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Abstract

The introduction of axions gives rise to additional one-loop diagrams for the two-photon
decays of neutral pions via axion-pion mixing. We compute this correction that has been
overlooked in existing calculations, within the framework of SU(2) chiral perturbation
theory. Our analysis shows that the correction is proportional to the axion-photon coupling
and the square of the axion mass. In the classical axion parameter space, this correction is
strongly suppressed by the axion decay constant. However, for QCD axions in the MeV or
higher mass range, the correction may become significant. Furthermore, when combined
with experimental measurements of the decay width of the ¥ — 77 process, our results
rule out the standard QCD axion as a viable explanation for the observed discrepancy
between chiral perturbation theory predictions and experimental data.

Keywords: neutral pion; two-photon decay; chiral anomaly; axion-pion mixing

1. Introduction

The anomalous decay of the neutral pion [1,2] into two photons is a critical process in
Quantum Chromodynamics (QCD) [3], historically confirming the quantum anomaly and
the color number N, = 3. This process is described by the Wess-Zumino-Witten (WZW)
Lagrangian and serves as a benchmark for testing new physics beyond the Standard Model.
The decay width of this process has been extensively studied by using various methods,
but the contributions from axion-pion mixing have not been explored in detail [4].

The QCD axion, introduced to address the strong Charge Parity (CP) problem, shares
similarities with the neutral pion and can decay into two photons through its coupling
with electromagnetic fields [5,6]. However, its interactions with Standard Model particles
are suppressed by the large axion decay constant f;, making it an invisible axion [7-9].
The axion-photon coupling is central to experimental searches for axions, and recent
advancements in Special Unitary group of degree 2 (SU(2)) chiral perturbation theory
(CHPT) have enabled precise calculations of this coupling up to next-to-leading order [10].
This work aims to analyze the effect of axion-pion mixing on the anomalous decay of the
neutral pion to two photons within SU(2) CHPT. By incorporating the WZW Lagrangian,
this study provides a high-precision estimate of the mixing contribution. The validity
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of SU(2) CHPT is supported by its accurate prediction of the topological susceptibility,
matching lattice QCD results, namely [10,11]

1/4 _ 75.5(5) MeV, )
! 75.6(2) MeV.

Moreover, the prediction from CHPT regarding the peak position of the ratio of energy den-
sity to the Stefan—-Boltzmann limit for strongly interacting matter at finite isospin density
is in excellent agreement with results from lattice simulations and Nambu—Jona-Lasinio
model [12,13]. Consequently, we anticipate that this work will help refine our understand-
ing of the interplay between the neutral pion and the QCD axion, with implications for
both particle physics and cosmology.

2. Axion Chiral Perturbation Theory

The Lagrangian, including the axion field and the isospin-triplet pion field at leading
order (LO) in the chiral expansion, has the form
5 t B ot +
L= Z(Dyu DHU) + ZOCHU +Ux.), ()
where (...) stands for taking the trace in the flavor space, Fy is the pion decay constant in
the chiral limit, and x, is given by

Xa = ZBOquiX““/f“. (3)

In the above, M, = diag{m,, m,} is the diagonal quark mass matrix, and By = —(qq) / F? is
related to the scalar quark condensate. The axion field is denoted by a and f, represents the
axion decay constant. The covariant derivative is given by D,, = 9, — i[v,, U] — i{a,, U},
where v, and a, are the external vectorial and axial currents, respectively.

The unitary matrix U(x) is expressed as U(x) = UpU(x), where U(x) parameterizes
the chiral fields exponentially

(4)

, +
l(x) = eMO/h, n<x>‘<¢§i— ﬁ;: )
— /13

where the special unitary matrix Uy represents the ground state, and without loss of
generality, it can be chosen to take the diagonal form [14]

Uy = diag{ei‘f’, e*i‘P}, (5)

where the angle ¢ is determined by minimizing the LO axion potential. It is worth noting
that, in general, the symbol 7r3 in Equation (4) does not correspond to the physical neutral
pion. This is because there may be a mixing between the pion and axion fields in the LO
Lagrangian, as will be discussed in the following sections.

At next-to-leading order (NLO), only the tree-level term proportional to the coupling
I; contributes to the axion-pion mixing. We present here all tree-level terms in the O(p*)
chiral Lagrangian, excluding the derivative terms, namely
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£(4,’tree) _ %<Xﬂu+ + UXZ>2 B ll<)(au+ — Ux;r>2

16
hi + hs hi — hs
4

+ (Xaxd) + Re(detya), (6)

where the constants I7 and /3 are scale independent, while the constants /3 and #; contain
both ultraviolet finite and divergent parts, which is necessary to eliminate the divergences
that appear at higher orders. The latter are related to the renormalized ones by [15]
r A r
ly=13— 5 hy = hy + 22, @)
with A the divergence at the space-time dimension d = 4 in dimensional regularization [14].
The interaction between axions and photons is conventionally described by the cou-
pling constant g,+,, defined by the following Lagrangian

1
Layy = §gﬂ77€y 7 aF 0 Fpo, (®)

where €/'f7 is the completely antisymmetric tensor, g4, and Fuv denote axion-photon
coupling and the electromagnetic field-strength tensor, respectively. Note that there is
some freedom in choosing the diagonal matrix X, such that (X,;) = 1 [16]. If we take
Xo = Mq_l/</\/lq_1) [17-19], then U(x) = U(x) = ¢M(¥)/f0, and the LO chiral Lagrangian
contains no axion-pion mixing term. In this case, by further incorporating the contribution
from the ratio of the electromagnetic and color anomalies, £ /C, the complete O(p*) axion-
photon coupling can be written as

_ fem §_E4ﬁ 9)
8§77 = o f\C~ 3z+1)

where aeyy >~ 1/137 is the QED fine structure constant, and z = m,/m; is the up-to-
down quark mass ratio. We stress that in Equation (9), the first term is model-dependent,
as it is determined by the specific PQ charges assigned to the quarks. In contrast, the
second term is model-independent, emerging from the minimal coupling to QCD at the
non-perturbative level.

3. Two-Photon Decays of the Neutral Pion
The WZW Lagrangian is given by [20]

N, . X R
Lwzw =— 32;2 ewpa{ <u*?yulv + 1ZH(U*rVLI +1)

A 2
= Puly)(Vpo ) + §<Zuzv2p><vv>}’ (10)

where Q = diag{2/3,—1/3} denotes the usual diagonal quark charge matrix for the
two-flavor case, and we adopt the following notation

s A oA f_ A A _ gt
rfl—vpﬁ—ay, ly="2%,—a, X,=U"9,U (11)
X =X-1(X), forany matrix X.
Our goal in this section is to compute the two-photon decay width of 0 up to NLO. For
the chiral Lagrangian with a minimal set of terms in the anomalous-parity strong sector at
O(p®), we adopt the notation and Lagrangian provided in Ref. [21]. Here, only the terms
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proportional to the coupling constants c}', c¥, ci’, and ¢!} are relevant to the two-photon

decays, which are given by

Cgﬁ)o = icg\leﬂwa<?(7f+yvf+pa>
+icy € (fi ) frooX-)
+ icg\’eiﬂfﬁ"f <f+pn/ > <f+pc7> (x-)
+ (1€ (frw ) (Fryphae)-

(12)

In Figure 1, we show the Feynman diagrams contributing to the O(p®) corrections to
the decay width of 7 — 7. Compared to previous studies, a new non-vanishing O(p®)
correction arises from the axion-pion mixing, as illustrated in Figure 1a. This correction is
absent in all prior calculations of the decay width for the % — 77y process. Let §; denote
the relative correction at NLO to the amplitude of the 7 — v process. The full decay

width is then given by
(LO) 16 m%t 1—z/w , w W Cﬂ W AW
Fn,y,y :rnryry 1 + ?fi% 1 + - (5C3 + C7 + 2C8 ) - 3 Z + C3 + C7

‘Stree

2 . 2
T L B Z<5—24+Z>},
PA+Bum)1+2z\C 31+z

=0mix

(13)

where See and Jpmi represent the corrections arising from the O(p®) tree-level La-
grangian [22,23] and the contribution from the axion-pion mixing diagram shown in
Figure 1a, respectively. For convenience, we have defined EZW = (4n fn)zclw, and further
replaced the factor 1/ f2 with m2 by using the relation between the axion mass and its decay
constant, including the NLO correction derived in SU(2) CHPT [10], i.e.,

Z

mife = A (Lt Bn), (14)
where B, is given by
m> 2 —6z+1
Bm =2—F | —h3 =1} + ————1Iy (15)
" 7L ! (z+1)°

with the coupling constant /4 replaced by the renormalized one by Iy = [} +2A. Itis
important to note that the replacement can always be done here since the QCD axion mass
and its decay constant are uniquely related [24,25]. And the predicted LO decay width,
FSTL%), for ¥ — 77 process

3

2
(LO) _ Xem Mp _
i) = (4:)13 ff =7.763 +£0.016 eV, (16)

which is about 5% lower than the measurement from the PrimEx-II experiment at JLab,
I(n® — yy) =7.802+0.117 [26].

From Equation (13), it is evident that the correction é,ix tends to vanish as the axion-
photon coupling constant approaches zero. This behavior arises from the cancellation of the
anomaly coefficient £/C and the QCD correction to the axion-photon coupling constant,
as detailed in Equation (9). In addition, if the axion decay constant is sufficiently large,
< 102 GeV [7,8], the

~

particularly within the classical axion window of 10% GeV < fa
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correction dpyix may be strongly suppressed. In this case, this contribution would have no
noticeable impact on the 0 = yy process.

7TO a 7'('0 ;J 7TO : ) 7TO ‘ ?
(@) ®) (@) (@)

Figure 1. The Feynman diagrams contribute to the anomalous decay of neutral pion: (a) axion-pion
mass mixing, (b) O(p®) tree-level Lagrangian, (c) the tadpole diagram from WZW Lagrangian, (c) the
diagram with one vertex from the WZW Lagrangian and the other from O(p?) Lagrangian, and
(d) the diagram with both vertexes taken from Lyyzw.

4. Conclusions

As an effective field theory of the Standard Model at low energies, CHPT predicts
mixing between the QCD axion and the neutral pion. In this work, we investigate the
effect of a QCD axion background on the decay width of the neutral pion into two photons
within the framework of SU(2) axion CHPT, up to one-loop order. Our results show that
the axion background introduces an additional contribution to this anomalous decay via
axion-pion mixing. Although this correction is negligible for the standard QCD axion, it is
analytically unavoidable. Furthermore, for heavy QCD axions with MeV-scale masses, this
new contribution could be significant and comparable to other one-loop effects.

It should be noted, however, that the calculations in this work are carried out within
the framework of SU(2) CHPT, and only the pions and axions are considered. In reality, the
17 and ;' mesons also exist, and there is a mixing among the 7%, 7, and 7’ mesons [27-31].
Therefore, a more realistic physical scenario should take into account the effects of 7w0-#—#’
mixing and the contribution from virtual photons, followed by an analysis of their impact
on the anomalous decay ¥ — 7.

Our results also suggest that similar effects may arise for axion-like particles, which
can couple to the neutral pion and have masses in the MeV range or higher, even though
they are not directly linked to the strong CP problem. This study highlights the importance
of further theoretical and experimental research into axion couplings and their cosmological
implications. Additionally, we anticipate future investigations into the dynamics of the
QCD axion and axion-like particles, as well as their potential cosmological impacts, such as
their behavior in warm and dense media [32,33].
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