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Optimal Trace Distance and Fidelity Estimations
for Pure Quantum States

Qisheng Wang

Abstract— Measuring the distinguishability between quantum
states is a basic problem in quantum information theory. In this
paper, we develop optimal quantum algorithms that estimate
both the trace distance and the (square root) fidelity between
pure states to within additive error € using ©(1/¢) queries
to their state-preparation circuits, quadratically improving the
long-standing folklore O(1/£2). At the heart of our construction,
is an algorithmic tool for quantum square root amplitude
estimation, which generalizes the well-known quantum amplitude
estimation.

Index Terms— Quantum computing, quantum algorithms,
trace distance, pure states, square root fidelity, quantum query
complexity, quantum amplitude estimation.

I. INTRODUCTION

HE distinguishability between quantum states is an

important topic in quantum information theory. Trace
distance and fidelity are the most common measures of the
closeness of two quantum states (cf. [1]). For two mixed
quantum states p and o, the trace distance between them is
defined by (cf. [1, Equation (9.11)])

1
T(p,a) = 5 trllp — o). 1)

The fidelity between p and o is defined by (cf. [1, Equation
(9.53)D)

(o) = e Vs ). @

An alternative definition of fidelity also appears in the litera-
ture, defined by (cf. [2], [3])

F*(p,0) = (tr( ﬁpﬁ>)2, 3)

which is equal to the square of F(p, o). To avoid confusion,
throughout this paper, we call F(p, o) the square root fidelity,
and call F2(p, o) the squared fidelity.

The trace distance and fidelity indicate how close two
quantum states are. When p and o are close, the value of
T(p,0) is close to 0 while the value of F(p, o) is close to 1.

Manuscript received 31 January 2024; revised 14 April 2024; accepted
6 August 2024. Date of publication 22 August 2024; date of current version
22 November 2024. This work was supported by the Ministry of Education,
Culture, Sports, Science and Technology (MEXT) Quantum Leap Flagship
Program (MEXT Q-LEAP) under Grant JPMXS0120319794.

The author is with the Graduate School of Mathematics, Nagoya University,
Nagoya 464-8602, Japan (e-mail: QishengWang1994@gmail.com).

Communicated by M. Tomamichel, Associate Editor for Quantum.

Digital Object Identifier 10.1109/TIT.2024.3447915

A quantitative relationship between trace distance and fidelity
was given in [4, Theorem 1] that

1=F(p,0) < T(p,0) < /1 -F2(p,0). (4)

When p = |p)(¢| and o = |¢)(¢)| are pure quantum states, the
relationship between the two measures turns out to be simpler
(cf. [5, Equation (9.173)]):

T(lp), [9)) = V1 =F2([¢), [¥)), (5)

where

E(le), [4)) = Kel¥)l. (6)

An important question is how to estimate the value of the
trace distance and fidelity between two quantum states so
that we can analyze their closeness quantitatively. This is not
solely a theoretical question, but also has potential in testing
the equivalence of quantum circuits, the validity of quantum
devices, the correctness of quantum programs, etc.

A. Related Work

The investigation in estimating and testing the closeness of
quantum states reveals better understanding of the power and
limitations of quantum computing, and they have been shown
useful both in theory and in practice. There are two types of
quantum input models that are commonly employed:

¢ Quantum query access model. In this model, quantum
query access to quantum unitary oracles that prepare the
quantum states to be tested is given.! Such quantum
unitary oracles are also known as the state-preparation
circuits. The complexity in this model is measured by
the number of queries to the oracles (including their
inverses and controlled versions), called quantum query
complexity. Research in this model includes quantum
algorithms (e.g., [8], [9]) and quantum computational
complexity (e.g., [10]).

'When given quantum query access to a quantum unitary oracle U,
we also assume (by default) that quantum query access to UT, controlled-
U, and controlled-U is available. For the formal definition, please refer to
Section II-A. In addition to the access to U, it is necessary to also assume
access to the controlled version and the inverse of U. This is because, when
only provided with access to an unknown unitary oracle U, implementing
controlled-U is impossible [6], and implementing UT is challenging [7].
Algorithms in the quantum query access model are particularly useful in
the case when the circuit implementation of U is known. In such cases,
the circuit implementations of U, controlled-U, and controlled-UT can be
straightforwardly derived from that of U. This scenario is common, as most
quantum algorithms are described by their circuit implementations.
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e Quantum sample access model. In this model, quantum
sample access to independent and identical copies of the
quantum states to be tested is given. The complexity in
this model is measured by the number of samples of
the quantum states, called quantum sample complexity.
Quantum algorithms in this model include, e.g., [11],
[12], [13].

There are a few approaches for pure quantum states in the
literature. One of the earliest approaches is the SWAP test [14],
which can be used to estimate the squared fidelity between
pure quantum states to within additive error ¢ with sample
complexity O(1/e2) or with query complexity O(1/¢). The
SWAP test also implies folklore methods for estimating the
trace distance and the square root fidelity between pure quan-
tum states (see Appendix A for further explanations). In [15],
the direct squared fidelity estimation for pure states was
proposed under the restriction that only Pauli measurements
are allowed. Another method called entanglement witness (cf.
[16, Section 6]) can be used for squared fidelity estimation for
some specific pure states with few measurements. Recently,
a distributed quantum algorithm for pure-state squared fidelity
estimation with independent and identical samples of quantum
states as input was proposed in [17].

There are a number of approaches for mixed quantum
states. In [13], the sample complexity of the closeness testing
between mixed quantum states of rank r was shown to be
O(r/e?) with respect to trace distance and O(r/e) with
respect to square root fidelity. When an n-dimensional mixed
quantum state is not low-rank, we can just replace r with n
in the complexity. In [8], they showed that given the quantum
query oracles that prepare the purifications of n-dimensional
mixed quantum states, the query complexity for the closeness
testing between them with respect to trace distance is O(n/¢).
For square root fidelity estimation, the query complexity
was shown to be O(r'??/e'35) in [18], and was later
improved to O(r%5/¢75) in [19] and O(r*®/e®) in [20];
moreover, in [20], they showed that the sample complexity
is O(r55/¢'?). In addition, if two quantum states p and o
are well-conditioned, i.e., p,o > I/k for some known x > 1,
then the query complexity for estimating their fidelity was
shown to be O(k*/e) in [21]. For trace distance estimation,
the query complexity was shown to be O(r° /%) in [19], and
was later improved to O(r/e?) [22]; moreover, in [22], they
showed that the sample complexity is O(r?/e%). In addition
to the general approaches, there are also approaches for
trace distance estimation in some practical scenarios proposed
in [23] and [24]. Several variational quantum algorithms for
trace distance and fidelity estimations were proposed in [25],
[26], and [27].

In computational complexity theory, quantum state discrim-
ination with respect to trace distance (resp. fidelity), namely,
the decision version of its estimation for mixed quantum
states, is known to be QSZK-complete in certain parameter
regime [10], [28]. If the quantum states are guaranteed to
be pure, then the quantum state discrimination is BQP-
complete [22], [29]. Moreover, if the quantum states are

25() suppresses polylogarithmic factors.
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prepared by polynomial-size quantum circuits acting on loga-
rithmically many qubits, then the quantum state discrimination
is BQL-complete [30].

B. Main Results

As quantum states are usually considered as the quantum
analog of classical probability distributions, the estimations
of trace distance and (square root) fidelity of quantum states
can be seen as quantum analogs of the closeness estimation
of classical probability distributions. Optimal estimators have
been known for closeness measures of probability distributions
such as total variation distance and entropy [31]. However,
to the best of our knowledge, we are only aware of the folklore
approaches for estimating the trace distance and square root
fidelity between pure states which are based on the SWAP
test [14] and have query complexity O(1/¢2) for additive error
¢ (see Lemma A.3 and Lemma A.2).3

In this paper, we propose quantum query algorithms for
estimating the trace distance and square root fidelity between
pure quantum states with query complexity ©(1/¢), assuming
that their state-preparation circuits are given as quantum
unitary oracles. Moreover, we show that they are optimal
by providing matching lower bounds on the quantum query
complexity of pure-state trace distance and square root fidelity
estimations. The input model adopted in our quantum algo-
rithms is commonly employed in the study of quantum query
algorithms regarding quantum states; for example, the query
complexity of quantum state tomography was studied in [9].
See Section II-B for the formal definition of this input model.

We state our main results in the following theorem.

Theorem 1.1 (Optimal Pure-State Trace Distance And
Square Root Fidelity Estimations):

o Upper Bounds (Theorem IV.1 and Theorem IV.2 com-
bined): There is a quantum query algorithm that estimates
the trace distance and the square root fidelity between
two pure quantum states to within additive error £ with
probability at least 2/3 with query complexity O(1/¢).

o Lower Bounds (Theorem V.2 and Theorem V.4 com-
bined): Any quantum query algorithm that estimates the
trace distance or the square root fidelity between two pure
quantum states to within additive error € with probability
at least 2/3 has query complexity 2(1/¢).

In a nutshell, Theorem I.1 means that the query complexities
for both pure-state trace distance estimation and pure-state
square root fidelity estimation are ©(1/¢), which quadratically
improve the folklore results of O(1/¢?) that are based on
the SWAP test (see Lemma A.3 and Lemma A.2). Moreover,
we show that ©2(1/¢) queries are necessary for pure-state trace
distance and square root fidelity estimations, meaning that
our quantum algorithm in Theorem I.1 is optimal only up
to a constant factor. We also note that the quantum query
algorithm given in Theorem I.1 can also be used to reproduce
the pure-state squared fidelity estimation that is originally

3In the special case where the amplitudes of the pure states are guaranteed to
be real numbers, a quantum query algorithm for square root fidelity estimation
with query complexity O(1/¢) was implied in [32, Theorem 2.1]. However,
their method does not directly apply to the general complex-valued case.
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TABLE I
QUANTUM QUERY AND SAMPLE COMPLEXITIES FOR PURE-STATE CLOSENESS ESTIMATIONS

Bounds Trace Distance

Square Root Fidelity Squared Fidelity

O(1/€?) folklore

Query Upper Bound O(1/¢) Theorem IV.1

O(1/€?) folklore

O(1/e) Theorem 1V.2 O(1/e) 1141, [33]

Query Lower Bound Q(1/e) Theorem V.2

Q(1/e) Theorem V.4  Q(1/¢) [34], [35]

Sample Upper Bound O(1/&*) folklore

O(1/*) folklore O(1/€%) [14]

Sample Lower Bound ~ (1/e2) Theorem B.2

2(1/e2) Theorem B.4 Q(1/e2) [17]

obtained by combining the SWAP test [14] and quantum
amplitude estimation [33] (see Theorem IV.3). As the optimal
estimation for pure-state squared fidelity based on the SWAP
test is already known and has a wide range of applications,
the readers may wonder how the pure-state trace distance
and square root fidelity estimations given in Theorem 1.1 can
be useful. In Section I-C, we present concrete applications
in which trace distance and square root fidelity estimations
perform significantly better than the squared fidelity estimation
based on the SWAP test.

In Table I, we compare the quantum query complexity and
sample complexities for pure-state trace distance, square root
fidelity, and squared fidelity estimations. For completeness,
we provide folklore approaches concerning both query com-
plexity and sample complexity in Appendix A (with the com-
plexity for squared fidelity estimation given in Lemma A.1),
and quantum sample lower bounds in Appendix B.

To better illustrate our results, we first mention its potential
applications in Section I-C, and then introduce our techniques
in Section I-D: upper bounds in Section I-D.1 and lower
bounds in Section I-D.2. The hardness in computational com-
plexity theory will be discussed in Section I-E. Finally, we will
give a brief discussion in Section I-F.

C. Applications

We present three concrete and representative applications of
Theorem 1.1 that could be of broad interest. In the following,
in addition to trace distance, we will also use the distance-like
measure infidelity to quantify the closeness between quantum
states, defined by I(p, o) = 1—F(p, o) (note that the infidelity
is defined in terms of square root fidelity).

1) Quantum State Tomography: Quantum state tomogra-
phy [11], [12] is a fundamental problem in quantum com-
puting. The task is to estimate an unknown quantum state to
certain precision. Existing approaches mainly measure errors
in trace distance and infidelity. In particular, the tomography
of a d-dimensional pure quantum state can be done optimally
by using ©(d/ec?) samples to error ¢ in trace distance [12],
and by using ©(d/J) samples to error ¢ in infidelity [11].
When testing a concrete implementation for quantum state
tomography, one may wish to see if its output is correct (i.e.,
with high enough precision) provided that the input state for
testing is known in advance. A simple way is to check if the
trace distance (resp. infidelity) between the input and output
states is small enough.

Suppose that the input state [¢);,) can be prepared by a
known quantum circuit of size T;,, and the classical description

of the output state [t)oy) is given such that [t)oy) can be
prepared with time complexity polylog(d) = O(1).* We can
estimate the trace distance and the infidelity between |t,)
and |1oy) on a quantum computer through the pure-state
trace distance and square root fidelity estimations given in
Theorem I.1. To assess with high probability whether the
tomography is successful, one can employ the known state
|tin) as the input for the tomography. Subsequently, the
tomography produces the resulting state |toy) represented
as classical data. Following this approach, |t¢oy) can be
efficiently prepared after certain preprocessing, e.g., storing its
amplitudes in a QRAM. Finally, the assessment is completed
by estimating the closeness between |);,) and |1oy). The time
complexity is given as follows.

Proposition 1.2 (Testing Quantum State Tomography): With
the assumptions mentioned above, we can estimate the trace
distance and the infidelity between [t¢i,) and |thoy) to within
additive error € on a quantum computer with time complexity
O(Tin/e).

It is worth noting that the approach in Proposition 1.2 has a
linear dependence on . By comparison, any approach based
on the squared fidelity estimation will only result in a time
complexity of O(T},/c?). It can be seen that both pure-state
trace distance and square root fidelity estimations are useful in
testing quantum state tomography, with a quadratic speedup in
the parameter € over the prior best approach based on squared
fidelity estimation (i.e., the SWAP test).

2) Quantum State Discrimination: We consider two situa-
tions of quantum state discrimination (cf. [42], [43], [44]).

a) Minimum-error quantum hypothesis testing: In quan-
tum hypothesis testing, a pure quantum state |¢) is given such
that the two cases hold with equal probability: (i) |¢) = |¢),
and (i) |¢) = |¢), where |¢) and |¢)) are two known pure
quantum states. A basic problem is to find the minimum error
probability for distinguishing the two cases. By the Helstrom-
Holevo bound [45], [46], the minimum error is given in terms
of trace distance:

1 1
Perr = 5 - iT(|w>a |¢>) @)

41t was shown in [36], [37], [38], and [39] that any d-dimensional (pure)
quantum state can be prepared by a quantum circuit of depth ©(log(d)).
Moreover, if the classical description of a pure quantum state is stored in
QRAM (quantum random access memory) [40] equipped with a specific tree
data structure [41], then the pure state can be prepared with time complexity
polylog(d) on a quantum computer. It is noted that the controlled version of
the state-preparation and its inverse can also be implemented with the same
time complexity.
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However, it is necessary to know the minimum error for
specific circumstances in practice. For the two known quan-
tum states |¢) and |¢), once we have their state-preparation
circuits, we can compute the probability pe. efficiently on
a quantum computer through the pure-state trace distance
estimation given in Theorem I.1.

Proposition 1.3 (Computing the Minimum Error of Quantum
Hypothesis Testing): Suppose that we are given two quantum
circuits of size T, and T, that prepare the two known
d-dimensional pure states |p) and |¢)), respectively. Then,
we can compute the minimum error probability of the quantum
hypothesis testing for |¢) and [¢) to within additive error € on
a quantum computer with time complexity O((T,, + T)/€).

It is worth noting that the algorithm in Corollary 1.3 achieves
a linear dependence on the precision ¢, and prior to this, the
folklore approach based on squared fidelity estimation (i.e., the
SWAP test) will only result in a quadratic dependence on «.

b) Sample complexity for quantum state discrimination:
When considering the sample complexity of quantum state
discrimination, one is given with independent and identical
samples of an unknown quantum state |¢). The task is to
determine whether |¢) = |¢p) or |¢) = |¢b) for two known
states |) and |¢), promised that it is in either case. The
sample complexity of quantum state discrimination, denoted as
S(|¥), 1)), is the minimum positive integer S such that with
high probability (say, greater than 2/3) one can distinguish the
two cases from the state |¢)®°. It is known (cf. [11], [47]) that
the growth of the sample complexity can be fully characterized
by (the inverse of) infidelity:

C/I(w)s [9)) < S(le), [9)) < Co/1(|), [¥)) (8)

for some constant C7, Cy > 0. For specific circumstances, one
may wish to find reasonable bounds on the sample complexity.
Suppose that we know the quantum circuits that prepare
the two known pure states |¢) and |¢). By the pure-state
square root fidelity estimation in Theorem 1.1, we can estimate
1/1(J¢), |1)) with relative error £ on a quantum computer,
and thus obtain upper and lower bounds on S(Jp), [¢)) with
relative error ¢ according to Equation (8).

Proposition 1.4 (Bounding the Sample Complexity for Quan-
tum State Discrimination): Suppose that we are given two
quantum circuits of size T}, and T, that prepare the two known
d-dimensional pure states |¢) and |¢)), respectively, with
B < I(|e), |¥)). Then, we can estimate 1/I(|p),|1)) with
relative error € on a quantum computer with time complexity
O(T, + Ty)/(Be)).

Similar to Corollary 1.3, the algorithm in Corollary 1.4
achieves a linear dependence on the precision €. By com-
parison, the prior best approach is based on squared fidelity
estimation (i.e., the SWAP test), which will only result in a
quadratic dependence on €.

D. Techniques

1) Upper Bounds: A straightforward approach for
pure-state trace distance estimation is to first estimate the
fidelity between pure quantum states and then compute the
trace distance by Equation (5) using arithmetic operations,
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which will result in a query complexity of O(1/¢2) (see
Appendix A for detailed explanations). Here, the difficulty
comes from the numerical stability when taking the square
root (see Proposition III.2). A possible way to improve this
approach is to skip these square root operations. In fact, this
can be accomplished through the very nature of quantum
computing.

At a high level, square roots are essentially ubiquitous in
the basis of quantum computing. As an illustration, when
we measure a pure quantum state |¢)) = «|0) + 3|1) in the
computational basis, the outcome will be 0 with probability
po = |al? and 1 with probability p; = |3|%. As shown in
this example, the absolute values of the amplitudes actually
store the square root of the probabilities, as |a| = /po and
|#] = /p1. The quantum amplitude estimation [33] allows
us to estimate the probability py to within additive error ¢
with query complexity O(1/e), which means that we can
estimate ,/pg to within additive error /¢ if we directly take the
square root of the estimated value of py (the numerical error
is guaranteed by Proposition III.2). Regarding this, a natural
question is:

Can we directly learn the square root of probabilities
rather than just the probabilities themselves

on a quantum computer? (%)

If this could be done efficiently, the task of pure-state trace
distance estimation (as well as pure-state fidelity estimation)
would be a candidate application that is noteworthy. To see
this, suppose that U, and Uy, are two quantum unitary opera-
tors that prepare two k-qubit pure quantum states |¢) = U, |0)
and |¢p) = Uyl|0), respectively. Then, we can construct a
unitary operator

W= (Xae 0s(0]+ S5 o i)s i)
(In @ (U3U),) ©)

which prepares a pure quantum state with the trace distance
T(|e),|®)) encoded in one of its amplitudes. More precisely,

W1{0)al0)g = v/P|0)a|d0)8 + /1 — p|1)ald1)B (10)

for some normalized pure quantum states |¢o) and |¢p1),
where /p = T(|¢), [1)). See the proof of Theorem IV.1 for
more details about pure-state trace distance estimation. The
aforementioned approach for pure-state trace distance estima-
tion can also be adjusted to pure-state square root fidelity
estimation effortlessly by noting that /T — p = F(|), [¢)).

a) Square root amplitude estimation: Lastly, we give a
positive answer to the question () by providing a quantum
query algorithm for square root amplitude estimation, which
generalizes the well-known quantum amplitude estimation pro-
posed in [33]. As the name implies, the square root amplitude
estimation allows us to directly estimate the square root of
the probability py of the measurement outcome 0, whereas the
original amplitude estimation [33] only allows us to estimate
the value of py itself. This algorithmic tool is formally stated as
follows, which, we believe, could be used as a basic subroutine
in numerous applications in future research.
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Theorem 15 (Square Root Amplitude Estimation,
Theorem IIl.4 Restated): Suppose that U is a quantum
unitary oracle such that

U[0)al0)s = v/pl0)aldo)s + /1 —p|1)al1)e (11)

where |¢g) and |¢1) are normalized pure states. Then, for
every ¢ € (0,1), we can estimate the value of ,/p to within
additive error €, using O(1/e) queries to U.

The square root amplitude estimation given in Theorem 1.5
can be quadratically faster than the original amplitude estima-
tion in [33] (which will result in query complexity O(1/g%))
when the goal is to estimate the square root probability ,/p
(see explanations in Section III-A). In spite of the quadratic
speedup, our algorithm for square root amplitude estimation
essentially builds on the framework of the original amplitude
estimation [33], with a simple observation.’ To introduce the
idea, let us review the main process of amplitude estima-
tion [33]. Let

Q=-U-(In® Is — 2/0)a(0] @ [0)g(0])

LUV (In ® Ig — 2|0)a(0| @ Ig), (12)

which uses 2 queries to U (and UT). Then, we can find a pair of
eigenvectors [14) of @ with eigenvalues e** 2%, where 0, =
arcsin(,/p). After we obtain an estimate 0 of 0,, to within
additive error € by quantum phase estimation [49], the value
of sin?(f,) is then an estimate of p to within additive error
O(e). Our observation in addition to this is that |sin(d,)| is
an estimate of /p to within additive error ©(¢) by noting that
the function |sin(-)| is O(1)-Lipschitz. With this observation,
we can estimate ,/p to within additive error ¢ with query
complexity O(1/¢), which is the same (up to a constant factor)
query complexity for estimating p to the same precision.

Moreover, the square root amplitude estimation can repro-
duce the query complexity for amplitude estimation for
unknown p; and this is why we previously said that the former
generalizes the latter. The reduction is simple: first obtain an
estimate & of ,/p to within additive error £/2 by the square
root amplitude estimation with query complexity O(1/¢), and
then return Z2 as the estimate of p. See Section ITI-B for more
details.

2) Lower Bounds: Our quantum query lower bound for
pure-state trace distance estimation is obtained by a reduction
from distinguishing probability distributions, with the quan-
tum query lower bound Q(1/dy(p, q)) for distinguishing two
probability distributions p and ¢ given in [50], where dy(p, q)
is the Hellinger distance. In our reduction, we employ a pair
of n-dimensional probability distributions p* defined by

1+ (-1)72e

PG = ==

13)

with their Hellinger distance upper bounded by dy(p™,p~) <
2e. Then, we consider the problem of distinguishing the two
probability distributions pT™ and p~ that are encoded in two

5In [48, Appendix C], a similar observation was noted: the differences
between /p, sin(,/p), and arcsin(,/p) are negligible when p < 1. This
serves as a hint for Exercise 8 in Chapter 7 of [48].
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quantum unitary oracles U, such that

Ups|0) = [9%) = > V/pEG)4),

J€[n]

(14)

where [n] = {0,1,2,...,n—1}. This is essentially a problem
of distinguishing pure quantum states: given an unknown state
|t), determine whether it is |¢)*) or |[¢)™), promised that it
is in either case. Actually, this can be done by conditioning
on whether the trace distance T(|1)), |¢)T)) between the tested
state |1)) and the known state |¢)") is O (in which case [¢) =
[T)) or T(]1bT),|vp~)) = 2e (in which case ) = [1p7)).
Since any estimate of T(]t),[)) to within additive error
¢ works for the distinguishing problem, any quantum query
algorithm for pure-state trace distance estimation to within
additive error ¢ requires query complexity Q(1/dy(p™,p™)) =
Q(1/¢). See Theorem V.2 for more details.

A matching quantum query lower bound Q(1/e) for
pure-state squared fidelity estimation can be obtained similarly,
though it was previously known from the quantum query
lower bound for quantum counting [34], [35]; moreover,
it also implies a matching quantum query lower bound for
pure-state square root fidelity estimation. See Theorem V.3
and Theorem V.4 for more details.

We note that the probability distributions defined in
Equation (13) were ever employed in proving lower bounds
for testing the uniformity of probability distributions in [51]
and [52] on classical sample complexity and quantum query
complexity, respectively. Moreover, such probability dis-
tributions were also adapted to proving quantum sample
lower bounds for testing the uniformity of mixed quantum
states [53]. Here, we note the difference between the proof
of [53] and ours: the probability distributions are related to
the amplitudes of the pure quantum states in our proof, while
they are related to the eigenvalues of the mixed quantum states
in the proof of [53].

a) Extensions: We also extend this method to proving
quantum sample lower bounds for these tasks. As they are not
the main subject of this paper, we put them in Appendix B.
Nevertheless, it is worth noting that the quantum sample lower
bound Q(1/£?) for pure-state trace distance estimation (see
Theorem B.2) is new, in spite of the quantum sample lower
bound €(r/e?) for the closeness testing of mixed quantum
states of rank r with respect to trace distance given in [13]
and [53]. This is because their proofs do not cover the case of
r =1 (i.e., pure quantum states) due to the use of the proba-
bility distributions in Equation (13) (which requires r > 2).

E. Hardness

In Table I, we present lower bounds for various scenarios,
illustrating the fine-grained amount of resources that are
required to solve the pure-state estimations of trace distance,
square root fidelity, and squared fidelity. From the perspective
of computational complexity theory, these estimation tasks are
known to be BQP-hard. For completeness, we include the
hardness results presented in [29] and [22] as follows.

Theorem 1.6 (BQP-Completeness, Adapted From [29, Theo-
rem 12] and [22, Theorem IV.1]): Given the classical descrip-
tion of two quantum circuits of size poly(n) that prepare
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two n-qubit pure quantum states respectively, it is BQP-
complete to determine whether the trace distance, the square
root fidelity, or the squared fidelity between the two pure
quantum states is less than « or greater than § for any
27 Poly(n) < o < B3 < 1-27PW(M) with B—a > 1/ poly(n).
If we remove the restriction that the quantum states are
pure, the estimation of trace distance, square root fidelity, and
squared fidelity (between mixed quantum states) is known to
be QSZK-complete for certain regime of o and 3 [10], [28].
In addition, if the mixed quantum states are low-rank, i.e., they
are of rank r where r = polylog(n), these estimation tasks
fall directly into BQP. In other words, (the decision versions
of) the estimations of trace distance, square root fidelity, and
squared fidelity between low-rank quantum states are BQP-
complete, where the BQP-hardness is due to Theorem 1.6
while the BQP-containment is due to the polynomial-time
quantum algorithms proposed in [18], [19], [20], and [22].

F. Discussion

In this paper, we provide optimal quantum query algo-
rithms for pure-state trace distance and square root fidelity
estimations, which are obtained via the quantum algorithmic
tool — square root amplitude estimation given in Theo-
rem L5. Our results, together with prior results concerning
squared fidelity [14], [34], [35], reveal that the quantum query
complexity for pure-state “closeness” estimation is ©(1/¢).
However, there are still gaps between the upper and lower
bounds on the quantum sample complexity for these estimation
tasks, except for the ©(1/c?) sample complexity for pure-state
squared fidelity estimation due to [14] and [17]. An important
problem is to close the gap between the upper and lower
bounds on the sample complexity.

As mentioned in Section I-A, there are a series of works
towards testing and learning the closeness of mixed quantum
states. Except for the sample complexity of quantum state
certification with respect to both trace distance and square
root fidelity [13], many of them (either in query complexity
or sample complexity) are far from being optimal.® It would
be interesting to develop new techniques for improving these
upper and lower bounds.

Not only limited to the tasks considered in this paper,
we hope that the quantum square root amplitude estimation
given in Theorem 1.5 brings new ideas to quantum computing
and that it could be used as a subroutine in the design of
quantum algorithms.

G. Organization of This Paper

In Section II, we introduce the quantum query model, espe-
cially the input model for pure quantum states. In Section III,
we provide an efficient quantum query algorithm for square
root amplitude estimation. Then, in Section IV, using the
square root amplitude estimation, we present an optimal quan-
tum query algorithm for pure-state trace distance and square

SWe are only aware of a quantum query algorithm in [21] that estimates the
fidelity between well-conditioned mixed quantum states, achieving an almost
optimal dependence on the additive error €.
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root fidelity estimations, and reproduce the pure-state squared
fidelity estimation. Finally, in Section V, lower bounds on the
quantum query complexity for pure-state trace distance and
square root fidelity estimations are proved.

II. QUANTUM QUERY MODEL

In this section, we briefly introduce the quantum query
model, especially the input query model for pure quantum
states that is used in this paper.

A. The General Model

In quantum computing, a quantum unitary oracle U is a
unitary operator on a finite-dimensional Hilbert space such that
U'U = UU' = I, where I is the identity operator and U
is the Hermitian conjugate of U. A quantum query algorithm
A using @ queries to quantum oracle U is described by a
quantum circuit composed of quantum gates and the quantum
oracle U (and its inverse UT), namely,

A=Gq-Ug-- Gg-Uz-Gy-Uy - Go, (15)

where G is a quantum gate composed of elementary one- and
two-qubit quantum gates that does not depend on U, and U;
is either (controlled-)U or (controlled-)UT. Here, ) is called
the (quantum) query complexity of 4. To run the algorithm
A, we first prepare a (multi-qubit) pure quantum state |0),
and then apply the unitary operators Go, U1, G1,...,Uqg,Gg
one by one in this order. After that, the pure quantum state
becomes

.A|O> = GQUQ'~-G2U2G1U1G0|O>. (16)

To fetch (classical) information from the execution of quantum
query algorithm A, we usually make a quantum projective
measurement M = {P,,} in the computational basis of (a
subset of) the qubits that A acts on. Here, we note that P,
are projectors, i.e., PI = P,, and P2 = P,,, and they satisfy
the completeness equation ), P, = I. Then, A outputs m
with probability || P,,,.4]0)]|%.

B. The Input Model for Pure Quantum States

For quantum query algorithms regarding pure quantum
states, we assume that their state-preparation circuits are given
as quantum unitary oracles. Strictly speaking, quantum query
access to a pure quantum state |¢)) means a quantum unitary
oracle Uy such that

[9) = Uy|0). (17)

This input model was employed in quantum state tomography
in [9], where they show that the quantum query complexity
of obtaining an e-f2-approximation of an n-dimensional pure
quantum state is ©(n/e). This input model was also employed
as an adapter for problems that are not directly related to
pure quantum states, e.g., encoding probability distributions
(cf. [54]) and preparing purifications of mixed quantum states

(f. [8]).
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III. SQUARE ROOT AMPLITUDE ESTIMATION

In this section, we provide a quantum query algorithm
for square root amplitude estimation (see Theorem III.4),
which generalizes the quantum amplitude estimation proposed
in [33]. For a unitary operator U|0)a|0)g = /p|0)a|d0)B +
V1—plDal¢1)s with p € [0,1], the quantum amplitude
estimation in [33] allows us to estimate the value of p (to
within an additive error). In comparison, the square root
amplitude estimation provided in Theorem III.4 allows us to
estimate the square root of p, which is more efficient than just
estimating the value of p simply by amplitude estimation and
then computing the square root of the estimated value.

This section is organized as follows. In Section III-A,
we recall the quantum amplitude estimation proposed in [33]
and analyze the complexity if we simply use it to estimate
the value of ,/p. In Section III-B, we present the quantum
query algorithm for square root amplitude estimation, and we
additionally show how the square root amplitude estimation
can reproduce the quantum amplitude estimation in [33] when
no prior knowledge of p is known.

A. Amplitude Estimation

The well-known quantum query algorithm for amplitude
estimation was proposed in [33]. We recall a simple version of
it when no prior knowledge of p is known, given as follows.

Theorem I11.1 (Quantum Amplitude Estimation, [33, Theo-
rem 12]): Suppose that U is a unitary operator such that

Ul0)al0)e = /pl0)al¢0)e + /1 — p[1)al1)E (18)

where |¢g) and |¢1) are normalized pure states, and p € [0, 1].
For every ¢ € (0, 1), there is a quantum query algorithm that
outputs Z € [0, 1] with probability at least 2/3 such that

[z —p| <, 19)

using O(1/§) queries to U.

Theorem III.1 allows us to estimate the squared amplitude p
to within additive error § with query complexity O(1/4). If one
needs to estimate the square root of p to within additive error
&', then one has to set § = 6’2 and the total query complexity is
O(1/8"). This is because the error could become larger when
taking additional arithmetic operations on the estimated value.
To better explain this, we provide the following proposition
concerning the numerical stability of square root.

Proposition 1I1.2: Let x,2 > 0 be two real numbers such
that |z — #| < & for some € > 0. Then, |\/z — V7| < /¢, and
the equality holds when z =0 and £ = .

Proof: Without loss of generality, we assume that ¥ > x
and let 6 = Z—x € (0,¢). Then, to show |/ — VI| < /&,
we only need to demonstrate that for any x > 0 and § > 0,
the following inequality holds:

VI +6— <V

This is straightforward because we note that vz + 0 </ +
V6. If we square both sides, we obtain x +§ < x+§ +2v 0,
which simplifies to vzd > 0.

(20)
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Therefore, it always holds that |/z—+/Z| < y/c. In addition,
it is easy to verify that the equality holds when # = 0 and
Z = €, meaning that the inequality is tight. O

As demonstrated in Proposition III.2, one cannot hope to
estimate /p to within additive error ¢’ with query complexity
better than O(1/"%) by simply using the quantum amplitude
estimation given in Theorem IIIL.1.

B. The Algorithm

In this subsection, we will present a quantum query
algorithm for square root amplitude estimation. This algorithm
improves upon the quantum amplitude estimation in [33]. For
better illustration, we need a textbook quantum algorithm for
phase estimation, which was originally proposed in [49].

Theorem II1.3  (Quantum  Phase  Estimation, [I,
Section 5.2]): Suppose that U is a unitary operator with
spectral decomposition

U= Zei27r/\j |Uj>,
J

where {|v;)} is an orthonormal basis and \; € [0,1). For
every ¢ € (0,1) and 6 € (0,1), there is a quantum circuit
PhEg’g using O(1/ed) queries to controlled-U that performs

the transform
> ajlvles)
J

U
PhE s: D ajlv;)[0) —
J
for any coefficients a; € C with 3, |a; |2 = 1, such that if we
measure |¢;) in the computational basis, then with probability
at least 1—¢ we will obtain a real number @; € [0, 1) satisfying

|5 — Ajl} <6 (23)

21

(22)

min{[@; — Ajf, 1 -

In the following, we present the quantum query algorithm
for square root amplitude estimation.

Theorem II1.4 (Quantum Square Root Amplitude Estima-
tion): Suppose that U is a unitary operator such that

Ul0)al0)s = /Pl0)A|Po)B + /1 — p|1)Alo1)B,

where |¢g) and |¢1) are normalized pure states, and p € [0, 1].
For every 6 € (0,1), there is a quantum algorithm that
outputs & = SqrtAmpEst(U, ¢) € [0, 1] such that it holds with
probability at least 2/3 that

7 — /bl <6,

using O(1/6) queries to controlled-U and controlled-U.
Proof: The idea of the proof follows that in [33]. Let

Q=—U(Iag—2|0)a(0| ® |0)g(O)UT (Ing — 2/|0)a(0| @ Ig).

(24)

(25)

(26)
According to the analysis of [33, Equation (6)],
U[0)al0 —— (e —e % V), (27
10)al0)8 \/ﬁ( |14 )AB [_)aB) 27)
where
) ™
6, = arcsin(y/p) € [0, 5}, (28)
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1
V2
Note that |1+ )ap are eigenvectors of Q) such that Q|v+)ag =

=20 1)) g.
By Theorem III.3, if we perform PhEg(S on the state

U|0)al0)g ® |0)c, then we obtain

[Y+)ae = —=(|0)al¢o)e i[1)alP1)8B)- (29)

PhEZ(U]0)al0)e ® |0)c) =

1 : - —i ~
- ﬁ(ew”WQABVPHC —e GPWJJAB\‘PJC%
where if we measure |@1)c in the computational basis, then
with probability at least 1 — ¢ we will obtain a real number
’p

P+ €]0,1) satisfying
¢+ - } < 67
T

min{ P+ — 91)’71 —
7r
s m
€2

Finally, we measure PhEgé(U\O>A|O>B ®]0)¢) in the com-
putational basis of system C, and let ¢ € [0, 1) be the output
real number. Then, it can be verified that ||sin(7@)| — \/p| <
wd. To see this, we note that with probability at least 1 — &,
the real number ¢ satisfies the condition for either ¢4 or ¢_
in Equation (31). No matter which is the case, we have

|Isin(7)| — v/p|

(30)

0

= |Isin(7@)| — [sin(6,)| (32)
< min{‘?‘r@ —Oplsm — [P — Op],
7@ — (r—bp)l, 7 — 7o —(m—6,)[}  (33)
—wmin{‘cﬁep ,1‘959” ,
T
G G
< 7. (35)

According to the above analysis, we conclude that with
probability at least 1 — ¢, [sin(7@)| is wd-close to /p.
By letting ¢ = 2/3 and rescaling 6 «— §/m, we obtain a
quantum algorithm that estimates the value of |/p to within
additive error 0 with success probability at least 2/3. O

The square root amplitude estimation given in Theorem II1.4
essentially employs the same idea as the amplitude estimation
in [33], with an extra observation that we can estimate the
square root of p directly by |sin(6,)| and note that |sin(-)| is
O(1)-Lipschitz.

To conclude this section, we explain how square root
amplitude estimation can reproduce the quantum amplitude
estimation in [33]. Suppose that U is a unitary operator such
that U|0)a|0)s = /P[0)al¢0)s + VI — p|1)al¢1)s and our
goal is to estimate the value of p by Theorem IIl.4 with
the same (up to a constant factor) query complexity as in
Theorem III.1. By Theorem III.4, we can obtain (with high
probability) a J-estimate & of /p with query complexity
O(1/d), ie., |T — \/p| < 6. Then, we claim that Z* is a
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26-estimate of p. This is seen by the fact that |72 — p| =
|Z+/p|-|T—/p| < 20, where 0 < &+ ,/p < 2. By rescaling
d < /2, we can estimate the value of p to within additive
error § with quantum query complexity O(1/4).

IV. PURE-STATE CLOSENESS ESTIMATIONS

In this section, we first present a quantum query algorithm
for estimating the trace distance between pure quantum states
in Section IV-A. Then, we present a quantum query algorithm
for estimating the square root fidelity between pure quantum
states in Section IV-B. Finally, in Section IV-C, we reproduce
the pure-state squared fidelity estimation.

A. Trace Distance

We present a quantum query algorithm for pure-state trace
distance estimation in Theorem IV.1, with its formal descrip-
tion given in Algorithm 1.

Theorem 1V.1 (Pure-State Trace Distance Estimation): Sup-
pose that U, and U, are quantum unitary operators that
prepare pure quantum states |¢) = U,|0) and [¢)) = Uy|0) (of
the same dimension), respectively. For € € (0, 1), there is a
quantum query algorithm that estimates T(|), |¢)) to within
additive error € with probability at least 2/3 using O(1/¢)
queries to (controlled-)U,, (controlled-)Uy, and their inverses.

Proof: We consider the unitary operator

U=UiUy. (36)

It can be seen that

(0[U10) = (OIULU|0) = (plv) . (37)

We assume that |p) and [¢)) are k-qubit pure quantum
states. That is, |@) and [¢) are 2¥-dimensional and we write
the computational basis as |0),[1),...,|2¥ — 1). Then, by
Equation (37), we can write

2k_q
Ul0) = (plv) [0) + > ajli), (38)
j=1
where a; € C for 1 <j < 2k and it holds that
2k_1
{pl) P+ D loyl* = 1. (39)
j=1

Let B denote the system of k& qubits that U acts on (and we
will use Ug to emphasize the system in the following analysis).
We introduce an auxiliary system A that consists of one qubit.
Let V be a unitary operator defined by
2k -1
V=Xa® 0080+ > Ia®|i)slil
j=1
where X = |0)(1] 4+ |1)(0| is the Pauli-X gate. Intuitively, V'
is used to mark those branches |j)g for 1 < j < 2F. Let

(40)

W =V(Ia®Us). 41)
Then, by Equation (38), we have
W10)al0)g = V(Ia ® Ug)|0)a|0)8 (42)
2k 1
=V | (el) [00al0)s + > a;l0)als)e | (43)
j=1
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Algorithm 1 Quantum Query Algorithm for Pure-State Trace Distance Estimation

Input: Quantum oracles U, and U, that prepare k-qubit pure states |) and |1)), respectively (as well as U, LU :L, and their

controlled versions); the desired additive error € € (0, 1).

Output: An estimate & of T(|¢), [¢)) to within additive error & with probability at least 2/3.

2k 1
1: Let unitary operator W = | Xa ® |0)g(0] + > Ia ® |j>B<j|> : (IA ® (U;Ud,)B).
j=1

2: return SqrtAmpEst(W, ) by Theorem IIL.4.

2k 1
=Y a;[0)ali)e + (l1) [1)al0)s (44)
j=1
= Pl0)aldo)s + /1 = pll)alo1)s, (45)
where
2k_1
p=Y_logl% (46)
j=1
1 2k _1
_ el
By Theorem III.4, we can obtain an estimate
Z = SqrtAmpEst(W, ¢) (49)

of \/p to within additive error ¢ (i.e., |T — \/p| < €) with
probability at least 2/3 using O(1/e) queries to W. On the
other hand, by Equation (39), we have

VP = V1= [el)? = V1-F2(lp), [0)) = T(l9), [¥)),
(50)

which means that £ is an estimate of the trace distance
T(|e), %)) to within additive error € with probability at least
2/3. According to Equation (41), a query to W consists of one
query to each of U, and Uy. Therefore, the way we obtain
uses O(1/¢) queries to both U, and Uy, O

B. Square Root Fidelity

We present a quantum query algorithm for pure-state square
root estimation in Theorem IV.2, with its formal descrip-
tion given in Algorithm 2, which has the same structure as
Algorithm 1 for pure-state trace distance estimation.

Theorem IV.2 (Pure-State Square Root Fidelity Estimation):
Suppose that U, and U, are quantum unitary operators that
prepare pure quantum states |p) = U,|0) and |¢)) = Uy|0) (of
the same dimension), respectively. For € € (0, 1), there is a
quantum query algorithm that estimates F(|o), [1)) to within
additive error ¢ with probability at least 2/3 using O(1/¢)
queries to (controlled-)U,,, (controlled-)U,;, and their inverses.

Proof: We also need the unitary operator W defined by
Equation (41). Let

W' = (Xa® Ig)W. (28
By Equation (45), we have
W'[0)al0)s = V/P/|0)alé1)8 + /T = P[1)aléo)s,  (52)

where p’ = 1 — p, and p, |¢o), and |py1) are defined
by Equation (46), Equation (47), and Equation (48), respec-
tively. By Theorem III.4, we can obtain an estimate

T = SqrtAmpEst(W’, ¢) (53)

of /p’ to within additive error € (i.e., | — /p/| < €) with
probability at least 2/3 using O(1/¢) queries to W’. On the
other hand, by Equation (50), we have

VP =V1-p= V1= (T(e),[¥))? = F(le).1$)), (54)

which means that = is an estimate of the square root fidelity
F(|¢), |1)) to within additive error € with probability at least
2/3. According to Equation (51), a query to W’ consists of
one query to each of U, and U,,. Therefore, the way we obtain
Z uses O(1/¢) queries to both U, and U,. O

C. Squared Fidelity, Revisited

It is well known that the squared fidelity between two pure
quantum states can be estimated to within additive error e
with quantum query complexity O(1/e) based on the SWAP
test [14] and the quantum amplitude estimation [33]. Here,
we reproduce this result by using the quantum query algorithm
in Theorem IV.1 as a subroutine.

Corollary IV.3 (Pure-State Squared Fidelity Estimation,
Reproduced): Suppose that U, and U, are quantum unitary
operators that prepare pure quantum states |p) = U,|0)
and |¢)) = Uy|0) (of the same dimension), respectively. For
e € (0,1), there is a quantum query algorithm that estimates
F2(|), |1)) to within additive error ¢ with probability at least
2/3 using O(1/¢) queries to (controlled-)U,,, (controlled-)U,
and their inverses.

Proof: By Equation (5), we have

F2(l), [)) = 1 = (T(l¢), [¥))*.

By the quantum query algorithm for pure-state trace distance
estimation given in Theorem IV.I using O(1/e) queries to
U, and Uy, we can, with probability at least 2 /3, obtain an
estimate Z € [0, 1] of T(|¢), [¢)) to within additive error £/2,
ie.,

(55)

= T(e), ) < 5.

Then, we can choose 1— 2 to be the estimate of F2(|¢), [1/))
to within additive error £. To see this, we note that by
Equation (56), we have

(1= 2) = F*(lp), [4))]
= |8 = (T (i), 19|

(56)

(57)
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Algorithm 2 Quantum Query Algorithm for Pure-State Square Root Fidelity Estimation

Input: Quantum oracles U, and U, that prepare k-qubit pure states |) and |1)), respectively (as well as U, LU :L, and their

controlled versions); the desired additive error € € (0, 1).

Output: An estimate & of F(|p), [1))) to within additive error & with probability at least 2/3.
k

2k _1
1: Let unitary operator W’ = [ In ® |0)g(0] + > Xa ® |j>|3<j|> . (IA ® (UJ;Uw)B).
j=1

2: return SqrtAmpEst(W’, €) by Theorem IIL.4.

= &+ T(le), [9))] - | = Te) [w)]  (58)
< 2.2:6. (59)
O

V. QUERY LOWER BOUNDS

In this section, we prove quantum query lower bounds
for estimating the trace distance, squared fidelity and square
root fidelity between pure quantum states in Section V-A,
Section V-B and Section V-C, respectively. To prove the
lower bounds, we need the quantum query lower bound for
distinguishing probability distributions given in [50], which is
obtained by the quantum adversary method [55].

Theorem V.1 (Quantum Query Lower Bound for Distin-
guishing Probability Distributions, [50, Theorem 4]): Let
p,q: [n] — [0, 1] be two probability distributions on a sample
space of n elements. Suppose that U, and U, are quantum
unitary oracles such that

Upl0) = > Vp(i)ld), (60)
J€[n]
Ugl0) = > Va(i)li)- (61)

J€[n]

Then, any quantum query algorithm using queries to quantum
oracle U (as well as UT and their controlled versions) that
determines whether U = U, or U = U, with probability
at least 2/3, promised that it is in either case, has query
complexity Q(1/du(p, q)), where

du(p, q) = % > (\/p(j) - \/Q(j))2

J€[n]

(62)

is the Hellinger distance.

A. Trace Distance

We prove a matching quantum query lower bound for
pure-state trace distance estimation in Theorem V.2. This is
done by a reduction from distinguishing certain probability
distributions to discriminating certain pure quantum states,
where the latter can be solved by pure-state trace distance
estimation.

Theorem V.2 (Query Lower Bounds for Pure-State Trace
Distance Estimation): For ¢ € (0,1/2), any quantum query
algorithm that estimates the trace distance between two pure
quantum states to within additive error ¢ with probability at
least 2/3 has query complexity Q(1/¢).

Proof: We consider two probability distributions p* and
p~ on a sample space of n elements where n is even, and
they are defined by

1+ (-1)2¢
n

(63)

for every j € [n]. Note that the Hellinger distance between
pT and p~ is

du(pT,p7) =\ 1— V1 —4e2 < 2¢.

By Theorem V.1, any quantum query algorithm using queries
to quantum oracle U that determines whether U = Up+ or
U = U,- with probability at least 2/3, promised that it is in
either case, has query complexity Q(1/du(pt,p™)) = Q(1/¢),
where

(64)

(65)

Up[0) = D VpE(G)i)-

JE€[n]

On the other hand, suppose that there is a quantum query
algorithm A that, with probability at least 2/3, estimates to
within additive error ¢ the trace distance between two pure
quantum states, given quantum oracles that prepare them, with
query complexity ). Now we will construct another quantum
query algorithm A’ with A4 as a subroutine, which determines
whether the quantum oracle U satisfies U = U+ or U = U,
promised that it is in either case. The algorithm .4’ consists
of two steps given as follows.

1) Let d be the estimate of the trace distance between U|0)
and U+ |0) to within additive error € by applying A with
queries to U and U,+. Note that this step uses () queries
to U.

2) If d < &, then return that U = Up+; and return that
U = U,- otherwise.

It is clear that the query complexity of A’ is Q. To see the
correctness of the algorithm A’, we consider two cases U =

Up+ and U = U, separately as follows.

o U = Up+. In this case, the trace distance between U |0)
and U,+|0) is 0. Therefore, it holds that d < e with
probability at least 2/3. According to Step 2 of A’,
we conclude that it will return U = U+ correctly with
probability at least 2/3.

o U = U,-. In this case, the trace distance between U |0)
and U,+0) is

T(Uy+10), Uy [0)) = /1 = F2(U,+[0), U, [0)) (66)

VI i =2 (6]
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Therefore, it holds that d > ¢ with probability at least

2/3. According to Step 2 of A’, we conclude that it will

return U = U~ correctly with probability at least 2/3.
Now we have shown that A’ is a quantum query algorithm
with query complexity () that determines whether U = U+
or U = U,- with probability at least 2/3, promised that it is in
either case. This directly gives that Q = Q(1/duy(p™,p7)) =
Q(1/e), and thus yields the proof. O

B. Squared Fidelity

The quantum query lower bound for pure-state squared
fidelity estimation is implied from the quantum query lower
bound for quantum counting [34], [35]. Here, we give a
different proof by a reduction from the quantum query lower
bound for distinguishing probability distributions, which is
inspired by the proof of Theorem V.2.

Theorem V.3 (Query Lower Bounds for Pure-State Squared
Fidelity Estimation): For ¢ € (0,1/2), any quantum query
algorithm that estimates the square root fidelity between two
pure quantum states to within additive error € with probability
at least 2/3 has query complexity £2(1/¢).

Proof: The proof uses the same choice of the probability
distributions p™ and p~ as that of Theorem V.2. In the
following, we will use the same notations as in the proof
of Theorem V.2. Suppose that there is a quantum query
algorithm A that, with probability at least 2/3, estimates to
within additive error € the squared fidelity between two pure
quantum states, given quantum oracles that prepare them, with
query complexity ). Now we will construct another quantum
query algorithm A" with A as a subroutine, which determines
whether the quantum oracle U satisfies U = U+ or U = U,
promised that it is in either case. The algorithm A’ consists
of two steps given as follows.

1) Let d be the estimate of the squared fidelity between
Ul0) and |¢) to within additive error ¢ (with success
probability at least 8/9) by applying A with O(Q)
queries to U, where

=y2 ¥ 1)

J€[n/2]

2) If d > 1/2, then return that U = Up+; and return that
U = U,- otherwise.

(68)

It is clear that the query complexity of A’ is O(Q). To see
the correctness of the algorithm A’, we consider two cases
U =U,+ and U = U, separately as follows.
o U = U,+. In this case, the squared fidelity between U |0)
and |¢) is

1
F2(Up+0), 1) = 5 +&. (69)

Therefore, it holds that d > 1/2 with probability at least
2/3. According to Step 2 of A’, we conclude that it will
return U = U+ correctly with probability at least 2/3.

o U = U,-. In this case, the squared fidelity between U |0)
and |¢) is

FA(U,[0),16)) = § < (70)
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Therefore, it holds that d < 1/2 with probability at
least 2/3. According to Step 2 of A’, we conclude that

it will return U = Up,- correctly with probability at
least 2/3.

Now we have shown that A’ is a quantum query algorithm
with query complexity () that determines whether U = U+
or U = U,- with probability at least 2/3, promised that it is in
either case. This directly gives that Q = Q(1/du(p*,p™)) =
Q(1/e), and thus yields the proof. O

C. Square Root Fidelity

As a corollary of Theorem V.3, we also give a quantum
query lower bound for pure-state square root fidelity estima-
tion.

Theorem V.4 (Query Lower Bounds for Pure-State Square
Root Fidelity Estimation): For ¢ € (0,1/4), any quantum
query algorithm that estimates the square root fidelity between
two pure quantum states to within additive error ¢ with
probability at least 2/3 has query complexity Q(1/¢).

Proof: Suppose that there is a quantum query algorithm
for pure-state square root fidelity estimation with query com-
plexity () to within additive error £ with success probability
at least 2/3. Let & be the estimate (produced by this algorithm
with query complexity Q(c/2)) of the square root fidelity
between two pure quantum states |@) and [¢) to within
additive error £/2. Then, &2 is an estimate of F2(|p), [1))
to within additive error €. To see this, we note that

|22 = F2(lo), [9)] = [& + Fl9), [¥))] - [& = Fllo), [¥)]

(71)
<9.5—¢ (72)
= 2 - C-
By Theorem V.3, it holds that
Q(e/2) = Q(1/e), (73)
which implies that Q(e) = Q(1/¢). O

APPENDIX A
FOLKLORE APPROACHES

The folklore approaches for estimating the trace distance
and square root fidelity are based on the SWAP test [14]. The
idea is simple: first estimate the squared fidelity between two
pure quantum states, and then compute their trace distance and
square root fidelity by the estimate of their squared fidelity.
We include these folklore approaches here for reference. First,
the sample complexity and query complexity for pure-state
squared fidelity estimation is given in Appendix A-A. Then,
using these algorithms, we derive the sample complexity and
query complexity for pure-state square root fidelity and trace
distance estimations in Appendix A-B and Appendix A-C,
respectively.

A. Squared Fidelity

We present two quantum algorithms for pure-state squared
fidelity estimation in Lemma A.l1, where one is for query
complexity and the other is for sample complexity.
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Fig. 1.

Quantum circuit for estimating the squared fidelity.

Fig. 2. Quantum circuit for estimating the squared fidelity with state-
preparation oracles.

Lemma A.1 (Folklore Approaches for Pure-State Squared
Fidelity Estimation):

o We can estimate the squared fidelity between two pure
quantum states to within additive error € with probability
at least 2/3 using O(1/£?) independent samples of them.

e There is a quantum query algorithm that estimates the
squared fidelity between two pure quantum states to
within additive error & with probability at least 2/3 with
query complexity O(1/¢).

Proof: The quantum circuit for estimating the squared
fidelity between pure quantum states |¢) and |¢)) is given in
Figure 1, which is directly based on the SWAP test [14].

It can be shown that

1+ F2(lo), [¢9)

Prix =0 = ————2—=—=.

5 (74)

By repeating this process O(1/£2) times, we can estimate
F2(|), |¢)) to within additive error ¢ with probability at least
2/3.

Now suppose that U, and Uy, prepare |¢) and [1)), respec-
tively. Similar to Figure 1, we construct the quantum circuit
U in Figure 2, using 1 query to each of U, and Uy.

It can be shown that

Ul0)al0)s = /Pl0)a|p0)B + /1 — p|1)AlP1)B,

where |¢o) and |¢1) are some normalized pure quantum states,
and

(75)

o LEF().10)

5 . (76)

By Theorem III.1 (quantum amplitude estimation), we can
obtain an estimate Z of p to within additive error £/2 using
O(1/e) queries to U. Then, 2Z — 1 is an e-estimate of
F2(|p), |¢)) to within additive error . The proof completes
by noting that one query to U consists of one query to each
of U, and Uy. O
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B. Square Root Fidelity

We present two quantum algorithms for pure-state square
root fidelity estimation in Lemma A.2, which are directly
obtained by the quantum algorithms given in Lemma A.1.

Lemma A.2 (Folklore Approaches for Pure-State Square
Root Fidelity Estimation):

« We can estimate the square root fidelity between two pure
quantum states to within additive error € with probability
at least 2/3 using O(1/e*) independent samples of them.

e There is a quantum query algorithm that estimates the
square root fidelity between two pure quantum states to
within additive error & with probability at least 2/3 with
query complexity O(1/£?).

Proof: This can be done by estimating the squared
fidelity between the two pure quantum states to within additive
error €2 by Lemma A.1 and then taking the square root of
the estimated value. The numerical error is guaranteed by
Proposition III.2. O

C. Trace Distance

The folklore approaches (for both query complexity and
sample complexity) for pure-state trace distance estimation
were already formally presented in [22, Theorem A.2]. Here,
we include them for completeness and with a more systematic
and simpler proof.

Lemma A.3 (Folklore Approaches for Pure-State Trace Dis-
tance Estimation):

« We can estimate the square root fidelity between two pure
quantum states to within additive error € with probability
at least 2/3 using O(1/£*) independent samples of them.

e There is a quantum query algorithm that estimates the
square root fidelity between two pure quantum states to
within additive error £ with probability at least 2/3 with
query complexity O(1/g?).

Proof: This can be done by obtaining an estimate = of
the squared fidelity between the two pure quantum states to
within additive error €2 by Lemma A.l and then returning
v/ 1 — T as the estimate of trace distance. The correctness is
due to Equation (5) and the numerical error is guaranteed by
Proposition II1.2. O

APPENDIX B
SAMPLE LOWER BOUNDS

In this appendix, we prove sample lower bounds for esti-
mating the trace distance and square root fidelity between
pure quantum states in Appendix B-A and Appendix B-C,
respectively.

To prove the lower bounds, we need the Holevo-Helstrom
bound for quantum state discrimination [45], [46]. Here,
we use the version given in [5].

Theorem B.1 (Quantum State Discrimination, cf. [5,
Section 9.1.4]): Suppose that py and p; are two quantum
states. Let o be a random quantum state such that ¢ = pg or
o = p1 with equal probability. By measuring o according to
a positive operator-valued measure (POVM) A = {Ag, A1},
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the success probability of distinguishing the two cases is
bounded by

1
tr(Aopo) +

5 tr(Aapr) < 51+ Tlpo, ). (77)

Psuce = 5

[\

A. Trace Distance

We give a quantum sample lower bound for pure-state
trace distance estimation, which is inspired by the proof of
Theorem V.2 for the quantum query lower bound for pure-state
trace distance estimation.

Theorem B.2 (Sample Lower Bounds for Pure-State Trace
Distance Estimation): For € € (0,1/2), estimating the trace
distance between two pure quantum states to within additive
error £ with probability at least 2/3 requires 2(1/e?) inde-
pendent samples of them.

Proof: We consider two n-dimensional pure quantum
states [t)T) where n is even and

vy = 30 LY,

(78)
jeln]
The trace distance between [¢p") and [¢p7) is
T(|y*).107) \/1 —F(jpt),[v7)? (79
=1 (1 4e%) = 2. (80)

Suppose that we can estimate the trace distance between
any two pure quantum states to within additive error £ with
probability at least 2/3 using S independent samples of each
of them. Then, the way we estimate the trace distance to within
additive error ¢ actually implies a quantum hypothesis testing
experiment for distinguishing |*)®° and | ~)®%. To see
this, let |¥) = [¢)®° be a pure quantum state such that
|U) = [1p+)®9 or |¥) = |p~)®9 with equal probability. Then,
we consider the following process.

1) Let d be the estimate of the trace distance between 1)
and [¢") to within additive error &, which is obtained
using S independent samples of |¢) and |[¢T), ie., |¥)
and [¢p1)®9,

2) If d < ¢, then return that |¥) = [1)*)®9; and return that
|U) = [1p7)®S otherwise.

To see the correctness of the above process, we consider two
cases |¥) = 1)@ and |¥) = [1p7)®° separately as follows.

o |¥) = |[¢yT)®5. In this case, the trace distance between
[¢) and |¢pT) is 0. Therefore, it holds that d < e with

probability at least 2/3. According to Step 2 of the
process, it will return [¥) = |¢7)® with probability
at least 2/3.

o |¥) = |¢p7)®9. In this case, by Equation (80), the trace

distance between |1)) and [1)T) is

T(|y), [v %) = T(|97), [¢7)) = 2e. (81)

Therefore, it holds that d > ¢ with probability at least
2/3. According to Step 2 of the process, it will return

|¥) = [¢p~)®5 with probability at least 2/3.
As shown above, the process can distinguish |¢)")®° and
|¢p~)®S with probability
2
pSUCC Z g (82)
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By Theorem B.1, it holds that
1
Dsuce < 5(1 + T(|¢+>®S, |'¢_>®S)) (33)
=3 (1 /1= F(lhes, [y-)es) ) (84)
1 _\\28
=2<1+V1—F<w+>7lw )? ) (85)
_ 1 n2)?
—2<1+¢1—(1—T<Iw+>,|w "*) ) (86)
_ ;<1 S1-- 452)5). (87)
By Equation (82) and Equation (87), we have
o> (1-4%)° > 1- 152, (88)
which implies that S > 1/(36¢2) = Q(1/?). O

B. Squared Fidelity

An Q(1/£?) sample lower bound for pure-state squared
fidelity estimation was already given in Lemma 13 of the
full version of [17]. Here, we include it for completeness
and our proof is inspired by the proof for pure-state trace
distance estimation (see Theorem B.2), which is analogous to
Theorem V.3 as for Theorem V.2.

Theorem B.3 (Sample Lower Bounds for Pure-State Squared
Fidelity Estimation): For € € (0,1/2), estimating the squared
fidelity between two pure quantum states to within additive
error ¢ with probability at least 2/3 requires Q(1/¢?) inde-
pendent samples of them.

Proof: The proof uses the same choice of the pure
quantum states |¢)7) and |¢)~) as that of Theorem B.2. In the
following, we will use the same notations as in the proof
of Theorem B.2. Suppose that we can estimate the squared
fidelity between any two pure quantum states to within additive
error ¢ with probability at least 2/3 using S independent
samples of each of them. Then, the way we estimate the
squared fidelity to within additive error € actually implies
a quantum hypothesis testing experiment for distinguishing
|y T)Y®S and [1p~)®S. To see this, let [¥) = [¢))®° be a pure
quantum state such that |¥) = 1))@ or |¥) = [1p~)®9 with
equal probability. Then, we consider the following process.

1) Let d be the estimate of the squared fidelity between
|¢)) and |¢) to within additive error &, which is obtained
using S independent samples of |¢)) and |¢), where

2 .
|6) = \/; > 124). (89)
j€ln/2]
2) If d > 1/2, then return that |¥) = [1)+)®9; and return

that |¥) = [1p7)®S otherwise.
To see the correctness of the above process, we consider two
cases |¥) = |[¢p7)®% and |U) = [1p~)®° separately as follows.
o |U) = |¢p7)®5 In this case, the squared fidelity between
|¢) and |¢)

F2(147), 19)) = % e (90)
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Therefore, it holds that d > 1/2 with probability at least
2/3. According to Step 2 of the process, it will return

|¥) = [¢pT)®S with probability at least 2/3.
e |U) = [4p7)®3 In this case, by Equation (80), the
squared fidelity between |¢)) and |¢) is

o 1

F2 (), I6) = 5 = o1
Therefore, it holds that d < 1/2 with probability at least
2/3. According to Step 2 of the process, it will return

|U) = [~ )®S with probability at least 2/3.
As shown above, the process can distinguish |¢)+)®% and
|¢p~)®S with probability pge. > 2/3. Therefore, following
the proof of Theorem B.2, we will obtain the same sample
lower bound that S = Q(1/¢?). O

C. Square Root Fidelity

As a corollary of Theorem B.3, we prove a quantum sample
lower bound for pure-state square root fidelity estimation in
Theorem B.4.

Theorem B.4 (Sample Lower Bounds for Pure-State Square
Root Fidelity Estimation): For ¢ € (0,1/4), estimating the
square root fidelity between two pure quantum states to within
additive error £ with probability at least 2/3 requires (1/£2)
independent samples of them.

Proof: The proof is similar to that of Theorem V.4. Here,
we just note that for an estimate & of the square root fidelity
to within additive error /2, %2 can be used as an estimate of
the squared fidelity to within additive error ¢. O
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