertheless,
when we evaluate the microscopic entropy for each of the associated chiral CFTs using the
Cardy formula, we find that it agrees precisely with the Bekenstein-Hawking entropy of
the extremal Kerr-AdS black hole.

It is intriguing to note that in the case of rotating black holes with a (negative) cosmo-
logical constant, there are two ostensibly very different types of duality that can be con-
sidered. For asymptotically AdS black holes, one expects that the Bekenstein-Hawking en-
tropy can be calculated in the boundary field theory via the AdS/CFT correspondence [21—
23]. In particular, in five dimensions one can consider the duality of the Kerr-AdSs black
hole to a four-dimensional rotating boundary field theory [11]. (In the case of supersym-
metric charged rotating black holes in five dimensions [24, 25], a boundary free-fermion
approximation was used to obtain the entropy up to a numerical factor of order unity [26].)
On the other hand, as we have discussed in this paper, there is a Kerr/CFT correspondence
in the near-horizon region, in the case of extremal black holes. It would be interesting to
see whether this multiplicity of dualities persists in a more general context.
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