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Abstract. We discuss recent studies and predictions for nuclear clustering and dynamics within the framework
of the ab initio symmetry-adapted no-core shell model, which has opened new domains of the nuclear chart. In
this framework, we show the emergence from first principles of collectivity and clustering in light to medium-
mass nuclei, with implications for constructing ab initio optical potentials, for studying clustering in stable
and unstable nuclei, for reproducing enhanced deformations without effective charges, and for the formation of
clusters and its sensitivity to the underlying inter-nucleon force.

1 Introduction

Ab initio descriptions of spherical and deformed nuclei up
through the calcium region are now possible without the
use of renormalization procedures and effective charges,
in the framework of the symmetry-adapted no-core shell
model (SA-NCSM) [1-3]. In particular, the SA-NCSM
can use significantly reduced model spaces as compared to
the corresponding ultra-large conventional model spaces
without compromising the accuracy of results for various
observables. This allows the SA-NCSM to accommodate
clustering, collective, and continuum degrees of freedom,
as well as to reach heavier nuclei, such as 2’Ne [2], 2'Mg
[4], 2*Mg [5], Mg [6], **Ne and “*Ti [3, 7], “°Ca [8, 9],
as well as 2°~*°Mg using a hybrid SA-NCSM-plus-neural-
network machine learning approach [10]. A key ingredient
of the SA concept is the symplectic Sp(3, R)>SU(3) sym-
metry; indeed, we have found that in nuclear low-lying
states, this symmetry emerges as an almost perfect sym-
metry from first principles [2].

Many nuclear shapes relevant to low-lying states are
included in conventional shell-model spaces, however, the
vibrations of deformed equilibrium shapes and spatially
extended modes, such as clustering modes, often lie out-
side such spaces. The selected model space in the SA-
NCSM remedies this, and includes those configurations in
a well prescribed way. This is critical for enhanced de-
formation, since spherical and less deformed shapes easily
develop in comparatively small model-space sizes.

In this paper, we discuss the recent developments for
constructing, for the first time, translationally invariant op-
tical potentials rooted in first principles for proton, neu-
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tron, and deuteron projectiles, applicable to stable and un-
stable targets up through the Ca region and at the astro-
physically relevant energy regime. We also discuss the im-
pact of a-clustering in 8Be on theoretical predictions that
help probe physics beyond the Standard Model through
high-precision beta-decay experiments [11-13]. Interest-
ingly, these calculations suggest low-lying 0" and 2" in-
truder states that are not in the experimental ®Be spec-
trum but have been previously proposed by R-matrix fits
[14, 15]. While these states appear to be very short lived
and one can argue that they are not a part of the ®Be
physics, Refs. [12, 16-18] have shown that including these
in the theory can significantly affect nuclear observables,
such as Gamow-Teller (GT) transition strengths. Further-
more, we discuss the challenging a+'2C substructure in
low-lying states of !0, which, in turn, provide the first lo-
cal a+'2C effective interaction with uncertainties that fully
reflect the microscopic content of the clusters and can be
used in many current few-body reaction codes. In addi-
tion, we briefly outline an extension of the theory to un-
stable proton-rich oxygen isotopes, including p+'“O and
the interesting a-capture reaction on 30 with implications
to x-ray burst nucleosynthesis. These applications build
upon the successful ab initio symmetry-adapted no-core
shell model that has expanded the reach of practically ex-
act methods to medium-mass open-shell nuclei.

2 Ab initio optical potentials

In many-body approaches, the complexity of the problem
grows exponentially with the number of particles and the
space in which they reside. A more general approach to
reactions that is especially suitable for heavier nuclei is
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Calculated total cross sections vs. laboratory-frame projectile kinetic energy using the ab initio SA-NCSM/GF for two

cases. A. Plot of n+*He across #Q = 12 (red dashed), 16 (red solid), and 20 MeV (red dotted) compared to three sets of experimental
data [19-21] (labeled as “Expt.”). The red band shows the #Q = 12-20 MeV spread, to guide the eye. Figure adapted from [22]. B.
Plot of n+%He for Q) = 12 MeV (black solid) compared to the experimental energy of the 2P3/, resonance with its uncertainty (vertical

hashed bar). Figure adapted from [23].

based on identifying few-body degrees of freedom, typi-
cally the reaction fragments (or clusters) involved in the
reaction, and reducing the many-body problem to a few-
body technique [24]. As this reduction results in effective
interactions (often referred to as “optical potentials”) be-
tween the clusters, the need for parameter-free interactions
has been recognized especially away from stability, where
uncertainties become uncontrolled, since elastic scattering
data does not fully constrain the optical potential [25].

To address this, recent studies have utilized realistic
inter-nucleon interactions, typically derived in the chiral
effective field theory, without the need to fit interaction pa-
rameters in the nuclear medium. These models have built
upon earlier theoretical frameworks, such as the Green’s
function technique [26] and the dispersive optical model
[27-29], as well as the spectator expansion of the mul-
tiple scattering theory for elastic scattering of a single-
nucleon projectile [30-32]. Recent applications include
ab initio nucleon-nucleus potentials for elastic scattering
for closed-shell nuclei at low projectile energies (< 20
MeV per nucleon) based on the Green’s function tech-
nique with the coupled-cluster method [33, 34] and the
self-consistent Green’s function method [35], as well as
the spectator expansion of the multiple scattering theory
in the intermediate-energy regime (> 100 MeV per nu-
cleon) [36, 37] (see also Ref. [38]). Similarly, optical
potentials have been derived from two- and three-nucleon
chiral forces in nuclear matter [39]. These potentials pro-
vide cross sections for elastic proton or neutron scattering
and additionally can be used as input to modeling (d,p) and
(d,n) reactions [40].

We have recently constructed ab initio nucleon-
nucleus (NA) optical potentials that are fully translation-
ally invariant and applicable to a broad range of open-shell
spherical and deformed nuclei. We achieve this by com-

bining the Green’s function (GF) approach with the SA-
NCSM [2, 3]. In addition, an important advantage of the
GF technique is that the NA effective potentials include
the information about all near-reaction channels through
the GF calculations in the (A + 1) systems. In this SA-
NCSM/GF framework, we illustrate the new developments
for the elastic neutron scattering off the *He ground state,
as well as the °He ground state [22]. We show that phase
shifts and cross sections agree remarkably well with ex-
perimental values (see figure 1 for cross sections).

An important feature of the SA-NCSM/GF optical po-
tentials is that they exactly treat the center-of-mass motion,
and hence, are translationally invariant. Another important
feature is that collective excitations are readily available
in the SA-NCSM framework. Indeed, missing collective
correlations have been suggested to reduce absorption in
scattering at lower energies [33]. Hence, this study opens
the path for exploring proton and neutron scattering on
intermediate- and medium-mass targets, including the role
of collectivity and clustering.

3 Alpha-clustering from first principles

Earlier ab initio SA-NCSM studies have shown that al-
pha clustering naturally emerges from the underlying chi-
ral potentials [2, 3]. Indeed, the SA-NCSM framework
is ideal to explore surface clustering, as done in Refs.
[12, 41, 43]. Ref. [43] has recently presented a new
many-body technique for calculating a spectroscopic am-
plitudes, as well as for determining challenging @ widths
and asymptotic normalization coefficients (ANCs) utiliz-
ing ab initio SA-NCSM wave functions, with a focus on
the '°0(«,y)*°Ne reaction rate. Indeed, the SA framework
is ideal for addressing cluster substructures, as it enables
large model spaces needed for clustering, and capitalizes
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Figure 2. A. a + d *Ds partial waves for the 3* resonance of
®Li as functions of the cluster separation r, obtained from ab ini-
tio SA-NCSM wave functions computed with the NNLO,y, chi-
ral potential (black) and the 32 LEC parameterizations discussed
in the text (red). Figure adapted from [41]. B. Calculated $Be
low-lying 0* state energies illustrated for the NNLOopt chiral
potential vs. the model-space size (up to 18 harmonic oscillator
shells or Ny, = 16), together with the extrapolated values (dot-
ted lines) and uncertainties (bands), compared to the measured
0g,. energy [42] (black arrow). Inset: @+a S partial wave for Og
(blue solid) and 03 (orange dashed). Figure adapted from [12].

on the complementary nature of the symplectic basis and
the cluster basis [44-46]. Several studies have taken ad-
vantage of that relationship using a single SU(3) deforma-
tion for the clusters. For example, this approach has been
used to describe the sub-Coulomb '>C+'2C resonances of
24Mg [47] of particular interest in astrophysics, as well
as spectroscopic factors for a-conjugate nuclei (that is,
nuclei with multiples of two protons and two neutrons)
[45, 46, 48]. These studies have shown that the most im-
portant shell-model configurations can be realized by ex-
citations of the relative motion of the two clusters.

We follow the procedure outlined in Ref. [43] to cal-
culate a spectroscopic amplitudes (or a@-cluster wave func-
tions) and to analyze the impact of uncertainties in the un-
derlying nucleon-nucleon (NN) force on « clustering in
light nuclei. We focus on the first excited 3* state of °Li
(figure 2A), which is a low-lying resonance at 0.7117 MeV
above the a-d threshold [49]. We utilize the SA-NCSM
wave functions for the 3* state, as detailed in [41]. The
state is comprised of thirteen highly dominant shapes, in

addition to all configurations with 0 and 2 harmonic os-
cillator (HO) quanta above the valence level, up to 10 HO
shells. We simultaneously vary all 14 NNLO parameters,
the so-called low-energy constants (LECs), within £10%
of the corresponding NNLO,,; parameterization [50], and
uniformly draw 32 LEC combinations following a Latin
hypercube design [51]. By doing so, Ref. [41] has shown
that the properties of the a-d D partial wave ruy-,(r) for
the first 3* in SLi significantly depend on the underlying
chiral potential. Namely, as evident from figure 2A, 10%
variations affect not only the tail, which informs how spa-
tially extended the resonance is, but also impact the mag-
nitude of the peak and its location (inter-cluster distance
r), which describe the surface « clustering [41, 52].

Large-scale calculations of the Be energy spectrum
and long-range observables are extremely challenging, but
become feasible in the SA-NCSM framework (figure 2b).
Refs. [11-13] have recently reported the first ab initio cal-
culations of higher-order terms, the so-called recoil-order
terms, in the 8 decays of ®Li and B to ®Be, for which ac-
curate wave functions of ®Li, ®B, and ®Be are computed
in the SA-NCSM (see figure 2B for low-lying 0" states
of 8Be). The recoil-order form factors are generally ne-
glected in beta-decay theory since they are of the order of
g/my or higher, where ¢ is the momentum transfer and
my is the nucleon mass. For most beta decays, the re-
coil effects are typically less than a percent of the domi-
nant Fermi and GT contributions. However, for measure-
ments of sufficiently high precision, these terms must be
included in the analysis especially when the leading con-
tributions are suppressed or the recoil-order terms are un-
usually large, as in the case of the ®Li and 8B beta de-
cays. The calculations of Ref. [12] achieve highly re-
duced uncertainties compared to the experimentally ex-
tracted values of [54], largely due to an important corre-
lation found between long-range recoil-order form factors
and the quadrupole moment of the ®Li (and ®B) ground
state. These theoretical predictions have helped high-
precision experiments to decrease the systematic uncer-
tainties and place the most stringent limit on the tensor-
current estimates in the weak interaction as reported in
Refs. [11, 13]. In addition, these calculations are of in-
terest to experimental tests of the conserved vector current
hypothesis [55].

Remarkably, the 3Be calculations in unprecedentedly
large model spaces of Ref. [12] support the existence of
low-lying 05 and 2} states in the *Be spectrum (some-
times referred to as “intruder” states) exhibiting a large
overlap with the @ + @ S and D partial waves, respectively
(see figure 2B for the 07). Namely, the infinite-space ex-
trapolations determine the energies of the 0; and 27 be-
tween 5 and 15 MeV above the ground state. Indeed, a
very broad 2* state and a lower 0% state were initially pro-
posed by Barker from the R-matrix analysis of @ + « scat-
tering and the 8 decays of 8Li and ®B [14, 15, 17]. Even
though such states have not been directly observed exper-
imentally, there have been experimental indications [56]
and theoretical predictions in favor of intruder states be-
low 16 MeV [57-59]. In addition, the SA-NCSM calcula-
tions yield a partial widths that are in good agreement with
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Figure 3. A. Excitation energies of low-lying states in °O, labeled by the (4 z) SU(3) quantum numbers of their dominant equilibrium
deformation, as functions of the model space size or Ny,. Error bars are from 5% variations of the harmonic oscillator frequency.
Also shown are the infinite-size limits (labeled as “Extrap.”), which are compared to experiments where available (labeled as “Expt.”).
Note that the size of the Ny.x = 14 complete model space is 5.4 x 10'2, which is currently inaccessible but becomes feasible as far as
Nimax = 20 within the NCSpM framework. B. a+'2C S partial waves, ru,o(r), for the lowest three 0" states in '°O, where the interior
region is determined by the many-body descriptions of the states and is matched in an R-matrix approach to the asymptotic behavior
given by the exact Coulomb eigenfunction. Figures adapted from [53].

experimentally deduced values [60]. For example, the «
width for the 0% ground state is estimated to be 5.7 eV,
compared with 5.57 eV [60], and for the 2| state the SA
estimate is 1.3 MeV, compared to 1.5 MeV.For the intruder
states, the SA estimates are 10(2) MeV and 10(3) MeV for
the 07 and 2] states, respectively. We note that except for
the O, width that uses the experimental threshold of —92
keV relative to the Be ground state, all the widths use the
a+a threshold estimated at —104 keV from the SA-NCSM
extrapolations of the “He and ®Be binding energies with
NNLO,. The very large « widths of the intruder states
suggest that these states are extremely short lived, and one
may argue that they should not be considered as a part of
the ®Be spectrum. Nonetheless, Refs. [13, 18] have also
provided evidence that the intruder 2 state significantly
affects the S-transition strength of the 8Li and 3B decays,
and thus this state becomes important for accurate theoret-
ical predictions.

Within this framework, it is interesting to explore the
a-capture reaction on >0 [23] with implications to x-ray
burst nucleosynthesis. In particular, we determine the a
partial width for the 3/2* in '°Ne, which has been the fo-
cus of past experimental efforts as well as planned exper-
iments at rare isotope beam facilities. To achieve this, the
3/2* state in '°Ne is calculated in the ab initio SA-NCSM
with the NNLO, chiral potential in 15 HO shells. This
yields a partial @ width of T, = 5.66x 107 eV [23], which
corroborates the outcomes of earlier measurements.

4 o+'*C and toward a-nucleus optical
potentials

We examine alpha-clustering in low-lying states of 00
[53] within a microscopic approach based on the no-core
symplectic shell model (NCSpM) [61], successfully ap-
plied earlier to the Hoyle state in '>C. According to the
symplectic symmetry, found through SA-NCSM calcula-
tions to naturally emerge from first principles and to be

an almost perfect symmetry in nuclei [2], we consider
the most dominant shapes for these states. Each of these
shapes is labeled by its equilibrium deformation, an SU(3)
(A ) configuration [we remind that (00), (10), and (0 )
describe spherical, prolate, and oblate deformation, re-
spectively]. Hence, for the ground state, we use a (00)
symplectic subspace: this describes a spherical O-particle-
0-hole (Op-Oh) equilibrium deformation, along with its
prolate vibrations up through 22 HO shells (Npax = 20).
We find that the next 0] state in the energy spectrum of
190 is described by a highly deformed 4p-4h configura-
tion, (8 4), whereas a 2p-2h (4 2) configuration lies higher
in energy (figure 3A). The a+'>C S-waves for these 0%
states suggest that they exhibit different clustering behav-
ior (figure 3B). Namely, the large peak around 4.5 fm for
the 0 demonstrates strong surface clustering in the ex-
cited 0] state that is not seen in the tightly bound ground
state, which instead shows several peaks of similar mag-
nitude. This means that in the ground state, the @ clusters
highly overlap, while the other two O* states show a high
probability for e-cluster formation on the surface.

These a+'2C cluster wave functions are, in turn, used
to deduce a local effective cluster interaction [62] that can
be readily utilized in many current reaction codes. To
do so, we employ Bayesian analysis that adopts a Gaus-
sian likelihood function. This likelihood function min-
imizes the differences between the microscopic a+'2C
cluster wave functions and those computed from an effec-
tive Woods-Saxon interaction with two parameters for two
point-particles, normalized to the microscopically calcu-
lated spectroscopic factor (which is the norm of the micro-
scopic a+'2C cluster wave functions).

For the Bayesian fitting procedure, the radius of the
potential well is fixed at R = 2.40 fm. We utilize a
Markov chain Monte Carlo algorithm with walkers that
explore the parameter space with uniform prior distribu-
tions for the potential depth V in the interval [-110, —80]
MeV and diffusion « in the interval [0.4,0.7] fm. The
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Figure 4. A. Posterior energy distribution of the a+'2C §-wave,
with the mean of the distribution (blue) and the experimentally
measured value (black) indicated. Figure adapted from [62].
B. Posterior energy distribution of the p+'*O S-wave, with the
result obtained by maximizing the likelihood function (purple),
the mean value (blue) and 1o interval (red) of the distribution,
and the experimentally measured value (black) indicated. Figure
adapted from [63].

procedure provides probability density functions of the V
and a parameters that are very close to Gaussian distri-
butions with centroids and standard deviations as follows:
V = -91.64 £ 0.01 MeV and a = 0.450 + 0.004 fm. The
probability density functions for the Woods-Saxon param-
eters provide, in turn, probability density functions for var-
ious structure and reaction observables. For example, the
energy distribution for the 1°0 ground state yields a mean
that is only 6 keV away from the experimental value (fig-
ure 4A) [62].

Similarly, this procedure can be extended to unstable
nuclei, with the goal to provide reliable cluster potentials
with uncertainties in the region where experimental mea-
surements are not available or are sparse. For example, a
recently deduced p+'*O cluster interaction with uncertain-
ties [63] yields energy distribution for the lowest-energy
resonance %+ in 'F that closely agrees with the exper-
imental value, as illustrated in figure 4B, and is much
broader, compared to that of the tightly bound ground state
of 160.

5 Conclusions

We discuss several applications of the symmetry-adapted
framework. We show that the use of the SA basis is essen-
tial, first, for structure observables, especially for precise

descriptions of cluster formation in nuclei and of collectiv-
ity in medium-mass nuclei. Second, the SA basis enables
couplings to the continuum, through excitations that are
otherwise inaccessible. This is critical to calculating reac-
tion observables and deriving nucleon- and @-nucleus po-
tentials rooted in first principles for low energies, which
coincides with the astrophysically relevant regime. As
these approaches build upon first principles, we show that
clustering features are sensitive to the parameterization of
the underlying NN interaction and can be used as probes
to further constrain these interactions.

In short, with the help of high-performance comput-
ing resources, the use of the SA concept in ab initio stud-
ies represents a powerful tool to tackle structure and reac-
tions of nuclei, and it is manageable as well as expandable,
while utilizing at each stage the predictive power of the ab
initio approach.
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