Xie et al. EPJ Quantum Technology
https://doi.org/10.1140/epjqt/s40507-025-00458-8

.org
B,

(2026) 13:11

® EPJ Quantum Technology

RESEARCH Open Access

Enhancement of optomagnonic coupling

® |

Check for
updates

and microwave-optical conversion via
magnetic anisotropy

Hong Xie'", Le-Wei He', Xiang Lin" and Xiu-Min Lin?**"

“Correspondence: xh@fjjxu.edu.cn;
xmlin@fjnu.edu.cn

'Department of Mathematics and
Physics, Fujian Jiangxia University,
Fuzhou, 350108, China

2Fujian Provincial Key Laboratory of
Quantum Manipulation and New
Energy Materials, College of Physics
and Energy, Fujian Normal
University, Fuzhou, 350117, China
Full list of author information is
available at the end of the article

@ Springer

Abstract

Efficient microwave-optical frequency conversion is critical for building long-distance
quantum networks. Magnons in ferromagnets offer a promising mediator for this
conversion, owing to their ability to couple to both microwave and optical fields.
However, the magnon-mediated microwave-optical conversion efficiency is severely
limited by the inherently weak optomagnonic coupling. Here, we propose a scheme
to enhance the optomagnonic coupling by utilizing the intrinsic magnetic anisotropy
in a yttrium iron garnet (YIG) thin film. The presence of magnetic anisotropy
establishes a squeezed vacuum for the magnonic ground state, which enhances the
effective optomagnonic coupling strength by a factor of cosh(r), where ris the
squeezing parameter. This results in a significant boost of the corresponding
cooperativities and, consequently, the microwave-to-optical conversion efficiency by
several orders of magnitude for large squeezing. Our approach harnesses magnon
squeezing as an intrinsic resource to strengthen optomagnonic interactions, creating
opportunities for high-efficiency microwave-optical conversion.

Keywords: Microwave-optical frequency conversion; Squeezed magnons;
Enhancement

1 Introduction

The development of a microwave-optical frequency converter is crucial for quantum in-
formation processing and hybrid quantum networks [1-3]. Such a device is able to link su-
perconducting qubits, which operate at microwave frequencies, to optical photons, which
are the ideal carriers for transmitting quantum information over long distances [4]. A va-
riety of platforms have been developed to realize coherent microwave-optical frequency
conversion, such as electro-optomechanics [5-8], piezo-optomechanics [9-13], electro-
optic interaction [14—19], Rydberg atoms [20-25], and erbium ions [26].

Recently, the magnon-mediated microwave-optical conversion has attracted great at-
tention [27-33]. Magnons, the collective excitation of spins in ordered magnets, have large
frequency tunability and low dissipation rate [34]. Magnons in the ferromagnetic crystal
yttrium iron garnet (YIG) have been shown the ability to couple to various systems, in-
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cluding microwave [35-38] and optical fields [28—30], acoustic waves [39], and supercon-
ducting qubits [40—42]. This makes the magnons an attractive candidate for constructing
a magnon-based hybrid system [43—45]. Their frequency tunability via external magnetic
fields makes them particularly suitable for enabling broadband microwave-optical conver-
sion [2].

To obtain efficient magnon-mediated microwave-optical conversion, the strong cou-
pling of magnons to both the microwave and optical photons is required. While strong
coupling [35-37] and even ultrastrong coupling [38, 46] between magnons and microwave
photons have been demonstrated, the optomagnonic interaction between magnons and
optical photons is inherently very weak due to the small mode volume overlap [44, 45].
There have been many theoretical and experimental efforts made to reduce the mode
volume and enhance mode overlap between the optical field and the magnon mode
[32, 33, 47-51]. However, even with strong optical driving enhancement, the achiev-
able optomagnonic coupling in experiments is insufficient to obtain efficient microwave-
optical conversion; the current highest magnon-mediated microwave-optical conversion
efficiency is about ~ 1078 [32, 33]. A recent approach uses both magnetic and mechanical
excitations to mediate between microwave and optical photons [52]. By leveraging strong
magnetoelastic and optomechanical effects, this method overcomes the limitation of weak
optomagnonic coupling but comes with increased setup complexity.

Here, we propose a scheme that utilizes the intrinsic magnetic anisotropy of a YIG thin
film to enhance the optomagnonic coupling. The YIG thin film manifests a strong shape
anisotropy, which leads to the magnonic ground state being a squeezed vacuum state.
The effective optomagnonic coupling strength and the corresponding cooperativity can
be enhanced by amplification of spin fluctuations in the squeezed magnon mode. Under
the triple-resonance condition, the enhanced coupling can boost the microwave-optical
conversion efficiency by several orders of magnitude. Different from the method that uses
time-dependent parametric driving to squeeze light and enhance the light-matter interac-
tion [53-63], the magnon mode is intrinsically squeezed in the anisotropic ferromagnet,
thus avoiding the need for external driving and associated fast-oscillating processes. Our
scheme offers a stable and experimentally feasible way to enhance the optomagnonic cou-
pling and hence the magnon-mediated microwave-optical conversion efficiency.

2 Model

The system comprises a YIG thin film simultaneously coupled to both a microwave cavity
and an optical cavity. Such a configuration has been demonstrated experimentally in a YIG
waveguide-based cavity [32] and Fabry-Pérot optical cavity [33]. The Hamiltonian of the
system is given by

Hsys =Hmn + Hom + Hem, (1)

where H, is the ferromagnetic Hamiltonian, H,,, describes the optomagnonic interaction
between the magnetization and the optical cavity field, and Hen, represents the magnetic-
dipole interaction between the magnetization and the microwave cavity mode.

A static magnetic field B = Byz is applied to the YIG thin film along the z-direction. The
ferromagnetic Hamiltonian is given as [34]

Hm=—2]ZSi'Sj—gZMBZB'Si (2)
(i) i
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L

+ Y (KSh + K, Sp + KLSL),

where S; is the spin operator on the ith site, /] > 0 represents the exchange interaction
strength between the nearest-neighbor spin (i, j). The second term denotes the Zeeman
energy, with gz being the Landé factor and up the Bohr magneton. The thin film of the
ferromagnet manifests a strong shape anisotropy, which arises from the dipole interac-
tion between the demagnetization field and the magnetization [64—67]. In the last term
in Eq. (2), a general form of the magnetic anisotropy with the parameters K, K, and K is
adopted to capture this shape anisotropy, as well as possible magnetocrystalline anisotropy
[34].

By applying the Holstein-Primakoff transformation [68] i & /2Sm;, S; & «/25m] , and
S, =S - mjmi, the spin operator can be expressed in terms of the bosonic annihilation
(creation) operator m; (mj), where S is the total spin. The bosonic operators defined on
each site are related to the spin-wave operators m and ml—( via the Fourier transforms
m; = N7V Y mye™™, where my (mli) represents the magnon annihilation (creation) op-
erator with the wavevector k, and N is the total number of spins in the ferromagnet. After
omitting the constant term and high-order interaction terms, the ferromagnetic Hamil-

tonian becomes (A = 1)

H,, = Z I:a)(k)miimk + Ampm’, + Wlkm—k)] ) )
K

with the dispersion relation w(k) = 4JSK%a? + gziBBo + (K, + K, — 2K;)S and the anisotropic
strength A = (K, — K,)S/2. Here, k = |k| is the momentum and « is the lattice parame-
ter. The detailed derivation of Eq. (3) is present in the Appendix. In the derivation of
the ferromagnetic Hamiltonian, we retain only the terms that are second order in the
magnon operators. The Kerr nonlinearity, which arises from higher-order contributions,
is omitted because its characteristic energy scale remains well below that of the dominant
quadratic terms. This treatment is consistent with the focus on the leading-order effects
of anisotropy [64—67, 69-72].

The uniform k = 0 magnon mode is the most readily excited mode in ferromagnetic
resonance experiments, and it typically dominates the coupling to cavity fields due to its
spatial overlap with uniform microwave and optical modes. In contrast, efficiently cou-
pling non-uniform magnon modes requires cavity fields with matching spatial profiles
[43], thereby increasing the experimental difficulty. Therefore, we restrict our analysis to
the uniform mode for simplicity. The Hamiltonian for the uniform magnon mode is ex-

pressed as
Hpp = @ m + A" + m?), (4)

where m1_¢ is abbreviated as m, and w,, = gzupBo + (K + K, — 2K)S is the ferromagnetic
resonance frequency corresponding to the k = 0 mode. Note that the anisotropy term
introduces a squeezing property for magnons.

We now consider the coupling of magnons to optical and microwave cavity modes, a
topic that has been extensively studied both theoretically and experimentally [44, 45].
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The optomagnonic interaction between magnons and optical modes effectively consti-
tutes a three-wave mixing process [73]. Under the rotating-wave approximation, the op-
tomagnonic Hamiltonian, including the free cavity terms, is described by

Hom = w144y + 0yalay + gom(arasm + a,aym’), (5)

where a; (i = 1,2) are the annihilation operators of the optical cavity modes with frequen-
cies w;, gom is the single-photon optomagnonic coupling strength. In typical YIG sphere-
based optomagnonic systems, the single-photon magneto-optical coupling is very weak,
e.g., gom/2m < 1 Hz [28-30], which limits the efficient microwave-optical conversion. Re-
cently, the coupling has been improved to gom/27w ~ 17 Hz by confining the optical mode
and magnon mode in a small mode volume with large mode overlap in the YIG thin film
[32]. Despite this improvement, the coupling strength remains very limited for achieving
high-efficiency microwave-optical conversion.

In contrast to the weak optomagnonic interaction, strong and even ultrastrong magnet-
ic-dipole coupling between magnons and microwave cavity modes has been demonstrated
[35-38, 46]. For a linearly-polarized microwave cavity field, the magnetic-dipole Hamil-
tonian under the rotating-wave approximation reads

Hem =w.c'c +gem(c+m +cm), 6)

where c is the annihilation operator of the microwave cavity mode and g..,, denotes the
magnetic-dipole coupling strength.

3 Enhancement of the optomagnonic coupling

Consider that one of the optical modes is strongly driven by an external field Hy =
Q(aze’Lt + aie"""”) with amplitude €2 and frequency w;. The strong coherence driv-
ing field can be treated classically, and the operator a; in the interaction Hamiltonian
could be replaced with the coherent amplitude «,. The amplitude can be obtained as
ay = Q/(ikaa/2 — Ay) using the standard linearized process [74], where k,; is decay rates
for optical mode a; and A; = wy — wy is the driving detuning. Then the total Hamiltonian
in the rotating frame of w; can be written as

Hioe = Alaial + Gom(almT + aim) + Hpy + Hemn,y (7)

where A; = w; — w; and we have assume the optical mode a; is resonantly driven A, = 0.
The magneto-optical coupling Gom = gom |2 is enhanced by the driving field. For a driv-
ing field with photon number (15) = |ay|? = 1.77 x 10°, the driving-enhanced magneto-
optical coupling strength is Gom /27 = 22.59 kHz [32]. However, this coupling strength is
still insufficient to obtain a high microwave-to-optical conversion efficiency; the internal
conversion efficiency is ~ 1077 based on this enhanced coupling in waveguide cavity op-
tomagnonics [32].

We now show that the coupling can be further enhanced in the presence of the magnetic
anisotropy. By introducing the Bogoliubov transformation

B = cosh(r)m + sinh(r)ym" = S(r\mS(r) (8)
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with the squeezing parameter

1. w,+2A
r=—In(
4wy —-20

) )

— gm*-myri2

and the squeezing operator S(r) , the magnetic Hamiltonian Hy, = w,,m m +

A(m™ + m?) is diagonalized to
Hm = wﬁﬁTlgr (10)

where the frequency of the squeezed magnon mode is

wg =/ w2, — 422 (11)

The ground state of the anisotropic ferromagnet is a squeezed state |G) = S(r)|0), with |0)
being the vacuum state of mode m. This squeezing arises from the interplay between en-
ergy minimization and the Heisenberg uncertainty principle [65]. As a result, the squeezed
state is stabilized against decay due to the system’s tendency to minimize the ground-state
energy.

For the spin components S, = ) ;Six = V2NS(m + m")/2 and S, = > Sy = V2NS(m -
m")/2i, the quantum fluctuations in the anisotropic ferromagnet ground state are given

by
NS
ASx = TC_r, (123)
NS
ASy = TBr. (12b)

The fluctuation of component S, is squeezed, accompanied by the amplification of the
fluctuation of S,. The Wigner function of the ground state of the magnetic Hamiltonian
H,, is plotted in Fig. 1(a). As compared to the isotropy case (A = 0) in the left panel, the
magnetic anisotropy introduces a squeezed fluctuation in S, and an amplified fluctuation
in §,.

In terms of the squeezed magnon mode B, the total Hamiltonian Hy,c under the rotating-
wave approximation can be effectively written as

Het = Aalay + Gom(a1 7+ alB) + wpB B + wcclc + Gam(cB™ + ' B), (13)

where G = Gom cosh(r) and gem = gem cosh(r). Both the effective magnetic-optical cou-
pling G, and magnetic-microwave coupling g, are enhanced by a factor cosh(r), as il-
lustrated in Fig. 1(b). This enhancement originates from the amplification of quantum
fluctuations in the squeezed magnon mode. We note that while similar coupling enhance-
ment via squeezing has been studied using time-dependent parametric driving [53-63],
the intrinsic squeezing in an anisotropic ferromagnet avoids the need for external driving
and associated fast-oscillating processes.
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Figure 1 (Color online) (a) Wigner function of the magnetic ground state. The left panel shows the result in
the absence of the magnetic anisotropy (A = 0), and the right panel shows the squeezed fluctuation in the
presence of the magnetic anisotropy (A = 0.495wp,). (b) The amplified spin fluctuations enhance both the
magneto-optical coupling and the magnetic-microwave coupling by a factor cosh(r)
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Figure 2 (Color online) (a) Coupling enhancement Gom/Gorm and (b) cooperativity enhancement Com/Com as
a function of the squeezing parameter r

For a squeezing parameter r > 1, the effective optomagnonic coupling scales as Gom ~
Gome'/2, exhibiting a enhancement proportional to the measurable squeezing factor ¢’. In
the study of microwave-optics frequency conversion, the cooperativity Com = 4G2_ /k,y
is an important parameter to quantify the conversion efficiency, where «, and y are the
total dissipation rates of optical mode and magnon mode, respectively. In the presence
of the magnon squeezing, the cooperativity Com = 4G(2,m/xay = C,me* /4 is also enhanced
with the factor proportional to e?. As illustrated in Fig. 2, both the coupling enhance-
ment ratio Gom/Gom and cooperativity enhancement ratio Com/Com increase significantly
with r, with the latter being enhanced by several orders of magnitude for strong squeez-
ing. With the enhancement of coupling strength and cooperativity, the magnon-based
Brillouin light scattering rate will also be improved [45]. The discussion of coupling and
cooperativity enhancement is also valid for the magnon—microwave interaction. The en-
hanced magnetic-microwave coupling is given by gem ~ gem€’/2, and the corresponding
cooperativity becomes Cem = Ceme® /4, where Cepy = 4g3m/lccy is the unsqueezed cooper-
ativity for the magnon—microwave subsystem, and «, is the decay rate of the microwave
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Figure 3 The squeezing parameter r and frequency of squeezed mode wg as a function of @,/2, the
anisotropy strength is chosen as A =5 GHz

cavity. While the enhanced fluctuations in the squeezed mode may also amplify higher-
order nonlinear effects [75—77], our analysis focuses on the exponential enhancement of
the linear optomagnonic coupling and cooperativity, which constitutes the main scope of
this work.

Note that the high squeezing appears accompanied by the reduction of the frequency of
the squeezed mode. There is a trade-off between the degree of squeezing and frequency.
From Egs. (9) and (11), we obtain that r sharply increases when w,, approaches 2\ from
above, but the frequency wg approaches zero at the same time. For a too low frequency,
thermal fluctuation will destroy the coherent interaction, and it is difficult to design the
cavity for optomagnonic and magnon—microwave interactions. Fortunately, with a large
anisotropy strength, it is feasible to achieve high squeezing while maintaining the fre-
quency in the GHz range. The squeezing parameter r and frequency wg are plotted in
Fig. 3, and the anisotropy strength is set as A = 5 GHz. It is shown that the large squeez-
ing at GHz frequencies can be achieved, e.g., r & 2.6, wg & 1.5 GHz at w,,/21 = 1.01, and
r=2, wg ~ 2.7 GHz at w,,/2A = 1.04. Operating at GHz frequencies, squeezed magnons
are compatible with the microwave cavity as well as the optical Fabry-Perot cavity with a
tunable free spectral range [33].

Therefore, the essential requirement is a strong anisotropy field. For YIG thin film, an
effective anisotropy field H, on the order of several hundred Oe has been demonstrated
[78-80], which corresponds to an anisotropy energy in the GHz range. As estimated in the
reference [70], H, ~ 800 Oe corresponds to an anisotropy coefficient A &~ 2.8 GHz. Fur-
thermore, by utilizing high lattice-mismatch substrates to introduce substantial epitaxial
strain, it demonstrates that a strong effective anisotropy field of 2800 Oe can be achieved
in ultra-thin YIG while preserving low Gilbert damping [81]. The large anisotropy field en-
sures that obtaining high squeezing at GHz frequencies is theoretically sound and within

the reach of modern nanofabrication and field-tuning capabilities.

4 Enhancement of the microwave-to-optics conversion efficiency
In this section, we study the enhancement of the microwave-to-optics conversion effi-

ciency based on the enhanced coupling and cooperativity. For the effective Hamiltonian
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H.g, the Langevin equations of the coupled system can be written as

da . L~ K

d_tl = _lAlﬂl - lGomIB - Eaal + A/ Ka,exal,inv (14a)
ag . > - 14

I = —iwgf — iGom@1 — iemC — E,B, (14b)
dc ) - K

= = "i0cC — ZemB - ECC + /KeexCins (14c)

where «,¢x and ke are the external coupling rates, and 4, and ¢;, denote the input
field for optical and microwave modes, respectively. In the study of magnon-mediated
microwave-optical conversion, the high amplitude of the input field results in a large
signal-to-noise ratio, making the noise contribution insignificant for the conversion ef-
ficiency, and we have neglected the noise terms for simplicity.

In the frequency domain, the Langevin equations can be solved using the Fourier trans-

form
a) = Xa(_iéomﬂ + 4/ Kaex@1,in)s (15a)
B= Xﬂ(_iéomal - iéemc)) (15b)
€ = Xc(=igemPB + /KcexCin), (15¢)

where the susceptibilities are given as x, = [-i(w— A1) + Ka/2]71, xg =[-ilw—-wg) + y/2]7!
and x. = [-i(w — w.) + kc/2]7L. For the microwave-to-optics conversion process, we con-
sider that the input signal comes from a microwave field and set the optical input a; ;, = 0.
Using the input-output relation ajout = @1,in — \/Kaexa1 [82], the conversion efficiency is
given by

<d;0utﬂl,out> _ Gomgem/\/ Ka,exA/Kc,ex

(cfcin) XX KT+ X G + A7 o

n= (16)

The spectra of the conversion efficiency 7 is plotted in Fig. 4(a). The maximum con-
version efficiency is achieved under the triple-resonance condition @ = wg = A; = w,. In
conventional magnon-mediated microwave-to-optical frequency conversion, the condi-
tion w,, = A is required to maximize the Brillouin light scattering [45]. Here, however,
the scattering process is mediated by the squeezed magnon mode, and its efficiency is
maximized when wg = A; = w1 — w,. When the frequency wg deviates from the detuning
A1, the scattering efficiency will decrease rapidly, which in turn causes a sharp drop in the
microwave-to-optical conversion efficiency. Figure 4(b) shows the conversion efficiency
for different squeezings, the frequency of the squeezed mode is chosen as wg = A;. Com-
pared with the unsqueezing case r = 0, the conversion efficiency # can be enhanced by
several orders of magnitude when r = 3.
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Figure 4 (Color online) (a) The conversion efficiency 7 versus w/A;. The inset is an enlarged version of
wg/A1 =09 and wg/Ay =08 in the figure. The squeezing parameter is set as r = 3. The parameters adopted
from Ref. [32] are: A1/2m = w/2mw =845 GHz, Gom/21 =22.59 kHz, gern/27 = 13.3 MHz, k/27r =250 MHz,
Kcex/2m =165 MHz, /2t = 3.6 MHz. The dissipation rates of the optical mode are chosen as
Ka/21 =100 MHz and &, ex/2r = 50 MHz. (b) The conversion efficiency 7 versus w/A; for different
squeezing, the frequency of squeezed mode is set wg = A1, and the magnetic-dipole coupling is
Gem/27T =133 MHz

Under the triple-resonance condition, the conversion efficiency simplifies to 7 = 1,7,7in
with the extraction factors 1, = K, ex/ka and 1, = kcex/kc, and the internal conversion effi-

ciency

460]‘]’1 6&[‘]’1

= - (17)
(1 + Com + Cem)2

in =

The internal conversion efficiency approaches unity, i, — 1, when both cooperativi-
ties satisfy Com = Com > 1. While a magneto-microwave cooperativity of Ce, = 0.8 has
been experimentally demonstrated, the magneto-optical cooperativity remains very small
(Com ~ 1077) [32], due to the weak single-photon magneto-optical coupling. With this
value of C,py, the enhanced magneto-optical cooperativity Com = Com cosh?(r) is still small
even for large squeezing parameter 7. For Cypy < 1, we can obtain from Eq. (17) that the
maximum value of 7, exist at Ce, = 1, not the large magneto-microwave cooperativity

Cem > 1. The internal conversion efficiency 7, versus the squeezing parameter r for dif-
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10—9<

Figure 5 (Color online) The internal conversion efficiency i, as a function of squeezing for different values of
Cem, the magneto-optical cooperativity is chosen as Com =4 x 107/

ferent values of Ce, is plotted in Fig. 5, where the magneto-optical cooperativity is chosen
as Com = 4 x 1077, 1t is shown that for small Ce, the 7ji, increases rapidly as increasing
squeezing r, but the conversion efficiency is only slightly enhanced by squeezing for large
magneto-microwave cooperativity (Cep, = 1 and hence Cem = Com cosh?(r) > 1). By prop-
erly choosing the magneto-microwave coupling ge, and the cooperativity Cep,, the internal
conversion efficiency can be increased by several orders of magnitude by the squeezing,
e.g., for Cemy = 0.01, the internal conversion efficiency 7, ~ 1078 is enhanced to 7, ~ 107°

when squeezing parameter r = 3.

5 Conclusion

In conclusion, we have proposed a scheme to alleviate the fundamental limitation of weak
optomagnonic coupling in magnon-mediated microwave-optical frequency conversion.
By exploiting the intrinsic magnetic shape anisotropy of a YIG thin film, the magnon mode
is naturally squeezed, leading to amplified quantum fluctuations. We demonstrated that
this squeezed state enhances both the optomagnonic and magneto-microwave interac-
tions, which in turn dramatically increases the cooperativity of the system and the over-
all conversion efficiency. Under the triple-resonance condition, the internal conversion
efficiency can be improved by several orders of magnitude for a large magnon squeez-
ing. Our scheme highlights the potential of magnon squeezing as an intrinsic resource
that provides a stable and experimentally feasible approach for achieving high-efficiency

microwave-optical frequency conversion.

Appendix: Derivation of the squeezing Hamiltonian

Using the spin raising and lowering operators, define that

Sx=(S"+87)/2, (A.1a)

S, = (8" -87)/2i, (A.1b)
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then the ferromagnetic Hamiltonian Eq. (2) can be expressed as

1
H,, =-2] [E(stf +8:8) + 81281 = gz18Bo Zsiz (A.2)
(i) i

1 1
. Z[E(Kx —K)(S;*+57%) + 2+ KIS, +SS]) + K.S2].

Applying the Holstein-Primakoff transformation S} &~ +/2S8m;, S; ~ / ZSmj', and S;; &

S- mjm,-, where S is the total spin. The ferromagnetic Hamiltonian becomes

H,, =-2JS Z(mjm,' + mlmlT - mjm,- - m}m}-) +gz1upBo Z mjmi (A.3)
(i) i

S . . .
+> [0~ K)(ml? + m?) + S(K, + K, — 2K, ym] m; + K (m] m)?],
i

where we have omitted constant terms and kept the terms in the exchange interaction
up to second order in creation/annihilation operators. The general form of the magnetic
anisotropy introduces both the quadratic term %(Kx - I(J,)(mj2 +m?) and the Kerr nonlin-
earity I(Z(m;m,')z. Here, we focus on the squeezing properties of magnons, which originate
from the difference between in-plane anisotropies (K — K,). The Kerr nonlinearity, pro-
portional to K, constitutes a higher-order perturbation in the low-excitation regime we
consider. Its energy scale is significantly smaller than the dominant quadratic term, and
thus it can be safely neglected in our linearized analysis. This treatment is consistent with
the focus on the leading-order (quadratic) effects of anisotropy.

The bosonic operators defined on each site are related to the spin-wave operators via
the Fourier transforms

m; = N~? Z e, (A.4a)
k

mj =N"12 Z m;f(e’ik‘”. (A.4b)
k

where m1) (mii) represents the magnon annihilation (creation) operator with the wavevec-
tor k, and N is the total number of spins in the ferromagnet. The transformation of the
first two terms in Eq. (A.3) has been discussed in detail in Ref. [34]. In the long wavelength
limit, the first two terms can be transformed as

-2JS Z(mjmi + mim; - mjmi - m;m/) +gzupBo Z mjmi (A.5)
(i) i

:(4]Sk2¢z2 +gZ,u,BBo)mlmk,

where k = |k| is the momentum and « is the lattice parameter. Here, we focus on the trans-

formation of the anisotropic Hamiltonian. Using the Fourier transforms, the quadratic

Page 11 of 15
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term becomes

> “;(Kx — K))(m]” + m3) (A.6)

i

S 1 : Ny : A
= E(Kx -K,) Z N [e X%l + @Oy ).
ik

Due to the periodicity of the crystal, one has % 3 itk k- Then, we have
i

S S
> S (e~ K)(m* + m?) = S (K= K5) > (s + mmomy). (A7)
i k

12

Through similar calculations, the second term in the anisotropic Hamiltonian is

Sy + Ky = 2K2) Y " mjm; = S(Ky + Ky = 2K2) Y mjm. (A.8)
i k

Therefore, we obtain the transformed ferromagnetic Hamiltonian

H,, =[4JSK*a® + g7 3By + S(K, + K, — 20,) (A.9)

S
+ S = Ky) Xk:(m;mfk + .y,

which is the Hamiltonian Eq. (3) in the main tex.
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