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Chapter 1

Introduction

To see a World in a Grain of Sand

And a Heaven in a Wild Flower

Hold Infinity in the palm of your hand

And Eternity in an hour

William Blake

1.1 New horizons in quantum field theory

For decades quantum field theory has served as a foundation of our repeated successful

attempts at understanding Nature and explained phenomena of ever increasing complex-

ity. From simple double-slit quantum interference to spectacular high energy multiparticle

collisions and beyond it proved itself as the most successful endeavour in physics of micro-

cosm. Except for gravity. Perplexing problems arise with attempts to merge fourth force

with quantum realm and no real physically attractive solution has yet been proposed to

complete our picture of known interactions.

Embedded in this clash a new set of ideas emerged within superstring theory known

as the gauge/string or gauge/gravity duality and started to reshape our perspective on

gravity quantisation, and even on what Quantum Field Theory might itself be. The fusion

of gravity and field theory methods constituting the duality is contemporarily recognised

as a new way to understand strong coupling dynamics of a wide class of field theories.

In parallel to these developments exciting events took place in high energy physics with

the advent of new powerful particle colliders. This allowed to explore the hypothesis of a

new state of matter formation, based on strong interactions. For years a new substance

called quark-gluon plasma was theorized to exist at energies high enough to melt strong

forces confinement. In this model quarks and gluons released for a fraction of a second

would roam almost freely and evolve as constituents of this new state of matter. The

collision energies necessary for this to happen would have to exceed critical temperature

of roughly Tc = 170 MeV. Based on this it was expected, that due to the asymptotic

freedom the resulting state would be within the reach of perturbative QCD description.

The experiments indeed led to phenomena, which could be understood as the quark-gluon

plasma formation.

However two surprising features were observed. The first concerned the way the system

evolved in post collision period. It was discovered, that to explain the spectra of particles

recorded by the detector it is necessary to assume, that the deconfined matter followed
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collective fluid evolution almost immediately after the collision. This observation was sur-

prising, because it was difficult to imagine thermodynamic equilibrium formation at the

time-scale of 10−23 seconds. The mechanism of equilibration at such a short period was

mysterious.

The second revelation was that apparently the colourful matter was still strongly cou-

pled. Contrary to the perturbative expectations one can not use asymptotic freedom and

describe it as the foreseen gas of free quarks and gluons. The chief argument behind this

observation is based on perturbative calculations of the so-called normalized shear viscos-

ity η, which expressed in units of entropy density s would in perturbation theory behave

as η/s ∝ 1/α2
s log(1/αs) for small gauge coupling αs. Should the fluid consist of weakly

coupled partons, mean free path would be large and viscosity would be correspondingly sig-

nificant [Wiedemann 2013]. What was found instead, is that to reconstruct collision data

one has to assume this ratio to be small, and hence incompatible with weak coupling. The

perspective for understanding the system from first principles became challenging.

In these circumstances string/gauge duality entered the stage. In 2001, soon after its

discovery in 1997, it was realised, that the newly founded correspondence between gravity

and a version of gauge theory called N = 4 super-Yang-Mills may provide insight into this

theory’s thermal state properties at strong coupling. The primary result leading to this

speculation was the computation of the viscosity to entropy density ratio,

η

s
=

1

4π
. (1.1)

It was found, that this is parametrically close to the small value observed at RHIC and men-

tioned above. This in turn led to the hope, that maybe gauge theory present in the duality

is phenomenologically close enough to QCD, to qualitatively describe some of its quark-

gluon plasma properties. In this way fluid/gravity research began to grow and emerged as

the primary field of theoretical speculation on the possible mechanisms at work in strongly

coupled fluids.

This sparked the idea of research programme summarized in this Thesis, concerned with

non-equilibrium dynamics of strongly coupled gauge theory in AdS/CFT correspondence.

The motivation to focus on this set of topics was two-fold.

On the one hand the signalled above confusing findings of RHIC on quark-gluon plasma

properties raised interesting questions, answering which seemed formidable in pure QCD.

The newly formed AdS/CFT correspondence offered a viable possibility to deliver these

answers using an alternative theory as a proxy to ideas, which could be common to all

gauge theories. Using holographic duality would allow to investigate rapid thermalization

mechanism and other properties of states analogous to the real world quark-gluon plasma.

On the other hand the study of string theory inspired non-trivial strongly coupled field

theory posed a very attractive research opportunity on its own, even if analogies to QCD

would turn out to be remote. Regardless of phenomenological motivation it was therefore

a valuable theoretical system, which is much more interesting than just a mere toy model

for QCD.

As we shall see the research justified by the above arguments led to new insights into

both phenomenology and gravity duals used in the correspondence. We will soon give a

roadmap to questions asked and answers reported in this Thesis. Before that however let

us cover in a more detailed way some facts concerning quark-gluon plasma, which sourced

the initial research questions of this Thesis.
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Figure 1.1: Spatial geometry of a two-ion off-center collision and the resulting final state

momentum anisotropy. Picture courtesy Brookheaven National Laboratory.

1.2 The most perfect fluid known is colourful

Let us first briefly describe a schematic picture of heavy-ion collision event covering

main expected stages of the subsequent evolution. Experiments leading to quark-gluon

plasma formation use heavy ions smashed at each other at near-luminal velocities. Orig-

inally gold and lead were used, however recent discoveries showed the possibility of ther-

malization also for very high energy proton-proton collisions (the latter fact is non-trivial

due to the very small size of the p-p system).

Apart from the overall energy each collision event is parametrized by the impact param-

eter b, which reflects centrality of the scattering. Most of the time b 6= 0 and the resulting

state is asymmetric in the plane transverse to the beam axis. This asymmetry arises be-

cause when b 6= 0 the two nuclei at the moment of collision overlap only partially. In

addition due to Lorentz contraction along beam axis the nuclei are Lorentz contracted. All

this leads to a subsequent formation of almond-like shape, highly compressed in the beam

direction with spatial elliptic anisotropy in the transverse plane. A standard cartoon of this

process is depicted in Fig. 1.1, where we can see the distorted spatial geometry. The initial

anisotropy of the system is transferred through the evolution into the final state momentum

anisotropy, as was also depicted in the figure. We will describe below how important role

this asymmetry plays in establishing the hydrodynamic behaviour of the plasma.

In Figure 1.2 we can see a causal center of mass picture of such a highly energetic

two-body collision. The primordial particles travel along the light-cone after going through

each other, and in between a very complicated glue-dominated state of matter is created.

The subsequent evolution can be divided into four major stages: the early non-equilibrium

phases, the locally equilibrated fluid phase called quark-gluon plasma, the mixed hadroniza-

tion phase and the late freeze-out phase, where no collective phenomena occur any more,

and where final particle states travel to detectors.

The properties of this system are probed by recording these particles and counting the

so-called charged particles multiplicities, defining final hadron spectra. The most basic and

direct observable is the differential particles multiplicity per unit rapidity and transverse

momentum,
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pre-equilibrium stage

QGP

mixed phase

hadronic gas
described
by hydrodynamics

Figure 1.2: Spacetime evolution of highly energetic nuclear matter collision remnants. The

collision takes place at the apex and leads to subsequent four stages of the evolution, up to

the late hardonization and final state detection. Hydrodynamic codes aim at describing the

system from some finite moment of thermalization, whereas more fundamental approach of

AdS/CFT offers access to model also the initial stage of the evolution (Picture reproduced

following [Beuf 2009].

dN

p⊥dydp⊥
(1.2)

from which other observables are formed. The goal of describing recorded data largely

amounts to reconstructing this spectrum and descendant observables from some theoretical

model. If this succeeds one confirms the assumptions on which the model is based. This led

in the case of RHIC to the conclusion, that already at some early stage the system must be

described by thermalized strongly coupled fluid of very low viscosity, that is, nearly perfect

fluid. The key ingredient of that observation was the so-called collective flow. Let us briefly

describe its meaning and origin.

Collectivity means, that there is a large correlation among the recorded particles evo-

lution in spacetime. This correlation emerges in the system, because upon thermaliza-

tion temperature and pressure appear, and pressure represents common push of the fluid

medium constituents on the vacuum surrounding the collision. Therefore by observing

specifically correlated particles spectra in (1.2) one can identify the underlying hydrody-

namic behaviour.

The quantities used for this purpose are called flow coefficients and are introduced by

recalling the aforementioned high initial spatial anisotropy of the off-center collisions. This

imbalance is transferred by the subsequent evolution into the final particles momentum

anisotropy, and this process is particularly sensitive to the details of the dynamics. By

analysing the resulting flow coefficients we can tell, if indeed collective behaviour is necessary

to explain the observed values.

This granular information on the collision shape is stored in Fourier modes of the mul-

tiplicity (1.2) decomposed in the transverse plane of p⊥, parametrized by an angle φp,

[Heinz 2013]

dN

dφp
=
N

2π

(
1− 2

∞∑
n=1

νn(p⊥, y; b) cos(nφp)

)
. (1.3)

The discussed flow coefficients are defined with the above as the angular harmonic modes

νn(p⊥, y; b), encoding final particles spectrum departures from rotational symmetry in p⊥
plane.
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Figure 1.3: Particles spectra recorded in experiment and reconstructed under assumption

of early thermalization followed by hydrodynamic expansion.

First two coefficients ν1(p⊥, y; b) and ν2(p⊥, y; b) are called radial and elliptic flow. They

are functions of transverse momentum p⊥, rapidity y and impact parameter b. The first

one represents an overall expansion of the collision zone, whereas the latter one is related to

the leading spatial anisotropy, which we discussed above. Radial flow coefficient represents

generically expected uniform expansion in all directions, and is not particularly sensitive

to any specific time period of the evolution. However ν2 due to its relation to anisotropy is

sensitive to very early times after the collision, because this asymmetry is washed promptly

after the collision and therefore it mostly probes (along with all higher even subtler coeffi-

cients) the earliest stage of the expansion. It captures some of its geometry and additionally

the early time equation of state E = E(P ), which can reveal, apart from the fact of ther-

malization, some details of the coupling strength. For these reasons elliptic flow ν2 is used

as the signature of the quark-gluon plasma formation [Heinz 2013]. Hence its significance.

With its aid it was indeed shown, that to explain the data one must summon the notion

of nearly-perfect hydrodynamics. To show this let us present four plots exemplifying this

statement from [Kolb 2003, Heinz 2005].

Figure 1.3 shows differential charged particles multiplicities (1.2) as functions of p⊥
recorded in RHIC experiments. The series represent four different final hadron species

produced in central Au+Au collisions at
√
s = 200A GeV. The data points are interposed

with hydrodynamics predictions chosen with two different decoupling temperatures, the

more correct one occurring at Tdec = 100 MeV. The width of the band represents sensitivity

of the spectra to the initial radial flow (the detailed discussion can be found in [Heinz 2005]).

What is significant here is that these spectra are very well reproduced by hydrodynamics,

confirming the assumption of early thermalisation.

The second set of plots tackles more directly with collectivity by depicting the elliptic

flow reconstruction. Figure 1.4 shows total ν2 as a function of centrality on the left (related

to the b argument in (1.3)) and per-species ν2 as a function of p⊥ on the right. One can see,

that reconstruction based on hydrodynamics works very well for highly central collisions

and lower momenta (the discrepancies are understood [Heinz 2005], and correspond to in-

sufficient time given by the corresponding QGP event to fully transfer the spatial anisotropy

into momentum before the freeze-out).

The significance of this (already classic) analysis lies in its high sensitivity to the adjust-

ment of parameters used when employing hydrodynamics. If one would assume different

equilibration time, viscosity, lack of collective flow, weak coupling with higher viscosity, the

predictions would swiftly miss the data. It follows, that high energy heavy ion collision
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Figure 1.4: Elliptic flow spectrum determined for different particles species as a function of

transverse momentum.

produces colourful (deconfined) fluid of extremely low viscosity, which is even more perfect

than liquid helium at near absolute zero. We must conclude, that hydrodynamics is an

inevitable ingredient of the complete process description.

1.3 Problem statement and overview of the Thesis

The consequence of the last paragraph is that we have found the correct phenomenolog-

ical model describing the data, and we are now facing the task of explaining its applicability

from firs principles. Since QCD is too challenging for such a fundamental approach we shall

use the closely related large N d = 4 N = 4 super-Yang-Mills of the AdS/CFT correspon-

dence as the theoretical model, according to what we mentioned above.

The Thesis is based on a series of five papers, which have been published in established

scientific journals, and their findings were disseminated during many scientific events. We

list the papers below together with the corresponding chapters based on them.

• ’Towards the description of anisotropic plasma at strong coupling’,

Romuald A. Janik, Przemyslaw Witaszczyk

JHEP, vol. 09, page 026, 2008, [Janik 2008] - Chapter 5

• ’A numerical relativity approach to the initial value problem in asymptotically Anti-

de Sitter spacetime for plasma thermalization - an ADM formulation’,

Michal P. Heller, Romuald A. Janik, Przemyslaw Witaszczyk

Phys. Rev. D 85, 126002 (2012), [Heller 2012a] - Chapter 6

• ’The characteristics of thermalization of boost-invariant plasma from holography’,

Michal P. Heller, Romuald A. Janik, Przemyslaw Witaszczyk

Phys. Rev. Lett., vol. 108, page 201602, 2012, [Heller 2012b] - Chapter 6

• ’Hydrodynamic gradient expansion in gauge theory plasmas’,

Michal P. Heller, Romuald A. Janik, Przemyslaw Witaszczyk

Phys. Rev. Lett., vol. 110, page 211602, 2013, [Heller 2013a] - Chapter 7

• ’Coupling hydrodynamics to nonequilibrium degrees of freedom in strongly interacting

quark-gluon plasma’,

Michal P. Heller, Romuald A. Janik, Michal Spalinski, Przemyslaw Witaszczyk

Phys. Rev. Lett., vol. 113, page 261601, 2014, [Heller 2014] - Chapter 8
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Let us give now an outline of the Thesis, along with the set of considered problems

addressed in the above publications. The list below is intended as a brief opening guide to

the Thesis, summarizing the main research topics and contents of the remaining chapters.

The corresponding conclusions and summary will be presented in the final Chapter 9.

• Chapter 2 introduces the notion of hydrodynamics. We begin with a few general ar-

guments for its existence, describe its appearance in quantum field theory and narrow

down to the cases relevant for the subsequent holographic analysis. We emphasize the

role of coupling in the hydrodynamic approximation by exemplifying two construc-

tions, using strongly coupled holography and weakly coupled Boltzmann equation.

• Chapter 3 lays down a theoretical background for the whole holographic analysis

by introducing super-Yang-Mills theory and the core superstring theory concepts, on

which gauge/string duality is founded. We subsequently introduce it and focus on the

area of thermal holography relevant for the bulk of the following research. Based on

it we introduce the fluid/gravity duality, which is the core conceptual and technical

tool used in the Thesis.

• Chapter 4 covers the technical tools from General Relativity necessary for numerical

simulations used in Chapter 6.

• Chapter 5 begins the genuine research discussion. We focus in it on the central issue

of rapid anisotropic plasma thermalization. We study a static holographic model, in

which we seek an instability mechanism similar to the one known from weakly coupled

QED. This research serves also as a preliminary for the time dependent system study.

• Chapter 6 deals with the fully dynamical holographic model of boost-invariant ex-

panding plasma studied with the aid of numerical integration. The key research

topics addressed here are the rapid plasma thermalization in a dynamical fluid, prop-

erties of the early non-equilibrium stage, its subsequent transition to hydrodynamics

and ultimately properties of an array of final thermal state parameters.

• Chapter 7 asks and studies the question, if all-order dissipative hydrodynamics as

defined in Chapter 2 actually at all exists. This amounts to checking, if the so-called

hydrodynamical gradient expansion is convergent. Apart from its fundamental signif-

icance we are motivated to address this issue to understand better the thermalizaton

process studied in Chapter 6.

• Chapter 8 builds upon the peculiar findings of Chapters 6 and 7, and aims at

generalizing conventional hydrodynamics to include genuinely non-equilibrium (non-

hydrodynamical) degrees of freedom. The core motivation here came from the ques-

tion, if one can construct a purely four-dimensional fluid theory enriched with holo-

graphical information, which however could be used without any reference to string

and gravity theory at all.

• Chapter 9 summarizes the whole Thesis by recapitulating all the findings and pre-

senting the closing discussion of conclusions, open questions and future development

directions.

• Appendices contain auxiliary technical details for completeness.

Let us therefore begin our endeavour of studying quantum field theory with the aid of

gravity.





Chapter 2

Relativistic hydrodynamics

2.1 Introduction to hydrodynamics and its selected

properties

Hydrodynamics is most likely the oldest effective field theory in physics. Its study

somewhat unexpectedly become relevant in the context of string theory in a way, which

will be described in Chapter 3.

In this chapter we will introduce basic notions of conventional hydrodynamics with an

aim to present its features relevant for later chapters. Overall, hydrodynamics is of course

a vast subject and we shall not attempt to give any deeper or complete description of it.

We will also not be solving hydrodynamics equations directly, so we will not need to

describe their properties in so much detail. The motivation is to outline how this theory

is justified and constructed. Later we will see how it is embedded in higher dimensional

gravity, and how some of its properties can be formally (and in certain regime rigorously)

derived from spacetime geometry.

2.1.1 In search for the hydrodynamic degrees of freedom

We begin by stating, that hydrodynamics is an approximation to quantum field theory’s

low energy dynamics, which in principle applies to states with finite charge or energy

densities. Such highly occupied states have a chance to equilibrate after certain time,

called thermalisation time, which is determined by the details of the microscopic dynamics,

like e.g. mean free path of the microscopic (quasi-) particles. Formally hydrodynamics is

obtained as a low frequency and long wavelength limit of the theory:

ω → 0, k → 0, (2.1)

followed by spatial averaging of thermal expectation values over the system’s macroscopic

characteristic length and time scales. More precisely hydrodynamics can be considered for

quantum field theories admitting power-like tails in conserved charges late time correlators

[Kovtun 2003], like e.g. :∫
d3x〈

[
T ij(t,x), T kl(0)

]
〉 ∼ t−3/2 for t→∞. (2.2)

Power-like fall-off indicate long relaxation times of perturbations inducing stress-energy

tensor fluctuations. This implies an existence of long-lived excitations, which could be

understood as the field theory’s low frequency degrees of freedom.

Our task now will be to discover these low energy variables adequate for hydrodynamics

construction, and we shall see that they are delivered by the global continuous symmetries

of the theory. We will see later in Chapter 3 how this process is mimicked in the gravity

setting, where also fundamental symmetries will provide us with appropriate low energy

degrees of freedom.
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The global symmetries mentioned above imply in an invariant theory the existence of

conservation laws, which are valid at all energy scales, starting at the fully dynamical

UV sector, down to the IR or equilibrium states (we exclude anomalous cases), including

supersymmetric theories. In this way any potential effective low energy description inherits

certain exact features from the fundamental microscopic theory. We should stress here, that

by IR in the following we mean long wavelength of (2.1), and not necessarily RG-flow IR.

That is, we may speak of hydrodynamics of quark-gluon plasma as well as cold neutrons,

and not just cold hadrons, which are the IR limit of QCD. Each of these systems may have

its own hydrodynamical regime.

For standard Poincaré invariant theories, possibly with additional global continuous

symmetries (like e.g. U(1)), we have mandatory charges of the momentum density cur-

rent Tµ0 induced by the four-parametric Poincaré symmetry, and charges resulting from

potential additional global (super-) symmetries J0
a , where a labels some appropriate charge

representation. The global charges are then:

Pµ =

∫
d3xTµ0(x), Na =

∫
d3xJ0

a(x), (2.3)

and their conservation laws are:

∇µTµν = 0, ∇µjµa = 0. (2.4)

The above properties are fundamental and not limited to equilibrium states. The con-

served charges are protected by global symmetries, which are insensitive to energy scale and

dynamics details (spontaneous symmetry breaking can also be handled). Therefore we ex-

pect that any low energy configuration of the field, in particular after equilibration, should

be characterized by their values, because such charges are macroscopically observable by

our IR probes. For example Pµ describes the total energy or momentum of the medium

(the fluid), that is, a rigid motion of the system as a whole. And indeed, this expectation is

embodied in the fact that an equilibrium state described in quantum theory by the density

operator is parametrized by global charges:

ρ̂ = Z−1eβ(uαP
α+µaNa). (2.5)

The charges Pµ and Na are the only parameters that are left in the thermodynamic

limit to uniquely describe the macroscopically distinguishable thermalized states. They

parametrize the manifold of globally equilibrated states, just like the customary space

and time independent pressure, temperature and volume in thermodynamics. The values

of these charges are conjugate in the above grand canonical ensemble to the standard

(constant) thermodynamic parameters:

β, uα, and µa. (2.6)

These are the inverse temperature, β = 1/T , velocity field1 (with u2 = −1) and chemical

potential of the charges Na. Variations of these thermodynamic parameters lead to changes

of conserved charges values, which amounts to traversing the equilibrium manifold. This

process is a hint for us, how to look for the proper hydrodynamic variables.

1We can use Poincaré symmetry to pass to the global rest frame and eliminate the spatial momentum
Pα, but one can not dismiss energy P 0 like that.
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Recall that we seek for the low energy effective QFT degrees of freedom that would

persist in the IR limit, but simultaneously allow us to capture some of the theory’s dynamics.

To this end one can notice, that thermodynamic variations of equilibrium parameters (2.6):

β → β + δβ, uα → uα + δuα, µa → µa + δµa. (2.7)

induce global changes in values of the charges (2.3). But from a dynamical field theory

perspective since they are conserved, the effects of these variations do not relax, that is,

have infinite relaxation times2. This implies, that such variations within the dynamic

Minkowski field theory should be retained in the IR as relevant perturbations, and one may

hope that they will serve as prototypes for dynamic hydrodynamic variables.

2.1.2 Overview of gradient expansion construction

Based on the above, we see what should be done to define hydrodynamic fields: we

must depart from the equilibrium manifold in a controlled way. If we heuristically assume,

that we can consider the thermodynamic parameters (2.6) to be slowly varying functions

of spacetime, with respect to certain scales, we can hope to stay approximately close to

the equilibrium state (the equilibrium hypersurface of thermal states), but allow for local

spacetime dynamics of the conserved charge densities. We thus introduce local equilibrium

parameters, or hydrodynamic fields:

β → β(x), uα → uα(x), µa → µa(x). (2.8)

The interpretation of these fields is such that an infinitesimal piece of matter located at

xα is in thermodynamic equilibrium parametrized by the values of the local temperature

T (x), local chemical potential µa(x) and local velocity field uµ(x). This last concept is

particularly important as it introduces the idea of a co-moving or Lagrangian frame. It is

defined as a frame in which the momentum density T i0(x) vanishes, and where the velocity

vector is unit, uα = δα0. Physically it is a parameter of the boost, that would have to be

applied at the given spacetime point xα to put the fluid cell into rest there3. Moreover, it

is a timelike eigenvector of the stress-energy tensor, Tαβu
β = −T00u

α.

Since now we are out of equilibrium, the values of the fields (2.8) should be specified

by the hydrodynamic equations of motion, which we are looking for. At this point however

these are arbitrary functions not determined in any way by the density operator (2.5). We

need to formulate further hypothesis to construct equations for them.

To this end the only equations touching upon dynamics, which at the moment we have

at our disposal are the microscopically exact charge conservation laws. Thus we now have

to promote them to be the actual equations for the new fields (2.8) (before they were just

constant charges parametrizing the field theory state). To do this we need to express the

charge densities Tµν and Jµa through the fields 2.8:

Tµν(x) = Tµν(T (x), uα(x), µn(x)), Jµa = Jµ(T (x), uα(x), µn(x)). (2.9)

This is the central step in the derivation of hydrodynamics and is referred to as postu-

lating the constitutive relations. It is an analogue of thermodynamic limit. These relations

contain the essence of the assumption of the QFT’s hydrodynamic behaviour and represents

2Equilibrium thermodynamics is Euclidean so there can be no dynamics at all. Any variation there is
necessarily constant in the real time.

3We will see in Chapter 3 how such a construction emerges in the black brane setting of fluid/gravity.
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the gigantic reduction in the number of the QFT’s degrees of freedom from the microscopic

scale to just the few classical variables of (2.8). A guiding principle that allows us to per-

form consistently such an ad hoc operation on the QFT is the set of global symmetries,

which suggested the inception of (2.8) as the low energy degrees of freedom.

Of course the relations (2.9) can not be accurate and needs to be corrected to match

better the exact microscopic stress tensor. The idea behind this procedure is called gra-

dient expansion and is the second crucial step in the hydrodynamics construction. In this

approach the equations 2.9 are systematically corrected as a derivative expansion of the

basic spacetime dependent hydrodynamic fields T (x), uα(x) and µa(x). The primary rule

in finding this expansion is to write down all possible tensorial structures with a given fixed

number of derivatives ∇µ, acting on the variables (2.8) in a way consistent with symmetries

of the system. Schematically it can be represented as:

Tµν(x) ∼ Tµν(0)(T (x), uα(x), µn(x)) + Tµν(1)(∇ρT (x),∇ρuα(x),∇ρµn(x)) + . . . ,

Jµ(x) ∼ Jµ(0)(T (x), uα(x), µn(x)) + Jµ(1)(∇ρT (x),∇ρuα(x),∇ρµn(x)) + . . . .

(2.10)

One then obtains an a priori infinite series of terms. Such a procedure is very cumber-

some due to proliferation of allowed tensors, among other problems, and poses considerable

challenge. Due to this fact only low order explicit hydrodynamic expansions are know to

date. Constructing it and analysing its structure at very high order is one of the subjects

our Thesis. We will cover the details of the gradient expansion procedure shortly.

In the case of d = 4 N = 4 SYM, which is described by AdS/CFT correspondence, the

hydrodynamics is subject to an additional conformal symmetry. Such a symmetry is also

approximately exhibited by the QCD plasma equation of state for T � Tc, were we are

trying to mimic it with our simpler holographic theory.

A crucial consequence of conformal symmetry is tracelessness of the energy-momentum

tensor:

Tµµ(x) = 0. (2.11)

Apart from reducing the number of allowed tensorial structures at each expansion order,

this relation provides conformal hydrodynamics with an equation of state, which otherwise

would have to be inferred from e.g. experiment or lattice simulations.

Third important fact about hydrodynamics is that every contribution to the series (2.10)

is endowed with a set of scalar functions called transport coefficients, which are left entirely

undetermined by the described gradient expansion procedure. These functions are of fun-

damental interest when one wishes to apply hydrodynamics to a concrete physical system,

because they encode the microscopical properties of a given fluid. The success of AdS/CFT

in hydrodynamics partially stems from the fact, that it actually allows one to compute these

coefficients for gauge theory possessing a holographic gravitational dual, as we shall see in

the upcoming chapters.

We said above that gradient expansion can be in principle carried ad infinitum, leading

to a series of terms representing higher and higher momenta in the evolving fluid. A crucial

question, which must be asked at some point, is if the resulting series is actually convergent.

We will address this point in Chapter 8.

We shall now move to more concrete example of hydrodynamic stress-energy tensor and

its evolution equations.
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2.1.3 Hydrodynamic gradient expansion of viscous conformal fluid

The starting point of gradient construction is the zero-derivative term, representing

perfect fluid stress-energy tensor of charged fields:

Tµν(x) = ε(x)uµ(x)uν(x) + P (x)∆µν(x), (2.12)

Jµa (x) = na(x)uµ(x), (2.13)

where

∆µν(x) = gµν(x) + uµ(x)uν(x) (2.14)

is the projector onto the directions transverse to the flow, ∆µνuµ = 0.

The above expression is identical to the stress tensor of a non-interacting ideal gas with

constant energy density ε, constant isotropic pressure P and constant charge density na,

modulo the insertion of spacetime dependence. We have indicated this explicitly in (2.12)

to show the general idea: any departure from equilibrium case is locally undetectable from

the globally static case at this order of the expansion. Such a procedure resembles the

method of varying parameters describing some state or solution to unravel their collective

dynamics4. In this way the global equilibrium state forms the basis for local hydrodynamic

expansion.

At the present perfect fluid order we can already obtain an important formula char-

acterising the specific type of the fluid we study: the speed of sound. In the absence of

dissipation the fluid is described by just few parameters present above, which are related

through an equation of state following from the conformal symmetry of the system:

Tµµ(x) = ε− (d− 1)P = 0, so P (ε) =
ε

3
. (2.15)

The speed of sound of any conformal inviscid fluid is then obtained as follows,

c2s ≡
∂P

∂ε
=

1

d− 1
, so cs =

1√
d− 1

. (2.16)

This relation is based purely on conformal symmetry, which expresses pressure P (ε)

as a function of energy density ε(x). Since the basic fluid degrees of freedom induced

by conserved charges are energy density ε and flow velocity uα, we can think of pressure

as a sort of zeroth order transport coefficient. We will see soon, that up to numerical

coefficients conformal symmetry in fact specifies dependence of all transport coefficients on

energy density (or effective temperature), similarly to what happened above in (2.15).

Having defined the starting point for the gradient expansion we can from this moment

on5 start constructing derivative terms to represent departures from the isotropic and equi-

librium fluid. An important rule that allows one to reduce the number of possible tensors

entering higher order terms is to impose strict transversality condition on anything ap-

pearing at higher expansion order. This step is quite natural, since it avoids introducing

redundant terms in the expansion. Any term proportional to uµ could be removed by an

appropriate local boost and redefinition of uµ(x). Such a condition is called Landau frame,

4We shall later see, that this analogy is made manifest by the fluid/gravity construction.
5Later we will be focused mostly on the case of uncharged fluids dynamics, so we now set Jµa = 0 for

the rest of the discussion. The procedure for this current construction is identical to the one for Tµν , just
technically more involved.
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and allows one to fix certain ambiguity in hydrodynamic expansion6 [Landau 1987]. We

can schematically collect all possible higher terms in the so-called viscous tensor Πµν(x)

and write the full energy-momentum tensor as follows:

Tµν = εuµuν + P (ε)∆µν + Πµν , (2.17)

Πµνuµ = 0. (2.18)

Then Πµν has the following form:

Πµν(x) =

∞∑
n=1

lnmfpΠµν
(n)(x). (2.19)

The tensors Πµν
(n)(x) contain exactly n derivatives and are gauged by powers of the formal

small parameter7 lmfp, which characterizes microscopic scale of the fluid quasiparticles

scattering. Effectively each term of the above expansion is of the order of (lmfp/L)n, where

L denotes the macroscopic fluid variations scale, L� lmfp.

The explicit form of viscous tensor at first order contains only first derivatives of ther-

modynamic fields:

Πµν = −η(ε)σµν − ζ(ε)∆µν(∇αuα). (2.20)

The tensor σµν is called shear tensor and is a function of the permitted velocity gradients:

σµν = 2〈∇µuν〉. (2.21)

The operation used above is a projection onto the symmetric transverse traceless part, and

is defined for arbitrary rank-2 tensor as follows:

〈Aµν〉 ≡ A〈µν〉 ≡ 1

2
∆µα∆νβ(Aαβ +Aβα)− 1

d− 1
∆µν∆αβAαβ (2.22)

The scalars η(ε) and ζ(ε) are the aforementioned first order viscous transport coefficients.

The lack of temperature gradients in the expression above follows from its elimination at

the given order from lower order equations of motion and from the transversality condition

imposed on the viscous tensor, (2.18). For conformal fluids, in which we are interested, the

so called bulk viscosity ζ(ε) has to vanish by the tracelessness condition. The dependence

of η on the energy density is specified as

η(ε) = η̃0ε
d−1
d , with η̃0 constant. (2.23)

As we mentioned before such a dependence is determined from dimensionality by conformal

symmetry, because the energy density ε is the only dimensionful quantity in absence of

mass, or any other dimensionful coupling. The value of the proportionality constant η̃0

(and analogous quantities for higher transport coefficients) depends on the microscopic

6Another well know choice is the Eckart frame, more well suited to processes with particle number
conservation. Landau frame insists on the lack of energy dissipation. Since we are considering uncharged
fluids we have na = 0, and we use Landau frame.

7This parameter will not show up explicitly in the series, its presence is embedded in the effective
ratio of the transport coefficients and derivatives entering the expansion. The (assumed) smallness of the
subsequent gradient terms could be better seen in the Fourier space, where each derivative contributes a
factor of momentum, kα � 1.
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dynamics of the specific QFT which has been determined at strong coupling exactly from

the AdS/CFT correspondence, and this has been one of the many successes of the duality.

The above shear viscosity coefficient is the only one present in first order conformal viscous

hydrodynamics.

At second order of derivative expansion we have at our disposal many more allowed

tensorial structures. A full (but looking concise due to appropriate notation) viscous tensor

is [Baier 2008]

Πµν = −ησµν (2.24)

+ ητΠ

[
〈Dσµν〉 +

1

d− 1
σµν∇αuα

]
+ κ

[
R〈µν〉 − (d− 2)uαR

α〈µν〉βuβ

]
+ λ1σ

〈µ
λσ

ν〉λ + λ2σ
〈µ
λΩν〉λ + λ3Ω

〈µ
λΩν〉λ.

The parameters τΠ, κ, λ1, λ2, and λ3 are newly introduced second order transport

coefficients. Their scaling with energy density will be demonstrated below.

The above expression is valid in a general curved spacetime, with Riemann and Ricci

tensors explicitly present. They are allowed now, because as we know a non-trivial curvature

is made of second order metric derivatives. The transport coefficient κ is called thermal

conductivity and vanishes in flat spacetime. Determining it without curved background

would be more involved. We have also introduced a directional derivative D along the

streamline:

D ≡ uµ∇µ. (2.25)

Finally, the tensor Ωµν is called vorticity and is an antisymmetric counterpart of the

shear tensor:

Ωµν =
1

2
∆µα∆νβ(∇αuβ −∇βuα). (2.26)

Let us now notice, that even at second order of (more restrictive) conformal hydrody-

namics there are already 1+5=6 transport coefficients. We can expect that their number

will grow significantly with the growing order of the expansion, on the par with the growth

of the allowed tensorial structures. The question of the nature (or strength) of this growth

is of course a vital one for the theoretical definition of hydrodynamics as a closed theory

and will be addressed in Chapter 7.

Expression (2.24) is the highest order of a generic hydrodynamic viscous tensor known

in the case of N = 4 super Yang-Mills theory in four dimensions, without assuming any

further symmetries. In principle it is very hard to obtain such an explicit form of hydro-

dynamic stress-energy tensor for field theory. The are two sources of difficulty in this task.

First, classifying all permitted tensorial structures is very tedious and worsened by redun-

dancies appearing in definitions of new structures entering at each order. Second, much

harder is the problem of computing exact values of transport coefficients. This in princi-

ple requires one to compute n-point correlation functions, which may have to be done at

strong coupling, like in our case. In the traditional approach to strongly coupled QFT this

would be almost hopeless situation, because these correlation functions have to evaluated

in Minkowski signature because they contain dynamical information, and usually has been

out of reach of lattice methods. In fact there has been recently certain progress in extract-

ing dynamical data from euclidean lattice simulations through spectral decomposition and
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analytic continuation of numerical correlators [Meyer 2007, Philipsen 2014]. Nevertheless,

these methods are always burdened with numerical errors and systematic uncertainties.

With the gauge/gravity duality, the enumeration of the allowed tensors is systematized by

the conformal symmetry and Einstein equations. This simplifies hydrodynamic expansion

construction, because the rules of fluid/gravity duality render this process semi-automatic

as compared to the pure field theory based derivation. The exact numerical values of a pri-

ori all transport coefficients at strong coupling are then provided by solutions of Einstein

equations, and it is quite a miraculous situation compared to field theories without known

holographic dual.

Let us now make an interesting remark, that at second order of hydrodynamic gradient

expansion we can incidentally obtain certain independent equation for the whole viscous

tensor Πµν directly from its definition [Baier 2008]. The point is that by construction the

equation (2.24) is valid only up to terms of the order O(∂3). Thus we can insert into it

a lower order relation, originating from the perfect fluid equations of motion and the first

order viscous fluid tensor, which can easily be solved for σµν at this order:

Dη = −η∇µuµ +O(∂2), σµν = −1

η
Πµν +O(∂2). (2.27)

Upon inserting these into at least one derivative terms in (2.24) the error will be of the

accepted order O(∂3). In this way we obtain an independent equation for the viscous part

as a whole, as if it was an independent set of degrees of freedom, not expressed through the

velocity and temperature fields. The two sets of variables, perfect fluid ones, uµ, T and

viscous ones Πµν are then coupled by the fundamental hydrodynamic equation of motion,

∇µTµν = 0. The resulting additional equation takes the form:

Πµν = −ησµν (2.28)

− τΠ

[
〈DΠµν〉 +

d

d− 1
Πµν∇αuα

]
+ κ

[
R〈µν〉 − (d− 2)uαR

α〈µν〉βuβ

]
+

λ1

η2
Π
〈µ
λΠν〉λ − λ2

η
Π
〈µ
λΩν〉λ + λ3Ω

〈µ
λΩν〉λ.

The reasons for presenting this derivation are that it will be useful later for computing

dispersion relations of hydrodynamic perturbations and because it represents an approach

to viscous tensor as an independent entity. This in turn is close to results that we will

describe in Chapter 8 on generalized hydrodynamics.

2.1.4 Small perturbations of hydrodynamics

Having constructed a generic hydrodynamic tensor at second order let us now move to

the last important ingredient of a hydrodynamic description of low energy QFT: linearised

perturbations. Hydrodynamics is of course a nonlinear theory, but one can also analyse how

small perturbations propagate in the fluid. This knowledge is crucial for understanding what

are its basic effective degrees of freedom. In particular analysing perturbations unravels

the causal structure of hydrodynamics by revealing the characteristic speed of information

propagation in the medium. This in turn is crucial for the study of shock waves in e.g. explo-

sions, ultrarelativistic nuclear collisions and jet Mach cone REF [Casalderrey-Solana 2006].

Moreover, dispersion relations of the linear perturbations are intrinsically related to the

linear response theory and field theory’s low frequency Green’s functions, which are linked

to transport coefficients through the Kubo’s formulas [Kapusta 2006], as we shall see later.
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Additionally linear perturbations allow for a (linear) stability analysis, which in the related

case of weakly coupled QED plasma led to the discovery of rapid isotropisation through

instability [Mrowczynski 1993]. Lastly, investigating linear perturbations played a crucial

role in matching AdS/CFT to hydrodynamics.

There are three channels of linear perturbations, which lead to a specific dispersion rela-

tions for the corresponding modes. These are: scalar, shear and sound modes [Kovtun 2005].

Their names follow from their physics and corresponding equations of motion.

To investigate fluctuations we need some fixed equilibrium state in which we can induce

various perturbations. In all cases below we will assume that our thermal system resides

in flat Minkowski background metric, has constant temperature T = const., translational

invariance and remains at rest, which implies that uµ = (1, 0, 0, 0).

2.1.4.1 Scalar channel

Scalar perturbation is obtained using linear response theory from a generic background

metric perturbation, playing the role of auxiliary source, like in e.g. magnetization compu-

tations. To find it we insert the following metric perturbations into our generally covariant

expressions (2.20), (2.24) (in dimension d = 4):

hxy = hxy(t, z). (2.29)

Such a background metric perturbation exerts certain force on the fluid, which however

remains globally at rest and its temperature is constant. The resulting hydrodynamic stress

tensor of the field theory is then give by:

T xy = −Phxy − ηḣxy + ητΠḧxy −
κ

2
[(d− 3)ḧxy + h′′xy]. (2.30)

Since the flat background metric and the considered thermal system are translation-

ally invariant, the metric perturbation can be Fourier-transformed and characterized by a

wave vector kα = (ω, 0, 0, k): hxy(t, z) ∼ h0e
−iωt+ikz. Subsequently, linear response the-

ory [Kapusta 2006, Baier 2008] in the presence of a source hxy(t, z) gives us the following

retarded Green’s function of the stress tensor, i〈[T̂xy(0)T̂xy(ω, k)]〉T in equilibrium thermal

state and momentum space:

Gxy,xyR (ω, k) = P − iηω + ητΠω
2 − κ

2
[(d− 3)ω2 + k2]. (2.31)

This expression contains several hydrodynamic coefficients: pressure P , shear viscosity

η, relaxation time τΠ and thermal conductivity κ. At this stage they are unconstrained,

but if some other way of computing Gxy,xyR was known, they could be identified by a simple

comparison. This is exactly how the gauge/string duality is used to compute correlation

functions in holographic field theory, by matching gravitational computation to expressions

like the one above. We will demonstrate this procedure in the next chapter.

It should be noted here that the resulting expression for the Green’s function

Gxy,xyR (ω, k) is regular in the low momentum limit k → 0. The lack of hydrodynamic

pole implies that there are no quasiparticles in the low energy limit. Accordingly, there is

no hydrodynamic scalar degree of freedom in this system.
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2.1.4.2 Shear channel

Second type of perturbations is called shear mode, or shear channel. It is related to

the physical motion of the fluid, in which its layers flow in one direction, but momentum

is transferred in the direction transverse to this motion, hence the name shear. Such a

phenomenon represents genuinely viscous effects and requires at least first gradient correc-

tion to the perfect fluid stress tensor. Physically it represents gradient of velocity in the

direction transverse to the flow, like in the case of shearing layers of a viscous fluid near

some fixed boundary, e.g. pipe, where the flow velocity vanishes. The only non-constant

hydrodynamic fields are in this case:

uy(t, x), Πxy(t, x). (2.32)

In this approach we treat the whole viscous tensor perturbation as one independent set

of degrees of freedom, as discussed in the last section. The stress tensor fluctuations assume

now the form:

δT 0y = (ε+ P )uy(t, x), δT xy = Πxy(t, x). (2.33)

First equation for this perturbation is obtained by inserting the above functions into

the stress-energy tensor, (2.17) with Πµν being second order in gradients, (2.24):

∂µ(Tµν(0th) + δTµν) ≡ ∂µ(δTµν(2nd)(t, x)) = 0. (2.34)

The y-component of this equation evaluates to:

(ε+ P )∂tu
y + ∂xΠxy = 0. (2.35)

To close the system we use the iterated equation for the cumulated second order viscous

tensor, (2.28), which upon linearisation yields

τΠ∂tΠ
xy(t, x) + Πxy(t, x) = −η∂xuy(t, x). (2.36)

By appropriate eliminations and Fourier transforms we arrive at dispersion relation for

the shear mode:

ω = −i η

ε+ P
k2 +O(k4) (2.37)

This is an important formula, because it reveals the existence of an overdamped mode8

in the presence of viscosity. The related fluctuation vanishes faster with time for more

energetic fluctuations, uy ∼ e−Dk2t, where D = η/(ε+ P ) is the shear diffusion coefficient.

This reflects the dissipative character of this mode.

There is also a second solution, ω = −iτ−1
Π , but as was argued in e.g. [Baier 2008] it

is not compatible with hydrodynamics, because it remains finite in the long wave-length

8Overdamping is a phenomenon known from a damped oscillator system, where it refers to a uniformly
decaying mode without oscillations, which however takes longer to decay than e.g. critically dumped
solution. In our case quadratic dependence on the momentum, k2, means, that in the hydrodynamic limit
k → 0 such a mode will live longer before it decays.
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limit, k → 0. Only gap-less modes can be accepted in the near-equilibrium hydrodynamics,

as we discussed at the beginning of this chapter.

The analysis of this paragraph will be important in Chapter 5, where we will be looking

for a similar dispersion law in hope for finding instabilities in quark-gluon plasma. Here

however we have just learned, that dissipation induces fast decay of certain perturbations,

providing thus stabilising mechanism for the fluid.

2.1.4.3 Sound modes

The last type of fluctuation is sound channel related to the natural signal propagation

mode of the fluid. It is a collective excitation of energy density, stress and longitudinal

mechanical wave propagation, i.e. the sound.

Stationary equilibrium background for this mode is as before constant energy density

at rest, T(0) = const., uα(0) = (1, 0, 0, 0). The excited tensor channels are

δT 00 = δε, δT 0i = (ε+ P )ui, δT ij = c2sδεδ
ij + Πij . (2.38)

The only non-zero perturbations corresponding to the longitudinal momentum flow in

one-dimensional motion are

δε = δε(t, x), ux = ux(t, x), Πxx = Πxx(t, x). (2.39)

Energy-momentum conservation (2.24) and auxiliary equation (2.28) evaluate on these

perturbation to the following coupled set of equations:

∂tδε+ (ε+ P )∂xu
x = 0, (2.40)

(ε+ P )∂tu
x + c2s∂xδε+ ∂xΠxx = 0,

τΠ∂tΠ
xx + Πxx +

2(d− 2)

d− 1
η∂xu

x = 0.

Due to the background’s translational symmetry we can look as before for a common

plane wave solution with wave vector kα = (ω, k, 0, 0) (since the equations are linear and

separable, each wave normalization is irrelevant). We obtain in this way three solutions,

which can be trusted only in the small momentum limit, up to the order to which our

hydrodynamic equations are defined. We thus have two characteristic lines reflecting prop-

agation in the left and right direction, which define the Mach cone of the fluid, i.e. the

speed of sound,

ω± = ±csk − iΓk2 ± Γ

cs
(c2sτΠ −

Γ

2
)k3 +O(k4), Γ =

d− 2

d− 1

η

ε+ P
. (2.41)

The above expression exhibits the desired hydrodynamic property of vanishing disper-

sion relation in the limit k → 0. In the leading linear order we obtain just free plane waves

propagating with the characteristic speed of sound defined before as cs = ∂P (ε)/∂ε. As

we already know in conformal hydrodynamics the value of cs follows from the equation of

state Tµµ = 0 and is equal to 1/
√
d− 1. It can be seen from the above expression, that

there is a qualitative difference between perfect and viscous fluids, because at the leading

gradient-free level small perturbations propagate freely and indefinitely, whilst in a dissi-

pative medium decaying imaginary part appears, with decay rate proportional to the shear
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viscosity constant. It may be thus intuitively clear, that the question of weather quark-

gluon plasma is described by a perfect or viscous fluid tensor is relevant for the proper

description of RHIC collisions.

The third frequency solution has different nature,

ω3 = −iτ−1
Π . (2.42)

This mode has been encountered before. It remains finite as we move towards longer wave-

lengths, and thus should not be considered as hydrodynamical. In fact this mode is likely

not even physical, as it originates from the implicit resummation of the whole gradient

expansion performed by the heuristic Israel-Stewart hydrodynamics construction. If we

were analysing perturbations of the pure gradient expansion based hydrodynamics alone,

even of a very high order, such a mode would not appear in the resulting spectrum. This

imaginary frequency is linked to exponentially suppressed excitation, which can not be seen

is a direct gradient expansion solution to IS hydrodynamics, and is found by an explicit

exponential Ansatz for a solution.

Having obtained a complete description of the uncharged conformal hydrodynamics

laws we will now discuss its specific realisation, which is of particular importance for the

quark-gluon plasma research, as well as for a significant part of the Thesis. It is called

boost-invariant hydrodynamics.

2.1.5 Boost-invariant hydrodynamics

General laws of Lorentz-covariant fluid mechanics constructed above are correct in a

wide range of kinematical regimes. A particular limit which in fact allows one to solve

analytically equations of ideal hydrodynamics was introduced by J.D. Bjorken in his 1983

paper on ultrarelativistic heavy ion collisions [Bjorken 1983]. Bjorken’s nuclear collision

model expanded upon previous nucleus matter model by Landau [Landau 1953] and since

its inception gained a lot of attention. It has also been the basis of successful RHIC data

analysis.

The key assumption of this model is that due to extremely high collision energy the

evolution of some small cell of matter inside the nuclear fireball should not depend on

the spacetime rapidity. Also the tiny bit of matter inside the collision is for some time

causally disconnected with the fireball boundary, so that it can be thought of as being

translationally invariant. In other words, the interior of the colliding system observed from

different longitudinally boosted Lorentz frames should look the same, as at such a high

(nearly “infinite”) energies such boost has little effect.

It should be stressed, that general equations as exactly the same as for other kinematic

regimes, and in particular transport coefficients are the same as for the finite energy collision

of the same field theory. The situation is identical to the case when we assume spherical

symmetry or irrotational fluid. Then in equations of motion some terms and hence transport

coefficients might be absent, like in the case of vanishing vorticity tensor ωµν above, but

otherwise equations and microscopic degrees of freedom are the same. This simplification

however allows one to carry the gradient construction of hydrodynamics one order higher,

to third order in derivatives. This is the highest analytic order of hydrodynamic expansion,

and was obtained using AdS/CFT correspondence [Heller 2009, Booth 2009] (for recent

development see also [Grozdanov 2016a]).

It is also worth mentioning that numerous generalizations of this model were proposed,

with early semi-numerical attempt by [Baym 1983] to describe less symmetric plasma con-

figurations, which led to quantitative differences in nuclear evolution features, like smaller

thermalization time.
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To discuss Bjorken model it is best to adopt natural coordinates suitable for describing

relativistic system: spatial rapidity-proper time coordinates. As is well known Lorentz

transformations can be described as hyperbolic rotations with analogues of invariant non-

negative radius and rotation angle. These are respectively given by:

τ = ±
√
t2 − z2, y = arctanh(z/t), (2.43)

where the future light-cone is foliated by {+τ, y}. In these coordinates boosts act naturally

as translations in rapidity, y → y + y′, which also represents fluid cell velocity. The boost-

invariance is thus implemented in these variables as simple translation invariance in y. Any

quantity depending solely on τ is hence boost-invariant. The flat Minkowski space written

in hyperbolic coordinates assumes the following form,

ds2 = −dτ2 + τ2dy2 + dx2
1 + . . .+ dx2

d−2. (2.44)

Important feature to note about this metric is that for initial proper time τ = 0 the

metric has zero eigenvalue, which means that volume form vanishes and there are non-zero

vectors of vanishing norm, namely the null vectors. Hypersurface τ = 0 is therefore a

null light-cone. It should also be stressed here for completeness, that these coordinates are

curvilinear, but still flat. The connection is evaluated as ∇µuν → ∇yuy = τ and this is one

of the reasons for which we have been presenting hydrodynamics derivation in a manifestly

covariant manner.

Bjorken model in general imposes several restriction on plasma dynamics. The com-

plete list of enforced symmetries is the following: translational symmetry in every spatial

transverse direction xi, boost invariance along the beam direction, rotation symmetry in

the transverse space and rapidity reflection symmetry y → −y.

Let us first discuss implications of these symmetry assumptions on the dynamics of the

energy-momentum tensor without assuming anything about the validity of hydrodynamics.

In four dimensions under these assumptions the only non-vanishing components of the

stress tensor are Tττ , Tyy and Txx ≡ Tx1x1 = Tx2x2 , all of which are functions of just the

proper time τ . On the top of that we demand conformal invariance, which means Tµµ = 0.

All these constraints allow one to completely fix the flow velocity vector to be constant

uµ = (1, 0, 0, 0). This highly simplifies equations analysis because velocity is no longer a

degree of freedom, but instead serves as a unique temporal vector singled out symmetries.

This fact will be of use in Chapter 6.

In four dimensions, the conservation laws ∇µTµν = 0 lead to the following relations

between the remaining components of the stress tensor:

−Tττ +
1

τ2
Tyy + 2Txx = 0 (2.45)

τ
d

dτ
Tττ + Tττ +

1

τ2
Tyy = 0. (2.46)

The equations reduce the number of independent components by two and the stress

tensor is specified by just one unknown function of proper time, which can be chosen to be

the energy density ε(τ):

Tµν =


ε(τ) 0 0 0

0 −τ3 d
dτ ε(τ)− τ2ε(τ) 0 0

0 0 ε(τ) + 1
2τ

d
dτ ε(τ) 0

0 0 0 ε(τ) + 1
2τ

d
dτ ε(τ)

 . (2.47)
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One further physical requirement imposed is the non-negativity of energy density, or

more generally the time-like energetic condition: for any timelike vector tmu we demand

Tµνt
µtν ≥ 0 (2.48)

This translates to the constraint on energy density rate of change:

−4ε(τ)

τ
≤ ε′(τ) ≤ 0. (2.49)

Later we will find this condition to be moderately violated during highly non-equilibrium

initial stage of plasma expansion. Nevertheless we expect it to hold in the late time hydro-

dynamic regime.

Is should be stressed, that the reduced form (6.92) does not assume any sort of equilib-

rium and is completely general, within the symmetries bounds. In particular the function

ε(τ) may not be related to hydrodynamics at all. We additionally note, that due to velocity

vector fixed constant there is no vorticity and also background metric is flat, so λ2, λ3 and

κ coefficients must be absent in this model.

Let us now write down the hydrodynamic equations of Bjorken flow in general dimension:

Dε+ (ε+ P )∇µuµ + Πµν∇µuν = 0. (2.50)

This time Πµν is treated in a standard non-iterated way, using its conventional gradient

definition (2.24). Using the fact, that for conformal fluid P = ε/(d − 1) we have simply

that

∂τε+
d

d− 1

ε

τ
= τΠyy(ε). (2.51)

This equation can be solved perturbatively in 1/τ , in the late time expansion τ → ∞
starting from perfect fluid equation with viscous tensor absent. This is exactly what should

be done according to hydrodynamic approach. The leading solution takes the asymptotic

form:

ε(τ) = Cτ−2+ν + o(τ−2+ν), ν ≡ d− 2

d− 1
. (2.52)

and C is integration constant, whose meaning will be clarified later in Chapter 6. Even

if we found an exact solution to the non-linear ODE above, we would be allowed to trust

it only up to the asymptotic expansion of the same order as the equation used to find it.

Having found the leading initial solution we can compute the form of the non-vanishing

component of the viscous tensor Πyy using (2.24):

Πyy = −2νητ−3 − 2ν2(ητΠ − 2λ1
d− 3

d− 2
)τ−4 +O(τ−5). (2.53)

As we know, the various transport coefficients present in the above formula are in fact

functions of energy density of the form dictated by the conformal symmetry:
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η = Cη0

( ε
C

)(d−1)/d

, τΠ = Cτ0
Π

( ε
C

)−1/d

, λ1 = Cλ0
1

( ε
C

)(d−2)/d

. (2.54)

In the above we have conveniently introduced reduced dimensionless constant transport

coefficients, and defined them to include C in a way removing energy density’s leading

normalization.

Using our leading order solution and the above relations we can obtain the explicit form

of the viscous tensor Πyy and insert it back into (2.51), to compute the first subleading

viscous correction. Since Πyy is of second order in derivatives, the total error will be of the

order ∂3, which is acceptable9.

The resulting asymptotic solution of the equation (2.50) is finally obtained as

ε(τ)

C
= τ−2+ν − 2η0τ

−2 +

[
2(d− 1)

d
η2

0 −
d− 2

d− 1

(
η0τ

0
Π − 2λ0

1

d− 3

d− 2

)]
τ−2−ν + ... (2.55)

The numerical constants present in the above solution must be provided by some micro-

scopic theory, as was mentioned before. We shall do this later using gauge/string duality in

the form of fluid/gravity correspondence. Also, there exists a one order higher expression

for the energy density (2.55), but we shall not present its (analogous) derivation here. It

can be found in e.g. [Heller 2009, Kinoshita 2009, Booth 2009]. This third order solution

will be used in later chapters.

2.1.6 Hydrodynamics from Boltzmann equation

To close this general introduction to hydrodynamics we will now very briefly describe

one last method of its construction for a given system from kinetic theory. We shall only

glance through the main conceptual points in this involved derivation, whose details can

be found in e.g. [Stewart 1971, Brandt 1995]. We are only interested in exemplifying how

tensorial structure of hydrodynamics along with transport coefficients are accessible at weak

coupling.

The discussion given above is valid for arbitrary coupling strength, like for the nuclear

plasma matter in RHIC. Such regimes in direct approach have no known stable quasi-

particles that could be used to describe the system perturbatively. However in a weakly

coupled regime one can construct hydrodynamic approximation to finite temperature field

theory state from first principles using Boltzmann equation, where one has access to exact

microscopic degrees of freedom. The advantage of such an approach is that one can ap-

proximately compute various transport coefficients. Moreover, in kinetic theory one is not

limited to equilibrium states and can in addition access non-equilibrium configurations. On

the downside of this approach, due to the complexity of full Boltzmann hierarchy there is

a central problem of specifying what simplified model of particle interactions and distribu-

tion functions should one adopt for computations. This introduces certain ambiguity which

ultimately again has to be fixed by comparison to e.g. experimental data.

To begin with, as we already know the hydrodynamic approximation amounts to stating

that field theory energy-momentum tensor assumes a certain specific form resembling the

9We remind here, that the formal hydrodynamic expansion parameter is (∇)/T ∼ τ−2/3, for the leading
solution behaving like T ∼ τ−1/3. Also, to check the scaling of Πyy with proper time, one has to remember
about the coordinates transformation between {t, z} and {τ, y} variables. It gives an extra factor of τ−2 ∼
(∂y/∂z)2 for a second rank tensor Πµν .
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thermodynamic limit. Equilibrium states corresponding to this are characterized by one-

particle distribution function in phase space f(p, x) obeying classical Boltzmann equation,

which in curved spacetime take the following form:

[
pµ

∂

∂xµ
− Γλµνp

µpν
]
f(p, x) = −C[f ]. (2.56)

The whole merit of using this approach to describe field theory state lies in the structure

of the term C[f ] called the collision integral and the structure of the form factor f(p, x).

The collision integral encodes information on the type of interactions and couplings of

the field theory under consideration. Knowing it exactly is part of the problem signalled

above and one usually adopts some justified Ansatz for it. The statement of being close

to equilibrium requires further assumption on the split of distribution function f(p, x) into

its equilibrium feq(p, x) and non-equilibrium δf(p, x) parts, and suitable parametrization

of the equilibrium part, which introduces hydrodynamic temperature and velocity fields:

f(p, x) = feq(−u(x) · p/T (x))(1 + δf(p, x)). (2.57)

In principle for a generic form factor f(p, x) a whole sequence of hydrodynamic equations

can be obtained by taking moments10 of the Boltzmann equation (2.56) with respect to the

particle momentum pµ. The zero-th moment

∫
dχ ≡

∫
d4δ(−p2)θ(p0), (2.58)

of the equation (2.56) upon integrating by parts leads to:

∇µ
∫
dχpµ

√
−gf(p, x) = −

∫
dχ
√
−gC[f ]. (2.59)

For a theory with conserved charges or only elastic collisions the integral of the collision

term on the right hand side vanishes [Baier 2008], and one arrives at the familiar conserva-

tion of the particles current, ∇µjµ = 0. Next, taking first moment
∫
dχpµ of the Boltzmann

equation yields the relation defining stress-energy tensor conservation:

∇µ
∫
dχpµpν

√
−gf(p, x) ≡ ∇µTµν = 0. (2.60)

One can carry this procedure further, which leads to infinite Boltzmann hierarchy of

chained moments equations. If one could solve them order by order, one could recover the

full distribution function f(p, x). In practise we must use approximations (2.57) mentioned

above for the near-equilibrium particle distribution functions. Under certain assumptions

one can introduce a tensor field Πµν(x) in the non-equilibrium part δf(p, x), which encap-

sulates dissipative effects:

δf(p, x) ∼ T−6pµpνΠµν . (2.61)

10We are only interested in conformal hydrodynamics, which requires massless particles, so the projector
is onto positive energy null momenta.



2.2. Closing remarks 25

By taking moments of such a particle number distribution one can derive an expression

for Πµν similar to the one encountered before in the hydrodynamic gradient expansion:

Πµν = −ησµν − τΠ
[
DΠ<µν> +

4

3
Πµν(λ · u)

]
+ 2τΠΠα(µΩν)

α +
λ1

η2
Πα<µΠν>

α . (2.62)

This formula is one of the reasons for which we describe the Boltzmann approach to

hydrodynamics. It contains transport coefficients like the ones we have seen before, but of

different values. In particular we can notice, that here λ2 = −2τΠη, λ3 = 0 and κ = 0. In

other words, weakly coupled hydrodynamics has similar tensorial structure as the strongly

coupled one, but mechanical properties of such a fluid are different. One thus concludes,

that indeed another approach is necessary to construct hydrodynamics for strongly coupled

field theory.

Another virtue of Boltzmann equation is the access to strongly non-equilibrium states

of field theory, which is difficult from purely thermodynamic point of view. An example of

such an application is the derivation of tensorial structures of the stress tensor in such a

non-equilibrium regime given in e.g. [Florkowski 2011, Florkowski 2013]. By an appropriate

parametrization of the particles density δf(p, x) one derives their stress-energy tensor not

originating from near-equilibrium gradient expansion. This result is particularly interesting

in view of the results of [Heller 2014], which we will describe in Chapter 8 on effective non-

equilibrium causal hydrodynamics generalization.

2.2 Closing remarks

In this chapter we have made an attempt at concisely introducing ideas, notion and

important details of the hydrodynamic approximation to evolving near-equilibrium state

in quantum field theory at arbitrary coupling. The main systematic approach leading

to arbitrary high order gradient expansion has been described to prepare background for

upcoming chapters, where effectively infinite order hydrodynamics will be analysed along

with evolution of strictly non-equilibrium (non-hydrodynamical) degrees of freedom.

An important lesson is that while we are able to construct tensorial structures and even

solutions to simplified non-linear equations of motion, at strong coupling we are forced to

rely on some external source of information, which must supplement our effective theory

derivation with microscopic information cumulated in transport coefficients. This data will

be provided by the AdS/CFT correspondence, which we shall introduce in the next chapter.





Chapter 3

AdS/CFT Correspondence

3.1 Introduction

In this chapter we will survey the fundamental ingredients of the gauge/string duality.

The first part of the review will be necessarily brief and synthetic as the topic is vast, well

established in theoretical physics by now and the relevant detailed literature is abundant.

The second part will concentrate on the thermal field theory region of the correspondence,

which will conclude with more detailed discussion of the fluid/gravity duality mechanisms.

The general aim is to first give a broader perspective on what AdS/CFT duality is and

then to introduce only the technical tools of the correspondence that we would need in the

present Thesis.

As a brief historical background let us describe how AdS/CFT emerged. String theory

originated as a model aiming to describe strong (nuclear) interactions in the confusing era of

1960’s discoveries, when myriads of new strongly interacting particles and states were being

discovered [Witten 2012]. These phenomena had features seemingly incompatible with

quantum field theory, like certain dualities in scattering amplitudes and Regge trajectories,

stating, that spectrum of states m should roughly form families parametrized by angular

momentum J of particles:

m2 ∼ Jα′. (3.1)

with α′ being the famous Regge slope. The suggestion was to use an extended object, a

string vibrating at the length scale of nuclear physics and reproducing spectrum of states.

Unfortunately among other problems this model failed at reproducing all the required scat-

tering amplitudes properties and was rejected in favour of QCD.

However a surprise came when it was realised, that the theory developed on this basis was

able to manufacture a massless spin-2 state coupled naturally to other states in the theory.

By reducing typical lengths to the Planck scale it appeared, that one might be able to derive

a unified theory of gravity. However further problems arose, with the unphysical negative

mass squared state of Tachyon, and more gruesome Lorentz symmetry anomaly, which

hampered progress for some time. The solution came with an advent of superstring theory

and anomaly cancellation calculation, which spurred the so-called superstring revolution of

the 1980’s. The solution is to some taste very elegant and determines what should be the

physical spacetime dimension (as the only theory in physics). It was found, that ten is the

only spacetime dimension, in which supersymmetric string theory is fully consistent and free

of Tachyon instability. One such a theory called type IIB chiral superstring is our master

framework, within which everything we are going to discuss takes place. Second crucial

progress came with the unexpected discovery of large non-perturbative objects hidden in

the light of the string theory, the D-branes. Termed unseen elephants roaming in the room

these new elements of the superstring theory discovered in early 1990’s brought non-abelian

gauge theories into the string theory picture.

In our context their main feature was that, put simplistically (by an account of a witness

from that time), D-branes were monopoles of the theory and ’people did, what one does with
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a monopole - they started scattering stuff on D-branes’. By computing scattering cross-

section of a closed string in 10-dimensional D-brane background a surprising behaviour was

found, that the string absorption cross-section behaves as

σ(ω) ∼ ω3, (3.2)

where ω is the energy of the string. This means, that probability of graviton-D-brane in-

teraction vanishes with decreasing energy. In other words, closed strings decouple from

D-branes at low energies. As a result two subsystems being initially parts of the same

theory, the D-brane and its surrounding spacetime with closed strings seem to become dis-

connected. However it appears that a non-trivial link between the two subsystems survives

the decoupling. This point is the heart of the AdS/CFT discovery, which we will describe

in more detail in Section 3.5.

3.2 N = 4 super-Yang-Mills theory in four dimensions

Let us begin by reviewing the key features of the particular field theory playing the

major role in the correspondence and our applications. As we mentioned in the introduction

with the discovery of D-branes it was found, that one can construct a non-Abelian super-

symmetric gauge theories using certain string theory states. The most important example

of such a theory is the maximally supersymmetric SU(N) N = 4 super-Yang-Mills theory

in four dimensions [Sohnius 1978]. It is called maximally supersymmetric because in d ≥ 4

SUSY algebra higher than N = 4 it would force inclusion of massless field of spin higher

than one, which would lead to a gravitational theory. Its Lagrangian is given by

L = tr

{
− 1

2g2
FµνF

µν +
θI

8π2
Fµν F̃

µν −
∑
a

iλ̄aσ̄µDµλa −
∑
i

DµX
iDµXi

+
∑
a,b,i

gCabi λa[Xi, λb] +
∑
a,b,i

gC̄iabλ̄
a[Xi, λ̄b] +

g2

2

∑
i,j

[Xi, Xj ]2
}
. (3.3)

The Yang-Mills coupling is g and is dimensionless. θI is the instanton angle. The field

content of this theory is N = 4 gauge supermultiplet and in d = 4 is uniquely specified by

supersymmetry:

Aaµ(x) : SU(N) adjoint gage field, SU(4)R singlet

λa, λ̄
a : 4 and 4̄ SU(4)R left Weyl fermions in the adjoint of SU(N), a = 1..4,

Xi : six real SO(6) scalars in the adjoint of SU(N), i = 1..6. (3.4)

Full global continuous symmetry of the theory is the superconformal group SU(2, 2|4),

containing:

Conformal group : SO(2, 4), (3.5)

R-symmetry : SO(6)R ∼ SU(4)R, (3.6)

Poincaré supersymmetry : N = 4, (3.7)

Conformal supersymmetry. (3.8)

The indices i = 1..6 and a = 1..4 in L are related to the listed above internal supersymme-

try automorphism group SO(6)R called R-symmetry. It is a global continuous symmetry

rotating supercharges (SUSY generators) into each other, and for extended supersymmetry



3.2. N = 4 super-Yang-Mills theory in four dimensions 29

like N = 4 it is usually non-abelian. R-symmetry induces a conserved current and one can

consider its U(1) subgroup. We shall be interested in this particular case in Chapter 5.

Depending on the values of scalar fields Xa the theory can have two phases, the super-

conformal point

〈Xi〉 = 0 → −g2
∑
ij

∫
tr[Xi, Xj ]2 = 0, (3.9)

and the Higgs phase (called also Coulomb branch),

〈Xi〉 6= 0. (3.10)

In the former case the gauge group SU(N) as well as the full symmetry group SU(2, 2|4)

remain intact, while in the latter one we observe spontaneous symmetry breaking of SU(N),

while the scale of 〈Xi〉 VEV breaks also the superconformal group.

We will work exclusively with the above field theory above the superconformal vacuum.

Many other theories can be constructed using AdS/CFT correspondence, like the N = 2? or

ABJM superconformal Chern-Simons gauge theories. But QCD near-conformal heavy-ion

plasma system we wish to model can be most simply approximated with the aid of N = 4

super-Yang-Mills. It has also several distinctive properties making it very interesting object

of study of its own. The most crucial one is that it remains conformal both classically

and quantum mechanically once we are in the conformal phase (in which we will only be

interested in). It is so by the remarkable property of supersymmetry-led protection, which

renders the β function one-loop exact. It is found to be vanishing exactly to all orders:

β = 0. (3.11)

Owing to this there is no dynamical scale generation nor running coupling, the interaction

strength can be set at will through the dimensionless coupling constant.

Being non-abelian gauge theory in four dimensions makes super-Yang-Mills quite a

good approximation to real world QCD. There are however important differences, which

we must keep in mind using any results we are going to derive later from holography. The

most important differences include

• Supersymmetry,

• No asymptotic freedom,

• Conformality,

• No matter in fundamental representation,

• No chiral symmetry breaking,

• No confinment, no phase transition,

• Large N in AdS/CFT context.
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Some of these differences become less relevant in the particular physical system we are go-

ing to analyse. In the presence of finite temperature supersymmetry is broken by different

boundary conditions imposed on fermions and bosons at the thermal circle. Temperature

introduces an explicit scale, which becomes the only relevant one, due to the strict con-

formality of the theory. Quark-gluon plasma in QCD is in the deconfined phase and is

dominated by glue, which further narrows the gap with large N non-confining SYM. Lastly,

QCD in the physical temperature range beyond the confinment, T ≥ 1.5Tc exhibits nearly

conformal stress-energy tensor (the so-called conformal window), alleviating the strict SYM

conformality problem. There are more subtle differences regarding e.g. detailed perturba-

tive scattering processes [Huot 2007, Caron-Huot 2008]. However as a tool to understand

qualitatively properties of non-perturbative thermal non-abelian gauge theory in real time,

as long as we stay above and away from Tc, super-Yang-Mills provides us with an excellent

theoretical laboratory with explicit simple computational framework of AdS/CFT, and we

shall use it to see what one might at all expect of gauge theory fluid at strong coupling.

3.3 String theory preliminaries

Let us now come back to the topic of D-branes mentioned in the introduction to explain

how AdS/CFT, or gauge/string correspondence is introduced. First we need a few general

mandatory remarks on the string theory construction to lay out standard terminology used

in the field.

Formally superstring theory is a theory of extended objects going beyond the notion of a

point as its basic constituent. Classically it considers one dimensional1 finite line segments,

i.e. strings propagating in spacetime,

Xµ : {τ, σ} → RD, σ ∈ [0, π], τ ∈ R (3.12)

embedded in a classical background of arbitrary dimension

GMN = ηMN , M,N = 0..D − 1. (3.13)

The so-called world-sheet coordinates {τ, σ} parametrize the surface of the string, which

is seen in the embedding space as a set of spatial intervals merged into a timelike stripe,

which for a free string can have either two edges or cylindrical topology. The corresponding

theories are called open and closed strings. The simplest action describing the system is

the famous Nambu-Goto proper area functional

S =
1

2πα′

∫
dτdσ

√
X ′2Ẋ2 − (Ẋ ·X ′)2, Ẋ = ∂τX, X

′ = ∂σX, (3.14)

with 2πα′ = T called the string tension and α′ called the Regge slope, reminiscent of the

primal application to strong physics. It is related to the only dimensionful parameter in

the whole string theory, the Planck length: α′ = `2P . It is worth stressing, that contrary to

our customary field theories like the Standard Model, all other properties and parameters

describing physics are in string theory generated, and not put in by hand, apart from the

overall scale `P .

The Nambu-Goto action is highly non-linear. There is however a way to recast it in a

much more tractable form of the non-linear sigma model, called in this context the Polyakov

1One can, and one does, in principle consider higher dimensional objects, but upon quantisation it
appears, that two dimensional objects quantisation is free of pathologies plaguing other possibilities of the
so-called membranes, [Becker 2006].
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action [Witten 2012]

S = −T
2

∫
dτdσhabGMN (X)∂aX

M∂bX
N , a, b = 0, 1, (3.15)

with hab being newly introduced non-dynamical world-sheet metric, necessary to rewrite

Nambu-Goto action in the above form. The crucial feature of this theory is that it enjoys

many symmetries, including conformal, Weyl and diffeomorphisms invariance. These are

the sources of computational power of string theory as it largely reduces to two dimensional

conformal field theory, where conformal group is extremely powerful. The full formulation

of the theory requires also inception of fermionic supersymmetry world-sheet fields, ghosts

and many other details, which we will not cover here and which can be found in many

excellent positions of the literature on string theory, e.g. [Witten 2012, Blumenhagen 2012,

Polchinski 1998].

Classical equations of motion following from the Polyakov action require boundary con-

ditions on the fields XM (τ, σ). As we mentioned these can be periodic, for the closed string,

or can be imposed at the two distinct ends of the string. This point is essential. For some

time the only accepted choice for the open string was the freely moving Neumann condition,

because of the requirement of Poincaré invariance. The other possibility of fixed-end Dirich-

let condition seemed to violate i.a. translational invariance of empty embedding space, and

as such was discarded as unphysical. However in 1995 it was realized by Polchinsky, that

there are good reasons to violate this symmetry by inclusion of new physical objects into

the theory, namely the D-branes, on which the open string can (and must) end. The role of

a D-brane is similar to that of a monopole (e.g. electron) in standard field theory. D-branes

are (p+ 1) dimensional hypersurfaces in the embedding space RD, where strings terminate,

and along which they can freely propagate. They have also additional properties, which

we will cover in the next section. As a technical remark, let us note, that to indicate the

dimensionality of the D-brane sometimes they are called Dp-branes, which corresponds to

the mentioned (p + 1) worldvolume of the brane. This means, that the Dp-brane has p

spatial dimensions, but also propagates through time, hence the +1 (in this language the

ordinary string would be called a D1-brane).

Before moving on let us say, that strings can propagate not just in a flat Minkowski space,

but in more general so-called background fields. The simplest of these is curved spacetime

GMN = GMN (X), as opposed to Minkowski space GMN = ηMN . Such a substitution

in (3.15) results in a non-trivial XM field dynamics, which makes the theory generically

difficult to solve. There are nonetheless examples, when this can be done exactly, and these

include AdS5xS
5 spacetime as well as the so-called PP-wave background.

We can however generalize (3.15) even further. We can consider other classical fields

in the embedding space and think how would they interact with the string subject to

their influence. This question is in exact analogy to to considerations of how to couple a

classical point particle to e.g. external magnetic or electric fields. The way to think of it

is to analyse what tensor structures one can build out of the world-sheet fields XM (τ, σ),

the metric hab(τ, σ) and their gradients, and how to couple them to the external tensors.

It appears, that string can interact with a variety of background fields, with many more

possibilities that just gauge potential as for an ordinary point particle. We can consider the

so-called dilaton field, which is spacetime scalar Φ(X). We can have the so-called B-field,

which is rank 2 antisymmetric tensor Bµν(X). Importantly we can also have the so-called

Ramond gauge p-form fields, which are generalizations of the U(1) gage potential Aµ to

higher rank forms: Aµ1..µp(X) (with totally antisymmetric indices). These are subject to

abelian gauge transformations,

A′p ∼ Ap + dφp−1. (3.16)
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Each Ap Ramond field gives raise to its field strength form

Fp = dAp−1 (3.17)

and the resulting theory is to some extent similar to ordinary electrodynamics. In par-

ticular Ramond potentials sport standard conserved charges defined by flux integrals over

appropriate spacetime hypersurfaces:

QRRp =

∫
Σp

Fp. (3.18)

We shall soon see how prominent role these bizarre objects play in the correspondence.

These various possible coupling can be summarized by writing the superstring Polyakov

action in a more general form including some of the background fields. The bosonic part

including the dilaton, and B-field is

Sx =
1

4πα′

∫
Σ

√
h

[{
habGMN (X) + εabBMN (X)

}
∂aX

M∂bX
N + α′R

(2)
h Φ(X)

]
(3.19)

Here R(2) is the two dimensional Ricci scalar of the metric hab, whose determinant we

denote by h. The fermionic part is considerably more involved and we shall not give it here

explicitly (see e.g. [D’Hoker 2002, Di Vecchia 2000, Di Vecchia 2003]).

Before moving to D-branes we shall make few last important words of comment con-

cerning superstrings per se. Firstly, we have seen that string theory in flat spacetime seems

to define a non-interacting two dimensional field theory. One may ask, how then all those

famous interacting low energy effective supergravity theories come from? How do we impose

interactions upon strings? Secondly, we have argued that one can insert into (3.15) some

background tensor fields taken out of the blue sky and expect to still have a well defined

theory. Is that assertion correct? The answer to these objections is delivered by one of the

more amusing and unexpected mechanisms one can experience in physics. Firstly, we need

to ask how do we actually quantize the string theory? It is done via path integrals using

the Polyakov action. The formula for quantum amplitudes is schematically given by

〈Amplitude〉 =
∑
top

∫
DhabDχc

∫
DXMDψe−Sx+Sψ , (3.20)

where just for completeness we have included in the measure the other superstring world-

sheet fields: the gravitino χc, the fermions ψ, and also standard bosonic string coordinate

field XM and the metric hab (there could also be ghost fields for the BRST quantisation).

The crucial point is that since we are integrating over all possible string world-sheet metrics

we should in fact include all possible two-dimensional topologies. This amounts to saying,

that instead of a simple infinite strip or cylinder one can have multiple splits and joining of

the string world-sheet, in direct analogy to the field theory Feynman graphs. The structure

of the path integral is understood better if we assume the dilaton field Φ to be non-zero

and constant, e.g. Φ0 = ϕ. Then the two dimensional integral of Ricci curvature in Sx
gives just the Euler characteristics of the string world-sheet (for the closed string):

Φ0

2π

∫
Σ

√
hR

(2)
h = Φ0χ(Σ) = ϕ(2− 2h), (3.21)

where h is the number of handles in the surface. The crucial point is now that each term

of h is accompanied by ϕ and one can effectively expand the amplitude path integral in

e(2−2h)ϕ. In this way we see, that the dilaton field plays the role of string interaction
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coupling constant, gs = eϕ, and the given string surface genus plays the role of the loop

order. In this way we discover genuine interactions among strings induced and organized

by the dilaton background field. We can say therefore, that string theory generates its own

coupling constant dynamically as a background field 2.

Having observed that the dilaton serves as a coupling we can also notice, that the other

classical background fields can be though of as effective coupling generating functions. We

could e.g. expand the classical background metric field GMN (X) in powers of XM and

observe, that it introduces infinitely many factors of Xn
M with some coefficients, akin to

higher coupling in the string action. The reason for which we give this lengthy discussion

will soon be revealed: we can try to compute quantum β functions for the background

fields regarding them as running couplings of the quantum string theory. Of course since

the string theory is conformally invariant on the world-sheet we should demand, that all

these β functions vanish. Let us see what condition follows from this procedure for the

background metric field GMN , [D’Hoker 2002]. By defining

βGMN (X) =
∂GMN

∂lnΛ
(3.22)

we get

βGMN =
1

2
RMN −

1

8
HMABH

AB
N + ∂MΦ∂NΦ +O(α′), (3.23)

and for conformal anomaly free quantum string theory we should impose βGMN = 0.

This expression truncated at the order α′ is nothing but a piece of type IIA supergravity

(i.e. Einstein) equations with source fields. H is the strength tensor for the B-field, H = dB.

We arrive at the advertised answer, that string theory based on the conformality constraint

puts self-consistency conditions on all the possible background fields, on which the string

can at all propagate. This is the origin of the supergravity approximation to the low energy

string effective action, which we shall use in the next section to discover AdS/CFT. The

mechanism described above shows, that from seemingly free theory one obtains a unique

set of classical interacting physics equations, which happen to be exactly the laws of general

relativity, i.e. we have derived Einstein’s theory from string theory as the vanishing of its

quantum beta function. What is even more exciting however, is that at the same time we

see how string theory can produce consistent classical corrections to General Relativity:

by computing higher α′ terms of βGMN we would obtain gradient corrections to Einstein

equations in the form of higher curvature terms.

3.4 Gauge theories emergence from superstrings

Let us now describe in a little more detail, how the N = 4 super-Yang-Mills and su-

pergravity theories emerge from certain limits of the type II B superstring theory in ten

dimensions. We have already signalled in Section 3.2, that d-dimensional non-Abelian gauge

theory can be derived form Dp-branes. As we mentioned above Dp-branes are dynamical

objects in string theory, on which open strings worldsheets can terminate. The tension of

such a string is related to its mass. The more stretched the string, the more massive state it

represents. Open strings attached to a D-brane can also interact with closed strings prop-

agating in the space surrounding the Dp-brain. In particular D-brane can emit or absorb a

closed string, for instance in a process when two open strings scatter on the D-brane, and

upon joining depart from it. We have referred to this process in the Introduction,3.1.

2To be honest here we have just inserted the Φ field by hand, but it actually originates from the string
spectrum in the first place. We shall not describe this process here due to the lack of space.
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The spectrum of open superstring states very roughly behaves as

m2 ∼ n

α′
, n = 0, 1, 2, . . . , (3.24)

where the natural number n is related to the string excitation level (recall that for the

IIB superstring the negative mass squared tachyon is absent), and this pattern is remotely

similar to the harmonic oscillator spectrum. As we know from string theory [Witten 2012]

these excitations correspond to various tensor fields constructed as products of creation

operators entering the solutions XM (τ, σ) to the Polyakov action Euler-Lagrange equations

of motion. These tensor fields have dispersion relations implied by the symmetries and

GSO projections used to construct the physical Hilbert space of quantum states.

The mass formula contains the familiar parameter α′. It is interesting to observe what

happens, if we consider the limiting case, when α′ → 0. It is readily seen, that all non-

zero masses become infinitely heavy and effectively decouple from the theory. However the

massless modes remain. This sector of the theory corresponds inter alia to gauge fields.

Intuitively, they are localized on the D-brane, because their zero masses correspond to

the minimal stretching (with endpoints of the strings attached to the Dp-brane). We can

consider also a more complex geometric setup, involving N Dp-branes, which can then

be connected by open string with endpoints attached to different D-branes. Still, we can

consider in such a situation the limit α′ → 0, which leaves us with the massless sector. The

crucial point is now that if we consider the case, when the N Dp-branes approach each other

and eventually meet at one spatial point, all the endpoints of open strings again propagate

over the same manifold. But, a trace of the original setup remains, in the so-called Chan-

Patton factors matrices. Very roughly these represent the initial pattern of open strings

connections, with index (i, j) of the matrix stating, that the string connects Dp-brane i to

Dp-brane j. This is exactly where the non-Abelian gauge theory comes from, as it turns out

that such a construction for the massless spectrum sector leads to a local gauge symmetry

SU(N). Additionally if we consider p = 3 case of D3-brane, in the limit of coalescing D3-

branes the string theory configuration turns out to possessN = 4 superconformal symmetry

(in the case of type IIB superstring). Now the final crucial point is the following. All we

said concerned the full string theory configuration with a Dp-brane, although in a specific

limit α′ → 0. Having realised, that we are left with the purely massless sector we could

wish to formulate an effective theory of the low energy massless excitations of the Dp-brane.

It indeed happens to be possible, [Tseytlin 1997, Di Vecchia 2000], and the D3-brane case

of a resulting theory is exactly the aforementioned four-dimensional N = 4 SU(N) super-

Yang-Mills theory. We will return to the described construction and limiting procedure in

the section below, as it is one of the founding stones of the AdS/CFT correspondence.

The other fundamental ingredient comes from realizing, what is the influence of the

stack of D3-branes on the surrounding embedding space. This part concerns the mentioned

above closed strings interacting with it. Without going into much detail, one can also

formulate a consistent low energy effective theory describing the massless sector of these

closed strings. It turns out to be precisely the ten-dimensional supergravity theory, whose

equations of motion were discovered with the aid of superstring theory β function above,

(3.23). If one confines attention to the supergravity approximation, one finds, that Dp-

branes possess masses and certain charges, which regarded as classical sources lead to

appearance of specific classical Einstein equations solutions, which by analogy are also

called p-branes. These supergravity solutions are understood as being the background

fields over which superstrings can propagate. These are exactly the fields, which we were

considering from the string world-sheet perspective above, (3.19).
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3.5 The AdS/CFT correspondence

As we justified above, we have arrived at the equations defining what background fields

are allowed for superstrings. These happen to be solutions to classical supergravity equa-

tions. For the type IIB superstring theory in which we are interested the corresponding

background fields should follow 10-dimensional type IIB supergravity equations. The so-

lutions to these are known as p-branes, and in particular they are solutions to Einstein

equations in the presence of dilaton field and precisely the Ramond-Ramond p-forms we

have mentioned before. Exactly these fields are sourced by the Dp-branes, as we mentioned

above and as we will see in a more detail below.

Let us focus on the case relevant to us, which is the D3-brane, because as we said it

leads to a four-dimensional gauge theory. The geometry of the system is such that flat

1 + 3 dimensional D3 brane worldvolume is aligned along X0, X1, X2, X3 directions, which

we now call xµ, and there are six directions orthogonal to the brane hypersurface in the

overall ten dimensional string embedding space R10. These transverse directions are called

now ym, m = 4, 5, 6, 7, 8, 9. From their point of view, brane is a pointlike object and one

can introduce spherical coordinates around it, with radial distance y and five sphere Ω5

parametrized by angles ϑi, i = 1..5. Subject to these symmetry constraints the type IIB

SUGRA has a solution of the form:
gs = eϕ, C constant

Bµν = A2µν = 0

ds2 = H(y)−1/2dxµdxµ +H(y)1/2(dy2 + y2dΩ2
5)

F+
5µνρστ = εµνρστυ∂

υH(y)

(3.25)

Here C is the so-called axion field, gs is the familiar dilaton and both these are constant. A2

and B are our 2-form Ramond and Kalb-Ramond B-fields, F+ is the field strength tensor

for the only non-zero Ramond-Ramond field, the self-dual (as indicated by + sign) 4-form

field A+
4µνρσ and metric is the ten dimensional D3-brane itself, depending on just one scalar

function

H(y) = 1 +
4πgsN(α′)2

y4
. (3.26)

The parameter N in the solution is equal to the Ramond-Ramond five form F+
5 flux through

the five-sphere around the D3-brane,

N =

∫
Ω5

F+
5 . (3.27)

This is a very crucial point, as that is how the future gauge group parameter N enters

the correspondence. It is equal to the Ramond-Ramond 5-charge of the D3-brane. Its

physical meaning is twofold. On the one hand it is the mentioned charge, but it can also be

thought of as the number of individual D3-branes, each carrying a unit of Ramond-Ramond

5-charge, which are brought together and stacked on the top of each other, as we discussed

in Section 3.4.

The second crucial feature of the D3-brane metric is the presence of both constant

dilaton gs and string slope α′ in H(y). We shall see now what is the significance of this

combination.

AdS/CFT correspondence [Maldacena 1999, Witten 1998, Gubser 1998] is discovered

by performing the Maldacena limit of superstring theory in the background fields (3.25).
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To perform the limit we recast the flux N D3-brane metric in the form more suitable for

what we intend to do with it,

ds2 =

(
1 +

L4

y4

)− 1
2

ηµνdxµdxν +

(
1 +

L4

y4

) 1
2

(dy2 + y2dΩ2
5), (3.28)

with L4 ≡ 4πgsN(α′)2. The above geometry can be inserted verbatim into the string theory

action (3.15). Let us now take the limit α′ → 0, i.e. the same as we considered in Section

(3.4). Upon such a substitution we can ask the following question: what are the properties

of the string propagating in various regions of the above D3-brane background?

We can address this question with two limits: y � L and y < L. In the first case we

recover the flat ten dimensional spacetime far away from the brane, where string propagates

freely as if there was no brane. In the former case we seem to have a singular geometry

near y ∼ 0. This is however only a superficial divergence. We can analyse this region of

the solution called the throat by introducing a new radial variable:

z =
L2

y
≡
√

4πgsNα
′

y
. (3.29)

Now in the large z limit the metric (3.28) reaches the following form,

ds2 = L2

[
1

z2
ηµνdxµdxν +

dz2

z2
+ dΩ2

5

]
= L2GAdS5×S5

MN dXMdXN . (3.30)

This is now a product geometry consisting of two parts, one being the five sphere S5 with

metric L2dΩ2
5 and radius L2. The second part is five dimensional hyperbolic anti-de Sitter

space AdS5 with the same radius as the five-sphere L2 and constant negative curvature.

The most important feature of this new space is that AdS geometry has conformal isometry

group, which means that it is invariant under the full conformal group in five dimensions.

Many forthcoming results rely on this emergent enhanced symmetry property of the near

horizon geometry.

However, again, since we are considering the limit α′ → 0, which implies L → 0, the

geometry with vanishing metric (3.30) seems to be singular. We could be anxious therefore,

if this is a sensible construction. To answer this question we will take a closer look at the

string action in the background geometry of (3.30). This point brings us to the celebrated

Maldacena limit.

Maldacena considered keeping N , gs fixed in (3.28) background and letting

α′ → 0. (3.31)

This corresponds in string action to precisely the limit where (3.29) is finite and y is

small, because L2 contains the factor of α′. It is sometimes called the near horizon limit of

the D3-brane.

Let us now check what does this mean for the string theory action, which being multi-

plied by 1/α′ should naively be singular. If we adopt the background geometry to be (3.30),

then the non-linear sigma model of (3.15) becomes

SG =
L2

4πα′

∫
Σ

√
hhabGAdS5×S5

MN (x)∂aX
M∂bX

N . (3.32)

As a result we can observe how background metric field parameters blend with the string

world-sheet action to produce new effective string coupling:

L2

4πα′
=

√
λ

4π
, λ ≡ gsN. (3.33)
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When we allow α′ → 0 keeping λ fixed we in fact put L → 0. Contrary to our concerns

however, the string action turns out to possess a smooth limit in this process, given by

SG =

√
λ

4π

∫
Σ

√
hhabGAdS5×S5

MN (x)∂aX
M∂bX

N , (3.34)

with GAdS5×S5

MN being just the pure AdS5 × S5 metric

ds2 =
1

z2
ηµνdxµdxν +

dz2

z2
+ dΩ2

5, (3.35)

We can see, that now 1/
√
λ plays the role of the string coupling and the geometry

scale factor L cancelled completely. This means, that we have recovered finite conformally

invariant theory, owing to the conformal symmetry of the empty AdS spacetime.

Let us now ask the following question: how does the Maldacena limit affect the quantum

string theory spectrum? Repeating what we have been discussing in Section 3.4 we know,

that in this limit only massless string states remain.

The point is that in the α′ → 0 limit all massive states, the so called excitations

tower (3.24), becomes infinitely massive and decouples from the string dynamics, leaving

only the few massless states with n = 0. Complementarily, we can also ask how the

string spectrum behaves if we vary the effective coupling λ. The case of λ → 0 leads the

full perturbative string spectrum. In λ → ∞ case however, we reach again the massless

supergravity sector. In any case therefore we can construct a low energy effective action

for the massless superstring states in the presence of D3-branes. This theory consists

of open string excitations localised on the brane worldvolume and closed string states in

the spacetime surrounding it. The effective theory localised on the D3-brane is in our

case precisely the large N super-Yang-Mills theory described in Section 3.2, with effective

coupling constant being exactly λ = g2
YMN = gsN . The theory of closed massless string

states is in turn the type IIB supergravity, which provided us with the classical D3-brane

background.

The essential point of AdS/CFT correspondence is that these two theories being parts

of the same physical system are dual to each other and we are going to formally verbalize

this relation now.

The AdS/CFT correspondence states, that the full quantum d = 4 SU(N) N = 4 super-

Yang-Mills theory is completely equivalent to the full quantum IIB superstring theory in the

product background space AdS5 × S5. The equivalence postulates isomorphism of Hilbert

spaces and duality between all the correlation functions for all gs ≡ g2
YM and N , and is

summarized as equality of generating functionals:

ZIIB[φ(x)] = ZCFT[φ(x)], (3.36)

where φ(x) is the source for the field theory operator on the one hand, and classical field

boundary condition imposed in the string theory path integral at the AdS5 space conformal

boundary z → 0, on the other hand.

The above statement formally allows to compute correlation functions in conformal field

theory using string theory generating functional. Of course we do not know it explicitly.

However, very importantly upon Maldacena limit we can additionally perform the strong

’t Hooft limit of λ → ∞. In this case the type IIB string theory reduces to the afore-

mentioned classical type IIB supergravity. Because of this AdS/CFT correspondence is

often termed weak-strong duality, because in the CFT side it corresponds to large coupling

λ→∞, while on the string theory side it leads to the weak gravity approximation of small
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curvature 1/L→ 0. We obtain in this regime a very important practical approximation

ZIIB[φ(x)] ∼ ZSUGRA[φ(x)] =

∫
Φ(x,z=0)∼φ(x)

DΦe−SSUGRA[Φ(x,z)], (3.37)

and SSUGRA[Φ(x, z)] is the IIB supergravity action with boundary conditions on SUGRA

fields collectively denoted by φ(x) imposed at z → 0. The specific operator, whose corre-

lation function would be computed by (3.37) is specified by the concrete dual field Φ(x, z)

allowed in the SUGRA action. Scalar Φ(x, z) would induce scalar CFT operator coupling,

e.g. φ(x)TrF̂ 2(x), vector source would induce another vector, e.g. Ôµ(x)Jµ(x), and so on.

In this sense one often claims, that the dual field theory resides at the boundary z = 0 of

the AdS space. Interior of the AdS space with z > 0 where the gravity lives is commonly

called the bulk.

The logarithm of ZIIB[φ(x)] serves therefore as an effective connected correlation func-

tions generator at strong ’t Hooft coupling λ → ∞. This is precisely the regime, in which

we will perform all the subsequent calculations.

An important remark should be made here concerning the actual space used in the

duality (3.36), (3.37). We have seen how the AdS5 × S5 string background descented

from the general D3-brane solution in the near horizon limit y → 0. This canonical AdS5

spacetime is relevant for vacuum calculations in SYM CFT. However we have mentioned

various boundary conditions to be imposed in (3.37) on the way to finding solutions. It

may happen, that these conditions will influence bulk geometry so much, that it will no

longer be pure anti-de Sitter, but some other space. Such a situation is generic, expected,

and allowed provided one universal condition is satisfied: all the possible solutions must

be asymptotically AdS, meaning, that its local near-boundary expansion around z ∼ 0 is

equivalent to AdS space. As it turns out many physical systems described by AdS/CFT

duality fall into this category. In our case it will be the so-called AdS-black brane solution,

which will be described shortly in subsequent sections. It should be understood from now

on, that by AdS spaces we most of the time mean AAdS, asymptotically-AdS spaces. All

such spaces can be cast in the following form generalizing pure AdS space (3.35), called

Fefferman-Graham chart of AAdS:

ds2 =
1

z2
gµν(x, z)dxµdxν +

dz2

z2
+ dΩ2

5. (3.38)

We remind, that the above x ∈ R4 are coordinates transverse to the bulk dimension z.

They are called boundary or field theory directions, because they are parallel to the AAdS

boundary. The generic four-dimensional metric gµν(x, z) represents all the allowed depar-

tures from pure AdS space, and defines the induced boundary metric as

g0
µν(x) = lim

z→0
z2gµν(x, z). (3.39)

This entity is what we will understand as the boundary metric or boundary condition for

the full five dimensional metric GMN (x, z). In our case it will be flat Minkowksi ηµν , but

a priori it could be any metric supporting super-conformal field theory, also of non-trivial

topology.

As a closing remark let us say, that the correspondence statement above was phrased in

its strongest form, and as such is still conjectural. In practice most of the calculations were

and are performed in the classical supergravity approximation corresponding to the strongly

coupled super-Yang-Mills theory with λ→∞. Powerful and complicated computations in

1/
√
λ were performed in the vast field of integrability leading to 1/α′ corrections and gave

perfect agreement with perturbative SYM computations. Corrections in 1/N on the other

hand remain a challenge and mystery, and are in fact related to strongly quantum regime

of superstring theory, where its understanding is still scarce.
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3.6 Holographic renormalization

The core technique we are going to use in all the subsequent considerations is

called holographic renormalization, basics of which we shall recall following [de Haro 2001,

Skenderis 2002]. It is a systematic procedure of computing correlation functions from grav-

ity by employing formulas (3.36) with approximation (3.37).

Unfortunately amid this simplification the SUGRA partition function (3.37) for finite

λ is still beyond reach of exact computations. However the quark-gluon plasma system we

are interested in is strongly coupled. Therefore we can confine our attention to the large

effective gauge coupling λ limit, in which case the path integral (3.37) can be evaluated by

the saddle point approximation with prescribed boundary conditions at z = 0. This leads

to an operational formula for the connected correlation functions generating functional:

WCFT[φ(x)] ≡ ln〈e−
∫
∂AdS

φ(x)Ô(x)〉CFT = −Son-shell
SUGRA[Φ(x, 0)]. (3.40)

The action is on-shell, meaning we evaluate the integral on the classical gravity solutions and

integrate over the whole AdS spacetime. Of course the proper volume of the entire involved

AdS space is formally infinite, and therefore we need to suitably regularize and renormalize

the action before using it in computations. This fact is the source of the term holographic

renormalization. The divergence of the gravity action closely mimics the corresponding UV

divergences in the dual CFT.

Regularization and renormalization routines also bear resemblance to field theory in that

one isolates and removes divergence with covariant counterterms. A regulator is introduced

as a cut-off on the radial direction dz integral by shifting away from the spatial infinity,

which gives Sreg
ε . Then counterterms are obtained as induced on-shell action at z = ε

S =

∫
AdS5

d~xdz
√
G(x, z)LEH → Sc-t

ε = 〈singularities of〉
∫
AdS5|z=ε

d~x
√
G(x, ε)LEH.(3.41)

LEH is the SUGRA Einstein-Hilbert action (sometimes conventionally metric determinant√
G(x, z) is included in it).

Holographic renormalization is carried out by subtracting counterterms from regulated

on-shell gravity action and taking the limit ε→ 0:

Son-shell
ren = lim

ε→0
[Sreg
ε − Sc-t

ε ]. (3.42)

Once the renormalized on-shell action is found with appropriate bulk fields dual to

our operators of interest we can use the holographic formula to compute their correlation

functions. Our forthcoming cases of interest will include only stress-energy operator and

R-charge current operator of super-Yang-Mills theory dual to AdS5×S5 supergravity with

flat Minkowski boundary metric ηµν at z = 0. According to the holographic dictionary, the

supergravity field dual to the stress tensor is the five dimensional metric GMN itself and

R-charge current at the boundary is dual to the bulk U(1) Maxwell gauge field AM .

For these cases we shall use two holographic relations:

〈T̂µν(x)〉CFT =
2√
g0

δSon-shell
ren [GMN ]

δg0
µν(x)

∣∣∣∣
g0
µν=ηµν

(3.43)

〈ĴµR(x)〉CFT =
2
√
η

δSon-shell
ren [GMN ;AM ]

δA0
µ(x)

∣∣∣∣
A0
µ=0

(3.44)

where µ, ν = 0..3 are bulk tensor indices M,N restricted to boundary dimensions of the dual

field theory. In the above we have indicated two arbitrary boundary conditions serving as
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auxiliary sources used for the purpose of functional differentiation (in complete analogy to

e.g. magnetisation computations on statistical physics). The metric boundary components

are Gµν(x, z = 0) ≡ g0
µν(x) and the gauge potential boundary part is Aµ(x, z = 0) = A0

µ(x).

The boundary metric determinant absolute value is denoted η or g0 and after the functional

derivative is evaluated we put these auxiliary sources to the physical boundary values.

We should now ask how do we actually use (3.43)? We need to solve classical gravity

equations following from SSUGRA[G,A,Φ, ...] including equations for the additional fields

and evaluate the action on the solutions. This means we need to solve

RMN −
1

2
RGMN = ΛGMN + Tmatter

MN (3.45)

and additional equations for the matter fields. Here Λ in the negative cosmological constant

necessary to obtain AAdS spacetime as a solution. In our applications based on AdS5 it

will always be fixed as Λ = −6. The second order system above requires two boundary con-

ditions for each field, and possibly initial conditions if we are looking for dynamic solutions

(as will be the case in our applications). Most of the time solving Einstein equations is a

formidable effort. There is however a very efficient strategy of solving them perturbatively

as a power series near z = 0. This approach allows one to iteratively obtain the solution

starting with the boundary value and proceeding inward the bulk. This approach will be

utilized by us on several occasions later on, so let us give a very brief account on it.

If we adopt metric Ansatz of the form (3.38) and introduce expansion

gµν(x, z) = g0
µν(x) +

∞∑
n=1

gnµν(x)zn, (3.46)

it can be shown upon insertion to (3.45) by an explicit calculation, that coefficients of

all odd powers zn vanish, g0
µν(x) and g4

µν(x) are undetermined by the equations and all

other series coefficients are algebraically determined in terms of these two functions. The

two mentioned components are unspecified by the equations because they are precisely the

boundary conditions we must impose in order to find a unique local solution. Once they are

given, one can produce as many terms of the expansion as one likes. This procedure however

does not in general lead to an analytical, because one would have to sum the corresponding

series, which is generically not doable. The utility of the described procedure is however

very significant, as will be demonstrated by the following argument (it will also play a

significant role in developments of chapters 6 and 7).

The key use of the formula (3.46) is that one can use it to evaluate (3.43), to express

the expectation value of the gauge theory energy-momentum tensor in terms of the gravity

solution:

〈T̂µν(x)〉 = g4
µν(x). (3.47)

That is simply all. Just fourth order term (for this dual operator), which is exactly the

boundary condition needed to find the solution in the bulk. How to understand this mu-

tual dependence? One can use the prescription (3.43) in a twofold way depending on the

application. If we want to find geometry dual to the specific known boundary operator

expectation value, e.g. 〈T̂µν(x)〉 we use it along with the boundary metric as boundary

conditions for the classical Einstein equations and solve them. That ends one application.

The second possibility is that we have somehow obtained an exact gravity solution and want

so see the corresponding expectation value of the dual operator. In this case we simply use

holographic prescription in the form of (3.47) and obtain the desired expectation value. In

our applications we will follow this path to extract gauge theory stress tensor from gravity.
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Finally let us state, that the described procedures translate verbatim to other fields, in

particular to the bulk gauge potential AM (x, z), with just different equation of motion for

it. We will see this in action in Chapter 5.

This concludes our introduction to string theory and basics of holography. We shall now

pass to themes specific to our applications with an aim of showing how fluid/gravity duality

emerges from string theory by breathing life into the cold and static D3-brane solutions.

3.7 Strongly coupled thermodynamics

For future reference we begin with a description of some important results derived

from a static black brane gravity dual in five AdS dimensions. The main outcome of these

considerations will be basic thermodynamics of strongly coupled N = 4 super-Yang-Mills

field theory at equilibrium.

The AdS dual to equilibrium state also lays down a convenient minimalistic foundation

for describing important properties of the correspondence and possible generalisations, the

most important one for us being the derivation of the fluid/gravity duality. Considera-

tions of equilibrium dual geometry properties played an important role in the inception of

AdS/CFT as being relevant in the context of quark-gluon fluid model research. This part

of the correspondence is of course the main subject of the present Thesis. The literature

covering thermal systems duality is already vast. In what follows we shall rely on the con-

cise discussion of [Janik 2011] and later on the main paper introducing fluid dynamics is

AdS/CFT, [Bhattacharyya 2008b].

In contrast to the vacuum field theory configuration of Section 3.5, our goal will now be

to construct a gravity dual to static uniform thermal state in four dimensional N = 4 SYM

gauge theory. Such a state is specified in field theory by the set of symmetries respected by

the corresponding matter and energy distribution: full translational and rotational symme-

try, parity and the equation of state following from conformal invariance.

As we have already discussed in Chapter 2, such a state can be represented by field

theory stress-energy tensor thermal expectation value. The listed constraints reduce it to

the following form:

Tµν =


E 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

 . (3.48)

The above tensor parametrizes system of homogeneous energy density E and pressure

p, filling the whole infinite space. Conformal symmetry provides us with an equation of

state coming from the tracelessness condition: E = 3p.

According to the AdS/CFT correspondence and holographic renormalization described

above, to find the gravity dual to this thermal system,

GMN (z)dxMdxN =
gµν(z)dxµdxν + dz2

z2
(3.49)

we have to solve static vacuum Einstein equations EMN = 0 with appropriate boundary

conditions:

gµν(z) = ηµν + z4 2π2

N2
Tµν +O(z6). (3.50)
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The numerical constant in front of the z4 term is specific to the particular theory we are

building dual geometry to, and reflects among other things qualitative number of adjoint

gauge degrees of freedom at large N.

Given the above an exact solution can be found, since the stress tensor Tµν is time

independent and Einstein equations reduce to one dimensional ordinary differential equation

in the bulk variable z, which can be solved analytically (metric dependence on the directions

xi is removed by symmetries).

The solution reads:

ds2 = − (1− z4/z4
0)2

(1 + z4/z4
0)z2

dt2 + (1 + z4/z4
0)
dx2

i

z2
+
dz2

z2
. (3.51)

This geometry is standard planar AdS-Schwarzschild black brane in Fefferman-Graham

coordinates. Its other form can be revealed by the following coordinates transformation:

zS =
z√

1 + z4/z4
0

. (3.52)

This transformation brings the solution to the Schwarzschild-like form, modulo the

scaling factor 1/z2
S , with variable zS playing the role of the standard Schwarzschild spatial

radius:

ds2 = −1− z4
S/z

4
S0

z2
S

dt2 +
dx2

i

z2
S

+
1

1− z4
S/z

4
S0

dz2
S

z2
S

. (3.53)

The solution parameters in the two coordinate systems are related as zS0 = z0/
√

2. With

the above metric representation one can identify zS0 and accordingly z0 with the black

brane horizon position. It shows, that static thermal field theory state is represented by

the simplest spacetime black object, the planar static black brane.

Let us make a remark on one feature of solution (3.51). The SYM theory we are

building holographic dual to is exactly conformally invariant and as such has conformally

invariant vacuum. This fact is reflected on the gravity side by the conformal isometry of

the corresponding state’s gravity dual, which is empty AdS. Among other symmetries it is

invariant under scalings:

ds2 =
−dt2 + dx2

1 + dx2
2 + dx2

3 + dz2

z2
is invariant under z → λz, xµ → λxµ. (3.54)

However thermal state (3.48) breaks conformal invariance by the introduced fixed energy

scale E. Conformal symmetry now manifests itself by relating different thermal black brane

solutions to each other with rescaled horizon locus parameter,

xµ → λxµ, z → λz ⇒ z0 → z̃0 = z0/λ. (3.55)

In this sense symmetry breaking solution becomes a representation of the underlying sym-

metry, like in particle physics.

The connection between field theory variables and the gravity solution parameters is

established with the aid of holographic formula for the stress-energy tensor expectation

value. It yields a relation between the only scales present on both sides, the energy density

E and the metric parameter z0. By expanding the temporal metric component (often called

warp-factor) near the boundary z = 0

− (1 + z4/z4
0)2

(1 + z4/z4
0)z2

= − 1

z2
+

3

z4
0

z2 +O(z6), (3.56)
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and subsequently keeping (along the lines of the holographic dictionary) only the z2 ≡ z4/z2

coefficient, we obtain:

E =
3N2

2π2z4
0

. (3.57)

This important formula states that the static energy density is inversely proportional to the

fourth power of the horizon locus, z0, with the coefficient scaling as the number of SU(N)

gauge degrees of freedom. This is consistent with the deconfined phase of field theory, which

amid strong coupling exhibits scaling with N2. This relation is one of the building blocks in

the construction of the fluid/gravity duality, which will be introduced further below. The

thermodynamic relation to pressure is given by the vanishing trace3, E = 3p.

The compact result (3.51) is an efficient laboratory with which one can derive exact

microscopic formulas for certain class of strongly coupled non-Abelian gauge field theories.

We will demonstrate this inter alia by identifying temperature of the equilibrium system,

which we shall accomplish by using Wick rotation approach working both in field theory and

in General Relativity. In the realm of QCD the prevailing approach to derive such quantities

is still based on complicated lattice simulations. The existence of AdS/CFT is a promising

development towards completely different dynamical framework of non-perturbative gauge

theory analysis, which however is yet to be completed.

In order to find the temperature on the gravity side we pass to the Euclidean section

t = iτ on the complex time plane of the complex-continued metric (3.51), and compactify

the temporal direction to a circle S1 with the condition

τ ∼ τ + 1/T. (3.58)

The spacetime is now R+ × R3 × S1, with the boundary at z = 0 being R3 × S1. The

periodicity (equivalently the inverse of the Hawking temperature) will be found from the

requirement, that the Euclidean geometry is nonsingular. The next step is to focus on the

near-horizon region of the geometry (3.51), z ∼ z0 which amounts to adopting a new bulk

coordinate suggested by the vanishing of the metric at the horizon:

ρ =
z

z0
, ζ = 1− ρ, ζ ∈ [0, 1]. (3.59)

Then the (τ, ζ) part of the metric ds2
⊥ can be approximated as:

ds2
⊥ =

(1− ρ)2(1 + ρ)2(1 + ρ2)2dτ2

(1 + ρ4)ρ2z2
0

+
dρ2

ρ2
∼ 8ζ2

z2
0

dτ2 + dζ2 +O(ζ)3. (3.60)

The obtained expression resembles the standard polar coordinates metric, however with

angular coordinate τ having wrong periodicity (3.58). To assure that there is no conical

singularity we must thus demand that:

φ ≡ 81/2

z0
τ ∈ [0, 2π], (3.61)

3It can be independently confirmed by the direct expansion of all components in (3.51), and taking the
trace.
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so using (3.58) we obtain the condition:

T =

√
2

πz0
. (3.62)

From the field theory point of view, which lives at the conformal boundary z → 0,

R3 × S1, we also have the same compactified Euclidean time direction, τ . By standard

statistical field theory path integral arguments and canonical ensemble we obtain, that T

should be interpreted as the temperature. Owing to the previous arguments we see, that

its value is strictly related to the black hole horizon locus.

The second quantity crucial for building thermodynamics is entropy. This entity is also

present in the gravitational system, as is known from the work of Bekenstein and Hawking

[Bekenstein 1973, Hawking 1975]. It is derived from geometrical properties of the event

horizon, most important of which is the area growth theorem. We shall rely on this concept

later in the Chapter 6, where its generalisation to dynamical case will be explored. In

general the black hole entropy reads:

S =
A

4GN
, (3.63)

where A is the spatial horizon area and GN is the gravity coupling parameter, the Newton

constant.

The original derivation of the Bekenstein-Hawking entropy was carried out for compact

horizons (whose spatial sections are homotopic to sphere), while presently we are considering

planar black brane horizons of infinite spatial volume. The quantity of interest to us is thus

the densitized entropy per unit spatial 3-volume element (since we are considering D3-

branes):

s =
1

4GN

d(Area)

d(3-Volume)
. (3.64)

The Newton constant in our case is GN = π/(2N2). The area is computed as the volume

element induced at the horizon locus z = z0 and constant time t?:

d(Area) =
√
γ

∣∣∣∣
z0,t?

dx1dx2dx3. (3.65)

The spatial unit 3-volume of the D3-brane is in turn

d(3-Volume) = dx1dx2dx3. (3.66)

Upon division we obtain, after using the spatial longitudinal (along the horizon) part of

(3.51) the final expression for the entropy density:

s =
N2

2π

(√
2

z0

)3

. (3.67)

As we see the gravitational entropy is parametrized by the horizon locus z0, and scales

as N2. This quantity is identified with the entropy of the dual field theory by virtue of the
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holographic principle: the entropy of gravitating system (loosely counting the dominant

gravitational degrees of freedom) is equal to the boundary field theory entropy in one

dimension lower. With the aid of the temperature T obtained above, it can be expressed

exclusively through the field theory variables:

s =
1

2
N2π2T 3. (3.68)

It is worth noting, that field theory entropy which roughly counts degrees of freedom scales

with the number of colors like in free theory, N2, being again an indication of a deconfined

phase.

The last field theory formula that can be assembled here is the relation between energy

density and temperature:

E =
3

8
N2π2T 4. (3.69)

We can make an observation, that both the entropy density and the energy density have

numerical coefficients different from the corresponding free gas expressions, that could be

obtained by weakly coupled perturbative methods. We have thus obtained a prediction

from AdS/CFT for the strongly coupled SYM theory. The entropy is smaller by a factor of

3/4 from the free gas answer, reflecting the heuristic argument, that strong coupling binds

degrees of freedom together decreasing their total count (however maintaining N2 scaling).

It is worth noting, that high temperature thermodynamics of QCD plasma obtained from

lattice QCD has a similar deviation from the free Yang-Mills expression. For instance,

based on lattice simulations, above but close to the Tc the entropy density of QCD plasma

is reduced to 30 % of the ideal gas value, whereas for higher temperatures T ∼ (2 − 3)Tc
it approaches the perturbative answer [Karsch 1990] (it is argued there, that the difference

can be attributed mostly to the non-perturbative pressure behaviour).

With the temperature, entropy and equation of state we have completed basic construc-

tion of the strongly coupled plasma thermodynamics. The variables s and T are constants,

as required by global thermal equilibrium, and this fact corresponds to the static spacetime

geometry. Non-equilibrium generalizations of thermodynamics are usually difficult to ob-

tain, but as we shall see, AdS/CFT provides us with means to achieve this, starting with

hydrodynamics, but going significantly beyond that.

To close this paragraph let us mention one last important point concerning the metric

(3.51). As we have seen, it was described in two coordinate systems, each making explicit

different aspects of the geometry (E.g. Schwarzschild form allows to enter the black hole,

in contrast to Fefferman-Graham [Kinoshita 2009], which in turn makes simpler the holo-

graphic relations). For future purposes it will be useful to present the same solution in one

more form, namely the ingoing Eddington-Finkelstein coordinates:

tEF = t− 1

4
zS0(2 arctan

zS
zS0

+ log
zS0 + zS
zS0 − zS

). (3.70)

This chart is constructed by changing only the time coordinate, while maintaining the

radial Schwarzschild variable zS . These famous coordinates allow one to safely observe the

black brane geometry through the horizon up to the central curvature singularity at z →∞.

The two previously used coordinates systems are singular at the horizon (z0 or zS0), which

although unphysical, makes computations cumbersome. The Eddington-Finkelstein chart

in turn makes the metric manifestly regular there:
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ds2 = −1− z4
S/z

4
S0

z2
S

dt2EF + 2
dtEF dzS

z2
S

+
dx2

i

z2
S

, (3.71)

which is also often used in the inverse radial variable r = 1/zS, known from the D3-brane

considerations:

ds2 = −r2(1− r4
0

r4
)dt2EF − 2dtEF dr + r2dx2

i , with r0 = 1/zS0. (3.72)

The introduction of these coordinates helped to solve certain puzzling problems

[Heller 2009], which appeared during early days of fluid/gravity duality construction. They

will be used in the next paragraph as a starting point for the general understanding how

hydrodynamics emerges from the dual gravitational picture.

3.8 Hydrodynamics from string theory

So far we have been working in the realm of vacuum or static equilibrium systems.

The natural question is then, can we make the system evolve? Can we introduce dynamics

to the equilibrium, so that it is no longer balanced and study the various near- and far-

from-equilibrium processes? It is very interesting to ask these questions, because they

involve systems where entropy should be produced, or may even not be defined, as well as

thermodynamics may not be applicable due to the lack of global equilibrium.

The first step on the way to considering such situations is the construction of the afore-

mentioned fluid/gravity duality. The first hints, that hydrodynamical behaviour may be

embedded somehow in the gauge/string duality were given in the papers by Starinets and

others at the dawn of AdS/CFT correspondence [Policastro 2001], who considered linear

response theory in the AdS-black brane backgrounds. Their findings based on the so-called

quasinormal modes revealed unexpected universal formula on the viscosity-to-entropy ratio

of the holographic plasma, as well as hydrodynamic dispersion relations in static gravity

(and hence fluid) backgrounds. Below we introduce the fully developed dynamical scheme of

fluid/gravity duality, which is the cornerstone for most of the developments to be discussed

later on.

The technical summary of the whole construction is contained in Subsection 3.10.2.

3.8.1 Hydrodynamic expansion from gravity

As we have seen in the Chapter 2, hydrodynamics is essentially an effective theory,

obtained heuristically under certain assumptions as an approximation to some obfuscated

theory governing the microscopic evolution of the given system. The basic method of

obtaining it is through an expansion at consecutively finer scales, realized as a derivative

expansion with respect to time and space.

This mechanism, introduced to some extent ad hoc by an employment of Newton me-

chanics to extended bodies [Huang 1987] can be made formally exact in AdS/CFT corre-

spondence. By this we mean the following. In the traditional construction of hydrodynamics

(or some other effective theories) one must supplement the expansion with certain missing

information, most often numbers or operators encapsulating microscopic information lack-

ing from the expansion. These quantities must then be determined from experiment and

are external to the effective theory. In our case AdS/CFT allows one to both justify the

specific expansion structure microscopically, and compute the effective parameters exactly

(for the class of theories possessing holographical dual). In the case of hydrodynamics these
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parameters are commonly known as transport coefficients. For some generic theory these

must be inserted by hand into the equations of motion, whilst AdS/CFT delivers their

precise values.

We begin the construction with a remark of why one should at all expect hydrodynamics

emerging as an expansion of Einstein equations. Firstly, we have seen that the static

black brane in AdS5 leads holographically to a perfect gas stress-energy tensor, and its

thermodynamics. Secondly, the first dynamic realisation of a perfect fluid hydrodynamics

was put forward in [Janik 2006a]. There Einstein equations for boost-invariant system in

Fefferman-Graham coordinates were subject to large proper time expansion, which led to

the discovery of the scaling variable organizing the expansion of the equations in its inverse

powers.

It is thus intuitive, that one should seek a model based on a dynamic spacetime in

asymptotically-AdS space. Unfortunately finding explicit solutions to time dependent Ein-

stein equations in generic settings is often impossible. We are thus led to exploiting the

discovered expansion schemes.

The derivation we are about to describe employs such a scaling variable inspired ap-

proach, but using Eddington-Finkelstein coordinates for more general, non-boost-invariant

case. The use of non-singular geodesic coordinates is crucial for avoiding problems encoun-

tered in the Fefferman-Graham coordinates based approach, and leads to a healthy series

expansion.

The starting point are Einstein equations in d = 1 + 4 with negative cosmological

constant, Λ = −6:

GMN ≡ RMN −
1

2
gMNR− 6gMN = 0. (3.73)

Apart from the empty AdS5 metric (3.54) this equation admits a static black brane

solutions, like the one discussed previously, (3.72) (with r0 = 1). It can be recast in the

form

ds2 = −r2f(r)dv2 − 2dvdr + r2dx2, f(r) = 1− 1

r4
. (3.74)

The r variable ranges from AdS interior at r = 0 to the conformal boundary at r → ∞,

and v (customarily relabelling tEF) is the null-geodesic time. Such a choice resembles an

infinite ball, centred at the former D3-branes locus r = 0 and extending indefinitely. The

warp-factor f(r) is the horizon function vanishing at the normalized fixed horizon position

r = r0 = 1.

The key ingredient if one wishes to speak of non-equilibrium physics is to have some

explicit dynamics in the system. We should therefore find a way to induce some dynamics

in the static solution (3.74). The most trivial way to introduce simple time dependence in

a Poincaré-covariant theory is to push something with a boost, and watch it moving from

some selected rest frame. We should thus try crafting a solution by boosting the black

brane with some 3-velocity parameter 3-vector βi, along the horizon direction:

ds2 = −2uµdx
µdr − r2f(br)uµuνdx

µdxν + r2Pµνdx
µdxν , (3.75)

with uv =
1√

1− β2
, ui =

βi√
1− β2

, and Pµν = uµuν + ηµν . (3.76)

Apart from the constant boost parameter βi we have also introduced a constant b, rep-

resenting arbitrary possible position of the event horizon at r = 1/b, which corresponds
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to rescaling the initial solution. Let us emphasize, that this is still an exact solution to

Einstein equations. The reason, for which this is not a trivial step is the following.

These parameters can also be understood from an equivalent but in a sense deeper

perspective. One can notice, that the presence of the black brane horizon breaks the full

conformal isometry group SO(4, 2) of the empty AdS5 space, which represents symmetric

vacuum of the conformal field theory. The remaining residual symmetries of the thermal

state consists of boosts and translations along the horizon r = rh, SO(3) rotations acting on

the boundary directions xi and scalings. The rotations and translations annihilate the black

brane solution (in the sense of Killing vector generators defining the solution isometries,

acting analogously to symmetry charges), but the remaining symmetry subalgebra acts

non-trivially and transforms one solution into another. This gives a total of (1 + 3) = 4

parameters of the active transformations, {b, βi}, with which one can write the most general

form of a 4-parametric static black brane solution family (3.75), which as we mentioned are

still trivially exact solutions.

The reason to adopt the above point of view, is that now we can make the most important

and interesting observation: the four-parameter family of metrics (3.75) in fact forms a sort

of moduli space for the Einstein equations (3.73) five dimensional asmymptotically AdS

solution space, with moduli parameters represented by βi and b. These are remnants of the

symmetry algebra broken by the introduction of the black brane horizon into the empty

AdS spacetime. We can thus try to understand the low energy dynamics of this moduli

space, as is often done by gauging the moduli parameters βi and b, and promoting them to

be dynamical fields, which turns them into a sort of Goldstone modes. One could also call

them a collective coordinates fields, since uµ represents the motion of the brane as a whole.

Therefore by allowing parameters to vary we no longer have an exact metric solution, but

instead Einstein equations result in some constraints for their form. The theory of these

parameters low energy dynamics turns out to be exactly the advertised hydrodynamics

obtained from AdS/CFT, known as the fluid/gravity duality.

A concrete way of realizing this idea is to introduce new fields4,

b = b(xα), βi = βi(xα), (3.77)

and rewrite the metric solution as follows:

ds2 = −2uµ(xα)dxµdr − r2f(b(xα)r)uµ(xα)uν(xα)dxµdxν + r2Pµν(xα)dxµdxν . (3.78)

The new fields (3.77) in (3.78) represent a sort of ripples on the geometry, understood as

local distortions of the brane from its static form. Physically uµ(xα) and b(xα) are the

boost and scaling that would have to be applied at the point xα, to turn the metric locally

at that point into the static form (3.74).

The meaning of these new fields in the dual boundary field theory can be understood,

if we holographically read-off the stress-energy tensor dual to the above metric. The stress

tensor for arbitrary bulk geometry is defined conveniently in the following more general

form not restricted to the Fefferman-Graham coordinates:

Tαβ =

(
N2

4π2

)
lim
r→∞

r2

[
Kαβ − (K − 3)γαβ +

1

2
G

(4)
αβ

]
. (3.79)

4Notice the lack of r dependence. We are interested only in the directions ’along the moduli’, parallel
to the unperturbed horizon, which corresponds to light (gap-less) excitations. Explicit perturbation depen-
dence on r would be like a motion in the Higgs potential direction, corresponding to massive excitations.
These will be generated as a back-reaction to this low-energy perturbation, as shall will see.
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Here Kµν and K are the constant r hypersurface second fundamental form (extrinsic

curvature) and its trace, γµν is the induced metric and G
(4)
µν is its Einstein tensor. If we

evaluate this formula on the gauged metric (3.78) and drop all the derivative terms we

obtain a familiar looking tensor:

Tαβ =
1

b4
(ηαβ + 4uαuβ) . (3.80)

Formally this resembles the stress-energy tensor of a perfect fluid. At this stage the fields

b and uα(βi) are completely undetermined, but the obtained structure hints, that they could

be fluid dynamics variables: local temperature and fluid flow velocity. To confirm this we

must obtain and analyse their equations of motion. This is the goal of the subsequent

discussion and the central point of the fluid/gravity duality.

The expression (3.78) is now our candidate for a dynamical solution. Of course as we

mentioned for arbitrary new fields (3.77) it will not satisfy Einstein equations. But one may

hope that if the dynamics of b and βi would be sufficiently slow, then one could improve

the the perturbative metric and approximate the real fully dynamic solution. By slow

evolution we mean variations of our new fields small enough, so they are close to constant

fields, which of course correspond to an exact solution discussed above. We could instead

consider corrections to b and β to be just small in the amplitude. However as we just said

the rapidity of the perturbation is more relevant, because for arbitrarily small but constant

b and β metric (3.78) is again exact solution. We will see below what overall conditions on

the βi and b form are provided by Einstein equations.

We have used a phrase ’sufficiently slow’ in the description above. This implies an

existence of a certain scale, with respect to which we shall tell, if something is slow. This

is exactly where the gradient expansion of hydrodynamics appears in the present context.

The expansion scale in our case is provided by the only dimensionful parameter available

to us in our system: the horizon locus. In the static case it is specified by a single constant,

serving as the only global scale and directly translating to the temperature via T = 1/(πb).

In the present dynamic spacetime we shall call T (xα) a dynamic or local temperature. This

will be justified in subsequent chapters. We will use the local temperature T to form a

proper expansion parameter for Einstein equations.

We henceforth treat the metric (3.78) as a slowly-varying perturbation of the exact black

brane geometry (3.75), and try to improve it by adding and refining corrections. Einstein

equations will guide us in this task. Upon inserting the Ansatz (3.78) into the equations

terms of first and second orders in spacetime derivatives of b and βi appear:

GMN = GMN [g(0)
µν , ∂

n
µb, ∂

n
µβ

i] = 0, with n = 1, 2. (3.81)

Here g
(0)
µν is the exact background solution with suitably inserted local parameters. We will

now employ the scale represented by b(xα). By rescaling the bulk variable r with it, so

that the putative horizon defined by f(r) = 0 lies at r = 1 (which sets the unit scale as

b = 1), we unravel certain hierarchical structure. The nature of (3.81) is such, that all

appearances of derivatives along xα which were not scaled by b, of log b (terms like ∂b/b) or

βi, are accompanied by a multiplicative factor of b(xα) after this step. Let us assume, that

Ln represents a common b and βi fields space-time variation scale, originating in the n-th

∂α derivative, and T related to b is the temperature. It follows therefore from the structure

of (3.81), that each boundary coordinate n-derivative contribution to Einstein equations is

associated with a factor of (b/L)n ∼ 1/(TL)n.
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We thus see, that Einstein equations with the help of the scale b dictate a natural ex-

pansion parameter for the solutions. It is defined as a combination of the local temperature

T (xα) and the number of boundary (or transverse to r) directions derivatives ∂α, which

correspond to L. The small parameter we are looking for is thus 1/(TL), and we shall

seek a metric solution as a power series when TL � 1. This translates to the number

of derivatives at each order of the metric expansion (TL → ∞ amounts to no derivatives

at all, hence constant and exact equilibrium solution (3.75)). Such an expansion scheme

performed for a linear problem would be manifest in the Fourier space, where we could

directly define a small parameter as k/T , enforcing small momenta perturbations.

This description may seem a little convoluted, but in fact such an expansion parameter

is quite easy to implement. To effectively keep track of the number of differentiations it

suffices to introduce an auxiliary parameter through boundary coordinates rescaling:

xα → εxα. (3.82)

After this operation each partial boundary differential applied to b or βi will yield a

power of ε. We should thus think of ε as a small number, use it to expand Einstein

equations and set it to unity afterwards. Of course in principle one would also have to

show, that the resulting expansion in powers of ε is convergent at ε = 1. We will be dealing

with this issue in Chapter 7. The perturbative metric takes now the following shape:

gµν(xα, r) = g(0)
µν (b(εxα), βi(εxα), r) + εg(1)

µν (b(εxα), βi(εxα), r)

+ ε2g(2)
µν (b(εxα), βi(εxα), r) + o(ε2) (3.83)

The corrections take the form of additional r-dependent terms in the expansion, because

after introducing perturbations in b and βi it is likely that the metric will no longer strictly

maintain its initial structure (3.75). It would not suffice to focus just on the xα dependent

gauged parameters.

Such an Ansatz is inserted into Einstein equations and results in an infinite chain of

coupled equations for g
(i)
µν . The complete scheme of the derivative counting combines the

ε parameter in the functions arguments with the ε coefficient in front of the functions,

to collectively indicate, what is the order of the given term in the full equations chain

obtained from (3.81), upon inserting into them (3.83). Such a hierarchy of equations must

be supplemented with appropriate boundary conditions at the horizon, conformal boundary,

and subsequently solved order by order.

We again should clarify here, that this procedure aims at slow transverse evolution,

not equations linearisation. We admit arbitrarily large amplitude variations, necessary for

nonlinear horizon evolution, but small in momenta involved.

We shall not cover now the technical details and main steps of the whole construction,

but instead refer the reader to the Appendix 3.10 located at the end of the present chapter.

Here for brevity we proceed directly to the outcome of the above procedure, which at first

order (after further complicated operations described in the appendix) summarizes in the

following formulae:

ds2
(1) = −2uµdx

µdr − r2f(br)uµuνdx
µdxν + r2Pµνdx

µdxν (3.84)

+2r2bF (br)σµνdx
µdxν +

2

3
ruµuν∂λu

λdxµdxν − ruλ∂λ(uµuν)dxµdxν .
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The stress-energy tensor holographically extracted from this metric using (3.79) and

b = 1/(πT ) is:

T (1)
µν = (πT )4 (ηµν + 4uµuν)− 2(πT )3σµν . (3.85)

With σµν we denote the first order shear tensor:

σµν = PµαP νβ∂(αuβ) −
1

3
Pµν∂αu

α. (3.86)

The above expression has the precise form of a first order viscous hydrodynamics stress-

energy tensor, like the one encountered in Chapter 2. The general hydrodynamics equations

∇µTµν = 0 (3.87)

are found in the Appendix 3.10 and are discovered as a direct consequence of imposing Ein-

stein equations on (3.84). In the case at hand we would have above Tµν = T
(1)
µν of (3.85).

Again, following the appendix it can be noted, that the coefficient of the shear tensor in

(3.85) is not free, but is completely fixed through solving Einstein equations with appro-

priate boundary conditions and non-singularity of the solution at the horizon. The value

−2(πT )2σµν ≡ −2η(T )σµν seen above corresponds precisely to the shear viscosity to en-

tropy ratio, which we mentioned already in the opening introductory chapter, and which was

originally found from Kubo formula for stress tensor correlation function [Policastro 2001].

For our gauge theory at strong coupling we have equilibrium entropy density5 s = 4π4T 3,

so with the above shear viscosity η = π3T 3 we find in agreement with the classical result,

that

η

s
=

1

4π
. (3.88)

This proves the statement made at the beginning of our considerations, that AdS/CFT can

justify the structure of hydrodynamic gradient expansion and give exact numerical values

of the dual theory transport coefficients.

3.9 Closing remarks

We close this chapter with a few noteworthy remarks. There are several important or

even remarkable facts following from the whole fluid/gravity duality programme:

• The obtained tensor, as well as all higher derivable corrections, is unique and specified

by the microscopic theory.

• The systematic derivation gives us well justified constitutive relations6 for the hydro-

dynamic stress-energy tensor. These would otherwise have to be postulated at the

level of heuristic hydrodynamics construction.

5We have found previously s in (3.67) with different normalization conventions. However, by noticing
that the leading part of (3.85) is the perfect fluid expression, we retrieve its pressure as (πT )4. Then from
thermodynamics and free energy density to pressure relation P = −f , we have with f = u + Ts, where
u and s are energy and entropy densities, that (πT )4 = P = −u + Ts, and since for our conformal fluid
u = 3P we obtain s = 4π4T 3.

6As we introduced in Chapter 2, these are parametrisations of the stress tensor by the fluid variables of
temperature and velocity.
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• Transport coefficients are computed exactly, and in principle we can obtain as many

of these, as we need, although it becomes more cumbersome with their order.

• There were no assumptions on the form of the stress-energy tensor. It all followed

uniquely from the structure of Einstein equations solution in AdS space.

• We have constructed a map from the space of hydrodynamics solutions into the space

of Einstein equations solutions. The latter one is generally much richer that the

former, but in the regime of gradient expansion they coincide.

• The fact that a precise hydrodynamic equation was found in gravity has many po-

tentially profound consequences. To name just one, we may have found another way

to attack the long standing challenges of hydrodynamics, like the turbulence. There

has already been some development in this direction [Eling 2010].

• Lastly, it is fascinating that we have gained a way to investigate near-equilibrium

physics from gravity. Black holes have long been known to have thermodynamic

properties, but with the AdS/CFT duality we can have alternative access to micro-

scopically justified non-equilibrium physics.

We the above we have completed the introduction to the dynamic fluid/gravity duality.

As a final remark let us note, that the above procedure carried with aim at generality is

necessarily excessively complicated and not simple to algorithmize on a computer. However

in the case of more specialized boost-invariant system, in which we shall be mostly interested

in later on, there is an equivalent but operationally more efficient way to compute the metric

in a gradient expansion. It is based on the use of the mentioned before scaling variable. We

shall rely on this approach in Chapter 7, where we will describe very high order gradient

expansion computations.

3.10 Appendix A: The technical details of fluid/gravity

duality

In this technical appendix we resume the detailed explanation of how fluid/gravity

works.

3.10.1 Iterative fluid/gravity duality expansion scheme

The functions g
(i)
µν introduced in (3.83) are geometry corrections that must be deter-

mined from the set of equations (3.81). We must however refine a little bit the picture of

the perturbative structure based on these corrections. Namely, the functions b and βi, as a

part of the metric gµν , satisfy certain equations of motion derived together with equations

for g
(i)
µν from the Einstein tensor (3.81). But these equations for b and βi will also themselves

be corrected with each order in the ε expansion, so their solutions are in fact also of the

form:

b(xα) = b(0)(εxα) + εb(1)(εxα) +O(ε2), (3.89)

β(xα) = β(0)(εxα) + εβ(1)(εxα) +O(ε2). (3.90)

To dismantle a possible confusion with the ultimate appearance of the ε parameters in

(3.83) we should state more explicitly, how higher order corrections are constructed. The
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term g(1) in the final solution of Einstein equations is assembled from two main pieces.

Assuming the knowledge of the zero-th order terms7, b(0) and β(0), first we insert β =

β(0)(εxα)+εβ(1)(εxα) and b = b(0)(εxα)+εb(1)(εxα) into the zero-th order term g(0)(b, βi),

expand it to the first order in ε, and then we write the Ansatz for g(1) in the form:

g(1)
µν (xα, r) =

[
∂εg

(0)
µν

(
b(0)(εxα) + εb(1)(εxα), β(0)(εxα) + εβ(1)(εxα)

)]∣∣∣∣
ε=0

+ g̃(1)
µν (r). (3.91)

In the first part coming from the lower order only the b(0)(xα) and β(0)(xα) will survive

(in fact their derivatives ∂α), and the second one, g̃
(1)
µν (r), is the generic first order r-

dependent metric correction. So this is the complete term contains all the information

related to the one-derivative contribution to the solution gµν .

Let us now finally turn to the structure of the perturbative system of equations, obtained

from (3.81). In an inductive manner let us assume, that for some n we already know the

solutions for g(i) up to the order (n − 1), and for b(i) and β(i) to the order (n − 2)8. By

inserting them to the Ansatz (3.83) and expanding Einstein equations (3.81) in ε, we get

the following chain of equations:

H
[
g(0)(β(0), b(0))

]
g(n)
µν (xα, r) = s(n)

µν (xα), n = 0, 1, .... (3.92)

Each such an object is a coefficient of the Einstein tensor expansion parameter εn, and thus

represents an n-th order contribution to Einstein equations. This expression represents a

system of ordinary differential equations second order in variable r, coupled through the

sources s(n). These equations possesses certain important features.

First of all the left hand side is arranged so that it does not depend on any boundary

derivatives ∂α or lower order metric contributions g(i<n). This is because each such a term

would carry appropriate factors of ε, which would increase the overall expression order

beyond εn, since the term g(n) is already of this order. Only the unscaled r-derivatives

remain. In this way we effectively linearise9 and separate the system of equations for g
(i)
µν .

All the dependence on the transverse directions xα is encoded algebraically in the zero-

th order functions b(0) and β(0), but not in their derivatives. We have thus obtained an

operator H, that is a local function of the boundary variables xα, whose values at any such

point is specified only by the values of b(0) and β(0) there. In other words it means, that to

evaluate this differential operator at some point one only needs to know the values of the b

and βi fields at that point, and not their derivatives. This property is called ultralocality

and plays an important role in the construction, as will be noted below.

Second feature of the equations (3.92) is that they can be further divided into disjoint

tensorial channels for different metric components, according to the scalar, vector and tensor

representations of the spatial rotation group SO(3), acting on the boundary directions xi.

In this way we utilize the part of the unbroken symmetry algebra annihilating the exact

stationary brane solution. The decomposition guarantees a decoupling of these distinct

channels, just like in the linear metric perturbations analysis [Kovtun 2005]. In fact what we

do here is a sort of linear analysis on the top of every lower order metric. The net nonlinear

7Of course g
(0)
µν is known exactly from the boosted black brain solution, discussed above.

8For n ≤ 1 we assume these terms to be unconstrained or absent. Terms with i < 0 will not appear
in the equations and terms b(0) and β(0) are unconstrained at the zero-th order n = 0, since they are at
this order equivalent to constant boost and scaling. They can to this order be removed by a change of
coordinates.

9For the leading order expression g(n) only, the combined evolution is still nonlinear.
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evolution is achieved through the sources. Each such a channel possesses its own differential

operator, HR, the same at every order ε for each SO(3) irreducible representation R. Also,

these operators do not depend on the order n.

The third point involves sources s
(n)
µν (xα). These on the other hand depend on all lower

order contributions b(i), β(i), g
(i)
µν for i < n, and their combinations with boundary ∂α

derivatives, that give in total expressions of the order εn. For example s(n) contains terms

like ∂kαb
(l), with (k+ l) = n. These expressions are in principle very complicated, with their

complexity degree growing rapidly with n. They carry all the burden of communicating

various components of the metric between different perturbation orders and couple them

together.

Lastly, we should mention that b(n)(xα) and β(n)(xα) are absent from the equations at

the order εn altogether. They can not appear at this order, since with derivatives they

would exceed the considered perturbation order n, and without derivatives they would be

simply equivalent to some strictly constant b and βi terms. But such terms solve Einstein

equations exactly, since they are equivalent to global boost and rescaling of the exact static

black brane solution that we have started with, and thus are a symmetry of the exact

solution. The purely algebraic occurrence of the functions b(0) and β(0) on the left in H

stems from the fact, that they are of zero-th order in ε and thus do not contribute to the

power counting.

Also we could note, that we are in fact considering a (possibly huge) perturbation of an

existing horizon, put in by hand into the AdS bulk. In such case no matter what we do we

should always reach the equilibrium black brane configuration. From this perspective we are

always in a local neighbourhood of the equilibrium state, sourced by the near-equilibrium

metric g
(0)
µν in H.

To proceed further with the construction we shall now observe that Einstein equations in

general consist of dynamical equations, and constraints. The same holds for the expanded

version, (3.92). By counting, as for a symmetric tensor in five dimensions they form a

total of 5 × 6/2 = 15 equations. Upon closer analysis it can be discovered, that four of

these equations do not contain genuine metric corrections, g(i)µν , but only the boundary

fields b and βi. These equations do not depend on the second order bulk r derivatives.

Consequently they are regarded as constraint equations10.

To extract these qualitatively different equations from the complete system (3.92) we

utilize the projection of Einstein tensor (3.81) onto the bulk direction dr. By contracting

this tensor with the vector ξM dual to the 1-form dr11

ξM = (0, 0, 0, 0,
1√
−gvv

), (3.93)

we obtain the following vector:

GMNξ
M = EN , N = t, x, y, z, r. (3.94)

The components N = t, x, y, z form a subset of constraints, a vector confined to the

hypersurfaces r = const. parallel to the boundary. If one evaluates this expression on a

10Usually constraints are understood as relations up to first order in derivatives, imposed at a constant
time hypersurface, which are carried further in time by the dynamic equations. In the context of AdS/CFT
we often encounter a so-called radial evolution, which means solving Einstein equations in the bulk variable
r. Thus relations stated at constant r hypersurface are termed constraints. They appear to be conserved
by the radial Einstein equations ’evolution’, and thus are correct also at the boundary.

11Since we will be considering equation at the order n, the vector ξM may be computed with respect to
the static initial metric (3.74), because all the metric corrections would exceed the order n.
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metric expanded up to the order n, E
(n)
α = 0, its Taylor expansion near the boundary

r →∞ will reveal its important content:

∂αT
αβ
(n−1)(x

σ) = 0. (3.95)

In this expression Tαβ(n−1) is precisely the stress-energy tensor (3.79) holographically

obtained from the lower order solution, g
(n−1)
µν . As such Tαβ(n−1) satisfies the boundary

conformal symmetry (essentially is traceless) and is a local function of b(xα) and βi(xα),

interpreted before as the potential boundary temperature and velocity fields. This equation

confirms this expectation and the tensor itself is now interpreted as the stress-energy tensor

of the fluid dual to the gravity solution under construction. The equation (3.95) is the long-

pursued hydrodynamics equation and this result is the very core of fluid/gravity duality.

Part of Einstein equations have the functional form of fluid equations.

It should be noted, that this tensor at the order (n − 1) is a function of all the lower

order hydrodynamic fields b(i) and β(i), up to the order (n − 1). Since we are considering

Einstein equations at the order n, we discover that to find a solution at this order, we first

need to know the form of the one order lower fluid stress-energy tensor, solving (3.95).

3.10.2 Solving one step of the fluid/gravity expansion scheme

We have at this point completed the construction of the iterative scheme. To concep-

tually clarify this somewhat involved procedure let us now point out the major steps taken

to arrive at a solution of the order n. The detailed procedure is transparent but highly tech-

nical. The in-depth discussion is contained in the original work of [Bhattacharyya 2008b]

(see also [Hubeny 2012]).

The steps are as follows.

• We start with the zero-th order Ansatz (3.75) for ds2
(0) = g

(0)
µν (b, βi)dxµdxν , with the

fields b = b(0)(xα) and β = β(0)(xα) completely unconstrained.

• We holographically extract the zero-th order stress tensor Tαβ(0) , (3.80).

• We evaluate Einstein equations on the above initial metric ds2
(0) to obtain constraint

equations (3.94) for the fields b(0) and β(0):

∇αTαβ(0) (xα) = 0. (3.96)

• Due to the ultralocal nature of equations (3.92) we only need a local solution at a

given point (e.g. xµ = 0), instead of a general nonlinear hydrodynamics solution of

(3.96), which is hard to obtain. The constraint equations impose relations of first

order in derivatives between the stress tensor components, but does not completely

determine the hydrodynamic fields. However at a single point xα used for the ultralo-

cal analysis we can impose b = 1 and uµ = (1, 0, 0, 0) by an appropriate coordinate

transformation. Then only the gradients of these fields will remain in the expanded

Einstein equations12, and they are bound by the hydrodynamic constraint equation.

To the first order in derivatives (and for the hydrodynamic fields of the order ε0) the

constraint (3.96) evaluates to:

∂vb
(0) =

∂iβ
(0)
i

3
, ∂ib

(0) = ∂vβ
(0)
i , b(0) = 1, uµ(0) = (1, 0, 0, 0). (3.97)

12We can now appreciate the boundary ∂α derivatives absence in the operator H of (3.92).
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No further restrictions can be imposed on these fields at this order.

• Next we construct the first order metric (3.91) by expanding the zero-th order metric

g
(0)
µν (b(0), β(0)) to the first order in gradients of b(0) and β(0), and add the genuine

metric correction g
(1)
µν (r).

• We then plug this corrected metric into Einstein equations, use the hydrodynamic

constraints of (3.97) and obtain the equations for three different SO(3) channels:

scalar, vector tensor, with appropriate source terms s
(1)
µν built from the lower order

metric components, g
(0)
µν and their gradients ∂α.

• The resulting second order equations are integrated in the bulk, from r′ = ∞ to

some given r′ = r. Since we are using manifestly regular Eddington-Finkelstein-like

coordinates the r-integration boundary condition in the bulk must ensure that the

metric will be non-singular up to the AdS curvature blow-up at r → 0. For example,

for a tensorial metric correction the solution reads:

α(1) = −
∫ ∞
r

dx

f(x)x5

∫ x

1

s(y)dy, with f(x) = 1− 1

x
, (3.98)

and the regularity at the initial equilibrium horizon locus r = 1 is achieved by the

internal integral’s lower limit. When its upper limit reaches x = 1, the singularity in

f(x) is cancelled. This mechanism persists to all orders in the gradient expansion,

since as we said the evolution operator H of (3.92) is the same at every order n. The

second condition at the conformal boundary r →∞ is that the metric there remains

unchanged as a Minkowski metric. This imposes vanishing Dirichlet condition on all

the metric corrections at r =∞. This is implemented in the above integral similarly

as before, by the upper limit of the external integral. The whole metric correction

vanishes when lower limit tends to the boundary, r →∞.

• In the above bulk variable integration the transport coefficients emerge. This is ex-

actly where we extract the information from the so-called near boundary UV sector

of the theory and coin it into the specific numerical constants, creating the effec-

tive IR hydrodynamical description of the theory. This is one of the most important

points, as transport coefficients are of major phenomenological interest. The various

numbers emerging during integrations like (3.98) and forming these coefficients ap-

pear to be of the precise value necessary to assure metric regularity. Should these

be different we would obtain a naked singularity in the bulk, contradicting physical-

ity. This mechanism is Eddington-Finkelstein incarnation of the original Fefferman-

Graham non-singularity condition [Janik 2011] determining transport coefficient from

Riemann tensor squared (i.e. coordinate invariant) regularity. Here we do not need

to use such additional structures because coordinates themselves are regular and can

determine transport coefficients.

• After obtaining the solution g
(1)
µν in all the channels we need to covariantize it to

revert the fixing of b and uµ fields. This is done by a general boost and rescaling, or

considering what four dimensional structures could be formed from three dimensional

velocity and scaling.

• Subsequently we insert this complete solution g
(1)
µν to the metric Ansatz and repeat

the procedure to construct g(2)µν .



Chapter 4

Geometric tools from General

Relativity

The essential part of fluid/gravity duality introduced in the previous chapter relies on

obtaining solutions to non-linear time dependent Einstein equations. This is a challenging

task which we will face in chapters 6 and 7, and requiring knowledge beyond pure differential

equations theory. This includes certain tools from differential geometry, which is the very

fabric of General Relativity.

In this chapter we gather and summarize several gravitational physics mathematical

techniques, which will be instrumental in our developments of chapter 6.

To solve the nonlinear set of Einstein equations one often has to resort to numerical

methods. The field of numerical General Relativity is vast and among others, deals with

problems of colliding black holes, gravitating hydrodynamics and gravitational radiation.

It turned out to be instrumental in the recently successful search for gravitational waves

by preparing templates of possible signal waveforms. However the possibility of solving

numerically dynamical gravity comes at a price. The problem must be well posed for

simulations on the computer which has finite memory and requires proper handling of

singularities. Several approaches to numerical GR have been developed over the years to

tackle specific problems. One of the most widely known utilizes the famous Arnowitt, Deser,

Misner [Arnowitt 1959] Hamiltonian formulation of General Relativity or the so called BSSN

3+1 formulation. As will be discussed later, specific variation of the ADM method allowed

us to obtain for the first time a full numerical dynamical geometry dual to gauge theory

fluid with canonical Minkowski boundary conditions at the AdS space boundary. The only

previous successful attempt of [Chesler 2009] dealt with distorted non-Minkowski boundary

condition, which however is not exactly the physical plasma system we are modelling with

holography. The approach we developed is the first implementation of ADM formulation in

the realm of AdS/CFT, dealing with non-asymptotically flat spacetime. The introduction

of this method led us to a novel (to our knowledge) technique of handling singularities in

the numerical integration domain. We will elaborate more on this in Chapter 6. Here we

shall collect some relevant facts on General Relativity and describe the details of the ADM

formulation, following mostly the discussion of [Poisson 2004] and [Baumgarte 2003].

4.1 ADM formulation of General Relativity

The unity of space and time is the founding stone of relativity. Equal footing on which

those dimensions are treated is expressed as diffeomorphisms invariance (or redundancy)

of General Relativity. Under general (nonlinear) coordinates transformation temporal and

spatial directions can be mixed to form a new coordinate system. The role of coordinates is

just to cover (or map) the manifold and we are free to do this in any way convenient. This

freedom is the gauge redundancy of the theory. Often to perform specific computations

it is necessary to specify an explicit form of the metric. This breaks the diffeomorphisms

invariance. In the case we will be interested in a particular distinction between temporal
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and spatial dimensions will turns out to be useful. We shall describe a way to introduce

such a scheme leading to the ADM formulation.

Let us assume that on the manifold of interest (M, gµν), µ = 0, ..., d, covered by some

reference coordinates {xµ} one can define a single valued real scalar function λ(x). The

only additional condition on the function is that its gradient 1-form

Ωµ = ∇µλ(x), (4.1)

gives a future directed time-like vector field

nµ = −αgµν∇νλ(x), α =
1√

−gµν∇µλ(x)∇νλ(x)
. (4.2)

This condition implies that the spatial hypersurfaces defined by λ(x) = const. will not

intersect, since the vector nµ normal to the hypersurface is not allowed to turn around

(which would change the norm from time-like). Thus the function λ(x) specifies an ordered

collection of hypersurfaces called foliation of the manifold and is in a sense monotonic. Apart

from that the foliation is arbitrary, we can slice the space as desired and this freedom is one

of the most advantageous features of the ADM formulation. Spatial slices of the foliation

can be thought of as constant time hypersurfaces with consecutive values of λ(x). The

quantity α being the norm of the normal 1-form is called lapse and is central to our present

and future discussion. It will be described in more detail later in what follows.

In general a hypersurface can be specified in two complementary ways. By the constraint

equation,

Φ(x) ≡ λ(x)− C = 0, (4.3)

and by parametric equation in a given coordinates system,

{xµ = fµ(λ = C, ya)}. (4.4)

The parameters ya play the role of induced coordinates on the hypersurface.

Apart from the foliation one can also cover the whole spacetime with time-like para-

metric curves (e.g. geodesics, but not necessarily) intersecting each hypersurface once, like

straight lines would densely cover the Euclidean plane. Such a collection of lines is called

a congruence. Each member curve would pierce the foliation leaf λ(x) at some point {ya}
and can be parametrized with the value of λ along the flow through the foliation leaves:

γy(λ) = {xµ(λ, ya)}. (4.5)

By demanding that each curve γy crosses the hypersurfaces at the same values of parameters

{ya} we can fix their values between the hypersurfaces and align them. In this way a new

coordinate system covering spacetime can be introduced, by choosing λ(x) as the new time

and {ya} as the new spatial coordinates. As seen in the above expression for γy(λ), one

such curve can be obtained from the hypersurface’s parametric equation by fixing the spatial

parameters {ya} and letting λ vary freely.

The congruence need not to be orthogonal to the foliation, the covering of spacetime

with it is again to some extent arbitrary. By taking the derivative of γy(λ) with respect to

the level function, we obtain a vector field tangent to the congruence:

tµ =
d

dλ
xµ(λ, ya). (4.6)

Similarly the hypersurface tangent basis can be found as:
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eµa =
∂

∂ya
xµ(λ, yc), eµanµ ∝ eµa∂µλ(x) = 0. (4.7)

The vector tµ is time-like but not necessarily parallel to the normal vector nµ. In fact,

it can be decomposed into the normal and tangent parts, as seen from the definitions of the

unit normal and tangent vectors (4.2),(4.6):

tµ = αnµ + βaeµa . (4.8)

The spatial projection βµ(x) is called the shift vector and is tangent to the spatial

hypersurfaces. It reflects the freedom of the congruence orientation relative to the foliation.

It also can be seen as sliding of the subsequent spatial coordinates on the successive slices.

An important property of the vector tµ is that it is dual to the level 1-form Ω for any shift

βµ:

tµΩµ = 1, (4.9)

as opposed to the unit normal vector nµ. This means that tµ connects hypersurfaces

separated by the same amount of proper time parameter along the curves γ. In other words

γ is an integral curve of the vector field tµ and Lie derivative along tµ∂µ is a derivative with

respect to λ in orthogonal {λ, ya} coordinates.

Thus far we have discussed the issues of coordinates and spacetime mapping. To gain

access to more detailed information about the space, foliation embedding in the ambient

space, its curvature and evolution we have to turn to more complicated quantities. An

important object related to hypersurfaces is the first fundamental form, or induced metric:

γµν = gµν + nµnν . (4.10)

It is a purely transverse (spatial) tensor: γµνn
ν = 0 and also a projection operator:

γ α
µ γαν = γµν . (4.11)

The tensor γµν(x) is confined to the hypersurface and contains information on its in-

trinsic properties. With it one can project various tensors onto the foliation leaves. There

is a covariant derivative compatible with it,

DµT
β
α = γ σ

µ γ
β
ι γ

κ
α ∇σT ικ, Dµγαβ = 0. (4.12)

Further objects like the Christoffel symbols, induced Riemann tensor Rµναβ and others

can also be introduced.

Next important tensor is the second fundamental form or extrinsic curvature, defined

as:

Kµν = −1

2
Lnγµν . (4.13)

The Lie derivative is taken along the unit normal vector nµ. This tensor contains

information about the embedding of the hypersurface in the ambient space. It describes
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how it bends with the foliation function λ(x) but also how the induced metric changes with

advancing λ.

With the projection operator at hand we can now decompose Einstein equations,

Rµν −
1

2
Rgµν = 8πGNTµν , (4.14)

into the transverse and longitudinal parts. Although in the later discussion we will be

interested in vacuum equations, we leave the present considerations at a general level and

keep the stress tensor Tµν non-zero. It is useful in view of future AdS/CFT applications,

as precisely this term contains the cosmological constant Λ. The projection results in

separation of constraints from dynamical equations and also casts (4.14) in the form of a

first order differential system. For later convenience let us define the projected densities:

ρ = Tµνn
µnν , jα = −Tµνnµγνα, Sµν = Tαβγ

α
µγ

β
ν . (4.15)

Using appropriate projections of the Riemann tensor we arrive at the so called Hamilto-

nian and momentum constraints, following from the Gauss and Codazzi equations respec-

tively:

R+K2 −KµνK
µν = 16πGNρ, (4.16)

DαK
α
µ −DµK = 8πGN jµ. (4.17)

Those relations represent the inner stress of the given hypersurface and relates it to the

projected energy and momentum current densities. They also reflect the decomposition of

the spacetime, since there are no components in the direction orthogonal to the surface.

The dynamics of spacetime in encoded in the definition of extrinsic curvature and Ricci

equation. Recall from (4.13) that given the extrinsic curvature Kµν one can evolve the

induced metric along the normal vector. In the view of (4.9) we adopt the vector tµ as the

time flow direction and rewrite (4.13) as an evolution equation for γµν :

Ltγµν = −2αKµν +Dµβν +Dνβµ. (4.18)

Accordingly, after brief calculations using Einsten and Ricci equations, one obtains the

evolution equation for the extrinsic curvature [Baumgarte 2003]

LtKµν = −DµDνα+ α(Rµν − 2KµσK
σ
ν +KµνK) (4.19)

+ βσDσKµν +KσµDνβ
σ +KσνDµβ

σ

− 8πGNα[Sµν +
ρ− S
d− 1

γµν ].

In the last equation d is the dimension of the spatial slice and S = Sµµ is the trace of

the projected stress-energy tensor. These last two equations for γµν and Kµν complete the

list of physical equations governing the shape and evolution of the spacetime M . Upon the

d + 1 decomposition Einstein equations naturally separate into purely spatial constraint

equations, (4.16), (4.17) and evolution equations, (4.18), (4.19). This set is first order
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in time and forms a Hamiltonian system, suitable for numerical implementation. The

equations should be supplemented with appropriate initial and boundary conditions.

The last missing piece of information are the lapse and shift fields. Those quantities are

almost completely arbitrary and as stated above represent the residual gauge redundancy

of Einstein equations. But their role is not to be underestimated, a wrong choice of e.g.

lapse function may jeopardize the efforts to solve equations numerically while a good choice

may allow for a long and accurate simulation. The utility of the ADM formulation and its

derivatives stem in part from the singularity avoidance properties of a properly chosen lapse

[Alcubierre 2003], which on its own is a small piece of a sophisticated numerical kitchen in

General Relativity.

The reformulation of equations was thus far performed in a manifestly covariant way

without explicitly adopting any coordinates system. The reference coordinates {xµ} used

at the beginning of this section were just dummy variables. As one may expect, further

simplifications may be achieved by adopting coordinates suitable for the problem. By

choosing λ(x) as the new time variable and passing to the transverse coordinates {λ, ya},
the metric can be cast in the following form:

ds2 = −α2dλ2 + γij(dy
i + βidλ)(dyj + βjdλ). (4.20)

As an immediate consequence we have that tµ = (1, 0, ..., 0) and the Lie derivative

reduces to an ordinary partial differential, ∂λ. Furthermore, the d+ 1 dimensional indices

of purely spatial tensors may be confined to just spatial values, since temporal coordinates

are simply zero, X0µ = 0.

4.2 Geodesic expansion scalars

We will now briefly discuss important element of General Relativity called geodesic

expansions. These objects are key element in the definition of dynamic apparent horizon,

which in turn serves to define holographically the notion of entropy. We will also heavily

rely on them later when dealing with the definition of a numerical cut-off (to localize event

horizon). We start by briefly covering the general congruence evolution and then we confine

our attention to the so called expansion scalars. Based on this we finish by defining the

apparent horizon. General informations on expansions can be found e.g. in the book by

Poisson, [Poisson 2004].

The starting point is the question how does a congruence of geodesics behave while

traversing the spacetime manifold? If we consider a continuous collection of nearby geodesics

we can think of them as a certain flow through space. We can also think of such a congruence

as a non-local probe of the spacetime and introduce an effective description of its dynamics.

One such an effective parameter, which intuitively and accurately reflects the behaviour

of the congruence, is its orthogonal cross-sectional area. We can think of shrinking and

stretching of the congruence by the spacetime curvature and this relative motion of aligned

geodesics would then be seen as respective change in the area of the congruence cross-section,

and its shape. This is basically the focusing and defocusing of the family of geodesics. If

we consider specifically null geodesics, we can investigate causal structure of the whole

spacetime, in particular in the case of a black hole (or brane).

With the prospect on our future applications let us think about trajectories of light

rays consistent with the assumption of boost-invariance in AdS5 spacetime with transverse

spatial homogeneity. We have then only two families of null geodesics, travelling towards the

AdS boundary and inwards the infinite AdS throat. These are called outgoing and ingoing
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geodesics respectively. With these two geodesics one can associate two tangent null vector

fields, denoted as nµ and lµ. In the case of boost-invariant metric in five AdS dimensions

these vectors are simplified by the symmetry constraints. We additionally impose on them

the null and cross-normalization conditions:

lµlµ = 0, nµnµ = 0, lµnµ = −1. (4.21)

The above relations ensure that both vectors will point in the same time direction (fu-

ture or past), but leave an irrelevant (in our case) ambiguity of an overall multiplicative

normalization of l and n.

The aforementioned geodesic expansion scalars for each of the two vector fields lµ, nµ

(4.21) are formed using the general Raychandhuri equation [Poisson 2004]. Let us briefly

introduce it here for completeness.

For a timelike unit vector field Xµ and metric gµν it can be written as

θ̇ = −θ
2

3
− 2σ2 + 2ω2. (4.22)

The dot represents affine parameter derivative and quantities involved are defined as follows:

θµν = hαµh
β
ν∇(αXβ) (4.23)

is the expansion tensor, defined as the the projected vector field symmetrized gradient. The

projector operator onto the congruence transverse direction is defined as

hµν = gµν +XµXν . (4.24)

Further,

σ2 =
1

2
σµνσµν , ω

2 =
1

2
ωµνωµν (4.25)

are squares of respectively the shear and vorticity tensors defined as

σµν = θµν −
1

3
θhµν , ωµν = hαµh

β
νX[α;β]. (4.26)

The square brackets on the right indicate antisymmetrized covariant derivative. Ultimately,

the expansion scalar itself is defined as the trace of the expansion tensor

θ = θµµ. (4.27)

The Raychandhuri equation describes a worldlines congruence evolution through space-

time. It contains information about divergence, rotation and shearing of nearby geodesics

(and can be also given for more general trajectories). In the most symmetric and simplified

case, like the one we analyse the shear and vorticity tensor can be put to zero, and one is

left with a simple equation for the expansion flow along the geodesics affine parameter:

θ̇ = −θ
2

3
. (4.28)

This equation encodes the focusing and defocusing properties of spacetime mentioned above,

and is instrumental in defining the apparent horizon properties, discussed further below.

When Xµ is a null vector field, like for our expressions (4.21), the corresponding expan-

sions follow a similar equation, but with slightly different projection operators. In this case

we define two expansions for our tangent null vector fields
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θl = (gµν + lµnν + lνnµ)∇µlν , (4.29)

θn = (gµν + lµnν + lνnµ)∇µnν . (4.30)

The geometric intuition behind these definitions has been given above. They measure

how nearby null geodesic lines behave for the same affine parameter value while progressing

along the flow. Changes due to the gravitation force of the geodesic deviation vector

connecting neighbouring rays is then reflected in contraction or expansion of the congruence.

The above scalars measure this change. This in turn is the crucial ingredient of the apparent

horizon definition. Let us introduce it here for later convenience.

4.3 Apparent horizons

Let us first remark, that the notion of a horizon is one of the most fundamental

concepts in the theory of General Relativity, and we have already seen in Chapter 3 what

physical phenomena can be associated with it. The prime example of this is the notion of

black brane entropy introduced there. The definition of event horizon is to some extent

simple in the static case, where we can analyse the causal structure of spacetime and

define unambiguously interior and exterior of the black brane (or black hole). We are

however interested in studying dynamical spacetimes. In such a case it appears, that

there is actually a multitude of horizons types, each one corresponding to different physical

properties associated to it. One can speak of e.g. event, trapping, focusing, null, Cauchy,

Killing horizons to name just few. All these correspond to the same entity in the case of

a simple Schwarzschild spherical black hole. Once we start complicating the geometry, by

adding charge, angular momentum or time dependence, the single event horizon begins to

sort of fibrate into specific hypersurfaces, which no longer have to coincide. The horizon

specimen, which will be of chief interest to us is called the apparent horizon, which more

precisely is known as the future outer trapping horizon [Booth 2005, Booth 2009].

This type of a horizon has the property that it grows instantaneously whenever infalling

radiation crosses it, thus enlarging its surface causally with the evolving perturbation. This

is the source of the main virtue of an apparent horizon, as opposed to the event horizon,

in the dynamical spacetime case. Owing to this causality it can be localized in space at

any given instance of time. The event horizon in contrast can only be found once all

time dependence has already passed away and static configuration has been reached, which

usually corresponds to the impractical future infinite time limit. Once this static stage

is reached one can again simply find the event horizon position, and using null geodesic

equation propagate it backward in time, to read its locus a posteriori. This property of

being computable only from the global future infinity data is referred to as the teleological

nature of event horizons. We will return to this property in Chapter 6, Section 6.7.2, where

we will be interested in implementing the backtracking procedure in our numerical study

of dynamical geometry.

Going back to the the apparent horizon we note, that it is always covered by the genuine

event horizon and the two approach each other when the evolution arrives at the final

equilibrium state. An important property of apparent horizon is also that, again in contrast

to the event horizon, it is focusing. That is, when radiation falls behind it, it may only travel

inwards the black object and not stay at constant radius from its centre1. Geometrically it

1In the zone between event and apparent horizons matter can in principle travel parallel to the event
horizon. If the gap between the horizons would eventually close the matter would be swallowed by the
focusing horizon.
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means, that as time increases the transverse cross section of the focusing congruence patch

contracts and shrinks in space.

The condition for localizing apparent horizon follows from the above physical intuition

on its influence on the radiation. As we discussed in the section above in spacetime there

are a priori two families of geodesics: rays ingoing and outgoing relative to the black hole

horizon. The focusing property of the apparent horizon means that the outgoing rays in its

interior must in fact be focused, exactly as the ingoing rays, which are always focused. It

means that it is a boundary of a whole trapped region, because outside of it the outgoing

rays can be expanding, not contacting (even inside the event horizon). Hence the name

’trapping horizon’ mentioned before. The change of the outgoing congruence’s expansion

behaviour at this boundary is the key to localizing apparent horizon. Mathematically this

is expressed by the following condition on the expansions corresponding to the two families

of null geodesics:

θl = 0, θn < 0. (4.31)

Here n corresponds to the infalling geodesics, which is always focusing on its way towards

the black brane interior. l in turn is tangent to the outgoing geodesics congruence, for

which normally we would have θl > 0. At the apparent horizon however, this expansion

changes sign to be negative in its interior, and has zero at the horizon locus. Owing to

the Raychandhuri flow equation (4.28) we are assured, that the sign of the expansion will

be preserved along the congruence evolution, since once it becomes negative it remains so

due to the negative derivative sign. That is therefore how we can determine the apparent

horizon position is space, by computing two opposite null geodesics types and evaluating

the expansions on them. Once the condition (4.31) is met we have found the apparent

horizon. This prescription will be used in 6.6.2 to define dynamic entropy density.

4.4 Closing remarks

The above elements of General Relativity will be of great use in Chapter 6, where fully

dynamical non-linear system of Einstein equations will be solved. In particular expansions

will play a major role in this process, both physically and as a technical tool for the numerics.

As a first step towards these considerations we will however analyse static Einstein equations

in the following Chapter 5, to gain some intuition on the anisotropic brane solutions.



Chapter 5

Static approach to anisotropic

strongly coupled SYM plasma

5.1 Introduction

In this chapter we are going to touch upon the AdS/CFT approach to plasma

anisotropy for the first time, by reporting research in our first paper[Janik 2008]. The

motivation for the work described below came from two main directions: the problem of

rapid Quark-Gluon Plasma isotropisation introduced in the opening Chapter 1 and the

mechanism of instabilities proposed to address this puzzling issue at weak coupling in

[Mrowczynski 1993]. This mechanism is based on the observation, that in a certain kine-

matic regime a rapid transverse collective flow of nuclear matter might emerge as a con-

sequence of instability in highly saturated flow with strong momentum anisotropy. Such a

phenomena known as filamentation instability is present also in QED plasma and can even

be observed in Nature outside the lab as splitting of lightnings, or laser beams broadening

and refocusing in refracting media. Equilibrating effect in this case comes from the direction

of flow generated by the instability, which is transverse to the dominating momentum flow,

i.e. the beam. Perturbative approach valid in QED however turned out to be inapplicable

in the quark-gluon plasma setting of RHIC and LHC, due to the apparent strong coupling of

the gauge theory fluid. Thus with the advent of holography and dual descriptions of static

as well as dynamic thermal systems we have initiated the study of strongly anisotropic

plasma systems in AdS/CFT correspondence. The main theme of this investigation was

to analyse the spectrum of light excitations in the thermal anisotropic gauge matter and

try to see, if weak-coupling instabilities make appearance also at strong coupling. This

could give a hint on the possible mechanism introducing the very short time-scale of the

plasma isotropisation, which according to the established views is necessary for thermal

equilibrium1.

5.1.1 Introducing anisotropy

In a hot nuclear matter system anisotropy is generated during the collision process.

Initial longitudinal momentum of the particles ascending along the ion beam axis is trans-

formed into the momentum distribution function f(x, p) of the thermal medium formed

during the collision. At weak coupling this process can be tracked in the framework of ki-

netic theory, which we described in the Chapter 2 on the hydrodynamics development. As

was pointed out, in the realm of finite density field theory we use thermal expectation value

of the stress-energy tensor to describe the system. Due to the complexity of the problem

most of the research focused on infinitely extent homogeneous non-expanding plasmas, in

which case the energy density is constant and only equilibration of the momenta is expected.

The basic degrees of freedom in this approach are the energy density ε and two pressures,

1We shall shake this view a little bit in the forthcoming chapters, here however we seek genuinely isotropic
configuration.
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transverse pT and longitudinal pL ones. The study of anisotropy focuses then on finding

time evolution of these quantities, embedded in the stress-energy tensor:

Tµν =


ε 0 0 0

0 pL(t) 0 0

0 0 pT (t) 0

0 0 0 pT (t)

 . (5.1)

Naturally the main way of research here is through numerical simulations. However

in the wake of instabilities known from QED plasmas, one can also attack the problem

analytically through the analysis of the thermal gluon propagator, GabT (ω, k). The poles

of this quantity reflect perturbative degrees of freedom in the thermal medium, and if

unstable excitation is to exist, then an imaginary dispersion relation should be found with

a wrong sign, signalling exponential growth of the mode. Such a mechanism would require

an existence of a numerical constant present in the exponent,

Aabµ (x) ∼ e+tω/τΠ , (5.2)

which we would interpret as the time-scale over which isotropizing instability develops to

the regime, where non-linear effects would enter and tranquillize the system.

The thermal state in which such a correlation function would be computed is charac-

terized by the momentum distribution function of the form similar to the one encountered

in the Chapter 2:

f(p) =
√

1 + ξfiso(p2 + ξp2
L). (5.3)

The function fiso is spherically symmetric and represents isotropic momentum distri-

bution distorted by the anisotropy parameter ξ, expressing the ratio of the pressures in

(5.5)

ξ =
pT
pL
− 1. (5.4)

It follows that at weak coupling a pattern of instabilities is found, which crucially depends

on the relative sign of the instability and the orientation of the mode momentum k with

respect to the beam (represented by the longitudinal momentum kL).

If ξ is positive, pT > pL and the modes with transverse momentum kT remain stable,

while those with kL develop instability forcing the fluid to equilibrate. In the reverted

situation ξ is negative, pL is greater that pT and modes kL along the dominating pressure

are stable, whilst those with transverse momentum kT are unstable. We thus see, that both

these instabilities combined together allow for equilibration even in the situation when there

are oscillations in the pressures ratio, e.g. after plasma backreaction.

5.1.2 Introducing anisotropy to holography

The analysis of anisotropy evolution in strongly coupled QCD is of course hampered

by the lack of analytic tools to attack the problem. Thus as was pointed out on numerous

occasions in the preceding chapters, a tractable model for this system is provided by theN =

4 super-Yang-Mills theory, which as we already know from the Chapter 3 bears justifying

resemblance to QCD. Nevertheless, even though we have such a powerful framework at

our disposal, the full analytic analysis of the dynamic time-dependent plasma stress tensor

evolution is not possible due to the complexity of Einstein equations. In the present work we
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have proposed a simplifying approach based on static anisotropic plasma configuration, and

paralleling the reasoning of the previous paragraph, we have been searching for instabilities

of such a system.

The basis of the present holographic dual construction is thus the anisotropic static

stress-energy tensor:

Tµν =


ε 0 0 0

0 pL 0 0

0 0 pT 0

0 0 0 pT

 . (5.5)

The thermal medium we model with it is somewhat artificial as it persists in a non-

equilibrium state. We perceive it as a frozen initial stage of some fully dynamic situation,

analysed on timescales much shorter than macroscopic relaxation time. The conclusions

drawn from such a reasoning would point at the possible direction of the anisotropic plasma

evolution, should the time be released in the system.

Since we are considering conformal plasma, the three parameters of the stress tensor

are bound together through the vanishing trace condition 〈Tµµ〉 = 0, which yields ε =

pL + 2pT . On the top of that this stress tensor enjoys several other symmetries reflecting

the physical state configuration. These are independent spacetime translational symmetry

in longitudinal and transverse directions, transverse rotational symmetry and reflection

symmetry (which excludes off-diagonal terms in Tµν).

5.1.3 Holographic dual to anisotropic gauge theory state

The highly constrained state described by the tensor (5.5) allows one to construct an

exact analytic solution to Einstein equations, representing the full quantum state in 5D

gravitational field GAB(xC). Along the lines of Chapter 3 introducing holography, the

problem one has to solve is the following:

EAB(xµ, z) = RAB + 4GAB = 0, (5.6)

GAB(t, x1, x2, x3, z ∼ 0) =
1

z2
(ηµνdx

µdxν + dz2) +O(z2), (5.7)

∂4
zz

2Gµν(t, x1, x2, x3, z)|z=0 =
2π

N2
c

〈Tµν〉. (5.8)

In the above, capital Latin indices represent 5-dimensional spacetime, A,B = t, x1, x2, x3, z,

and Greek letters indicate our flat boundary Minkowski spacetime ηµν , where the physical

ions collision takes place: µ, ν = t, x1, x2, x3. Directions transverse to the collision axis are

denoted x1, x2 and the longitudinal direction is x3. Bulk coordinate in Fefferman-Graham

chart is parametrized by z.

Problem stated above is a typical Robin-type boundary condition imposed at the con-

formal boundary of the integration domain z ∈ [0,∞). Finding a general solution to the

non-linear Einstein equation is of course difficult, but a suitable Ansatz respecting all the

symmetries can be used to find the desired solution. It is closely related to the static

isotropic plasma dual geometry, which in Fefferman-Graham coordinates take the following

form:

ds2 =
1

z2
(−a(z)dt2 + b(z)dx2

L + c(z)dx2
L + dz2). (5.9)
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Einstein equations evaluated on the above metric yield a coupled system of ordinary non-

linear differential equations for the three unknown functions. The solution can be found

and assumes the form

a(z) = (1 +A2z4)
1
2−

1
4

√
36−2B2

(1−A2z4)
1
2 + 1

4

√
36−2B2

, (5.10)

b(z) = (1 +A2z4)
1
2−

B
3 + 1

12

√
36−2B2

(1−A2z4)
1
2 +B

3 −
1
12

√
36−2B2

, (5.11)

c(z) = (1 +A2z4)
1
2 +B

6 + 1
12

√
36−2B2

(1−A2z4)
1
2−

B
6 −

1
12

√
36−2B2

. (5.12)

The integration constants A and B are related to the boundary stress-energy tensor pa-

rameters, encoding the energy density and pressures of the plasma. The precise expressions

follow from the holographic relations and are given by

ε =
1

2
A2
√

36−B2, (5.13)

pL =
1

6
A2
√

36−B2 − 2

3
A2B, (5.14)

pT =
1

6
A2
√

36−B2 +
1

3
A2B. (5.15)

With these expressions we can relate the geometry anisotropy parameter B to the momen-

tum distribution anisotropy ξ,

B =
6ξ√

18ξ2 + 48ξ + 36
. (5.16)

The geometry (5.10) has smooth isotropic limit as B tends to zero, resulting in the well

known AdS-Schwarzschild black brane solution describing static plasma at rest with a

constant temperature, which we have seen in Chapter 3. It turns out however, that our

present geometry is pathological because it contains a naked singularity. By computing

the Kretschmann scalar (a Riemann tensor squared, R2 = RµναβRµναβ) for small values

of B, we can observe the emergence of an essential (non-coordinate) singularity with the

appearance of the anisotropy:

R2 =
8
(
5A8z16 + 20A6z12 + 174A4z8 + 20A2z4 + 5

)
(A2z4 + 1)

4 (5.17)

+
256A6B2z12

(
9A4z8 − 2A2z4 + 9

)
3 (A4z8 − 1)

4

The first term represents R2 for the AdS-Schwarzschild black brane and is regular up to the

interior AdS singularity at z →∞. Nevertheless the second term has a pole at z = 1/
√
A,

which indicates the curvature singularity not cloaked by any horizon. This term vanishes

as we put B → 0. One can also notice, that the metric determinant is insensitive to the

anisotropy B, but vanishes as well and is thus singular at z = 1/
√
A:

det(GAB) = −
(
A4z8 − 1

)2
z10

(5.18)

The nature of this singularity however varies and depends on the presence of B.

Since our spacetime is not shielded from the singularity by any horizon, our solution

is clearly not a standard geometry one expects to encounter in the theory of relativity.

We should nonetheless keep in mind, that in our setting the spacetime is not an effect of

a matter collapse, but instead gravity here represents certain state in the quantum field
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theory Hilbert space, and therefore is not bound by the standard cosmological postulates.

Thus pathology which is not welcome may properly indicate that the corresponding state

in the quantum theory is not a regular configuration.

On the other hand, however worrisome may the solution seem, its issue may only be su-

perficial due another interpretation. One could contemplate the dynamics of AdS spacetime

which for a significant amount of (boundary) time seems to be static and anisotropic. In

this scenario one considers initial instead of boundary problem with initial geometry profile

given on a constant time hypersurface t = 0. The initial geometry would then coincide with

(5.9) for a wide range of z’s and would be modified for z > zmax by some perturbation,

which would cloak the singularity of (5.9). If now one considers temporal evolution of such

a metric, the pulse of geometry distortion from the interior region z � 0 has to travel to-

wards the boundary for a significant amount of time. Only after this period the boundary

expectation value of the almost-static stress tensor 〈Tµν〉 is be subject to change. And only

now the existence of a potential event horizon in the spacetime interior is revealed to the

boundary observer, an event which can be called thermalization, an emergence of tempera-

ture. We shall soon see how such an interpretation of the initial snapshot geometry (5.10)

rationalizes a posteriori the fact, that we are able to ascribe the bulk fields a plausible

boundary conditions at the singularity.

5.1.4 Boundary conditions at the singularity

In physics (and maybe broader) singularity frequently represents a lack of knowledge.

Singularity is where the natural information on the values of the given function is unavailable

and often one has to supplement it by assigning the function some arbitrarily justified

values. It is especially sound problem in our gravity setting, where in the presence of the

event horizon one has naturally the physical ingoing boundary condition, but in the case

of naked singularity one faces the problem of interpretation, how to treat it. It seems

natural to try to morph it into a spacetime behaving as if it was still attracting-only entity

and try to impose purely ingoing boundary condition at anything propagation in such a

background. This is exactly what we considered in the present case.

Let us consider the spacetime (5.10) with the singularity locus set to one, A = 1. To test

if we can make sense of our geometry we shall solve massless real scalar wave equation in such

a geometry and try to consistently impose ingoing wave condition at the singularity. Since

propagating scalar is a prototype for any dynamics, also non-linear (e.g. characteristics

dynamics) and probes causal structure of the light-cones, its satisfactory performance will

assure us of the geometry sanity.

We thus have d’Alembert equation and owing to the metric symmetries, Fourier plane

wave expansion:

2Φ(xA) = 0, Φ(xA) = φ(z)e−iωt+ik1x
1+k2x

2+ik3x
3

. (5.19)

A standard step in analysing such an equation is to pass to a Schrödinger-like equation,

which unveils the effective gravity potential, in which the scalar wave propagates. It is

performed by the transformation

x =
1

4
ath(z4), (5.20)

which puts the z = 1 singularity at x =∞. The resulting equation assumes the form

d2φ

dz2
+

8

(e16x − 1)
3
2

(
ω2e2(6+

√
36−2B2)x − k2

Le
2(6+ 4B

3 −
1
3

√
36−2B2)x (5.21)

− k2
T e

2(6− 2B
3 −

1
3

√
36−2B2)x

)
φ = 0.
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This reformulation has the advantage, that one can easily analyse the structure of asymp-

totic boundary condition, exactly like in the related case of wave function equation. Next

we elicit the dominant part of the above potential near x → ∞, which is proportional to

the frequency squared ω2:

d2φ

dx2
+ 8ω2e−2(6−

√
36−2B2)xφ = 0. (5.22)

This asymptotic expression unravels the boundary conditions structure at the singularity2.

In the isotropic limit B → 0 we recover two linearly independent solutions:

φ+(t, x) = e−iωt+i
√

8ωx, φ−(t, x) = e−iωt−i
√

8ωx. (5.23)

These can of course form a basis of the ordinary ingoing and outgoing solutions. If we now

allow for small anisotropy B ∼ 0, we obtain a combination of two Airy functions (with

certain function of frequency K(ω)),

φ(x) ∼ AiryAi(K(ω)x) + AiryBi(K(ω)x), (5.24)

which look almost like flat waves and only close to the singularity this behaviour is modified.

So with anisotropy we also have a sort of separation onto ingoing and outgoing modes.

Finally with the aid of independent variable transformation

x = − 1

C
lnz, (5.25)

mimicking the Eddington tortoise coordinate, we can recast the equation (5.22) in the form

of a cylindrical Hankel-Bessel differential equation, which subsequently yields the solutions

for arbitrary anisotropy B

φ(x) ∼ A1H
1
0 (

√
8

C
ωe−Cx) +A2H

2
0 (

√
8

C
ωe−Cx), (5.26)

with C = 6−
√

36− 2B2. This result finally assures us, that the singular geometry (5.10)

admits a plausible set of boundary conditions for the fields propagating over it. The Hankel

functions asymptote at x → ∞ (which is close to the singularity) to damped plane waves,

thus allowing for a purely ingoing condition at the singularity. Hence although we have

no horizon, we can suppress the radiation from the singularity and effectively act as in the

standard black brane geometry.

A word of comment is in order here, since it may be rather special that such a physical

choice exists. Earlier investigation of different naked singularity solution, a negative mass-

parameter M AdS-Schwarzschild solution revealed it to be much less forgiving and does

not allow for such a boundary conditions in the case of non-vanishing wave vector ki. In

such a case the hierarchy of terms in (5.21) is inverted, the momentum terms dominates the

asymptotics x → ∞ and no familiar boundary conditions pattern emerges (i.e. we would

have elliptic-like instead of the hyperbolic-like differential operator and purely decaying

solutions would be expected).

The existence of the almost-horizon-like conditions may have its origins in the discussed

above connection to the highly distorted dynamic geometry, which only initially looks as

if it was static. Since deep in the near-singularity region we should in fact be touching the

horizon if the geometry was dynamical, then one may speculate that this marginally allows

for an outgoing boundary conditions.

2Perhaps intriguing is the fact, that no momentum dependence survives in this expression, as if purely
long-wavelength k → 0 information contributed here.
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5.1.5 Dynamic probe of the static anisotropy

Having found the physically acceptable boundary conditions at the singularity, we

are allowed to think about probing the anisotropic plasma for instabilities with the aid of

linear perturbations. The objective of this analysis is to understand the dispersion relation

of small fluctuations propagating throughout the static anisotropic plasma, and check if

their spectrum is purely decaying. In analogy to the weakly coupled instabilities described

above we only need to look for the gapless perturbations of the form

ω(k) ∼ ks +O(ks), with s > 0. (5.27)

Only such modes lead to sufficiently long lived perturbation when k tends to zero, allowing

unstable collective motion to build up before dissipation kills it. All other low energy

gapped modes are extinguished in finite time from the perturbation onset.

The techniques of obtaining fluctuations spectrum of a thermal system in AdS/CFT

relies on solving linearised evolution equation for a field Φ(z, x) dual to the operator Ô(x)

we are interested in. This usually reduces to a wave-like equation in black brane background

with vanishing Dirichlet condition on the AdS boundary Φ(0, x) = 0, and purely ingoing-

wave condition at the horizon. For example if we were interested in computing poles of a

two-point scalar operator function

GF2(x− y) = 〈T[TrF 2(x)TrF 2(y)]〉 (5.28)

we would have to solve scalar wave equation

2Φ(x, z) = 0. (5.29)

The resulting solution contains generically a dispersion relation ω(k) which determines our

fluctuations spectrum:

G̃F2(ω, k) ∼ const.

ω − ω(k)
. (5.30)

This is the reason for which we were so interested in finding ingoing boundary conditions

at the singularity, as they lead to determination of poles in the correlation function.

Application of this technique led in the past to discovery of gapless modes in the N = 4

SYM theory, [Son 2007], matching exactly to the spectrum of hydrodynamics fluctuations

introduced in Chapter 2. In particular, holographic calculations allowed to analyse the real

time thermal 2-point correlation functions of the super-Yang-Mills stress-energy tensor,

〈T̂µν T̂αβ〉T . Stress tensor in the holographic dual theory corresponds to the bulk metric

and hence fluctuations of the stress-energy tensor operator can be computed from the

corresponding modes of the linearised gravity perturbations. In this way the so called

graviton shear and sound channels on the static black brane background were obtained3,

giving respectively the following relations:

ω = −i η

ε+ p
k2 + . . . , ω = ± 1√

3
k − i2

3

η

ε+ p
k2 + . . . , (5.31)

where ε(T ), p(T ) and η(T ) are the introduced before temperature-dependent energy den-

sity, pressure and shear viscosity of the plasma. These relations are of the type we have

encountered in the Chapter 2 and agree with solutions to the linearised hydrodynamics.

3These quantities correspond to the poles of a specific tensors in the 2-point correlation function GTTR µναβ
tensorial decomposition, see [Kovtun 2005].
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Apart from stress tensor itself we can also excite another current of super-Yang-Mills the-

ory, the R-charge current introduced in Chapter 3. It corresponds to the global R-symmetry

responsible for rotating supersymmetry charges of the theory. Due to its simplicity it will

be our main probe of the anisotropic plasma system.

Dispersion relation of the R-current 2-point correlation function obtained from holog-

raphy in the isotropic background exhibits diffusive behaviour of the R-charge:

ω = −iDRk
2 + . . . (5.32)

The lack of propagation term (k) above is not strange due to the fact, that R-charge

current is just a conserved quantity. The R-charge diffusion constant DR is a function of

the isotropic event horizon temperature: DR = 1/2πT . If we fix its locus to unity, z = 1,

which corresponds to setting A = 1 in the isotropic geometry with B = 0 in (5.10), the

diffusive dispersion relation will be

ω = −i k
2

2
√

2
+ . . . (5.33)

All these small momentum frequency expansions represent moderately damped decaying

modes, yielding in correlators behaviour like e−k
st, with s > 0. In addition to these gapless

modes there are infinitely many gapped modes, which retain damping even in the limit

k → 0. These are not compatible with hydrodynamics and will not be present in our

analysis.

Our main point of interest is to check how the above stable spectrum (5.33) of dynamics

probes is modified, if we replace the isotropic background by our anisotropic solution (5.10).

5.2 Dynamics of the U(1) gauge field on the anisotropic

background

In the weakly coupled case [Mrowczynski 1993] plasma instabilities were probed with

electric field. The essential piece of the observable was the dispersion relation of small

fluctuations in thermal anisotropic medium. The dependence of the oscillation frequency

ω(k) on the perturbation momentum k was obtained by computing 2-point correlation

function, or the propagator of a gauge particle in the thermal plasma state. Subsequently

the dispersion relation was extracted from the poles of the resulting expression as in (5.30).

We shall take a similar approach in the strongly coupled case of the N = 4 SYM with the

aid of the introduced above R-symmetry current. Let us remark, that such an observable

may seem rather abstract from the QCD point of view, but it serves as a simple probe of

the anisotropic dynamics. One should stress however, that in this theory it is as physical

as any other current. Our goal is therefore to obtain the spectrum of R-charge fluctuations

in the thermal anisotropic state (5.10) and inspect the analogues of relations (5.31) for the

presence of growing modes.

According to the correspondence the bulk field dual to the boundary vector current

operator ĴµR(x) is the five dimensional U(1) Maxwell field AM (x, z). One can see for ex-

ample, that both of these are subject to the vanishing divergence condition, being current

conservation on the one hand, ∂µj
µ
R(x) = 0, and Lorentz gauge condition ∇MAM (x, z) = 0

on the other. These two entities are related by the holographic formula:

〈
ei
∫
∂M A(0)

µ (x)ĴµR(x)

〉
= eiScl[AM (x,z)], (5.34)
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where ĴµR(x) is the current operator and Scl is the classical on-shell action of the gauge field

in the bulk. Fields in the on-shell action are subject to a boundary condition imposed by

the value of the bulk Maxwell field A
(0)
µ (x, z = 0) at ∂M.

The main holographic relation on which we will rely is that the dispersion relation of

the boundary quantum current operator is obtained as the dispersion relation of its dual

classical field AM (x, z) in the bulk. To obtain the later we need to solve the bulk equation

of motion following from the semiclassical formula (5.34). The classical action on the right

hand side is the Maxwell action in curved five-dimensional spacetime, evaluated in the fixed

background (5.10):

S[A] = − N2

64π2R

∫ √
−gFMNF

MNd5x, FMN = ∇MAN −∇NAM . (5.35)

The vacuum Maxwell equations following from this are

∂M (
√
−g)FMN (xα, z) = 0. (5.36)

We must remember, that we are dealing with a gauge system and hence we need to fix the

bulk gauge freedom before looking for the solution. We impose the condition standard to

holography, A5 = 0, stating, that the vector current is parallel to the boundary.

We can now start analysing the above equations. The best approach to solve them in

curved spacetime is to employ the Fourier analysis, which is applicable due to the transla-

tional symmetry of our anisotropic geometry along the boundary directions xα. We thus

pass to the momentum space with the following transform:

Aµ(x) =

∫
dωd3k

(2π)4
e−iωt+ik·xAµ(ω,k, z), µ = 0, ..., 3. (5.37)

The spatial anisotropy of our solution (5.10) singles out the direction xL, which influ-

ences the momentum space by splitting it into two families of longitudinal and transverse

modes:

kαL = (ω, k, 0, 0) and kαT = (ω, 0, 0, k). (5.38)

Therefore we will be considering two families of solutions, based on the relative orien-

tation of the momentum vectors k, anisotropy B and fields polarisation i.

As a consequence of the gauge symmetry, apart from fixing it as above we should pass

to the manifestly gauge invariant field variables. In electromagnetism these are e.g. electric

fields Ei. By taking into account the split of the momentum vectors into two families we

are led to introduce corresponding gauge sectors.

The first family contains perturbations with momentum kL parallel to the geometry

anisotropy xL:

Ey(kL, z) = ωAy(kL, z) + kLAt(kL, z) with Ey ‖ kL, (5.39)

E1(kL, z) = ωA1(kL, z), E2(kL, z) = ωA2(kL, z) with E1,2 ⊥ kL. (5.40)

Among these modes Ey is longitudinal with respect to the momentum and the remaining

ones, E1, E2 are transverse.

The second family consists of perturbations with momentum pT transverse to the ge-

ometry anisotropy and the configuration of the polarizations reflecting this:

E1(kT , z) = ωA1(kT , z) + kTAt(kT , z) with E1 ‖ kT , (5.41)

Ey(kT , z) = ωAy(kT , z), E2(kT , z) = ωA2(kT , z) with Ey,2 ⊥ kT . (5.42)
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These expressions are of course the standard definitions of vector potentials in terms of

the physical electric fields, but taken in momentum space. An important consequence of

introducing them is the decoupling of equations of motion (5.36) into independent sets,

making it easier to solve them.

Even with all the steps taken above the equations remain still too difficult for analytical

treatment. However, we are only interested in generic character of the evolution in the

presence of the anisotropy, so we will linearise the equations for Ei(k
α, z) and consider only

the small anisotropy limit, |B| � 1. This will allow for a perturbative treatment of the

electric fields evolution equations, which as we shall see will yield qualitatively satisfactory

results. The question of the behaviour at high anisotropy B ≥ O(1) would have to be

attacked numerically, but it seems unlikely that larger anisotropy would heal any potential

instability. Ultimately we are left with two sets of decoupled ordinary differential equations

in the bulk variable z, and the outgoing boundary condition elucidated in the previous

paragraphs.

The longitudinal equations linearised in B assume the form given below, with all the

field components being functions of kα and z: Ei(ω, k; z). For the longitudinal case we

have:

E′′1 − 3 + 4
√
A(3 +B)z4 + 9Az8

3z(1−Az8)
E′1 (5.43)

+

(
ω2(1 +

√
Az4)

(1−
√
Az4)2

− k2
L(1−

√
Az4)−

B
3 (1 +

√
Az4)−1+B

3

)
E1 = 0,

E′′y −

(
3k2
L(1−

√
Az4)2(1 +

√
Az4)

B
3 (1− 3

√
Az4(4−

√
Az4))

3z(1−Az8)(k2
L(1−

√
Az4)2(1 +

√
Az4)

B
3 − ω2(1−

√
Az4)

B
3 (1 +

√
Az4)2)

+
ω2(1−

√
Az4)

B
3 (1 +

√
Az4)2(3 +

√
Az4(12− 8B + 9

√
Az4))

3z(1−Az8)(k2
L(1−

√
Az4)2(1 +

√
Az4)

B
3 − ω2(1−

√
Az4)

B
3 (1 +

√
Az4)2)

)
E′y

+

(
ω2(1 +

√
Az4)

(1−
√
Az4)2

− k2
L(1−

√
Az4)−

B
3 (1 +

√
Az4)−1+B

3

)
Ey = 0.

The equation for the E1 component is exactly the same as for the E2 in this case. In the

transverse case we have in turn three distinct equations:

E′′2 − 3 + 4
√
A(3 +B)z4 + 9Az8

3z(1−Az8)
E′2 (5.44)

+ (
ω2(1 +

√
Az4)

(1−
√
Az4)2

− k2
T (1−

√
Az4)−

B
6 (1 +

√
Az4)−1−B6 )E2 = 0,

E′′y − 3 +
√
Az4(12− 8B + 9

√
Az4)

3z(1−Az8)
E′y

+

(
ω2(1 +

√
Az4)

(1−
√
Az4)2

− k2
T (1−

√
Az4)−

B
6 (1 +

√
Az4)−1−B6

)
Ey = 0,

E′′1 +

(
−3k2

T (1−
√
Az4)2+B

6 (1− 3
√
Az4(4−

√
Az4))

3z(1−Az8)(k2
T (1−

√
Az4)2+B

6 − ω2(1−
√
Az4)2+B

6 )

+
ω2(1 +

√
Az4)2+B

6 (3 + 4
√
A(3 +B)z4 + 9Az8)

3z(1−Az8)(k2
T (1−

√
Az4)2+B

6 − ω2(1−
√
Az4)2+B

6 )

)
E′1

+

(
ω2(1 +

√
Az4)

(1−
√
Az4)2

− k2
T (1−

√
Az4)−

B
6 (1 +

√
Az4)−1−B6

)
E1 = 0.
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In both setups the equation for the field component along the momentum is more involved,

than the equations for the perpendicular ones, and even at the linearised level they are quite

complicated. It can be checked, that in the isotropic limit of B → 0 the resulting equations

reduce to the standard massless vector wave equation in the planar AdS-Schwarzschild

metric. In this case the field modes along the momentum, respectively Ey and E1 in the

equations above, exhibit a long-lived diffusive behaviour like (5.32) in the hydrodynamical

limit k → 0. The field components perpendicular to the momentum in the isotropic limit

have non-vanishing damping at any non-zero momentum, which renders them absent in the

long wavelength limit. Because of this we will focus in our investigation only on the field

components along the momentum in each case.

Let us now proceed to the analysis of equations for Ey and E1. The derivation is very

similar in both longitudinal pL 6== 0 and transverse pT 6== 0 channels, with major technical

difference laying in the numerical coefficients (the physical properties will however slightly

differ between them).

To find the complete solutions one has to integrate the relevant differential equations in

(5.43), (5.44), and impose the boundary conditions at the holographic boundary z = 0 and

singularity. The later one requires imposing ingoing boundary condition akin to the ones

described in 5.1.4.

To elucidate the boundary condition at the singularity in the present setting we need

to analyse the characteristic behaviour of the differential equations for Ey in (5.43) and E1

in (5.44). For simplicity let us fix the singularity locus to z = 1 by putting A = 1 (it can

be reinstated by the dimensional analysis afterwards). Then the characteristic behaviour

of the solutions consistent with the ingoing wave condition at z = 1 is4

Ey(k; z) ∼ (1− z)−i
ω

2
√

2
+B

6 , E1(k; z) ∼ (1− z)−i
ω

2
√

2
− B

12 . (5.45)

With the above asymptotics we can recast the evolution equations in the form explicitly

encoding the selected boundary condition. Let us apply this procedure to the field Ey along

the momentum kL. The global solution (in the range z ∈ [0, 1]) with the proper behaviour

at the singularity must have the form

Ey(k; z) = (1− z)−i
ω

2
√

2
+B

6 g(z2). (5.46)

The variable z2 in the argument of g mildens the singular behaviour at the boundary

z = 0, and enforces its positivity, which is justified in view of the complex exponent in the

expression above. After fixing asymptotics the equation for the remaining part g(z2) is still

too difficult for a direct analysis, but we should recall, that we are only interested in the

hydrodynamic limit of low frequency ω � 1 and low momentum k � 1 (and also small

anisotropy B � 1). We can thus seek a perturbative solution by rescaling the wave vector

as ω → εω and kL → εkL, and subsequently forming an Ansatz

g(z2) = 1 + εga0 (z2) + ε2gb0(z2) +B(ga1 (z2) + εgb1(z2) + . . .) + . . . (5.47)

The unknown functions gin(z2) are to be found from the expansion of the original equation

(5.43) with the condition, that they all vanish at z = 1. This amounts to imposing the

strict ingoing wave condition at the singularity, and expresses gin’s as functions of the wave

vector ω, kL.

The final step on the way to finding the solution to our eigenproblem is to impose

vanishing Dirichlet condition at z = 0. Physically it corresponds to the reflection of the

4The ingoing wave character is made manifest if we pass to the logarithmic radius, the tortoise coordinate

near the singularity: e
(−i ω

2
√

2
+B

6
)ln(1−z)

, with z . 1.



76 Chapter 5. Static approach to anisotropic strongly coupled SYM plasma

massless field from the boundary. This leads to the following equation5

g(0) = 1 + εga0 (0) + ε2gb0(0) +B(ga1 (0) + εgb1(0) + . . .) + . . . = 0. (5.48)

This condition binds together frequency and momentum, leading to the desired dispersion

relation. Solutions to (5.43) contributing at each order of the perturbation parameter ε

yield at the boundary respectively6

ga0 (0) =
ik2
L

2
√

2ω
− iln2

2
√

2
ω, (5.49)

ga1 (0) = − k2
L

6ω2
+

ln4

12
. (5.50)

and

gb0(0) = −(
π2

96
+

ln22

16
)ω2 +

log2

8
k2
L, (5.51)

gb1(0) = i

√
2

288
(π2 − 12log22)ω. (5.52)

The problems thus reduces to solving the equation (5.48) with the above contributions. As

the initial step of the analysis we find, that in the isotropic limit B → 0 we recover from

the first equation7 in (5.49) the previous result for the isotropic plasma dispersion (5.33):

ω = −i k
2
L

2
√

2
. (5.53)

However, if we keep non-zero anisotropy the situation changes. The presence on B

introduces a new scale into the system, and its interplay with the momentum kL leads to

a different scheme of evolution.

To visualise this, let us analyse what is the hierarchy of scales in the equations (5.48).

We are generally looking for gapless excitations in the low momentum limit kL → 0, so the

general relation between the frequency and momentum must be of the form:

ω ∼ ksL, with s > 0. (5.54)

Upon substitution to (5.49) it reveals, that the ratio of ga0 and ga1 in the equation (5.48)

has the following scaling structure8

ga1
ga0
∼
B(k2−2s

L + const.)

k2−s
L + ks

∼ Bk−sL � 0 for kL → 0. (5.55)

As a consequence, if momentum is much smaller than the anisotropy B, the term coming

from gb1(0) dominates. By dropping the subdominant term ga0 we form an equation

1−B k2
L

6ω2
= 0. (5.56)

It has two roots,

ω =

√
B

6
kL + . . . , for B > 0, (5.57)

ω = −i
√
−B
6
kL + . . . , for B < 0. (5.58)

5Recall, that all the gin’s are functions exact in z.
6We assume B to also be of the order ε.
7We put the auxiliary parameter ε = 1 in what follows.
8We drop inessential numerical coefficients.
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The dots indicate subleading terms in the momentum, which would be present, if we took

into account the full contributions from (5.49). The sign of the second complex root above

was identified by using these additional terms, computing the limit B → 0 and ensuring that

it reproduces the correct sign of the isotropic case (5.32). We will see the more complete

expressions shortly.

The result above demonstrates, that in the regime of kL � B, when B is positive

perturbations propagate indefinitely (to the leading order in kL), like free massless modes

with linear dispersion relation. If however the anisotropy is negative, B < 0, perturbations

along the momentum kL are strongly damped. Since kL is substantially larger than k2
L for

k ∼ 0, the damping is greater than in the isotropic case, (5.53).

Let us now analyse the dynamics at the momentum scale induced by B. If we allow the

momentum to be of the order kL ∼
√
B, the contribution of ga0 (0) can no longer be neglected.

Skipping unimportant coefficients the structure of the equation (5.48) is essentially found

to be

1 + ga0 (0) +Bga1 (0) ∼ 1 +
B

ω
+ ω +

B2

ω2
+B = 0. (5.59)

For B ∼ 0 we have B > B2 and since ω is also small we can drop terms of the order of ω3

and ω2B. We are then left with a quadratic equation

1 +
ik2
L

2
√

2ω
−B k2

L

6ω2
= 0. (5.60)

Now we can see more clearly how the choice of physical roots of this polynomial depends

on the sign of B. As was mentioned above, the choice is dictated by compatibility with

the isotropic result9 (5.53). By demanding the regular small B limit we identify the first

solution:

ω = −i
k2
L +

√
k4
L −

16
3 Bk

2
L

4
√

2
, with B < 0. (5.61)

If on the other hand the anisotropy is positive, B > 0, there are two possible solutions,

which represent right and left moving waves, and there is a branch point at B = 0. The

solutions reads

ω = −
ik2
L ±

√
−k4

L + 16
3 Bk

2
L

4
√

2
, with B > 0. (5.62)

The imaginary parts of these expressions for small values of momentum and anisotropy are

negative, so all the modes are stable.

This point concludes the analysis of the equation (5.48) to the order ε. The simplifica-

tions discussed above can also be directly justified by solving the full equation to the order

ε2 and checking the small momentum and anisotropy expansions. The general solutions to

the algebraic equation (5.48) have several roots, but only two of them are physical. The

others are found to be non-zero in the limit k → 0, and thus are incompatible with hydro-

dynamics. The scaling arguments used above reduce the order of the algebraic equations,

leading solely to the gapless physical roots with proper asymptotics.

Having completed the discussion of the longitudinal case pL 6= 0, we can now advance

to the transverse channel pT 6= 0, and its equation for the field component E1(kT , z) along

9The solution with the negative sign in front of the square root near B ∼ 0 behaves as −i
√
2

3
B, which

vanishes when B → 0, contradicting (5.53).
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the momentum in (5.44). It turns out, that the whole analysis proceeds in exactly the same

manner as before. There are only subtle differences in numerical coefficients, which lead to

almost the same solutions, but with reversed dependence on the anisotropy B. We shall

thus limit ourself to just stating the final results.

Because of the similarity to the longitudinal case we skip the linear analysis and focus

directly on the higher order equation, the counterpart of (5.60). This time it is found to be

1 +
ik2
T

2
√

2ω
+B

k2
T

12ω2
= 0. (5.63)

The solutions are given by

ω = −i
k2
T ±

√
k4
T + 8

3Bk
2
L

4
√

2
. (5.64)

Here again all the previous restrictions on the isotropic limit (5.53) apply, but with an

opposite sign of B. In this case, in the small momentum limit we also find a linear regime

ω = ±i
√
BkT

2
√

3
+ . . . , with B > 0, (5.65)

the analogue of (5.57), and one purely damped mode

ω = −i
√
−BkT
2
√

3
+ . . . , with B < 0. (5.66)

This concludes our search for instabilities in the strongly coupled static plasma system.

Amid the initial concerns we were able to make use of the singular geometry and answer the

question on the fate of instabilities in strongly coupled anisotropic gauge theory, which will

be summarised below. The analysis was founded on a very simple vector field and one could

think of a more elaborated probes, but one can speculate, that if instability was present,

it should manifest itself in any observable due to the mutual couplings in the non-linear

strongly coupled theory.

5.3 Closing remarks

In this chapter we have been pursuing the goal of finding a mechanism leading to

a swift isotropisation of strongly coupled quark-gluon plasma. The motivation for this

investigation emerged from the well understood and experimentally observed instabilities

in weakly coupled QED, and also from the instabilities found in perturbative QCD. The

instabilities in these systems lead to the development of a small time scale, over which

anisotropy is washed away, and the system is stabilised by the ascend into the non-linear

regime, resolving the exponential growth of the modes.

The result of the analysis shows no appearance of instabilities, imaginary parts in all

the dispersion relations have proper signs leading to damping. However certain traces of

its presence in the gauge theory evolution remain. The exponential instability and stability

of the weakly coupled Yang-Mills system are transformed to the stable indefinite propaga-

tion in the previously unstable channel, and much stronger damping in the formerly stable

channel. The most directly translated trace of the weakly coupled evolution characteris-

tics is the pattern of stability dependence on the sign of anisotropy. In our analysis we

find it to agree with the one at weak coupling, with the free propagation-strong damping
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pattern being reversed, when we pass from longitudinal to transverse momentum plasma

perturbations.

As a last word in this chapter let us remark that the absence of the naively expected

instability mechanism shows the lack of a simple equilibration mechanism in QGP. One then

is forced to seek more involved explanations, which necessarily must involve full temporal

evolution of the plasma and its dual geometry. This will be the goal in the next chapter.





Chapter 6

Time dependent thermalization

and isotropization

6.1 Introduction

The goal of the present chapter is to understand selected features of the non-equilibrium

N = 4 super-Yang-Mills strongly coupled fluid dynamics by presenting the reasoning of our

papers [Heller 2012a, Heller 2012b]. In contrast to the previous chapter dealing with linear

response theory, we must now turn to the real time non-linear evolution of the geometry.

This amounts to solving time dependent Einstein equations. The interest in dynamical

geometries within AdS/CFT correspondence brought several important results in the past,

like the described before fluid/gravity duality [Bhattacharyya 2008b, Chesler 2009].

The results of numerical simulations covered below rely on several previous analytical

approaches to the real time plasma evolution. The initial AdS/CFT studies of the late time

boost-invariant perfect fluid dynamics led to the boosted black brane spacetime solution

[Janik 2006a]. Successive refinements of this result to include viscous effects, as well as

early time analysis brought further insights, but none allowed to fully follow the evolution

from the collision onset to the late equilibrium stage. The natural step then was to try

solving Einstein equations numerically.

In this chapter we consider the following questions: how does the transition to thermal

equilibrium of the SYM fluid occur and what are its properties? The answers we found

and share below appear to be somewhat surprising and have opened further interesting

directions of research. Their outcome will be presented in subsequent chapters.

6.2 Analytic results of late time analysis

Historically first analytical results confirming holographic link between dynamical flu-

ids and evolving geometry were obtained in the late time limit of boost-invariant expan-

sion [Janik 2006a]. In this setup we assume the boundary stress energy tensor 〈Tµν(τ)〉
to be subject to symmetries discussed in Chapter 2, Section 2.1.5, and the task is to

solve effectively (τ, z) = 1 + 1 dimensional Einstein equations for three metric components

a(τ, z), b(τ, z), c(τ, z) in large τ limit. The suitable metric Ansatz Gµν(τ, z) assumes in

this case the form

ds2 =
−ea(τ,z)dτ2 + τ2eb(τ,z)dy2 + ec(τ,z)(dx2

1 + dx2
2) + dz2

z2
. (6.1)

For a generic energy density function at the boundary ε(τ) it is not yet a soluble problem,

but based on physical grounds one expects to find in this limit ε(τ) ∼ τ−s for some pos-

itive s, that is expansion with a power-like decreasing energy density. As was thoroughly

discussed in Chapter 3, such an assumption leads to the discovery of a simplifying scaling

variable v = zτ−s/4, which when introduced into Einstein equations in place of z allows
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one to take the scaling limit1 (τ → ∞, v = fixed). This step upon Taylor expansion in

τ−2/3 recasts the non-linear partial differential equations into a coupled hierarchy of or-

dinary differential equations in v, the leading of which can be solved exactly in the strict

τ → ∞ limit [Janik 2006a]. Contributions subleading in proper time inverse can also be

isolated and are related to viscous corrections, as we know from Chapter 3. We shall see

this procedure at work for higher orders in Chapter 7. Here let us briefly emphasize, that

the existence of scaling variable expansion is crucial for obtaining the solution, and also

that the resulting metric is independent of the initial conditions. The bulk metric is found

exactly in variable v = zτ−1/3 as a Dirichlet problem with boundary condition at v = z = 0,

and perturbatively in τ as τ−2/3 series. A generic structure of the resulting metric functions

is then

a(τ, z) = a0(zτ−1/3) +
1

τ2/3
a1(zτ−1/3) +

1

τ4/3
a2(zτ−1/3) + . . . (6.2)

and a typical resulting holographic energy density assumes the form

ε(τ) =
1

τ4/3
(ε2 +

ε3

τ2/3
+

ε4

τ4/3
) + . . . (6.3)

There is an important mechanism at work here however, in place of the missing initial

data. At each order of the τ−2/3 expansion in (6.2) an undetermined integration constant

remains, which is not fixed by boundary conditions nor constraints. The way to assure

regular bulk solution, that is absence of naked singularities one imposes a condition of

regularity expressed through the finiteness of the curvature invariant R2 (Riemann tensor

squared). This choice specifies the power s = 4/3 and the transport coefficients of the

underlying fluid. On the other hand the independence from initial conditions expresses the

physical fact of thermalization, washing away any details on how the system was assembled

microscopically.

We will be working a lot in the late time limit scheme described above. First however

let us describe certain facts known analytically about the early proper time regime, which

will be of use later on.

6.3 Analytic results of early time analysis

In contrast to the late time regime, the analysis at early times is significantly different

from the late time case. The main difference is the lack of scaling variable whatsoever, and

this time the dependence on initial conditions is crucial, for a good physical reason. The

point is that for small proper times there should be a strong imprint of the initial data on

the subsequent evolution. As we shall see this is indeed the case.

To observe the problem with the lack of scaling variable at small proper times arises

let us recall a synthetic description of how scaling variable is found at late times. First we

assume the desired boundary condition on the metric fields (in Fefferman-Graham map),

that is with z → 0

z2Gµν(τ, z) → ηµν ,

z6Gµν(τ, z) → 〈Tµν(τ)〉 with T 00(τ) ≡ ε(τ) = τ−s. (6.4)

1In Chapter 3 we have been using Eddington-Finkelstein coordinates, while the presently discussed
observation was made in Fefferman-Graham coordinates, which we use in this subsection. The scaling
variable v was a posteriori found to originate from the Eddington-Finkelstein static horizon function f(r) =
1−1/(br)4, where b denoted the inverse horizon locus and temperature, see (3.75). If following [Janik 2006a]
one approximates these with dynamic perfect fluid values, b = b(τ) ∼ T (τ)−1 and T (τ) ∼ τ−1/3, then using
inverse radial coordinate z = 1/r one finds our scaling variable v = zτ−1/3, with s = 4/3 explained further
below.
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Then one solves perturbatively Einstein equations around the boundary z = 0 according

to the standards holographic renormalization procedure [de Haro 2001], which produces an

infinite series of metric expansion terms Gnµν(τ), all of witch with n > 4 are specified in

terms of the boundary data above with the parameter s. The crucial point is that by

inspecting the series for such a perturbative solution, which involves sums of polynomials

in τ and z one can notice a particular combination dominating the large time expansion

of each terms, v = zτ−s/4. Of course it is our scaling variable. All other terms in each

individual Gnµν(τ) are subleading with respect to v. Therefore one can use this knowledge

and form a non-perturbative Ansatz for the whole metric solution with variables v and τ ,

insert it to Einstein equations, perform late time expansion and solve it order by order, as

we have descried in the previous paragraph and Chapter 3.

The problem at small times is that no such hierarchy of terms arises in each Gnµν(τ) if

we assume s < 0 and τ � 0. The existence of the scaling variable is invalidated due to a

subtlety, that is the only allowed value of s appears to be s = 0 and all the terms, which

could potentially lead to an appearance of the scaling variable happen to be multiplied by

s, effectively vanishing and leaving no scaling structure in the solution. One thus is left

with the necessity to solve equations exactly by other means, or seek ordinary perturbative

solutions.

Let us now make a comment on the dependence of small times evolution on the initial

data. Suppose we impose boundary condition with energy density of the form2

ε(τ) =

∞∑
n=0

ε2nτ
2n. (6.5)

This translates through holographic renormalization [de Haro 2001, Skenderis 2002] to a

perturbative solution near the boundary

a(τ = 0, z) =

∞∑
n=0

a2nz
4+2n, (6.6)

with all the coefficients a2n explicitly computable from Einstein equations. Their key prop-

erty is that they a priori depend on all the energy expansion terms ε2n. Therefore there is

a one-to-one map between initial data and boundary stress energy tensor form expressed

by ε(τ). Therefore any individual initial metric function will give raise to a distinct energy

density profile, and there is no universality in ε(τ) for small τ . Intuitively this reflects the

memory of collision data shortly after the plasma formation.

Not every function is however allowed to be used as an initial metric profile, but only

solutions to non-linear constraints equations. It turns out, that they play a crucial rôle by

enforcing a mandatory coordinates singularity in every member of the space of initial data

functions.

Let us briefly see how it happens, [Beuf 2009]. It turns out, that one of the constraint

equations for three initial data functions

{a0(z), b0(z), c0(z)} = {a(0, z), b(0, z), c(0, z)} (6.7)

can be recast with the aid of substitutions

{v(z2), ς(z2), w(z2)} ≡ {a′0(z), b′0(z), c′0(z)}/4z (6.8)

2Odd powers in the series are ruled out by finiteness of the curvature invariants. Otherwise the resulting
solution would exhibit an unphysical singularity, see [Beuf 2009]. It is interesting, that the small proper
times solution should be even under time reversal. Note however, that the boost-invariant coordinate system
is only well defined in the future light cone, so we cannot evolve backwards across τ = 0.
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in the form suitable for integration,∫ ∞
0

(v′ + ς ′ + w′)dz2 +

∫ ∞
0

(v2 + ς2 + w2)dz2 = 0, (6.9)

This expression is just the (zz) component of Einstein equations for (6.1) integrated over the

whole bulk space slice at initial time τ = 0. The reason to do so is that if we impose physical

boundary conditions on the metric fields the first integral on the left will just vanish. These

conditions are that derivatives are bounded in the bulk and vanishing at z → 0, z → ∞.

Vanishing at z = 0 is just the Minkowski boundary condition and vanishing at z → ∞ is

an assumption of solely 1/z2 essential singularity in the bulk’s interior, where the D-branes

used to reside. What follows is the observation, that the remaining integral must vanish.

This can happen only for all three functions being identically zero, since we integrate a sum

of real squared functions. Therefore the only regular solution of constraints is the trivial

empty AdS spacetime.

As a consequence we reach a very important conclusion, that initial data on the light cone

initial surface τ = 0 must necessarily be singular, because then at least on of the derivatives

in (6.9) is unbounded and its integral does not vanish. This implies, that spacetime must

be singular already from the onset of evolution, and in fact for all subsequent times τ ≥ 0.

This however should not be an essential singularity, but only a coordinate one, and we

are able assure that this is the case due to the Fefferman-Graham solution based Ansatz.

These coordinates as we know are Schwarzschild-like, and can posses harmless coordinate

singularities. The benefit of this situation will be discussed later, in the context of initial

data generation 6.5.2.

To understand better the issue of singularity we note that the structure of constraints

is such, that we have the following simple relation at τ = 0 [Beuf 2009] :

a0(z) = b0(z). (6.10)

Moreover, one can solve constraints equation

v′ + ς ′ + 2w′ + v2 + ς2 + 2w2 = 0 (6.11)

exactly, by putting ς = v in view of (6.10) and introducing linear combinations removing

one of the derivatives,

v+ = −w − v, v− = w − v. (6.12)

This recasts (6.11) into an algebraic equation for v− with the physical solution

v− =
√

2v′+ − v2
+. (6.13)

Therefore the whole space of initial data is parametrized by just one unknown function

v+(z2), and we shall use this knowledge during numerical developments further on.

Using v+ we can address the question of the nature of the singularity. By using curvature

invariant one can show, that harmless coordinates singularity occurs only when v+(z2) has

a simple pole

v+(z2) ∼ 1

z2
0 − z2

, z ∼ z0, (6.14)

for some constant z0. This ensures we are dealing with just a coordinates singularity. By

further analysis it was found, that the general initial data functions can be parametrized as

v+(z2) =
2

3
ε0z

2
0

z6

z2
0 − z2

f(z2), (6.15)
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for some regular function f(z2) obeying f(0) = 1, f(z2
0) = 3/(2ε0z

8
0), and one has to use

(6.13) to find v−(z2), ensuring its reality on the way. This completes the analysis of the

space of initial data space and gives a prescription on how to generate them, which will be

used extensively later on.

6.4 Boost-invariant system in ADM formulation

The ultimate goal of the real time analysis would be to join the two regimes described

above. As is often the case, the limiting regimes of small or big parameters (like the

proper time above) are significantly simpler, and the intermediate region is where the most

exciting phenomena occur. In the present context we would like to observe the process

of equilibration and thermalisation, accompanied by the decay of initial non-equilibrium

degrees of freedom. This task amounts to solving full nonlinear Einstein equations, and

presently can be done only numerically.

As we wrote above, in the context of quark-gluon plasma AdS/CFT research the only

previous approach to solving numerically Einstein equations was made by [Chesler 2009].

There, the non-equilibrium state of boundary field theory was artificially created by turning

on a so-called non-normalizable mode of the metric. It means that the boundary metric,

which for QGP applications is usually kept fixed as Minkowski, was disturbed by compactly

supported gravitational wave. In field theory stress-energy tensor couples to the metric,

so such an artificial wave might be thought of as a non-zero source. Therefore such a

perturbation can be understood as a quench of the system, where energy is swiftly injected

causing departure from equilibrium and subsequent evolution of the quantum field towards

equilibrium vacuum configuration. In the bulk the presence of boundary wave is felt as a

perturbation of the boundary condition, and the bulk metric starts to behave accordingly.

In this way one can study equilibration of the strongly coupled gauge system. However there

is a drawback: the boundary metric perturbation (which we interpret as our spacetime) is

clearly absent in the context of relativistic heavy ion collisions, which are of chief interest

to us. Such a quench is well suited for studying strongly coupled equilibration properties

per se, but is not compatible with the system we are trying to describe. In particular it

would be unclear how to match the artificially created boundary state of the gauge field

with the configuration originating form a collision. Moreover with this approach one can

study plasma evolution starting only from some finite time on, when the boundary metric

would have already returned to its flat form. But this prohibits us from studying the very

early times dynamics, which is rich and surprisingly contains crucial information on the

subsequent evolution, as we shall see.

6.4.1 ADM formulation of Einstein equations

With the goal of observing the whole temporal evolution of ε(τ) and difficulties of

analytical approach in mind, we attacked the problem of numerical simulation in five di-

mensional asymptotically AdS spacetime3 using the machinery of Chapter 4. One of the

key assumptions was to leave the boundary flat and keep the physical system close to in-

tuitive understanding by building on the existing Fefferman-Graham analytical results and

starting at τ = 0. The perturbative analysis of the early times in 6.3 unravelled the always

singular nature of initial data, as well as its close relation to the initial energy density. We

will cover issues stemming from this later on and now we focus on the building blocks of

3The dimensionality of differential equations though, is of course reduced by all the symmetries to 1+1
problem, which made it tractable.
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our solution. The main reason for using ADM approach was that if is perfectly well suited

for numerical integration, because as we remarked in 4 it resembles Hamiltonian first order

system, as well, as it smoothly connects to the previous Fefferman-Graham formulas. It is

crucial, because it will allow us to directly benefit from initial data analysis performed in

these coordinates.

The metric Ansatz in ADM form is the following:

ds2 =
−a2(u)α2(t, u)dt2

u
+
t2a2(u)b2(t, u)dy2

u
+
c2(t, u)dx2

⊥
u

+
d2(t, u)du2

4u2
. (6.16)

As the geometry is required to be asymptotically AdS. Therefore the metric coefficients

diverge at the conformal boundary and we have explicitly factored the terms 1
u out, to

ensure the non-singularity of the unknown functions. Further refinement of the Ansatz

consists of explicit insertion of an explicit and fixed function a(u), which will play the role

of the spatial cut-off (related to the singularity in the initial data). Boost-invariance is

imposed by independence of the metric from the rapidity y, and presence of the time factor

t2. The u variable runs from the conformal boundary at u = 0 to the interior of the AdS

space in the Poincaré patch, u→∞. It is also motivated by a change from the Fefferman-

Graham coordinate z, which near the boundary would approximately be z ∼
√
u and soften

the singular nature of the boundary. Empty AdS space in these coordinates is realized by

all the functions being equal to unity and the conformal boundary is the Minkowski flat

spacetime in proper time coordinates. Such an Ansatz is capable of describing a wide class

of asymptotically-AdS spacetimes, some of which may contain a black brane in the bulk.

The induced metric representing the ADM foliation intrinsic degrees of freedom is

γij = Diag

[
t2a2(u)b2(t, u)

u
,
c2(t, u)

u
,
c2(t, u)

u
,
d2(t, u)

4u2

]
. (6.17)

The extrinsic degrees of freedom coming from the extrinsic curvature are

Kij = Diag

[
ta(u)L(t, u)√

u
,
M(t, u)√

u
,
M(t, u)√

u
,
P (t, u)

4u
√
u

]
. (6.18)

Here the unknown functions were defined as L(t, u), M(t, u), P (t, u) and appropriate

factors of u were extracted, as above. The object of significant importance to us, lapse

function, is chosen as

α̃(t, u) =
a(u)α(t, u)√

u
. (6.19)

The function a(u) is a non-dynamical time independent piece of the lapse, which will

play the role of a spatial cut-off. At the boundary it will always be set to unity, a(0) = 1.

Further motivation for it and the lapse properties will be given below.

Ultimately, the vacuum ADM Einstein equations with a negative cosmological constant

Λ = −6 take the form

∂tγij(t, u) =
−2a(u)α(t, u)√

u
Kij(t, u), (6.20)

∂tKij(t, u) = −∇i∇j
a(u)α(t, u)√

u
+ 4

a(u)α(t, u)√
u

γij

− 2a(u)α(t, u)√
u

(Rij − 2KijKij +KKij). (6.21)
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Explicitly, for the metric functions we have

∂b(t, u)

∂t
=
−b(t, u)2 + α(t, u)L(t, u)

tb(t, u)
, (6.22)

∂c(t, u)

∂t
=

a(u)α(t, u)M(t, u)

c(t, u)
, (6.23)

∂d(t, u)

∂t
=

a(u)α(t, u)P (t, u)

d(t, u)
. (6.24)

The expressions for the extrinsic curvature functions are in turn much longer,

∂L

∂t
= −4tuaa′′αb2

d2
− 4tuaa′αub

2

d2
− 12tuaa′αbbu

d2
− 8tuaa′αb2cu

cd2
+

4tuaa′αb2du
d3

+

8taa′αb2

d2
− 4tua′2αb2

d2
− 4tua2αubbu

d2
+

2ta2αub
2

d2
− 8tua2αbbucu

cd2
+

4tua2αbbudu
d3

+
6ta2αbbu

d2
− 4tua2αbbuu

d2
+

4ta2αb2cu
cd2

−

2ta2αb2du
d3

− 4ta2αb2

ud2
+

4ta2αb2

u
− 2aαLM

c2
− aαLP

d2
− αL2

tb2
− L

t
, (6.25)

∂M

∂t
=

8ua′αcuc

d2
− 4a′αc2

d2
+

4uaαucuc

d2
− 2aαuc

2

d2
+

4uaαbucuc

bd2
− 2aαbuc

2

bd2
−

4uaαcucdu
d3

− 8aαcuc

d2
+

4uaαcuuc

d2
+

4uaαc2u
d2

+
2aαc2du

d3
+

4aαc2

ud2
−

4aαc2

u
− aαMP

d2
+
αLM

tb2
, (6.26)

∂P

∂t
= 8ua′αu + α

(
8ua′bu
b
− 8ua′du

d
+
LP

tb2
+ 8ua′′

)
+ 4ua

(
αuu −

αudu
d

)
+

aα

(
4du

(
−ubub −

2ucu
c + 2

)
d

+
4ubuu
b

+
8ucuu
c
− 2MP

c2
+
P 2

d2
− 4d2

u
+

4

u

)
.

(6.27)

The shorthand notation in the above equations is that all functions apart from a(u) de-

pend on t and u and the prime and subscript in u denote the u derivative. The Hamiltonian

and momentum constraints are given by

C0 = R−KijK
ij +K2 + 12,

Ci = ∇i(Kij −Kγij). (6.28)

The only non-trivial momentum constraint is the one in the direction of the bulk variable

u, C4.

6.5 Initial and boundary conditions

Evolution equations derived in the above paragraph need to be supplemented with

appropriate initial and boundary conditions. The initial data hypersurface t = 0 is null,

in contrast to subsequent hypersurfaces with t > 0, which become spatial as soon as they

depart from t = 0 plane. We will discuss how to handle this subtlety, as well as the
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general constraints on the space of initial data in the ADM setup, and eventually the way

to construct initial profiles with non-zero field theory initial energy density.

The spatial boundaries consist of conformal AdS boundary at u = 0 and artificial

boundary of the simulation domain, in the interior of the AdS space at some specific fixed

value of u. We will derive a novel way to implement such a cut-off in AdS-ADM framework,

which is different from standard outgoing wave condition at the outer boundary.

6.5.1 Initial conditions analysis

In this paragraph we will first discuss some general properties of initial conditions in

ADM formulation and then the structure of equations of motion at infinitesimally small

time.

From the point of view of differential equation, we have to solve a system of two-

dimensional coupled equations, which are firs order in time. This means, that we will need

one initial value profile for each of the seven functions. There are seven and not just six

functions to determine, because apart from γij and Kij degrees of freedom introduced in

(6.17) and (6.18) there is also the lapse function (6.19). The space of allowed initial data

is specified by solutions of constraints, which in the ADM formulation are represented by

equations (6.28). However, the t = 0 hypersurface of the boost-invariant Ansatz (6.16)

contains the null cone introduced by the element t2dy2 vanishing at t = 0. In standard

ADM formulation initial value problem is usually not stated on a null hypersurface4, so

this requires careful analysis of the evolution equations and corresponding constraints. In

view of the numerical integration we should be careful about potential spurious singularities

introduced by metric Ansatz, which although unphysical, can be troublesome.

We can thus assume that the initial evolution will start smoothly from the Cauchy data.

To investigate the structure of equations at the first time-step, we expand all the unknown

functions in time around t = 0:

b(t, u) = b0(u) + b1(u)t+ . . .

d(t, u) = d0(u) + d1(u)t+ . . .

c(t, u) = c0(u) + c1(u)t+ . . .

α(t, u) = α0(u) + α1(u)t+ . . .

M(t, u) = M0(u) +M1(u)t+ . . .

L(t, u) = L0(u) + L1(u)t+ . . .

P (t, u) = P0(u) + P1(u)t+ . . .
(6.29)

Next we plug these expressions into the ADM equations (6.22)-(6.28). The presence of

potentially singular terms in equations, like 1/t in (6.22) implies concrete relations among

the initial values of functions, which removes these singularities. In this way we can con-

strain the space of the initial data by demanding regular initial evolution step.

In this way we obtain the following three relations:

b0(u) = α0(u), L0(u) = α0(u), M0(u) = P0(u). (6.30)

Another condition can be imposed by noticing, that the initial data hypersurface has resid-

ual diffeomorphism invariance. One can perform transformation of the coordinate u without

changing the general form of the initial metric (6.17), γ(0, u)ij . Using this freedom we can

choose d0(u) to be initially constant: d0(u) = 1. Notice that at the initial time t = 0 the dy

component of the metric vanishes. Due to this property, only the c0(u) ≡ c(0, u) function

changes to include the gauged-away d0(u) when we transform u at t = 0, and b0(u) is left

untouched. As a consequence, we can think of c0(u) as of the only undetermined function

4For example in Eddington-Finkelstein coordinates one starts at the null hypersurface, but then one
uses a completely different evolution scheme based on characteristics analysis (characteristic evolution).
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in the initial metric γij(0, u). Notice also, that the use of this freedom means that d0(u)

was not a degree of freedom at all, since we transferred its contents to c0(u).

Another ambiguity related to gauge redundancy is the choice of the lapse function α0(u).

We narrow the class of lapse functions to the set reproducing the simplest uniform initial

hypersurface, with α0(u) = 1. With this choice, we can see by a comparison between the

initial ADM and Fefferman-Graham metrics, that they match at t = 0 and τ = 05. For

t ∼ 0 we have

gFG = Diag

[
−A0(u)

u
,
τ2A0(u)

u
,
C0(u)

u
,

1

4u2

]
,

gADM = Diag

[
−a0(u)

u
,
t2a0(u)

u
,
c0(u)

u
,

1

4u2

]
. (6.31)

Above we have taken into account the Fefferman-Graham initial conditions analysis dis-

cussed in Section 6.3. It implies, that A0(u) is completely determined by C0(u) through

(6.11). The a0(u) is just a fixed function factored out from the lapse for future convenience.

At t = 0 both line elements reduce to

ds2 = gx⊥x⊥dx
2
⊥ + guudu

2, (6.32)

and we can identify the Fefferman-Graham C0(u) with the ADM function c0(u). On both

sides we have an agreement on the number of independent initial data functions, which

is equal to one. It will prove very useful, that such a simple map exists between the two

initial data spaces. It also allows us to obtain for every such a constructed initial profile

C0(u) ≡ c0(u) a power series expansion for the early time energy density ε(τ), in accordance

with the method outlined in Section 6.3. This was one of the reasons for us to develop such

coordinates, with aligned initial hypersurfaces. Owing to this, existing expressions for the

energy density series from the Fefferman-Graham patch can be compared for small, but

finite values of the time τ with the results of our simulation. This served as one of the

crucial tests of the validity of numerical integration, especially in view of the observed

exotic initial energy evolution for some initial data profiles (see e.g. Sec. 6.7.3).

An noteworthy feature of our boost-invariant ADM-type evolution is that the initial data

are not constrained, owing to the fact that our Cauchy surface is null. In the Fefferman-

Graham case (6.1) we had three metric functions, out of which two are initially equal (6.10),

and the remaining two are related by (6.11). All this happens in the gauge keeping fixed

gzz = 1/z2. When we pass to ADM coordinates, we release this fifth metric component and

introduce an arbitrary lapse α in place of gtt. As a consequence the residual diffeomorphism

redundancy appears, linking component gtt with guu. This allows us to fix d(0, u) = 1, but

only at this initial time instance t = 0. For subsequent times d(t, u) evolves in accordance

with its equation. If we insisted to keep fixed d(t, u) = 1, then following (6.24) it would

imply P (t, u) = 0, requiring in turn ∂tP (0, u) = 0. It can be show, that this condition

is equivalent to the very constraint equation of Fefferman-Graham, (6.11). Therefore by

releasing d(t, u) we give up the constraint. There is no initial arbitrariness however, because

owing to the null initial data hypersurface the ADM function b(t, u) is absent along with

the whole gyy ∼ t2dy2 component, and we have only c0(u) and d0(u) to specify. As we said

d0(u) is removed by the lapse gauge transformation, hence we are left with one unknown

function c0(u). As we shall soon discuss, its properties will be probed with the aid of the

Fefferman-Graham constraint equation.

5The two initial time hypersurfaces coincide, τFG(t = 0, u) = 0.
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For the purpose of numerical integration and because of the apparent singularity in the

evolution equations at t = 0, we need to obtain manifestly regular initial integration step,

that can be evaluated by the computer. This is done by inserting the expanded initial

values of the metric functions (6.29) into the ADM equations, which gives

∂tb(0, u) = 0, ∂tc(0, u) = 0, ∂td(0, u) = 0, ∂tL(0, u) = 0,

∂tM(0, u) =
−2α(2u(caα∂uc+ ∂u(aαc∂uc)))

d2

+
aα∂ud(c2 + ∂uc

2)

d3
− 2aαc2

u
+

2aαc2

ud2

∂tP (0, u) = 4u∂2
u(aα) +

4∂ud(aα+ ∂u(aα))

d

− 2aα(1− d2)

u
+

4uaα∂2
uc

c
− 4uaα∂uc∂ud

cd
. (6.33)

These formulas express just the values of the equations of motion at the initial time

t = 0. They are clearly non-singular and were used to compute the values of the fields in

the very first integration step, which advances time to t = 0 + δt.

6.5.2 Initial data generation

We will now briefly describe how the actual initial geometry profiles were generated.

As we discussed above, locally around t = 0 there is the moderately simple relation between

our ADM-like and Fefferman-Graham coordinates, (6.31). This enables us to use constraint

equations of the latter simpler coordinates (6.11) at t = 0 in the process of Cauchy data

generation. The major point in this task was to ensure, that all the generated functions had

also in ADM a proper singularity structure, according to what we found before in Section

6.3. The mentioned constraints of Fefferman-Graham coordinates assisted us in this process

in the following way. First, using the mentioned identification of the initial value functions6

c0(u) = C0(u) we were proposing ad hoc various ADM profiles c0(u). Then we were solving

the Fefferman-Graham constraints (6.11) using C0(u) for the function A0(u) (see (6.31)),

which allowed us to find the initial singularity structure, and its locus for later use. With

this information we were able to decide, if the proposed ADM Cauchy data c0(u) was

compatible with physical requirements.

It was also important to assure, that we covered as large class of initial data as we

could while preserving the above assumptions. Since no other criteria were available, we

were trying to devise functions of qualitatively different behaviour at infinity. We therefore

considered profiles, which vanished or diverged in the u→∞ limit, as well as those assuming

some finite values there. To some extent one could hope, that the fine details differentiating

functions of the same class had to some degree a subleading impact on their corresponding

physical properties. In this sense the profiles used in the simulations were representative for

their corresponding families. The summary of the profiles we used can be found in Appendix

A, 6.10. The very first data we used in the numerics were found and well understood

analytically in [Beuf 2009], which gave us some intuition on what to expect.

In turn, from the boundary direction perspective all the profiles were generates with

the condition of corresponding to the same normalized initial energy density, ε(τ = 0) = 1,

which is read-off at u = 0. Due to the scale invariance of the N = 4 SYM theory this choice

effectively defines a unit of length for us, because we can always rescale coordinates (if ε(0)

has different value), and physical phenomena are insensitive to this.

6The spatial coordinate u is the same in both cases at τ = t = 0.
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6.5.3 Boundary conditions

Heaving specified the initial data we can now discuss how to impose boundary values

on the geometry, which should persist throughout the evolution. The condition at the AdS

conformal boundary u = 0 is just the standard flat Minkowski metric of the Poincaré patch.

Implementing it in ADM is however subtle, due to a possible boundary diffeomorphism

ambiguity, and the non-trivial transformation between the Fefferman-Graham and ADM-

like Ansatz for a generic t. The way to proceed is to perform a perturbative transformation

near u = 0 from empty AdS5 in Fefferman-Graham coordinates to the general ADM Ansatz

with arbitrary metric functions. This transformation will carry over general boundary

condition constraints on components of the ADM spacetime. The range of allowed ADM

metrics will be reduced by this operation to asymptotically Minkowski-ADM AdS spaces,

which will differ among each other significantly only in the interior. Boundary conditions

in the asymptotic region of the AdS space u → ∞ are more conceptually challenging and

will be discussed separately.

6.5.3.1 Boundary conditions at the conformal boundary u = 0

In the usual numerical General Relativity one most often deals with asymptotically flat

spacetime, corresponding to some physical configuration of matter and gravitational field.

In such a situation one can impose the so called outgoing wave boundary condition, which

represents flux of radiation leaving the reaction zone and escaping to infinity. The case of

compact spacetime is more involved, as one lacks this natural boundary condition at the

edge of space, and some well motivated choice has to be taken. To some extent the whole

merit of AdS/CFT correspondence lies in the interplay between the boundary and the bulk

of the spacetime. We thus have to understand well the issue of the boundary conditions

and derive appropriate relations from the general features of the system at hand.

The physical spacetime in which the gauge theory is considered is flat (1+3) dimensional

Minkowski. The condition on the asymptotics of the bulk spacetime in Fefferman-Graham

coordinates {τ, y, x⊥, z} is therefore to have the following conformal boundary as z →∞:

ds2 =
−dτ2 + τ2dy2 + dx2

⊥ + dz2

z2
. (6.34)

Note however, that since we are in a generally covariant theory, within this metric gauge

choice we can perform residual coordinate transformation along the field theory directions,

{τ, y x⊥} at the boundary u = 0. In particular we can redefine the ratio of time-flow with

τ → f0(τ̃) substitution, which will not change the form of this Ansatz. This freedom will be

important later. As was mentioned above, the strategy to impose condition 6.34 in the ADM

metric coordinates {t, y, x⊥ , u} is to perform perturbative coordinates transformation near

the boundary z = 0 from Fefferman-Graham to the new ADM coordinates:

τ = f0(t) + f1(t)u+ f2(t)u2 + . . . (6.35)

z = g0(t)u1/2 + g1(t)u3/2 + g2(t)u5/2 + . . . (6.36)

The specific choice of powers in these expansions is motivated by the knowledge of the

general structure of perturbative solution asymptotic to the Minkowski space in Fefferman-

Graham coordinates [de Haro 2001, Skenderis 2002]. An additional augmentation is the

introduction of squared u coordinate, which softens the singularity of the equations at the

boundary. Dependence on the time variable remains to be determined and will encode the

details of the boundary conditions.
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In order to compute the above expansions only local analysis near the boundary is

necessary. In principle the transformation can be carried out to higher orders, although for

the present applications only terms up to second order will be of practical use.

The first observation is that the physical time of the gauge theory τ is related to the

AdS time t as τ = f0(t), which is immediately obtained from setting u = 0 in (6.35). Next

condition is easily obtained by inserting (6.36) into (6.34) and comparing with (6.16),

which yields

d(t, 0) = 1. (6.37)

By inserting this into the equation defining P (t, u), (6.24), we obtain

P (t, 0) = 0. (6.38)

Further, by comparing the components dx2
⊥ and dy2 of both metrics we have that7

g0(t) =
1

c(t, 0)
,
f0(t)

g0(t)
= b(t, 0)t. (6.39)

By merging the above expressions we reveal how the physical boundary time and the

simulation ADM time are related:

τ ≡ f0(t) =
b(t, 0)

c(t, 0)
t. (6.40)

That connection reflects the freedom of choosing lapse function through redefinition of

the time variable at the boundary. In particular it is possible to find such a gauge (lapse

α(t, 0) and thus b(t, 0)), that the boundary and simulations times are equal. Outside of this

choice we have to translate the simulation results to the boundary time, to get the physical

values of τ .

Combining the above expression for time variable with the dt2 component of the ADM

metric we find a differential condition for f0(t):

ḟ0(t) =
α(t, 0)

c(t, 0)
. (6.41)

Using the ADM equations (6.22), (6.23) and the latter, we obtain the condition on the

boundary value of the functions L(t, 0):

L(t, 0) = b(t, 0) + t
b2(t, 0)

c2(t, 0)
M(t, 0). (6.42)

For numerical integration it is more favourable to turn this algebraic condition into a

differential one:

∂tL(t, 0) = ∂t(b(t, 0) + t
b2(t, 0)

c2(t, 0)
M(t, 0)) (6.43)

7We use a(0)=1.
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Such an equation is numerically easily integrated at the boundary mesh node and main-

tains proper value of L(t, 0) there.

The last missing condition we need is on the functionM(t, 0). We can get it by expanding

around the boundary the relevant equation of motion, (6.26) and taking into account

the conditions obtained so far. Another possibility is to carry further the perturbative

transformation (6.35), (6.36) to second order. The main motivation to follow this path

is that we will need this result later anyway, in derivation of the formula for holographic

energy density ε(τ). This result will be derived further below, but here it is natural to

complete the construction of the transformation.

As a first step in the second order calculation we demand that the metric maintains

diagonal form, e.g. the mixed term dudt is absent. This yields

f1(t) =
g0(t)ġ0(t)

2ḟ0(t)
. (6.44)

The derivation of the term g1(t) uses the first subleading term of the metric component

dt2 to express it as a function of α, ∂uα, ∂ua, f0, g0 and their derivatives. Then, by

investigating the near boundary Taylor expansion of the function d(t, u) in

d2du2

4u2
(6.45)

and comparing it to the similarly expanded transformed Minkowski part dz2, one can

express ∂ud(t, 0) as

∂ud(t, 0) = −2∂ua−
2∂uα

α
+

3M2

2c4
− ∂tM

αc2
. (6.46)

The above equation can be solved for the boundary time derivative ∂tM(t, 0). Just as

before in the case of ∂tL(t, 0), it is convenient to have this boundary condition in differential

form, for uniform integration along with other equations.

Ultimately we end up with six boundary conditions, which have to be supplemented

by the seventh one discussed below, on the lapse function α. The last point which is

important here is the manifest regularity of the equations at the boundary u = 0. The

metric is divergent there, so one may ask if the equations will be tractable numerically. It

appears that the equations for the metric coefficients a, b, c are finite, whilst the extrinsic

curvature equations behave near the boundary u = 0 in the following way:

∂tL(t, u) ∼ 1

u
(d2(t, u)− 1)× finite+regular (6.47)

and similarly for M(t, u) and P (t, u). The potential threat from the pole is however neu-

tralized by the condition d(t, 0) = 1. Numerically such a cancellation could still lead to

influx of error into the integration domain, but the use of spectral methods allows to keep

the functions smooth near the edge of the grid. A posteriori we observed stable integration

near the spacetime boundary.

To summarize the boundary conditions at u = 0 we now quote them all in differential

form:
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∂tb(t, 0) =
−b2 + αL

tb
, ∂tc(t, 0) =

αM

c
, ∂td(t, 0) = 0, (6.48)

∂tL(t, 0) = ∂t(b+ t
b2

c2
M), ∂tP (t, 0) = 0,

∂tM(t, 0) = −2c2(∂u(aα) +
1

2
α∂ud) +

3

2

αM2

c2
.

6.5.3.2 Boundary conditions in the interior u > 0

For numerical integration we also need appropriate boundary conditions at the other

end of the integration domain, u > 0. We expect to encounter a curvature singularity

somewhere there. It is so, because we aim at reaching late equilibrium evolution stage,

which is realised by a dynamical black brane. We do not impose thermalization by hand, and

regard its emergence as an open question, but it is the expected outcome of the simulation.

Moreover for several initial data profiles we constructed, the geometric curvature grows

unbounded with u. We thus anticipate an event horizon to appear, but at a priori unknown

position. For this reason we had to introduce an appropriate cut-off to expel singularity

from the integration grid, which in AdS case appeared to be subtle. This difficulty was a

challenge for our ADM-based scheme and the solution is one of the main technical advances

of the present work.

The cut-off should allow to capture the relevant physics and keep simulation domain free

of numerical artefacts. The first choice for this task would be the event horizon position, as

by causality it would suffice to put the cut-off just beyond it. Then no matter what would

be happening in the trapped region inside, it would not propagate to the outer physical

domain. In the present case this scenario can not be easily realised. The spacetime is

dynamical, so there is no direct criterion on the position of the horizon. The point here is

that although for simple stationary black branes it suffices to find zeroes or divergences of

metric functions, in the dynamical case the actual horizon position usually does not match

these positions and one has to use other means to find it.

However there exists also the so-called apparent horizon, which for dynamical spacetimes

is different from event horizon and always located behind it, inside the black hole. This

type of horizon can generically be localized at any instance of time 8. This is done using

expansion scalars, which were introduced in Chapter 4. Unfortunately we need the cut-off

to be available from the very first step of the simulation and direct use of apparent horizon

is jeopardised by the fact, that the initial time hypersurface t = 0 is null. This causes

apparent horizon conditions defined with expansion scalars θn, θl to be inapplicable. We

must seek some other way to define cut-off, but in any case it should be closely related to

the notion of horizons. It appears it is not trivial to make the proper choice.

If one would set the cut-off blindly too far in the black brane interior, the genuine

spacetime singularity would likely approach it and break the simulation. The outgoing

boundary conditions can not be imposed, since spacetime in the interior of integration

domain can be strongly curved and dynamical, so we cannot formulate outgoing wave

condition.

To escape this apparent deadlock we derived an approach utilizing the virtue of ADM

formulation being the lapse function, which governs how time flows through the spacetime

manifold.

The main idea is that we must introduce cut-off in a way adapted to the dynamical

situation at hand. As we have no exact knowledge on the initial horizon locus, we would

8It is a spatial hypersurface, as opposed to the null event horizon



6.5. Initial and boundary conditions 95

Figure 6.1: A simple figurative analogue of our dynamical spatial foliation based on the

light-cone geometry. All the lines to the left of the light-cone are attached to one common

space-time point in the middle, and represent spatial hypersurfaces foliating the outside

region.

wish to estimate somehow its position and freeze its evolution in time. The cut-off then

could be set just marginally outside of the event horizon, in the causally disconnected

interior of the black brane.

It appears that scenario of this sort can a priori be realized with the aid of lapse function

in our Ansatz. We can utilize the freedom of choosing arbitrary spatial foliation, represented

by lapse, to construct causally disconnected region of spacetime covering selected region of

black brane even across the horizon. The condition for such a foliation is to demand all

spatial slices of the foliation to pass through a single given common spacetime point u0.

Actually, spacetime foliations are usually constructed with explicit condition not to do so,

because such a degeneracy leads to singularities (e.g. vanishing of volume element), but

in our case this is exactly what we need. By forcing all the constant time hypersurfaces

to touch at a single chosen point we effectively freeze the time flow at that point, and

divide spacetime into two causally disconnected regions. It then allows to effectively cut

out piece of the black brane from integration domain by ending numerical grid at u0. As

an additional benefit we can obtain with this technique a natural boundary conditions for

geometry at the freezing point. ADM evolution equations are regular at such a cut-off, so

we could take their limit and obtain conditions at u = u0 similar to the ones in differential

form at u = 0 in 6.48.

The idea at hand can also be visualized on a simple example of the standard light-cone,

6.1. If one considers the region outside of the light-cone, let’s say the spatial part of space-

time to the left of the cone, one can foliate it with purely spatial semi-lines starting at the

origin of the coordinates system. In this case one has spatial foliation with all the hyper-

surfaces touching at exactly one point, the apex of the cone. The limiting foliation segment

is the light-cone itself, the marginal null hypersurface, which divides causally disconnected

regions of the timelike light-cone interior and the spatial exterior. The light-cone effectively

acts as a horizon and nothing from the interior can reach the spatial region outside. This

is what we have constructed it our ADM case, with the arbitrarily chosen freezing point

corresponding in our example to the light-cone origin.
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Figure 6.2: Three possible situations when first dealing with the simulation and trial cut-

offs u0. For initial u0 values most often the geometry patch will cover too little or too much

of the spatial domain, leading to the preemptive termination of the simulation discussed in

the text. The goal is to tune the precise value of the cut-off, which would permit to follow

the null boundary of the black brane a priori forever. This would in turn allow to observe

the late time stage of the evolution.

The crucial difference from the light-cone case is that due to the black brane spacetime

mechanics the null line passing through the freezing point needs not to be a straight, but

in general can be curved. The significance of this observation is best explained with the aid

of spacetime diagram in Figure 6.2.

If there is a horizon in spacetime located at some initial hypersurface point uEH0 , then

there are in principle three possible cut-off scenarios.

If we set the freezing point u0 < uEH0 too far from the horizon, the constrained foliations

will look like in the case of a light-cone, and after some finite boundary proper time the

spatial segment will approach the null line asymptotically for infinite bulk time. Even

though simulation bulk time would advance towards infinity, it would still correspond to

some finite boundary time, and this in turn effectively would stall the simulation. It would

therefore disallow us from following the evolution long enough, and moreover it would render

the horizon absent from the simulation domain and hence unobservable.

If on the other hand we pushed the cut-off u0 > uEH0 too far into the black brane

interior, after some period of regular evolution the genuine singularity would emerge from

the AdS interior and again break the numerics.

We thus need to seek the marginal case, in which we put the freezing point exactly at

the horizon, u0 = uEH0 . In this case the numerical evolution could at least in principle be

run indefinitely, since the null line of the horizon will end only in the future timelike infinity.

Of course in practice we can never do this on a computer, so the simulation will never work

infinitely long, but it will last sufficiently long to observe the transition to the potential

late time equilibrium hydrodynamical regime. An additional feature of the freezing point

technique is that it can be used to observe the early evolution stage of the dynamic apparent

horizon. If we put the cut-off u0 just marginally above the event horizon u0 > uEH0 , we

would be able to measure early section of both horizons, as their pieces would lie in the

integration domain (see e.g. Figures 6.3, 6.4 later in the text). This is a very useful feature,

since the early apparent horizon evolution contains important information about the initial

non-equilibrium entropy density of the plasma. We will discuss this point later.

The last issue here is the essential question of how to actually determine the value of

freezing point u0 itself. This can be done with the aid of geodesic equations and will be

covered in Section 6.7.2. We shall defer this problem until then and proceed as if we knew

the correct value of u0 in what follows.

As mentioned above, the concrete way to implement the described cut-off idea is to
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utilize the lapse function contained in the temporal part of the ADM metric (6.16)

−a2(u)α2(t, u)dt2

u
. (6.49)

The time independent function a(u) was factored out precisely with the present motivation

in mind. By letting this function to vanish at some chosen point u = u0 we also cease

the time flow there. We can then construct the numerical mesh starting at the boundary

u = 0 and end it at u = u0. The function a(u) is in principle arbitrary and one simple well

behaved example that we used is

a(u) = cos(
π

2

u

u0
). (6.50)

By changing u0 we simply adjust the size of the physical integration domain outside of

the black brane, and we numerically integrate in the interval [0, u0]. With a(u) factored out

we will now use the term lapse for the remaining piece of the temporal metric component,

α(t, u). The proper choice of this function is one of the most important steps in numerical

integration of ADM Einstein equations. Good choice may allow the simulation to run for a

very long time, and wrong choice will swiftly break it. This is of course only a technical point

in numerics and physically all the choices are equivalent. On the other hand lapse freedom

is very useful as a cross-check, since different choices give different evolution equations. If

integration results for physical observables, like energy density ε(τ) are independent of the

choice, we can assume numerics are reliable.

How to devise a good lapse? The most desired feature is the so called singularity

avoidance property, which tries to avoid formation of metric singularities during the in-

tegration. Among well known classes of lapses there are the so called harmonic lapses,

maximal slicing, and others. The most trivial choice of constant lapse, α(t, u) = const is

badly behaved and leads to coordinate singularity (e.g. vanishing of some of the metric

warp factors, like d(t, u)). Our guiding principle in the search for the best choice was ex-

actly the non-emergence of the metric pathologies. We checked by trial and error several

dozens functions with the aim of avoiding zeroing or blow-up of the metric coefficients. The

best lapse functions we found are the following:

α1 =
dc2

b
, α2 =

bd

1 + u
u0
b2
, α3 =

d

b
, α4 = d. (6.51)

Additionally we always normalized the lapse to be initially unit and constant,

α(t, u) =
αi(t, u)

αi(0, u)
, for each i. (6.52)

This choice renders the lapse equal to unity at t = 0 for any initial profile or choice

(6.51) in the first integration step. Additional feature of lapse function is that for certain

choice it may restore the agreement between the simulation time t and the proper time τ

at the boundary. It can be done with a lapse that would enforce b(t, 0) = c(t, 0). This is

achieved by our lapses α1 and α2.

To sum up, the described methods and lapse choices allowed us to perform long and

reliable numerical integrations, which in turn allowed to extract meaningful information on

the evolution of the dual field theory. To our knowledge the proposed technique of handling

the dynamic horizon in the AdS interior is novel and has not been used in the literature

before our work.
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6.6 Quantum observables from classical geometry

Having completed the discussion of the numerical integration setup, we can describe

quantum field theory observables which will be extracted from the resulting simulated

spacetime geometry. There are two main quantities which are of interest to us. The

first one is thermal expectation value of the gauge theory stress-energy tensor Tµν and an

effective temperature defined with its aid. The second observable is the non-equilibrium

entropy density of the gauge theory quantum state. We first describe these observables

below and then proceed to the actual solution of the gravity equations.

6.6.1 Holographic tress-energy tensor

The practical framework of holographic computations was described in Chapter 3. In

particular we discussed how to extract expectation values quantum field theory operators

from the bulk fields’ near boundary expansion. The procedure described there however

was carried out in the simple Fefferman-Graham coordinates, the canonical choice for the

Poincaré patch of the AdS spacetime. Presently we need to adapt the holographic procedure

to the more involved case of ADM decomposed AdS space. There are two major issues that

introduce subtleties into the holographic expansion relative to the standard case described

in Chapter 3. Firstly the bulk coordinate variable u metric coefficient is now a dynamical

field instead of being fixed, and secondly the time variable at the boundary may not be the

same as in the bulk. The way to proceed is to transform the known holographic prescription

to the present coordinates using the between the Fefferman-Graham and the ADM charts,

similarly to what was done in the discussion of boundary conditions in Section 6.5.3.1.

Strictly speaking from the point of view of holographic procedure it is the same step, since

the stress-energy tensor and the boundary metric are just the two boundary conditions

imposed at the bulk metric:

gµν(t, z) ∝ ηµν + 〈T̂µν〉z4. (6.53)

Previously we have carried over to ADM the leading part ηµν and now we need to

repeat it for the subleading part T̂µν . More precisely, we need to transform the metric in

Fefferman-Graham coordinates of the following specific form

ds2 =
−(1− 2π2

N2
c
ε(τ)z4)dτ2 + τ2(1 + 2π2

N2
c
pL(τ)z4)dy2 + (1 + 2π2

N2
c
pT (τ)z4)dx2

⊥ + dz2

z2
,

to the general metric Ansatz in the ADM coordinates:

ds2 =
−a2(u)α2(t, u)dt2 + t2a2(u)b2(t, u)dy2 + c2(t, u)dx2

⊥
u

+
d2(t, u)du2

4u2
.

The logic behind this approach is rather intuitive. We know how to obtain the expecta-

tion value of the stress-energy tensor from the near boundary expansion in the Fefferman-

Graham coordinates, and we want to understand how to repeat this procedure with the

expansion in the ADM coordinates. The first metric consists of only the terms up to the z4

order in the numerator, which correspond exclusively to the boundary data. By confining

to this order of the full metric we can be sure that we will transform to the new system only

information on the stress tensor, so the ADM functions will depend only on this data. Sub-

sequently by comparing the expansions of the transformed metric and the second generic
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ADM Ansatz in the new bulk coordinate u, we can express the energy density ε(τ) and

pressures pL(τ), pT (τ) in terms of new ADM boundary fields, b(t, 0), c(t, 0), d(t, 0) and

L(t, 0), M(t, 0), P (t, 0). An important point here is that with this approach we are able to

extract the pressures directly from the metric. In principle we could have obtained them

from the temporal derivative of the energy density ε(τ). However the computation of higher

derivatives of numerical data is prone to discretisation errors (the energy ε(τ) itself is a re-

sult of numerical data differentiation, through the holographic procedure). Additionally by

this direct computation we can check the energy-momentum conservation throughout the

evolution by computing ∇µTµν on the data coming from different components of the bulk

metric. It thus provides a natural validity check for the numerical integration procedure.

Coming back to the actual computation, we have to perform the near-boundary pertur-

bative transformation:

τ = f0(t) + f1(t)u+ f2(t)u2 + . . . (6.54)

z = g0(t)u1/2 + g1(t)u3/2 + g2(t)u5/2 + . . . (6.55)

This time however we have to compute the second order terms, f2(t) and g2(t) along

the lines of Section 6.5.3.1.

The concrete way to perform the described computation is first to make the above

transformation of the Fefferman-Graham metric, which will turn it into the ADM form.

Then we have to expand both of the above metrics in u and applying repeatedly equations

of motion and boundary conditions on the ADM fields we have to solve for ε(τ) and pL(τ),

pT (τ) in terms of the ADM fields and their spatial derivatives. Any potential temporal

derivatives of the ADM fields can be eliminated by utilizing the (first order) equations of

motion.

The final expressions for the energy density and pressures obtained in this way are

ε(τ) =
N2
c

2π2
c4
(
∂2
ua− ∂ua∂ud−

9

4
(∂ud)2 +

3

4
∂2
ud+

∂P

4tb
(6.56)

+
(2∂ua− ∂ud)∂ub+ ∂2

ub

b
+ 2

∂2
uc− ∂uc∂ud

c
− 3M∂uP

4c2

)
,

pT (τ) =
N2
c

2π2

1

4

(
4c3∂2

uc− c4(∂ud)2 + c4∂2
ud+ ∂udM

2 − c2M∂uP
)
. (6.57)

In the above all the ADM fields are evaluated at the boundary u = 0, e.g. b = b(t, 0)

and the boundary time is a function of the bulk time, i.e. τ = τ(t) through (6.35), (6.40).

We could have also extracted the longitudinal pressure pL(τ), but it can be easily computed

from the vanishing trace of the conformal stress tensor as pL = ε(τ)− 2pT (τ).

Let us also introduce the notion of dynamical effective temperature Teff(τ), which will be

of use soon in the simulation data analysis. This quantity extends the equilibrium relation

between the energy density and temperature reported first in Chapter 3 through formula

(3.69). By using the holographic energy density derived in (6.56) we can introduce the

notion of an effective temperature as follows,

ε(τ) =
3

8
N2
c π

2Teff(τ)4. (6.58)

The physical interpretation of Teff(τ) is that it describes the temperature of a thermalized

medium with the same energy density as our system, ε(τ), hence the name effective.



100 Chapter 6. Time dependent thermalization and isotropization

For small proper times, according to what we said in Section 6.3, the energy density

starts as a constant followed by an expansion in even powers of proper time τ . The formula

above assumes then the following form

ε(τ)

∣∣∣∣
τ∼0

∼ 3

8
N2
c π

2

(
Teff(0) +

1

2
T ′′eff(0)τ2 + . . .

)4

. (6.59)

The quantity Teff(0) ≡ T
(i)
eff will be applied below in formulas expressing various physical

observables in units of the initial effective temperature.

6.6.2 Non-equilibrium entropy density from geometry

The second observable that was mentioned above is the local entropy density of the

gauge theory nearly thermal state. This quantity is very interesting and important for

understanding evolution of systems like heavy ions collisions.

More precisely, the observable we are interested in is the non-equilibrium entropy density

per unit spacetime rapidity and unit transverse area, in analogy to the one introduced in

Section 3.7. We shall see later, that this quantity surprisingly well characterizes the process

of equilibration of the gauge theory plasma. We can also compute the difference of this

quantity and final entropy density obtained from hydrodynamics, which forms an interesting

observable describing the whole evolution of the system towards equilibrium (see Sec. 6.8.3).

As we said the appearance of entropy in General Relativity was briefly introduced in

Chapter 3, where we also gave formulas relevant for planar black brane horizons. The

notion of entropy in gravity was initially established for stationary black holes, but later it

was generalized to dynamical geometries and horizons [Ashtekar 2004]. This development

is important, because it opens the possibility to study entropy dynamics in real-time, in

the non-equilibrium regime. In this case however the definition and practical computations

of entropy based on a dynamical horizon are much more involved than in the static case,

because it is more difficult to localize the event horizon of time-dependent spacetime. In

fact as we mentioned in Chapter 4, in such a case one can speak of many different types of

horizons, and one has to understand which one of these can be properly associated with the

notion of entropy. According to the mentioned development, the apparent horizon, which

we described more broadly in Chapter 4, can be used to define a quantity, which can be

physically interpreted as the entropy. Let us therefore apply the definitions presented in

Sections 4.2, 4.3 to our case, and see how they are used to associate the dynamical entropy

density with an apparent horizon.

To demonstrate the defining conditions 4.31 application explicitly, let us assume again

following Chapter 4, that the outgoing (with respect to the horizon) null geodesic congru-

ence has lµ as its tangent vector, and nµ is tangent to the ingoing one. The generic null

characteristic lines obtained from our metric Ansatz (6.16) satisfying conditions (4.21)

imply then the following tangent vector fields:

lµ = h(t, u){−a(u)α(t, u)√
2u

, 0, 0, 0,−d(t, u)

2
√

2u
}, (6.60)

nµ =
1

h(t, u)
{−a(u)α(t, u)√

2u
, 0, 0, 0,

d(t, u)

2
√

2u
}. (6.61)

The function h(t, u) is the irrelevant normalization ambiguity mentioned in 4.2. Vector

fields dual to these 1-forms are suitable for describing our null congruences.

Outside of the focusing horizon the outgoing congruence has increasing cross-section. As

we know, the apparent horizon is a hypersurface defined by the condition that the outgoing
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expansion scalar θl based on (6.60) is zero (precisely changes sign at the apparent horizon)

and the ingoing expansion scalar θn is negative:

θl(t, uAH) = 0, θn(t, uAH) < 0. (6.62)

Both these scalars are functions of the underlying metric components, so having them

at disposal (e.g. from numerical integration) makes it in principle easy to test the above

conditions and locate the apparent horizon. The important drawback in our case is that

our initial hypersurface contains a null segment, which makes it impossible to use the

expansions condition from the very onset of the evolution (expansions are both zero at null

hypersurfaces, while apparent horizon is a spatial hypersurface admitting non-zero scalars).

Due to this we can not check this way, if there is an apparent horizon initially.

Except for that however, with the above definition we have a way to localize it at later

instances of time. Let us describe therefore the prescription for associating entropy density

with it.

One subtlety we need to mention here, is that in contrast to event horizon, which

resembles causal structure of spacetime, the apparent horizon is generically an ambiguous

object. To define it one first has to choose a spatial foliation of spacetime, and the apparent

horizon depends on this choice. It is thus not a gauge-invariant object in the sense of gravity

diffeomorphism redundancy. It is for example known, that in the case of Schwarzshild black

hole one can choose coordinates, such that the is no apparent horizon at all [Wald 1991].

Nevertheless the prescription based on the apparent horizon has been used in the literature

and it allows to define entropy-like quantity with desired properties, which reduces to the

standard entropy in the equilibrium limit. Moreover in the present case of boost-invariant

evolution there is a very natural and rigid choice of the preferred spatial foliation, which

invalidates the ambiguity altogether. The Bjorken flow in D = 4 offers specific timelike

four-vector of the fluid velocity, uµ = (1, 0, 0, 0), which can define foliation of constant

proper-time hypersurfaces.

The crucial property that makes apparent horizon useful is the non-decreasing area law,

which holds for consecutive spatial slices associated with it [Booth 2005]. In direct analogy

to the standard case, the concrete prescription for apparent horizon entropy density follows

the Beckenstein-Hawking entropy formula:

sAH =
1

4GN

√
γAH

∣∣∣∣
u=uAH

=
1

4GN

t

u
a(u)b(t, u)c(t, u)2

∣∣∣∣
u=uAH

. (6.63)

The above is basically a proper area element at constant time hypersurface (spatial slice

of the horizon), divided by a unit differential hyper-area element dA3 = dyd2x⊥. Metric

induced at the horizon is denoted as γAH .

Such a quantity defines entropy density of the black brane in the bulk, but prior to

being used as holographic gauge theory observable it must be carried all the way to the

spacetime boundary, where we translate all gravity objects to field theory quantities.

To extract entropy from the horizon, one has to apply a consistent method of mapping

between the points in the bulk and at the boundary. Such a construction is called bulk-

to-boundary map and has been successfully used in the literature before to transport the

entropy data to the edge of the spacetime [Bhattacharyya 2008a]. This prescription has

been tested within the framework of fluid/gravity duality.

The idea of this construction is to assign in a one-two-one manner the points at the

boundary, (xµ, u = 0) to the points at the horizon, (x̃µ, u = uAH). Then through this
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Figure 6.3: Apparent horizon (thick line) determined by the expansion scalars (6.62) is

pierced by the ingoing null geodesic (thin red line) to measure the area of the horizon at

the intersection point. The geodesic originates at the boundary u = 0, and defines the

bulk-to-boundary map crucial for extraction of the non-equilibrium entropy density 6.65.

The ingoing light ray also corresponds to the ingoing Eddington-Finkelstein coordinates

constant time hypersurface, τEF = const.

relation the value of any quantity computed at spacetime point of the horizon is considered

to be the value of this quantity at the corresponding point of the boundary:

O(xµ, u = 0) ↔ O(x̃µ, u = uAH). (6.64)

A concrete implementation of this idea consists of a family of ingoing radial null geodesics

originating from points at the boundary and falling to the black brane, crossing the apparent

horizon at some corresponding points u = uAH . Such a prescription provides us with causal

mapping of the observables, because the points are connected along timelike geodesics.

An example of this construction at work is given in the figure 6.3. What is shown

there is a typical spacetime with black brane resulting from our numerical simulation.

The boundary of spacetime u = 0 is on the left and the constant time t hypersurfaces

lie horizontally with time flowing upward. The color indicates curvature measured with

the Kretschmann scalar, R2 = RµναβRµναβ). The bright spot in the upper middle of the

picture is the true geometric singularity, the danger zone. Thick black line depicts the

apparent horizon determined with expansions as (6.62). It is bent here due to the choice of

our lapse α, vanishing at the cut-off on the right. As a consequence the whole right edge of

the picture represent just a single point, stretched here to a line by our visualisation (the

true graph should be more like a triangle, much in the spirit of Penrose diagram outside

of the horizon, see Fig. 6.2). The vector field represents the flow of ingoing null geodesics

originating at the boundary and piercing the horizon. Using the described construction

we were able to measure the very initial (strongly non-equilibrium) entropy density of the

gauge theory plasma. For all the geometries representing the initial field theory states, we

found a non-zero value of the apparent horizon area density. This in fact should imply,
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that there also is a genuine event horizon present at the initial data hypersurface, because

the apparent horizon must always be hiding behind event horizon. We were however not

able to verify this fact directly in any simple way due to the global teleological nature of

the event horizon, which we mentioned in Chapter 4. However the pattern of outgoing null

geodesics seen in Figure 6.4 supports this claim.

Although the non-equilibrium entropy defined in this way lacks clear microscopic inter-

pretation, its value as we shall later see is a surprisingly good characterisation of the initial

state.

The practical formula for the entropy density that we used is obtained upon expressing

the value obtained from the apparent horizon in units of the initial effective temperature

(6.58) [Balasubramanian 1999]

sn−eq =
sAH

N2
c π

2 1
2 (T

(i)
eff )2

, (6.65)

with sAH defined in (6.63). By taking into account all the numerical factors we arrive at

the following important geometric expression for the non-equilibrium entropy density:

sn−eq(t) =

[
t
ua(u)b(t, u)c(t, u)2

]
|u=uAH

π3(T
(i)
eff )2

. (6.66)

This formula is free of the factors of N2
c , which express formally infinite number of

the gauge degrees of freedom in large N limit. It represents an intensive measure of the

non-equilibrium entropy density in this sense, and is of practical use for the analysis of the

simulation results.

6.7 Numerical analysis of the full nonlinear system

We shall now discuss the numerical aspects of the nonlinear system integration. We

shall briefly comment on the use of spectral methods and multi-step Runge-Kutta adaptive

integrator, technical details of which are deferred to the Appendix B 6.11. An important

component of our numerical approach is the discussed above use of spatial integration

domain cut-off u0. After explaining how we define it, we will comment on error control of

the integration. The whole numerical integration was performed using code written in C++

with GNU Scientific Library integration routines, running on a GNU/Linux workstation,

with equations and auxiliary expressions generated in Mathematica.

6.7.1 Statement of the numerical problem

From the point of view of the numerical integration we faced the problem of algebraic-

differential system of nonlinear coupled equations in 1+1 dimensions, which defines certain

Cauchy initial value problem. The domain of integration is compact and not periodic, thus

at each edge one has to impose appropriate boundary conditions, as discussed in Section

6.5.3. The nature of the system revealed upon initial evaluation, that it requires high

accuracy in both spatial discretisation and temporal integration. The amplitudes of the

numerical fields involved orders of magnitude between e.g. O(10−9) to O(1). The total

number of independent equations is seven: six ADM functions b, c, d, L, M, P , and the

lapse α. On the top of that are the ADM Hamiltonian and momentum constraints. In our

ADM approach equations are first order in time t, which is the integration variable, and
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second order in the spatial direction u. The evolution was unconstrained in the sense that

the ADM constraints were used solely to probe the quality of the numerical solution.

These characteristics of the problem motivated an appropriate choice of methods. Due

to the doubly bounded spatial domain we chose the so-called fixed spectral spatial mesh,

based on Chebyshev polynomials [Trefethen 2000]. This was particularly successful solution

to our initial problem with one-sided finite difference derivatives. It is a common difficulty

present in numerical problems, as one-sided derivatives tend to inject numerical inaccuracies

into the integration domain, which subsequently propagate and amplify in the nonlinear

system. Moreover we needed very accurate treatment of second order boundary derivatives

as our key observable, ε(τ) was expressed in terms of these quantities, see (6.56). The use

of Chebyshev-based derivatives effectively eliminated this problem and multiple numerical

differentials gave satisfactory results. A complication of this approach is that the informa-

tion on the numerical function is much more non-local, than in the finite difference method,

thus any problem with e.g. boundary condition would propagate almost instantly to the

whole integration mesh. These were however not real obstacles to our numerical procedure.

The differential based on the Chebyshev grid is essentially realized by a big matrix, and

differentiation amounts to just consecutive multiplication of the vector representing the

function9. The details of this construction can be found in the Appendix B sec6:AppB.

The temporal integrator used to obtain the values of the fields in the subsequent time

steps was also subject to stringent accuracy requirements. The integrator of choice was the

standard RK89 adaptive algorithm. It evaluates the new function proposal several times,

and if subject to accuracy check gives too big error with respect to the requested level, it

decreases the time-step length. Similarly if errors are small it increases the time stepping.

The actual points with values of the function thus tended to be non-uniformly distributed

and for practical reasons we extracted them at a given constant rate. Then the results were

exported to Mathematica for a subsequent analysis. An additional measure taken was the

modification of data structures used by the GSL library to use long double C++ variables.

This allowed for more accurate computations and reduced errors.

6.7.2 Construction of the spatial domain

We come back now to the issue of determining cut-off value u0. Many details concerning

this point were given in Section 6.5.3.2 and relied on the expansion scalars covered in sections

4.2 and 6.6.2. The procedure of fixing u0 consists of one or more initial trial integration

evaluations and subsequent proper integration. The reason is that in the first stage we were

determining the optimal value of u0 as described below, and applied it in stage two.

The spatial piece of the mesh that we used as the physical space outside the expected

black hole for all integrations ranged in variable u from zero to some uH . Recall now from

the remarks around (6.50), that using our metric Ansatz function a(u) = cos(π2
u
uH

) we

were mapping this bounding point to u = π/2, so effectively the spatial domain was always

[0, π/2], albeit we numerically integrated up to u = uH .

The practical rule for choosing initial cut-off uH was based on the value of the Fefferman-

Graham coordinates singularity always present in the initial data as we described in Section

6.3. This value was equal to some u? and served as a hint, that the genuine event horizon

was somewhere around this point, because it is was the only readily available scale in the

initial profile. Then the numerical cut-off was set to e.g. uH = 1.1− 1.2×u?. After setting

this limit the simulation was performed and the results analysed. Usually the integration

broke abruptly, because the singularity was promptly hit due to overshoot of the cut-off.

Then by inspecting the expansion scalar θl the apparent horizon was localized.

9For numerical efficiency we also used an alternative implementation based on discrete cosine transform.
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Figure 6.4: The apparent horizon (thick line) again determined by the expansion scalars

(6.62) is a marginal null line between two families of outgoing light rays, trying to escape to

the boundary at u = 0. By fine tuning the marginal null geodesic origin to be at its endpoint

asymptotically touching the horizon at uEH(t?), and propagating it backward in time, one

localises the initial event horizon at t = 0. This defines the cut-off for the numerical mesh

uEH0 (at the Figure around u(T
(i)
eff )2 ∝ 0.2).

Subsequent step was the most important and interesting. The nature of the event hori-

zon and its relation to the apparent horizon is such, that the apparent horizon approaches

the event horizon asymptotically when the spacetime reaches stationary stage. Thus at late

times in the simulation one can hope (and hence assume) that the two are almost the same.

On the other hand the event horizon consists of the so-called null generators, which are the

marginal null geodesics, such that they are bound to the horizon forever, neither leaving

nor entering the black brane. The main way to reconstruct the evolution of the true event

horizon at earlier times, prior to the equilibration, is to follow such a null geodesic backward

in time. If one was able to pick the exactly last null line joining event horizon, and follow

its evolution to the earlier values of the affine parameter, then one would reconstruct the

whole past evolution of the event horizon. This is the basis of our approach.

An example of this procedure can be seen in Figure 6.4. The dark semicircle indicates an

apparent horizon at uH(t). The flow of arrows indicates the outgoing radial null geodesics.

All of them start at the initial time hypersurface t = 0 and travel towards the boundary

at u = 0. One can see that some of them cross the apparent horizon, terminating at the

singularity, and some reach the boundary. Between the two families there is a marginal null

geodesic, which at the end of simulation only touches the apparent horizon. The simulation

terminates at certain time t?, due to the presence of geometry singularity. At this stage

the marginally trapped geodesic is our best approximation to the dynamical event horizon.

The actual way to obtain it is to read off the leftmost position of the apparent horizon

at the given time, uEH(t?) and solve the geodesic equation backward in time, starting

from uEH(t?). The crossing of the marginal null line with the initial hypersurface t = 0

gives the desired approximated initial event horizon locus, uEH0 . This point is then set as

the ultimate boundary of the simulation. In the optimal case it should allow for a much
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longer numerical integration, because now we enter much less into the interior of the black

brane10 and defer meeting the singularity. The approximation of the actual event horizon

in not perfect, as we are never able to reach the final equilibrium horizon. However such

a procedure can be iterated, leading to finer and finer approximations, sufficient for clear

and unambiguous observation of the late time stage of the black brane evolution. This is in

turn is crucial for the detection of the transition to hydrodynamics and extraction of clean

numerical values of late time observables. Also, by modifying the cut-off uEH0 we are able

to measure both early and late time evolution of the apparent horizon. For larger cut-off

the initial part of its evolution is visible better. For finer selection of uEH0 later segment of

the horizon is well visible, and the initial one is highly compressed. This allows to measure

early and late temperatures and entropy densities. In the ideal case of perfectly determined

uEH0 matching the exact initial position of the event horizon, the evolution could be run

indefinitely, up to the systematic hardware numerical errors accumulation.

6.7.3 The numerical integration and error control

As was mentioned in Section 6.7.1, we have used the Chebyshev grid for the spatial

domain representation. Such a grid has a feature, that it covers the line segment non-

uniformly, with data points covering more densely the edges of the domain, as described

in the Appendix B sec6:AppB. This allows one to achieve very high precision at relatively

modest grid size, which has a crucial impact on the simulation time. The actual grid sizes

we used were N = 201, 257, 513 or 1025, depending on the initial data11. Sometimes

different mesh densities N were used for the the same profile to assess the accuracy. The

most important factor for the success of the numerical integration was the choice of the

proper lapse. If made correctly, the simulation would work for a long time without any

problems. On the other hand, for poor choice of the lapse (or the cut-off uEH0 ), even huge

mesh density would not be a remedy to the problems.

The main accuracy monitor relied on the ADM Hamiltonian and momentum constraints,

C0 and Ci. From these normalized functions were constructed, like

testC0 =
R−KijK

ij +K2 + 12

|R|+ |KijKij |+K2 + 12
, (6.67)

with similar expression for the momentum constraint Ci, see 6.28. By checking at each

step that these quantities do not exceed e.g. 10−7(a value dictated by typical initial field

amplitude for some functions), we estimated the quality of the integration, as well as when

to stop. Interestingly, even for some numerically difficult profiles we observed that when

constraints reached levels at which they were not well conserved (like to the order 10−3),

the obtained results for the energy density were still of good quality.

Further measures taken to ensure high accuracy relied on repeating the simulation with

a different lapse choice, for the same initial data. This resulted in significantly different

expressions for the evolution equations, but gave the same results for the observables, like

the energy density ε(τ). Moreover, we checked the apparent horizon area evolution for some

range of the boundary time τ , and non-trivial curvature invariant R2 = RµναβRµναβ at the

intersection points of the null ingoing geodesics and the apparent horizon. In both cases the

observables matched for different lapse choices. The ultimate test of the integration quality

relied on the comparison between the numerically computed early time energy density

(6.56), and the analytical power series expression, obtained from the initial data as was

mentioned in Section 6.3. Later in Section 6.8.2 we will see a good agreement, depicted

10In practice for most initial data the single initial trial value uEH0 was enough.
11The peculiar size of 2n + 1 was motivated by optimisation of the numerical operations on data vectors.
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in Figure 6.8 (up to the initial energy power series convergence radius) and reflecting high

quality of the numerical integration, which after the non-trivial holographic operations on

the numerical data matches closely the analytical prediction.

6.8 Analysis of the simulation results

We will now proceed to the discussion of the simulation results. We shall describe

the discovered properties of strongly coupled non-Abelian gauge theory under considera-

tion at finite temperature in Minkowski spacetime. It will be shown that with the aid of

gauge/string duality several unexpected phenomena were observed, access to which would

be unavailable on the grounds of standard perturbative field theory. The results may prove

to be useful for the heavy ion community working on understanding quark-gluon plasma.

6.8.1 Initial geometric properties of the evolved spacetimes

In this paragraph we focus on certain features of initial and evolved geometries, which

turned out to be crucial for all the subsequent analysis of observables. The quantities of

interest are Fefferman-Graham singularity position of the initial spacetime profiles, initial

apparent horizon position and event horizon position, which as we described could have

been determined only a posteriori from the evolved spacetime.

The first point to mention is that due to our specific construction of coordinates the

initial data hypersurface of ADM Ansatz coincides at t = 0 with the initial data hyper-

surface of the Fefferman-Graham coordinates τFG = 0. This allows us to determine the

potential initial data coordinate singularity in the Fefferman-Graham coordinates, as we al-

ready mentioned in Section 6.5.2, by using the corresponding Fefferman-Graham constraint

equation,

A′′0(u)

A0(u)
+
C ′′0 (u)

C0(u)
= 0. (6.68)

From that, given the initial profile C0(u) we can solve (numerically) for A0(u) and locate

the initial coordinates singularity12:

A0(uFG) = 0. (6.69)

As was discussed in Section 6.6.2 above, in the case of dynamical spacetimes the van-

ishing of a metric coefficient is not sufficient to determine the position of the apparent or

event horizon, which can be located at a completely different point. However it is intuitive

to expect, that the horizons are somehow related to the value of uFG. For example in the

static limit the event horizon would be located at the coordinate singularity, like in the

standard AdS-Schwarzschild case. So one can expect, that the eventual event horizon will

be located somewhere in the vicinity of uFG.

It turns out, that indeed this is the case and there is a relation between them. By

using the procedure described in the Section 6.7.2 we have extracted the positions of the

event horizon at the initial time t = 0 (up to numerical precision) for spacetimes evolved

from each initial profile. Relation between the initial data singularity parameter uFG and

the genuine initial event horizon position uEH exists and is seen in the Figure 6.5. The

correlation between their inverses seems to be simple and roughly linear.

12We call it uFG for brevity, and simple interpretation through its initial derivation in these coordinates.
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Figure 6.5: Close correlation between the initial event horizon of the dynamic spacetime

and the coordinates singularity uFG determined by the equation (6.69).

This is also interesting for another more fundamental reason. The fact, that there

is a non-zero event horizon present from the very beginning means, that we are dealing

with at most extremely deformed black brane, and not a collapse forming the black brane.

This in turn means that we are working with some very far from equilibrium system,

but nevertheless not completely disconnected from thermalized state, represented by the

presence of event horizon. One should distinguish this situation from e.g. AdS dual of

a shock-wave collision, where the horizon forms only during the evolution process and is

initially absent.

We thus learn, that the initial position of the event horizon, which is a physical entity,

is approximately parametrized by uFG.

The second important observation is that the apparent horizon surface area also turns

out to be proportional to the initial Fefferman-Graham singularity uFG. A geometric

remark, that can be made here is that there is such a relation between these objects at

all. The point is that the two quantities are related to completely different hypersurfaces.

As was mentioned above the entropy is not just the position of apparent horizon, but is

extracted from it through the bulk-to-boundary map, using the ingoing null geodesics. The

initial entropy thus lies on the ingoing Eddington-Finkelstein constant time hypersurface13,

τEF = 0, which is different from the initial Fefferman-Graham (and our ADM) hypersurface

t = 0, which is not geodesic and where in turn uFG is defined. The relation between the

two is thus non-local and it would be very interesting to understand why they are so

closely correlated. This is therefore an independent observation from the former one on the

correlation between uFH0 and uEH0 .

The significance of the above statement stems from the fact, that the apparent horizon

is associated with the non-equilibrium entropy density. As can be inferred from Figure 6.6

at the initial time slice t = 0 the entropy density s0
n−eq read-off from the apparent horizon

turns out to be closely correlated with the initial singularity position uFG. This is very

useful observation, because now we can interpret the initial non-equilibrium entropy density

as the physical parameter of initial data, instead of uFG. This is a much more natural and

physically intuitive in the context of e.g. fluid or collision dynamics, than the geometrical

parameter uFG. Moreover it is obvious from the above, that the initial event horizon is also

parametrized by this non-equilibrium entropy.

13Given simulation initialization time t = 0 this is the first and earliest null line one can emit from the
boundary.
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Figure 6.6: Initial non-equilibrium entropy density s
(i)
n−eq extracted from the apparent hori-

zon at the initial hypersurface t = 0 is clearly correlated with the coordinates singularity

at uFH0 .

However the most intriguing fact about s0
n−eq becomes apparent after further analysis

of the simulation results. It turns out, that most of the investigated features of the plasma

evolution were relatively simply characterized by this single quantity. That interesting

observation will be covered shortly, but in the present paragraph concerning geometric

properties of initial data we can give some motivation for this.

In general one can expect that in the case of non-linear partial differential equation

there are infinitely many scales hidden in the initial data. However by inspecting the initial

positions of the event horizons, Fig. 6.5, one can see how little of the actual spacetime

lies outside of the black brane, as seen in the Figure 6.7. Since event horizon is a causal

boundary, it cuts-off large portion of the geometry from the outside world, and in particular

from the boundary where the field theory resides. It is thus natural to speculate that initial

data are characterized by fewer scales than they could have, and that s0
n−eq via uFG is the

most important one among them, along with the initial effective temperature. Then many

of the observable quantities would be to the leading order characterized by just s0
n−eq. We

will return to this point below.

6.8.2 Towards the transition to hydrodynamics

We have came to the point where we can start asking physical questions about the

dynamics. In contrast to the discussion of Chapter 5, where only a static configuration was

considered, we can now observe in the nonlinear case how the observables of the plasma

system evolve.

Among the main questions of interest is the mechanism of transition to hydrodynamics

during the heavy ion collision. From the partially experimentally motivated point of view,

the observables we have considered are: the form of energy-momentum and its anisotropy

at the transition to hydrodynamics, entropy production during the evolution, temperature

at the thermalization time and the thermalization time itself.

In view of the application to the near-equilibrium physics, instead of the energy-

momentum tensor per se we will use the effective temperature Teff(τ) introduced in (6.58).

This quantity can be used at early times, in the far-from-equilibrium period of the evo-
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Figure 6.7: Metric components c0(u) of all the analysed initial profiles. The thicker part of

the lines indicates the portion of spacetime lying outside of the initial event horizon. The

Figure qualitatively explains conjectured origin of simplified parametrization of the initial

data. The more diverse part of the geometries is chopped-off by the horizon, and thus leaves

no mark on the outside world.

lution, as well as at later near-equilibrium times. By using Teff we factor out the numerical

constant N2
c as the specific number of degrees of freedom in the N = 4 super-Yang-Mills.

This function also becomes the real temperature at late times, near the equilibrium.

Let us now demonstrate the evolution of Teff(τ) in three representative examples. In

Figure 6.8 we can see qualitatively distinct possibilities, with rapid fall-off, intermediate

plateau and even an initial rise of temperature. All three plots end up in a long power-like

tail expected from hydrodynamics. The correctness of numerically computed initial stage

dynamics is confirmed by agreement with power series expression for energy density. Both

these regions were indicated with appropriate dashed lines. The intermediate regime is the

land of transition to hydrodynamics. Note that the evolution clearly shows a possibility

of a surge in temperature, which we call reheating. It contradicts the energy positivity

conditions discussed in Section 2.1.5, but nevertheless is legitimate, as seen from the initial

series agreement. It has been observed in the literature, that such a behaviour is indeed

Figure 6.8: Three examples of qualitatively different (effective) temperature behaviours

during the whole plasma evolution. The temperature is directly related to the energy

density, and as can be seen on the last picture (C), it may initially violate the energetic

condition (2.48). This however occurs only during the early non-equilibrium stage of the

evolution.
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encountered, [Epstein 1965] and can be attributed to highly quantum initial stages of evo-

lution. Quite interestingly this phenomenon has been recently addressed in [Arnold 2014].

It appears that it follow from the lack of a temporal eigenvector of the quantum stress-

energy tensor 〈Tµν〉 in highly non-equilibrium initial states14. The initial violation of the

energy positivity condition reflects thus the lack of a local rest frame of the fluid in a highly

quantum state. From what follows we will see, that this phenomenon occurs only in the

early non-equilibrium stage and shall not interfere with the hydrodynamics. Moreover it

occurs only for a subset of initial conditions with large initial entropy.

If we want to discuss hydrodynamic features of evolution we should first develop a

criterion indicating, that we have indeed entered its domain. We will now construct a

criterion based not on a thermal equilibrium, but on the applicability of hydrodynamics

equations of motion15. To this end let us clarify what we mean by hydrodynamics. We

say the system is in hydrodynamic stage if the stress-energy tensor expressed in terms

of the effective temperature Teff(τ) indeed behaves in accordance with some fixed order

hydrodynamics. This does not e.g. require the system to be isotropic, but only that

the effective temperature depends on time in a specific way. The criterion seems to be

as accurate as the order of hydrodynamics used to formulate it. In the presently analysed

context of boost-invariant conformal system in four dimensions, possessing holographic AdS

dual, the highest order analytically known hydrodynamics is of third degree in viscosities

[Booth 2009, Baier 2008]. The temperature changes according to it in the following way:

T (τ) =
Λ

(Λτ)1/3

[
1− 1

6π(Λτ)2/3
+
−1− log 2

36π2(Λτ)4/3
+
−21 + 2π2 + 51 log 2− 24 log 22

1944π3(Λτ)2

]
.

(6.70)

This series contains several numerical factors representing transport coefficients like

shear viscosity, as we described in Chapter 2. They are specific numbers intrinsic to the

particular fluid of N = 4 SYM. Notice also, that this formula for temperature diverges near

τ = 0, which can be understood as the limit of hydrodynamics applicability at early times.

The parameter Λ has dimension of energy, governs the leading late time scaling of

the effective temperature with time and is of different nature than transport coefficients. It

appears as the only integration constant of the first order (in time) hydrodynamics equation

∇µTµν = 0. The measurement of this important number is performed by fitting the analytic

expression for the third order hydrodynamics (6.70) to numerical data from simulation.

The physical interpretation of Λ relates it to the final entropy density. This assertion can

be validated through the thermodynamic relations found to hold [Janik 2006a] for perfect

fluid dominating at τ → ∞, and are generalizing the laws reported for the static plasma

in Section 3.7. Let us demonstrate this statement by constructing an explicit expression

for the final entropy, which we shall need in our analysis. The formula for an infinitesimal

entropy increase reads

dS = s(τ)τdyd2x⊥, (6.71)

where s(τ) is the familiar entropy density read-off from the horizon area, s(τ) = Area/4GN
and the volume element is that of the boost-invariant metric, dV =

√
−γdyd2x⊥. The

thermodynamic relation we mentioned reads

s(τ) =
N2
c π

2

2
Teff(τ)3. (6.72)

14We remind here that the local velocity field uα is a timelike eigenvector of the stress-energy tensor,
Tαβu

β = −T00uα
15Very loosely one could compare it to a sort of on-shell condition.
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This formula holds for all proper times, but contains the large N parameter. We would

like therefore to remove it by considering instead a dimensionless entropy (without time

dependence in the large τ limit) defined per unit rapidity and transverse area element, and

measured in units of the initial effective temperature. In short,

s =
dS

dyd2x⊥

1
1
2N

2
c π

2(T
(i)
eff )2

. (6.73)

In the asymptotic limit τ → ∞, using (6.72) and regarding Teff(τ) equal to the leading

piece of (6.70) we arrive at the following relation for the final entropy,

s(f) =
Λ2

(T
(i)
eff )2

, (6.74)

which completes our argument above on the nature of Λ. This formula will be useful in

Section 6.8.3 for discussing physical content of numerical solutions.

To proceed we now make the following observation. Purely on the dimensionality

grounds, by putting together proper time and effective temperature we can introduce a

dynamical dimensionless parameter:

w(τ) = Teff(τ)τ. (6.75)

This entity is independent of any assumptions on the thermodynamic equilibrium and Teff

is just the fourth root of energy density, (6.58). Such an object was previously discussed in

the context of QGP in e.g. [Lublinsky 2007]. The crucial step now is to observe, that the

general stress-energy conservation in the boost-invariant case,

∇µTµν = 0, (6.76)

is one dimensional differential equation of first order in time. It may then be rewritten

with the aid of the new parameter w(τ) in the following dimensionless form:

τ

w

d

dτ
w =

F (w)

w
. (6.77)

We can be sure, that F (w) depends solely on w because it is the only dimensionless

combination we have at our disposal, and the left side of (6.77) is dimensionless.

This observation has certain deep consequences for our task of finding criterion of transi-

tion to hydrodynamic regime, and for hydrodynamics per se. In general this is just another

form of microscopic energy-momentum conservation, but if the stress-energy tensor as-

sumes the form provided by hydrodynamics (of arbitrary order, not just e.g. perfect fluid),

then the function F (w) = Fhydro(w) is uniquely specified by the hydrodynamic equation of

motion16,

∇µTµνhydro(τ) = 0, (6.78)

and depends only on w and numerical transport coefficients. No other ambiguity nor

any initial condition or integration constant is present in its definition. It then means,

that for every solution whydro(τ) of the hydrodynamic equation of motion (6.78), function

16Take note of the subscript hydro. It means that Tµν assumed a special form and is expressed through
constitutive relations by the ’true’ near-equilibrium temperature T (τ).
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F = Fhydro(w) understood as the left hand side of (6.77) evaluated on the solution assumes

the very same values, irrespective of e.g. initial condition. It is so, because this function

defines the equation, which whydro(τ) obeys, and so it must assume the same value on its

every given solution17.

This is very subtle but also crucial point, so let us be very explicit about this argument.

The way to verify if a given w(τ) is a solution to the hydrodynamics equation, we need to

test the left hand side of (6.77) by independently providing w(τ) and ∂τw(τ). Then one

has to evaluate their combination and parametrically check the values of the (w, τ
w

d
dτw)

pair. If the values would be the same for every given considered function w(τ), and would

match similarly evaluated (w(τ), Fhydro(w(τ)), then we would conclude that w(τ) indeed

follows evolution of the assumed hydrodynamic equation. We shall soon see, that this is

precisely what happens for our numerical profiles of w ≡ w(T (τ), τ).

Let us now proceed to the formulation of the transition criterion. First let us give the

expression for Fhydro(w) for the quoted above third order boost-invariant hydrodynamics:

F
(3rd order)
hydro (w)

w
=

2

3
+

1

9πw
+

1− log 2

27π2w2
+

15− 2π2 − 45 log 2 + 24 log 22

972π3w3
. (6.79)

We are now ready to verbalize our claim: if the deviation of the ratio of the numerically

provided function F (w) and analytically known third-order function Fhydro(w) does not

exceed 0.005:

∣∣∣∣ τ d
dτw

F
(3rd order)
hydro (w)

− 1

∣∣∣∣ < 0.005, (6.80)

then we shall say, that the field theory state evolves in a hydrodynamical way. Of course

the level 0.005 is somewhat arbitrary, but we expect (and observe) only a relatively sharp

crossing to hydrodynamics and not a unique transition point.

We are now ready to demonstrate, that the described mechanism is indeed function-

ing. In Figure 6.9 one can see analysis based on twenty nine profiles of energy density

holographically derived from the evolved geometries and processed with the aid of (6.77).

The plot shows parametric curves (w(τ), F (w(τ))/w(τ)). As is manifest, for all the initial

data we first observe rich and diverse evolution of the profiles18. Then abruptly in the

neighbourhood of w ∝ 0.7 all curves collapse to just a single line, asymptotic to roughly

2/3, which is the leading term of (6.79).

What we observe here is the long sought transition to hydrodynamics in action. The

numerical curves merge when gauge theory plasma system starts following the equations

of hydrodynamics. To be able to decide which order of viscous hydrodynamics we follow,

we need to apply the relation (6.80). On the plot there are visible three curves Fhydro of

ascending hydrodynamics order, the first, the second, and the third. All of them diverge

near w = 0, but in the region of interest w ∝ 0.7 all follow closely the exact numerical

F (w). This also indicates the fact (seen before in [Chesler 2009]), that the deviations from

hydrodynamics do not occur due to the large gradient corrections, but rather through

dissipation of non-hydrodynamical degrees of freedom.

17For example, in the simple case of harmonic oscillator, ẍ(t)/x(t) = −1 the right hand side assumes
value −1 on every solution. This point is trivial, but now if someone would hand us independently values
of x(t) and ẍ(t), we could test it they correspond to a solution, if their ratio would be −1.

18The curves initially forming spiral-like shapes come from the non-monotonic behaviour of energy density
defining w(τ).
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Figure 6.9: Expression (6.77) evaluated for all analysed initial profiles and displayed to-

gether. It is readily visible, that albeit initially diverse evolution, all the profiles collapse

quite abruptly to just one common line. This indicates the moment of hydrodynamisation.

An application example of this condition is given in Figure 6.10a. The horizontal bar

represents the threshold set at 0.005, which indicates 0.5% deviation from third order boost-

invariant hydrodynamics. The plot represents the ratio of exact numerical value of F (w)/w

divided by the corresponding analytic expression (6.79) for F
(3rd order)
hydro (w)/w, with good

match at zero towards increasing w = τTeff(τ). The value of w(τ) for which the two lines

cross defines the moment of transition to hydrodynamics. One clearly visible effect is that

the approach towards hydrodynamics is not monotonic, with two bumps present below the

threshold band. This indicates, that since the confidence level 0.005 is arbitrarily chosen

and the analytic expression for hydrodynamics is of only third order, the transition is not

absolutely determined moment, but is subject to refinements (and rather never a sharp

event).

To address concerns on the stability of our criterion we first give an example of a

potential problem for profile with very small initial entropy (compared to average among

others). In Figure 6.10b one can see how the ratio drops below the band, only to jump

up above it and decrease again. This indicates a possible trouble, to which sensitive are

especially profiles with small initial entropy. We however define our criterion by demanding

to take the last crossing with the band. We have tested stability of this rule by changing

the band to 0.01 and 0.02 (respectively two- and four-fold values of the threshold) and we

observed little difference among the determined transition times. We thus conclude that

even though not perfect, the criterion is fairly robust.

Let us now describe one of the most important findings of the present work, also re-

lated to the main quest for explaining thermalization mechanism. Prior to our investiga-

tion [Beuf 2009, Chesler 2009], the condition of transition to thermodynamics relied on the

pressure anisotropy parameter ξ = 1− pL
pT

. The equilibration was declared when this ratio

dropped below e.g. 10%. A more convenient combination to use is

∆p(τ) = 1− 3pL(τ)

ε(τ)
. (6.81)

This takes into account the fact that in thermal equilibrium pL = pT and for conformal
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(a) Hydrodynamisation criterion

(6.80)

(b) Criterion (6.80) exceeded by the

small initial entropy profile ’c1’.

Figure 6.10: Hydrodynamisation criterion for two qualitatively different initial profiles, with

respectively from the left: normal and small initial entropy density.

system ε = pL + 2pT = 3pL.

Now let us plot this parameter for a typical sample profile, Fig. 6.11. Along the

exact numerical line there are also three curves for respectively 2nd, 1st and 3rd order

hydrodynamics (counting from above). What can be readily observed, is that in the region

of w ∝ 0.7 quite uniformly determined by the criterion (6.80) and seen in Fig. 6.9, the

pressure anisotropy if of order 0.6, which is still significant. This value is however fully

described by viscous hydrodynamics.

Let us rephrase this to clarify the statement. The value of w ∝ 0.7 means according

to (6.80) that the stress-energy tensor assumed special hydrodynamic form (6.70) and is

governed by hydrodynamic equation of motion. Nevertheless as seen in Figure 6.9, the

pressures are highly anisotropic, contradictory to the usual assumption of thermalization.

The fact, that the stress tensor follows law of hydrodynamic clearly indicates presence of

collective phenomena. It seems however that it may not be the standard thermalisation.

Such a possibility was signalled in the first numerical work on holographic dual to expanding

SYM plasma, [Chesler 2009]. Subsequently to our work a new term was coined to describe

this phenomenon: ’hydrodynamisation’. However awkward it may sound, it aptly reflects

the process under consideration and avoids the subtlety of speaking of equilibrium with

significant anisotropy.

The discussed observation suggests that a new mechanism may be at work in heavy ion

collision, one that differentiates isotropisation and thermalisation from hydrodynamisation.

It also points at the significance of viscous and anisotropic hydrodynamics applications to

RHIC data analysis [Florkowski 2011], as the 3rd order viscous line readily follows closely

the exact numerical profile of the pressure anisotropy.

6.8.3 Features of hydrodynamisation

With the tool for detecting transition to hydrodynamics in simulation results (6.80),

we can proceed to qualitatively characterise the details of this process.

We have signalled in Section 6.8.1 particularly simplified description of the hydrody-

namisation in terms of initial non-equilibrium entropy density, s
(i)
n−eq. Its notion was linked

to the concept of apparent horizon. For the purpose of the present analysis we have em-

ployed this connection to measured the initial entropy, as outlined in Section 6.6.2. The

concrete formula we used to extract the entropies from geometry was (6.66).
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Figure 6.11: Evolution of the anisotropy parameter ∆p, (6.81) during the plasma evolution.

Figure 6.12: Effective dimensionless thermalisation time in units of temperature w(τ), at

the hydrodynamisation point.

As a first step we determine the moment of hydrodynamisation by measuring with (6.80)

the values of w = w(th) for all the analysed profiles, and express19 them as functions of s
(i)
n−eq

extracted from the corresponding profiles. The result is depicted in Figure 6.12. This plot

justifies the recent remark, that this value is more or less uniform among all the profiles.

The significant deviation from 0.7 occurs only for states with particularly small initial non-

equilibrium entropy density, s
(i)
n−eq < 0.1. These states seem to be slightly different in nature

from the rest, as for instance for such states we experienced the increased sensitivity to

thermalisation criterion exemplified in Fig. 6.10b. Figure 6.12 also justifies the additional

conjecture, that to some extent the parameter w(τ) may be well suited to universally

describe thermalisation, because it assumes similar values for all the profiles. Curiously,

sample initial conditions for hydrodynamisation at RHIC (T0 = 500 MeV, τ0 = 0.25fm

for central collisions, [Broniowski 2008]) correspond after all units are taken into account

to w = 0.63, which is quite close to the value 0.7. Our results are therefore of similar

19Both w(th) and s
(i)
n−eq are labelled by their corresponding initial profile number n, so this is just a

simple parametric plot in n. This method is also used in other cases.
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Figure 6.13: Total entropy production ∆s during the plasma evolution.

order of magnitude to those of the physical QCD, which is encouraging in the context of

qualitatively approximating it with super-Yang-Mills theory.

Proceeding further, we note one of the more intriguing observations we made, which

concerns the total entropy production during the whole process of plasma evolution. The

production is defined as the difference between the recently introduced final entropy s(f)

and the initial non-equilibrium entropy s
(i)
n−eq defined through (6.66),

∆s = s(f) − s(i)
n−eq. (6.82)

The value of s(f) = Λ2/(T
(i)
eff )2 is obtained by fitting Λ from the late time power tail of

the third order hydrodynamic temperature (6.70), after the observed transition to hydro-

dynamics. The obtained with its aid dependence of the entropy production on the initial

entropy is reported in Figure 6.13.

This simply looking curve suggests, that during the a priori strongly diverse initial

evolution and subsequent thermalisation, the entropy produced is well parametrized by just

the value of s
(i)
n−eq. Simple two parameter fit of exponential-like behaviour gives dependence

of a sort

∆s = 1.64(s
(i)
n−eq)

1.58. (6.83)

The apparent simplicity of the relation between the two entropies is interesting, since one

would expect no memory to persist of the initial state during the process of thermalisation.

Recall that the final entropy s(f) is obtained as a fit of the leading late time fluid tail

(6.70), when only leading viscous corrections are present, and (hydrodynamic) equilibrium

is assumed. However one can also make a remark, that according to the comment made

earlier there is a non-zero event horizon from the onset of spacetime evolution. This suggests

some remote contact with equilibrium, and hence the possible origin of this interesting

regularity. It would be interesting to understand this phenomenon in more detail in the

future.

Two further observables characterising the moment of hydrodynamisation are the tem-

perature T (τ (th)) and proper time τ (th) of thermalisation, both expressed in units of the

initial effective temperature T
(i)
eff

20, and parametrically plotted as functions of the initial

entropy s
(i)
n−eq in Figure 6.14. Again we can see that the dimensionless ratios ordered along

the ascending initial entropy reflect simple dependence on the initial condition.

20Recall from Section 6.5.2, that the initial energies were all normalized to the same value, so the tem-
peratures are also all the same.
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(a) Thermalisation temperature (b) Thermalisation time

Figure 6.14: Temperature and proper time at hydrodynamisation, in units of the initial

temperature T
(i)
eff . Quite clear correlation with the initial entropy density is visible.

The plot showing the temperature at thermalisation point is important for understand-

ing how much cooling may be attributed to the far-from-equilibrium stage, and how much

to the (viscous) hydrodynamic phase of the evolution. From the plot it can be seen, that

the ratio steadily grows with the increasing initial entropy, to even exceed its initial value.

This effect can be linked to the phenomenon of reheating, encountered before in Figure 6.8.

This means that during the non-equilibrium stage some significant amount of temperature

can be generated for states with high initial entropy, after which system arrives at equi-

librium, and not that thermalisation is instantaneous when temperature is still high. For

states with small initial entropy the temperature at thermalisation is much smaller than the

initial one, and thus for such states cooling occurs largely in the non-equilibrium stage. For

these states we also observe slight departure from the generally linear dependence of the

thermalisation temperature on initial entropy, again pointing at slightly different nature of

such states. On the overall these remarks imply, that cooling may be both equilibrium and

non-equilibrium process, and based solely on the value of temperature one can not judge in

which state the fluid is.

On the plot of thermalisation time we can see that the dependence is to some extent

reciprocal to the similar one for temperatures (so that the product of the two observables will

give approximately constant values of w(th)). The states of very small initial entropy need

excessively large amount of time to equilibrate, as compared to the large initial entropy

configurations. The whole dependence is again strongly correlated with values of s
(0)
n−eq.

Maybe one way of thinking of this is that small initial entropy reflects high purity of the

corresponding quantum field state. Such system may then need more time to become mixed

and develop thermal equilibrium.

The above statement concludes our description of simulation results. We shall now move

to the final section of this chapter, containing overview of the findings and brief discussion

of their meaning.

6.9 Closing remarks

In the present chapter we have reached the point, in which we could have qualitatively

described in a simple manner several characteristics of the non-equilibrium evolution of a

strongly coupled gauge theory fluid. The observables that we presented are the following:

• The function F (w)/w encapsulating hydrodynamic expansion, (6.77) (see also per-
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turbative part, (6.79)) and Fig. 6.9

• Hydrodynamisation criterion based on F (w), Fig.6.10

• Pressure anisotropy, (6.81) and Fig. 6.11

• Effective thermalisation time in units of effective temperature, w(th), Fig. 6.12

• Entropy production during the whole plasma evolution ∆s, Fig. 6.13

• Temperature at the thermalisation time in units of initial effective temperature,

T
(th)
eff /T

(i)
eff , Fig. 6.14a

• Thermalisation proper time in units of the initial effective temperature, τ (th)T
(i)
eff , Fig.

6.14b

Access to these variables has been made available by application of numerical relativity

methods to the AdS/CFT or gauge/string duality. We have discovered interesting mecha-

nisms that may be of interest to the community investigating real-world strongly coupled

fluids, like the one observed at RHIC or LHC. The interesting point is that probably from

the viewpoint of numerical relativists the methods applied may not seem very sophisticated

compared to state of the art cosmic black holes simulations (however their development was

by far not a trivial task). The amount of (physically well justified) symmetries assumed

and the effective two-dimensional nature of the problem significantly contributed to this

relative simplicity. Nevertheless it is apparent how much physical understanding have been

gained. One may make an observation, that in this part of the AdS/CFT correspondence,

related to gravity duals of fluid evolution, the whole field matured to the stage similar

to the General Relativity: many of the results possible to obtain analytically have been

obtained. Now great amount of interesting hard to get otherwise information has to be

accessed with numerical methods. Another point of view is that to some extent AdS/CFT

may play a role similar to powerful lattice methods, used to obtain non-perturbative insight

into strongly coupled properties of e.g. QCD. The advantage of AdS/CFT relies on the fact,

that it is naturally a dynamical construction embedded in well understood theory of General

Relativity, which allows for real-time Minkowski space measurements of observables.

The novel aspects of fluid dynamics that we have observed are:

• A strong indication, that one should recognize different types of equilibration. In

addition to conventional thermalisation there can also be hydrodynamisation, which

occurs at highly anisotropic stage of the flow, where ∆p may very well be of the order

50%. It may be an intermediate step before the isotropic thermal equilibrium takes

over.

• Significance of viscous corrections to the leading perfect fluid dynamics. The ’empir-

ical’ AdS/CFT exact numerical solution for the temperature is best reproduced by

third order boost-invariant hydrodynamics. This is important for the real-world sys-

tems analysis (e.g. RHIC, LHC), in case of which one does not have full control of the

difficult microscopic theory at the disposal to derive effective low energy description.

Our analysis may help to argue for the use of viscous hydrodynamics.

• A possible good effective parameter to indicate hydrodynamisation, w(τ) = Teffτ ,

which acquires similar value of ∝ 0.7 at this moment for all initial data.

• Very clear correlation between several observables and the initial non-equilibrium

entropy density s
(i)
n−eq. This points at an important role played by this quantity, in

particular when plugged into the hydrodynamic codes aimed at collision data analysis.
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Apart from these physical conclusions, some interesting techniques have been develop

during this research:

• ADM-inspired formulation of asymptotically-AdS spacetime was derived with spe-

cific coordinate system suitable for numerical simulation, tangent at the initial time

hypersurface to the standard Fefferman-Graham hypersurface.

• To our knowledge, for the first time in the ADM-based approach a technique was

proposed to handle boundary conditions in the highly curved region of spacetime

close to the horizon, based on the vanishing lapse. In the non-asymptotically flat case

of AdS space, with the need to observe patches of apparent and event horizon, this

method proved to be valuable.

• For some purposes other coordinates systems generally better suited for black hole

numerics are not feasible. For example Eddington-Finkelstein coordinates are aligned

along null geodesics and thus make it difficult or impossible to describe constant time

hypersurface. Hence for the purely spatial observables our coordinates (or similar

related) may be the only choice to describe the observable at its whole length, starting

at t = 0. An example of such observable is the two point correlation function of a

scalar operator, which is well described by a spatial geodesic.

• An important advantage of our setup is also the fact, that we are able to start the

evolution at the initial time t = 0 and keep the boundary metric fixed as physical

Minkowski space. The previous work on the numerical equilibration [Chesler 2009]

necessary had to start from some initial time τ? > 0. We are free to follow the

evolution from its onset, because the creation of the non-equilibrium state and its

subsequent evolution towards the equilibrium are vividly separated.

Among the points worth clarifying, one can mention the observed simplification in the

initial data parametrization through initial entropy density (or equivalently, by the coor-

dinates singularity uFG). It would be interesting to investigate this effect in more detail

in the Eddington-Finkelstein coordinates, which allow for explicit observation of event or

apparent horizons from the very beginning.

6.10 Appendix A: The summary of initial conditions

TABLE I: Below following [Heller 2012a] we collect information about the initial pro-

files we considered: C0(u) is the initial condition as discussed in Section 6.5.1 with

γ = 1
2

√
3π2
(
T

(i)
eff

)2
; u

(FG)
0 is a position of corresponding coordinate singularity in the

Fefferman-Graham chart; u
(EH)
0 is the approximate position of the event horizon on the

initial time slice; w(th) is thermalization time measured in terms of an effective temperature

at thermalization as defined by equation (6.75); τ (th)T
(i)
eff is the thermalization time in units

of the initial effective temperature; T
(th)
eff /T

(i)
eff is the ratio of the effective temperature at

thermalization to the initial effective temperature; s
(i)
n−eq is dimensionless initial entropy

density (6.66) defined by apparent horizon, as described in Section 6.6.2; s
(f)
n−eq is the final

entropy density obtained from perfect fluid hydrodynamics.
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T
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w(th) τ (th)T
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1
(1− 1

γu+1 ) tanh( γu2 )
4γu+1 + 1 23.9980 12.5030 0.4853 3.2287 0.1503 0.0086 0.0120

2
1− 1

γ2u2+1

2(3γu+1) + 1 12.8410 8.2419 0.4868 2.6686 0.1824 0.0127 0.0178

3
γu(1− 1

γu+1 )
2(2γ2u2+1) + 1 7.0707 5.3189 0.4722 2.0759 0.2275 0.0200 0.0270

4 γ2u2

2(γ2u2+1)2 + 1 3.0462 3.2053 0.5209 1.8717 0.2783 0.0322 0.0435

5
γu(1− 1

γu+1 )
2(γ2u2+1) + 1 3.6404 3.2898 0.4153 2.0940 0.2963 0.0333 0.0420

6
γ2u2e

γu
6

(
1−γ4u4e−6γ2u2

)
2(γ2u2+1)2 + 1 2.4453 2.6413 0.3713 1.4999 0.3433 0.0402 0.0522

7
γ2u2e

γu
6

(
γ6u6

8 + γ4u4

4 + 1
2

)
(γ4u4+γ2u2+1)2 + 1 1.4390 1.4639 0.5507 1.5759 0.3494 0.0592 0.0713

8 γ2u2

2(2γ2u2+1) + 1 1.6148 1.5908 0.5200 1.4265 0.3646 0.0641 0.0923

9 γ2u2

2
(

3γ2u2

2 +1
) + 1 1.0747 1.1372 0.5625 1.3841 0.4064 0.0847 0.1217

10 γ2u2e
γu
6

2
(
γ2u2

2 +1
)2 + 1 0.8425 1.0125 0.5634 1.2806 0.4400 0.0968 0.1152

11 γ2u2

2
(

5γ2u2

4 +1
) + 1 0.8437 0.9252 0.5809 1.3300 0.4368 0.0998 0.1438

12 γ2u2e
γu
5

2
(
γ2u2

2 +1
)2 + 1 0.7676 0.9264 0.5768 1.2787 0.4511 0.1039 0.1231

13 1
2γ

2u2e−
3γu

4 + 1 0.6609 0.7884 0.6691 1.5080 0.4437 0.1139 0.1658

14 γ2u2

2(γ2u2+1) + 1 0.6430 0.7269 0.5978 1.2556 0.4761 0.1199 0.1748

15 1
2 tanh2

(
γ2u2

25 + γu
)

+ 1 0.4884 0.5788 0.6154 1.1825 0.5204 0.1441 0.2131

16 γ2u2

2
(
γ2u2

2 +1
) + 1 0.3475 0.4006 0.5098 0.7948 0.6414 0.1826 0.2825

17 1
2γ

2u2e−
γu
2 + 1 0.3336 0.3764 0.5396 0.8448 0.6388 0.1841 0.2919

18 1
2 tanh2

(
γ2u2 + γu

)
+ 1 0.2807 0.3652 0.6139 0.9465 0.6486 0.2168 0.3307

19
exp

(
1
2

∫ γu
0

{√
2v′+(x)− v+(x)2 − v+(x)

}
dx
)

with v+(x) = tanx− tanh (x+ x4)
0.1838 0.1996 0.6150 0.7719 0.7968 0.2642 0.5009
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20 γ2u2

2 + 1 0.1971 0.2147 0.6111 0.7817 0.7817 0.2711 0.4797

21
exp

(
1
2

∫ γu
0

{√
2v′+(x)− v+(x)2 − v+(x)

}
dx
)

with v+(x) = tanx− tanh (x− 1
4x

4)
0.1838 0.2097 0.6548 0.8525 0.7681 0.2803 0.4891

22
exp

(
1
2

∫ γu
0

{√
2v′+(x)− v+(x)2 − v+(x)

}
dx
)

with v+(x) = tanx− tanh (x+ 1
6x

4)
0.1838 0.1979 0.6346 0.7952 0.7980 0.2810 0.5146

23 cosh(γu) 0.1838 0.1987 0.6306 0.7886 0.7997 0.2839 0.5142

24 e
γ2u2

2 0.1634 0.1762 0.6453 0.7682 0.8401 0.3062 0.5778

25 cosh
(

3γ2u2

10 + γu
)

0.1398 0.1503 0.6380 0.7029 0.9077 0.3501 0.6687

26 γ4u4 + γ2u2

2 + 1 0.1210 0.1303 0.6293 0.6460 0.9742 0.3838 0.7624

27 1
2γ

2u2eγu + 1 0.1243 0.1338 0.6324 0.6571 0.9624 0.3859 0.7465

28 cosh
(

4γ2u2

5 + γu
)

0.1099 0.1187 0.6356 0.6227 1.0207 0.4259 0.8433

29 1
2γ

2u2e2γu + 1 0.0955 0.1026 0.6298 0.5754 1.0947 0.4761 0.9634
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6.11 Appendix B: Numerical methods and spectral dif-

ferentiation

The key concept in the development of a numerical method designed to solve par-

tial differential equations is the proper discretisation of the integration domain. The most

direct consequence of the chosen mesh pattern is the way spatial differentiation will be

represented on the grid. The choice must reflect the geometry of the problem at hand. Dif-

ferent techniques apply to periodic or unbounded domains, and different for finite domains

with non-periodic boundary conditions. Suboptimal discretisation scheme may lead to loss

of numerical accuracy or even complete failure of the numerical method after few initial

integration steps.

The numerical problems we consider in the Thesis belong to the latter category of non-

periodic finite domain systems. The problems we initially faced with finite discretisation,

or finite difference schemes, motivated us to implement our numerical codes using spectral

methods. The main technical problem, that forced us to seek more advanced methods

was the necessity to compute one sided derivatives at the edges of the integration domain.

Finite elements methods rapidly developed errors, while spectral methods based on algebraic

Chebyshev polynomials demonstrated rather spectacular accuracy, even for long lasting

simulations.

We will now briefly describe how they work following an excellent introductory book by

Trefethen [Trefethen 2000].

First let us describe the general philosophy used to integrate our system of non-linear

partial differential equations. By design, as we explained in the main body of Chapter 6,

our system of seven equations based on ADM formulation is of first order in time. This

means, that in general they assume the form

∂tf(t, z) = F(f1(t, z), . . . , f7(t, z), ∂az f1(t, z), . . . , ∂az f7(t, z), t, z), a = 1, 2. (6.84)

The vector F defining the equations depends on the unknown functions and their spatial

derivatives. Such a system is already in the form suitable for temporal integration with

Runge-Kutta method, provided all expressions on the right hand side are known at the

given instance of time t. The above equation is represented on a numerical grid defined as

a two-dimensional mesh of nodes:

{t, z} → {m,n}, m = 0, 1, 2, . . . ,M, n = 0, 1, 2, . . . , N. (6.85)

The indices m and n label the spacetime points of the domain, and their physical values

are computed with the aid of discretisation parameters. For time it is simply tn = m∆t,

but in the case of spectral methods spatial positions are less directly related to n and are

encoded in the discretisation scheme, which we will describe in a moment. The number N

corresponds to the density of spatial discretisation (which however will not be uniform in

our case) and M defines the timespan of the simulation.

The temporal integration is performed for each spatial grid point independently (which

allows for parallel optimisation). The algorithm of numerical integration is the following:

• Start from the initial condition and integrate one step in time.

• Compute all the necessary derivatives using spectral differentiation.

• Check constraints and boundary conditions.

• Enter the main integration loop by repeating the steps.
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We see, that once differentials are known we can perform one integration step. In

our case the temporal integrator was adaptive Runge-Kutta RK89 algorithm, which is a

refined version of RK4 integrator. In this sense our problem is in fact a collection of N

ordinary differential equations, each one for the independent mesh point. The only way

they communicate is through the derivatives. Runge-Kutta is a standard algorithm in the

field of numerical methods and we shall not discuss it here. Instead we finally focus on the

spectral discretisation.

The way spectral differentiation based on Chebyshev polynomials works is the following

[Trefethen 2000]. For a smooth function f(x) and sample finite interval x ∈ [−1, 1]:

• Define natural number N > 0.

• Define spatial Chebyshev grid represented by point

xj = cos(jπ/N), j = 0, . . . , N. (6.86)

• Find polynomial of degree N , pN (x), interpolating the function f(x) on the grid {xj}

pN (xj) = f(xj) ≡ fj , j = 0, . . . , N. (6.87)

• Define spectral derivative of the function on the grid:

f ′(xj) = p′N (xj) (6.88)

The above procedure is carried out for the specified function f(x). Derivative is however

a linear operator. This great virtue allows us to realise it on the grid as a matrix operator

DN acting on vectors representing arbitrary functions, e.g. w,

w′ = DNw, (6.89)

because the differential matrix DN extracted from the above procedure happens to be the

same for all functions. This crucial feature follows from the fact, that the differentiation

performed in the last step above acts on the interpolating polynomial pN (x). This func-

tion has a specific fixed structure based on the grid nodes, in which the values fj of the

interpolated function f(x) play the role of linear external parameters.

To illustrate this consider the simple case of N = 3, in which we find [Trefethen 2000]:

p3(x) =
1

2
x(x+ 1)f0 + (1 + x)(1− x)f1 +

1

2
x(x− 1)f2. (6.90)

The derivative is equal to

p′3(x) = (x+
1

2
)f0 − 2xf1 + (x− 1

2
)f2. (6.91)

From this analytical expression we now need to compute values of the derivatives p′3(xj) in

three grid points, xj = 1, 0,−1. The resulting expressions allow us to extract the following

differentiation matrix

D3 =

 3
2 −2 1

2
1
2 0 − 1

2

− 1
2 2 − 3

2

 . (6.92)

Expressions for general N and demonstrations of the so called spectral accuracy of such

a matrix derivative can be found in [Trefethen 2000]. The great feature of this method is
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that equally high accuracy is maintained if we interpose differentiation matrices to computer

higher order derivatives, e.g. D2
N = DNDN .

This concludes our inception of spectral methods. As a last comment we emphasise

again, that apart from the overall performance in numerical integration, spectral deriva-

tives were instrumental in the holographic procedure of extracting observables from near

boundary region of the numerical solution. This required computing fourth order one-sided

derivatives and would be much more difficult without spectral methods.





Chapter 7

Non-equilibrium modes in

hydrodynamics

7.1 Introduction

This chapter describes fascinating results published in our paper [Heller 2013a], unrav-

elling intricate link between hydrodynamical degrees of freedom and non-hydrodynamical

ones. As we shall see the boundary between them is more blurred that one might initially

expect.

We have seen how full evolution of a quantum system passes from highly non-equilibrium

regime to local equilibrium without any dramatic events, but in a rather smooth way. The

distinction between them was made by us with the aid of an analytic expression for the third

order boost-invariant hydrodynamics solution. Therefore the criterion of passing to local

equilibrium seems to rely on the gradient expansion order used for this, which only due to

the technical complexity was limited to in our case to three. For instance in cases with small

initial entropy our criterion (6.80) was prone to offering less accurate predictibility, as we

have seen in Figure 6.10b. It therefore asks for refinement, and the most straightforward way

to achieve this could be a priori based on a higher order expression for the function F (w)/w.

We are thus motivated to investigate the nature of hydrodynamic gradient expansion at

possibly high order. Such a question is also justified on its own. Since we are defining

hydrodynamics as truncated power series expansion one should analyse the properties of

this series before embracing it and applying to arbitrary systems.

7.2 Very high order hydrodynamics

Determining high order hydrodynamics is difficult. We have seen in Chapter 2 how

complex the tensorial structures of hydrodynamics become when the expansion order grows.

We have also seen in Chapter 3 how cumbersome the calculations are when one tries to

derive the exact numerical values of transport coefficients present in the expansion. Boost-

invariance may however improve the situation to some degree. Its main virtue in this

context is the restriction of energy density to be a function of only proper time τ , which

renders gradient expansion to be effectively one dimensional and leading to significant

simplifications. We will use this fact access higher order hydrodynamics.

We know from the fluid/gravity duality that large proper time energy density expansion

in boost-invariant model is

ε(τ) =
3

8
N2
c π

2 1

τ4/3
(ε2 + ε3

1

τ2/3
+ ε4

1

τ4/3
+ . . .), (7.1)

where numerical the coefficients εn are related to transport coefficients. This function is an

expansion in inverse powers of proper time, τ−2/3n, and in this form is valid only for large

τ . Such a parameter is remnant of the gradient expansion, which is implicitly parametrized

by the number of applied derivatives. Indeed at each order, new transport coefficients from
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n-th order start contributing to ε2+n. Qualitatively the structure of the series at each order

is given by the product1

∇µuν
T (τ)

∼ 1

τ
× 1

τ−1/3
=

1

τ2/3
, (7.2)

which is our expansion parameter. The question whether the above series is convergent

even for large τ is open in hydrodynamics. In general the energy density is related to the

local temperature as

ε(τ) =
3

8
N2
c π

2T (τ)4, (7.3)

which should be a solution to

∇µTµν(T (τ)) = 0. (7.4)

The question is what are the properties of the above equation based on an a priori infinite

expansion? To understand its structure better we recall how we have seen around (6.70) the

way combined conformal and boosts symmetry allows us to recast hydrodynamics equation

and solution in a very convenient way using the dimensionless variable

w(τ) = T (τ)τ. (7.5)

With its aid the first order in proper time hydrodynamic equation (7.4) of arbitrary gradient

order can be rewritten as

τ

w

dw(τ)

dτ
=
Fhydro(w)

w
. (7.6)

The function Fhydro(w) on the right encompasses any terms apart from temperature deriva-

tives which might appear in the equation. This expression makes a good starting point for

analysis of gradient expansion convergence, because in boost-invariant model gradient ex-

pansion is represented by just a polynomial in inverse powers of w. For example third order

hydrodynamics used in the preceding chapter reads:

F
(3rd order)
hydro (w)

w
=

2

3
+

1

9πw
+

1− log 2

27π2w2
+

15− 2π2 − 45 log 2 + 24 log 22

972π3w3
. (7.7)

This expression is obtained directly from the energy density (7.1).

Our goal is to obtain further terms in the above series for F (w) and inspect what are its

analytic properties. If this series is convergent, so is the hydrodynamic gradient expansion

procedure2.

This is however not a simple task. Yet we should recall that equation (7.4) is also a

specific component of Einstein equations, which dictates all the exact tensorial structures

one can think of in hydrodynamics. Therefore we can try generating the equation implicitly

by considering high-order expansion of Einstein equations. If we would be able to solve

them, we could holographically extract the corresponding energy density ε(τ), form F (w)

and understand its nature at high order in w.

We are thus going to follow the same steps as before and form holographic dual of

Bjorken flow. This time however we are going to obtain a semi-analytic expression for the

1Recall, that since we are working in the proper time curvilinear coordinates we are using a covariant
derivative. Even though the velocity field uα is locked to be unit vector, the affine connection gives a term
1/τ .

2At least in our conformal boost-invariant system.
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geometry in the large τ expansion, in contrast to the full numeric solution of the previous

chapter.

This time the basis of analysis will be Eddington-Finkelstein metric in the form adapted

to boost-invariance:

ds2 = 2dτdr −Adτ2 + Σ2e−2Bdy2 + Σ2eB(dx2
1 + dx2

2). (7.8)

The metric fields are functions of proper time and bulk radius, {τ ∈ [0,∞), r ∈ [0,∞)},
and boundary is located at r = ∞. We are not using our newly developed ADM scheme

of the preceding chapter, because we are after the late time expansion and not initial value

problem crucial for non-hydrodynamical physics.

The main goal is to derive energy density in the form of late time expansion in powers

of τ−2/3. Using [Kinoshita 2009] we are led to the following Ansatz:

A(τ, r) = r2
∑
n=0

1

τ2/3n
An(r τ1/3),

B(τ, r) =
2

3
log

r

1 + rt
+
∑
n=0

1

τ2/3n
Bn(r τ1/3),

Σ(τ, r) = r2/3(1 + rt)1/3
∑
n=0

1

τ2/3n
Σn(r τ1/3). (7.9)

This structure is based on the scaling variable3 enforcing gradient corrections:

v = rτ1/3. (7.10)

Each metric series component is therefore a function of v.

The first term of the expansion is known from the leading perfect fluid dynamical black

brane. A useful feature of the Eddington-Finkelstein metric Ansatz is that the dynamic

horizon locus (or a similar quantity – see below) can be held fixed at v = 1 for any value of

τ . We can observe this by inspecting the leading metric components:

A0(v) = 1− 1

v4
, B0(v) = 0, Σ0(v) = 1. (7.11)

The key point is that the naive horizon position of this geometry defined by A0(v) = 0

can be held fixed in each order at v = 1 due to a residual diffeomorphisms symmetry

[Kinoshita 2009],

r → r + fn(τ), (7.12)

which leaves the functional form of (7.8) unchanged. Adapting appropriate fn(τ) at each

order we can modify An(τ) to keep the superficial horizon locked. We will appreciate this

fact soon, when discussing the numerical implementation.

The solution to the corresponding gravity equations is found iteratively. We insert the

Ansatz (7.9) into Einstein tensor RAB+4gAB = 0 and expand the nonlinear coupled system

of partial differential equations in powers of inverse proper time, τ−2/3n. Subsequently we

take the late time limit, τ � 0 and separate equivalent contributions according to the

given order for each Einstein tensor component. The outcome is that in place of the non-

linear system we obtain an infinite set of coupled linear ordinary inhomogeneous differential

equations in variable v:

Ĥa
[
g(0)(v)

]
ga (n)
µν (v) = sa (n)

µν (v), n = 0, 1, ...., a = A, B, Σ. (7.13)

3Coordinates v and r are linearly proportional to each other, with rescaling through always positive
term τ1/3. This implies, that for a fixed time in both variables the boundary and AdS interior correspond
to ∞ and 0.
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The general structure of the above chain of equations is such, that for each of the met-

ric partial components, An(v), Bn(v), Σn(v), the expansion produces an equation with a

unique ordinary differential operator Ĥa[g(0)(v)], with a denoting the appropriate compo-

nent. Each linear operator depends only on the initial unperturbed metric (7.11) and is the

same at all orders n of the new equations hierarchy for each warp-factor (7.9). The distinct

equations for An, Bn, Σn are in turn coupled through the sources s
a (n)
µν (v), which accu-

mulate progressively the contributions from all the orders k < n subordinate to the given

computation order n. This coupling through the increasingly convoluted source terms grad-

ually builds up the effect of non-linearity, which was expelled during the expansion (7.9),

and thus become very complicated. Yet crucially, this is still a linear system and can by

integrated without any fundamental obstacles, provided the sources are regular. They are

indeed regular, since we are working in a well-behaved coordinate system. The described

procedure is in fact a numerical implementation of the scheme described in Chapter 3,

which has never been done before.

7.2.1 Numerical procedures

The setup for numerical integration is such that we use a compact domain defined by

a variable z = 1/v ranging from the boundary z = 0 to the fixed naive horizon locus z = 1.

This is the technical application of the horizon fixing discussed above feature. It is crucial

for the numerics to have a well established integration domain, and we are provided with

one by the variable v.

From the differential equations point of view we are solving an infinite chain of three

ordinary equations system4 at each order on a compact domain and hence we are only going

to need boundary conditions. No initial data are present in the late time approach. The

boundary conditions are imposed at the boundary and at the horizon.

The boundary conditions at z = 0 are given by the dual field theory background, which

is the planar Minkowski geometry:

ds2 = r2
[
−Adτ2 + Σ2e−2Bdy2 + Σ2eB(dx2

1 + dx2
2)
]
→ r →∞− dτ2 + τ2dy2 + dx2

1 + dx2
2.(7.14)

Corresponding conditions on the total warp factors (7.9) are then5

A(τ, z) =
1

z2
+ o(z−2), Σ(τ, z) =

τ1/3

z
+ o(z−1), B(τ, z) = −2

3
ln(t) + o(z). (7.15)

These conditions are compatible with the founding metric (7.11). For higher warp factor

expansion coefficients the above relations imply vanishing conditions at the boundary z = 0:

An(0) = 0, Σn(0) = 0, Bn(0) = 0, for n > 0. (7.16)

The second set of boundary conditions is imposed inside the spacetime at the horizon

z = 1. We are able to work directly with the metric there owing to the chosen regular

coordinates. As we mentioned above we have five equations at our disposal, but there are

only three unknown functions. The two extra equations serve as constrains and can provide

us with two boundary conditions for functions Bn(z) and Σn(z) at the horizon. The last

remaining condition is set by utilizing the discussed above residual gauge freedom in the

system, corresponding to the radial variable redefinition r → r+f(τ). We fix it by imposing

An(1) = 0 for all n. (7.17)

4Formed out of five dependent Einstein equations.
5Recall that we are matching to the AdS conformal boundary and not just Minkowski space. This

implies the asymptotic 1/z terms.
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This concludes the boundary conditions derivation.

Having collected all the necessary elements the numerical integration can be carried out.

This time the procedure was implemented as a matrix inversion integration with spectral

representation of derivatives. As before the use of spectral methods greatly enhances ac-

curacy in the case of non-periodic bounded domain integration. The spatial discretisation

turns all the functions of z to M -dimensional vectors with M representing the number of

spectral grid points:

z → i ∈ [1,M ], An(z)→ XA
n (i), Bn(z)→ XB

n (i), Σn(z)→ XΣ
n (i), (7.18)

where n ∈ [0, N ] is the current perturbation order. Then, in a schematic way the integration

amounts to solving a set of M linear algebraic equations for each unknown partial warp

factor a:

D̂aXa
n = Jan , with a = A, B, Σ. (7.19)

Technically this step has been carried out with the aid of LinearSolve[ ] in Wolfram Math-

ematica. Generally such an approach to ODE solving is a direct generalization of the finite

differences scheme for the boundary problem in a (spectral) matrix notation. The differen-

tial operators Ha of (7.13) are represented by the matrices6 D̂a, the unknown functions at

the given order n are the vectors Xa
n and the corresponding sources are Jan . The bound-

ary conditions are embedded in the differential matrices D̂a and the solutions are found

through matrix inversion. This is in direct analogy to the Green’s function method of

solving boundary problems, where the Greens function being the inverse of the differential

operator contains the boundary conditions. The solution is given by its convolution with

the source.

The outcome of integration is the set of vectors, each one representing the n-th order

contribution to the full solution (7.9), e.g.

A(i, τ) ∼
∑
n

XA
n (i)τ−2/3n, and similarly for B and Σ. (7.20)

From now on the analysis can proceed as if we had an actual analytic solution. In par-

ticular the perturbative series for the main observable ε(τ) can be holographically extracted

by taking the fourth derivative of XA
n ≡ An at z = 0. We invoke here the significance of

the employed spectral differentiation. We are taking fourth-order discrete derivative at the

domain boundary, i.e. side derivative. This is reliable owing to spectral precision.

The overall accuracy of the numerical integration has been monitored by comparing at

the given order in τ−2/3n the normalized values the evaluated Riemann tensor (defining

the equations of motion) and the normalized ratio of gradient expanded warp-factors (the

XA
n (i)) to the energy density coefficients (the εn). The norm was defined by the maximum

of the absolute value of the given argument. Thus the order of the equations of motion

violation was compared to the energy density contributions at the scale of the warp factors

contributions, from which the energy density is obtained through high order derivative. In

this way we tested the numerical quality of the energy density series. As an additional

check we compared the numerical values found for ε(τ) to the known analytical solution at

the third order, with satisfying agreement.

In the end the holographic procedure gives us the desired perturbative solution to the

hydrodynamic equation of motion (7.4) at the given computation order N . We were able

to reach N = 240, which on a decent desktop computer consumed roughly four weeks. On

6There is no n dependence here as we discussed above, just the same differential operator at each order.
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Figure 7.1: The function τ
w
dw
dτ ≡ F (w)/w (with w(τ) ∼ τε(τ)1/4) evaluated on the first

one hundred orders of the perturbative numerical series for ε(τ). The plot is a direct per-

turbative counterpart in 1/τ of the plot 6.9 obtained from the full all-proper-time solution.

Clearly the perturbative solution does not follow the well behaved exact answer. The hy-

drodynamics order grows from zero (perfect fluid) on the left to one hundred on the right,

steadily loosing the approximation quality.

the other hand, if we would be interested in few first coefficients the calculation would be

very quick and efficient. An additional factor making the computation so time consuming

was the necessity to use and maintain very high order numerical WorkingPrecision[] in

Mathematica, which we had to set at ∼1000, based on the observed loss of integration

quality with lower level choices. The numerical accuracy of the result was monitored by

comparing the normalized values of Einstein equations evaluated at each order of the τ−2/3

expansion to the ratio of gradient-expanded energy density coefficients and the gradient-

expanded metric warp-factors, from which these coefficients were extracted. Additionally

we checked, that numerical integration reproduces the known analytic expression for the

third order energy density.

7.2.2 Energy density series analysis

With the numerical integration completed we can now analyse the physics it unlocked.

The first test is to inspect the function F (w)/w, which we know from the previous chapter

that is regular for all w (and hence all τ). With some surprise comes then what may be seen

in Figure 7.1. We plot there F (w)/w evaluated on first one hundred orders of hydrodynamic

expansion, starting from the leftmost perfect fluid and going to the right with increasing

order. Perturbative solutions tend to cover less and less of the exact numerical solution

fount in Chapter 6. This is clearly a hallmark of asymptotic series and indicates, that if we

had infinite order expansion it would be of no use as it would formally be infinite for all w.

We must therefore analyse properties of the resulting series by understanding how its

coefficients εn behave. The prime question to ask is what is the convergence radius of this

series? Of course we have at our disposal only a finite order polynomial in τ−2/3, but using

Cauchy root convergence criterion [Whittaker 1996] we can elucidate an approximation to
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Figure 7.2: The scaling of the Cauchy criterion rn with the series order n seems to be linear.

This type of the coefficients behaviour is typical of asymptotic series.

it. If the series is to be absolutely convergent the quantity

C = lim
n→∞

|εn|1/n (7.21)

related to the convergence radius as R = 1/C should be less than one. If on the other hand

C > 1, the series in divergent (the marginal case C = 1 is inconclusive). In our case we will

investigate the quantity normalized by the first term rn = (εn/ε2)1/n to see how this ratio

behaves with n. By looking at Figure 7.2 we convince ourselves, that indeed we encounter

an approximately linear (but not stronger) growth of the ratio rn with n, which wouldn’t

be the case if the series was convergent.

A well known physical example of perturbative series with such a behaviour is the

factorially divergent expansion, often encountered in perturbation theory. Indeed, suppose

a series has the generic structure

f(z) :=

∞∑
n=0

fnz
n, with fn ∼ αAnn!, (7.22)

with α being a constant and A being a subleading power-like growth. The relation of this

series to our’s is seen by applying Stirling’s formula:

n! = Γ(n+ 1) ∼ (2πn)1/2(n/e)n, n� 0. (7.23)

Because (|α|2πn)1/n −→
n→∞

1 we can observe asymptotically a linear growth of the Cauchy

ratio for such a series coefficients:

rn ∼
A

e
n, (7.24)

much like the one depicted in the Fig. (7.2). Actually if we fit a line an+ b to the series7

depicted in the Fig. (7.2) we can estimate the subleading growth strength A = ea. With a

roughly equal to 0.057 we obtain A ∼ 0.155. We shall understand significance of its inverse

1/A ∼ 6.37 further below.

7We skip first few terms (∼ 10) in this fit, the so-called non-universal behaviour and take only leading
part into account, with n ≥ 10.
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7.2.3 The notion of asymptotic series

The situation might not be so bad if the series at hand happens to be asymptotic,

so let us introduce and review its basic notion to see, if we are in fact dealing with one.

Asymptotic series are members of a special class of divergent series, which after Poincaré

is characterized by the feature, that for a given analytic function f(z) and all fixed N ∈ N
we have:

lim
z→0

∣∣∣∣z−N
(
f(z)−

N∑
n=0

fnz
n = 0

)∣∣∣∣ = 0. (7.25)

In other words, the series approximates the function the better the smaller its argument

is (being closer to the zero radius of convergence region). Such a series is unique for a

given function f(z), which has only one asymptotic expansion of the sort given above,

but there is no equivalence, because unfortunately many different functions may have the

same asymptotic expansion. This can be seen by noticing, that we can always add e.g.

exp(−1/z)g(z) to the original function and this still will have the same asymptotic z → 0+

expansion as f(z), provided that g(z) is regular.

As is well known such series are often encountered in physics8 . Indeed in the case of

quantum mechanics or quantum field theory we have this type of a problem and we should

not trust expansions beyond certain accuracy bounds. The situation could be better if the

series at hand happens to possess the feature that for all z in a cone |z| < R, arg(z) ≤
π/2 + δ, δ > 0 a constants σ, C exist such, that the inequality holds:

|f(z)−
N∑
k=0

fnz
n| ≤ CσN+1(N + 1)!|z|N+1. (7.26)

It is difficult in general to check, if we are dealing with such an expansion. Nevertheless

for this class of asymptotic series there follows a condition bounding the growth of the

individual series terms9

fk ≤ CBkk!. (7.27)

This can be at least in principle compared to the large order behaviour of the series under

consideration and give a premise, that the series is indeed unique approximation of the full

answer. We have seen at the end of the previous paragraph, that exactly this type of a

growth is numerically seen in our case. It is therefore reasonable to work with the series

for ε(τ), which we now consider to be asymptotic.

A contemporary approach towards this kind of series is to employ resummation theory

(in physics see e.g. [Zinn-Justin 2002]) to capture the information we know was last in

the perturbation calculation (when we e.g. interchange integration and summation while

violating convergence requirements), and whose remnants are encoded in the divergent

series. Usually by doing so one discovers the physical reasons for the failure of the expansion

and unravels new degrees of freedom secretly present in the system. This will also be the

case for us, when we will find the cause of the hydrodynamics divergence.

The resummation theory is a vast and beautiful branch of mathematics touching upon

the core of complex analysis. The approach that is already established in physics relies on

the use of Borel resummation with Padé approximation [Zinn-Justin 2002, Whittaker 1996].

8After Dyson we know, that ’all important series in physics are asymptotic’...
9This condition in short implies, that we are able to pinpoint precisely the difference caused by an

addition of exponentially small contribution.
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These techniques combined allow one to perform an approximate resummation based on

part of the full asymptotic series, which is just a finite order polynomial. It is the situation

one usually encounters in physics, where only few first terms of the perturbative series are

known (e.g. from some hard multi-loop calculations, or from numerics), hence the success

of this approach in physics. In our case we have roughly 240 terms of the series, making

use of the approximate resummation quite accurate and justified. We will now introduce

and review the notion of Borel-Padé resummation.

7.2.4 Borel transform and Padé extrapolation

Suppose, that we are given a factorially divergent series,

f(z) :=

∞∑
n=0

fnn!zn. (7.28)

We wish to uncover the true analytic function it encodes. Following Borel, let us define

another series associated with f(z)

ϕ(w) :=

∞∑
n=0

fnw
n, (7.29)

and using the integral representation of Gamma function Γ(n+ 1) = n! recast the original

divergent series in a form containing ϕ(w):

f(z) =

∞∑
n=0

fnz
n

∫ ∞
0

dζζne−ζ =

∫ ∞
0

dζe−ζ
∞∑
n=0

fn(zζ)n ≡
∫ ∞

0

e−ζϕ(zζ)dζ. (7.30)

In the second step we have interchanged the order of summation and integration. This in

principle would be allowed if the original series for f(z) was uniformly convergent. Since we

know it was not, we should examine the analytic properties of the resulting expression. Now

under the integral, which is in fact a Laplace transform, we have the function ϕ(zζ) (with

ζ ∈ R+) defined above. It is clear, that it has a non-zero radius of convergence by removing

the n! growth from f(z). The convergence of the Laplace integral requires the integrand to

be analytic along the real axis R+. This crucial condition is provided by the Whittaker’s

theorem, stating, that the Borel function ϕ(w) can be analytically continued from its finite

radius of convergence to include a cone |arg(w)| < δ, with δ > 0 ([Flory 2012]). Based

on that we obtain, that the integral in (7.30) defines an analytic function, and therefore

may be regarded as the definition of the resummed function f(z). The interchange of the

integral and sum in (7.30) is the exact moment of undoing the unjustified interchange of

these in the past, during the perturbative calculation of f(z).

In principle this would conclude the resummation procedure if we had a full perturbative

series for f(z) at our disposal. However even then it is very nontrivial to deduce the global

analytical structure of the Borel transform ϕ(w) based on the power series definition (7.29).

Obviously in most cases of perturbative calculations we have a limited number of terms in

a polynomial form coming from the Borel transformed asymptotic series:

ϕN (w) =

N∑
n=0

fnw
n. (7.31)

If such a series would be inserted to the Borel transform (7.30) all that would happen would

result in reappearance of the n! terms back in φN (w), since we would simply evaluate the
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Gamma function Γ(n+1) in the finite sum. We therefore need an approximation of the full

Borel function ϕ(w), that has infinite Laurent expansion and is integrable along the Laplace

contour in (7.30). Such an approximation of provided by the Padé analytic continuation

[Zinn-Justin 2002] of the polynomial ϕN (w).

The method of Padé approximation relies on the rational extrapolation of the data

contained in a finite polynomial of degree N [Yamada 2013]. One considers a generic ratio

of polynomials

f̃(w) =

K∑
n=1

anw
n

L∑
n=1

bnw
n

, (7.32)

with the condition K + L = N . The coefficients an bn are specified by expanding f̃(w)

around w = 0 to the order N and imposing f̃N (w) = fN (w). By comparing the coefficients

one solves for an bn as a functions of fn. This ensures equality of the two functions up to

the given order N , but f̃(w) is now a function containing poles and possessing potentially

finite asymptotics as w →∞ as opposed to polynomials, which is controlled by the ratio of

K to L. If K = L we speak of symmetric Padé approximation.

The essential feature of the function f̃(w) is that contrary to the approximated polyno-

mial it contains poles in the denominator. Therefore it is capable of crossing beyond the

potential singularities limiting the radius of convergence of the original series, from which

the polynomial ϕN (w) originates10. In this way the analytical Padé continuation is even

capable of completely resumming simple expansions to reproduce the original expanded

function, e.g. it works well for w/(1− w) [Marino 2014].

The above feature allows one to check, if the Borel function ϕN (w) is uniquely re-

summable by inspecting the poles of its Padé approximation. If there are no poles on

R+ the Laplace integral can be carried out11 and one can define approximate Borel-Padé

resummation:

fR(z) =

∫ ∞
0

dζe−ζ f̃(ζz). (7.33)

We shall apply this scheme in our case for the polynomial ε(τ) containing 240 terms.

7.2.5 Borel-Padé analysis of the energy density series

Let us recast the semi-numerical series for ε(τ) in a form suitable for its resummation

analysis. First we form its Borel transform with a substitution of new expansion variable

u = τ−2/3. This inverts the temporal infinity and transforms the series into expansion in

integer powers of u around the origin:

εB(ζ) =

240∑
n=2

εn
n!
ζn. (7.34)

10Of course the Borel function may exhibit more complex analytic structure than just poles, e.g. may
contain cuts, and we will soon discuss this point

11We would like to point out here, that if there are poles on R+ the case has been historically called
non-Borel summable. The contemporary view is that it is resummable, but in the framework of the so-called
resurgence theory, which makes sense of all the ambiguities that arise from the need to avoid singularities
on the resumation path.
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Figure 7.3: The array of poles defined by the zeros of the Borel-Padé energy density trans-

form ε̃B(ζ). The ellipse encircles the tip of the structure resembling condensation of poles,

which might indicate the presence of a cut in the full (unknown) Borel transform.

This expression is now a convergent power series, so we should first estimate its radius of

convergence. If we assume its large order structure to be of the sort descried in 7.2.2, αAn

(we have removed the factorial, so there is no e factor here), then by the Cauchy criterion

again we find the convergence radius as the inverse of A: r ∼ 6.37. This is the value we

found before from the fit in 7.2.2 using the original series before the Borel transform. This

should be the distance to the nearest singularity along any ray emanating from the origin

ζ = 0. To locate this singularity we need to furnish Padé approximation to the polynomial

(7.34),

ε̃B(ζ) = Padé{εB(ζ);
240

2
|240

2
}. (7.35)

We are using a symmetric Padé here, which is compatible with finite non-zero value of

energy density ε(τ) at τ = 0 (which is now at ζ →∞).

With the newly constructed rational function ε̃B(ζ) we can localize its poles on the

Borel-Padé plane of complex ζ. By computing zeros of the denominator in (7.35) we can

plot their location as depicted in the Fig. 7.3. The pattern of poles assembles into two

strings with accumulation points. They also seem to be symmetric with respect to complex

conjugation and initially align in a way departing from the real axis R+. This structure

in complex analysis points at the possibility, that there actually should be a cut on the

Riemann surface of the full εB(ζ) analytic function if it was known explicitly instead of

the finite polynomial (7.34). Nevertheless the Padé approximation allows us to probe its

properties through the many poles condensing at the apexes. Given the fact that poles are

obtained numerically and that the Padé approximation is reliable mostly up to the first

singularity of the mimicked function we regard trustworthy only the poles near the edges

along the initial straight line. It is likely that points further away are embarked with more

significant numerical errors, as well as it might be that the structure bends away from

its linear nature, but we do not know this at this stage of the computation. We assume

therefore that to the leading order we have two cuts on the complex Borel plane, and that

the resummation should at least in principle be possible as there are no obstructions on the

real line.

The plot 7.3 teaches us again about the radius of convergence of the hydrodynamic

series Borel transform (7.34), but this time in a more direct and informative manner. The
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first singularities defining the radius are located at

ζ±B = 4.120± 4.678i, |ζ±B | = 6.234. (7.36)

The absolute value of this pole is in numerical agreement with the value found previously

for the convergence radius from the Cauchy criterion. This reaffirms us in the use of the

Padé approximation as the correct analytic continuation of the Borel transform εB(ζ).

The key question that arises now is: what is the physics of the discovered poles ζ±B ? Are

these just some incidental complex numbers, or do they emerge for some deeper reasons?

The way to answering these questions leads through analysis of the uniqueness of the

resummation process.

In principle it seems, that in the absence of any singularities on R+ one should be able

to carry out the Laplace transform and obtain a convergent expression for εR(u):

εR(u) =

∫ ∞
0

dζe−ζ/uε̃B(u) with u ≡ τ−2/3. (7.37)

This conclusion is validated by the standard theorems quoted above and the resurgence

theory [Dorigoni 2014]. However because the Borel(-Padé) transform ε̃R(u) has singularities

on the complex plane we can deform the contour and reach |u| → ∞ in more that one

way. Should the Borel transform be an entire function the Laplace transform would be

independent of this choice and it would not matter, if we integrated along R+ or along

some eiϑR+. We should therefore analyse the ambiguity induced by singularities. This step

will bring us closer to understanding the physics of it, which we will decipher in the next

paragraph.

To clarify the issue of ambiguity we should realize, that from the complex analysis point

of view we are presently reconstructing the energy density εR(u) as an analytic function in

the narrow region u ∈ | arg εR(u)| < δ, but in general it should exist on its whole Riemann

surface universally covering C∗. In particular it means that we can carry out the integral

(7.37) along direction above the cut and reach |u| → ∞ at a certain angle if only the

integral will converge. This in would define function analytic in a different region than the

one determined by integration along R+.

We should therefore analyse what would be the difference between integrals along the

two contours. It is defined as

δεR(u) = (

∫
K

−
∫
L

)dζe−ζ/uε̃B(ζ) ≡
∫

Γ

dζe−ζ/uε̃B(u), (7.38)

and has been indicated in Figure 7.4. We see, that due to the difference in orientation the

common contour will localize on the cut and resulting integral will reduce to the disconti-

nuity of the Borel transform across the cut.

Unfortunately we have only a limited knowledge of the Borel plane analytic structure,

so the complete information about the cut properties is unavailable to us. The best we can

do is to approximate the neighbourhood of its origin12 with the string of poles confined

to those numerically stable. In this case the semi-infinite contour Γ defining δεB(u) will

collapse to encapsulate just the first several poles closest to the leading singularity at ζ+
B ,

and it will contain only the structure shown in the Fig. 7.5.

What kind of expression for the resummation difference δεR(u) should we expect from

the outlined procedure? The discontinuity of the integrand in (7.38) will result in an

12Note that the ambiguity at large proper times is exactly governed by the poles closest to the origin in
the Borel plane, and thus the poles which are most reliable in our construction.
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Figure 7.4: Two possible integration contours circumventing the cut and inducing a differ-

ence in resummation schemes (7.38).

Figure 7.5: The close-up of the selected edge structure at ζ+
B contributing quantity δεR(u)

to the energy density in (7.38).

exponent localized at the edge of the cut ζB multiplied by power-like contribution from the

cut itself and some piece regular at the origin13

δεR(u) ∼ Ce−iζB/uuαw(u), with α, C ∈ C. (7.39)

The justification to this assertion was found to some extent a posteriori, as it is not at

all obvious what is the actual structure of the cut. Nevertheless if one assumes as a first

guess the cuts to be power-like branch points located at ζ±B , then indeed one finds a similar

asymptotics as above. It should be stressed however, that in general the Borel transform

may be any singular function, and that simple trials with power-like cuts (ζ±B − ζ)γ did not

reproduce the observed pattern of poles in a satisfactory way. Let us now determine complex

number α in the Ansatz above. The power of u can be isolated by suitably differentiating

logarithm of δεB(1/u):

log(δεB(1/u)) = C̃ − iζ/u− α log(u) + log(w(1/u)), (7.40)

13The function w(u) must start as 1 + Au + . . ., because we have extracted the leading common power
uα of the whole contribution.
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so that

d2

dv2
log(δεB(1/v)) ∼ αu2 + βu3 + o(u−3), with some β ∈ C. (7.41)

The double derivative in the inverse of u liquidated the normalization and the exponent

containing 1/u, leaving just the pieces including α and derivative of the regular function

w(u). Ultimately we are only interested in small u, so we have expanded the latter term,

which gave the part containing u3. Finally to determine α the obtained expression should be

compared to the integral carried out over the selected poles in the Fig. 7.5, which essentially

reduces to the sum over the corresponding residues. We therefore have to compute14

δεR(u) =

∫
Γ

dζe−ζ/uε̃B(ζ) ∼ 2πi
∑
ζi∈Γ

Rese−ζ/uε̃B(ζ) (7.42)

The sum over the residues can be performed swiftly with the aid of the de l’Hospital rule,

which allows one to compute the whole required expression at once. We can therefore recast

the result in a form suitable for comparison with our Ansatz (7.39) by explicitly factoring

out the leading exponent. We then get

δεR(u) ∼ Ce−ζ
+
B/u

∑
ζi∈Γ

e−(ζ+
B−ζi)/u

n(ζi)

d′(ζi)
, (7.43)

where n(ζ) and d(ζ) are the numerator and denominator of the Borel-Padé energy density

(7.35).

By applying derivatives as in (7.41) we should expect the above expression to yield for

small u a polynomial starting as u2 with subleading term of u3. The desired power α can

be then obtained by fitting (7.41) to the similar expansion of (7.43). The result is

α̃ = 1.0284− 0.3461i. (7.44)

To present the complete leading order contribution of the cut we need to reinstate the

original variable τ = u−3/2, after which we arrive at

δεR(τ) ∼ ταBe−ζ
+
Bτ

2
3 , (7.45)

with

ζ+
B = 4.120 + 4.678i and αB = −1.5426 + 0.5192i. (7.46)

This is the major result of this paragraph, let us thus recapitulate the facts and findings.

We have found, that the energy density series ε(τ) is an asymptotic expansion approxi-

mately valid only for a very large proper time τ → ∞. Nevertheless it seems to admit a

unique resummation, at least as far as we could have investigated its Borel plane analytic

structure. It revealed an existence of singularities, which explains asymptotic nature of the

hydrodynamic gradient expansion. Its resummation however is not entirely unique, due to

the many inequivalent ways in which we can carry out the Laplace transform in (7.37). We

should therefore understand, what is the physical reason behind this phenomenon. We have

found, that the difference between two resummation trajectories is proportional to expo-

nentially suppressed term multiplied by power tail. This type of contribution is notorious

in the realm of perturbative calculus and resembles the instanton effects. Instantons are

manifestation of additional hidden degrees of freedom in the system, which were excised

14We use the proportionality sign ∼ to indicate the approximation of the cut through the poles.
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by the perturbative analysis. We should thus expect some deeper explanation of all of the

described effects, and indeed it is found in the following paragraphs by considering general

possible contributions to the overall energy density ε(τ).

As the last remark in this section we should explain why we do not carry out the explicit

resummation, but instead stop short of displaying the contribution δεR(u). The point is

that the major drawback of directly taking the integral leading to εR(u) is that the result

we found did not satisfy the proper asymptotics at τ = 0. We have argued in Chapter 6

following [Beuf 2009], that at small proper times the energy density should be a function

of only even powers of the proper time:

ε(τ) ∼
M∑
n=0

ε2nτ
2n for τ ∼ 0. (7.47)

It was not possible to implement the above correct asymptotics with the Borel-Padé analytic

continuation used in the Laplace transform (7.37). Moreover a deeper problem, which will

be unravelled in the next section, is that in fact we have only accessed a fraction of the

whole analytic structure of the Borel transform εB(ζ). First of all its knowledge was limited

by the numerical accuracy (as can witnessed by looking at the Padé poles graph 7.3), but

more importantly there are actually infinitely many more singularities (leading to cuts),

which are difficult to reach in the present approach, and whose existence will be revealed

in the next paragraph. Taking these facts into account we shall not make an attempt at

presenting the resummed energy density, which might be more feasible in the future with

more information about εB(ζ) available.

7.3 Quasi-normal modes on dynamic background

We would like now to give physical interpretation of the Borel plane poles and the

associated complex numbers ζ±B and α, as well to the whole exponentially suppressed con-

tribution δεR(τ).

The interpretation of these effects is primarily provided by the study of quasi-normal

modes, which we encountered before in Chapter 5. We recall, that these are small but

arbitrarily rapid perturbations of static black brane geometry, as opposed to the long wave-

length non-linear solutions giving raise to hydrodynamics, as was discussed before. In the

presence of a horizon such a linearised field equations induce exponentially decaying solu-

tions, reflecting the dissipative nature of the horizon and dual holographic viscous fluid.

Thus one can inject such a contribution to energy density by perturbing static black brane

and observing its return to local equilibrium. This mechanism is well known and has been

analysed mostly for static geometries with temporal Killing vectors.

The solution we study is however dynamical, i.e. time dependent. Fortunately also

in this case there is already certain insight [Janik 2006b] developed in the boost-invariant

perfect fluid system, which can be extended to include viscosity. We shall exploit this

approach in what follows.

To see how exponentially decaying energy density contribution can emerge in the fully

dynamical spacetime of the paragraph above we should derive equations of motion in this

background being already compatible with hydrodynamics to the given viscosity order. On

general grounds we expect that a static black brane background15 G
(stat)
AB with perturbation

of the form

GAB(t, r) = G
(stat)
AB (r) + hAB(t, r) ∼ G(stat)

AB (r) + fAB(r;ω)e−itω, (7.48)

15Which is dual to a thermal fluid at rest, i.e. (3.51).
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with purely dumped quasi-normal spectrum

ωn ∈ C and Im(ωn) < 0, n ∈ N (7.49)

would holographically yield constant underlying energy density ε0 with decaying contribu-

tion on the top of it,

ε(t) ∼ ε0 + δε(t) ∼ ε0 + ε1e
−itωn . (7.50)

To understand quick perturbations of dynamic backgrounds we need to adapt the above

static method to the analytically known spacetimes dual to viscous fluids. The way to pro-

ceed will be thus to consider a linearisation on the top of zero-th and first order dynamic

geometries. This task however is not straightforward, because partial differential equation

for the perturbation is no longer guaranteed to separate in time-dependent setting. More-

over, as is well known there are several possible perturbation channels corresponding to

which metric tensor components get excited. Obtaining a closed decoupled equation for the

given sector might therefore be a challenging task, but it will turn out to be possible.

We are therefore motivated to analyse the following Ansatz for perturbation of dynamic

fluid background (7.8) based on expansions (7.9)

A(τ, r) = AHydro + εδA(t, r), (7.51)

B(τ, r) = BHydro + εδB(t, r),

Σ(τ, r) = ΣHydro + εδΣ(t, r),

where the label Hydro indicates part of the series (7.9) defining hydrodynamic background

of the chosen order.

Given such a rather complicated expression for metric fields one may wonder weather

the resulting equations, even linearised, will be tractable. It is known, that general pertur-

bations of the tensor field give raise to different coupled dynamical channels, which reflect

these encountered in hydrodynamics (see Chapter 2). To understand better what happens

let us consider the following class of perturbations, the rationale for which will be given in

a moment. We form products of exponential term similar to the static case with another

gradient expansion independent from the basic one in (7.51):

δA(τ, r) = e−i
∫
ω0τ
−1/3+ω1τ

−1+... ×
[
δA0(v) +

1

τ2/3
δA1(v) + . . .

]
, (7.52)

δB(τ, r) = e−i
∫
ω0τ
−1/3+ω1τ

−1+... ×
[
δB0(v) +

1

τ2/3
δB1(v) + . . .

]
,

δΣ(τ, r) = e−i
∫
ω0τ
−1/3+ω1τ

−1+... ×
[
δΣ0(v) +

1

τ2/3
δΣ1(v) + . . .

]
.

The above combinations contain an essentially non-perturbative component, the exponen-

tial which vanishes at large time and does not posses gradient expansion. It is the quasi-

normal part of the Ansatz, and it is followed by a standard fluid-gravity expansion. The

numbers ωi are to be determined and their origin will be explained shortly. It is clear, that

any such component of a full non-linear metric would disappear during late time gradient

expansion. Considering such fluctuations we aim at understanding physics of the sector

excised by hydrodynamic approximation. The structure of equations allows us to isolate

this part, because upon linearisation it is proportional to the exponential factor.

The above scheme of perturbations was motivated by the work of [Janik 2006b], where

it was found that wave equation for a scalar φ(τ, z) in perfect fluid background separates

φ(τ, z) = ϕ(τ)f(v) and has solutions, which at large proper time behave as

ϕ(τ) ∼ e−i
∫
dτωπT (τ). (7.53)
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The integrand T (τ) is the local temperature of the evolving perfect fluid, T (τ) ∼ Λ0/τ
1/3

and ω indicates the lowest non-hydrodynamic scalar quasi-normal mode of a static black

brane.

The first connection to our computation is that perturbations (7.51), (7.52) also happen

to reduce in the late time regime to a massless scalar wave equation for δB(τ, r), similar

to the case found in [Janik 2006b], where this occurred for a metric component hh1
x2

. This

is highly non-trivial, since it requires decoupling of the various elements in (7.52), which is

made possible due to the linearisation and late time expansion.

The second connection is based on the fact, that the exponent in (7.53) contains an

integral of the local temperature of the fluid. Since a priori we are interested in higher

orders than just perfect fluid, we should generalize T (τ) to include also viscous contributions

(see (6.70)):

T (τ) ∼ ε(τ)
1
4 ∼ Λ0

τ1/3
+

Λ1

τ
+

Λ2

τ5/3
+ . . . (7.54)

At this point it becomes apparent, that the structure emerging from the Ansatz (7.52)

closely resembles the contribution to energy density, that we found during resummation.

First two terms of the exponent give an expression

τ−iω1e−i
2
3ω0τ

2/3

, (7.55)

which has exactly the functional form of (7.45). It is therefore a strong indication, that we

are on the right track to identify the origins of the resummation ambiguity directly with

the quasinormal modes over the expansing boost-invariant background. Viscous background

may alter the values present in the original temperature expansion and in a sense dress them

through the non-equilibrium evolution. We therefore replace the constants Λi in favour of

the unknown ωi, which should be determined by solving the equations for the fields δAi(v),

δBi(v) and δΣi(v).

Let us have a closer look at how the reduction to scalar equation occurs in our case.

First we refine an Ansatz. For the hydrodynamic part we substitute the known solution

(here for brevity up to the first viscous order),

AHydro(τ, r) = r2(A0(rτ1/3) +
1

τ2/3
A1(rτ1/3) + . . .), (7.56)

BHydro(τ, r) =
2

3
ln(

r

1 + rt
) +

1

3
dHydro(τ, t)− 1

2
bHydro(τ, t)

ΣHydro(τ, r) = r2/3(1 + rt)1/3e1/3dHydro(τ,r),

bHydro(τ, r) =
1

τ2/3
b1(rτ1/3) + . . . ,

dHydro(τ, r) =
1

τ2/3
d1(rτ1/3) + . . . ,

All the fields above come from the analytic solution of [Heller 2009]. For the non-equilibrium

part we take

δA(τ, r) = r2g(τ)(δA0(rτ1/3) +
1

τ2/3
δA1(rτ1/3) + . . .), (7.57)

δB(τ, r) = g(τ)(δB0(rτ1/3) +
1

τ2/3
δB1(rτ1/3) + . . .),

δΣ(τ, r) = r2/3(1 + rτ)1/3g(τ)(δΣ0(rτ1/3) +
1

τ2/3
δΣ1(rτ1/3) + . . .).
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with the non-analytic exponent

g(τ) = ταe−i
∫
dτω0τ

−1/3+ω2τ
−5/3+.... (7.58)

As was discussed above the prefactor τα comes from integrating the term −iω1/τ in the

exponent, which results in a logarithm. Note, that for the second expansion in (7.57) we

take just another general fluid-gravity expansion series, to be determined by the numerics,

and not the knowns solution of 7.56.

The next step is to evaluate Einstein equations on the metric (7.8) with the substitution

(7.51) and subsequently linearise the small δ-terms.

At first we confirmed, that the hydrodynamic part satisfies the equations up to first

order in gradients. Further, the equations for the leading perturbations δA0(v), δB0(v)

and δΣ0(v) are obtained by excluding the overall exponential part g(τ) from the linearised

Einstein tensor, and by taking the large proper time scaling limit keeping v = rτ1/3 fixed.

The outcome is a set of three ordinary differential equations, which admits solutions

δA0(v) = 0, δΣ0(v) = 0. (7.59)

The third remaining equation for δB0(v) turns out to be parametrized by the number ω0

from the non-analytic exponent g(τ) (7.58)

v2A0(v)δB′′0 (v) + δB′0(v)
(
v2A′0(v) + 5vA0(v)− 2iω0

)
− 3iω0

v
δB0(v) = 0. (7.60)

This equation turns out to coincide with the equation for a scalar field quasi-normal mode

in a static black brane background. This surprising occurrence is however reminiscent of

a familiar phenomenon reported first in [Janik 2006b]. We shall soon see how our current

investigation extends this finding, which will turn out to be very useful, and contribute to

our physical understanding of resummation ambiguity.

Let us now investigate what happens at first viscous order by obtaining equations for

δA1(v), δB1(v) and δΣ1(v).

First we observe, that the equation for Σ1(v) decouples and is determined solely in terms

of the presumably known at this stage lower order and background fields:

δΣ′′1(v) +
2δΣ′1(v)

v
=

1

2
b′1(v)δB′0(v)− 1

3
d′1(v)δB′0(v)− 2δB′0(v)

3v2
. (7.61)

Therefore we can focus just on δA1(v) and δB1(v). It follows that remaining equations

can be solved for δA1(v), δA′1(v) and δA′′1(v) in a way, which upon compilation allows us

to eliminate them completely (keeping δΣ1(v) away), and form one last equation for the

function δB1(v) alone. This leads to

3v2(v2A0(v)δB′′1 (v) + δB′1(v)
(
v2A′0(v) + 5vA0(v)− 2iω0

)
− 3iω0

v
δB1(v)) = (7.62)

3iδB0(v)(v2ω0d
′
1(v) + vω0d1(v) + 3iαv − ω0)− v2(vδB′′0 (v)(vA0(v)d1(v) + 3vA1(v) + 2)

+ δB′0(v)(6α+ v2d1(v)A′0(v) +A0(v)(3v2d′1(v) + 5vd1(v)− 3)))

− v2δB′0(v)(3v2A′1(v) + 15vA1(v)− 2iω0d1(v) + 8)

The above points allow us to argue, that we can from this moment on focus just on

computing the function B(τ, r), and ignore A(τ, r), Σ(τ, r) completely in our considerations.

The reasons are that we are interested in computing the contribution to energy density from

the leading exponentially suppressed corrections in (7.56) and (7.57). In view of (7.59) we

see, that there will be no input from δA and δΣ at the leading order. Moreover, due to the
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linearisation and decoupling discussed above, the impact of the first order terms δA1, δΣ1

on δB1 will be also absent. Therefore we can confine out attention to δB alone.

The long expression (7.62) has been put forth to show explicitly the structure of the

equation, including a source, which depends only on the lower order fields, hydrodynamic

background components, ω0 and additionally α. The kinematic part has exactly the same

structure as the lower order counterpart (7.60). In the above, ω0 is understood as being

already determined by the preceding equation, and this time we should be looking for the

value of α.

Coming back to the remark made below (7.60), an important observation, that we can

now make having the above equations for δB0 and δB1 is that they can be identified with

large time gradient expansion of a free massless scalar field carrying no transverse momen-

tum, propagating over first order hydrodynamic background. It is derived by considering

an Ansatz

φ(τ, r) = g(τ)(φ0(rτ1/3) +
1

τ2/3
φ1(rτ1/3) +

1

τ4/3
φ2(rτ1/3) + . . .), (7.63)

and substituting it to

1√
−GHydro

∂A(
√
−GHydroGHydro

AB ∂Bφ(τ, z)) = 0. (7.64)

Both our equations can be identified by expanding the above in large τ while keeping

v = rτ1/3 fixed. With u = τ−2/3 the term of the order u0 gives equation identical to (7.60)

and subsequently at the order u1 we recover (7.62), provided we change all the labels B to

φ. We have therefore reached a result similar to the one in [Janik 2006b], where analogous

reduction emerges for the off-diagonal metric component hx1
x2

.

Why do we emphasize formal similarity of the tensorial perturbation to the scalar one?

It is due to the fact, that under equivalent boundary conditions these equations will deter-

mine exactly the same spectrum for ω0 and α (at zero transverse momentum). We expect

therefore for ω0 the well known value from the static black brane analysis.

7.3.1 Scalar wave equation boundary conditions

Having found the connection to scalar field on a dynamic background we can start

searching for appropriate boundary conditions for the numerics, which due to this finding

is a simpler task, than for a tensor field. This computation is canonical in AdS/CFT

correspondence, and resembles the similar analysis of Chapter 5, but it is nevertheless not

identical to the standard static case and we will report it here for the sake of explaining

how boundary conditions are arrived at.

The derived equations are eigenvalue problems, which must be solved numerically on a

compact domain

1

v
= z ∈ [0, 1], (7.65)

where the AdS5 conformal boundary is located at z = 0, while the superficial dynamic black

brane horizon has been localised at z = 1. This property has been already emphasised below

equation (7.11). In order to obtain spectrum and stable solutions decaying with time we

must enforce appropriate boundary conditions both at the horizon and at the boundary.

To derive them for δB0(z) and δB1(z) we should analyse behaviour of the corresponding

differential equations (7.60) and (7.62) near z = 0 and z = 1. We must do this order by

order, i.e. first derive the conditions on δB0(z), because these need to be inserted to the

equation for δB1(z).
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Let us concentrate on the boundary z = 0. This is a singular point of the evolution

equation, and as such determines characteristic exponents for the associated boundary

solutions. To find them we substitute

δB0(z) ∼ z∆B (7.66)

to (7.60), and expand around z = 0 to the leading order. This yields solutions

∆B = 0, ∆B = 4. (7.67)

The above result is independent of any details inside the spacetime and is as we said

canonical in the correspondence: we are dealing with a massless real scalar field in dimension

d+ 1 = 5, therefore we should get one scaling dimension ∆B equal to zero, and one to the

boundary theory dimension d = 4. The physical requirement we impose on fields in AdS5

is that the solutions are normalizable, hence we must select ∆B = 4, which guarantees

rapid vanishing of the solution at the boundary (see [Kovtun 2005] for applications to

quasi-normal modes problems).

Proceeding to the horizon analysis we are focusing on the region z ∼ 1, which is also

the locus of the equation singularity. We expect therefore again a characteristic scaling at

the horizon:

δB0(z) ∼ (1− z)∆H . (7.68)

The result is

∆H = 0, ∆H =
iω0

2
. (7.69)

Owing to the regularity of the Eddington-Finkelstein coordinates at the horizon one of the

solutions converges simply to a constant, while the other one has a non-analytic structure16

near z ∼ 1. The regular solution corresponds to the ingoing waves entering the horizon.

We therefore choose ∆H = 0, which combined with the mentioned earlier linearity of the

equations allows us to fix δB0(1) = 1. These condition imposed at the differential equation

(7.60) will lead to a normalizable (in AdS5) solution with a discrete complex spectrum

(since of course we are dealing with a non-self-adjoint operator).

We can now proceed to the subleading order equation, which should determine the values

of α. The analysis parallels exactly the one above, with the physical restriction, that we need

to use the appropriate exponents for δB0(z) in the corresponding equation expansions (this

represents the chosen boundary conditions for the lower order field). With this condition

we reach exactly the same scaling dimensions as before, ∆B = 4 at the boundary (the

source vanishes there) and ∆H = 0 at the horizon. We thus again have a constant solution

at z = 1. There is however a subtlety related to this concerning numerical integration.

It turns out, that the particular value of δB1(1) does not affect the determination of the

power α. As long as we use proper expression for δB0(z) the resulting solution vanishing

at the boundary leads always to the same value of α regardless of the choice of δB1(1). We

therefore set it to zero.

7.3.2 Numerical integration of the eigenvalue problems

With boundary conditions determined we can integrate the corresponding equations

numerically, which should lead to an infinite set of complex eigenvalues. We shall be

16It should be emphasized that we use Eddington-Finkelstein coordinates associated with ingoing null
geodesics choice (this is determined by the sign of the dτdz term in the metric). There is a dual map based
on the outgoing rays, which would render the physical solution non-analytic.
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interested only in the first smallest values of ω0 and α, since these should correspond to

the least damped and therefore longest lived contributions to the hydrodynamical energy

density read-off holographically from (7.51).

Numerical integration for the eigenvalue problem is performed in both cases using shoot-

ing method based on the horizon z = 1 and aiming at reaching a vanishing Dirichlet con-

dition at z = 0. The boundary conditions are also of Neumann type and are imposed for

both function and its first derivative at the horizon. These in turn are parametrized by

the complex numbers ω0, α determined whenever the resulting solutions obey the Dirichlet

condition at the boundary. The parametrization of the Neumann condition by the yet-

unknown eigenvalues is derived by finding power series local solutions to both equations

near the horizon and isolating first order term for each function. More precisely we consider

expansions

δB0(z) = 1 + δB′0(1)(1− z) + . . . , δB1(z) = CB + δB′1(1)(1− z) + . . . . (7.70)

Substitution to (7.60) and (7.62) leads to solutions for the coefficients defining Neumann

boundary conditions

δB′0(1) =
3ω0

2(ω0 + 2i)
, δB′1(1) =

−12α+ ω0(6CB(ω0 + 2i) + ω0 + 4i)

4(ω0 + 2i)2
. (7.71)

As was discussed above we put the horizon value for δB1(1) to zero in the actual computa-

tion, so we set CB = 0.

At this point we can start searching for eigenvalues. First one has to find ω0, and then

with its aid α. The algorithm starts by choosing an initial guess for ω0 and inserting it

to (7.71). Then the equation is numerically integrated by the same spectral methods, that

were used for solving (7.19). Upon integration we check if the solution vanishes at the

boundary. If not we iteratively scan the neighbourhood of the initial guess by altering it by

a small amount (in two dimensions, for real an imaginary parts of the complex eigenvalues)

until the value of the integrated function reaches zero at the boundary z = 0 with sufficient

accuracy. At this point we declare the proposed eigenvalue to be the correct one. Having

obtained ω0 we repeat the procedure for α in the very same way.

The indication for the value with which to start the search for ω0 is provided by the

similarity of our equation to the free scalar evolution, which was emphasised before. We

simply start from the value for the static black brane, ω̃0 = 3.119451 − 2.746675i. This

guess immediately leads to a stable solution, confirming that this is indeed the correct value

for ω0.

Let us see what it means from the perspective of the general form of our solution. By

referring to (7.57), (7.58) we expect to have the following structure in the leading exponent:

δB(τ, r) ∼ e−i 3
2ω0τ

2/3

. (7.72)

The value we found numerically leads then (up to the computational accuracy) to the overall

exponent factor

−i3
2
ω0 = −4.12001− 4.67918i ≡ ζ+

B . (7.73)

Apparently we have obtained precisely the value found previously from energy density

resummation. This is rather intriguing result. However in our case to establish a definite

link of the bulk geometry linear fluctuation to the energy density perturbation we need to

translate the impact of δB(τ, r) on the holographic value of ε(τ). We shall focus on this

task below upon finding the remaining variable α.
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In view of the above result we are motivated to use αB of (7.46) as a guide on where

to start the numerical search for α itself. Beginning with α̃ ∼ 0.5 + 0.5i we indeed reach a

stable solution of α = 0.4577792 + 0.519908i. This time however the result seems to be in

discrepancy with the value encountered during resummation.

The resolution of this superficial clash comes from two sources and is bound to the

proper use of holographic renormalisation, which is necessary to translate the contribution

of δB(τ, r) to the energy density, as we have signalled above.

Let us first derive the general structure of the holographic expansion relating metric

component B(τ, r) with the boundary stress-energy tensor. Recall from (7.8) that in the

initial coordinates {τ, r} the component B(τ, r) can be phrased as a combination of the

general metric tensor components as

B(τ, r) =
1

3
ln
gxx(τ, r)

gyy(τ, r)
. (7.74)

Following [Kinoshita 2009] we know, that the generic near-boundary expansion of the metric

components is given by

gyy(τ, r) = r2((τ +
1

r
)2 +

τ2(ε(τ) + 3
4τ∂τε(τ))

r4
+ o(

1

r4
))

gxx(τ, r) = r2(1−
ε(τ) + 3

4τ∂τε(τ)

2r4
+ o(

1

r4
)) (7.75)

This is yet another incarnation of the holographic expansion (3.50) encoding relation be-

tween the metric tensor and the boundary energy-momentum operator expectation value

ε(τ) = 〈T̂00(τ)〉. To extract energy density contribution of the perturbation δB(τ, r) alone

we need to take a closer look at the structure of the B(τ, r) series Ansatz (7.9) and (7.51)

B(τ, r) =
2

3
ln

r

1 + rt
+BHydro(τ, r) + δB(τ, r). (7.76)

It is apparent, that to use the above in (7.74) with (7.75) we we should remove the leading

non-dynamical logarithm, which is just a part of the underlying empty AdS construction

basis. We then arrive in the near-boundary limit r ∼ ∞ at

BHydro(τ, r) + δB(τ, r) =
1

3
ln
gxx(τ, r)

gyy(τ, r)
− 2

3
ln

r

1 + rt
∼ −1

2

ε(τ) + 3
4τ∂τε(τ)

r4
. (7.77)

The above result is linear in energy density, which now can be split into the background

hydrodynamical and non-equilibrium parts, ε(τ) = εHydro(τ) + δεδB(τ). This shows, that

for the sake of isolating the contribution of the non-analytic perturbation δB(τ, r) we can

ignore the hydrodynamic contribution of BHydro(τ, r) altogether and focus just on δεδB(τ)

in what follows:

1

2

δεδB(τ) + 3
4τ∂τδεδB(τ)

r4
∼ − 1

r4

∂4

∂(1/r)4

δB(τ, r), r ∼ ∞. (7.78)

This formula tells us, that to find energy density perturbation induced by the corre-

sponding geometry perturbation in the bulk one has to expand the relevant metric compo-

nent near r → ∞ and retain only the r−4 term. Subsequently one has to solve the above

first order differential equation for δεδB(τ), which can be done in the late time approxima-

tion τ →∞ relevant for hydrodynamics. The outcome is the ultimate result we are looking

for.
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Therefore to make use of (7.78) we need to compute the necessary near-boundary ex-

pansion of the solution for δB(τ, r), which we have obtained through numerical integration.

Recall that our solution to the leading order in proper time τ has the form17

δB(τ, r) = ταe−
3
2 iω0τ

2/3

δB0(
1

v
), v = rτ1/3. (7.79)

It is important to realise, that above the subleading hydrodynamic series staring with

δB0( 1
v ) is obtained from numerics as a function in z = 1/v, not r. Therefore before using it

in (7.78) we need to translate the solution and its spatial derivatives from the hydrodynamic

scaling variable v to the standard AdS radius r. This amounts to saying

∂4

∂(1/r)4
δB0(

1

rτ1/3
) = τ−4/3 ∂4

∂(1/v)4
δB0(

1

v
), (7.80)

and the equation we need to solve becomes

δεδB(τ) +
3

4
τ∂τδεδB(τ) = −2Cτα−4/3e−

3
2 iω0τ

2/3

, (7.81)

with C = δB
(4)
0 (∞). The large time asymptotics of the solution reads

δεδB(τ) ∼ τα−2e−
3
2 iω0τ

2/3

. (7.82)

Inserting the previously found power α we arrive at the second number familiar from the

resummation ambiguity computation (7.46):

α− 2 = 0.4577792 + 0.519908i− 2 (7.83)

= −1.54222 + 0.519908i,

αB = −1.5426 + 0.5192i.

With this result we conclude, that both complex numbers found as the resummation

ambiguity parameters can be given particularly elegant physical interpretation. The same

numbers are recovered during the well defined and known procedure of perturbing system

undergoing slow hydrodynamic evolution with a small yet rapid fluctuation. The pertur-

bation spreads quickly in the viscous expanding boost-invariant medium, decaying with

the characteristic time scale set by the quasi-normal mode complex frequency ω0, which

in the dynamic fluid background obtains an additional multiplicative factor 3/2 found in

(7.73). The contribution to energy density ε(τ) induced by this perturbation exhibits the

corresponding exponential decay δεδB(τ) towards hydrodynamic local equilibrium, and we

observe that both its parameters, which we have computed in this paragraphs coincide with

the resummation findings of δεR(τ) in (7.45).

This ultimately allows us to claim, that the origin of the Borel plane poles leading

to the resummation riddles is physical and represents the emergence of degrees of freedom

excised from hydrodynamical evolution in the course of gradient expansion. This is because

any exponentially decaying component of the full energy density ε(τ) vanishes at late time

τ � 0. However remnants of such missing contributions emerge as the divergent nature

of hydrodynamic expansion, and can be systematically recovered through the resummation

procedure. Physically it is so, because very high orders in gradient expansion correspond

to very high momenta, which seem to be asymptotically connected to fast perturbations of

17We will ignore the correction 1
τ2/3 δB1( 1

v
), which was instrumental in finding α, but is subleading in

proper time.
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thermal medium. This beautiful picture shows, that the missing fast degrees of freedom are

in fact not alien to hydrodynamics, but instead linger in the high orders of the expansion.

This could intuitively be similar to the situation in effective pion model for QCD, where at

sufficiently high energies we could expect to witness the emergence of quarks and gluons.

We can make now a comment on feasibility of a complete energy density resummation.

From the above considerations it seems clear, that performing it in the most general form is

out of reach using just perturbative hydrodynamics series. It is because black branes have

not one or two, but infinitely many quasi-normal modes. One would need to know them

in the first place and determining them from numerical Borel poles seems very challenging.

Even worse, we expect these modes to interact at the non-linear level, so obtaining the

energy density series must be fact more difficult, than for the one quasi-normal case. These

are some of the technical reasons for which one can not for now think of reconstructing

ε(τ).

Moreover the appearance of these additional quasi-normal modes would introduce fur-

ther resummation ambiguities. Therefore to fully recover the actual non-equilibrium energy

density which would be valid beyond hydrodynamic expansion and obey physical require-

ments (e.g. be real and positive) we would have to pour in additional information on how

to deal with these ambiguities during resummation. The field of mathematics allowing to

do this in a rigorous manner emerged only recently and is known as the resurgence theory

[Marino 2014]. An elegant example of its application in hydrodynamic setting can be seen

in [Heller 2015]. Even with this theory however we would need an infinite amount of infor-

mation extracted from exact numerical solution in order to systematically resolve all the

ambiguities.

What one therefore may hope for in practise is only a resummation of some finite number

of quasi-normal modes up to certain accuracy, which would still be a significant improvement

over standard hydrodynamics. We shall see this sort of improvement (although not by

resummation) in the next chapter, where we manifestly include non-equilibrium mode in

hydrodynamical description.

7.4 Closing remarks

Let us note however, that all these problems appear only when we try to resum all

orders hydrodynamics from the four-dimensional point of view. In the five-dimensional

picture, it is enough to solve the full Einstein equations numerically, as we did in the

previous chapter, which encodes for us the dynamics of all those higher quasi-normal modes,

hydrodynamic excitations, and their nonlinear interactions. This is however technically

quite involved, so it is of interest to find an approximate four-dimensional formulation

including both hydrodynamics as well as the least nonhydrodynamical degrees of freedom.

We will discuss this in the following chapter.



Chapter 8

Generalized non-equilibrium

hydrodynamics

8.1 Introduction

One of the major results presented in Chapter 6 concerned the discovery, that relativis-

tic fluid may obey laws of hydrodynamics amid strong pressure anisotropy of the evolving

medium. This development led to inception of a new term in heavy-ions realm known as

the hydrodynamization and is related to the fact, that one may use hydrodynamics also

in anisotropic stages of evolution canonically regarded as not yet thermalized. From the

hydrodynamic gradient expansion perspective, e.g. (2.17), (2.19), it means that this ap-

proximation can be used even if the correction terms supposedly subleading to lower orders

are in fact of sizeable comparable magnitude. Physically it means, that albeit facing strong

gradients in the medium hydrodynamic evolution already holds. However it has its limi-

tations. These become visible when we enter the earlier, genuinely non-equilibrium regime

of plasma evolution. At this point global conservation laws leading to the hydrodynamic

equations of motion cease to suffice and one requires actual short-lived dynamical degrees

of freedom.

The goal of the present chapter is to introduce a scheme of generalizing hydrodynam-

ics to incorporate precisely these new ingredients. We shall achieve this by coupling the

conventional gradient expansion equations to new fluid field variables, representing non-

equilibrium degrees of freedom found in the previous chapter, namely the quasi-normal

modes. We will do so along the lines of our last paper [Heller 2014] considered in this

Thesis, and concluding to some extent the research programme initiated in Chapter 5.

Parallel to the phenomenological motivation outlined above the driving idea behind

derivations given below is to construct a holographically justified theory containing purely

four-dimensional objects. That is, with applications completely outside string theory in

mind it is desirable to have a model expressed in terms of standard field theory variables.

Gravity would then serve as a source of limited number of phenomenological parameters

inaccessible within the field theory itself due to e.g. strongly coupled dynamics. As we shall

see it is possible to give such a formulation.

8.2 Excitation decay in thermal medium

To begin with, we should recall how near equilibrium dynamics is probed in thermal

field theory [Kapusta 2006] and holography [Son 2002, Son 2007]. In the context of fluid

dynamics the criterion for departure from local equilibrium is subtle as we have seen in

Chapter 6, if we focus on the overall stress-energy tensor average. However a way to more

directly discriminate between near and far from equilibrium phenomena is to employ linear

response theory, which examines how locally equilibrated medium responds to small per-
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turbations. Such fluctuations are represented by exponentially decaying oscillatory modes1,

like the ones found in resummation and originating from quasi-normal spectrum of the dual

black brane. These modes directly correspond in AdS/CFT to singularities of retarded

Green’s function of the given operator excitation.

More precisely, the quasi-normal spectrum comprises of two sets of associated complex

numbers ω(k)± = ±ωR(k)−iωI(k), each of which defining momentum dependent excitation

mode dispersion relation. For scalar operator Ô in field theory embodiment of this is the

analytic structure of its thermal retarded real-time Green’s function assuming the form

GOR(ω, k) ∼ Z(ω, k)

Π∞n=0(ω − ω+
n (k))(ω − ω−n (k))

, (8.1)

where Z(ω, k) is a function containing residues2, and we have an infinite set of isolated pairs

of poles defining spectrum of thermal excitations given by the quasi-normal modes. Such a

function encapsulates the linear response of the system to perturbations, which can result

in gapped non-equilibrium modes (i.e. with ω(k = 0) 6= 0) or hydrodynamical poles (with

ω(k = 0) = 0). Linear response theory makes use of such a Green’s function in general

formula of the form

δO(t, x) ∼
∫

dωd3kGOR(ω, k)JO(ω, k), (8.2)

with JO(ω, k) being the small arbitrarily fast source inducing the perturbation in Ô. If we

focus on the gapped non-equilibrium mode, upon suitable contour integration the resulting

behaviour of the excited observable is that oscillatory fluctuations decay towards local

equilibrium, with time-scale of 1/Im(ω(k)), and oscillation wavelength is Re(ω(k)). In our

conformal N = 4 super-Yang-Mills plasma the quasi-normal spectrum is proportional to the

only scale available, the local fluid temperature T . Therefore typical re-equilibration time-

frame is O(1/T ), which is compatible with customary values in hydrodynamic simulation

codes, where initialization is performed with T0 = 500 MeV and hydrodynamics onset

proper time is τH = 0.25 fm, as we mentioned in Section 6.8.3, [Broniowski 2008]. This

means we have τH ∼ 1/T , which is on the par with our holographic model.

The leading idea of the work we are about to explain, is to explicitly capture the least

damped non-equilibrium mode and couple it to the underlying hydrodynamical background.

This phenomenologically means, that we focus on the smallest gapped pole of the thermal

Green’s function, which is the lowest gapped quasi-normal mode, and forge its impact into a

new independent fluid field. This procedure can be carried out for the intermediate-to-late

stage of the fluid evolution, where almost all the non-equilibrium oscillations have already

died, except the least damped one with the smallest imaginary part. For the stress-energy

tensor this is exactly the leading mode we have found in resummation. The corresponding

operator excitation assumes then the following form

〈Ô〉 ∼
∫

d3kA(k)e−ωI(k)Ttcos(ωR(k)Tt+ ~k · ~x+ φ(k)). (8.3)

The above structure can be understood as originating from momentum integration of

(8.1) in (8.2) over the stable3 lowest pair of the spectrum, containing the associated frequen-

cies ω±, so imaginary part remains the same and leads to the suppressing exponential, while

1Of e.g. local temperature, or velocity fields.
2These impact e.g. lifetime of thermal quasi-particles.
3Stable in the sense of Chapter 5, where all imaginary parts had signs leading to decay, not exponential

growth of the excitation.
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Figure 8.1: The first three sound channel quasi-normal modes ω(q), with real and imaginary

parts displayed separately. The lowest mode represents the hydrodynamical excitation,

which vanishes for q → 0. We can readily see the difference in this regard exhibited by the

weak dependence on the momentum of the non-hydrodynamical modes, especially for the

imaginary part. This supports our assumption of ultralocality.

real parts get combined to form the cosine function upon integration over the poles in (8.2).

The functions A(k) and φ(k) encompass the perturbation initial data and characterise the

shape of the decaying excitation. In the above we have also defined

ω/T = ±ωR(k/T ) + iωI(k/T ). (8.4)

8.3 Evolution equations for non-equilibrium modes

The formula (8.3) can be though of a solution to some linear partial differential equa-

tion, defining the dispersion relation (8.4). Generically the numerical value and momentum

dependence of the Green’s function pole like this one is encoded in the given theory’s micro-

scopic dynamics. In the case of our strongly coupled theory with gravity dual it is provided

to us by the black brane fluctuations, which exhibit intriguing dependence on the momen-

tum, ω = ω(k), such that the non-equilibrium quasi-normal mode is almost independent

of it up to the scale k ∼ 2πT . This behaviour can be observed in Figure 8.1, reproduced

from [Kovtun 2005]. Therefore in the near-equilibrium regime, where typical fluctuation

momenta involved are small by assumption, one can regard frequency to be momentum

independent. Apparently this important feature has not been widely appreciated before

our work, and we shall refer to it as ultralocality.

Based on this crucial fact we can observe, that the function 〈Ô(t, ~x)〉 of (8.3) obeys a

specific damped oscillator equation, for every spatial position4 ~x:(
1

T

∂

∂t

)2

〈Ô〉+ 2ωI
1

T

∂

∂t
〈Ô〉+ |ω|2〈Ô〉 = 0, with |ω|2 = ω2

R + ω2
I . (8.5)

For a scalar operator Ô = TrF 2 in N = 4 SYM zero momentum value of the complex

frequency is

ω ∼ 9.800 + i8.629 (8.6)

The above equation is of second order in time, therefore as opposed to the conservation

laws it is truly dynamical and may contains wave-like behaviour.

4Being manifestation of the said ultralocality. Otherwise it would be the PDE mentioned a moment ago.
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The key point of interest in our endeavour to generalize hydrodynamics is an analogue

of equation (8.5) for the stress-energy tensor. We recall from Chapter 2, that once fast

phenomena pass away in the medium, the structure of the prevailing thermal stress average

can be parametrized by the reduced thermodynamic limit fluid variables. This imposes on

the late time expectation value the following constitutive relation decomposition:

〈Tµν〉 = Euµuν + P(E)(ηµν + uµuν) + Πµν . (8.7)

The velocity field is temporal, uµu
µ = −1 and the symmetric tensor Πµν is subject to

Landau frame condition, as we discussed in Chapter 2: uµΠµν = 0. Moreover conformality

imposes equation of state, E = 3P, which in turn implies Πµ
µ = 0. The role of this ’viscous’

tensor is to represent departures from local equilibrium.

Global rest frame description of equilibrated fluid is given by constant fields

uµ = (1, 0, 0, 0), T, while Πµν = 0. (8.8)

Its small perturbations subject to overall constraints introduced a moment ago are given

by the remaining degrees of freedom,

δT, δuµ with δut = 0 and δΠµν with δΠtν = 0. (8.9)

These are subject to the usual energy-momentum conservation

∇µ〈Tµν〉 = 0, (8.10)

which allows one to solve for δuµ and δT , while of course for δΠµν we need additional

equations. Let us focus now on their derivation.

As we know from ordinary hydrodynamics considerations summarized in Chapter 2, for

general momentum different tensorial components of Tµν form distinct dynamical channels,

divided into O(2) ⊂ O(3) rotation subgroup representations. This decomposition is relevant

when there is an explicit momentum dependence in the system5. In the lack thereof all the

channels reduce to a simple scalar evolution equation. Owing to our novel observation of

ultralocality at the scale k . 2πT we are authorized to assume precisely this behaviour for

the whole tensor Πµν . As a consequence the quasi-normal frequency, which should be used

to construct tensor version of (8.5) is in fact the scalar value (8.6), and the corresponding

equation follows immediately,(
1

T

∂

∂t

)2

δΠµν + 2ωI
1

T

∂

∂t
δΠµν + |ω|2δΠµν = 0. (8.11)

The resulting system (8.10), (8.11) with (8.7) and (8.9) describes evolution of the lowest

quasi-normal mode propagating atop near-equilibrium linearised fluid, with no backreaction

to its presence.

8.4 Towards generalized theories of hydrodynamics

So far the new system of equations enriched with (8.11) is by design bound to the

fixed coordinates frame, in which new non-equilibrium degrees of freedom do not prop-

agate. Moreover it implements only a minimal coupling to the near-equilibrium stress-

energy tensor (8.7). As we said above such a system describes temporal evolution of the

5Precisely this vector breaks the O(3) symmetry and defines distinct channels.
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non-hydrodynamical perturbation in thermal medium, which is otherwise unaffected by its

presence. It is therefore a minimal generalization of pure hydrodynamic, but based on a

clear physical reasoning.

However it would be desirable to generalize our new theory to include actual quasi-

normal mode propagation over evolving viscous hydrodynamical background, and even

further to include backreaction of the fluid background to the far from equilibrium pertur-

bation.

The result of the first task would be interesting, because it is a hydrodynamical counter-

part of the problem in General Relativity concerning quasi-normal modes propagation over

a dynamical horizon spacetime. Not much is known about such systems, and what we are

trying to develop here could be of use in the analytical studies of these related problems.

The second task, apart from the above motivation, is interesting from the phenomenolog-

ical perspective. The standard gradient based hydrodynamics suffers from certain patholo-

gies related to causality, which reduce their usefulness in practical applications, and which

were addressed with heuristic constructions, like the familiar Israel-Stewart hydrodynamics.

We would wish to formulate a non-linear coupling to non-equilibrium perturbations, which

could be of use in e.g. heavy-ion physics, and which would go beyond such Israel-Stewart

based constructions.

There are a priori no firm guiding criteria for how to perform the described generaliza-

tions and we will have to make some well educated guesses on how to proceed. Since we are

now working exclusively in the four dimensional theory we have to find a way to proceed

without directly using holographical correspondence (although we shall very soon see, that

it indeed validates our reasoning).

We will approach the propagation problem first, as it will turn out to be more trans-

parent and then we will describe our attempt at the second more speculative problem.

8.4.1 Inducing propagation over viscous fluid background

To introduce spatial dynamics of the new mode we should recall, that a standard way

of moving away from a fixed coordinate frame it to covariantize the equation. This will turn

out to be quite involved and based on properly employing symmetries of the underlying

physical system.

On the other hand viscous corrections to (8.7) can be incorporated in a fairly straightfor-

ward manner. It relies on the usual inclusion of gradient terms, allowing for local variations

in T and uµ, in the full viscous tensor,

Πµν
Hydro = −η(T )σµν + . . . , (8.12)

with η(t) being the shear transport function, σµν the shear tensor, and we have omitted

higher gradient structures, which however could a priori be included.

Coming back to the covariantization problem, we must realize, that we are dealing with

a conformal system, in which Weyl symmetry plays a prominent role. Interestingly, it has

recently been shown by an explicit construction in holography [Loganayagam 2008], that

manifestly Weyl-covariant formulation for relativistic conformal hydrodynamics exists and

allows for a very compact expression of its evolution laws.

We will make use of this formalism and demand, that our new system of equations

is manifestly Weyl covariant. This will require certain technical tools of the mentioned

construction, so let us first explain what Weyl symmetry is. In brief, it is an invariance

under local metric rescalings:

ηµν → e−2ω(x)ηµν . (8.13)



156 Chapter 8. Generalized non-equilibrium hydrodynamics

We call field a Weyl covariant tensor, if it transforms homogeneously under such rescalings,

with a parameter called Weyl weight w:

φ(x)→ ewω(x)φ(x). (8.14)

The precise tensor weight is determined with the aid of appropriate invariants, e.g. action,

or some other fields combinations, with already known Weyl weights. For instance, a

covariant metric tensor has w = −2, and for Tµν we have w = 6. Basic fluid variables

transform as

T → e−ω(x)T̃ ⇒ w = −1,

uµ → e−ω(x)ũµ ⇒ w = −1. (8.15)

The central object in Weyl covariant formulation is the Weyl connection, and the asso-

ciated with it covariant derivative. Their existence is helpful, because ordinary covariant

derivative does not transform homogeneously with Weyl rescaling, and the non-dynamical

Weyl connection is designed precisely to account for this failure. This object is build out

of fluid velocity field and is defined as

Aµ = uλ∇λuµ −
1

3
∇µuλuµ. (8.16)

For a rank-two tensor of weigh w we have then

DλTµν = ∇λTµν + wAλTµν

+ [gλαAµ − δµλAα − δ
µ
αAλ]Tαν

+ [gλαAν − δνλAα − δναAλ]Tµα. (8.17)

Returning to the main problem we note, that a naive covariantization of (8.5) would

amount to locally boosting it to an arbitrary fluid reference frame by substituting ∂t →
uµ∇µ. But such an operation would render resulting equation inconsistent with the mani-

fest Weyl covariance. Moreover an important problem would then arise, because alongside

defining the non-equilibrium constitutive relations (8.7) we have imposed Landau transver-

sality condition uµΠµν = 0. This property should hold throughout the evolution, and this

can not be guaranteed by such a simple covariantisation. These facts were gathered during

our first attempt at covariantizing the equations, and this led us to considering the Weyl

based generalization. This became one of our heuristic assumptions mentioned above.

We were therefore motivated to introduce a directed Weyl derivative of the form D ≡
uµDµ, which is Poincaré scalar, and following (8.17) acts on a rank two Landau-transverse

tensor as

DΠµν = uλ(∇λ + (6− 2)Aλ)Πµν − 2Aλu(µΠν)λ, (8.18)

where (6−2) comes from the weight w = 6 reduced by 2 from velocity contraction. Moreover,

by a coincidence the above definition combined into the term 1/TD has the same Weyl

weight, as the object being differentiated, and therefore a second directed Weyl derivative

is obtained by just plain iteration of the above.

Having realised that, we can approach the problem of properly covariantizing equation

(8.5), including viscous fluid corrections. To To do this let us divide the whole viscous trans-

verse tensor Πµ into the near-equilibrium gradients part and the genuinely non-equilibrium

component,

Πµν = Πµν
Hydro + Π̃µν . (8.19)
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With this partition let us now introduce the following equation for the non-equilibrium

tensor (
1

T
D
)2

Π̃µν + 2ωI
1

T
DΠ̃µν + |ω|2Π̃µν = 0. (8.20)

The above formula transforms homogeneously under Weyl rescalings and employs spatial

derivatives, which means, that the perturbation will now propagate over the viscous fluid.

The equation (8.20) is therefore our candidate for the local non-equilibrium generalization

of viscous hydrodynamics.

The natural next step is to perform necessary tests of our proposed generalization.

At this point we can again make use of the dual holographic theory and gravitational

computations.

As a first check we have investigated that the lowest quasi-normal mode evolution equa-

tion in a viscous gravity background indeed leads to the same result as the covariantization

of the equation (8.20). In more detail notice, that Weyl connection contains fluid velocity

derivatives, and hence to visualise its impact one must consider at least first order (vis-

cous) gravity backgrounds. Taking this into account, by manipulating Einstein equations

linearised on the top of evolving viscous geometry it can be shown, that the quasi-normal

modes wave equation defined in this way can be rewritten in a manifestly Weyl invariant

fashion. This reveals the source and confirm the validity of the equation (8.20), which is

holographically dual to the described quasi-normal mode equation.

Furthermore, we have checked, that the dynamical quasi-normal mode, which we com-

puted in [Heller 2013a] and studied extensively in the previous chapter solves the new equa-

tion (8.20). This confirms, that purely field-theoretical equation is capable of describing

plasma perturbations originally found and studied on the gravity side. This is also a non-

trivial test, because due to the boost-invariant dynamical background various components

of the equation assume more complicated form.

8.4.2 Back-reaction beyond hydrodynamic approximation

We should now approach the second task defined above and try to incorporate inter-

actions between the quasi-normal mode perturbation and the underlying evolving fluid in a

casual generalization of hydrodynamics. As we warned this step is more speculative, because

as always there are many ways, in which one can introduce covariant couplings. We shall

try doing this in a way possibly minimally deviating from the established hydrodynamics

properties.

First we note, that the cornerstone of conventional hydrodynamics, the systematic gra-

dient expansion leading to the definition of viscous tensor, is at the same time a source

of certain physical pathology in this effective theory. Due to arbitrarily high order differ-

ential terms in the expansion, resulting equations of motion are not hyperbolic and lead

to superluminal signal propagation. Severity of this problem is amplified in phenomeno-

logical applications, in which numerical codes are used to solve non-linear equations. Ab-

sence of causality leads then to instabilities and renders initial value problems ill defined

[Kostädt 2000, Hiscock 1985].

Phenomenologically attractive workaround has been introduced by the mentioned in

Chapter 2 Müller, Israel, Stewart theory, which makes an attempt at defining UV-

completion of a finite order viscous hydrodynamics. This theory is very similar in spirit

to our approach (yet still in the realm of hydrodynamics) and as we know relies on re-

placing gradient expanded viscous tensor by an object independent of T and uµ, the MIS
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tensor Πµν = Πµν
MIS. The new set of degrees of freedom is then supplemented by necessary

evolution equations, the simplest example of which is(
τ̂Π

1

T
D + 1

)
Πµν

MIS = −ησµν . (8.21)

Notice the presence of Weyl covariant derivative, which implies, that this expression is

already Weyl covariant. Alongside the additional equation a phenomenological parameter

τ̂Π/T is introduced, which is often called relaxation time. Its relation to standard hydro-

dynamics is established, if we proceed and include quadratic terms in Πµν , in a way similar

to the procedure described in Chapter 2 (and explained in [Baier 2008]). By solving the

resulting hydrodynamics equations iteratively in gradients, which would produce series in

powers of inverse time, we would identify the relaxation time with one of the conventional

second order transport coefficients.

Upon such a modification the benefit of causality is achieved, if assuming η/s = 1/(4π)

we impose τ̂Π ≥ 1/(2π). But the price for this is that a spurious purely decaying mode

appears in linear perturbations spectrum, with exponential decay governed by imaginary

’frequency’ ω = iT/τ̂Π. It is clearly related to the newly introduced relaxation time param-

eter and follows from the first order differential equation in (8.21). We have commented on

the unphysical nature of this mode before in Section 2.1.4.3. In particular it is clear, that

this decaying mode is not related to the quasi-normal modes originating from gravity.

We can however enrich such a theory with similarly behaving physical degrees of freedom

through the procedure elucidated in the preceding sections. In this way we would arrive at

a theory having virtues of both causal and non-hydrodynamical behaviour.

The first step towards constructing such a theory is again to define the viscous tensor

partition into hydrodynamical and non-hydrodynamical parts, but this time replace the

hydrodynamical gradient part by the just described MIS tensor:

Πµν = Πµν
MIS + Π̃µν . (8.22)

This corresponds to including non-equilibrium, and both viscous and causal hydrodynamics

in the constitutive relations.

The complete set of equations for all our independent variables is then assembled from

equations (8.10), (8.20) and (8.21):

∇µ〈Tµν〉 = 0, (8.23)(
1

T
D
)2

Π̃µν + 2ωI
1

T
DΠ̃µν + |ω|2Π̃µν = 0,(

τ̂Π
1

T
D + 1

)
Πµν

MIS = −ησµν .

Notice, that the role of the conservation law (8.10) is to couple the perfect fluid part

to the non-equilibrium components (8.22), each of which obeys its own Weyl covariant

equation of motion. The set of equations 8.23 is our candidate for completing the second

task defined in Section 8.4.

The theory defined above has linear spectrum similar to standard hydrodynamics, as

we required, but enhanced with inclusion of the quasi-normal modes and the spurious MIS

damped mode.

From the practical perspective, a phenomenological way to reduce the impact of the

unphysical mode is to set initial data for Πµν
MIS to −η(T )σµν , which by inspecting (8.21)

sets Πµν
MIS as close to conventional Landau Πµν

Hydro tensor as possible. Moreover, the smallest
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value of τ̂Π = 1/2π allowed by causality makes dumping of the spurious mode maximal,

reducing influence on the physical answer.

From the initial value problem point of view our generalization introduces an equation

involving second temporal derivatives of a tensor field Π̃µν (although subject to constraints

discussed above). Therefore the set of initial data for our new system must include also the

corresponding initial values and temporal derivatives for these variables.

In the case of boost-invariant system, which we were mostly interested in, the symmetries

reduce the number of the new tensor components, and therefore also the space of initial data.

In Bjorken flow approximation one would then need to specify initial energy density ε(0),

pressure anisotropy ξ(0) and its first derivative ξ′(0). These two last functions correspond

to the new non-equilibrium degree of freedom, which in the highly symmetric case of boost-

invariant flow is represented by just one scalar component of Π̃µν , precisely the anisotropy

ξ(τ).

What is the phenomenological attractiveness of our newly introduced equations? Their

prime applicability should be sought in describing fluid dynamics in the regime, when mostly

one last non-equilibrium excitation is dominating the final approach to local hydrodynamic

equilibrium. Perhaps one such a scenario could be realised in the stage between a regular

hydrodynamics and the Colour Glass Condensate, or a similar model providing initial form

of Tµν in the far from equilibrium regime. We shall also see soon, that the applicability scope

of our equations covers situation lacking Landau gradient based hydrodynamic description

at all, like the homogeneous isotropisation [Chesler 2009]. Equations have also ’classical’

limit reached by imposing vanishing initial conditions for Π̃µν , which reduces the dynamics

to the pure MIS theory.

Before describing the necessary confrontation with holographic computations we will

briefly discuss alternative definition of the generalized hydrodynamics aiming at alleviating

the main MIS theory drawback of the spurious mode, while keeping causality intact.

The starting point is to merge gradient expansion philosophy with the non-equilibrium

equation (8.20). By inserting conventional Landau viscous tensor with non-equilibrium part

(8.19) to (8.20) and regarding Πµν as an independent set of variables, while acting with

Weyl derivatives D on the gradient expansion Πµν
Hydro, we obtain a hybrid equation fusing

(8.20) and (8.21) together:((
1

T
D
)2

+ 2ωI
1

T
D + |ω|2

)
Πµν = −η|ω|2σµν − cσ

1

T
D(ησµν) + . . . (8.24)

Terms on the right hand side form gradient expansion modified by the differential operator

in (8.20) and have been limited to second order in gradients, with just one term of this sort

retained. The reason to keep it is that together with the arbitrary parameter cσ it ensures

linear stability of the equation. Higher order terms can be included through Πµν
Hydro as well,

and we represent them collectively by ellipses.

Linear perturbation analysis of (8.24) around equilibrium fluid configuration (8.8) re-

veals, that the above equation (together with stress conservation ∇µTµν = 0) defines hyper-

bolic system of partial differential equations, provided cσ ≥ 0. The characteristic velocity

in the sound channel is

v =
1√
3

(1 +
cσ
π

)1/2. (8.25)

The above quantity extracted from characteristics equation should not be confused with

the speed of sound, which in our conformal theory is locked at cs = 1/
√

3. Using v we

obtain second bound ensuring causality, cσ ≤ 2π.
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Equation (8.24) is our alternative candidate for the solution to the second task from

Section 8.4. However despite appealing properties (8.24) contains pathology of its own.

Linear stability analysis unravels problematic feature, that small perturbations Fourier

modes start growing exponentially once momentum reaches high values of k & 18.5T for

cσ = 2π. Such an instability renders this system unsuitable for numerical treatment, since

it is difficult to confine momentum from spreading towards higher values. This problem

appears however far away from the hydrodynamics region of validity (which is far away even

for our ultralocal non-equilibrium quasi-normal mode modification, assumed to hold roughly

for k . 2πT ). One may hope, that more educated refinement of the prescription (8.24)

could remove this obstruction, or maybe proper account of the momentum dependence

instead of ultralocality would amend the issue. For now will focus on the stable MIS based

theory (8.23).

8.5 Comparison to holographic experiment

We should now put to test the newly proposed equations. We will treat gravitational

dual of the thermal N = 4 d = 4 SYM plasma system as a numerical experiment (akin to

the in silico lattice QCD experiments) and try reproducing so defined exact data with our

phenomenological hydrodynamical model (8.20). The method is to focus on two relevant,

yet particularly simple scenarios, and use them as a source of initial data for our numerical

hydrodynamic solutions. As in phenomenology our new equations are expected to be general

and relation to a particular system is established by a suitable choice of parameters. In

our case this translates to selecting η/s = 1/(4π) and ωR,I as in (8.6). For the sake of

hampering the impact of the MIS spurious mode we set τ̂Π = 1/(2π).

The system we are going to study represent two particular configurations of N = 4 d = 4

SYM plasma, boost-invariant Bjorken flow and homogeneous isotropisation [Chesler 2009].

The former one is already well known to us and is defined by symmetries reducing overall

form of the stress tensor expectation value to

〈Tµν(τ)〉 = Diag[E(τ), τ2PL(τ),PT(τ),PT(τ)]µν (8.26)

The second system is on the other hand interesting, because by construction it has constant

energy density and no spatial dependence in the stress tensor, which is assumed to have

anisotropic pressures:

〈Tµν(t)〉 = Diag[E , 1

3
E − 2

3
∆P(t),

1

3
E +

1

3
∆P(t),

1

3
E +

1

3
∆P(t)]µν (8.27)

Notice, that this time the standard flat Minkowski coordinate system is used, as opposed to

the proper time variables of (8.26). Therefore one can not form gradient expansion of (8.27),

and the holographic dual will contain only non-equilibrium excitations, like quasi-normal

modes.

We shall not describe here methods used to integrate relevant Einstein equations

system, as these are isomorphic to those used in Chapters 6-7, and can be found in

[Chesler 2009, Heller 2012c, Heller 2012a, Heller 2013b, Heller 2012b]. Instead in what fol-

lows we demonstrate plots of our main observable evolution. We choose for this a quantity

bound to non-equilibrium behaviour, the pressure anisotropy:

∆P ≡ PT − PL. (8.28)

Initial data are derived from the holographically determined stress tensor, based on a

particular example of gravity solution, which for the sake of providing initial conditions is
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Figure 8.2: Boost-invariant flow. Gray curves denote the numerical solution based on

AdS/CFT, magenta dash-dotted curves are solutions of MIS theory and the blue dashed

curves are solutions of the new theory defined via eq. (8.20). The dotted green curve

represents the most basic first order viscous hydrodynamics. Initial conditions were set at

τ T = 0.4 (left), 0.5 (centre) and 0.6 (right).

as good as any other solution. The data read-off from it are as we listed before the energy

density, pressure anisotropy and its first temporal derivative at a given positive value of time,

which on the phenomenological side corresponds to the hydrodynamic code initialization

time (in applications is can be equal to e.g. 0.25 fm/c). By varying this value (in units

of the effective temperature at this moment, tT (t)) we kick-off hydrodynamic simulations

from different stages of exact holographic evolution, and observe how phenomenological

equations follow the exact solution. Such a procedure in standard heavy-ion numerical

hydrodynamic studies is in fact used to determine, when data from real experiment start

exhibiting collective flow.

Let us therefore look at the first set of plots, Fig. 8.2, depicting boost-invariant expan-

sion. What we can see here is the evolution of the normalized pressure anisotropy ∆P/E
as a function of time rescaled by the momentary temperature6, tT . Colours used are ex-

plained in the caption and different lines correspond to exact numerical AdS/CFT solution,

MIS theory, our new equation and classical first order hydrodynamics. The three pictures

correspond to initialization times tT = 0.4, 0.5 and 0.6. The exact numerical solution

exhibits initially violent non-equilibrium behaviour (with reheating, surge of temperature

not depicted here but known from Chapter 6) and transition to near equilibrium regime

followed by uniformly decaying hydrodynamic power tail. We can see how first order hydro-

dynamics fails to capture any of the pre-hydro features, and how its prediction is corrected

by the MIS theory. However due to its lack of oscillatory modes, MIS hydrodynamics is

unable to capture any of the non-monotonic behaviours and even fails to depart smoothly

from the exact graph, as starkly visible on the middle plot of Figure 8.2. In contrast out

new equation based on the generalisation (8.22) is doing a better job at capturing non-

equilibrium behaviour of the fluid. It is not perfect, but starting from tT = 0.5 we see, that

it closely mimics the exact evolution, while even before it tries reproducing correct dip in

the observable plot.

The discrepancy between our new equations predictions and ’experimental’ data can

be made more manifest, and elegantly explained by focusing on our second example, the

homogeneous isotropisation. Figure 8.3 depicts again three consecutive initialization times

interposed with the result based on an exact solution to Einstein equations. The lines

represent the exact solution, solution based on linearised Einstein equations, which takes

into account all the quasi-normal modes, MIS hydrodynamics and our new equations (colors

map is given in the caption). This example is very interesting for its lack of gradient-based

6This is our familiar variable w = T (τ)τ of Chapter 6. Relation between them can be locally numerically
inverted, provided independent values of τ and T (τ) are known.
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Figure 8.3: Homogeneous isotropisation.The gray curve denotes the numerical solution

of Einstein’s equations. The dotted yellow curves denote solutions of linearized Einstein’s

equations (including all the QNM’s), dot-dashed magenta curves are solutions of MIS theory

and the dashed blue curves represent solutions of the new theory given by (8.20). The

initialization times are tT = 0.4 (left), 0.5 (centre) and 0.6 (right). The approximation by

a sum of quasi-normal modes describes the evolution of the system very well already at

tT = 0.3.

hydrodynamic description, as we have explained above.

To underscore the meaning of this feature we have combined the plot with another

striking phenomenon discovered in fluid/gravity duality, that from some moment on the

solution to full non-linear Einstein equations can be very accurately approximated by just

linear evolution [Heller 2013b]. It means, that if at some finite time one decomposes even

highly disturbed evolving solution into a large but finite set of quasi-normal modes (in a

way similar to Fourier transform) and use this decomposition as initial data to linearised

Einstein equations, the resulting solution will very closely resemble the exact non-linear

evolution. This means, that some intrinsic linearisation must be taking place leading to

a drastic simplification of the non-equilibrium dynamics at this stage. Such a procedure

works only from some moment on, but it is long before the transition to hydrodynamics

and in our case it holds already at tT = 0.3, when exact non-linear and QNM-based gravity

solutions are indistinguishable. We have described this phenomenon to underline, that for

the most part of the plots in Figure 8.3 the evolution is linear and based on numerous

quasi-normal modes only, which allows us to test limitations of our new equations.

Lessons one can draw from it are the following. MIS theory fails significantly at describ-

ing the evolution, leading up to 100% underestimation of the hydrodynamisation time, as

seen on the third plot of Figure 8.3. It seems to be capturing well the data only given enough

time to decay from the initial stage, which however seems trivially expected. On the other

hand the new equations behave qualitatively and later quantitatively well, by capturing

initial tendencies of the solution and completely reproducing it for the later initialization

time tT = 0.6. This clearly shows, that in the lack of standard hydrodynamic degrees

of freedom limitation of our new system stems from the presence of higher quasi-normal

modes. Once these are mostly gone and evolution seems to be governed by the longest lived

lowest non-hydrodynamical mode our new equations lead to an almost exact match to the

data, in contract to the MIS theory.

8.6 Closing remarks

In this chapter we have explained how one can generalize near-equilibrium hydrody-

namics, in particular in its causal modified version to include genuinely non-equilibrium

degrees of freedom bound to no gradient expansion whatsoever. It appeared, that due to
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the holography enabled observation of ultralocality a general-purpose equations for holo-

graphic gauge fluids stress tensor can be constructed and seamlessly coupled to the standard

near-equilibrium theories. The main results can by summarised as follows

• It is possible to formulate a purely four-dimensional (i.e. AdS boundary) based fluid

equations capturing ingredients of the dynamics discovered in gravity.

• Quasi-normal mode plays a role of new phenomenological parameter, which should

be specified for a given theory based on the microscopic evolution. In the case of

holographic field theories it is provided by the dual black hole calculation.

• New set of equations is capable of describing systems with real part of the expo-

nentially suppressed mode, enabling it to capture non-monotonic behaviours in the

non-equilibrium flow stage. This is beyond the MIS theory capabilities.

• Weyl symmetry plays a prominent role in dictating a proper generalization and cou-

pling among near- and non-equilibrium fluid fields.

• New theory can be applied to systems lacking conventional hydrodynamic gradient

expansion construction.

Naturally there are several challenges, overcoming which would significantly improve

phenomenological value of the newly proposed theory. One could focus on the following

issues first:

• The theory (8.20) still possesses the spurious MIS damped mode. An attempt to alle-

viate this drawback led to another pathology of high momentum instability in (8.24).

One could hope to hinder this problem by providing more gradient terms, which

would alter the dispersion relation at high momenta. Another possibility is to decode

the correct momentum dependence in tensorial channels, i.e. lift the ultralocality

constraint.

• As seen in Figure 8.3 the applicability of the new theory is primarily limited by the

presence of higher quasi-normal modes in the system. Giving proper account to these

is both promising and challenging task. On the one hand one could easily add another

damped oscillator equation with second quasi-normal mode parameter. But then a

non-trivial question arises how to properly couple it to the remaining equations. Apart

from the simple linear extension of the decomposition (8.22) one could e.g. consider

non-linear coupling among the quasi-normal modes. There is also an issue of relative

coefficient between their viscous tensors. On the overall however this does not seem

to be intractable challenge, but testing it would be very subtle as would amount to

fitting exponentially small terms to the gravity based solutions.

• New theory introduces structures requiring specific initial conditions and phenomeno-

logical parameters, whose microscopic interpretation is not entirely understood. In

particular one needs to tune parameters to achieve maximal damping of the spurious

modes.

On the overall we conclude, that the introduced equations constitute an attractive viable

alternative to the established near-equilibrium theories and offer a prototypical model of

plasma evolution in the regime, where no other hydrodynamics based theory was able to

reach yet. Perhaps one could use generalized and pure hydrodynamic theories combined

to determine more exact hydrodynamization time by comparing predicted transition times

according to both models and ’averaging’ them.





Chapter 9

Summary and Outlook

9.1 Summary of the Thesis results

Time has come to summarize all the things said above and, from the completed re-

search programme perspective, try to look critically at the findings. We have began this

treatise with the introductory chapter, where we briefly laid down the experimental heavy

ion background and motivated the whole research. Accordingly we have outlined several

questions inspired by the quark-gluon plasma experiments, which remained too challenging

to be treated purely within the realm of QCD. Subsequently a model theory of N = 4

super-Yang-Mills was proposed as a simple yet related theoretical laboratory to study these

difficult questions. This theory was approached with the aid of AdS/CFT correspondence,

which allowed for its rigorous study (assuming the duality to be exact). This led to a series

of results, obtaining which is still beyond the reach of analytical methods in the real-world

theory of strongly coupled QCD or Yang-Mills.

The main research questions we have aimed at were:

• To understand the very rapid equilibration mechanism in strongly coupled non-abelian

fluid.

• To see, if there is some instability mechanism at work in anisotropic plasma.

• To characterize the process of transition to late local equilibrium.

• To characterize the early post collision non-equilibrium stage.

As often in the course of research, addition questions emerged based on the findings of

our investigation:

• What to actually declare as the thermalized state of the fluid?

• How much can one refine the criterion of transition to hydrodynamics?

• What is the analytic structure of hydrodynamic gradient expansion?

• What are the degrees of freedom secretly present in hydrodynamics?

• Can we merge standard hydrodynamics with genuinely non-equilibrium excitations

and form a purely boundary (non-gravitational) phenomenological theory?

As we have witnessed through the pages above, we managed to give answers to these

(any several other) questions. Each chapter contains its own closing discussion section, so

here we can give an overall synthetic summary of the major results, being resolutions to

the questions just outlined above. We should bear in mind, that most of what we declare

was found in the boost-invariant case.
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• The holographic model of non-equilibrium gauge fluid indeed reproduces the very

small equilibration time, defined roughly at the timescale of an effective inverse local

temperature 1/T (τ). The AdS/CFT dual theory is based on a black brane gravi-

tational system, which is essentially the source of the very rapid equilibration. It

is known [Susskind 2008], that black hole and black brane horizons (representing in

holography the nearly thermal state) are most likely the fastest perturbation scram-

blers, swiftly dissipating any distortions. Therefore through the duality we find how

one can expect the experimentally observed fast thermalization. This is an example

of intuition one can draw from string theory model for real strongly coupled field

theories.

• According to Chapter 5 there are no instabilities in strongly coupled anisotropic gauge

fluids. The source of rapid equilibration is much more fundamental and as mentioned

above resides in the properties of the spacetime horizons. Of course real-world theories

have no known holographic duals, but such is the nature of a new intuition, we may

still need to uncover some secret properties of QCD, which would be analogous in this

regard to the holographic super-Yang-Mills theory.

• Isotropisation can not be used as the sole criterion of transition to equilibrium. It

was found (in Chapter 6), that strongly anisotropic system can be already following

hydrodynamical evolution. As a result of our research a new term was coined by the

community for this, hydrodynamisation, to distinguish such a state from the standard

isotropic equilibrium.

• There is a surprising simplicity in qualitative properties of the final local equilibrium

fluid state, which can be dominantly characterised by its corresponding initial state

features. Various properties, like equilibration temperature and time seem to be

determined mostly by the initial entropy density. This is surprising, because between

the initial and final stages a complicated evolution occurs, and one could expect the

thermalization to wash away the initial state data. As it appears in Chapter 6 it is

not entirely the case.

• By trying to refine the hydrodynamisation criterion defined in Chapter 6 with higher

order expansion, we found that strictly speaking hydrodynamics (as an expansion)

does not exist at all. More terms used for e.g. temperature expansion in Chapter

7 led to worse approximation of the exact numerical holographic solution. In this

way asymptotic nature of the gradient expansion revealed itself along with genuinely

non-equilibrium excitations, lurking in the very high order hydrodynamics. By con-

sidering its 240 orders we discovered, that exponentially decaying modes (as opposed

to power law tails of hydrodynamics) also exist in the expansion, and in holography

they correspond to the dual black brane quasi-normal modes. These beautiful findings

imply, that one should be careful when using higher order hydrodynamics, because in

this case more is less (accuracy).

• The above discovered non-equilibrium modes were cast into the form of differential

equations in Chapter 8, where we performed a fusion of these with hydrodynam-

ics. This step generalized the established in heavy ion physics Israel-Steward theory

to include oscillatory exponentially suppressed modes, which renders such a system

capable of describing fast equilibration of a strongly perturbed fluid. The result-

ing phenomenological theory contains holographically computed quasi-normal modes

as fluid parameters, akin to the usual transport coefficients, but describing the non-

equilibrium stage of the expansion. In this manner we use holography in a way similar
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to the lattice methods, as a source of non-perturbative information on the strongly

coupled field theory system.

• The new set of equations recalled above was found in Chapter 8 to improve results

of hydrodynamic approximation to the exact gravity computations, also in the case

lacking hydrodynamical gradient expansion. It proved thus itself to be applicable in

the case dominated by the quasi-normal modes evolution.

These highlights complete our list of major results of the Thesis, which however in-

clude many more elements scattered throughout the text. Having said that, we can put

them into certain perspective and ask, what are the shortcomings and limitations of the

described findings, what interesting developments followed since then in the field and, in

the next section what are the potential future open research directions. The limitations

and assumptions mentioned below naturally suggest subsequent avenues further research.

• On the downside, one can clearly point at the major role played by boost-invariance

assumption in most of the developments. The validity of this physically well jus-

tified approximation, performing good in experiments analysis, has been frequently

addressed during conferences, where the present work was presented. One may won-

der, if this somewhat artificial assumption of formally infinite collision energy does

not pour in secretly pathologies, and in particular if it is not the culprit responsi-

ble for the asymptotic nature of hydrodynamic gradient expansion. It seems morally

justified to expect, that this last result should not depend on the Bjorken flow as-

sumption, because we do not hope hydrodynamics to hold at arbitrarily high energy

scale. Moreover, boost-invariance significantly reduces possible tensorial structures in

the expansion, and hence it should rather be the lower bound on the hydrodynamic

series terms growth rate.

• Another point related to the high symmetry employed is that hydrodynamical prop-

erties depend strongly on the dimensionality. Although we keep spacetime dimension

fixed as d = 4, we effectively constrain the dynamics to be one dimensional. Ac-

cordingly, the dual Einstein equations are two dimensional. This removes certain

physical phenomena from our system, like for example turbulence, the elliptic flow,

and dynamics related to the vorticity tensor described in Chapter 2.

• Further, conformality of the system is a severely constraining assumption, which im-

plies the idealised plasma equation of state and absence of bulk viscosity ζ. Fur-

thermore, as we mentioned in Chapter 3 there is no phase transition in our model

theory.

• In the context of hydrodynamics resummation one can point out, that we have not

carried out this procedure. The reasons for this were signalled in Chapter 7. Most

significantly it proved to be difficult to assure a proper value of the resummed temper-

ature at the initial proper time, where we have small time perturbative solution at our

disposal to compare. Moreover, the numerical Laplace transform was prone to errors

and resummation quality was unsatisfactory. There is clearly room for improvement,

by understanding better the Borel-Padé asymptotics and Borel plane poles structure.

• Naked singularity found in Chapter 5 is also a sort of unorthodox case to study and

one could wonder if there is a more reassuring way to assess conclusions derived from

it. However based on a subsequent related study one can speculate, that such a

spacetime can be embedded in a larger dynamical spacetime picture and understood

as a piece of the answer, [Rebhan 2012, Ren 2016].
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• Lastly, one could argue, that all the results were based on an essentially local ob-

servable, constituted by the one point correlation function of 〈Tµν(τ)〉. It would be

interesting to investigate also non-local observables, like Wilson lines or two-point cor-

relators. The one-point function probes thermal fluid only locally at certain scales,

but non-local probes could provide us with an interesting insight into the plasma

evolution.

Some of the above issues were addressed by the advances of the subsequent research con-

ducted by the holographic community. Let us briefly list selected interesting developments,

which extend understanding beyond our results.

• There was a significant progress towards building higher dimensional gravity duals of

fluids and ion collisions, like shock-waves scatterings and more general configurations

[Chesler 2015, van der Schee 2015]. Currently the field is progressing towards numer-

ically simulating full fledged actual ion collisions, that is localised lumps of energy

and charge densities. This amounts to solving five dimensional Einstein equations in

the anti-de Sitter backgrounds, and requires advanced numerical tools developed for

General Relativity. Progress like that will allow for a detailed study of the super-

Yang-Mills finite energy density, strongly coupled states evolution, turbulence, and

more, nearing us to imagining what may happen in QCD. Such a simulation lifts also

the boost-invariance constraint.

• There was a considerable development of non-conformal holographic models, in which

e.g. scalar field potential in the bulk geometry (on the gravity side) is used to in-

troduce scale dependence. Such an approach allows to study e.g. RG flows and

phase transitions, both static and dynamic [Janik 2016, Janik 2015, Gursoy 2016].

One subtlety in this approach is tied to the somewhat arbitrary form of the scalar

field potential, for the form of which one must find suitable constraints. One of

these comes from the asymptotically AdS spacetime boundary condition, and an-

other comes from the desire to model a specific equation of state on the dual field

theory side [Gubser 2008, Gursoy 2008].

• In the context of resummation, a whole powerful field of mathematics called the

resurgence theory enjoyed significant growth in physics, in recent years. This theory,

mentioned before in Chapter 7 allows one to fully decipher and reconstruct an ana-

lytic function, a glimpse of which is visible through the initial asymptotic series. This

approach however requires a set of additional data necessary to link the resummed

resurgent function to the original problem. This must be provided by some ”ex-

periment”, that is some exact solution found from e.g. numerics, or localisation (in

field theory). A recent beautiful example of this theory application is an extension

of our resummation in the well controlled case of Israel-Stewart hydrodynamics and

our generalization of it [Heller 2015, Aniceto 2016]. There, arbitrarily many terms of

gradient expansion can be generated and one can rigorously apply the principles of

resurgence to reconstruct temperature evolution up to the initial time. This led to the

discovery of the so-called hydrodynamical attractor in Israel-Stewart theory, which in

some sense generalizes hydrodynamics, see [Heller 2015] for the detailed explanation

for this.

• Another important point is the issue of the dual field theory coupling strength. As

was introduced in Chapter 3, we were working in the leading λ → ∞ approxima-

tion. There were however attempts to alleviate this assumption. In the context of

fluid/gravity a new direction of research has been opened by considering the stringy
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α′ corrections [Myers 2009, Grozdanov 2016b], which as was mentioned in Chapter

3 lead to supergravity higher curvature terms. These translate to 1/λ corrections,

which allow to investigate how hydrodynamic approximation behaves as we change

the field theory coupling.

The examples given above were only the most relevant ones in our context. The whole

field of gauge/string research is among the most active and diverse branches of theoretical

physics. This point ties the remark made in the first Chapter, that holography transforms

the way we perceive gravity and field theory. Namely, among recent advances there is

the the programme to properly recognize the role of entanglement entropy in quantum

gravity and field theory. A potential deep (although still not rigorous) connections are

made between hyperbolic spaces and quantum systems, in particular related to the MERA

constructions of quantum systems and computers [Pastawski 2015], as well as a completely

new perspective on quantum computation complexity has been proposed in the context

of black holes quantum evolution. Clearly we are at the verge of a possible revolution in

quantum physics. It is yet to be seen, if it will devour its children, or bring true solid

breakthrough in physics.

9.2 Outlook and closing remarks

After enumerating derived results, their limitations, and selected examples of progress

in the field, let us now point out some directions, in which one could extend the results

presented in the Thesis.

First of all, building on the high order expansion techniques one can consider general-

ization to charged geometries. By introducing vector potential in the bulk, as we did in

Chapter 5, we could investigate the influence of charge density on hydrodynamics conver-

gence and its related analytic structure. Similarly one can try extending this approach to

non-conformal and finite coupling cases. For the 1/λ corrections one can build on the recent

study of the so-called Gauss-Bonnet gravity [Grozdanov 2016b], which contains in the La-

grangian higher curvature terms, but whose equations of motion remain to be second order,

and hence avoiding the causality riddles. The ultimate challenge would be to combine all

these regimes into one picture.

Secondly, by incorporating properly the mechanisms of resurgence one could reapproach

the problem of N = 4 super-Yang-Mills hydrodynamics resummation. By building on the

intuition gathered in [Aniceto 2016, Heller 2015] one could try proving, that holographic

fluid description indeed exhibits resurgent features. This task is challenging, because in

contrast to Israel-Stewart hydrodynamics in the full holographic theory there are infinitely

many resummation ambiguities induced by the infinite tower of quasi-normal modes (play-

ing the role of infinitely many complex instanton actions), and rendering resummation

unique in such a case is considerably more difficult. It is however tractable with the tools

of [Aniceto 2015], and undoubtedly interesting.

Other more distant derivations could aim at analysing non-local observables, like Wilson

lines and correlation functions in dynamical backgrounds. Here part of the challenge resides

in the task of solving numerically the variational problem for the extreme surfaces in the

bulk spacetime. Such a computation however would be interesting, because it would allow

to probe the evolving geometry, and hence field theory state, at various length scales by

submerging the corresponding string arc more or less into the bulk.

With the above time has come to make the final comment of the Thesis. One may ask,

how lasting these results will turn out to be, and what is their actual utility for the heavy

ion programme. It is difficult to judge how long will they be actively discussed by the
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community, because of the very rapid progress. However two observations should endure

the test of time: the observation, that one may and should apply viscous hydrodynamics

to describe still anisotropic fluid evolution, and the observation of the zero radius of hy-

drodynamics convergence. We hope these will become canonical elements of the field, on

the par with the famous result on the η/s = 1/4π bound, which is more or less regarded as

universal for strongly coupled gauge field theories.
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