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Abstract This paper deals with the partial solution of the energy-eigenvalue problem for one-dimensional Schrodinger operators
of the form Hy = X (2) +Vy, where Vy = X %, +a X y—1 is a polynomial potential of degree (2N — 2) and X; are the generators of an
irreducible representation of a particular nilpotent group Gy . Algebraization of the eigenvalue problem is achieved for eigenfunctions
of the form Z,iw:o ar X /2‘ exp(— f dx X ). It is shown that the overdetermined linear system of equations for the coefficients a; has
a nontrivial solution, if the parameter & and (N — 3) Casimir invariants satisfy certain constraints. This general setting works for
even N > 2 and can also be applied to odd N > 3, if the potential is symmetrized by considering it as function of |x| rather than
x. It provides a unified approach to quasi-exactly solvable polynomial interactions, including the harmonic oscillator, and extends
corresponding results known from the literature. Explicit expressions for energy eigenvalues and eigenfunctions are given for the
quasi-exactly solvable sextic, octic and decatic potentials. The case of E = 0 solutions for general N and M is also discussed. As
physical application, the movement of a charged particle in an electromagnetic field of pertinent polynomial form is shortly sketched.

1 Introduction

Polynomial potentials play an eminent role in all fields of quantum physics, ranging from condensed matter to molecular, atomic,
nuclear and particle physics. They comprise not only anharmonic oscillators for the description of binding forces different from simple
linear ones, but also multiwell potentials which are used to study, e.g., tunneling and spontaneous-symmetry-breaking phenomena.
For the simplest case of a general quadratic potential, i.e., the (spatially shifted) harmonic oscillator, the energy eigenvalue problem
is exactly solvable in the sense that all energy eigenvalues and corresponding eigenfunctions can be obtained in closed analytic
form by algebraic means. This does not hold for potentials involving higher powers of x. But, surprisingly, it turned out that the
energy-eigenvalue problem is at least partially solvable for the potential being a sextic polynomial, provided that the potential
parameters satisfy some constraints [1]. This new insight led to the notion of quasi-exact solvability which is attributed to physical
models for which only a finite portion of the energy spectrum and its associated eigenfunctions can be calculated in closed analytic
form by algebraic means. It triggered countless attempts to find other quasi-exactly solvable models. For a first, by far not complete,
overview on different approaches and resulting quasi-exactly solvable models we refer to the nice monograph by Ushveridze [2]. One
systematic way to construct such models rests on s/(2, R) algebraization [3, 4]. Any one-dimensional (radial) Schrédinger operator
which, by an appropriate change of coordinate and a gauge rotation, can be transformed into an operator that is a second-degree
polynomial in the s/(2, R) generators J3;, Jj(\), and J,,,is quasi-exactly solvable. A comprehensive summary of Schrédinger operators
which admit such an s/(2, R) algebraization can be found in Ref. [5]. s/(2, R) algebraization is an elegant and unifying approach to
quasi-exact and even exact solvability of quantum mechanical models. However, the class of quasi-exactly solvable models is much
richer, as pointed out in Ref. [6], if the notion of quasi-exact solvability is understood in a more general sense and not just restricted
to models admitting s/(2, R) algebraization.
The main objective of this paper is to find sufficient conditions for the coefficients V;, under which one-dimensional Schrodinger
operators of the form
Q2 N2 .
HN_—dx2+;Oka, NeN,N=>3, (1)

or symmetrized versions of them, in which the potential is considered as function of |x| rather than x, are quasi-exactly solvable.
For N even and only even powers of x in the potential some general results can be found in Ref. [7, 8]. Most of the literature on
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quasi-exactly solvable polynomial interactions concentrates on the sextic potential (N = 4) containing only even powers of x. As
a primary example for a quasi-exactly solvable potential it is often used to test new methods and approaches; see, e.g., [9-13] to
mention a few more recent papers. A few publications deal also with decatic (N = 6) [7, 10, 12, 14] and symmetrized quartic
(N = 3) [15-18] and sextic [17] potentials.

In Ref. [18], we were able to extend the class of quasi-exactly solvable symmetrized quartic potentials known from the litera-
ture [15-17] by employing a new kind of algebraization procedure based on a nilpotent group Gz which we called the “quartic group”.
We were able to show that the energy-eigenvalue problem for a Hamiltonian with symmetrized quartic potential and the structure
Hy = X g +X % +a X7, where X;,i =0, 1, 2, 3, are the generators of an irreducible representation of G3, is, under two further con-
straints, quasi-exactly solvable. The origin of one constraint is the assumption that the energy eigenfunctions one is looking for are
the product of a polynomial times an exponential factor that resembles the behavior of the ground state. For symmetrized potentials
one has to demand, in addition, that the eigenfunction is continuously differentiable at x = 0. The degree of the polynomial ansatz
for the eigenfunction determines the potential parameter o, whereas the continuity condition at x = 0 imposes a constraint on the
two Casimir invariants of G3. The latter means that quasi-exactly solvable quartic models with Hamiltonian Hz = X % +X % +aX>
and eigenfunctions of the assumed form can only be realized for particular irreducible representations of the quartic group.

It is now, of course, tempting to ask, whether this kind of approach can be generalized to deal with polynomial potentials of
arbitrary (even) degree. First we notice that the 3-parameter Heisenberg group, which underlies the exact solvability of the harmonic
oscillator, is a subgroup of the 4-parameter quartic group Gs. It is thus suggestive to look for an (N + 1)-parameter nilpotent group
Gn which contains the Heisenberg group and the quartic group as subgroups and has an analogous structure. This group and its
basic properties are introduced in Sect. 2. Its irreducible representations, the algebra of infinitesimal generators and the Casimir
invariants are shortly discussed. If one demands that the Hamiltonian has definite scaling properties under scale transformations of
the position variable x, the possible combinations of Gy generators X;,i = 0, 1, ..., N, which scale like the kinetic term X(Z) are
restricted to Vy = X 12\, +aXn_1, where « is a free parameter and Vy a polynomial potential of degree (2N — 2). In Sect. 3, we
try to answer the question, under which conditions the Hamiltonians Hy = X 5 + Vy are quasi-exactly solvable leading to energy
eigenfunctions of the form p(x) exp(— [ dx Xy), where p(x) is assumed to be a polynomial of degree M € Ny in the generator
X». Inserting this ansatz into the Schrédinger equation and exploiting the algebra of generators leads to an overdetermined system
of equations for the, a priori, unknown coefficients in the polynomial p(x). This system is first derived and analyzed for general
N > 2 and M € Ny. In Sect. 4, explicit examples for the lowest values of M are worked out for unsymmetrized and symmetrized
sextic, symmetrized octic and unsymmetrized decatic (N = 4, 5, 6) polynomial potentials. These examples are compared with
results from the literature. As a further application of our formalism it is also shown for arbitrary Nand M = kN, kN+1, k € Ny
that the potential Viy_ p(x) = xN2_oM+N-1) |x |V 2hasan E = 0 eigenvalue with the coefficients of the corresponding
eigenfunction being given by a simple two-term recursion relation. Section 5 is devoted to a physical application. It rests on the
observation that reducible representations of Gy give rise to a Hamiltonian which describes the movement of a charged particle in
x-dependent electromagnetic fields of certain polynomial form. The energy eigenfunctions of the electromagnetic field problem can
thus be related to the eigenfunctions of Hy . In this way one ends up with quasi-exactly solvable electromagnetic field problems in
three space dimensions. The main results of the paper are finally summarized in Sect. 6.

2 The nilpotent group Gy

For the algebraization of the one-dimensional Schrédinger equation with polynomial interactions we consider nilpotent groups Gy,
N € N, N > 2, with elements

@b1,ba, -...by) = (a,b) = [’%XTN ﬂ [Aa(?) ?} a,bi,b, ... by € R, @)
where Iy« n is the N x N unit matrix and A(a) an N x N matrix with elements
a=i ..
Aija) = { G- L= 3)
0 i>j
The group operation is given by
(a.b)(@.b')=(a+d.b+Ab’) “
and the inverse group elements are
(@.b)™' =(=a, — A(-a)b). ®)

By setting by = 0 one ends up with a subgroup which is just the embedding of Gy_; in Gy. Continuing by setting more and more
bis zero, a whole chain of nilpotent subgroups is generated. The Heisenberg group, which is closely connected with the harmonic
oscillator [19, 20], is, e.g., just the subgroup G, and the quartic group of Ref. [18] is the subgroup Gs.
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Irreducible representatlons of Gy can be obtained with the method of induced representations [21, 22]. Inducing with the Abelian
subgroup (0, b) 7P () := e—ifb ﬂ € RY one ends up with a unitary irreducible representation of Gy of the form

W] 5010 =e P g ), ©

with (a, b) € Gy, ¢ € L(R).
One parameter subgroups generate representations of the Lie algebra of Gy:

d
(a,0,0,...,0) %onia, (7a)
0,61,0,...,0) — X1 =pi1, (7b)
(0,0,1)2,0, ,0) —> X2:ﬁ2+,31x, (7C)
(0,0,0,b3, ...,0) > X3 = ,33+,32x+ﬂ17, (7d)
N—1
1x
(O’an,--~,07bN)_>XN:,BN"'ﬂNflx"""‘F%, (76)
with commutation relations
[X01Xn]:an—ls n:2s37 "-’Ns (8)

and all other commutators zero.
From these commutation relations one infers (N — 1) Casimir operators

Ci =X =581, (9a)
1 s B
C2=X1X3—§X2=ﬂ1/33—7, (9b)
1 3
C; :X%X4—X1X2X3+§X§ =/312ﬂ4—,31f32ﬂ3+%2, (9¢)

e (-DFlk—1
Ck — Z — Xk 1- nXZX k+l—n + WTXIE
n=0 : :

Uw ] GV Ep g
—Z B T BB+ P
(9d)

The irreps are then labeled by the respective values of the Casimirs.
If one tries to solve energy-eigenvalue problems connected with Gy, N > 3, it is most convenient to express the Lie-algebra
elements X, kK > 3, in terms of X, and the Casimirs. This can be done successively with the general result being

k-3

1 1 _
cr- Zxk_z [Ch1-n X5+ (k_l)!x’; 'ok=3,4,...,N—1. (10)
n= 0

An important restriction for the definition of our Hamiltonian will come from scaling properties of the group generators. If a unitary
scaling operator is defined by

(S$ip)x) == ip(tx), t>0,¢¢eL*R), an
the Lie-algebra elements scale like
S XoS, ' =t7'Xo,
SXe(B)ST =~ VHPx B, k=1,2,...,N
with B =V B,V B, . 2By, 1BN). (12)
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3 Quasi-exact solvability of Hamiltonians with polynomial interactions

Now we have all the ingredients to formulate the eigenvalue problems which we are going to investigate. We are interested in
Hamiltonians with definite scaling properties that can be expressed in terms of the algebra elements Xy, k =0, 1, 2, ..., N. Since
the kinetic term X [2) scales like =2, this should also hold for the potential term. Thus one is left with Hamiltonians of the form

HP :=X3+ X3 +aXy_
2

) +Ol<f31v—1 +BN_2X + -

2

9 ﬂlxN_l
=—ﬁ+<ﬁzv+ﬂzv_1x+-~-
X

'leN—Z
t T > (13)

+ —
(N —=2)!

where @ € R is a free parameter (in addition to the Bs). Looking for solutions of particular form will later on restrict the values of «.

In the simplest case, N = 2, Hf is just the Hamiltonian of a (spatially shifted) harmonic oscillator problem with the corresponding
group G being the Heisenberg group. For N = 3, 4, 5, 6, ... one will end up with generalized quartic, sextic, octic, decatic, etc.,
polynomials.

In order to solve the energy eigenvalue problem

HPye(x) = Eye(x) (14)
we start with the ansatz
YE(x) = plx)e [ Xn (15)

where it is assumed, without loss of generality, that 81 > 0, such that the exponential factor vanishes for x — +oo. For Neven
it vanishes also in the limit x — —oo and one ends up with normalizable solutions of the eigenvalue problem (14). For Nodd,
however, the exponential factor e~ JdxXy diverges in the limit x — —oo. One way to obtain normalizable solutions in this case is
to consider a modified problem in which the potential is symmetrized, i.e., considered as function of lx| instead of x. For x > 0 the
problem can then be solved in the usual way and one only has to continue the solution either symmetrically or antisymmetrically to
x < 0, depending on whether one wants to construct parity even or parity odd eigenfunctions. Continuous differentiability of the
whole solution at x = 0 entails a relation between the potential parameters which depends on the considered energy eigenvalue and
fixes one of the potential parameters f; in terms of the others. The symmetrized quartic oscillator (i.e., N = 3), as investigated in
Refs. [15-18], is, e.g., an example for such symmetrized problems. One has to keep in mind, however, that potentials symmetrized
in this way are non-analytic functions at x = 0.

For our next steps, it does not matter, whether N is even or odd. For N even, the ansatz (15) provides already energy eigenvalues
and the corresponding energy eigenfunctions we are looking for. For N odd, it gives a solution of Eq. (14) which holds for x > 0
and has to be continued either as an even or odd function to x < 0 in order to obtain normalizable eigenfunctions of the eigenvalue
problem (14) with symmetrized potential. Inserting the ansatz (15) into Eq. (14) provides a differential equation for the function

px):
—p"(xX)+2XyN p'(x)+ [(1 +a)XN—1 — E] p(x) = 0. (16)

Algebraization of the problem is now achieved by assuming that p(x) is a polynomial function. For our purposes, it turns out to be
most convenient to consider it as a polynomial in the Lie-algebra element X» = B, + B1x rather than x, i.e.

M
px)=Y"aw Xy, (17)
m=0

with coefficients a,, to be determined. By inserting this polynomial form of p(x) into Eq. (16) and expressing Xy and Xy_; in
terms of the Casimirs (cf. Eq.(10)) one obtains

M-=2 N-3 2C M+n—1
=Y+ + D X5+ Y = N — 0+ D et X5
n! cN-3
m=0 n=0 1 m=n
MN=2 5 (m— N +2) L N G +a) Cygy .
Y AN XS Y T D X
m=N-—1 (N = D! Cl n=0 n: Cl m=n
M+N-2 M
(l+a) 1 . .
+ Z Mmanz_]v+2x2 — ZEam X2 =0. (18)
m=N-2 1 m=0
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Here and in the following it is understood that a sum over n or m should be omitted, if the upper limit is negative. In order that this
equation is satisfied for arbitrary x, the coefficients of X g’ have to vanish, i.e.

N-3
2CN-1-n

— (m+2)(m +1) CF a2 + N3 (m =1+ D)
N oha
n=0 " 1
N—4
+Z(1+a)CN,2,n 2m—N+3+oz(N—1)a Vo
—Ay— —N+
ooroaT T W
=Eap, m=0,1,...,M+N —2. (19)

To write the equations for the coefficients a; in such a general form, it is also assumed that ay = 0ifk < Oork > M.

3.1 The harmonic oscillator

Let us first study the system (19) in the simplest case N = 2, i.e., for a (spatially shifted) harmonic oscillator. In this case, it reduces
to

(m+2)(m+1)ﬂlzam+2 =Cm+1+a)B1— E)ap, m=0,1,...,M. (20)

Written in matrix form, M a = E a, this system of (M + 1) linear homogeneous equations for the polynomial coefficients ay, could
be considered as an (algebraic) eigenvalue problem which can be solved in the usual way. In view of the more general case, however,
we adopt another strategy and solve it recursively starting with m = M. For m = M the left-hand side of Eq. (20) vanishes and
apy # 0 implies that

E=2p(tem” 21
= 2B (2 +M+ 2) : 2n
This is just the energy of the Mth excitation of the harmonic oscillator (apart from an energy shift by «f;). If M = 0, we are
already done. If M > 0, insertion of E into Eq. (20), taking m = M — 1 implies that ap;_; = 0. Having ap # 0, which fixes the
normalization of the Mth eigenfunction, and ap;—1 = 0, the remaining a,,s can be obtained from Eq. (20) by downward recursion.
Apart from the normalization, the polynomial ansatz (17) gives just the usual (spatially shifted) Hermite polynomial Hy(X>). By
letting M be any natural number € Ny we are thus able to obtain the complete solution of the energy eigenvalue problem for the
(shifted) harmonic oscillator.

3.2 General polynomial interactions

Now let us see what happens for N > 2. In this case (19) represents an overdetermined system, consisting of (M + N — 1) linear
homogeneous equations for the coefficients a,, occurring in the polynomial ansatz (17). A non-trivial solution of this homogeneous
system is at most determined up to a normalization constant. Since p(x) should be a polynomial of degree M, one can take ay # 0
as the free coefficient which fixes the normalization. Hence, one needs M equations to determine the remaining M coefficients a,,,
m=20,1,..., M—1. Asis shown below, the parameter « is fixed by settingm = (M + N —2) in (19). The coefficients a,,, m < M,
can then be obtained by downward recursion, starting with ays. This gives the a,,s,m =0, 1, ..., M — 1, in terms of ay,, the energy
E and the (N — 1) Casimirs C;. Having determined the a,,s, one is still left with (N — 2) equations which have to be satisfied.
One of these equations serves to determine the energy eigenvalues, the remaining (N — 3) equations imply relations between the
Casimirs which fix all the Casimirs apart from two, one of these two being C;. This means that the energy-eigenvalue problem (14)
with Hamiltonian (13) admits only solutions of the form (15), with p(x) given by (17), if the (N + 1) potential parameters o and g;
satisfy certain restrictions such that one is left with a three-parameter family (C; = B, B> and one Casimir) of potentials.
For the highest values of m, i.e., m = (M + N —2)and m = (M + N — 3), Eq. (19) reduces to

M (1 +a) Y ’
N—DicV 3 T N2 eV )M T (22)

and

( M- (+a)

ay—1 =6n3 Eay, (23)
(N — 11 cV3 (1\7—2)!C{V—3>Ml A

respectively. If p(x) is a polynomial of degree M, one has aj; # 0 and thus Eq. (22) implies
=—1-—. 24
“ N -1 @4
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This fixes now the parameter « as function of the polynomial degree M, in contrast to the harmonic oscillator case N = 2, where
we did not have any restrictions on the potential parameters @ and §;. Adopting this value of «, Eq. (23) can only be satisfied if

am—1 = —=6n3 Eay, (25)

which means that ay;—1 = 0 if N > 3. This is what we can say in general about solutions of Eq. (19) for N > 3 and M € Ny
arbitrary.

3.3 Symmetrized potentials

As we have remarked already, the ansatz (15) provides only normalizable solutions £ (x) € L*(R) of the energy eigenvalue problem
(14) with Hamiltonian (13), if N is an even number. For N odd, the exponential factor diverges in the limit x — —oo. What one can
do in this case is to study a modified energy eigenvalue problem in which the polynomial interaction is symmetrized by considering
it as a function of Ix| rather than x. In our algebraic language this means that one has to deal with an energy eigenvalue problem for
a modified Hamiltonian of the form

[ X3+ X3 +aXyo1, x>0,
P=y i (26)
Xi+ X% +aXy_y, x <0,

where X; and X; belong to different representations of the Lie algebra of Gy, characterized by ,5 and /§, respectively. These
representations differ just in the signs of some of the 8s, namely

Bi= (=1 g =12 ...,N. 27

Making these sign changes when going from x > 0 to x < 0 is obviously equivalent to taking Ix| for x € R and leaving the
Bs untouched. In this way one ends up with a potential that is an even function of x, i.e., V(x) = V(—x), and thus one can find
eigenfunctions with definite parity.
This fact can be exploited to find also solutions of the eigenvalue problem for the symmetrized Hamiltonian (26) by means of
the procedure outlined above. One can see immediately that
(Zrﬁy:[:oam X?)e_fdxxN, x>0
YE+(X) = ) , (28)
LM (—)WNHDmg, XMy = [dxXn - x <0
is a parity even/odd (upper/lower sign) function which solves the Schrodinger equation
HYps() = EVEL(x), (29)

forx > 0 and x < 0, if g is a solution of (19) and E as well as the Casimirs are chose~n such that the overdetermined system (19) is
satisfied. In order to be a solution of the Schrodinger equation on the whole real line, /g (x) has to satisfy the continuity conditions

lim Ypi(e) = lim Ype(—€) and lim ¥, () = lim ¢k (—€). (30)
e—>0* e—0* e—>0* e—0*
As one can easily check, these continuity conditions together with the continuity of the symmetrized potential at x = 0 guarantee
that the functions ¥ g+ are twice continuously differentiable on the whole real axis, i.g., VE+ € C2(R). They are thus in the domain
of the self-adjoint Sghrédinger operator associated with the differential expression Iif . The domain is given by {yy € L2(R;dx) | v,

¥’ € ACioc(R); I:I_.f,g ¥ € L?*(R)}. Hence, E is an eigenvalue and /¢ are eigenfunctions of the self-adjoint Schrodinger operator

associated with I:I(f in the strict mathematical sense (see Ref. [23], Chap. 5).

The analysis of these continuity conditions reveals the following:

In the parity even case \/NIE+(X), as defined in Eq. (28), is already continuous at x = 0. Continuity of the derivative at x = 0 leads
to the condition

M

aBn — Y an (mpr— PaBN) By~ =0. 31)

m=1

In the parity odd case the derivative of &E_(x), as defined in Eq. (28), is already continuous at x = 0. Continuity of 1/75_(x) at
x = 0 leads to the condition

M
> an By =0. (32)

m=0
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Asnoted already, the overdetermined system of equations (19) reduces the number of independent potential parameters from (N +1) to
three. The continuity conditions (31) and (32) represent additional relations between the remaining independent potential parameters.
If one of these continuity conditions, either for positive or negative parity, is satisfied, one is left with a two-parameter family of
(symmetrized) potentials. Note that these conditions differ for parity even and odd solutions and depend on the energy eigenvalue
E, since the polynomial coefficients a,, are functions of E. As a consequence one usually knows just one energy eigenvalue and
the corresponding eigenfunction of either positive or negative parity for a particular set of (allowed) potential parameters. But for
M > 1 itis (sometimes) possible to choose the potential parameters such that the continuity conditions (31) and (32) are satisfied at
the same time, which reduces the number of independent potential parameters further to just one, usually C; = . In this case one
knows two energy eigenvalues and the corresponding parity even and odd eigenfunctions, respectively. For a detailed discussion of
the symmetrized quartic oscillator (i.e., N = 3) along the lines presented here we refer to Ref. [18]." There the class of quasi-exactly
solvable symmetrized quartic oscillators known from the literature [15—17] has been extended by employing the nilpotent “quartic
group” Gj3 for algebraization of the problem.

Symmetrized problems of the form (26) can, of course, also be studied for even N. The constraints for the continuity of parity
even and odd eigenfunctions at x = 0 are also given by Eqgs. (31) and (32), respectively. The symmetrized sextic oscillator has, e.g.,
been investigated in Ref. [17] using the Bethe ansatz method.

4 Examples

In this section, the general formalism developed above will be applied to various examples which correspond to particular values of
N and M. The (shifted) harmonic oscillator (i.e., N = 2) is already discussed in Sect. 3.1. For a harmonic oscillator, symmetrized
according to Eq. (26), the continuity conditions (31) and (32) for parity even and parity odd solutions, respectively, can be satisfied
at the same time, if and only if 8> = 0. This means that symmetrization of the shifted harmonic oscillator potential just leads to the
usual unshifted harmonic oscillator. For a detailed discussion of symmetrized quartic potentials (i.e., N = 3) we refer to Ref. [18]
which contains also explicit solutions for various values of M.

4.1 Sextic potential (N = 4)

So let us continue with the (unsymmetrized) sextic potentials. For N = 4 the recursion relation (19) reduces to

—6(m +2)(m + l)Cf’ Amer + 12(m + 1) C3 a4
+6[(x+2m+1)Cr, — CiE]ay,

+Q@Ba+2m—ay—,=0, m=0,1,....M+2. (33)
The recursion relation (33) form = M + 2, M + 1 implies (cf. Egs. (24) and (25))
3+2M
o=— 3 and ay-1=0. (34)
In the following we will give explicit solutions for the lowest values of M.
M=0 (& = —1):
Equation (33) for m = 0 implies that
CiEay=0. (35)

A non-trivial solution of the energy eigenvalue problem is thus only achieved when E = 0. The corresponding eigenfunction is
B B B
\IJ(S)CXI(X) = ap e—fdx Xa =ap e—ﬁ4x—%x2_%x3_ﬁx4 ’ (36)

with ag an appropriate normalization constant. This means that a sextic potential of the form Vge’“ = Xi — X3 has a zero energy
ground state with the corresponding eigenfunction given by Eq. (36). Apart from 8; > 0 there are no further restrictions on the
potential parameters ;. Hence, the sextic potential V;;**' is not necessarily spatially symmetric, unless itis assumed that 8, = B4 = 0,
as is usually done in the literature [1, 5, 9—13]. In this case \Dge’“(x) is a parity-even E = 0 energy eigenfunction.

M=l (@ = —3):

From Eq. (34) we infer that agp = 0. Setting m = 0, 1 in Eq. (33) leads to the two equations

m=1:[4C,—-3Cy El]a; =0,
m=0:Cza; =0. 37

I Please notice that, for the sake of generalization, it occurred to be convenient in the present work to change some of the notations as compared to Ref. [18].
This concerns in particular the numbering of the B;s and the X;s, which has been reversed.
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These two equations imply that
Wi (x) = ay Xy e~ 4x X (38)

solves the Schrodinger equation with sextic potential V' = Xi — %X 3, if

3
E=2C wd o= pip-piaps+ 2 =0, (39)
3C 3
The wave function lIJ‘]“‘”“()C) has one node and corresponds thus to a first excited state. Note that C3 = 0 does not necessarily mean
that 8o = B4 = 0 and hence a spatially symmetric potential. But if this is the case, \Ili“”“(x) is a parity-odd energy eigenfunction.
M=2 (¢ = —):
According to Eq. (34) one now has a; = 0. Setting m = 0, 1, 2 in Eq. (33) leads to the three equations

m=2:[8C,—3CiE]ar—2a9=0,
m=1:Czap =0,
m=0:—-6Cjay—[4Ca+3C1Elay=0. (40)

The m = 1 relation implies again that C3 = 0. From the remaining two equations one has

3
ap = |:4 Cy — 5 Cy E;Fi|a2 41

20 c? o1
Ex=-—7F2]2+_C. 42
ES 3C1:F Cf 3 1 (42)

For the sextic potential ste’“ =X f — %X 3 (with C3 = 0) we thus know two energy eigenvalues with the corresponding eigenfunctions

with

3
W3R (x) = a [X% + (4 C=3C EjFﬂ e X (43)

describing a ground state (no node) and a second excited state (two nodes).2

M=3 (¢ = —-3):

According to Eq. (34) one now has a; = 0. Setting m = 0, 1, 2, 3 in Eq. (33) leads to the four equations
m=3:-3[4C,—C1Elaz+2a; =0,
m=2:—-6Cza3+ap=0,
m=1 :6C12a3+Ea1 =0,

m=0:—-2Cza;1+[2C2+C1E]ay=0. (44)
The m = 3 and m = 1 relations hold if
c? 20, Cc3?
=—6—L ith Er=—"=F2[-2+C;. 45
ai E;a3 wi = T 2 1 (45)

With these results it follows that the remaining two equations are satisfies if and only if C3 = 0 (and hence ay = 0). For the sextic
potential V;e’“ = Xi — 3X3 (with C3 = 0) we thus know two energy eigenvalues with the corresponding eigenfunctions

. C2
‘-I»’geq);t(X) = a3 |:Xg —6 E1X2:| e—fdx X4 )
:F

describing a first excited state (one node) and a third excited state (three nodes).

It can be checked that C3 = 0 is also a sufficient condition for the solvability of Eq. (33) if M > 3. C3 = 0 guarantees that all
the coefficients a,,, m odd/even, vanish, if M is an even/odd number. The equations for the vanishing coefficients are then satisfied
automatically. The remaining equations, apart from one, fix the non-vanishing coefficients (apart from the normalization a,s). The
last equation is a kind of compatibility condition for the non-vanishing coefficients and allows to determine the energy eigenvalues
E.

Assuming C3 = 0, one ends up with a cubic equation for the energy eigenvalues in case of M = 4 and M = 5. Shortly
summarized, the results for these two cases are:

2 Note that a polynomial with even/odd degree and real coefficients has an even/odd number of real zeroes.

@ Springer



Eur. Phys. J. Plus (2025) 140:559 Page 9 of 22 559

I e e e I s e e e e e BN B LA s s e Y A B s e e I e e e R e e e e N A e e e e e I e e e e e

N
T
PR B
N
T
1

/ < [

ground state |

| | | / 1st excited state |

2L 4 2L 4
41 1 -4l 7
S S S S S P S S T ST T T S T T ST O | ] S S S S S P S EE S S S E S S SR | ]
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

3
Fig. 1 The sextic potential (X:f: +aX3) fora = —1 (left) and @ = —% (right), B1 = 6., B = 2., B3 = —0.2 and 4 = % — % (i.e., C3 = 0) along
. 1

with the corresponding analytically calculable energy eigenvalues and eigenfunctions. Potential and wave functions are plotted as functions of y = arctan x.

The normalization of the wave function has been chosen such that jfﬁz dy W ?VCIXtZ( x(y) =1

M=4 (& = — &)
The eigenenergies E of the ground state, the second and the fourth excited states are solutions of the cubic equation

8Cy 4 Cy 16 C;
E+-2)E--Z2)E-222
3C 3C 3C
8C 8 16 C
—8C(E+-2) -z (E-=222) =0. (47)
3¢,) 3 3.C

The coefficients determining the corresponding eigenfunctions are

3C E 16 C;
a=—= - —— )aa,
2 T 3 4

9 16 C» 4 Cy
=_CI|E-==)E-=-=)-8Ci|as, a3=a; =0, 48
“73 1[( 30)( 3@) 1]““ “=a @9

with a4 an appropriate normalization constant.
M=5 (@ = —2):
In this case, the eigenenergies E of the first, third and fifth excited states are solutions of the cubic equation

4 Cy 8 Cy 20 C»
E+-——||E—=—||E - ——
3C 3C 3¢
40 4 Cy 20 ¢,
——C|E+=-—])-8C ———1=0. 49
3 1( +3C1> 1( 3C1> )

The coefficients determining the corresponding eigenfunctions are

9 » 20 Cy 8 Cy 40
aj 8C]|:< )( 3C1) 3 C]i|d5, ag=ar=ay=0, (50)

with as an appropriate normalization constant.
Examples of quasi-exactly solvable sextic potentials along with the analytically calculable eigenvalues and eigenfunctions for

M =0, 1, 2,3, 4, 5 are plotted in Figs. 1, 2, 3. The potential parameters for these examples were chosen to be 81 = 6., > = 2.,
3

B3 = —02and B4 = % — % (such that C3 = 0) which leads to double-well potentials. Note that the parameter o becomes
1

increasingly negative with increasing M.

Remark The class of quasi-exactly solvable sextic potentials V = Xi + a X3, restricted by the solvability condition C3 = 0,
does not only include double-well potentials, but also anharmonic oscillator potentials with just one minimum or even triple-well
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Fig. 2 Same as in Fig. 1, but for o = —% (left) and @ = —3 (right), corresponding to M = 2 and M = 3, respectively
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L A\ 1 N /\ 3rd exc:lted state |
0 0 A Z

L \7_/_ \ 2nd excited state] \/[/ 1
-1o 7 > ! | -op 1st excited stat 7

r \/ Vr/ound state J |/ S| exm ed state |
—20| 1 -20l \/ 1

e ey b 1 g I S S S S S (NS S S S E S S |

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Fig. 3 Same as in Fig. 1, but for & = — 5 (left) ando = —3 (rlght) corresponding to M = 4 and M = 5, respectively. For better visibility the wave
functions have been normalized to 10 rather than 1

potentials with three minima and two (relative) maxima. It is related to the usual spatially symmetric sextic oscillators known from
the literature [1, 5, 9—13] by means of a translation.>

Remark Analytic solutions of the energy-eigenvalue Eqgs. (47) and (49) are easily obtained in the special case C, = 0.

Remark Whereas C3 = 0 is a necessary and sufficient condition for the solvability of Eq. (33) in the case of M = 0, 1, 2, 3, itis only

a sufficient condition for M > 3. As one can check, e.g., for M = 4, Eq. (33) can also be solved for C3 = +(— %Cz(Cf + ;—gcg))l/2.

In both cases one has only one eigenvalue, £ = ‘2“1) gz, with corresponding eigenfunction of the form (15) and p(x) given by (17).

For M = 5 there are even 4 ways to choose C3 dlfferent from zero. Unlike the case C3 = 0, our quasi-exactly solvable potentials
for C3 # 0 cannot be related to the usual spatially symmetric sextic oscillators by means of a translation.

Remark For C3 = 0 the (M + 1)-dimensional subspace of the Hilbert space consisting of functions of the form

Znﬁ;':() amX % mtkexp(— [dxX4), am € R and k = 0, 1, is invariant under the action of the sextic Schrodinger operator
X(Z) + X% — (3 + 2k +4M) X3 /3. This explains, why one can find (M +1) energy eigenvalues and it also explains the equiva-
lence of our approach and s/(2, R) algebraization (if one assumes C3 = 0). For C3 # 0, however, the finite dimensional subspace
of functions of the form (15), with p(x) being a polynomial of degree M > 3, is not an invariant subspace of the sextic Schrodinger
operator. It nevertheless may contain single eigenfunctions of the sextic Schrodinger operator, if C3 satisfies an appropriate con-
straint. Our general notion of quasi-exact solvability allows for such single solutions which are not accessible by means of the usual
s1(2, R) algebraization. For (symmetrized) quartic, octic, decatic, or even higher-order polynomial potentials such finite dimensional
invariant subspaces (with dimension > 1) would not even exist.

3 our quasi-exactly solvable sextic oscillators (restricted by C3 = 0) are, apart of a constant, obtained from those in Ref. [5] by applying a translation

2 g2
X — x4+ % and setting (4n +2k) = —3(x+1),a = ﬂ L b= % where k = 0, 1, depending on whether M is even or odd, respectively.
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4.2 Symmetrized sextic potential (N = 4)

Let us next consider the energy eigenvalue problem for the symmetrized sextic potential, i.e., for the Hamiltonian given by Eq. (26)
with N = 4. From the foregoing discussion we know already that C3 = 0 guarantees the solvability of Eq. (33) and implies that
the coefficients a,, must be zero for odd/even index m, if M is even/odd. As with the symmetrized quartic oscillator, continuous
differentiability of the energy eigenfunctions at x = 0 leads to the additional constraints (31) and (32) for the potential parameters
Bi, depending on whether one wants parity even or odd eigenfunctions. In the following we will give explicit solutions for the lowest
values of M.

M=0 (¢ = —1):

There is no non-trivial parity odd solution for M = 0.

The parity even solution in this case has to satisfy the constraint (cf. Eq. (31))

aoBs =0  whichimplies p4=0. 1
This means that
2 |x|3 4
\Ij(s]eXt+(x) = ay e~ B3 T +h g+ 5g) (52)
is an E = 0 eigenfunction of the symmetrized sextic potential, provided that 84 = 0. Setting 81 = 6, B2 = 6a and B3 = —2b we
reproduce (apart from a shift in energy) the result given in Egs. (24) and (25) of Ref. [17].

M=l (a = —3):
The solvability condition C3 = 0 and the continuity condition at x = 0 fix two of the four 8s in terms of the remaining ones.
In the parity odd case, C3 = 0 and Eq. (32) are satisfied if and only if

pr=ps=0. (53)

The analytically calculable energy eigenvalue of the resulting potential is given by (see Eq. (39))

4
g (54)
3
and the corresponding eigenfunction is
V2 x4

W (x) = ayx e BTHIT) (55)

With one node it is the wave function of a first excited state. Since B = B4 = 0, the “symmetrized” potential as well as the
eigenfunction W' (x) are analytic at x = 0. It is just a special case (82 = B4 = 0) of Eq. (38) and setting 1 = 6 it agrees (apart
from a shift in energy) with the well-known (analytic) sextic oscillator of Ref. [5]. With 81 = 6 and 3 = —2b it is also a special
case (a = 0) of the symmetrized potentials given in Eq. (26) of Ref. [17].

In the parity even case, the condition C3 = 0 and Eq. (31) are most easily solved for 8, and B3 with the result

Bi Bi 2
Pro=— and B3 =-—5+p;. (56)
Ba 367
The analytically calculable energy eigenvalue of the resulting potential is given by
21 4 »
E=—+-8;. 57
The corresponding eigenfunction is (see Eq. (38))
) = a1 (B + Bl eI T ) (58)

with B, and B3 given above. Depending on the sign of By, it is either a ground-state wave function without nodes, or the wave
function of a second excited state with two nodes. Our class of quasi-exactly solvable symmetrized sextic potentials which give rise
to energy eigenfunctions of the form (58) differs again from the one given in Ref. [17]. Only under the restriction that a and b are
related by a*+ad%b+ % = 0 (which means that ¢ = 1/a), the potential given in in Eq. (26) of Ref. [17] is recovered (apart from a

constant term) by setting 1 = 6, By = 6a, 3 = —2b, s = % Under these circumstances we are also able to reproduce the energy
eigenvalue and the corresponding eigenfunction given in Eq. (27) of Ref. [17].
M=2 (e = —1):
In the parity odd case, C3 = 0 and Eq. (32) are most easily solved for 81 and 3 with the result
Bi=2pfs and  ps= L2 4282, (59)
64
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Fig. 4 The symmetrized sextic potential for &« = —%, Ba = 0.5 (left) and B4 = —0.5 (right), 1 = 16ﬁi, B = Sﬁi’ and B3 = %,Bf along with the
corresponding analytically calculable energy eigenvalues and eigenfunctions of the parity even ground state and the parity odd excited state. Potential and

. . L . 2
wave functions are plotted as functions of y = arctan x. The normalization of the wave function has been chosen such that f Z/iz dy \Pge’“i x(y)=1

The analytically calculable energy eigenvalue for the resulting potential is

B 16 ,
E=—+—85. 60
op 3 B (60)
The corresponding eigenfunction is given by Eq. (43) for x > 0 and has to be continued antisymmetrically to x < 0.
In the parity even case, the two conditions C3 = 0 and Eq. (31) allow for two solutions
, 263 +3paB] £ \J4PS — 18363 + 9P365
1+ = 15/34% s
1485 + 218283 F 3\/45;1 — 188383 +9B3 B8
B3+ = : (61)
3024
The corresponding analytic solutions for the eigenenergies are
—34B3 + 39823 £ 3,/4B5 — 18383 +9B3 3
Ee=— 3101 - 1893 = (62)

45624

These equations have to be understood in such a way that one should take either the upper or the lower sign. The corresponding
eigenfunctions are given by Eq. (43) for x > 0 and have to be continued symmetrically to x < 0. In addition, the free parameters
B> and B4 are restricted by the requirement that 8; and B3 should be real numbers and 1 > 0.

Interestingly, the expressions for 81+ and B34, given in (61), can be made equal to those for 81 and B3 given in (59), if one takes

10
B2 =83 suchthat B; =168 and 3 = ?,33. (63)

This means that one now has a one-parameter family of symmetrized sextic potentials for which one knows two energy eigenvalues,

Fown =g 8 and Eu= 5 8], (64)
corresponding to a parity even and a parity odd energy eigenstate, respectively. The particular choice 84 = 0.5, e.g., leads to a double-
well potential for which energies and eigenfunctions of the ground state and the first excited state can be calculated analytically. The
outcome is shown on the left-hand side of Fig. 4. For B4 = —0.5 one would rather obtain a triple-well potential and the analytically
calculable eigenenergies and eigenfunctions are those of the ground state and the third excited state (see Fig. 4 right).

Again, our class of symmetrized sextic potentials giving rise to positive or negative parity energy eigenfunctions of the form (43)
(for x > 0) does not coincide with the one in Ref. [17]. Whereas the symmetrized sextic oscillators given in Ref. [17] comprise
the usual analytic sextic oscillators of Ref. [5] as special cases (parameters a = ¢ = 0), this is not the case for our quasi-exactly
solvable symmetrized sextic oscillators. To obtain the usual analytic sextic oscillators of Ref. [5], we should set 8> = B4 = 0. But
according to the constraints Egs. (59) and (61) this would lead to a vanishing potential.

In the parity-odd case the potential given in Eq. (28) of Ref. [17] can be recovered (apart from a constant) by setting 8; = 6,
B2 = 6a, fz = —2b, By = ﬁ, provided that a and b are related by 4a* + 4a2b + 1 = 0 (which means that ¢ = 1/(2a)). In the
parity-even case the potential given in Eq. (30) of Ref. [17] can be recovered (apart from a constant) by setting 1— = 6, 2 = 6a,

@ Springer



Eur. Phys. J. Plus (2025) 140:559 Page 13 0f 22 559

B3 = —2b, B4 = c, provided that a, b, ¢, x; and x; are related by 8a% + 2ac® — 3¢? + 4abc = 0, 8a® + 2ac® — 5¢2 — 4a’c = 0*
and x| + xo = 2a. Under these circumstances we are also able to reproduce Egs. (29) and (31) of Ref. [17].

4.3 Symmetrized octic potential (N = 5)
For N = 5, only the symmetrized version of the potential Xg + o X4 is quasi-exactly solvable by means of the ansatz (28). For
N = 5 the recursion relation (19) reduces to

— 12(m + 2)(m + 1)Clamsz + 24(m + 1)Caapm1

+12[ (@ +2m +1)C3 — C1E]an

+12(a + m)Cray—1 + Qe +m — a,,3=0, m=0,1,...,M+3. (65)
The recursion relation (65) for m = M + 3, M + 2 implies (cf. Egs. (24) and (25))
a:—l—% and ay_1=0. (66)
In the following we will give explicit solutions for the lowest values of M.

M=0 (¢ = —1):
There is no non-trivial parity odd solution for M = 0.
Continuity of the parity even solution is guaranteed if (cf. Eq. (31))

apfs =0 andhence pB5=0. 67)
This means that
22 \x\3 o4 \X\S
‘-IJ(()’CH(X) =ap o~ Ba 4B T +P2 g +P1 1op) (68)

is an E = 0 eigenfunction of the symmetrized octic oscillator, provided that 85 = 0.

M=l (@ = —3):

Setting m = 3, 4 in Eq. (65) implies thatap = O and o = —%, respectively. Equation (65) for m = 0, 1, 2 leads to the solvability
conditions

Cr=C4=0 (69)
and the energy eigenvalue
3C3
= —. 70
2 (70)

The solvability conditions (69) and the continuity condition at x = 0 fix three of the five 8s in terms of the remaining ones.
In the parity odd case, C» = C4 = 0 and Eq. (32) are satisfied if and only if

B2=B3=B5=0. (71)
In the parity even case, the condition C, = C4 = 0 and Eq. (31) are easily solved for $,, 83 and B4 with the result
Bi Bi Bi 2
Br="7, B3=——5, Ba=_3+85. (72)
B 283 8p3

The parity even and parity odd eigenfunctions corresponding to the eigenenergy (70) (with the respective restrictions on the §s) are
given by Eq. (28) with ap = 0 and a; an appropriate normalization constant.

M=2 (¢ = -2):

Setting m = 3, 4, 5 in Eq. (65) implies that

ag = 6Cran , a =0 (73)
and o = —2, respectively. Equation (65) for m = 0, 1, 2 leads to the solvability conditions
C3 = C? = 3C22 (74)
T e YT 2
and the energy eigenvalue
g
=——. 75
4C, (75)

«

4 These two constraints are obtained by replacing the §;s in the “-” solution (61) by their expressions in terms of a, b and c. As one can check, they follow

also from Eq. (32) of Ref. [17], if x] + xp = 2a.
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Fig. 5 The symmetrized octic potential for « = —2, By = 2., 85 = 0.5 and B, B2, B4 chosen according to Eq. (77), upper sign (left), and Eq. (76) (right),
respectively. Drawn are also the corresponding analytically calculable energy eigenvalues and eigenfunctions of even (left) and odd parity (right). Potential

. . . . 2
and wave functions are plotted as functions of y = arctan x. The normalization of the wave function has been chosen such that ff;/z 32 dy \IJE’CI:‘: x(y)) =1

In the parity odd case, the solvability conditions (74) and the continuity condition (32) are most easily solved for 81, 83 and B4 with
the result

B

Br=2B2Bs, B3=_—

6Bs

In the parity even case, the solvability conditions (74) and the continuity condition (31) allow for two solutions

B33Ptk [ BE— 9832 + 9B

. Bi=285. (76)

Bi+ = 1563 ;

283 +342BE F |/ BE — 9832 + 93PS
Brx = 3Paps ,

733+ 366281 T 8/} — 9B3p1 +9p268 .
Bax = 30582 - (77

Again, these equations have to be understood in such a way that one should take either the upper or the lower sign. The free
parameters 3, and Bs are restricted by the requirement that 8, 83 and B4 are real numbers and 81 > 0. The parity even and parity
odd eigenfunctions corresponding to the eigenenergy (75) (with the respective restrictions on the Ss) are given by Egs. (28) and (73)
with ay an appropriate normalization constant. Unlike the case of the symmetrized quartic or sextic potential, there is no common
set of potential parameters for which both, a parity even and a parity odd solution of the form (28), can be found. Figure 5 shows
two examples of octic double well potentials for which one eigenvalue with corresponding polynomial eigenfunction of either odd
or even parity can be calculated analytically. In the literature, we were only able to find numeric or perturbative treatments of
(unsymmetrized) octic anharmonic oscillators [24-27].

4.4 Decatic potential (N = 6)

Like the (unsymmetrized) sextic potential, the decatic potential

Vee(x) = X2 + aXs (78)
is quasi-exactly solvable by means of the ansatz (see Eqgs. (15) and (17))
M
W) = Y ay X4 e X (79)
m=0
provided that the potential parameters « and §;, i = 1, 2, ..., 5, satisfy 4 constraints, which guarantee that the overdetermined

system of equations (cf. Eq. (19))

—1200m +2)(m + 1)Cams2+240(m + 1)Csapa1 +120[ (@ +2m + 1)Cs — C3 E Jay,
+120(ct + m)C3ap—1 +20G3a +2m — DCaam— + (S +2m = 3)aym—4 =0, m=0,1,...,M+4. (80)
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can be solved for the coefficients a¢;, i = 0, 1, ..., M — 1 (ap serves as wave function normalization) and the energy eigenvalue
E. Taking N = 6, Egs. (24) and (25) imply that
2M
a:_l—T and ap—1 :0. (81)

In the following we will shortly summarize the quasi-exactly solvable decatic potentials for M =0, 1, 2, 3, 4, 5.

M=0 (¢ = —1):

In this special case there are, apart from 8; > 0, no further restrictions on the potential parameters 8;. The decatic potential
Véiec = Xé — X5 has an

E=0 (82)

ground state with the corresponding eigenfunction of the form (79). For M = 0 the class of quasi exactly solvable potentials given
in Ref. [14] is just a subset of Véj“ = Xé — X5s. It contains only spatially symmetric potentials (for which o = B4 = Bs = 0).

We reproduce Eq. (30) of Ref. [14] (apart from the constant term in Vgec(x)), if we set 81 = 120, B3 = -3, B5 = % and
B2 =Ps=p6=0.
M=l (@ = —1):
The potential parameters have to satisfy the constraints
C;=C3=C5=0, (83)
which are, e.g., satisfied by choosing
B3 B> B3 . Babs
ﬂ3:72a 54:72» ﬂﬁz_ 24+ . (84)
281 687 308 Bi
The analytically calculable energy
8Cy
E=—= 85
s (85)
and wave function of the form (79) with
ap=0 (86)

and aj an appropriate normalization constant correspond to a first excited state. For M = 1 the class of quasi-exactly solvable
potentials given in Ref. [14] is not completely covered by our approach. In order to end up with a spatially symmetric potential,
one has to take 8> = 0 and hence, according to Eq. (84), also 84 = s = 0. But this means that the x® term in VldeC = Xé - %X 5
vanishes, so that only potentials of Ref. [14] with vanishing parameter b (b = 0) are included in our approach. Under this restriction,
we are able to reproduce the energy eigenvalue (apart from the constant term in Vldec) and the constraints on the potential parameters

2
given in Eq. (29) of Ref. [14] by setting a = rhkg, b = 0, c = 2165 and g, = py = B = 0.
M=2 (¢ = —3):
The potential parameters have to satisfy the constraints
5
Cl 8 2

= =0 - — —
G=6=0. G=—y 1

which can be uniquely solved in still reasonable simple form for B4, B85 and S¢. The analytically calculable energy eigenvalue and
the corresponding eigenfunction of the form (79) are given by

87)

Cc?  16C3 q oC 0 (88)
- - and ag = a,a; =0,
5C,  25C3 0T e A
with a, an appropriate normalization constant.
M=3 (¢ = — &)
If the potential parameters satisfy the constraints
c; 4
C3=C5=0, Cq= ! +*C%, (39)

8C, 5
which can be uniquely solved for B4, B5 and S, the analytically calculable energy eigenvalue and the corresponding eigenfunction
of the form (79) are given by
3c? . 16C3
5C; 25 C]3

and ag =ay = 0, ap = 12C2a3 N (90)
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Fig. 6 The decatic potential for @ = —15—3, B1 =0.5,83 = —0.1, B5 = 0.949938, B2 = B4 = B = 0, (left) and @ = —3, 1 = 0.5, B3 = —0.1, B5 = 1.26,
B2 = Ba = Be = 0 (right), along with the corresponding analytically calculable energy eigenvalues and eigenfunctions. Potential and wave functions are

plotted as functions of y = arctan x. For better visibility the normalization of the wave function has been chosen such that f ZZZ dy Wg(s)(x(y)) = 10. The
parameters f4, B5 and f¢ are chosen such that they satisfy the respective constraints (91) (upper sign) or (93)

with a3 an appropriate normalization constant. In addition to the set of constraints (89) one can find 2 other sets of constraints, with
C3 and Cs different from zero, which provide also quasi-exactly solvable decatic potentials.

M=4 (@ = —2):

If the potential parameters satisfy one of the 2 sets of constraints (either upper or lower sign)

320C5 — 135C3Ca F \/20250110c§ — 1920C3 C3 +4096C8
480C3

C3=C5=0,Csy = > ©On

which can be uniquely solved for 4, 85 and Bg, the analytically calculable energy eigenvalue and the corresponding eigenfunction
of the form (79) are given by

—15CC, \/2025C110C§ —1920C; C5 +4096C3

E =
50C;3C2

and a; =a3 =0,

64C5 —45CCr F \/2025c110c§ — 1920C7 C3 +4096C3

ap = 2C§ as, ap = 16Cray, (92)

with a4 an appropriate normalization constant. In addition to the two sets of constraints (91) one can find 4 other sets of constraints,
with C3 and Cjs different from zero, which provide also quasi-exactly solvable decatic potentials.

M=5 (¢ = —3):

The potential parameters have to satisfy the constraints

C3=Cs5=0, Cs= C‘5+lc2 (93)
3=C05=0, (4= ac, T2
which can be uniquely solved in still reasonable simple form for B4, B5 and SB¢. The analytically calculable energy eigenvalue and
the corresponding eigenfunction of the form (79) are given by
2C? )
E = e and ap =a> =a4 =0, a; =60C5as5,a3 = 20C;as, %94)
2
with a5 an appropriate normalization constant. Surprisingly, unlike the cases M = 3, 4 there is only one set of constraints which
leads to quasi-exactly solvable decatic potentials. For M = 6, however, one has again several sets of constraints for C3, C4 and Cs
which lead to quasi-exactly solvable decatic potentials.
Examples of quasi-exactly solvable decatic potentials along with the analytically calculable eigenvalues and eigenfunctions for
M =4, 5 are plotted in Fig. 6. The eigenvalues and eigenfunctions in these particular cases correspond to a fourth and fifth excited
state, respectively.

Remark As one can check, C3 = Cs = 0 is a sufficient condition for the solvability of Eq. (80), even for arbitrary M. Assuming
that C3 = Cs = 0, Eq. (80) reduces to a four-term recursion relation which connects every second ai. Setting m = M, M — 1 fixes
o and ay—1 = 0, respectively. By downward recursion, settingm = M +2, M + 1, M, ..., 4, the coefficients ay;—2, ap—4, ...

@ Springer



Eur. Phys. J. Plus (2025) 140:559 Page 17 of 22 559

can be expressed in terms of (the normalization) ajs and, as a consequence of ay—; = 0, one obtains ay—3 = ay—5 = --- = 0.
Two of the four remaining equations for m = 0, 1, 2, 3 are then satisfied identically and the other two equations fix C4 and the
energy eigenvalue E.

4.5 E = 0 solutions for arbitrary N and M

With increasing N and M it becomes obviously more and more complicated to find analytic solutions of Eq. (19). For N > 2
non-trivial solutions for the coefficients @; are only obtained, if one takes ¢ = —1 — % and the Casimirs C; satisfy N — 3
constraints. This means that only 3 of the N potential parameters B; can be chosen freely. If the potential is symmetrized (for N
odd), one of the continuity conditions at x = 0, Eq. (31) or Eq. (32), poses a further constraint on the ;s which reduces the number

of free potential parameters to just 2. A tremendous simplification of Eq. (19) is, however, achieved, if one assumes that
Cr=C3=---=Cy_1=0 95)

and concentrates on £ = 0 solutions. Under these circumstances Eq. (19) reduce to the two-term recursion relation
(N-=1D! m(m—1) V-]

am_N = > N+ —mCl a , m=0,1,...,M+N —3. (96)
Here, we have already used thato = —1 — % Settingm = 2, 3, ..., N — 1 this recursion relation implies (with a,, <o = 0) that
a) =az = --- =any_1 = 0. ap and ay, on the other hand, can be different from zero. But this means that non-trivial solutions of

Eq. (96) with ajs # 0 (which serves as normalization) are only obtained if

M = Nk, Nk+1, keNp. o7
By downward recursion, Eq. (96) provides then aps—y, ay—2n, - - ., starting with ap; # 0. All other a;s vanish. The restrictions (95)
imply that
B! .
Bi=——"7>, i=3,4,...,N, (98)
(i - D! By

so that only 1 and 8, can be chosen freely. If the potential is symmetrized (which is necessary for odd N), continuity of the solution
at x = O relates B; and B, so that one is left with one open parameter.
For the presentation of explicit examples we simplify the problem further and assume that

=0 and Br=N-D!. (99)
As a consequence one has 83 = 4 = --- = By = 0 and the (symmetrized) potential XIZ\, + a X y_1 reduces to
Vi) =xN2—@eM+N -1 x|N"2, N=>2, M=kN,kN +1, k € Ny. (100)

Note that this potential agrees with its unsymmetrized version, if N is even. Furthermore, the continuity conditions Eq. (31) and
Eq. (32) are satisfied automatically, if all the g;s, apart from g1, vanish. For M = 0, 1 the potentials Vi p(x) are special cases
(m=0,g=1,n= N — 1) of potentials considered in Ref. [28].

E = 0 solution for arbitrary N and M =0, 1 :

Potentials of the form (100) for M = 0, 1 and N > 2 along with the corresponding E = 0 eigenfunctions are plotted in Fig. 7.
For N = 2 itis just the usual harmonic oscillator (shifted in energy). For higher values of N one obtains double-well potentials with
increasing depth. For M = 0 it is the ground state which lies at E = 0, whereas it is the first excited state for M = 1. This explains
also why, for fixed N, the M = 1 potential is deeper than the M = O potential. The zero-energy eigenfunctions for M = 0 and
M =1 are of the form

W) =age ™V and WN(x)=ajxe N N> 2. (101)

With increasing N, these wave functions seem to approach a rectangular and a see-saw shape, respectively.

E =0 solutionfor N=0and M =0, 1,4, 5,8,9:

Sextic potentials (N = 4) of the form (100) with M assuming the six lowest allowed values, are plotted in Fig. 8 (left). These are
double-well potentials with increasing depth. The corresponding E = 0 eigenfunctions are shown in Fig. 8 (right). They are given
by

M
Wi (x) = <Z a,,,xm) WY M = kNN +1, ke N, (102)
=0

where the non-vanishing coefficients a,, are calculated by means of Eq. (96) via downward recursion, starting with ay; # 0. For
M = 0 the E = 0 eigenfunction corresponds to the parity-even ground state. With increasing M the potential becomes deeper, the
energy levels go down and at the allowed values of M the excited levels consecutively cross E = 0. This explains the increasing
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Fig. 7 The potential (100) for M = 0, 1, N = 2, 3, 4, 5, 6, 10 (left) along with the corresponding E = 0 eigenfunctions (right). Potentials and wave

functions are plotted as functions of y = arctan x. The normalization of the wave functions has been chosen such that f_n 2

/2

dy W (x(y) = 1. The

potentials become deeper and the corresponding eigenfunctions approach a rectangular (M = 0) and a see-saw shape (M = 1) with increasing N. Note that

N = 2 is just the usual harmonic oscillator (shifted in energy)
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functions are plotted as functions of y = arctan x. The normalization of the wave functions has been chosen such that f_ﬂ 2

/2

potentials become deeper with increasing M, and the corresponding eigenfunctions exhibit an increasing number of nodes

dy w52 (x(y)) = 1. The

number of nodes and the pattern of alternating parity-even and parity-odd eigenfunctions. An analogous behavior has already been

observed for the quartic potential [15, 18].
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5 The electromagnetic field related to polynomial potentials

In the foregoing section we have seen that quasi-exactly solvable one-dimensional Schrodinger operators with polynomial interactions
can be related to irreducible representations of the nilpotent groups Gy, if the interaction is a particular combination of group
generators (see Eq. (13)). Further quasi-exactly solvable problems of physical relevance are obtained by going over to reducible

representations. By inducing with the Abelian subgroup (0, by, b>, ..., by—1, 0) — exp(—i Z,ivz_ll ﬂkbk> one ends up with a
reducible representation of the group Gy . The corresponding generators are then given by
a
(a,0,0, ...,0) > Xo=i—,
ox

0,01,0, ...,0) = X1 = i,
0,0,02,0, ...,0) > X, = B+ pix,

O o by-10) Xyt = By 4ot P
ey -1 —> 1 = _ _
> N-1 N—-1 N—-1 (N —2)!
0.0, ....0.by) =Xy = i+ By_1x + LA (103)
U, ..., U, —> =] — 11X -
NN T gy e (N —1)!
With these generators one can now construct a new Hamiltonian
I:Io(,ﬂ"ﬁz ----- BN-1) ZZX%+X%V+O{XN,1
82 ) BxN-11\2
=——+|i—+BN-1Xx+- -+ ——
dx? dy (N — 1!
va(Byor+pyax s e B (104)
07 _ _9X —,
N-1tPN-2 N —2)]

in analogy to Eq. (13). By adding a kinetic term PZ2 for a particle which moves freely in z direction, one ends up with the Hamiltonian

82 ] 9 ,31XN71 2 32
= — —— 4 _li_ﬂNfl-x_"'_i [
9x2 Ay (N =1 972

N-2
+(¥<ﬁN71 +ﬂN,2x+-~-+%>, (105)

where I,y and I are unity operators acting on the (x, y) and z coordinates, respectively. But this is just the Hamiltonian for a charged
particle moving in the electromagnetic field

- —aXnN_p . 0
E() = 0 , B(r) = 0 . (106)
0 Xn-1

The corresponding electrodynamical potential is

N=2 N—1
Bn_2x N Bix > (107)

(A*) = <OIXN7170518N71X M ot m’o

For N = 2, Hep, reduces to the Hamiltonian for a charged particle moving in a constant magnetic field. It is well known that the
corresponding eigenfunctions can be expressed in terms of harmonic-oscillator eigenfunctions [29]. For N > 2 the particle moves
rather in an x-dependent electric and magnetic field. These are perpendicular to each other and the x-dependence of the electric field
is proportional to the x-derivative of the magnetic field. It is also possible in this more general case to relate the energy eigenfunctions
De(x, y, z) of Hey to solutions ¥ g of the eigenvalue problem (14). By means of a Fourier transformation in the y and z variables

1 . L
cbr‘:(x’y’z) = E/ ydzelpyy‘HPZZ QS(X’Py’ Pz) (108)
the eigenvalue problem

Hem ®e(x,y,2) = € Pe(x, y,2) (109)
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can be converted into an ordinary differential equation in the x-variable

92 BixV-1N .
|:_8x2 + (py —BN-1x — - = m) +p; +aXN1:|¢£(x,Py,Pz)
= EDe(x, py. p2). (110)
which agrees with Eq. (14), if one makes the following identifications
E=&-p> and By=-py. (111)

This means that the Fourier transformation ®¢(x, Py, Pz) in the y and z variables of a solution ®¢(x, y, z) of the electromagnetic
field eigenvalue problem (109) gives rise to a solution ¥ (x) of the polynomial potential problem (14) by setting

YE(Xx) = Pe(x, py, p;) Wwith By = —py, E =& — p? and py, p, fixed. (112)

Note that each py, is associated with a different value of By in the corresponding polynomial potential problem.

More formally, the connection between the electromagnetic field problem and the polynomial potential problem is based on the
fact that both Hamiltonians consist of the same combination of infinitesimal generators of the nilpotent group Gy, but in different
representations, a reducible and an irreducible one. As a consequence, the Hamiltonian of the electromagnetic field problem can be

expressed as a direct integral of Hamiltonians HD’? for the (one-dimensional) polynomial potential problem, i.e.

|

Correspondingly, the eigenfunctions of the electromagnetic field problem can be decomposed into eigenfunctions of the polynomial
potential problem

@ =—DPy
/ dp, BB By-1 = m) ®L® Iy ® P (113)
R

1 . L
q)f(xvy’z) :E/dpv de elpy,V‘HPzZq)g(x’py,pz),

1 o
=5 / dpy dp, PPy (x) 8(E — € + p?) (114)

with By = —p,. Note that E = E(«, B1, B2, ..., BN—1, BN = —py) is a function of the integration variable p,. Equation (114)
shows, how eigenfunctions and eigenvalues of the one-dimensional polynomial potential problem and a corresponding three-
dimensional electromagnetic field problem are related, provided that the boundary conditions in x direction are the same. Since
[Hem, Pyl = [Hem, P;] = 0, one can look for simultaneous eigenfunctions of Hey,, Py and P,. These are then obviously of the
form (see Eq. (114))

1 . .
e pyp. (¥, 3, 2) = PV (x) with fy = —pyand E = & — Pl (115)

Here, the plane waves have been normalized to a pure delta function.

6 Summary

In this paper, we have looked for quasi-exactly solvable potential models of polynomial form for which part of the spectrum and
corresponding eigenfunctions can be calculated analytically. We have been able to identify a large class of such potentials under the
assumption that the (one-dimensional) Hamiltonian has the general structure Hy = X (2) +X Izv +a X y_1 and the energy eigenfunctions
are of the form p(x) exp(— fdx X n) with p(x) a polynomial in X, of degree M € Ny. Thereby, the X;,i =0, 1, ..., N, are the
generators of an irreducible representation of a nilpotent group Gy, which can be considered as a generalization of the Heisenberg
group G» that underlies the solvability of the harmonic oscillator. By inserting the ansatz p(x) exp(— [ dx Xy) into the Schrodinger
equation, we have derived the overdetermined system of Eq. (19) for the, a priori, unknown polynomial coefficients in p(x). This
system of equations is more or less the central result of the paper as far as it holds for polynomial potentials of arbitrary degree 2N — 2
and arbitrary degree M of the polynomial p(x) in the solution ansatz. The coefficients of p(x), as functions of the energy eigenvalue
and the Casimir invariants, follow from M of these equations. The supernumerary equations put constraints on the Casimir invariants
and have been used to determine the parameter o as well as the energy eigenvalues. In this way one ends with a three-parameter
family of quasi-exactly solvable polynomial potentials of degree (2N — 2). This procedure works for even N > 2. For odd N the
ansatz p(x) exp(— [ dx Xy) has the wrong asymptotics in the limit x — —oo. But what one can do is to symmetrize the potential
X 12\, +a X y—1 and consider it as function of |x| rather than x. Then p(x) exp(— f dx X ) is still a solution of the Schrédinger equation
for x > 0 and has to be continued as an even or odd function to x < 0 to end up with a normalizable energy eigenfunction of definite
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parity for the symmetrized problem. Continuous differentiability of this eigenfunction at x = 0, however, poses a further constraint
on the potential parameters so that one is left with just two free parameters in the symmetrized case.

In this way, we were able to provide a unified treatment of a large class of quasi-exactly solvable polynomial interactions of degree
2N — 2, N > 2, including the well known, exactly solvable, harmonic oscillator. We have given a lot of examples which show that
our approach provides comparably simple expressions for eigenenergies and eigenfunctions, even for M > 2 (which means higher
excitations). Our results for the quasi-exactly solvable (unsymmetrized) sextic (N = 4) and decatic (N = 6) potentials extend those
known from the literature [1, 5, 9-13] and [10, 12, 14], respectively. Whereas the class of symmetrized quartic potentials provided
by our approach [18] generalizes the results obtained with the Bethe ansatz method [17], this is not the case for symmetrized sextic
potentials. Our approach and the Bethe ansatz method lead, in general, to different classes of quasi-exactly solvable potentials which,
however, can overlap. In the overlap region we found agreement with the analytic expressions for eigenenergies and wave functions
given in Ref. [17]. For symmetrized octic potentials (N = 5) our results seem to be completely new. New are also the explicit
expressions for E = 0 solutions in the very general case with potential Viy_y(x) = x2N-2_2M+ N —1)|x|V~2, where N > 2
and M > 0 can, in principle, be arbitrarily large with some restrictions for possible values of M.

Since our algebraization procedure for polynomial interactions in one space dimension was based on irreducible representations of
the nilpotent group Gy, it was near at hand to look for new quasi-exactly solvable models by going over to reducible representations.
This lead us to the problem of a charged particle in an x dependent magnetic and electric field of polynomial form which are
perpendicular to each other. We have shown that solutions of such problems can be related to one-dimensional polynomial interactions,
like the constant magnetic field problem can be related to the harmonic oscillator. This is not the only physics application of the
analytic solutions obtained in this paper. Although one has only limited knowledge on the spectrum and the eigenfunctions of
quasi-exactly solvable models, they can be of quite some use as starting point and testing ground for approximation schemes and
numerical methods.
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