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Laser-induced narrowband coherent synchrotron radiation:
Efficiency versus frequency and laser power
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We analyze the narrowband terahertz emission process occurring from electron bunches passing in a
bending magnet, after a laser-induced sinusoidal modulation has been performed. In particular, we focus
on experimental tunability curves, and power scalings with current and laser power. Theoretically, we

simplify the problem formulation using the slowly varying envelope approximation. At low powers, the
scaling with laser power appears to be quadratic, and analytical expressions for the tuning curves are
obtained. Emission at first passage in the bending magnet, and after one full turn in the storage ring, are
considered both experimentally and theoretically. The experiments are performed on the UVSOR-II

storage ring.
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I. INTRODUCTION

Interaction between a laser and a relativistic electron
beam provides a way to manipulate the longitudinal charge
distribution, and such experiments can lead to a coherent
emission of terahertz radiation (coherent synchrotron ra-
diation or CSR). The first experiments on laser-induced
CSR have been realized in storage rings in the so-called
conditions of slicing [1-3], where a short pulse interacts
with a small part of the electron bunch. This leads to a
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broadband terahertz emission at downstream bending mag-
nets [3-6].

Recently, it has also been demonstrated that narrowband
terahertz emission can also occur inside a bending magnet,
when a sinusoidal modulation of the electrons has been
induced by long laser pulse containing a sinusoidal ampli-
tude modulation. After conjectures [4,7], recent experi-
mental evidence was obtained in a storage ring, where
the electron modulation was induced through interaction
with a laser inside an undulator [8,9].

Then this strategy has also been considered in the IKNO
project [10], and alternate modulation schemes related
have also been reported. Experimentally, electron modula-
tion at the photocathode of a photoinjector has been also

*Present address: High Energy Accelerator Research  realized [11]. Theoretical works by Xiang and Stupakov
Organization, KEK 305-0801, Tsukuba, Japan. [12] on electron bunch modulation inside undulators have
1098-4402/10/13(9)/090703(15) 090703-1 © 2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevSTAB.13.090703

C. EVAIN et al.

Phys. Rev. ST Accel. Beams 13, 090703 (2010)

also revealed that emission on the high frequency side can
also be obtained, using schemes involving two undulators.

In this paper we report a detailed study in the case where
laser-electron interaction occurs inside a single undulator,
in connection with our experiment at UVSOR-II. We fo-
cus, in particular, on the tunability of the emission, and on
the scalings of power versus beam current and laser power.
Experiments are made on the UVSOR-II storage ring,
using a laser setup which is simplified with respect to the
one of Ref. [8]. Theoretical calculations are made using a
slowly varying envelope approximation, in a way similar to
the work of Stupakov and Heifets [12,13]. Asymptotic
expansions valid for long laser pulses and low power are
found. They provide simple analytic formula for the esti-
mation of the tuning range versus machine parameters, and
also for the scaling of efficiency with laser power.

In a first step (Sec. II), we present the experimental
dependence of terahertz emission power versus frequency,
current, and laser power. Then, in Sec. IV we present
selected theoretical and numerical results, the detailed
theory being extensively presented in the Appendices.

II. EXPERIMENTAL SETUP AND METHODS

A. Global organization of the experiment

The experimental setup is represented in Figs. 1 and 2.
The 800 nm laser pulses with a fast longitudinal intensity
modulation (typically with a 1-10 picosecond period and
300 ps FWHM duration) are sent on the electron bunch of
the UVSOR-II storage ring (Fig. 1). The storage ring
operates at 600 MeV, in single bunch mode, with currents
in the 0-25 mA range, and the bunch duration is typically
100 ps RMS. The laser pulses are focused on the first
undulator of the free-electron laser optical klystron. As
for classical slicing experiments [1-3], the fundamental
undulator frequency is tuned at the laser frequency.

UVSOR-II
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FIG. 1. (Color) Global view of the experiment at the UVSOR-II
storage ring. Laser pulses with a sinusoidal modulation interact
inside an undulator (FEL beam line), and the THz radiation
analysis is performed at the terahertz BL6B beam line.
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FIG. 2. (Color) Detail of the pulse shaping system. A regenera-
tive chirped pulse amplifier (Coherent Legend) is slightly modi-
fied. A high-reflectivity mirror is placed between the amplifier
and the compressor, to extract the high-energy stretched pulses.
These latter are sent to a Michelson interferometer, and the
resulting modulated pulses are then focused on the electron
beam, as in usual slicing experiments. CCR1 and CCR2 are
high precision corner cube hollow retroreflectors from PLX Inc.
(OW-25-0563), i.e., with 63 mm total aperture, <0.5 arc sec
deviation, and A/4 wavefront distortion (@ 633 nm).

Analysis of the terahertz emission is made at the BL6B
beam line [14] (all THz paths occur in vacuum).
Depending on experiments, we recorded directly the emit-
ted power using an In-Sb hot-electron bolometer (QMC
Instruments QFI/2, with 1 ws response time), or the THz
spectrum, using a Martin-Puplett based Fourier-transform
spectrometer (Jasco Faris 1).

For shaping sinusoidally the laser pulses, we have used a
setup simpler than in Ref. [8]. The principle is still to use
the so-called chirped pulse beating technique (see
Ref. [15] for details), where a pulse experiences a strong
dispersion before passing an interferometer (a Michelson
interferometer here). However, instead of using a pair of
gratings to achieve dispersion, we simply extract the 2 mJ
pulse of our regenerative amplifier (Coherent Legend) just
before the compressor, and send it to a Michelson interfer-
ometer (Fig. 2).

The shaped pulses were focused on the electron beam
using a lens with 5 m focal length. Relative positions of the
electron beam and the laser beam were monitored down-
stream, using a video camera. The camera lens (2.5 m focal
length) was placed at 9 m from the center of the first
undulator.

B. Modulated pulses: Shape expected theoretically
from Weling-Auston theory

The chirped pulse beating technique (CPB) has been
extensively studied by Weling and Auston [15], and in
this section we will essentially recall here their main
results. We limit to the case where only second dispersion
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is considered, and leave consideration of third-order dis-
persion to further studies.

We assume that a Gaussian input pulse without chirp is
present at the input of the compressor of Fig. 2:

ELcomp — Eoe—(t2/4ATfo)efiw0r’ (1)

with w( the pulsation of the optical carrier, and AT} the
RMS laser pulse duration.

If we assume a linear chirp at the output of the regen-
erative amplifier, the electric field can be written

AT,

1/2 . .
ELstreched ~ EO( ) e_(fz/‘mTi)[l+l(ATL/ATLo)]el(_wn’+¢o)’

2

in the limit case AT, > AT/,. This will be satisfied in our
case where AT; = 125 ps (i.e., 300 ps FWHM) and
AT,y = 55 fs (i.e., 130 fs FWHM). ¢, is a phase shift
term which is not important in the present work.

The effect of the Michelson is to produce an interference
between two delayed copies of this pulse. According to
Ref. [15], the output intensity at the output of the system is

AT 72
L) = I() + I-(1) + E2< “’) ex (— —)
‘ \ar, )P\ a2

2

t
2—
4AT?

X exp(— )COS(Z’)Tth + wyT), 3)

with 7 the delay induced by the Michelson interferometer,
and I-(¢) = %E(Z)[(ATLO)/(ATL)] expl—(t = 7/2)%/2AT?].
The intensity is modulated at the frequency (in hertz)

T

e — 4
Vim 47TATL0ATL ( )

This may also be expressed as

v, = AVL< 4 ), ®))

AT,

where Av; is the RMS spectral width of the laser
Q@Av, ATy = 1/2). In Eq. (5), we can see clearly that
the modulation frequency is linearly proportional to the
Michelson delay 7.

C. Expected tunability limits
1. Limits of the laser pulse shaper

To reach high frequencies, large delays are needed, and
the main limitation will come from the necessity to keep an
overlap between the pulses at the Michelson’s output. This
corresponds to the attenuation term exp(— ﬁ) in Eq. (3).

Maximum frequency is there expected for 7 of the order of
AT, . Using Eq. (5), it is easily shown that the maximum
value for the modulation frequency v,, is limited by the
laser spectral width Ay, .

Here, the FWHM spectral width is typically of the order
of 11 nmand AT; = 125 ps, thus the available modulation
frequencies are from =~ 100 GHz to several tens of THz.
We will see in the following that this will not put a strong
limit, as beam transport will provide the main upper fre-
quency limitation in our experiment.

An additional expected limitation comes from third-
order dispersion effects [15]. Here we will not enter this
question in detail, and leave the related topics (influence on
terahertz emission and attempts to reduce third-order dis-
persion) to further studies.

2. Remark on the limits linked to undulator or optical
klystron parameters

Let us note also that, in general, reaching high frequen-
cies may require large laser bandwidth, and this may lead
ultimately to consequences on undulator (or optical klys-
tron) parameters. More precisely, for the laser-electron
interaction to be actually efficient, the laser spectrum
should be less than the undulator (or optical klystron)
optical bandwidth Av,,.

This is not a strong limit in our case because the laser is
focused on the first undulator. Indeed, we expect the band-
width acceptance of the undulator to be of the order of
Avy = ¢/(NA), with A the laser wavelength and N the
number of undulator periods. This is an order of magnitude
larger than the laser spectral width.

This linewidth criterion may be also expressed in time
domain. We may expect that the undulator (or optical
klystron) spectral width would not present a strong limit,
as long as the slippage length is smaller than ¢/Av; .

D. Modulated pulses: Experimental characterization
methods

We characterized the output pulses using an autocorre-
lator, an optical spectrum analyzer, and a streak camera
(Hamamatsu C5680). Recorded data were consistent with
the expected results from Weling and Auston.

At very low wave numbers, the resolution of the streak
camera (2 ps) allowed direct recording of pulse shapes. The
modulation was clearly visible and presented a satisfying
contrast (Fig. 3). Its period could be varied as expected, by
changing the delay on the Michelson interferometer. Direct
streak camera recording provided also information on real
laser pulse shape (with and without pulse shaper), and also
on residual phase fluctuations of the modulation. For in-
stance, we can deduce from Fig. 3(a) that mechanical
fluctuations of Michelson mirror positions of the order of
hundreds of nanometers are present.

At higher wave numbers (typically 2-30 cm™!), where
main experiments were done, streak camera resolution was
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FIG. 3. (Color) Pulse shape, checked at very low modulation
wave number, using a double sweep streak camera. (a) Raw
streak camera image, where 100 successive pulses are recorded.
(b) Pulse shape averaged over 3 ms, i.e., the rectangular area
displayed in (a). Note that the phase fluctuations in (a) are due to
mechanical vibrations of the Michelson’s mirrors (essentially at
60 Hz), with an amplitude of several hundreds of nanometer.

not sufficient, and routine checks of the pulse modulation
period were obtained from autocorrelation measurements.
Preliminary experiments with short duration pulse, which
were made using an external pulse stretcher [8], were
characterized by a collinear two-photon autocorrelator,
using a GaAsP photodiode [16,17]. Typical autocorrela-
tions are presented in Fig. 4(a), and the corresponding
optical spectrum in Fig. 4(b). With the new pulse shaping
system presented in Fig. 2, we built a long range noncol-
linear autocorrelator based on a beta barium borate (BBO)
second-harmonic generation (SHG) crystal, and a synchro-
nous recording of the SHG pulses (at 1 KHz). A typical
autocorrelation curve is presented in Fig. 4(c). The auto-
correlation system was used to check the consistency
between the pulse modulation and the terahertz emission
frequency, in particular, in the preliminary phase of the
experimental investigations.
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FIG. 4. Typical autocorrelation trace (a) and spectrum (b) of
the relatively short pulses (in the 10 ps range) obtained with the
previous setup, which used an external pulse stretcher.
(c) Autocorrelation of long pulses ( = 300 ps FWHM) using
the actual pulse shaper.

III. EXPERIMENTAL RESULTS

A. Tunability range, wavelength dependence of the
efficiency

The obtained pulses have a duration of 300 ps, and
their internal modulation frequency can be changed at
will, simply by adjusting the position of one of the
Michelson’s retroreflector positions. Typical coherent ter-
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FIG. 5. (Color) Three typical emission spectra induced by the
shaped laser pulses, for three different modulation frequencies.
Each spectrum is rescaled to its maximum value.

ahertz emission spectra are represented in Fig. 5. As in
Ref. [8], we observe a linear dependence of the peak
emission frequency with respect to the Michelson mirror
position (Fig. 6). The major difference with Ref. [8] con-
cerns the tuning range, which appears now much wider. A
detectable signal is now observed over more than one
decade. This may be a priori attributed to the larger pulse
duration used here (300 ps versus 50 ps in Ref. [8]), which
allows one to excite modulations at lower frequencies.

To investigate in more detail the frequency dependence
of the efficiency, we have realized experiments where
we record the signal detected by the bolometer versus
the excitation frequency. Observation of the raw data
[Fig. 7(a)] already suggests that efficient emission occurs
at two characteristic frequency domains. However, this
curve is not linked to the frequency dependence of the
emitted power in a simple way, because various uncon-
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FIG. 6. Dependence of the peak terahertz emission frequency
with the position of the Michelson mirror.
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FIG. 7. Response versus modulation wave number. (a) Signal
detected by the bolometer versus modulation wave number (note
that the shape is affected by the frequency responses of the
bolometer, the beam line, etc.). (b) Reference spontaneous SR
spectrum without laser. (c) Ratio between CSR and spontaneous
SR [curve (a)/curve (b)]. In (c), the vertical scale is arbitrary. The
typical values will be measured in Sec. III C. At 15 cm ™!, when
the current is 10 mA, the typical pulse energy ratio is of the order
of 20 000.
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trolled frequency responses (beam line, windows, etc.) are
involved in the process.

Another way to represent the data consists of dividing
this frequency response by the spontaneous synchrotron
radiation spectrum [Fig. 7(b)], i.e., without laser. This will
allow one to compare the experimental results with theory,
which will provide the frequency dependence of the form
factor. The results are presented in Fig. 7(c).

We will see in the theoretical part that the broad
20 cm ™! peak is due to the CSR emission occurring after
a straight transport from the undulator to the bending
magnet of the THz beam line. The low frequency emission
(around 3-5 cm™!) is attributed to the emission after long
transport in the storage ring (typically one full turn or
more). Although this experiment does not provide absolute
values of the powers nor power ratios (quantitative mea-
surements will be the purpose of Sec. III C), the particular
shape of this curve already provide reference data against
which theory will be compared.

B. Efficiency versus laser power and beam current

In these experiments, we recorded the dependence of the
emitted power with current and with laser power. We
attenuated the laser using a half-wave plate (HWP) fol-
lowed by a polarizer, and we paid particular attention to
ensure that the laser beam location was not moving when
the HWP was rotated. This was ensured by the choice of a
low-angular error HWP (CVI QWPO-800-10-2-R15, with
a parallelism error lower than 0.5 arcsec).

Dependence with current appeared quadratic with a
good approximation [Fig. 8(a)], as expected from CSR
processes in general [18-20]. By rotating the half-wave
plate, we obtained the dependence of terahertz power with
incident laser power [Fig. 8(b)]. This dependence also
appears to be quadratic with a good approximation. We
will see in the theoretical section that this quadratic scaling
is generally expected in the limit of low laser powers
(independently of the laser pulse shape).

C. Comparative study of CSR and spontaneous
synchrotron radiation power densities

Over the bandwidth of interest, the energy per pulse
delivered by the CSR process is larger than the one deliv-
ered by the “normal” spontaneous synchrotron radiation.
To evaluate in a quantitative way the ratio between the
efficiencies of the two processes, we recorded power spec-
tra with the laser ON (CSR) and with laser OFF (normal
synchrotron radiation). The excitation wave number was
15 cm™!.

From these data, we deduced the ratio
Ocsr(7)

Osr(P)
where 7 is the spectroscopic wave number, Qcsr(P) is the
energy spectral density of a single CSR pulse, and Qgg(7)

(6)

Nesr/sr(P) =
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FIG. 8. Terahertz energy per bandwidth unit versus beam
current (a), and versus laser pulse energy (b). Squares: experi-
mental data; full line: quadratic law fit. The insets represent the
same curves in log-log units. In (a), the laser pulse energy is
800 wJ. In (b), the current is 4.8 mA. The modulation wave

number is 15 cm™!'.

is the energy spectral density the normal SR emitted by a
single unmodulated bunch. The ratio ncgg/sr (15 cm™ ),
plotted in Fig. 9, reveals that CSR terahertz pulse energy in
the bandwidth of interest was larger by a factor 103-10*
with respect to normal SR.

An estimation of the form factor can be obtained from
the 7csg/sr(?) ratio. For the sake of simplicity, let us
assume that diffraction properties are identical for SR
and CSR. In this case, according to Refs. [20,21], the ratio
is

nesk/se(7) = QQC;R((;’)) —W-Df®). )

with N the number of electrons in the bunch. f(9) is the so-
called form factor.

In the conditions of Fig. 9, the ratio is = 2000 per mA
for a laser pulse energy of 800 wlJ. Since the number of
electrons in the bunch is 0.11 X 10'® per mA, and the
terahertz power scales quadratically with laser power, the
form factor is estimated to be
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FIG. 9. Ratio between CSR and incoherent SR terahertz en-

ergy per pulse and unit bandwidth, at the modulation frequency

(15 cm™!). Squares: experimental data; full line: linear fit.

Incident laser pulse energy: 800 ulJ.

|p(15 cm™N)|> =3 x 107602 (8)

at the excitation frequency, with Q; the laser pulse energy
(in mJ).

This type of experiment can also provide quantitative
estimation of the CSR pulse energy per unit bandwidth
emitted in the bending magnet, from the knowledge of the
SR power emitted theoretically by one electron. In our case
the CSR energy per pulse is thus estimated to be 0.1 nJ,
when the beam current is 10 mA.

These values are expected to change by large factors
when different experimental conditions will be considered.
For instance, concerning specifically laser pulse parame-
ters, in the next experiments at UVSOR we plan to use a
higher energy laser, and we plan to use shorter pulses
(using an adjustable compressor). For instance, increasing
pulse energy by a factor 25 (50 mJ instead of 2 mJ here)
would allow one to increase the terahertz peak power by a
factor of the order of (50/2)> = 625 (assuming a quadratic
dependence of terahertz power versus laser power).
Decreasing the pulse duration 7; is expected also to allow
one to increase the THz pulse peak power in the present
conditions, and is also a parameter to be optimized.
Dependence on machine parameters (energy, beam line
magnet, etc.) is expected to be more subtle [9,22], and
further calculations and experiments would be worth trying
on other machines, case by case.

IV. THEORETICAL AND NUMERICAL RESULTS

In this section, we study numerically and analytically the
dependence of the terahertz emission properties versus
selected frequency, and versus laser power. As in previous
works [4,23], we focus essentially on the calculation of the
so-called form factor f(7), introduced in Eq. (7), which

measures the ratio between CSR and SR energy density
spectra.

The wave number 7 in Eq. (7) will be expressed in
reduced units in the Appendices’ calculation. However,
the values reached by the form factor [Eq. (7)] does not
depend on the choice of the wave number unit. Note that in
the Appendices, the form factor will be expressed as

f@) =1pW0)P, (©))

where p(k) is the Fourier transform of the longitudinal
charge density distribution. The dimensionless wave num-
ber k, which will be used throughout the Appendices, is
related to the spectroscopic wave number # (in m™~') as
follows:

k=2mv X o, (10)

with o, the RMS bunch length.

Calculation of the form factor | 5(k)|? implies the calcu-
lation of an integral with rapidly varying integrand, at the
optical and THz frequencies. As a key point, we take
advantage of this two different scales (the envelope of a
laser pulse varies typically much slowly that the optical
carrier) and apply the slowly varying envelope approxima-
tion. This allows one to perform a drastic simplification of
the problem. The details are given in the Appendices and,
in this section, we limit ourselves to present the results
which can be directly compared to our experimental data.
The first result concerns the derivation of the form factor
[Eq. (A13)] valid for any pulse shape and power. This
provides a way to estimate numerically the spectrum of
terahertz emission, with very short calculation times.

A. Analytical expression for the peak emission
frequency (in the limit of low laser power)

Simple analytical formulas for the tuning range and
emission spectra can also be obtained in the limit of low
laser power. We present results in the limit of long laser
pulses with a sine modulation (infinitely long laser pulses,
and finite-size Gaussian pulses).

In the limits of low laser power, and assuming a plane
wave for the laser and an infinitely long laser pulse and
electron bunch (see Appendices B and C for details), the
emitted CSR power is found to obey the following depen-
dence (in the THz domain):

Pcsg(v)/Psg(v) = CP*(Rsq05)*(2mv/c)*

% e*(R;o-f,Jngza'f,+R§60'§)(27rv/c)2' (1 1)
In this relation, » is the modulation frequency of the laser
pulse envelope (in hertz), and P is the laser power. Rs;, Rs»,
Rs¢ are the elements of the magnetic transport matrix from
the laser-electrons interaction to the region of terahertz

emission. o,, o’ are the electron bunch dimensions in
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phase space along the x, x/, and o the relative energy
spread. c is the velocity of light. C is a parameter, which we
will not try to detail at the present stage of the modeling. C
is proportional to the square of the current, and depends on
the details of the undulator.

We deduce that the dependence of terahertz power is
quadratic with the incident laser power, as for the process
of optical rectification in classical nonlinear optics [24,25].
The dependence of Pry, with frequency is a single bell-
shaped curve, centered at

c V2
mopt

Y e 2
\/R510'x T R50% + R5607%

12)

14

This expression provides a simple way to evaluate the
possible terahertz emission frequency range in a project
of laser-induced CSR terahertz production, provided the
magnetic transport parameters and electron bunch parame-
ters are known [for instance Eq. (12) gives the correct
emission peak frequency of 0.6 THz (i.e., 20 cm™1)]. A
similar expression including the Gaussian dependence of
the laser pulse envelope is also given in Appendix B, and
more generally the calculation can be modified easily to
take into account other laser shapes.

B. Numerical calculation of the emitted spectrum shape
in the present experimental conditions

In Fig. 10(a), we have represented the dependency of the
form factor versus modulation wave number, using the
UVSOR-II parameters of our experiments (R;; coefficients
and beam parameters). The less well-known parameter
concerns the amplitude of the laser-induced energy modu-
lation. However. this does not noticeably affect the curve
shapes in the limit of low powers.

In the numerical work, the bunch parameters used are
(inside the undulator): o, = 4.17 X 107* m, oy = 4.2 X
107%,0,=31X1072m, o5 =34X107%

The transport matrix elements R;; are displayed in
Table 1.

Using R;; coefficients corresponding to a straight trans-
port from the undulator to the beam line’s bending magnet,
we find that the form factor has a peak at 20 cm ™! [curve
labeled “turn 0™ in Fig. 10(a)], in quantitative agreement
with experimental findings [Fig. 7(c)]. CSR emission after
one or more turns in the storage ring occurs at smaller
frequencies. To compare the numerical results with the
experimental ones, we have summed the contributions of
turn 0, 1, etc. [Fig. 10(b)], because the bolometer speed
does not allow one to resolve the successive THz pulses.
These calculations do not take the diffusion of the struc-
ture, in particular, due to synchrotron radiation. However,
the presence of the low frequency peak is in semiquanti-
tative agreement by the 3—5 cm™! peak observed experi-
mentally in Fig. 7(c).

i

turn 3
/ turn 2

0.6 y7 | | I
turn 1

Form factor (arb. unit)
o
W

| | | |
0 5 10 15 20 25 30

Modulation wavenumber (cm ™)

1.2 |

(b)

Form factor (arb. unit)

0 | | | |
0 5 10 15 20 25 30

Modulation wavenumber (cm~ 1)

FIG. 10. (Color) (a) Dependence of the form factor versus wave
number, using Eqs. (11) and (B3). The vertical unit is arbitrary in
the sense that we took P = C = 1 in the calculation. “turn 0”
corresponds to the parameters R;; associated with a straight
transport from the undulator to the bending magnet. Labels
“turn 07, “turn 17, “turn 27, “turn 3”, correspond to R;;
parameters associated to a straight transport, 1 full turn, 2 full
turns, 3 full turns in the storage ring, respectively. Part (b)
represents the sum of the first form factors: turn O only (red),
sum of turns 0 and 1 (green), sum of turns 0, 1, and 2 (blue), sum
of turns 0, 1, 2, and 3 (magenta).
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TABLE I. Transport matrix parameters corresponding to dif-
ferent transport paths from the undulator to the THz beam line
bending magnet: Direct transport, transport involving one full
turn in the storage ring, 2 turns, etc.

Straight transport 1 full turn 2 full turns 3 full turns

Rs; 0.0396 ~0.073 —0.0388 00732
Rs, ~1.53m ~1.19m  —0.040  —0.401
Rss ~0.268 m ~1.66m  —3.19 —4.77

V. CONCLUSION

From the theoretical point of view, the tuning range of
the laser-induced narrowband CSR can be estimated theo-
retically using a simple approach. More precisely, in the
plane wave approximation, the Fourier transform of the
longitudinal charge density distribution can be calculated
numerically using a simple quadrature, for any laser lon-
gitudinal shape. Moreover, maximum emission frequency
can be estimated using analytic expressions. It is also
important to notice that the approach can also be used in
slightly different contexts. In particular, Eq. (A13) is valid
for any laser pulse shape; it may be used for studies of
conventional slicing (with nonmodulated pulses).

Important future steps in the theoretical and experimen-
tal investigations will concern the quantitative calculations
of the power, and also a detailed study of the diffraction
process occurring during emission [26,27]. More generally,
the question of fundamental limits for the achievable power
in these conditions remains an open problem.

Another important point concerns the effect of collective
effects, due to wakefields (either from chamber shielding
and bending magnets), and which were neglected in the
theory. In the present experiments, we did not find experi-
mental disagreements with theory. However, we think that
further investigations using laser-induced electron bunch
perturbations should be also made in different conditions,
for which collective effects are more likely to have an
effect. In particular, a possibility would be to observe the
response over several turns in the storage ring, at high
current, for instance near the threshold for CSR instability,
as, e.g., for Ref. [28]. We think that this type of experiment
may thus provide new informations on machine and CSR
wakefields.
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APPENDIX A: DERIVATION OF SPECTRUM
EXPRESSIONS VALID FOR ARBITRARY LASER
PULSE SHAPES AND POWER

1. Formulation of the problem

From a theoretical point of view, the wavelength range
can be estimated from a simple approach [4,23]. In this
process, the relevant spatial variables for an electron are its
longitudinal coordinate z and transverse coordinate x in the
horizontal plane, as well as the transverse velocity x" and
relative energy shift w from the center energy of the bunch.

Before interaction, the charge density distribution is
taken Gaussian:

—(1/2)(x2+x’2+z2+w2)y

1
fx, x,z,w) =me (A1)
where all variables (x, x/, z, w) are expressed in units of
their RMS values o, o, 0, 05.

The modeling of the process is simplified by considering
two separate steps: (i) an energy modulation of the elec-
trons by the laser, and (ii) the electron beam transport
through dipole magnets. Interaction with the laser leads
mainly to a fast energy modulation, at the optical wave-
length scale, of the electron charge distribution. Assuming
the simplified case of a plane wave for the laser, resulting in
a sinusoidal modulation of the energy distribution, the
phase-space distribution becomes

gl ¥,z w) = 41 - e~ (/D@ +2"+2) ,=(1/2)[w—al2) Sin(z/E)]z,
T

(A2)

with a(z) the laser field envelope, and 1/€ the laser wave-
length in dimensionless units. In the units used here, |a(z)|
is the amplitude of the energy modulation in energy spread
units.

Then the beam transport through the magnetic fields
leads to path lengths which depend on energy, and also
on x and x'. This is the main process which will transform
the fast-scale energy modulation into a slow charge density
modulation at the THz scale. Here we assume that this
leads to a linear transformation of the coordinates
(x, x', z, w) = x of each electron:

X — IX, (A3)

with r the normalized transport matrix [4] for the process.
We assume that it has the following structure:

rin rn 0 rg

r r 0 r
r = 21 22 26 | (A4)
rsi rsp 1 rse

0 0 0 1

The r;; coefficients are normalized as follows (only the
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useful terms r;; are shown):

_ Oy . _ Ts
rs; = Rs;—, rse = Rsg—,
O-Z Z O-Z

(A5)

_ X
rso = Rsp—,
ag

with R;; the usual unnormalized transport matrix elements

[23]. The electron distribution is transformed into [4,23]
h(x) = |r|~1g(r~'x). (A6)

Then, to get information on the radiated THz field, it is
important to examine the longitudinal charge density dis-
tribution, which acts as a source in the process [4]:

+o00 +o0 +o0
p(z) = f [ f hix, x', z, w)dxdx'dw, (A7)
and, in particular, its Fourier transform:

k) = ]_+°° =% p(2)dz.

o0

(A8)

Since |p(k)|? is precisely the form factor [21]. After sub-
stituting Egs. (A6) and (A7) in Eq. (A8), quadratures over
x, x', and w can be easily performed using a change of
variables (see Appendix D for details):

pll) = e~ VDTSR )y (k) (A9)

+oo . e_ n . .
with (k) = f e kel pikrssa(2)sin(z/e€) g,
v —o0 N2

(A10)

This basic expressions for the obtained bunch shape and its
spectrum, made in Egs. (A7)—(A9), though important in the
modeling, is difficult to integrate directly numerically.
Indeed, the integrand presents variations at very different
scales, since it involves the oscillations at the optical
frequency 1/€ and its harmonics, together with slow var-
iations at the laser envelope scale.

2. Simplification of the problem using the slowly
varying envelope approximation
(arbitrary laser pulse shapes)

As what is made is conventional nonlinear optics, we
can take advantage of the presence of the very different
time scales. Since the laser amplitude a(z) is supposed to
vary slowly during one optical cycle, (k) is composed of
narrow peaks at the laser wave number 1/€, and at its
harmonics p X 1/e.

Here, we are interested by the response at low frequen-
cies (harmonic p = 0). For € < 1, we can apply the
slowly varying approximation, as in the work of
Stupakov and Heifets [13] to find an approximation of
the integral:

too e~ (@/2)
(k) = (k) = j ik (A1)
—o 2
1 +7 .
x[— f e”"iﬁa(Z)s‘"(z)dZ]dz, (A12)
27 J-»

which is valid when the laser pulse envelope varies slowly
over one wavelength.

This gives the following approximation for the spectrum
of the longitudinal charge distribution, valid in the THz
region:

p(k) = po(k)
o0 o~ /2

= ei[(r§1+’§z+’§6)/2]k2 / e~k

—o0 2

X Jolkrsea(z)]dz, (A13)

with J,, the Bessel function of zero order. This expression
has to be calculated numerically in general but is far less
time consuming that the original problem [Eqgs. (A7) and
(A9)]. Equation (A13) will be our reference relation in the
following sections.

3. Numerical calculation of typical spectra versus laser
power

Numerically, we have examined the case of a response to
a Gaussian laser pulse multiplied by a sinusoidal modula-
tion:

—(-2 2 k

e ) B
where o is the RMS width of the Gaussian in units of the
bunch length o, and k,, is the wave number of the inten-
sity modulation in units of o !. w, represents the maxi-
mum laser-induced electron energy modulation (in the case
¢ = 0), in units of the relative energy spread value og.
The finite energy acceptance of the machine puts a strong
limit on the admissible value of w, (and plays the role of
damage threshold in conventional nonlinear optics). As an
example, for UVSOR-II, the energy acceptance 6, is of the
order of 1%, i.e., 170 times the energy spread value. Thus,
we may estimate that the relevant range of values to be
considered is wy < 170.

As expected intuitively, numerical integration reveals
that, at small values of the laser power (typically when
the maximum energy modulation is such that wy <
1/lk,,rs¢l), the response is mainly a single peak at k,,
[Figs. 11(a) and 11(b)]. At higher powers, deformations
of the peak are predicted [Figs. 11(c) and 11(d)].

The scaling of the terahertz power versus laser power
can be studied, by examining |53(k)| (proportional to the
terahertz pulse power spectrum) versus wj (since w§ is
proportional to the laser peak power). The result is dis-
played in Fig. 12. A quadratic dependence is observed at
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FIG. 11. Deformation of the form factor (and the emission

spectrum) predicted at very high powers [numerical computation
using Eq. (A13)]. (a) wy =0.1, (b) wo =1, (c) wyg= 10,
(d) wy = 100. Other parameters are k,, = 400, o = 0.3, r5; =
—0.00053, r5, = 0.0021, and rs = —0.0029.

low powers, in agreement with experimental findings [see
Fig. 8(b)].

Since the experimental data revealed a quadratic depen-
dence with laser power and an absence of such spectral
deformation, we can say that the conditions wy <K
1/|k,,rs¢| were fulfilled. This motivated the perturbative
analysis of the spectrum shape which will be presented in
the next section. However, we cannot exclude to observe
departures to the quadratic law, and related spectral defor-
mations using higher laser powers (e.g., by operating with
shorter pulses).

Finally, it is worth remarking that the domain of validity
of Eq. (A13)—i.e. € < 1—is not very severe. In fact it
includes most laser pulse shapes, i.e., when the amplitude

wop = 1/|km r56|

104_-"|-"|"'|"'|"'|"'|'"|"'|'/'»_
~2 I PR
5 100 | .
107 | ) O
10—8: |
10—12 - |
10—16'. PN IS AT BT MR | ATSEY RN B B
10~* 1072 10° 102 104

WG

FIG. 12. (Color) Scaling of the terahertz emission power versus
laser pulse power [numerical computation using Eq. (A13), and
analytic results from Eq. (B16) valid when wy << 1/|k,,7s6].
Full and dashed lines are the maximum value of | ﬁ%(k)l com-
puted numerically, and analytically, respectively (the two are
indistinguishable in practice for wy < 1 here). Dotted line: the
main peak area [ |p3(k)|dk computed numerically. Note that w
is proportional to the laser power, and that [|p3(k)ldk is
proportional to terahertz pulse energy. o; = 0.3,

—0.00053, r5, = 0.0021, r5s = —0.0029, and k,, = 400.

rsy =

varies slowly on the scale of one wavelength (typically
when the pulse durations are much larger than the wave-
length). In particular, Eq. (A13) is not only useful for the
present problem, but can be also used for consideration of
the “usual” laser slicing (i.e., with picosecond or femto-
second pulses without sine modulation) [3-6].

APPENDIX B: DERIVATION OF ANALYTIC
EXPRESSIONS OF THE SPECTRUM IN THE
LIMIT OF LOW LASER POWER

Equation (A13) requires numerical calculation of an
integral. However, analytical expressions can be obtained
in the limit of small laser powers.

1. Asymptotic expansion valid for small laser intensities
and arbitrary laser pulse shape

We now examine the limit where a(z) is small. In the
regions of the spectrum where |a(z)| << 1/|krsg|, we can
expand Eq. (A13) to second order:

po(k) = poo(k)
+ o0 e—(zz/Z)

— oL+ )20 / o—ikz
—o N2

Ry

This leads to
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2.2
k*rsg

P oolk) = e*w%]+r§2+r§6>/21k2(e—<k2/2> N

too e~ @/2) ()
X e ¢ a“(z z).
[

— o0 T

(B2)

This basic Taylor expansion is valid for any pulse shape,
and may be used for obtaining analytical expressions, in
particular, cases. In the next sections, we present the case
of an infinitely long laser pulse and electron bunch, and
then the case of a Gaussian laser pulse multiplied by a
sinusoidal modulation. Similar calculations may be per-
formed at will for other laser pulse shapes.

2. Analytical expression in the limit of infinitely long
bunch and laser pulse

At small laser power, we can perform an asymptotic
expansion, leading to simple analytical expressions. In the
limit of infinitely long bunch and laser pulse, if we replace

%j—:l by 1, and take a(z) = /P cosk,,z/2, poo(k) becomes

ﬁOOoo(k) = e_[(’§1+r§2+r§6)/2]k2

+00 . k2 2 k
X [_w e"kz[l ‘:56 P(:052<2 )]dz

= 278(k) — e 1347 +r6>/21k2<’”sﬂ)
8

X [8(—k + k,) + 8(k + k)]

The first term is the contribution which we would have if
the electron bunch were unmodulated. The second one is
the contribution due to the laser modulation. We thus
expect that, in first approximation, the THz power depends
on the excitation frequency k,, with the following law:

Pryz = CrigP2kie” 055tk (B3)
where C is an unknown parameter at this level of modeling.

This curve has a maximum located at

V2
[2 2 >
rs; T rs, Trsg

In terms of the dimensioned variables, the associated fre-
quency (in hertz) is

km = kmopt = (B4)

c ﬁ
Vmopt = 2_ . (BS)
& \/Rglag + R%,0%, + Ri 0%

This analytical value can be used to estimate the best
efficiency region with a good approximation (i) when the
laser pulse is much longer than the modulation period, and
(i1) in the limit of low laser powers. The validity of the
results is confirmed by the good agreement with experi-
mental data (see Sec. IV).

3. Small intensities, modulation with slowly varying
envelope

Similar calculations can be used to get asymptotic ap-
proximations considering more realistic laser pulses
shapes, and a Gaussian electron bunch. As an example,
analytical expressions in the case of finite-size Gaussian
electron beam and a Gaussian laser pulse [defined by
Eq. (A14)] will be derived below. However, it is worth
considering first a more general form for the laser pulse:

a(z) = A(z) X \/Ecos(l%”z + qS), (B6)
in the limit k,, > 1, and with A(z) slowly varying with
respect to the sinusoidal modulation. More precisely, the
Fourier transform of A has noticeable values only when
|k| < k,,. This includes the case of a laser pulse defined by
Eq. (Al4), in which case A(z) = woe ©/490) /2. We
obtain easily

k2r2
() = == (F(k) + L F(k - ke
+ EF(k + km)e‘2i¢) (B7)
h (k) +o00 i e (22/2) ( ) BS
with :F :f e ! ZI: z ]
. A (B®)
po(k) = poo(k)
2 2 2 2 2 k2r2
~ o L3 5, + )/ 2k I:e*k /2 _ 456 F(k)
1 k2 r56 .
— F(k — k, )e*?
5 ke ke
1 k2 r 56
= F(k + k *M:I B
377 ( m)e (B9)

The four terms correspond to precise physical effects:
(@) e [Betrsi+r)/2 5 o=(®/2) §5 the contribution of
the electron bunch without laser interaction;
(b) e L5t +r5,)/ 20 5 [— 5" F(k)] is the contribution
which would have a Gaussian laser pulse with same energy,
but without modulation (‘“‘traditional slicing”);
(c) e (Rt 5 /20 5 [ — ! K r“') F(k = k,,)e™?¢] are the
terms due to the modulation, and which are of interest here.
It is strongly peaked for k near *k,,. In these regions, the
other terms are negligible.

In the limit of low power, we have [see Eq. (B1)]

Po(k) = poo(k) = e WSt 57520 [y (k) + gy (k)]
(B10)
with

Poo(k) = e~ /2 (B11)
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—(2
R (i @/
e

a*(z)dz.
4 — 2T ( )

hor(k) = — (B12)

The first term which is just the CSR emission of the
unperturbed electron bunch will be neglected later.
Technically, we just have to evaluate i, (k):

k2r2 + o0 . 67(12/2)

k) = — 56 f —zkz[ A2 ]

¢01( ) 4 C e \/27 (Z)
X [1 + cos(k,,z + 2¢)]dz.

(B13)

4. Particular case of a sinusoidal modulation with
Gaussian envelope, and low laser power

This type of approach can be used to derive asymptotic
approximations in various cases. If we consider a laser
pulse with sinusoidal modulation and Gaussian shape,

k
a(z) = woe™ /471 X cos(%z + ¢), (B14)
ie., Az) = woe /471 /{2, we have
_ l r§6k2 Fk) = — W(%kﬁﬂgwl o3 =k, )2 /2(07 + D]
2 4 3ufo? + 1
(B15)

Neglecting the (a) and (b) contributions, and the overlap
between the two peaked functions in (c), we obtain the
following approximation for the form factor:

414 4 2
» Woksrs o
1002 = e et it 0 S6TL (o ety /(7 410

256(a? + 1)
(B16)

Two tests of this approximation versus numerical com-
putation are presented in Figs. 12 and 13. More generally,

(1 |

5-107°7 1 _

0
380 385 390 395 400 405 410 415 420
k

FIG. 13. Form factor in the case of a Gaussian laser pulse with
internal modulation: Numerical result from Eq. (A13) (dots) and
approximation from Eq. (B16) (full line). k,, = 400, o; = 0.3,
wo = 0.1, rs; = —0.00053, r5, = 0.0021, and r55 = —0.0029.

numerical tests confirm the fact that Eq. (B16) is valid
when the conditions o; > 1/k,, and |a(z)| < 1/|k,,rsel.

If we neglect the contribution of the e [03+75*+r5)/2K
term, the RMS width of the peak is

A
V2V ot

In terms of the physical variables the RMS width of the
peak can be written (in hertz)

Akrys = (B17)

Ak
Avgygs = RS (B18)
2mo,
1 1 1
= + , B19
277\/5\/AT]%RMS ATSRMS (B2

where AT;rms and AT,gpums are the values of the RMS
durations of the laser pulse and the electron bunch, respec-
tively (in seconds).

However, it is important to note that we supposed here
the ideal case of sine modulations without any chirp in the
modulation frequency. For the experiments presented in
the present paper, the parameters are ATjgys = 130 ps
and AT ,zms = 100 ps. Hence, in the absence of chirp, we
could have theoretically Avgys = 0.07 cm™!. The values
measured experiment are larger: =~ 0.14 cm™! and
0.38 cm™! for the peaks (1) and (0), respectively, these
values depending on the selected frequency [in contrast to
what is predicted by Eq. (B19)]. This can be attributed to
the existence of a chirp in the laser pulse internal modula-
tion, an effect which is well known in the framework of
narrowband terahertz emission in semiconductors [15].
Calculation of this effect is left for studies. Such calcula-
tion will require the knowledge of the details of stretched
pulse at the output of the amplifier (or equivalently the
third-order dispersion of the output grating), but the cal-
culation of spectra using these data is in principle similar to
the examples presented here. Beside this, we think also that
attempting to reduce the nonlinear chirp at the amplifier’s
output will have a drastic effect on the linewidth.

APPENDIX C: EFFECT OF DISPERSION IN THE
INITIAL ELECTRON BUNCH DISTRIBUTION

The present calculation can be extended to include a
finer description of the initial electron bunch distribution.
In this Appendix, we include the effect of finite dispersion.
We consider an initial bunch distribution of the type

(CH

f(x, xl’ 2 W) — 12 e*(l/2)[(xfnw)2+x’2+zz+w2]’

where 7 characterizes the transverse energy dispersion.
After interaction with the laser,
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g(x ¥z W) — 4%e*(l/2){(x7nw)2+x’2+z2+[W7a(z)sin(z/e)]z}‘
ar

(C2)
Using Eq. (D4), we obtain
+ 00 +o00 +o0 +o0
p(k) =f f f f dxdx'dzdw
X e*ik(r51xl +roox|tztrsew)
4772
X o~ (/2= nw)* +x2+22 +[w—a(z) sin(z/ €)'} (C3)

Quadratures over x, x, e, and slowly varying laser enve-
lope approximation can then be applied in a similar way as
in the previous sections. The spectrum of the longitudinal
distribution [Eq. (A13)] is transformed into

pk) = po(k)

— o[ st rs PR 2 f
—0 \/277

(o]

X Jo[kr56a(z)]dz. (C4)

In the low power approximation, the frequency at the
response maximum (B4) becomes
V2
ki = Kmopt = ., (G5
\/’%1 + 12, + (rsym + rsq)?

and more generally each result of the previous sections can
be extended to the 1 # O case, just by replacing rsq by

(rsim + rse).

APPENDIX D: DETAIL OF THE CHANGE OF
VARIABLES USED FOR THE INTEGRATION

To obtain Eq. (A10), we proceeded to a change of
variables. Substituting Eq. (A7) in Eq. (A8) leads to

+o00 +o00 +o00 +o00 .
plk) = f [ f [ dxdx'dzdwe ™%

X h(x, x', z, w). (D1)

Then, using the relation (A6), this expression may be ex-
pressed as

+o00 +o00 +o00 +o00 .
pk) = f [ f [ dxdx'dzdwe % |r| ™!

X g[r(x, x', z, w)]. (D2)

Note that in our case |r| = 1; however, we will not use this
property in the following. Now we proceed to the change of
variables:

X1 X
xt x!
Il =yr! (D3)
21 Z
Wi w

Since we have dxdx'dzdw = |r|dx,dxdz;dw, we obtain

+o0 +o00 +o0
[ [ f [ dx dx|dz;dw,

—ik(rsyx; +rsx| +z+r56w1)g(x1’ xl’ 21 Wl) (D4)
Then after calculating the quadratures over xy, x}, and wy,
Eq. (A10) is easily obtained. Note that the result depends
only on the r5; matrix elements and the electron bunch state
just after interaction with the laser.
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