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This article presents a review of our present understanding of the spin structure of the unpolar-
ized hadron. Particular attention is paid to the quark sector at leading twist, namely, the quark
Boer–Mulders function, which describes the transverse polarization of the quark inside an unpo-
larized hadron. After introducing the operator definition of the Boer–Mulders function, a detailed
treatment of different non-perturbative calculations of the Boer–Mulders functions is provided. The
phenomenology in Drell–Yan processes and semi-inclusive leptoproduction, including the extraction
of the quark and antiquark Boer–Mulders functions from experimental data, is presented comprehen-
sively. Finally, prospects for future theoretical studies and experimental measurements are presented
in brief.

Keywords transverse spin, Boer–Mulders function, semi-inclusive DIS, Drell–Yan, quark model

PACS numbers 12.39.-x, 13.60.-r, 13.85.-t, 13.88.+3

Contents

1 Introduction 1
2 Theoretical foundation of the Boer–Mulders

function 2
3 Modeling the Boer–Mulders function 4

3.1 Spectator model 4
3.2 Constituent quark model 6
3.3 Bag model 7
3.4 Discussion on different model results 7

4 The cos 2φ angular dependence in the unpolarized
Drell–Yan process 8
4.1 Parametrization in Ref. [96] 9
4.2 Parametrization in Ref. [99] 10
4.3 Parametrization in Ref. [100] 11

5 The cos 2φ asymmetry in unpolarized
semi-inclusive DIS 11
5.1 Origins of the cos 2φ asymmetry in SIDIS 12
5.2 Phenomenological analysis on the cos 2φ

asymmetry in SIDIS 14
5.3 Extraction of the quark Boer–Mulders

function from SIDIS data 15
5.3.1 Parameterization in Ref. [109] 15
5.3.2 Parameterization in Ref. [131] 16

6 Prospects and summary 16
Acknowledgements 17
References 17

∗Special Topic: Spin Physics (Eds. Haiyan Gao & Bo-Qiang Ma).

1 Introduction

Understanding the spin structure of the nucleon has be-
come one of the main tasks in QCD and hadronic physics
[1–3]. Normally, the partonic structure of hadrons in
high-energy scattering is described by the parton distri-
bution functions. In the collinear picture, there are three
distributions at leading-twist level: the momentum den-
sity f1(x); the longitudinal polarization, or the helicity
distribution g1(x); and the transverse polarization, or
the transversity distribution h1(x), with x the longitu-
dinal momentum fraction of partons. The latter two dis-
tributions are spin-dependent and are essential observ-
ables to encode the spin structure of the polarized nu-
cleon. During the past two decades, detailed knowledge
on the quark helicity distribution has been obtained from
different model calculations [4–6], as well as from dedi-
cated experimental measurements, which shed light on
the parametrizations of g1(x) [7–11]. Although it is more
difficult to probe the quark transversity distribution due
to its chiral-odd nature, researchers have started gaining
some basic information of this distribution by taking ad-
vantage of the semi-inclusive deeply inelastic scattering
(SIDIS) process [12, 13].

In the last decade, it has been shown that a much
more comprehensive image of the nucleon can be ob-
tained by considering the intrinsic transverse motion of
partons [14–19]. In this scenario, which is beyond the

c© The Author(s) 2015. This article is published with open access at www.springer.com/11467 and journal.hep.com.cn/fop



REVIEW ARTICLE

collinear picture, besides the original three distributions,
there are five more leading-twist distributions, which not
only depend on x, but also depend on the transverse mo-
mentum kT of partons, as shown in Table 1. For this
reason, they are called as the transverse momentum de-
pendent (TMD) distribution functions. Among them, the
Sivers function f⊥

1T (x,k2
T ) [20, 21] and the Boer–Mulders

function h⊥1 (x,k2
T ) [15] are of particular interest. The for-

mer represents an azimuthal asymmetry of unpolarized
quarks inside a transversely polarized hadron, whereas
the latter, in contrast, describes a transverse-polarization
asymmetry of quarks inside an unpolarized hadron. This
novel structure surpasses the conventional wisdom that
the partons inside an unpolarized hadron should also be
unpolarized. However, for a while the very existence of
the Boer–Mulders function was not as obvious. This is
because, similar to its counterpart–the Sivers function,
the Boer–Mulders function involves a (naively) time-
reversal-odd (T-odd) correlation, which was thought to
be forbidden by the time-reversal invariance of QCD
[22]. For this reason, they are classified as T-odd dis-
tributions. However, later model calculations [23, 24],
together with a re-examination [25] on the time-reversal
argument shows that T-odd distributions actually do not
vanish.

The purpose of this article is to present a review of
the theoretical foundation (Section 2) and model as-
pects (Section 3) of the Boer–Mulders function, as well
as the phenomenological approaches to access the func-
tion (Sections 4 and 5). As a TMD distribution, the
Boer–Mulders function cannot be probed in inclusive
leptoproduction. In addition, the chiral-odd nature of
the Boer–Mulders function further complicates the ex-
perimental measurement and phenomenological analy-
sis. That is, another chiral-odd object is required to
couple with the Boer–Mulders function. Two promis-
ing processes that can be applied to access the Boer–
Mulders function are the Drell–Yan (Section 4) and the
SIDIS (Section 5) processes. The corresponding observ-
ables are the cos 2φ azimuthal angular dependence of the
final dilepton (in Drell–Yan) and that of the fragmented
hadron (in SIDIS). The challenge in the extraction of the

Table 1 The five TMD distributions appear after the intrinsic
transverse momentum is introduced. The symbols U, L, and T in
the first row represent the unpolarized, longitudinally and trans-
versely polarized states of the nucleon, respectively. The symbols
U, L, and T in the first column represent unpolarized, longitudinal,
and transversely polarized states of quarks, respectively.

U L T

U f1(x, k2
T ) h⊥

1 (x, k2
T )

L g1(x, k2
T ) h⊥

1L(x, k2
T )

T f⊥
1T (x, k2

T ) g1T (x, k2
T ) h1(x, k2

T ), h⊥
1T (x, k2

T )

Boer–Mulders function is to disentangle the convolution
of two chiral-odd functions from the cos 2φ asymmetries.
However, the advantage of conducting these measure-
ments is that the hadrons in the initial or the final state
do not necessarily have to be polarized. This opens a
new window to study the spin structure of the nucleon
through unpolarized processes!

2 Theoretical foundation of the
Boer–Mulders function

This section presents the theoretical foundation on which
the Boer–Mulders function is established. The partonic
structure of the nucleon may be encoded in the TMD
quark-quark correlation function which has the follow-
ing form [16, 17]

Φij(x, kT ) =
∫

dξ−d2ξT

(2π)3
eik·ξ 〈P |ψ̄j(0)Ln−

(0,+∞)

×Ln−
(+∞,ξ) ψi(ξ)|P 〉

∣∣∣
ξ+=0

, (1)

where x = k+/P+, with k and P the of momenta of the
quark and nucleon, respectively. For convenience, I have
adopted the light-cone coordinates a± = (a0±a3)/

√
2 =

a · n∓ for an arbitrary four-vector a = [a+, a−,aT ],
with the light-like vectors defined as n+ = [0, 1,0T ] and
n− = [1, 0,0T ].

In the correlator (1) the following gauge links (Wilson
lines) appear

Ln−
(0,+∞) = Ln−(0−,∞−;0T )LT (0T ,∞T ;∞−), (2)

Ln−
(+∞,ξ) = LT (∞T , ξT ;∞−)Ln−(∞−, ξ−, ξT ) (3)

to ensure the gauge-invariance of the operator defini-
tion. Here Ln−(a−, b−; cT ) denotes a Wilson line run-
ning along the minus direction of the light-cone from
[a−, 0+, cT ] to [b−, 0+, cT ], whereas LT (aT , bT ; c−) is the
transverse gauge-link running in the transverse direction
from [c−, 0+,aT ] to [c−, 0+, bT ], in the form of path-
ordered exponential:

Un−(a−, b−; cT )

= P exp
[
−ig

∫ b−

a−
dζ−A+(ζ−, 0+, cT )

]
, (4)

UT (aT , bT ; c−)

= P exp
[
−ig

∫ bT

aT

dζT ·AT (c−, 0+, ζT )
]
. (5)

The gauge-link in (4) indicates that the correlator in
Eq. (1) is the one appearing in semi-inclusive DIS. The
transverse gauge-link in the correlator vanishes when the
transverse momentum is integrated out. However, for the
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TMD correlator, the transverse gauge-link has to be in-
cluded to ensure the gauge invariance of the operator
definition.

For the unpolarized hadron, according to the hermitic-
ity and parity invariance, at leading twist the correlator
can be decomposed as

Φ(x, kT ) =
1
2

{
f1(x, k2

T ) + ih⊥1 (x, k2
T )

[ k/T , n/+]
2M

}
, (6)

where f1(x, k2
T ) is the TMD unpolarized distribution

function, and h⊥1 (x, k2
T ) denotes the Boer–Mulders func-

tion, which is first introduced in Ref. [15]. Using Eq. (1),
the operator definition of the Boer–Mulders function be-
comes:

h⊥1 (x, k2
T ) = − M

2εαρkTρ

∫
dξ−d2ξT

(2π)3
eik·ξ〈P |ψ̄j(0)

×Ln−
(0,+∞) iσα+γ5Ln−

(+∞,ξ) ψi(ξ)|P 〉
∣∣∣∣
ξ+=0

. (7)

The Boer–Mulders function arises from the correlation
of the quark spin Sq and the quark transverse momen-
tum:

εμνρσPμkνSqρnσ . (8)

Before the establishment of a fully gauge-invariant oper-
ator definition of quark-quark correlator given in Eq. (1),
it was thought that this kind of correlation violates the
time-reversal-invariant condition of QCD (C = iγ2γ0 is
the parity operator):

Φ(x, kT ) = (−iγ5C)Φ(x,−kT )(−iγ5C). (9)

For this reason, the Boer–Mulders function, as well as its
chiral-even partner, the Sivers function [20, 21], is usually
referred to as the T-odd distribution function. There-
fore, for a while it was believed that T-odd distributions
should vanish, constrained by time reversal invariance of
QCD [22]. However, using spectator model calculation,
which incorporates gluon exchange between the struck
quark and the spectator remnants, Brodsky, Hwang, and
Schmidt demonstrated [23, 24] that the T-odd distribu-
tions can actually be nonzero. Collins reexamined the
time-reversal-invariance argument and proved that the
gauge-link in the operator definition of the correlator
permits nonvanishing T-odd distributions. The specta-
tor model calculation by Brodsky et al. and Collins’s
proof are consistent, as it is found that, the summation
of all final-state or initial-state interactions between the
struck quark and the remnants leads to the gauge-link
appearing in the operator definition of TMD distribu-
tions [26–28].

Furthermore, the presence of the gauge-link indicates

that the T-odd distributions in SIDIS and Drell–Yan lep-
ton pair production are reversed in sign:

h⊥1 (x, k2
T )|DY = −h⊥1 (x, k2

T )|DIS. (10)

This is a direct consequence of the renewed condition for
the time reversal invariance of the correlator:

Φ[+]∗(x, kT ) = (−iγ5C)Φ[−](x,−kT )(−iγ5C), (11)

where Φ[+] and Φ[−] are the correlators for the SIDIS
process and the Drell–Yan process, respectively. Corre-
spondingly, in Drell–Yan lepton pair production, all oc-
currences of ∞− in the gauge links in the operator defi-
nition (7) should be replaced by −∞−.

As a twist-2 distribution function, the Boer–Mulders
function has a clear partonic probability interpretation.
The distribution of quarks whose polarization is trans-
verse (along the up direction) to the momentum of an
unpolarized hadron can be expressed as [29]

fq↑/p(x, kT )

=
1
2

[
f q
1 (x, k2

T ) − hq ⊥
1 (x, k2

T )
(P̂ × kT ) · Sq

M

]
. (12)

This gives the difference

fq↑/p(x, kT ) − fq↓/p(x, kT )

= −|kT |
M

hq ⊥
1 (x, k2

T ) sin(φk − φs) (13)

= ΔNfq↑/p(x, kT ) sin(φk − φs), (14)

such that

Δfq↑/p(x, kT ) = −|kT |
M

hq ⊥
1 (x, k2

T ). (15)

Here Δfq↑/p(x, kT ) is another notation for the Boer–
Mulders function advocated in Ref. [30]. Thus, the
Boer–Mulders function describes the quark transverse
polarization distribution in an unpolarized hadron, as
depicted in Fig. 1. Since transverse polarization states
are off-diagonal in the helicity basis (helicity flip), and
helicity and chirality are the same at leading twist [31],
the Boer–Mulders function is also classified as the chiral-
odd distribution. As QCD and QED interactions con-
serve the helicity (in the massless limit), the measurable
effect can only manifest if there is another chiral-odd ob-
ject which is coupled with the Boer–Mulders function.
The chiral-odd probe can be the Boer–Mulders function
from another hadron. In this case the corresponding
process is the unpolarized Drell–Yan process, in which
a cos 2φ asymmetry of the dilepton may be measured,
with φ the azimuthal angle between the dilepton plane
and the hadron plane. Another chiral-odd probe is the
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Fig. 1 Probability interpretation of the Boer–Mulders function.
the vertical arrows represent the transverse polarization of the
quark, the skewed arrows represent the transverse motion of the
quark.

Collins function [22] that describes the TMD fragmenta-
tion of a transversely polarized quark to an unpolarized
hadron. The coupling of the Boer–Mulders function and
the Collins function appears in the unpolarized SIDIS
process, and contributes a cos 2φh angular dependence
of the final-state hadron. The detailed phenomenology
of unpolarized Drell–Yan and SIDIS is presented in Sec-
tions 3 and 4, respectively.

3 Modeling the Boer–Mulders function

Model calculation is an important approach to under-
standing the Boer–Mulders function. This is because the
Boer–Mulders function, like other TMD distributions,
corresponds to the matrix element of non-local operators
sandwiched by hadron states. Therefore, it is not possible
to calculate it from the first principles of QCD. Instead,
the Boer–Mulders functions for the nucleon and the pion
have been extensively studied in literatures [32–48] by
several QCD-inspired quark models, and it has become a
very active research field in spin physics. Although these
models oversimplify the complexity of QCD dynamics in
hadrons, studies in models provide important nonpertur-
bative properties of the Boer–Mulders function, such as
the size and sign of the Boer–Mulders function at the
hadronic scale. Furthermore, model predictions also pro-
vide insight into the phenomenological parametrization
of the Boer–Mulders function from experimental data.
In the following sections I review the present status of
model calculations of the Boer–Mulders function. The
commonly used models are the spectator model [32–35,
38, 40, 46], the constituent light-cone quark model [42,
47], the bag-like model [41, 42, 48], and the large Nc

model [36], which are all inspired by QCD in different
respects. These models have also been adopted to calcu-
late other TMD distributions, including those that are T-
even. As a T-odd TMD distribution, the Boer–Mulders
function explicitly requires the presence of the gauge-link
in the operator definition. This makes its calculation
more complicated than that of T-even TMD distribu-
tions. Particularly, we pay more attention to the spec-
tator model to demonstrate the essential steps on the
calculation of the Boer–Mulders function.

3.1 Spectator model

The first model that predicts nonzero T-odd distribu-
tions is the spectator model [23]. In this model, the
hadron is assumed to be composed of the active quark,
which participates in the scattering process, and the
spectator, which groups all the other quarks and gluons
degree of freedom:

|H〉 �→ |q + spectator〉.
In this way, the spectator plays the role of an on-shell
quasi-particle with definite mass that truncates the sum
over intermediate states, and the matrix element in the
correlator can be given as [49]

∑
X

∫
d3PX

(2π)3
δ(P 2

X −M2
X)〈P |ψ̄(0)|X〉

×〈X |Ln−
(0,+∞) L

n−
(+∞,ξ) ψ(ξ)|P 〉 , (16)

where X represents all the possible spectators, and PX

and MX are the momentum and the effective mass of
the spectator. For the proton, the spectator is formed by
two quarks, the so-called diquark, in the minimal Fock-
state expansion. Thus, the spectator diquark can have
the quantum numbers of a scalar (spin 0) isoscalar or
axial-vector (spin 1) iso-vector diquark. At the tree level,
the nucleon-quark-diquark scattering amplitude has the
form

〈P |ψ̄(0)|X〉=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Ū(P )Υs
i

k/−m
,

scalar diquark;

Ū(P )Υμ
v

i
k/−m

εμ(P − k, λa) ,

vector diquark,

(17)

where Υs/v denotes the nucleon-quark-diquark vertex (s
for the scalar diquark and v for the axial-vector diquark),
an effective vertex which may contain a model-dependent
form factor [40],

Υs(k2) = igs(k2), (18)

Υμ
v (k2) = i

gv(k2)√
2

γμγ5, (19)

where εμ(P − k, λa) is the polarization vector of the
axial-vector diquark, and gX(k2) is the form factor of
the coupling. We note that a different form for Υμ

v (k2)
was adopted in Ref. [38]:

Υμ
v (k2) = i

gv(k2)√
3

(γμ −Rg
kμ

M
)γ5. (20)

The literature contains several reports of variations
of the spectator-diquark model applied to calculate the
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Boer–Mulders function of the nucleon. The most sim-
ple case is the model that only includes the scalar di-
quark, which was used in the early calculations [32–34].
In Refs. [35, 38, 40], the authors employed spectator-
diquark models that include both scalar and axial-vector
diquarks.

Another variation is the choice of the form factor
gX(k2), as shown in the following list:

gX(k2) =

⎧⎪⎪⎨
⎪⎪⎩

Nx(constant l), point-like;

NX
k2−m2

(k2−Λ2
X)α , multipolar;

NXe(k2−m2)/Λ2
X , exponential.

(21)

The point-like coupling constant gX(k2) → NX was
adopted in Ref. [32], whereas the multipole form factor
was applied in Refs. [35, 40] (with α = 2 corresponding
to the dipolar form factor) and Ref. [38]. The exponen-
tial or Gaussian form factor was used in Refs. [33, 34].
The parameter ΛX in the multipolar and exponential
form factors provides a cutoff on the momentum k. It
can eliminate the logarithmic divergences arising from
kT integration when using a point-like coupling.

Finally, different choices of the polarization vector of
the spin-1 axial-vector diquarks were also employed in
the literature. The following list summarizes all the pos-
sibilities on the polarization sum dμν =

∑
λa
ε∗μ
(λa) ε

ν
(λa)

in different calculations [35, 38, 49, 50]:

dμν(q)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−gμν +
qμ qν

M2
a

−gμν+
qμnν

−+qνnμ
−

q · n−
− M2

a

[q · n−]2
nμ
− n

ν
−

−gμν

−gμν +
Pμ P ν

M2
a

.

(22)

In the following, I sketch the calculation of the Boer–
Mulders function of the scalar diquark model with a
dipolar form factor for the nucleon-quark-diquark cou-
pling. The key ingredient in the calculation of T-odd
distributions is the gauge-link appearing in the operator
definition, because without it the result will be zero. Be-
sides, it is necessary to apply a certain gauge to perform
the calculation, and the final result should not depend
on the gauge [26]. In the following, the Feynman gauge
is employed as an example. The gauge-link can then be
simplified to one running along the light-like direction
n−,

Un−(0−,∞−;0T )

= P exp
[
−ig

∫ ∞−

0−
dζ−A+(ζ−, 0+,0T )

]
. (23)

Fig. 2 The Feynman diagram used to calculate the Boer–Mulders
function in the spectator-diquark model.

Expanding the above exponential to its first nontrivial
order gives the eikonal propagator:

1
−l− + iε

. (24)

This corresponds to the so-called one-gluon exchange ap-
proximation. The diagram used to calculate the Boer–
Mulders function in the spectator-diquark model is
shown in Fig. 2. The double line represents the eikonal
line from the gauge link, whereas the open circle denotes
the eikonal vertex. The Feynman rule for the latter is
given as −iec n

ρ
−, with ec the color charge of the quark.

With the above ingredients, the correlator for the scalar
diquark component has the form:

Φ(1)
s (x,kT ) ≡ −iecN

2
s

(1 − x)2

64π3(P+)2
−iΓ+

s

(k2 − Λ2
s)2

×
∫

d2lT
(2π)2

[( k/− n/+m)( P/+M)( k/+m)]

q2
T [(kT − lT )2 + L2

s]
2 , (25)

with l+ = 0, and Γμ
s being the vertex between the gluon

and the scalar diquark:

Γμ
s = iec(2P − 2k + l)μ . (26)

Using Eqs. (7) and (25) enables the final result from the
scalar-diquark contribution to the Boer–Mulders func-
tion to be obtained:

h
⊥ (s)
1 (x,k2

T ) = −g
2
s

4
M e2c
(2π)4

(1 − x)3 (m+ xM)
L2

s (k2
T + L2

s)3
(27)

with L2
s = k2 − Λ2

s = xM2
s + (1 − x)m2 − x(1 − x)M2.

It is of interest to point out that for scalar diquarks the
spectator model gives the same result for the Sivers and
the Boer–Mulders functions, independent of the choice
of the nucleon-quark-diquark form factor.

Obtaining the flavor dependence on the Boer–Mulders
function requires inclusion of the contribution from the
axial-vector diquark. The calculation is similar to the
case of the scalar diquark. For details the readers can
refer to Refs. [38, 40]. In Figs. 3 and 4, I show the first
kT -moment of the Boer–Mulders functions

h
⊥(1)
1 =

∫
d2kT

k2
T

2M2
h⊥1 (x,k2

T ) (28)

Zhun Lu, Front. Phys. 11(1), 111204 (2016) 111204-5
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Fig. 3 The first kT -moment of the Boer–Mulders function for
the u and d quarks inside the proton, calculated in Ref. [40] in
a spectator model including the axial-diquark model. Reproduced
from Ref. [40].

Fig. 4 The Boer–Mulders function for the u (dashed line) and d
(dotted line) quarks inside the proton, calculated in Ref. [38]. The
results are compared with another T-odd distribution, the Sivers
function. Reproduced from Ref. [38].

for the u and d quarks inside the proton calculated in
two different spectator models, i.e., that in Ref. [40] and
that in Ref. [38], respectively.

An equivalent way to perform the calculation in a
spectator model is to apply the light-front formalism, in
which the TMDs may be interpreted in terms of overlap
of light-cone wave functions (LCWFs) for the diquark
[40, 43, 50, 51]. For the Boer–Mulders function, the ex-
pression in the overlap representation has the form [40,
52]

(ŜqT × kT ) · P̂
M

h⊥1 (x,k2
T ) =

∫
d2k′

T

16π3

×
∑

λN , λX

ψλN ∗
↑λX

(x,kT )G(x,kT ,k
′
T )ψλN

↓λX
(x,k′

T )

+h.c., (29)

where G(x,kT ,k
′
T ) is the FSI kernel, and ψλN

λqλX
denotes

the LCWF for the quark-diquark system. Apparently,
the Boer–Mulders function requires the quark helicity to
be flipped from the initial to the final state, whereas the
nucleon helicity remains unchanged. This indicates that
the LCWFs in the initial and the final states differ by

ΔLz = 1, with Lz the orbital angular momentum of the
quark. Therefore, studying T-odd distributions like the
Boer–Mulders function might also obtain information of
the quark orbital motion.

3.2 Constituent quark model

In Ref. [47], an alternative approach, the light-cone con-
stituent quark (LCCQ) model, was applied to calculate
the Boer–Mulders function. The LCCQ model is also
motivated by the light-front formalism. In the infinite
momentum frame, or equivalently the light-front frame,
which is suitable to study a fast moving nucleon, it is
natural to describe the nucleon using the light-cone Fock
state expansion of its wave function. Thus, the hadronic
state can be decomposed in terms of n-parton Fock states
with coefficients representing the momentum LCWF of
the n partons [53]:

|H,Λ〉 =
∞∑

n=1

∑
λi∈n

∫ [
dxid2k⊥i

]
ΨΛ

n/H(xi, k⊥i, λi)

×|n : xi, k⊥i, λi〉. (30)

In principle, such an expansion contains an infinite num-
ber of LCWFs. In phenomenological calculations, a more
practical way is to consider the Fock states that contain
the three constituent quarks (n = 3). For the proton, it
is possible to write the uud component of the light-cone
state as

|P,Λ〉uud =
∑
λi,ci

∫
d[1]d[2]d[3]ΨΛ,[f ]

uud ({xi,ki⊥;λi})

× ε
ijk

√
6
b†u
i, λ1

(1)b†u
j, λ2

(2)b† d
k, λ3

(3)|0〉 . (31)

The LCWF ΨΛ,[f ]
uud ({xi,ki⊥;λi}) in the above equation

can be decomposed into momentum-dependent and spin-
dependent parts using the SU(3) spin-flavor symmetry
of the nucleon wave function

ΨΛ,[f ]
uud ({xi,ki⊥;λi}) = ψ̃({xi,ki⊥}) 1√

3
Φ̃Λ(λ1, λ2, λ3).

(32)

The spin-dependent part Φ̃Λ(λ1, λ2, λ3) is obtained by
a Melosh–Wigner rotation, which transforms the instant
form of the spin eigenstates for quarks to the light-front
helicity eigenstates. For a proton with spin Jz = +1/2,
the Melosh-Wigner rotation generates the wave function
amplitudes that have different orbital angular momen-
tum: |P ↑〉lzuud, with lz = 0,±1, 2. Therefore, the P-wave
and D-wave are present in the decomposition, even if
the original (instant-form) wave function only contained
S-wave components.
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Fig. 5 The first kT -moment of the Boer–Mulders function for
the u (left panel) and d (right panel) quarks, calculated by the
LCCQM in Ref. [47]. The dashed curves show the contribution
from the interference of S and P waves, and the dotted curves
correspond to the contribution from the interference of P and D
waves. The solid curves are the total results, the sum of all the
partial-wave contributions. Reproduced from Ref. [47].

In Ref. [47], the Boer–Mulders function was calculated
by inserting the LCWF decomposition of the proton (31)
into Eq. (7). The gauge link was expanded to one loop
to produce the final-state interaction between the active
quark and the spectator quark. In this calculation the
authors applied the light-cone gauge A+ = 0 tailored to
the light-cone quark model. Figure 5 shows the first kT -
moment of the Boer–Mulders function in the LCCQM,
which contains the contributions from the interference of
S and P waves and the interference of P and D waves.
Particularly, the latter predominantly provides the con-
tribution (60% of the total result) to h⊥(1)

1 of the down
quark.

3.3 Bag model

Another class of the quark model used to calculate the
Boer–Mulders function is the bag model. In the sim-
plest version of the bag model, the nucleon is described
as three non-interacting massless quarks that satisfy a
certain boundary condition. On the one hand, the bag
model incorporates an SU(6) spin-flavor structure; on the
other hand, it is the only quark model that manifests the
confinement nature of the nucleon. An important feature
of the bag model is that it can introduce the nucleon
wave function that contains both S wave and D wave
components. This is crucial in the calculation of the T-
odd distribution functions, since the interference between
them can generate the phase needed for the nonvanish-
ing result after the FSI is included. The first bag-model
calculation on the Boer–Mulders function was performed
in Ref. [41], and a new calculation was given in Ref. [42].
As in the original bag model there is no explicit gluon
degree of freedom, in these calculations, the effect of the
gauge link is simulated by introducing a one-gluon ex-
change. In Ref. [41], the result shows that the size of the
Boer–Mulders function of the up quark is twice as large

as that of the down quark. and the signs for both quark
flavors are negative. In Ref. [42] the authors considered
the quark helicity flipped term that was not taken into
account in Ref. [41]. The additional term reduces the size
difference between the Boer–Mulders function of the up
and down quarks.

3.4 Discussion on different model results

As shown in the previous subsection, although differ-
ent models predict different quantitative results for the
Boer–Mulders function, the results show that the size of
the Boer–Mulders function is significant in the valence
region. Particularly, all the models demonstrate that the
signs of h⊥1 in DIS for the u and d flavors are both nega-
tive. In an early spectator model calculation with axial-
vector diquarks, it was originally found that h⊥1 has a
different sign for the u and d quarks [35]. The result was
later corrected by the authors of Ref. [38], in which a
spectator model established in previous papers [46] was
applied, showing that the sign of the Boer–Mulders func-
tion for both quark flavors should be the same. This find-
ing was confirmed in an updated calculation on h⊥1 in
Ref. [40], The calculation in the constituent model [42,
47] and the bag model [41, 42] yield the same result on
the sign of h⊥1 .

The same sign feature of the Boer–Mulders function
may be explained from a model-independent analysis ac-
cording to the expansion in powers of 1/NC in QCD, with
Nc being the number of colors. The expansion in leading
order predicts that h⊥u

1 = h⊥d
1 . This is also in qualita-

tive agreement with the pattern predicted by the quark
helicity-flip GPD ĒT in lattice simulations [54] and in
different models [39, 55], which shows that all the Boer–
Mulders functions are alike.

The model calculation of the Boer–Mulders function
has been extended to the case of pion. The first model
applied to calculate the Boer–Mulders function for the
pion (denoted by h⊥1π) is the spectator model [43, 45, 46],
in which the antiquark plays the role of the spectator par-
ticle. In Refs. [43] and [45], the gauge-link was taken into
account by the one-gluon exchange approximation, while
in Ref. [46], and the authors included higher-order glu-
onic contributions from the gauge link by applying non-
perturbative eikonal methods. Recently, h⊥1π was also cal-
culated by the light-cone constituent quark model [56]
and the bag model [48]. Due to the isospin asymmetry,
h⊥1π for the two valence quarks inside the pion are the
same in size and sign.

It is worth pointing out that an intuitive relation be-
tween the Boer–Mulders function and the combination
of chiral-odd generalized parton distributions in impact
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parameter space was proposed in Refs. [57, 58]:

h⊥q
1 ↔ −

(
Eq

T + 2H̃q
T

)′
, (33)

This connection between two types of parton distribu-
tions is the analogue of a corresponding relation involv-
ing the Sivers function [59, 60]. In the field-theoretical
approach such a relation can be made quantitative in
the framework of spectator models [52, 61, 62] How-
ever, as far as current knowledge goes, a general model-
independent relation does not exist [45, 63].

4 The cos 2φ angular dependence in the
unpolarized Drell–Yan process

The Drell–Yan process [64–66]

h1(P1) + h2(P2) → l+(�) + l−(�′) +X (34)

has been recognized as an important tool to probe the
internal structure of hadrons. An intriguing observable
in Drell–Yan is the angular distribution of the final-state
dilepton when the transverse momentum of the dilepton
QT is measured. The general form of the angular dif-
ferential cross section for unpolarized Drell–Yan process
can be written as

1
σ

dσ
Ω

=
3
4π

1
λ+ 3

(
1 + λ cos2 θ + μ sin2 θ cosφ

+
ν

2
sin2 θ cos 2φ

)
. (35)

Here φ is the azimuthal angle of the hadron plane with
respect to the lepton plane in the center of mass (c.m.)
frame of the dilepton. A commonly used c.m. frame is the
Collins–Soper frame [67], in which the z-axis is along the
bisector of the momenta P1 and −P2, as shown in Fig.
6. Some other reference frames have also been adopted
in the literature, such as the Gottfried–Jackson frame
[68] (z-axis is along beam momentum) and the u-channel
frame (z-axis is along target momentum). In this article,
the Collins–Soper frame will be used.

In Eq. (35), λ, μ, and ν are the coefficients describ-
ing the sizes of different angular dependence. Of par-
ticular interest, ν denotes the asymmetry of the cos 2φ
azimuthal angular distribution of the dilepton. Early the-
oretical study on the angular distribution of the Drell–
Yan process was carried out by Lam and Tung [69]. They
proved a relation for λ and ν up to the leading order of
QCD: 1 − λ− 2ν = 0, the so-called Lam–Tung relation,
which is an analogy of the Callan–Gross relation in DIS.

Fig. 6 Kinematical configuration in the Collins–Soper frame [67].

The angular dependence was then measured in the pro-
cess π−N → μ+μ−X by the NA10 Collaboration [70,
71] and the E165 Collaboration [72], with N denoting a
nucleon in the deuterium or tungsten target, and for a
π− beam with energies of 140, 194, 286 GeV [70, 71],
and 252 GeV [72]. The experimental data showed a large
value of ν, near 30% in the region QT ∼ 3 GeV. This
demonstrates a clear violation of the Lam–Tung rela-
tion. The measurement on the process π−N → μ+μ−X
has triggered a number of theoretical and experimen-
tal studies. It is known that gluon radiation processes
may give rise to a non-zero cos 2φ asymmetry, which
in the case of qq̄ annihilation dominance is given by
ν = Q2

T /(M
2 + 3Q2

T /2) [73]. However, the analysis in
Refs. [70, 71, 74] showed that the magnitude and the
QT dependence of the asymmetry cannot be explained
up to next-to-leading order perturbative QCD correction
from gluon radiations. Furthermore, ν does not receive
large corrections from resummation at small QT [75].
Other proposals have been suggested to explain the ob-
served cos 2φ asymmetry in the unpolarized Drell–Yan
process. In Ref. [76], an approach using coherent states
is proposed. This can describe the cos 2φ data, but it
cannot describe the function μ in a satisfactory man-
ner. Alternatively, the higher twist effect to the cos 2φ
asymmetry is studied in Refs. [77–79], following the 1/Q2

term discussed by Berger and Brodsky [80–82]. There,
the higher twist effect is modeled using a pion distri-
bution amplitude in Ref. [77]. However, it seems to fall
short in explaining the large values as found for ν. In
Ref. [74] factorization breaking correlations between the
incoming quark and antiquark are assumed in order to
account for the large cos 2φ dependence.

If the intrinsic transverse momentum of the initial
quarks is taken into account, the cos 2φ dependence may
be naturally explained by the coupling of two Boer–
Mulders functions from each hadron. This is the idea
proposed by Boer [83]. Inserting the correlator (6) into
the hadronic tensor in the Drell–Yan process, one can
obtain the tree-level result of the unpolarized Drell–Yan
cross section at leading-twist

dσ(H1H2→ l+l−X)
dΩdx1dx2d2qT

=
α2

3Q2

∑
q,q̄

{
A(y)F [f q

1 f
q̄
1 ]+B(y) cos 2φF

[
((2ĥ · k1T ĥ · k2T )−(k1T · k2T ))

h⊥ q
1 h⊥ q̄

1

M1M2

]}
. (36)
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Here, the notation

F [f f̄ ] =
∫

d2k1T d2k2T δ
2(k1T + k2T − qT )f(x1,k

2
1T )f̄(x2,k

2
2T ) (37)

is used. The first term in Eq. (36) is azimuthal indepen-
dent, whereas the second term clearly has a cos 2φ az-
imuthal dependent term, which contributes to the asym-
metry ν. In the context of QCD, each term in Eq. (36)
can be extended to a factorized form in the framework of
TMD factorization [84]. The difference between the per-
turbative QCD correction and the Boer–Mulders effect is
that the former is suppressed by the inverse hard scale Q,
whereas for the latter the relevant scale is the nonpertur-
bative hadronic scale, such as the hadron mass. It is also
necessary to point out that the cos 2φ asymmetries may
be explained by the twist-three quark-gluon correlations
in collinear factorization [85], which is consistent with the
Boer–Mulders effect in the TMD factorization approach
in the intermediate energy scale ΛQCD � QT � Q.

A considerable volume of phenomenological work has
been proposed to understand the cos 2φ asymmetry in
an unpolarized Drell–Yan process based on the Boer–
Mulders effect [32, 37, 44, 56, 86–103]. Particularly, Boer
[83] argued that it can account for the observed cos 2φ
asymmetries observed in unpolarized πN Drell–Yan pro-
cesses [70–72]. This was quantitatively confirmed in Ref.
[87], where h⊥1 of the nucleon and the pion were calcu-
lated in spectator models, showing that the QT depen-
dence of the cos 2φ asymmetry can be reproduced fairly
well. Besides, the measurements [104, 105] on the cos 2φ
asymmetry in the unpolarized pp and pd Drell–Yan pro-
cesses have been performed by the E866/Nusea Collab-
oration in recent years. The data from nucleon-nucleon
collision provide great opportunity to extract the Boer–
Mulders function in the proton. Three different parame-
terizations [96, 99, 100] were adopted to fit those data to
obtain the quark and antiquark Boer–Mulders function,
based on the expressions for the cos 2φ asymmetries ν in
pp and pD Drell–Yan processes:

νpp =

2F [χ (e2u h
⊥,u
1 h⊥,ū

1 + e2d h
⊥,d
1 h⊥,d̄

1 )] + (q ↔ q̄)
F [e2u fu

1 f
ū
1 + e2df

d
1 f

d̄
1 ] + (q ↔ q̄)

, (38)

νpD =

2F [χ (e2uh
⊥,u
1 +e2dh

⊥,d
1 )(h⊥,ū

1 +h⊥,d̄
1 )] + (q ↔ q̄)

F [(e2ufu
1 + e2df

d
1 )(f ū

1 + f d̄
1 )] + (q ↔ q̄)

, (39)

with χ defined as

χ = ((2ĥ · k1T ĥ · k2T ) − (k1T · k2T )). (40)

These parameterizations and the corresponding results

are reviewed below.

4.1 Parametrization in Ref. [96]

The first extraction was given in Ref. [96], in which the
TMD distribution h⊥1 (x,k2

T ) is factorized to x and kT

dependent parts

h⊥,q
1 (x,k2

T ) = h⊥,q
1 (x)

exp(−k2
T /k

2
bm)

πk2
bm

. (41)

Here, the parametrization contains a Gaussian model
for the transverse momentum dependence of the Boer–
Mulders functions, with width k2

bm. The x-dependence
of the Boer–Mulders functions is modeled to relate its
behavior with that of the unpolarized distribution func-
tions:

h⊥,q
1 (x) = Hq x

c (1 − x) f q
1 (x), (42)

where f q
1 (x) is the unpolarized integrated distribution

function. Therefore in this fit, there are six parameters
Hu, Hd, Hū, Hd̄, p

2
bm, and c. The factor (1 − x) is in-

cluded to ensure the correct large-x behavior [106] for h⊥1
compared with the unpolarized distribution. The small–
x behavior of h⊥1 with respect to f1(x) is modeled by xc.
The TMD unpolarized distribution function f1(x,k2

T ) is
also given in the Gaussian form

f q
1 (x,k2

T ) = f q
1 (x)

exp(−k2
T /k

2
unp)

π p2
unp

. (43)

where k2
unp is the mean squared transverse momentum of

the unpolarized quarks, and is assumed to be flavor inde-
pendent. In Ref. [96], k2

unp is chosen as k2
unp = 0.25 GeV2,

a value which was obtained by fitting the cosφ azimuthal
dependence of the SIDIS unpolarized cross section [107].

Using the expression (39), the parametrization form in
Eq. (42) was used to fit [96] the E866/NuSea pd Drell–
Yan data. The best fitted values for the parameters are
shown in Table 2. Note that the results for the parame-
ters Hq given in Table 2 are obtained for the Drell–Yan
process. The corresponding Boer–Mulders functions are
obtained in SIDIS by reversing their signs [25]. There-
fore, the values of Hu and Hd agree with the expectation
that the Boer–Mulders functions for up and down quarks
in SIDIS are negative and have the same sign. It is also
necessary to emphasize that the Boer–Mulders functions
extracted in Ref. [96] are within the positivity bound
[108]
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Table 2 Best fitted values of the Boer–Mulders functions in Ref.
[96].

Hu 3.99

Hd 3.83

Hū 0.91

Hd̄ –0.96

p2
bm 0.161

c 0.45

χ2/d.o.f. 0.79

Fig. 7 The cos 2φ distribution ν calculated with parametrization
of the Boer–Mulders functions deduced from the fit to the p + d
Drell–Yan data [104] in Ref. [96]. The dotted curve and the solid
curves represent the result in the pd and pp Drell–Yan processes
in the kinematic region of E866/NuSea, respectively. The calcu-
lations are compared with the E866/NuSea pd [104] and pp data
[105]. The dot-dashed curve is the contribution from perturbative
QCD.

|pTh
⊥
1 (x,k2

T )|
M

� f1(x,k2
T ). (44)

Figure 7 shows the cos 2φ angular dependence ν vs.
QT in the pd Drell–Yan process (dotted curve) calculated
from Boer–Mulders functions parameterized in Ref. [96].
The prediction on ν in the pp Drell–Yan process is also
presented by the solid curve, and is compared with the
E866/NuSea measurement (open circles) [105].

4.2 Parametrization in Ref. [99]

After the release of the pp Drell–Yan data by the
E866/NuSea Collaboration, an updated extraction of the
Boer–Mulders functions was presented in Ref. [99], which
was developed from the parametrization in Ref. [96]. In
this extraction, a new parametrization form was pro-
posed on the x-dependence of the Boer–Mulders func-
tions:

h⊥ q
1 (x) = Hq x

cq (1 − x)b f q
1 (x), (45)

Here, the large-x dependence of the Boer–Mulders func-
tions is modeled by (1 − x)b, with b being flavor depen-

dent, which differs from the previous fit [96] in which
the large-x dependence is 1 − x. Moreover, the small-x
behavior xcq is relaxed to be flavor dependent.

As deduced from Eqs. (38) and (39), Hu, Hd, Hū, and
Hū always appear as combinations of two of them; hence,
three independent coefficients can be defined

H1 = HuHū, H2 = Hd Hd̄, H3 = Hu Hd̄, (46)

where the last combination HūHd is determined by
HūHd = H1H2/H3. In Ref. [99], the coefficients H1,
H2, and H3 were adopted as the parameters in the fit,
instead of Hq. Therefore, there are nine free parameters
that were applied to fit the E866/NuSea p+ p and p+ d

data of the low QT region (QT < 2.0 GeV). The best fit
results and the errors for the parameters are as follows:

H1 = 0.62+0.52
−0.29, H2 = 1.45+1.30

−1.12, H3 = 0.61+0.50
−0.55,

cu = 0.63+0.53
−0.21, cd = 0.47+0.36

−0.39, cū = 0.07+0.06
−0.05,

cd̄ = 0.75+0.72
−0.52, b = 0.17+0.15

−0.14, p2
bm = 0.173+0.027

−0.033.

The χ2 of this fit is 35.95 for 52 data points, resulting in
χ2/d.o.f = 0.84.

The possible range of coefficients Hq is obtained from
the values of H1, H2 and H3, by employing the positiv-
ity bound [108] for h⊥ q

1 (x,k2
T ) for the entire x and kT

regions:

|kTh
⊥ q
1 (x,k2

T )|
M

� f q
1 (x,k2

T ), (47)

then the ranges for Hq are

Hu = 0.59+0.64
− 0.31, Hd = 1.37+1.53

− 0.72,

Hū = 1.10+1.21
− 0.57, Hd̄ = 1.08+1.18

− 0.56. (48)

The central value for Hq shown above is obtained from
the geometric mean values of the upper and lower lim-
its for Hq: H cen

q =
√
H max

q H min
q . In a previous fit [96],

the variation range ofHq allowed by the positivity bound
was described by the coefficient ω, namely, that the sub-
stitution Hq → ωHq for q = u, d, and Hq → 1

ωHq for
q = ū, d̄ will not change the result. In the new fit, the
range of ω is 0.48 < ω < 2.1, and central values for
Hq correspond to ω = 1. The first k2

T -moments of the
Boer–Mulders functions in the fit are shown in Fig. 8.

4.3 Parametrization in Ref. [100]

In Ref. [100], the pd and pp data were applied to extract
the antiquark Boer–Mulders functions h⊥ ū

1 and h⊥ d̄
1 . In

that work, the authors assumed that h⊥q̄
1 is proportional

to the Sivers function f⊥
1T , following the parametrization

[109] on the quark Boer–Mulders function from SIDIS
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Fig. 8 The first kT -moment of Boer–Mulders functions for u, d,
ū and d̄ quarks for Q2 = 1 GeV2 from the parametrization in Ref.
[99]. The solid lines show the central value of the distributions, the

shadows depict the variation ranges of x h
⊥ (1) q
1 (x) allowed by the

positivity bound. The dashed lines show 〈pT 〉un
2M

x f q
1 (x ).

data. Explicitly, the antiquark Boer–Mulders functions
are parameterized as

h⊥q̄
1 (x, k2

T ) = Nq̄ x
αq̄(1 − x)βq̄ e−k2

T /μ2
f̄ q
1 (x, k2

T ) . (49)

Here, the values of the parameters α, β, and μ are taken
from the antiquark Sivers distributions, and the normal-
ization coefficients Nū and Nd̄ are fitted to the data.

As opposed to the fit in Refs. [96, 99], in the analysis
presented in Ref. [100] the quark Boer–Mulders func-
tions were not fitted directly from Drell–Yan data. In-
stead, they were adopted from a previous fit to the cos 2φ
asymmetry in SIDIS [109], which is reviewed in the next
section.

The last ingredient in the analysis of Ref. [100] is
the quark and antiquark transverse momenta in the two
hadrons, 〈k2

1T 〉 and 〈k2
2T 〉, which are taken to be equal

to each other, 〈k2
T 〉 ≡ 〈k2

1T 〉 = 〈k2
2T 〉. In Ref. [100], the

authors choose two different values for them:

Fit 1: 〈k2
T 〉 = 0.25 GeV2 ;

Fit 2: 〈k2
T 〉 = 0.64 GeV2 , (50)

corresponding to two different fits. The smaller value,
0.25 GeV2, was used in the analysis of the Boer–Mulders
effect on the cos 2φ asymmetry in SIDIS [109], and is
taken from the study of the Cahn effect of Ref. [107].
The larger value, 0.64 GeV2, was obtained in the anal-
ysis [110] of pp scattering data at

√
s 
 20 GeV. The

larger value is close to the results of a phenomenological
study of the transverse-momentum dependence of DY
cross sections [111].

The values of the parameters of the antiquark distri-
butions in the two fits are presented in Table 3. The first

Table 3 Parameters of the Boer–Mulders antiquark distributions
in Ref. [100].

αū = αd̄ = 0.79, βū = βd̄ = 3.46, μ2 = 0.34 GeV2

Fit 1 Nū = 3.6 ± 1.0 Nd̄ = 1.7 ± 1.4 〈k2
T 〉 = 0.25 GeV2

Fit 2 Nū = 6.4 ± 1.7 Nd̄ = 3.0 ± 2.4 〈k2
T 〉 = 0.64 GeV2

Fig. 9 The first kT -moments of the antiquark distributions from
Fit 1 (solid curves) and Fit 2 (dashed curves) in Ref. [100].

k2
T moments of the antiquark distributions from Fit 1

(solid curves) and Fit 2 (dashed curves) are shown in
Fig. 9. The χ2 per degree of freedom is 1.24 in both fits.
The difference between the Gaussian widths of the distri-
bution is in fact compensated by different normalizations
of the antiquark distributions obtained from the two fits.

5 The cos 2φ asymmetry in unpolarized
semi-inclusive DIS

Similar to the Drell–Yan process, in unpolarized semi-
inclusive DIS

l(�) + N(P ) → l′(�′) + h(Ph) + X(PX) , (51)

a cos 2φ asymmetry can also occur, with φ the azimuthal
angle of the final hadron h with respect to the lepton
plane, as shown in the reference frame in Fig. 10, which
is commonly used in phenomenological analysis. Taking
the intrinsic motion of quarks into account, the SIDIS
cross section reads at leading order

dσ
dxdy dz d2PT

=
2πα2

ems

Q4

∑
q

e2q x[1 + (1 − y)2]

×
∫

d2kT

∫
d2pT δ

2(PT − zkT − pT )

× f q
1 (x,k2

T )Dq
1(z,p

2
T ) , (52)

where f q
1 (x,k2

T ) is the unintegrated number density
of quarks of flavor q and Dq

1(z,p
2
T ) is the transverse-

momentum dependent fragmentation function of quark
q into the final hadron. Recall that the non-collinear fac-
torization theorem for SIDIS has been proven by Ji, Ma,
and Yuan [84] for PT � Q.

The first measurement of the cos 2φ asymmetry was
performed by the EMC Collaboration at the energy
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Fig. 10 Kinematics in unpolarized semi-inclusive deep inelastic
scattering.

Q2 > 4 GeV2, with Q the virtuality of the intermediate
photon. Later, the ZEUS Collaboration measured the
asymmetry at Q2 > 180 GeV2. The cos 2φ asymmetry
of π+ production in electroproduction on the proton was
also searched by CLAS [113]. Several years ago, for the
first time, the cos 2φ asymmetries in a four-dimensional
kinematic space (x, y, z, and PT ) for positively and neg-
atively charged pions and kaons separately, as well as
for unidentified hadrons, were measured by the HER-
MES Collaboration [112], with 27.6 GeV electrons and
positrons scattered off unpolarized hydrogen and deu-
terium targets. An example of the HERMES measure-
ment is given in Fig. 11, showing the asymmetries for
π+ and π− produced from the hydrogen and deuterium
targets, respectively. The most recent data come from
the COMPASS Collaboration [114], which obtained the
cos 2φh amplitude (together with the sinφh and sinφh

modulations) binning the data separately in each of the
relevant kinematic variables x, z or ph

T . The correspond-
ing result on the cos 2φ asymmetry binning in a three-
dimensional grid of these three variables for positive and
negative charged hadrons, measured with the CERN SPS
muon beam at 160 GeV/c and a 6LiD target, is depicted

in Fig. 12. The plots suggest strong kinematic dependen-
cies of the asymmetries both for positive and negative
hadrons. The data from different experimental measure-
ments show that the magnitude of cos 2φ asymmetry is
substantial and can reach 10% at most. Moreover, the
asymmetry is not suppressed at high energy, as can been
seen from the ZEUS data.

5.1 Origins of the cos 2φ asymmetry in SIDIS

In previous research, three possible mechanisms were de-
veloped to account for the cos 2φ asymmetry in SIDIS.
The first is the Cahn effect [115, 116], demonstrating that
non-collinear kinematics at order k2

T /Q
2 can generate the

cos 2φ angular dependence. The second is the high-order
perturbative QCD effect [117–120], which shows that a
certain azimuthal distribution of the final hadron can
be aroused by gluon radiations from the struck quark
or the fragmenting quark. The last mechanism is the
Boer–Mulders function coupled to a specular fragmen-
tation function, the so-called Collins function [121]. In
the following, the features of the three mechanisms are
outlined.

Perturbative QCD effect. At order αs, the follow-
ing partonic processes participate in DIS:

γ∗(q) + q(k) → q(k′) + g ,

γ∗(q) + q(k) → g(k′) + q ,

γ∗(a) + g(k) → q(k′) + q̄ .

The effect is within the collinear picture, that is, the
transverse momentum of the initial parton is not consid-
ered. However, each of the above processes can produce

Fig. 11 cos 2φ amplitudes for positive (upper panels) and negative (lower panels) pions measured by the HERMES
Collaboration [112]. Closed and open squares are for amplitudes extracted from hydrogen and deuterium targets, respectively.
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Fig. 12 AUU
cos 2φh

asymmetries for positive (red points) and negative (black triangles) hadrons as a function of x for

the different bins in P h
T (from left to right) and z (from bottom to top) at COMPASS. The error bars show statistical

uncertainties only.

a large transverse momentum for the final state parton.
Such a contribution dominates the production of hadrons
in a large PT region. The cross section at order O(αs)
can be cast to [122]

d5σ(1)

dxdy dz d2PT
=
α2

em e
2
q

16π2

y

Q4

∫ 1

x

dx′

x′P 2
T + z2

h(1 − x′)Q2

×
∑
i,j

f i
1

( x
x′

)
Lμν M

μν
ij D

j
1

(
z +

x′P 2
T

zh(1 − x′)Q2

)

(53)

with ij denoting the initial and final partons, ij =
qq, qg, gq; and the parton variables x′ and z′ defined as

x′ =
Q2

2k · q =
x

ξ
, z′ =

k · k′
k · q =

z

ζ
, (54)

similar to the hadronic variables x and z.
The hard coefficients Lμν M

μν
ij in Eq. (53) have the

form [122, 123]

LμνM
μν
qq =

64παs

3
Q2

y2

{
· · · + 4 x′z′ (1 − y) cos 2φ

}
,

(55)

LμνM
μν
qg =

64παs

3
Q2

y2

{
· · ·+4x′(1−y)(1−z′) cos 2φ

}
,

(56)
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LμνM
μν
gq = 64παs

Q2

y2

{
· · · +x′(1 − x′)(1 − y) cos 2φ

}
.

(57)

Here the ellipses denote the angular independent and
cosφ dependent terms, respectively. Obviously the above
equations contain the cos 2φ contribution to the cross
section, with φ the azimuthal angle of the fragmenting
partons. Of course, in a collinear configuration, φ co-
incides with the azimuthal angle of the detected final
hadron.

The Cahn effect. As shown a long time ago by Cahn
[115, 116], the intrinsic transverse motion of partons can
generate a cos 2φ contribution to the unpolarized SIDIS
cross section, which has the form

dσC

dxdy dz d2PT
|cos 2φ =

8πα2
ems

Q4

∑
q

e2q x(1 − y)

×
∫

d2kT

∫
d2pT δ

2(PT − zkT − pT )

× 2 (kT · h)2 − k2
T

Q2
f q
1 (x,k2

T )Dq
1(z,p

2
T ) cos 2φ , (58)

where h ≡ PT /PT .
The Boer–Mulders effect. Another kT -dependent

source of the cos 2φ asymmetry involves the Boer–
Mulders distribution h⊥1 coupled to the Collins frag-
mentation function H⊥

1 , which is also chirally odd and
describes the fragmentation of transversely polarized
quarks into unpolarized hadrons. The explicit expression
of this contribution to the cross section is [15]

dσBM
dxdy dz d2PT

∣∣∣∣
cos 2φ

=
4πα2

ems

Q4

∑
q

e2q x(1 − y)

×
∫

d2kT

∫
d2pT δ

2(PT − zkT − pT )

× 2 h · kT h · pT − kT · pT

zMMh

×h⊥q
1 (x,k2

T )H⊥a
1 (z,p2

T ) cos 2φ , (59)

Although both the Boer–Mulders and Cahn effects in-
volve transverse kinematics, there are two major dif-
ferences between them. The first difference is that the
Boer–Mulders effect generates a leading-twist contribu-
tion; hence, it is not suppressed by inverse powers of Q.
On the contrary, the contribution from the Cahn effect
is of the order k2

T /Q
2; hence, in terms of kinematics it

is a higher twist effect. The second difference is that for
the Cahn effect, the initial and final partons are unpo-
larized, whereas for the Boer–Mulders effect, the par-
tons are transversely polarized. Therefore, similar to the
Drell–Yan process, SIDIS also provides an opportunity

to probe the transverse polarization of quarks inside an
unpolarized nucleon by measuring the cos 2φ azimuthal
asymmetry.

5.2 Phenomenological analysis on the cos 2φ
asymmetry in SIDIS

The last decade has seen a considerable number of phe-
nomenological studies [109, 124–132] on the unpolarized
leptoproduction at EMC, ZEUS, HERMES, JLab, and
COMPASS based upon one or more of the three mecha-
nisms. In the analysis of Ref. [124], the perturbative con-
tribution and the Cahn effect were included, whereas the
Boer–Mulders effect was not considered. In Refs. [125,
126] the contribution from the Boer–Mulders effect to
the cos 2φ asymmetry of π+ at the kinematics domain of
HERMES was estimated using a spectator model from
Refs. [33, 34]. The Boer–Mulders effect combined with
the contribution from the Cahn effect on the cos 2φ asym-
metry of pions at ZEUS, EMC, HERMES, and COM-
PASS is also evaluated in Ref. [127], where a spectator
model [87] for h⊥1 adjusted on Drell–Yan data was used.
Furthermore, in that work, the asymmetries were calcu-
lated according to their experimental definition (which
incorporates a cutoff on the transverse momentum of the
final hadron). The analysis demonstrates that both the
Boer–Mulders effect and the Cahn effect contribute siz-
able asymmetry, around several percent. The asymmetry
estimated at ZEUS using the calculation in Ref. [127] is
depicted in Fig. 13, showing that the agreement is rather
good for low values of the PT cutoff (up to 0.5 GeV).
In Ref. [133], the cos 2φ asymmetries at the kinematic
regimes of ZEUS, HERMES, and JLab were revisited,
using the Boer–Mulders function from a fit [96] to the
pd Drell–Yan.

Fig. 13 The SIDIS cos 2φ azimuthal asymmetry as a function of
the cutoff Pc in the ZEUS domain compared with the ZEUS Data
[134]. The dotted curve is the leading-twist Boer–Mulders contri-
bution, the dashed curve is the higher-twist term, the solid curve
is the sum of the two contributions.
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A more comprehensive phenomenological study on the
cos 2φ asymmetry for charged pions in unpolarized SIDIS
was conducted in Ref. [128], in which the authors not
only considered the Boer–Mulders effect and the Cahn
effect, but also included the perturbative QCD effect.
In order to estimate the contribution from the Boer–
Mulders function, they applied the impact-parameter ap-
proach [57, 58, 60, 135] to connect the anomalous tensor
magnetic moment of quarks κq

T and the Boer–Mulders
function in a model dependent way: h⊥q

1 ∼ κT . The
Boer–Mulders function is finally related to the Sivers
function by assuming the sizes of the two distributions
are alike, up to a scale factor κT

κ :

h⊥ q
1 =

κT

κ
f⊥,q
1T . (60)

It is found that the perturbative contribution dominates
the asymmetry at ZEUS where the average Q2 value is
around 〈Q2〉 = 750 GeV2), whereas it is almost negli-
gible at the kinematics of HEMERS, JLab, and COM-
PASS (except large PT region at COMPASS). Another
interesting observation in Ref. [128] is that the differ-
ence between 〈cos 2φ〉π+

and 〈cos 2φ〉π−
can be viewed

as a clear signature of the Boer–Mulders effect.
In a new analysis on the cos 2φ asymmetry presented

in Ref. [129], the impact of the kinematical constraints of
parton transverse momenta is considered. By requiring
the parton energy to be smaller than the energy of its
parent hadron and preventing the parton to move back-
wards relative to its parent hadron, an upper bound for

the range of allowed values of kT is determined:

k2
T � (2 − x)(1 − x)Q2, 0 < x < 1, (61)

k2
T � x(1 − x)

(1 − 2x)2
Q2, x < 0.5. (62)

Imposing the above constraints significantly reduces the
Cahn effect, as can be seen in the upper panels of Fig.
14. This is because the constraints in Eqs. (61) and (62)
effectively reduce the Gaussian width 〈k2

T 〉. On the con-
trary, the lower panels of Fig. 14 show that the Boer–
Mulders contribution is not sensitive to the kT con-
straints.

5.3 Extraction of the quark Boer–Mulders function
from SIDIS data

A recent development in the phenomenology of unpolar-
ized SIDIS is the extraction of the quark Boer–Mulders
function using the cos 2φ asymmetry data collected by
HERMES and COMPASS, as the contribution of the
Boer–Mulders effect is substantial. To date two different
fits [109, 131] have been performed, using two different
data sets.

5.3.1 Parameterization in Ref. [109]

In an earlier extraction conducted in Ref. [109], the pre-
liminary data from the HERMES [136] and the COM-
PASS [137, 138] collaborations are used. The limited

Fig. 14 Effect of kinematical constraints on the cos 2φ asymmetries in SIDIS analyzed in Ref. [129]. The upper panels
and lower panels show the twist-4 Cahn contribution and twist-2 Boer–Mulders contribution to the 〈cos 2φh〉 azimuthal
modulation for π+ production at HERMES as a function of x (left plot), z (central plot) and PT (right plot), respectively
The dashed and solid lines show the results without and with the kinematical cuts, respectively.
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availability of data at that time required the author to
simply take h⊥1 to be proportional to the Sivers function
f⊥
1T ,

h⊥q
1 (x, k2

T ) = λq f
⊥q
1T (x, k2

T )

= λq ρq(x) η(kT ) f q
1 (x,k2

T ) , (63)

where

ρq(x) = Aq x
aq(1 − x)bq

(aq + bq)(aq+bq)

a
aq
q b

bq
q

, (64)

η(kT ) =
√

2e
MP

M1
e−k2

T /M2
1 · (65)

and Aq, aq, bq, and M1 are known parameters for the
quark Sivers functions fixed in Ref. [139]. The only
free parameter to be fitted is the coefficient λq. There-
fore, in this fit the x and kT dependence of the Boer–
Mulders function follows those of the Sivers function.
For the Collins function coupled to the Boer–Mulders
function, the parametrization of Ref. [140] is adopted,
based on a combined analysis of SIDIS and e+e− data.
In addition, in the extraction, a Gaussian transverse
momentum distribution is assumed for all the distribu-
tion/fragmentation functions. Two fitted results are ob-
tained:

λu = 2.0 ± 0.1 , λd = −1.111± 0.001 (Fit 1) ,

λu = 2.1 ± 0.1 , λd = −1.111± 0.001 (Fit 2) ,

corresponding to two different choices for the average
transverse momenta for the unpolarized distribution and
fragmentation functions.

5.3.2 Parameterization in Ref. [131]

The HERMES and COMPASS Collaborations have re-
cently performed measurements on SIDIS to provide
multidimensional data in bins of xB , zh, Q

2, and PT for
the azimuthal asymmetries [112, 114], which allows the
extraction of the quark Boer–Mulders functions in a
more comprehensive way. Particularly, it is possible to
carry out the analysis up to an order of O(1/Q). At this
order, only the Boer–Mulders effect contributes to the
cos 2φ asymmetry, since the Cahn effect for the cos 2φ
modulation is a twist-4 effect and is 1/Q2 suppressed.
However, at the order of O(1/Q), both the Boer–Mulders
and Cahn effects give rise to the cosφ asymmetry [131]:

F cos φ
UU

∣∣∣∣
Cahn

= −2
∑

q

e2qx

∫
d2kT

(kT · h)
Q

×fq(x,k2
T )Dq(z,p2

T ), (66)

F cos φ
UU

∣∣∣∣
BM

=
∑

q

e2qx

∫
d2kT

kT

Q

PT − z(kT · h)
kT

×Δfq↑/p(x,k
2
T )ΔDh/q↑(z,p2

T ). (67)

Here

Dh/q↑(z,p2
T ) =

2PT

zMh
H⊥ q

1 (z, p2
T ) (68)

is another notation for the Collins function [30]. For this
reason, the data of cosφ asymmetry were also included
in the fit of Ref. [131].

The extraction is performed by using the following
parametrization form for the Boer–Mulders functions:

Δfq↑/p(x, kT ) = Δfq↑/p(x)
√

2e
kT

MBM

e−k2
T /〈k2

⊥〉BM
π〈k2

⊥〉
,

(69)

with

Δfq↑/p(x) = Nq
(αq + βq)αq+βq

α
αq
q β

βq
q

xαq (1 − x)βq fq/p(x),

(70)

〈k2
T 〉BM =

〈k2
T 〉M2

BM

〈k2
T 〉 +M2

BM

, (71)

where Nq, αq, βq, and MBM are free parameters in the
model. In addition, the mean transverse momentum of
the final state quark is assumed to be z-dependent:

〈p2
T 〉 = A+Bz2 ; (72)

therefore, (defining 〈k2
T 〉 = C)

〈P 2
T 〉 = 〈p2

T 〉 + z2〈k2
T 〉 = A+ (B + C)z2 , (73)

with A, B, and C the three additional constant pa-
rameters to be determined by the fit. In the practi-
cal extraction of Ref. [131], two parameters are fixed
as αq = βq = 0, that is, Δfq↑/p(x) is proportional to
fq/p(x). The fitted values of the remaining parameters
are given in Tables 1 and 2 of [131] for the HERMES and
COMPASS data, respectively. As an example, the best
fit curves [131] for cos 2φ asymmetry obtained by fitting
the COMPASS data are shown in Fig. 15. Although the
Cahn effect is a higher twist effect, quantitative studies
[127–129] show that it has been found to be significant at
the kinematics region in which Q is not large. Therefore,
the Cahn effect may strongly affect the extraction [131]
of the Boer–Mulders function from SIDIS data.

6 Prospects and summary

In summary, nowadays it has been widely recognized that
the Boer–Mulders function plays an important role in de-
scribing the spin and transverse structure of unpolarized
hadrons. As a T-odd and TMD distribution, the Boer–
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Mulders function manifests a unique correlation between
the transverse spin and transverse momentum of quarks;
thus, its investigation can provide an enhanced under-
standing of QCD dynamics, such as the color gauge in-
variance of TMD distributions. Selected basic features of
the Boer–Mulders function have been explored in a con-
siderable number of theoretical and experimental studies
performed during the last decade. Although the calcula-
tion of TMD distributions from the first principles of
QCD is not possible, several phenomenological models
inspired by QCD were applied to calculate the quark
Boer–Mulders functions of the nucleon and the pion,
starting from their operator definitions. An intriguing re-
sult is that the signs of the Boer–Mulders functions of the
up and down quarks are both negative (in SIDIS), which
is predicted by almost all models. Besides, the first kT -
moment of the quark Boer–Mulders function timed with
x is found to be sizable, about several percent, although
the magnitudes are quantitatively different in different
models. The same-sign feature is also confirmed in the
extractions of the Boer–Mulders function from the cos 2φ
asymmetries in Drell–Yan data as well as the SIDIS data.

Meanwhile, more efforts are required to achieve an
improved understanding of h⊥1 . An open question is
the TMD evolution effect of h⊥1 , which has not been
considered in previous phenomenological studies [141].

Fig. 15 Best fit curves [131] for 〈cos 2φ〉 obtained by fitting
COMPASS data on 〈cos φ〉 and 〈cos 2φ〉. The Cahn effect in
〈cos 2φ〉 has been set to zero.

Table 4 Existing and proposed experiments that are capable to
measure the cos 2φ asymmetry in the unpolarized Drell–Yan pro-
cess.

Experiment Particles Energy
√

s (GeV)

COMPASS π± + p 160 17.4

COMPASS (low mass) π± + p 160 17.4

SeaQuest p + p 120 15

PANDA p̄ + p 15 5.5

J-PARC p + p 50 10

NICA p + p collider 20

PAX p̄ + p collider 14

AFTER p + p 7000 115

RHIC p + p 250 22

However, as shown in the cases of the Sivers function
[142–145] and the transversity [13, 144], the effect of
TMD evolution can be large and can significantly alter
the corresponding spin asymmetries. Therefore, it is
necessary to study the TMD evolution of the Boer–
Mulders function, as well as the impact of the effect
of the evolution on the azimuthal asymmetries in un-
polarized Drell–Yan/SIDIS processes. This is important
for the global fit of h⊥1 using the data from different
experimental configurations. Besides, the precision mea-
surement of the cos 2φ asymmetry in the unpolarized
Drell–Yan or SIDIS process will be pursued in active
scientific programs in existing or planned experimental
facilities. The performance of the unpolarized Drell–Yan
is feasible in a number of experiments [18, 147] spanning
a wide range of energies, as shown in Table 4. Partic-
ularly, the π + p Drell–Yan program at COMPASS-II
is able to not only probe the Boer–Mulders of the nu-
cleon, but also that of the pion. In the case of the SIDIS
process, the precision measurement of the Boer–Mulders
function at the valence region is promising once the 12
GeV upgrade at JLab [148] is complete. Moreover, at
the planned Electron Ion Collider (EIC) [149, 150], on
the one hand, the Boer–Mulders function for sea quarks
may be probed; on the other hand, the experimental
cuts and the Q2 range could be easily adjusted to choose
the desirable kinematic region. Future theoretical and
experimental studies are definitely expected to provide
great opportunities to clarify the Boer–Mulders function
of different quark flavors and unravel the spin structure
of unpolarized hadrons at considerable precision.
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