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1 Introduction

1.1 Overture

What we normally consider ordinary matter - the Earth we live on, the Sun and
stars around us, the very atoms of which we are composed - is actually, in the wider
scheme of things, very special. It comprises only a small portion of the total amount
of matter in the Universe. The remainder is made up of dark matter (DM), an as-
yet-unknown particle responsible for holding galaxies like our very own Milky Way
together, weaving threads of galaxies into the web of structure we see throughout the
Universe, and shaping the tiny ripples in cosmic microwave background (CMB) that
fills the cosmos.

This thesis is about searching for DM, from the directions of both particle physics
and astronomy. It is based on three papers, which are presented in Chapters 2, 3, and
4. While each chapter will have its own more detailed introduction to the relevant
material, this chapter will set the scene. We will first look briefly at the astrophysical
motivations and evidences for DM, followed by an overview of the relevant particle
physics aspects, and then an account of the so-called Λ-CDM cosmological model
and the role of DM in it. After this we give a short introduction to the three DM
detection techniques which will feature in the first two papers of this thesis; direct
detection, indirect detection with neutrinos from solar capture and annihilation of
DM, and indirect detection with gamma-rays. The third paper, presented in Chapter
4, is concerned with astrometrics, galactic dynamics, and the local density of DM,
and so we will save the relevant introductory material until then.
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1. Introduction

1.2 Motivations for Dark Matter

The presence of unseen mass within the galaxy and the wider Universe has been
recognized for almost a century, though it has only become clear more recently that
it consists of a new type of matter. Early work by Ernst Öpik [6], Jacobus Kapteyn
[7], and James Jeans [8] searched for missing mass in the local region of our galaxy,
and while not revealing an excessive deficit, the work of Kapteyn and Jeans laid the
groundwork for much subsequent research. Later, the movements of galaxies in the
Coma cluster led Fritz Zwicky to conclude that there was significant additional unseen
mass present there [9, 10]. In the 1970s further evidence of missing mass emerged from
the rotation curves of galaxies outside our own, measured using optical spectroscopy
by Vera Rubin and Kent Ford [11, 12, 13], and at larger radii by radio observations of
neutral hydrogen emission (e.g. Fig. 1.1) [14, 15, 16, 17, 18, 19, 20, 21]. The rotation
curves were above those which would be generated if the gravitational attraction was
provided solely by the visible matter - unseen mass was providing extra gravitational
pull, allowing the outer parts of the galaxies to spin faster while still remaining bound.

However at this point it was not clear that this missing mass was due to a new type of
matter, or even that these phenomena at greatly disparate length scales were linked.
That latter idea took until the mid-1970s to emerge [22, 23], while the former began
to crystalize from the early 1980s onwards. James Peebles argued that, in light of
the upper limit on anisotropies in the Cosmic Microwave Background found by early
observations, a new ingredient was required to seed the perturbations that would go
on to form the structures seen in the Universe [24, 25]. Numerical simulations of a
universe dominated by neutrinos yielded cosmological structures too large to agree
with observations, ruling out neutrinos from the Standard Model (SM) of particle
physics as a source of the DM [26]. Due to their relativistic speed these neutrinos
were termed hot dark matter (HDM). The competing model of slower moving cold
dark matter (CDM) correctly predicted the cosmological structure, and soon gained
favour. But a candidate particle to fill the role of CDM was, and remains, lacking.

Another attempt at accommodating DM within the realm of baryons1 was the idea
of Massive Compact Halo Objects (MACHOs). These were objects comprised of
baryons, which were compact like stars but emitted only negligible radiation, such
as black holes, neutron stars, brown, red and white dwarf stars, and planets. These
MACHOs could be detected by searching for microlensing events, where the MACHO
would gravitationally lens the light from a background star, briefly increasing the
brightness of that star. However microlensing surveys starting in the 1990s did not

1Within the DM community ‘baryon’ is often used to describe all SM matter, be it baryon or
fermion. This is because the baryons have higher particle masses, and hence dominate any mass sum
of baryons and fermions.
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1.2. Motivations for Dark Matter

Figure 1.1: Rotation curves for 25 galaxies measured using radio observations, pre-
sented in the PhD thesis of Albert Bosma [21].

3



1. Introduction

find these events at a rate high enough to fit the required amount of DM [27, 28, 29],
disfavouring yet another baryonic DM candidate.

Emphatic evidence for non-SM DM has been derived from the anisotropies of the
Cosmic Microwave Background (CMB) measured first by COBE [30], and later by
WMAP [31, 32] and Planck [33]. Prior to its emission the electrons, protons, and
photons of the Universe are coupled in a plasma. The photons are energetic enough
to photodisintegrate any hydrogen atoms that form from the protons and electrons,
and the photons also frequently scatter off the free electrons, making the Universe
opaque. However as the Universe expands and cools, the photon energy drops to
the point where neutral hydrogen can form, a process known as recombination. The
electrons and protons bind into hydrogen atoms, drastically reducing the photon-
electron scattering rate and clearing the opaque fog of electrons. This allows the
photons to stream unimpeded through the Universe, and we now detect these very
same photons, redshifted to microwave frequencies, as the CMB. At the point when
the CMB is produced the plasma is oscillating acoustically, and clumps of DM have
begun to form, leaving a subtle imprint on the energy of these photons: peaks of
the plasma sound waves will be hotter and so produce higher energy photons, and
troughs will thus produce lower energy photons; and overdensities of matter will create
gravitational wells out of which some photons will have to climb, loosing energy and
thus having a slightly lower frequency compared to the other photons. Detailed
analysis of these imprints, which will be discussed further in Section 1.4, shows that
of the total mass energy budget of the Universe, 26.5% is dark matter, 4.9% is normal
matter, and the remainder is the dark energy which is driving the current acceleration
of the expansion of the Universe [33].

Finally, observations of galaxies in galaxy clusters, which provided Zwicky with early
signs of DM, have also more recently furnished us with further evidence that DM
cannot consist of SM particles. Observations of what has been dubbed the Bullet
Cluster, shows the outcome of two galaxy clusters that have collided with each other
[34, 35]. The mass distribution is mapped out using weak lensing, which looks for the
correlated warping of the shapes of background galaxies due to gravitational lensing.
Individual galaxies in the cluster can be seen optically, while the hot diffuse gas
between them, the intracluster medium, radiates x-rays and can be mapped thusly.
The x-ray emission also tells us that the intracluster medium dominates the baryonic
mass of the cluster. From these three elements, depicted in Fig. 1.2, one can deduce the
story of these two colliding clusters. The two bodies of hot x-ray emitting gas, shown
in pink, have interacted with each other, forming a distinct bow shock formation on
the right which gives the Bullet Cluster its name. The majority of the mass however,
mapped via weak lensing and shown in blue, is displaced from the dominant baryonic
component, the hot intracluster gas. The constituent galaxies of the clusters, which

4



1.2. Motivations for Dark Matter

Figure 1.2: The Bullet Cluster. The hot intracluster medium emits in X-rays, which is
depicted in pink. The blue distribution is derived from weak lensing, which maps out
the total mass distribution. Composite Credit: X-ray: NASA/CXC/CfA/ [37]; Lens-
ing Map: NASA/STScI; ESO WFI; Magellan/U.Arizona/ [35] Optical: NASA/STScI;
Magellan/U.Arizona/D.Clowe et al.

make up some of this displaced mass, have naturally passed through each other - the
individual galaxies are tightly bound objects with a small size compared to the entire
cluster, and so are unlikely to interact with each other. The smooth DM halos have
also passed through each other, giving further evidence that DM is non-baryonic - if it
were baryonic the two halos would have interacted with each other as the gas did, and
the distribution of mass would match that of the gas. Analysis of the Bullet Cluster
allows us to set limits on the strength of self interactions between DM particles of
σ/mDM . 1 cm2 g−1 [36].

The astrophysical observations that reveal the presence of DM also place restrictions
on its particle nature. A brief summary of these are:

• it should be (nearly) electrically neutral. Exotic models with fractionally charged
DM are possible, but experimental searches for this so-called milli-charged DM

5



1. Introduction

yeild strong limits (see e.g. [38]);

• sufficient amounts of it must be produced in the early Universe to match obser-
vations of the CMB, discussed further in Section 1.4.5;

• it must be stable on cosmological time scales in order to play a role in events
ranging from the CMB at a redshift of z ' 1100 to the motions of galaxies and
galaxy clusters in the present time;

• it must mesh with other cosmological measurements, such as the abundances
of light elements produced during Big Bang Nucleosynthesis (BBN), which is
discussed further in Section 1.4.4;

• it should be cold enough to form the galaxies, galaxy clusters, and larger fila-
mentary structures seen in the Universe, as discussed further in Section 1.4.6;

• and finally, it should evade the self-interaction limits imposed by the Bullet
Cluster, as discussed earlier.

Nothing from the SM fits all of the imposed constraints. However, just as problems
from the Cosmos demanded new particles, so too did problems with the SM. In the
next section we will discuss several of these new particles, born out of particle physics
yet finding support from cosmology.

1.3 Dark Matter in Particle Physics

The SM of particle physics, developed in the 1970s, has been remarkably successful
in describing the sub-atomic realm. It organized and unified a panoply of particles
and forces, and correctly predicted a trifecta of new ones, namely the top quark
[39, 40, 41], the tau neutrino [42, 43], and the Higgs boson [44, 45, 46, 47, 48]. Yet
we know it to still have puzzles, holes, and shortcomings. Here we explore several
compelling extensions to SM physics which not only provide redress for some of these
problems, but also supply us with a DM candidate particle.

Axions are a class of particles now covering several different models which produce
a pseudoscalar (i.e. acquires negative sign under parity transformation), pseudo-
Goldstone (produced by spontaneous and explicit symmetry breaking) bosons [49].
The first axion model arose as a solution to the strong-CP problem. Quantum Chro-
modynamics (QCD), the theory that describes the strong force, admits a term in its
Lagrangian which violates the Charge-Parity (CP) symmetry for strong interactions,
and one manifestation of this is an electric dipole moment (EDM) for the neutron
of dn ∼ 3.6 × 10−16θQCDe cm with a naively expected value of θQCD ∼ 1 [50]. The

6



1.3. Dark Matter in Particle Physics

observed limits for the neutron EDM are |dn| < 2.9 × 10−26ecm [51], 10 orders of
magnitude less. To solve the strong-CP problem and explain the lack of observed
CP violation in the strong sector Roberto Peccei and Helen Quinn introduced a new,
global chiral U(1) symmetry which was spontaneously broken [52]. This in turn gen-
erates a massive particle, as pointed out by Steven Weinberg and Frank Wilczek
[53, 54], which was then identified as a DM candidate [55, 56, 57].

While the original Peccei-Quinn-Weinberg-Wilcek model has been ruled out by beam-
dump experiments at particle colliders [58], several other axion models have been
put forward in the context of the Strong-CP problem. In the broader category of
axions this particular subset is known as a QCD-axion. Further axions (or axion like
particles) arise from a host of other extensions of the standard model, including string
theory. For a review of the QCD axions and other models see e.g. [49].

Another DM candidate arises from the incongruous fact that while all other particles
of the SM come in both left and right chiralities, the neutrinos found so far have only
left handed chirality. The right-handed neutrinos that would solve this discrepancy
would not interact via the weak force, and thus are called sterile neutrinos, in contrast
to the active left-handed neutrinos. Sterile neutrinos were proposed as a DM candiate
in 1993 [59], and due to the Tremaine-Gunn bound, discussed in Section 1.4.6, have
a mass of at least keV scale (see e.g. [60, 61] for reviews). The introduction of sterile
neutrinos can also provide non-zero masses to the active neutrinos, something that
is experimentally verified via neutrino oscillations yet not accommodated within the
SM. Processes such as the seesaw mechanism [62, 63, 64] would give the active neu-
trinos their small but non-zero masses while giving the sterile neutrinos much higher
masses. Despite not interacting via the weak force the sterile neutrinos would still mix
with the left-handed neutrinos, and also produce x-rays through radiative decays to
active neutrinos. These x-rays offer an avenue for detecting sterile neutrinos, with an
anomalous x-ray line feature at 3.5 keV observed in a variety of astrophysical bodies
already being investigated as a possible signal of a 7 keV sterile neutrino DM particle
[65, 66] (see also e.g. [67] and references therein).

Supersymmetry (SUSY) is currently the leading paradigm for beyond the standard
model physics. SUSY has gained prominence for several reasons, including its ability
to solve a number of problems in the SM, namely the hierarchy problem and gauge
coupling unification. Here we work within the paradigm of the Minimally Supersym-
metric Standard Model (MSSM), which is the SM with a minimum of new particle
states and interactions necessary to make the theory supersymmetric and fulfil current
phenomenology.

At its core the hierarchy problem is the question of why the electroweak scale, Eweak ∼
vHiggs = 246 GeV, which set the masses of the Higgs, W±, and Z0 bosons, is so
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1. Introduction

dramatically lower than the Planck scale, EPlanck ∼ 1019 GeV, the scale where the
effects of gravity become important in particle physics interactions. This disparity is
not an issue in the limited scope of the SM, but can lead to instability in the mass of
the Higgs boson if any extension to the SM is added. Such extensions are inescapable
given that, at the very least, the SM cannot describe gravity.

The physical mass of the Higgs boson mH , measured as 125 GeV by the LHC [68, 69],
is a combination of the bare scale mass mH,0 and radiative corrections δmH [70]:

m2
H = m2

H,0 + δm2
H (1.1)

The bare scalar mass is set by the vacuum expectation value generated by the spon-
taneous breaking of electroweak symmetry, and gives a contribution on the order of
the weak scale. The radiative corrections arise from loop contributions of all the par-
ticles that interact with the Higgs boson, and the contribution of these corrections is
proportional to the cutoff scale Λ where new physics takes over from the SM [71]:

δm2
H = −|λf |

2

8π2 Λ2 + ... (1.2)

A priori there is nothing stopping Λ being equal to the Planck scale, and thus increas-
ing the Higgs mass far beyond its measured value at the weak scale. One potential
solution is to fine tune the elements m2

H,0 and δm2
H in Eq. 1.2, but such solutions are

considered highly unnatural, and such coincidences often point to a deeper symmetry
as a root cause [71].

SUSY solves this problem by introducing for each SM particle a new SUSY super-
partner with a half-integer spin difference. SM bosons get fermionic partners called
bosinos and with ‘ino’ appended (e.g. Higgsino), and SM fermions get spin-0 scalar
boson partners, called sfermions and with an ‘s’ prepended for ‘scalar’ (e.g. squarks
and sleptons). The left- and right-handed parts of the fermions each get their own
complex scalar partner as they are described by separate Weyl fermions with dif-
ferent SM gauge transformation properties. The single Higgs doublet of the SM is
replaced by two separate Higgs doublets, because the supersymmetric Yukawa inter-
actions cannot involve both a complex scalar field and its hermitian conjugate while
remaining invariant under SUSY. These two Higgs doublets are known as Hu and
Hd, as they couple to the up and down-type quark/squark supermultiplets. The new
SUSY particles also contribute to the radiative corrections of the Higgs mass seen
earlier, with the same magnitude as their SM counterparts but with opposite sign.
This cancellation thus stabilises the Higgs mass against quadratic divergences.

The fact that we have not detected these SUSY particles at the same masses of their
SM counterparts indicates that SUSY must be a broken symmetry. The scale at which
this symmetry breaking occurs is currently unknown, and could potentially even be
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1.3. Dark Matter in Particle Physics

at the Planck scale [e.g. 72]. However there are reasons to hope that this scale is
much closer to the weak scale. The so-called soft SUSY breaking schemes [73] break
SUSY yet maintain their ability to solve the hierarchy problem. Under soft SUSY
breaking the Higgs mass correction is

δm2
H = −m2

soft

[
λ

4π2 ln
(

Λ
msoft

)
+ ...

]
(1.3)

The high energy cutoff of the theory, Λ is now natural log-scaled and sub-dominant.
The main quantity driving the scale of the Higgs mass corrections is now the energy
scale of soft SUSY breaking, msoft. In order to keep corrections to the Higgs mass
limited to the weak scale, the soft SUSY breaking scale must also be approximately
weak scaled. As the soft-SUSY breaking scale increases the ability of SUSY to remedy
the hierarchy problem decreases. This intimation of roughly weak scaled SUSY sug-
gests the possibility of finding evidence at the LHC, and also dovetails with evidence
from cosmology as to the nature of DM, in a concept known as the WIMP Miracle,
which will be discussed further in Section 1.4.

SUSY has the added attraction of facilitating gauge coupling unification. The cou-
pling constants that govern the strengths of the electromagnetic, weak and strong
interactions change with energy, a process known as running. It is hoped that at high
energies the strong, weak, and electromagnetic forces combine into a single Grand
Unified Theory (GUT), much like the weak and electromagnetic forces unify into the
electroweak force above an energy scale of O(100 GeV). As part of any GUT we would
expect the gauge coupling constants for the three forces should intersect at high ener-
gies. Extrapolating these constants upwards in energy with only SM physics included
does not result in the desired intersection; however the addition of SUSY helps make
this intersection possible [e.g. 74].

The energy scale of SUSY is beyond that of electroweak symmetry breaking, and so the
weak gauge bosons W±, Z0, and the photon γ have unified and mixed into the W+,
W 0, W−, and B0 gauge bosons. These have gaugino superpartners W̃+, W̃ 0, W̃−,
and B̃0, known as the winos and the bino. The charged electroweak gauginos combine
with the charged parts of the two Higgs gaugino doublets to form the charginos, while
their neutral counterparts mix to form the neutralinos. The charginos and neutralinos
mix amongst themselves, forming four mass eigenstates each: χ̃±1 , χ̃±2 ; and χ̃0

1, χ̃0
2,

χ̃0
3, χ̃0

4.

If the lightest of the neutralinos, χ̃0
1 (generally referred to as the neutralino) is also the

lightest superpartner overall, it is a candidate for the DM particle. The neutralino is
also the archetypal member of the DM category known as Weakly Interacting Massive
Particles, or WIMPs, which have become the dominant paradigm for DM. The physics
underpinning Chapters 2 and 3 rely on WIMPs, and so in these chapters DM will be
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1. Introduction

almost synonymous with WIMP. The neutralinos are Majorana fermions - they are
their own anti-particle, and so can self-annihilate. They are rendered stable against
decay by R-parity, which is introduced to enforce proton stability. Additional terms
in the SUSY Lagrangian allow for protons to decay into lepton meson pairs, and these
terms are suppressed by the conservation of R-parity at the interaction vertices, with
R defined as

R = (−1)3B+L+2s, (1.4)

where B is the baryon number, L is the lepton number, and s is the spin of the
particle. Calculating R for all SM particles gives R = 1, while all superpartners
receive R = −1. Thus stability of lightest superparticle is ensured - the multiplicative
conservation of R means that superparticles can decay into a particle-superparticle
pair (−1 = 1×−1), but not into a SM particle alone (−1 6= 1× 1× ...).

However conservation of R-parity still allows for the annihilation of two superparticles
into SM particles:

χ+ χ→ SM + SM + ... (1.5)
R : −1×−1 = 1× 1× ... (1.6)

This allows for neutralinos to be produced by the high energy SM particles present
in the early Universe, and to subsequently follow the process of dark matter freezeout
which will be discussed in Section 1.4.2. The thermally averaged annihilation cross-
section multiplied by the relative velocity is 〈σv〉, and can be expanded as [75]

〈σv〉 = a+ bv2 +O(v4). (1.7)

In the galactic halo and in DM populations captured in the Sun and the Earth the
DM velocity distribution peaks around O(10−3c), and thus generally only the velocity
independent a term must be considered. At the time of DM freezeout (Section 1.4.2)
the relative velocities are higher (∼ 0.5c), and so for the calculation of the freezeout
process the bv2 term can become important.

Depending on the particular SUSY model and the parameter values used, the neu-
tralino annihilation will produce a variety of different initial SM particles, some of
which will be unstable and undergo further decay and hadronization processes until
stable particles are produced. These final stable particles are the basis for indirect
detection of DM, of which two types, using neutrinos and gamma-rays, are discussed
further in Sections 1.6 and 1.7.

For the types of indirect detection discussed in this thesis, annihilation of WIMP DM
directly into to two neutrinos or two gamma-rays would be ideal, producing a near
mono-chromatic line signal with energy equal to the DM mass (assuming annihilation
at low velocity). However, for gamma-rays, this process can only take place with an
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1.4. Dark Matter in the Cosmos

intervening loop, as there is no direct interaction between neutral DM and photons
[76, 77], and so is loop suppressed relative to annihilations occurring at the tree
level. The cross-section for annihilations into fermion final states receive a helicity
suppression on the order of m2

f/m
2
χ [75]. Given that the neutrino masses are at most

a few eV [78] and that neutralinos are typically MeV scale and above, annihilation
into neutrino final states is massively suppressed.

The main source of gamma-rays and neutrinos will therefore be from the processes
involving the unstable fermions and bosons produced. The range of initial particles
that can be produced is limited by the mass of the DM particle, which, as they are
annihilating at relatively low velocity, can only produce particles of lower masses. The
helicity suppression mentioned earlier will bias the fermion-antifermion annihilation
products towards heaviest available states, such as top quarks (tt), bottom quarks (bb),
charm quarks (cc), and taus (τ+τ−). Other important channels are the W+W− and
Z0Z0 gauge boson pars, and those containing Higgs bosons [79]. Quarks and gluons
produced in the annihilation will undergo the process of hadronization, whereby they
produce hadrons by combining with quarks and gluons drawn out of the vacuum due
to colour confinement. These hadrons, such as neutral pions, will then decay into
gamma-rays. The hadronization process is complex and so must be simulated using
Monte Carlo tools.

1.4 Dark Matter in the Cosmos

The dominant paradigm of cosmology is the Λ-Cold Dark Matter (ΛCDM) model.
It has achieved its preeminence by virtue of its ability to effectively and concisely
describe a wide range of phenomena and observations. Here we will give a brief
introduction to the ΛCDM model, highlighting the features salient to the subsequent
chapters of this thesis. Additionally, we will focus on WIMP Cold Dark Matter, as
this is the model used in Chapters 2 and 3.

1.4.1 Inflation

In cosmology inflation refers to a period of very rapid expansion at the start of the
Universe after which the standard Hubble expansion takes over, postulated to solve
several observational puzzles. The Universe we see today is remarkably flat, isotropic,
and homogeneous, enough so to be problematic within a Big Bang expansion history
lacking inflation. A flat Universe is an unstable solution of the Friedmann equations,
and the Universe will become increasingly curved as time progresses. As the Universe
is measured to be very close to a flat geometry currently, it must have been even
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flatter initially.

The isotropy and homogeneity of the Universe, as shown by the smoothness the CMB,
is problematic due to the horizon problem. Variations in the temperature of the CMB
across the entire sky are very small, on the order of 10−5 [33]. This would be tenable
if the entire Universe had reached a state of thermal equilibrium at the time the
CMB was emitted, which is however impossible in a expansion history sans inflation.
Volumes of the Universe in causal contact (causal patches) expand at the speed of
light, yet the Universe is expanding faster than the speed of light, moving separate
causal patches away from each other faster they are themselves expanding. Due to
this effect points in the CMB sky separated by more than approximately two degrees
would have never been in causal contact in an inflation-less universe.

Inflation was proposed as a solution to these problems in the early 1980s [80, 81, 82,
83, 84, 85, 86]. Any curvature of the Universe is flattened out by this rapid expansion,
giving the extremely flat initial condition required by the standard expansion. The
horizon problem is solved by taking a region of the Universe in causal contact and ex-
panding it to encompass all the regions of the sky we see today. What were previously
separate casual patches are now pieces of a single causal patch greatly expanded. The
mechanism by which inflation is generated is still unknown and hotly debated.

Fields present during the period of inflation will have quantum fluctuations, and as
the expansion occurs these fluctuations will be stretched out. These fluctuations are
continually produced, so their imprint on the matter in the Universe will be present
at all scales. After inflation ends these fluctuations will remain, and those thrown
beyond the causal horizon by inflation will re-enter as the horizon expands. These
fluctuation are the seeds from which the vast web of structure we see in the Universe
grows, as will be discussed later in Section 1.4.6.

1.4.2 Dark Matter Freeze-out and the WIMP Miracle

Since the Big Bang, the Universe has been expanding and cooling. We generally work
in a coordinate system which follows this expansion, known as comoving coordinates,
with quantities such as comoving distance and comoving volume. As the Universe
expands the physical distance between two stationary objects increases, but the co-
moving distance does not2. Physical and comoving coordinates are linked by the scale
factor a(t); e.g. physical distance r and comoving distance x are linked as r = a(t)x,

2An apt analogy would be two points drawn onto a balloon which is then inflated. The points
themselves are not moving over the surface of the balloon, but the physical distance between them
is increasing because the very surface of the balloon is expanding. Comoving coordinates are like a
grid drawn onto the balloon and so expanding with balloon as it inflates. Physical coordinates are
akin to an separate fixed ruler being used to measure the distance between the points.
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1.4. Dark Matter in the Cosmos

while a physical volume Vphys and a comoving volume Vcomoving would be linked as
Vphys = a(t)3 Vcomoving.

The initial state of the Universe was one of a hot, dense, homogeneous plasma. The
WIMP DM particles χ were in chemical equilibrium with rest of the components of
the Universe, denoted ` and ¯̀:

χ+ χ↔ `+ `. (1.8)

However, as the Universe cools, the average energy of the ` particles drops, reducing
the rate at which the right-to-left reaction of Eq. 1.8 occurs. This means equilibrium
abundance of WIMPs starts to drop. This could continue unabated until all the
WIMPs had annihilated, but at some point the annihilation rate drops below the
expansion rate of the Universe. The equilibrium is broken as the left-to-right reaction
of Eq. 1.8 stops, and the number of WIMPs per comoving volume remains constant.
This process is known as freezeout, and is of much importance as it sets the amount
of DM that is produced in the early Universe under the dominant WIMP paradigm.
For a full treatment see e.g. [87, 88].

To quantify this process we take `¯̀ as one species of essentially massless particles
coupled to the rest of the cosmic plasma [87]. The WIMPs χ annihilate with their
anti-particles χ to produce particles ` and `, but the latter are energetic enough to
collide and create WIMPs, balancing the equation. The abundance of WIMPs, nχ, is
described by the Boltzmann equation,

1
a3

d(nχa3)
dt = neq

χ n
eq
χ̄ 〈σv〉

[
n`n¯̀

neq
` n

eq
¯̀
− nχnχ̄
neq
χ n

eq
χ̄

]
, (1.9)

where superscript ‘eq’ denotes their equilibrium value. As the light particles ` remain
in equilibrium with cosmic plasma, n` = neq

` . Furthermore, assuming that the WIMP
is Majorana we have χ = χ, and the equation describing the abundance of WIMPs,
nχ, becomes

1
a3

d(nχa3)
dt = 〈σv〉

[
(neq
χ )2 − n2

χ

]
. (1.10)

We now introduce the total entropy density for the plasma,

s = 2π2

45 g?S(T )T 3. (1.11)

where g?S(T ) is the effective number of degrees of freedom in entropy, which changes
throughout the thermal history of the Universe. Later in the thermal history g?S(T )
diverges from the number of relativistic degrees of freedom g?(T ), but for the era of
WIMP freezeout we can assume g?S(T ) = g?(T ). Entropy density is conserved and
so will be diluted as the Universe expands, scaling as s ∝ a−3. A consequence of
Eq. 1.11 and the conservation of entropy density is that, along with the Friedman
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equations, we can derive an expression for the Hubble constant that will be be useful
later:

H(T ) ' π

3

√
g?(T )

10
T 2

MPl
. (1.12)

Using the s ∝ a−3 scaling relation to replace a with s in Eq. 1.10 gives us3

s
d
dt

(nχ
s

)
= 〈σv〉

[
(neq
χ )2 − n2

χ

]
. (1.13)

We now define Nχ, the number of WIMPs in a comoving volume,

Nχ ≡
nχ
s
∝ nχa3, (1.14)

and thus,
dNχ
dt = s〈σv〉

[
(N eq

χ )2 −N2
χ

]
. (1.15)

We then introduce new time variable x with a Jacobian,

x ≡ mχ

T
and dx

dt = Hx, (1.16)

where mχ is the mass of the WIMP. At the time of WIMP freeze-out g?S is constant,
so from Eq. 1.12 we have H ∝ T 2, and thus H = H(mχ)/x2. Applying this and the
new time variable to Eq. 1.15 gives us the Riccati equation,

dNχ
dx = λ

x2

[
(N eq

χ )2 −N2
χ

]
(1.17)

where λ = 2π2

45 g?s(T )
m3
χ〈σv〉

H(mχ) . (1.18)

The Riccati equation is not analytically solvable, but can be solved numerically. We
can also make some simplifications to extract the general properties of the solution.
As time progresses N eq

χ drops rapidly and after freeze out will be much less than Nχ,
simplifying Eq. 1.17 to

dNχ
dx ' −

λ

x2N
2
χ. (1.19)

Integrating this from the time of freeze out xf until a much later time x =∞ yields

1
N∞χ

− 1
Nf
χ

= λ

xf
. (1.20)

3Any constant of proportionality from inside the derivative will cancel with that found in the
1/a3 term.
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Furthermore, N∞χ is generally much lower than Nf
χ , giving

N∞χ '
xf
λ
. (1.21)

The abundance of WIMPs after freeze out is inversely proportional to the self anni-
hilation cross-section 〈σv〉 via the λ term. Increasing 〈σv〉 will delay freeze out and
result in a lower WIMP DM density - the chance of two WIMPs meeting each other
is dropping, but the chance that they annihilate each other when they do meet is
higher. A lower 〈σv〉 will result in a higher WIMP density after freeze out as the
particles are less likely to annihilate when they encounter each other.

Using the expression for the abundance from Eq. 1.21 we can derive the relic density
of WIMP DM, ΩDM. A detailed calculation is presented in [89] and shown in Fig. 1.4.
An approximate solution is given by [75]:

ΩDMh
2 ≈ 3× 10−27 cm3 s−1

〈σv〉
. (1.22)

Inserting the relic density as measured by Planck of ΩDMh
2 = 0.1197 we find the

canonical value for the annihilation cross-section, also known as the thermal cross-
section (as it arises from thermal production of WIMPs):

〈σv〉 ≈ 3× 10−26 cm3 s−1. (1.23)

This annihilation cross-section is weak scaled, implying a weakly interacting DM
particle, i.e. the WIMP. In comparison, an electromagnetic scale cross-section is
O(10−21 cm3 s−1), while a cross-section of the strong scale is O(10−15 cm3 s−1) [89].
This is the WIMP miracle: extensions to the SM such as SUSY predict DM particles
with weak scale interactions, and such DM particles naturally produce the relic abun-
dance required by cosmology. In contrast DM particles produced in the above manner
with electromagnetic or strong interactions would undershoot the relic density by five
and 11 orders of magnitude respectively.

Equation 1.22 along with results from particle theory can also give an approximate
upper limit on the WIMP mass. Partial wave unitarity of the S-matrix imposes an
upper bound on the self annihilation cross-section of

〈σv〉max ≈
1
M2
X

. (1.24)

Combining this with Eq. 1.22 yields an upper bound on the WIMP mass, known
as the unitarity bound [90]. Scaling the original value derived in [90] to the current
Planck relic density value of ΩDMh

2 = 0.1198 yields an upper bound of mX . 120
TeV.
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Similar arguments can be made to derive an approximate lower limit on the WIMP
mass, known as the Lee-Weinberg bound [91]. Here the annihilation cross-section is
approximated by 〈σv〉 ≈ G2

Fm
2
χ. Combining this with Eq. 1.22 gives a lower bound

on the WIMP mass, which after scaling to current relic density value gives mχ & 4
GeV. Thus from these two bounds we have an approximate range for the WIMP mass
of

O(1 GeV) . mχ . O(100 TeV). (1.25)

Both the unitarity and Lee-Weinberg bounds give only an approximate range for
possible WIMP masses, and in practice specific models can potentially evade the
bounds.

Following freeze-out the WIMPs can still undergo elastic scattering with other parti-
cles in the primordial plasma, e.g.

χ+ `↔ χ+ ` (1.26)

This process will keep the WIMPs in kinetic equilibrium until its rate drops below
the expansion rate of the Universe, a point known as kinetic decoupling. The effect
of being kinetically coupled to the plasma will be to inhibit the formation of DM
structures below a certain scale through collisional damping [92, 93]. This scale is
positively correlated with the strength of the interaction between the DM and the
plasma [94] - stronger (weaker) interactions will lead to larger (smaller) minimum
structure size. The kinetic decoupling temperature Tkd and time will be dictated
by the WIMP-plasma interaction and WIMP mass, with most WIMP models having
Tkd & MeV [95, 96, 97]. Following kinetic decoupling the WIMP DM will act like a
collisionless fluid.

1.4.3 Neutrino decoupling

The next component to be removed from the thermal bath by the inexorable expansion
and cooling of the Universe are the SM neutrinos. Initially they coupled to the plasma
via weak interactions such as

νe + ν̄e ↔ e+ + e− and e− + ν̄e ↔ e− + ν̄e. (1.27)

As the temperature drops, the reaction rate of Eq. 1.27 drops below the expansion
rate of the Universe. The neutrinos decouple from the thermal bath. These neutrinos,
like the WIMPs discussed above, are still present in the Universe. They have a relic
density of

Ωνh2 = mν

92 eV where mν =
3∑
i=1

mνi (1.28)
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It is also possible to calculate their free streaming length, the mean distance travelled
by the neutrino before it interacts:

λFS,ν ∼ 20
(

30eV
mν

)
Mpc. (1.29)

Neutrino oscillation experiments prove that neutrinos do have mass [98, 99, 100, 101,
102, 103, 104, 105, 106], and these have given us measurements of the mass differences
between the three neutrinos. The largest of these mass splittings is ∼ 0.05 eV [78].
However so far direct measurements of the absolute neutrino mass have only yielded
upper limits. The most stringent of these limits is on the anti-electron neutrino mass
from tritium decay experiments, with mν̄e < 2.0 eV [78]. Combining this upper
limit with mass splitting measurements we can derive an upper bound on the sum
of neutrino masses of mν . 6 eV, and so by direct measurement alone we have via
Eq. 1.28

Ωνh2 . 0.0652, (1.30)

just over half of the required DM density of ΩDMh
2 = 0.1197. Furthermore, results

from the measurements of the CMB anisotropy power spectrum place even more strin-
gent limits on Ων andmν . The Plank temperature power spectrum (TT) measurement
alone gives

mν =
3∑
i=1

mνi < 0.715eV =⇒ Ωνh2 < 0.0079, (1.31)

while combining this with additional data (Planck polarization data, weak lensing of
the CMB, observations of the baryon acoustic oscillations (Section 1.4.5), supernova
data, and H0 measurements gives [33]

mν =
3∑
i=1

mνi < 0.23eV and Ωνh2 < 0.0025. (1.32)

Thus SM neutrinos could at most contribute ∼ 2% of the DM relic density.

1.4.4 Big Bang Nucleosynthesis

A few minutes after the Big Bang, the neutrons and protons are in equilibrium with
each other via the weak interactions:

n+ νe ↔ p+ + e− and n+ e+ ↔ p+ + ν̄e. (1.33)

The equilibrium ratio between protons and neutrons is [87]

neq
p

neq
n

= exp
(
Q

T

)
, (1.34)
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where Q = mn − mp and T is the temperature. At early times when T � Q we
have neq

p = neq
n , but as T begins to approach the proton-mass difference Q, then the

number of neutrons will decline relative to the number of protons. If the processes of
Eq. 1.33 remained efficient then this equilibrium ratio would continue to rise until no
neutrons remained. However these equilibrium processes at some point stop, and so
the neutron abundance freezes out, just as the WIMPs did previously. While WIMP
freeze-out was caused by the annihilation rate dropping below the expansion rate of
the Universe, the neutron freeze-out is initiated by the decoupling of the neutrinos
described above, which causes the processes of Eq. 1.33 to cease. Neutrino decoupling
and neutron freeze-out occurs at T ∼ 0.8 MeV, leaving us with a proton to neutron
ratio of ∼ 5. But we are not yet done with neutrons.

A free proton is stable, but a free neutron will decay into a proton p+ by emitting an
electron e− and electron anti-neutrino ν̄e. The only way to preserve a neutron is to
bind it into a nucleus, but at the point of neutron freeze out the temperature of the
thermal bath is still too high to allow nuclei to form. Until the temperature drops
sufficiently the neutrons decay into protons, and the neutron abundance decreases.
After approximately 330 seconds of cooling there are no longer enough photons of
high enough energy to prevent nuclei forming. First protons and neutrons bind to
form deuterium, most of which then quickly undergo additional reactions to form
more stable helium-4 nuclei. Further reactions produce smaller quantities of lithium-
6, lithium-7, and beryllium-7, the latter decaying back into lithium-7 via electron
capture [107], and traces of deuterium, and helium-3 also remain. The bulk of the
baryon abundance remains in neutral hydrogen (lone protons). This process is known
as big bang nucleosynthesis (BBN). Any nuclei heavier than lithium must be formed
much later, inside the first generation of stars.

In the Standard BBN (SBBN) framework the relative abundances of the nuclei pro-
duced during BBN are linked by the baryon to photon ratio

η = nN
nγ

, (1.35)

where nN and nγ are the nucleon and photon densities respectively. Measurements of
any two of the BBN relics can be used to determine η, and combined with the photon
density a figure for Ωb can be derived. For instance it is possible to measure deuterium
to hydrogen ratios in gas clouds by observing absorption features in the spectra of
distant quasars lying behind the gas cloud. Such measurements combined with SBBN
and the photon density give Ωbh2 = 0.0222 ± 0.0013 [108], in close agreement with
that derived from Planck measurements of the CMB of Ωbh2 = 0.02225 ± 0.00016
[33].

The outcome of BBN is also sensitive to the addition of new physics in the early
Universe. One example is the possibility of WIMP DM annihilations continuing after
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freeze-out, injecting additional energy during BBN and thus producing lithium-6 at
rates 107 times larger than under SBBN [109, 107]. Thus BBN provides another set of
constraints upon the physics of DM and the early Universe in general, and reinforces
the inability of baryons to account for DM.

1.4.5 Recombination and the Cosmic Microwave Background

So far we have been working under the assumption of a smooth and homogeneous
Universe, but now we begin to investigate deviations from this. The source of the
inhomogeneities are the quantum fluctuations generated during inflation that were
stretched out beyond the horizon. As the Universe expands these fluctuations re-
enter the horizon, continuously generating perturbations in matter and radiation of
the Universe.

Until this point the Universe has been dominated by radiation, i.e. photons. As the
Universe expands the matter energy density drops as a−3 simply from the volume ex-
pansion of space. The radiation energy density also falls due to the volume expansion
of space, but the energy of individual photons also falls as a−1 from their expanding
wavelengths. Thus the radiation energy density drops as a−4, much faster than that
of matter, and eventually the Universe will reach the point of matter-radiation equal-
ity. At this point the Universe has a temperature of T ∼ O(eV), and about 60,000
years have elapsed since the Big Bang.

Well before matter-radiation equality the WIMP DM has frozen out, and at a tem-
perature of ∼ MeV has kinetically decoupled from the SM plasma. Following matter-
radiation equality the radiation was no longer dominant, and perturbations in the
DM density field could begin to grow. At this point the baryons were still combined
with photons in a hot plasma. As this plasma began to fall into the DM overdenstities
its pressure would increase, pushing the plasma outwards again. These two oppos-
ing forces of gravitational attraction and the repulsion of pressure set up acoustic
oscillations within the plasma.

The plasma was sustained by the equilibrium equation e−+p+ ↔ H+γ. The electrons
and protons would form hydrogen and photons, but the surrounding soup of photons
was energetic enough to disintegrate the hydrogen back into electrons and protons.
However the unrelenting expansion of the Universe continues to cool the plasma and
reduce the energy of the photons, to the point where the right-to-left reaction slows
down and eventually stops. Protons and electrons can now form neutral hydrogen
- this is known as recombination. As the plasma separates the repulsive pressure
disappears, and the oscillations cease.
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Recombination sets the photons of the plasma free. Before this time the Universe was
opaque - photons would scatter off the large number of free electrons in the plasma.
As these electrons are now bound into neutral hydrogen atoms, this scattering drops
precipitously, dropping below the rate of expansion of the Universe. Like the neutrinos
before them the photons decouple, and can now pass through the Universe largely
unimpeded. As the Universe expands further their wavelengths are stretched out and
increased. Today they have a wavelength in the microwave band, and are detectable
as the cosmic microwave background (CMB).

As mentioned earlier, the plasma from which the CMB photons are produced is os-
cillating, with regions of compression and rarefaction. When the plasma separates
out into baryons and photons both of these components will inherit an imprint of the
oscillations. For the photons this imprint is seen through temperature anisotropies in
the CMB - regions where the plasma was in compression at the time of recombination
will be hotter while regions where it was in rarefaction will be cooler. The CMB
anisotropies give us a snapshot of the oscillations in the plasma at recombination.

The CMB anisotropies are generally analysed by way of power spectrum, which
broadly speaking is a description of the amount of power in each frequency component
of a signal. We start with the temperature fluctuations as a function of position on
the sky n̂ [110],

Θ(n̂) = T (n̂)− T
T

, (1.36)

where T is the average temperature of the CMB over the whole sky. The fluctuations
can be decomposed into spherical harmonics Y`m,

Θ(n̂) =
∑
`m

Θ`mY`m(n̂), (1.37)

and the power spectrum is then derived from the coefficients Θ`m of each of these
harmonics,

〈Θ∗`mΘ`′m′〉 = δ``′δmm′C`. (1.38)

If the fluctuations Θ(n̂) are Gaussian, then the power spectrum contains all the sta-
tistical information of the field [110]. Large ` corresponds to small physical scales,
while small ` corresponds to larger scales. Figure 1.3 shows the temperature power
spectrum measured by the Planck satellite [33], where D` = `(`+ 1)C`/2π [111], and
the normally dimensionless C` has been multiplied by T 2.

From this power spectrum and other data from the CMB we can extract information
about the baryon-photon plasma from whence the CMB came and the wider state of
the Universe at the time of emission. For instance, the baryons are initially coupled
to the photons and so add mass (and thus momentum) to the plasma. Changing the
baryon to photon ratio η will change how the plasma oscillates before decoupling,
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1.4. Dark Matter in the Cosmos

Figure 1.3: Planck CMB temperature anisotropy power spectrum [33].

which manifests itself as changes in the relative heights of the even and odd peaks
in the CMB power spectrum. As decoupling occurs well after the point of matter
domination the primary source of density perturbations is DM. Thus the DM to
radiation ratio controls the amplitudes of the peaks in the CMB, with less DM leading
to higher peaks. Additional temperature variations are caused by the Sachs-Wolfe
effect [112]: at the point of decoupling the photons that find themselves within the
gravitational wells of the DM clumps will loose energy climbing out. When we observe
the CMB these photons will have slightly lower energy compared to the average energy.

Further information can be drawn out from the polarization of the CMB photons,
generated through effects such as Thomson scattering of electrons in the photon field
during decoupling, first detected by the DASI experiment [113]; graviational lensing,
first detected by the South Pole Telescope [114], and also later detected by Planck
[115]; and finally primordial gravitational waves produced by inflation, a detection of
which was claimed by the BICEP2 collaboration [116], but later ruled out by a joint
BICEP2, Keck Array, and Planck analysis [117].
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Figure 1.4: (Opposite) Canonical WIMP annihilation cross-section (black dashed),
along with the more precise calculation given in [89]. Also shown are the limits
on the annihilation cross-section derived from Planck data (blue) [33], those from
gamma-ray observations of dwarf spheroidal galaxies using Fermi-LAT and MAGIC
(red) [122], and the Galactic Centre observations by HESS (magenta) [123], discussed
further in Section 1.7.

Analysis of the temperature and polarization anisotropies in the CMB yield the fol-
lowing values for the relative amounts of baryons, dark matter, and dark energy in
the Universe [33]:

Baryons Ωbh2 = 0.0225± 0.00016 ⇒ Ωb = 0.04917± 0.00035 (1.39)
Cold Dark Matter Ωch2 = 0.1198± 0.0015 ⇒ Ωc = 0.2647± 0.0033 (1.40)

Dark Energy ΩΛ = 0.685± 0.013 (1.41)

where Ωi = ρi/ρc, ρc is the critical density of the Universe, and Ωb and Ωc are derived
using h = 0.6727, also from [33].

The CMB can yield not only information on how much DM there is in the Universe,
but it can also place limits on the properties of DM. The annihilation of DM particles
during the phase of recombination would inject energy into the photon-baryon plasma,
altering the course of recombination and the production of the CMB [118, 119, 120,
121]. Thus limits can be set on the self-annihilation cross-section 〈σv〉 multiplied by a
red-shift dependent efficiency factor feff ' [0.01, 1.0], which quantifies the fraction of
energy from the annihilation that is injected into the plasma. These limits are shown
in Fig. 1.4.

The other part of the plasma - the baryons - also receive an imprint of the oscillations
before recombination. When the plasma breaks down the baryons will be concentrated
at the acoustic peaks, i.e. regions of compression. By this time the DM density
perturbations have been growing for some time and are much larger than any baryon
perturbations. The baryons will be attracted by the DM overdensities and fall into
their gravitational wells. However remnants of the initial baryon perturbations will
survive this infall, and today are visible as patterns in the clustering of galaxies. This
phenomena, known as baryon acoustic oscillations (BAO), was seen first in 2005 by the
Sloan Digital Sky Survey (SDSS) [124] and 2dFGRS [125], and has been detected in
several subsequent surveys [126, 127, 128]. The values of the cosmological parameters
from BAO match those from the CMB - for instance the first measurement from
SDSS gave Ωmh2 = 0.130 ± 0.011, within 1σ mutual uncertainty from the Planck
measurement of Ωmh2 = 0.1426± 0.0020 [124, 33].
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1. Introduction

1.4.6 Large Scale Structure formation

The DM density perturbations, seeded by the stretched quantum fluctuations gen-
erated from inflation, continue to grow as time progresses, with the accompanying
subdominant baryons following suit. While the DM component plays the dominant
role in structure formation, it is the attendant baryons which coalesce into visible
galaxies and allow us to see the structure. Small clumps merge with each other to
form larger clumps, which in turn merger with other clumps to become even larger.
This process of building bigger and bigger conglomerations of DM from smaller pieces
is known as hierarchical structure formation. The integrity of the smaller chunks is
not entirely destroyed by the merging process - some of the DM particles will be
stripped off and merge into a smooth component of the larger unit, but remnants
of the chunks will remain intact4. This formation process leads to the hierarchy of
structure seen in the Universe: the small clumps host small satellite galaxies, which
orbit larger conglomerations of DM hosting larger galaxies such as the Milky Way.
These larger clumps themselves form the building blocks of nodes and filaments which
extend across the Universe and host galaxy clusters. This can be seen in Fig. 1.5,
which shows both results from the Millennium Simulation [129], and observations from
the CfA2 [130], 2dFGRS [131], and SDSS [132] surveys [133]. Hierarchical structure
formation is a non-linear process, and so must be simulated using a large number of
DM clumps each moving under the combined gravity of the other clumps.

The formation of this large scale structure places further limits on the nature of
DM. The scale of structures possible for a given DM candidate are controlled via
the collisional damping prior to kinetic decoupling, as discussed earlier in Section
1.4.2, and also their free-streaming length λFS. DM particles with larger λFS will
stream out of overdensities and ‘wash out’ structures smaller than a given scale. For
example, the free streaming length for SM neutrinos is given earlier by Eq. 1.29.
Taking only direct limits on the sum of neutrino masses calculated earlier (mν . 6
eV) we have λFS,ν = 100 Mpc. Thus with only SM neutrinos as DM the smallest
structures that could initially form would be on the order of galaxy superclusters.
This would imply so-called top-down structure formation, whereby supercluster-scale
objects would form first, and smaller structures such as galaxies would form later
through fragmentation. The resulting distribution of galaxies is much more highly
clustered than that found in observations of the Universe [134, 135].

On the other hand, WIMP cold dark matter, such as the SUSY neutralino, has a very
small free streaming length and can form much smaller structures. The minimum size
of the DM structures is set by a combination of collisional damping and the small

4A culinary equivalent would be chunky peanut butter. It’s all peanuts, but there is a smooth
component interspersed with peanut fragments
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1.4. Dark Matter in the Cosmos

free streaming, and is estimated to be in the range 10−11−102 M�, depending on the
exact parameters of the DM model [96, 97]. This ability to form small DM structures
in the early Universe agrees with the paradigm of hierarchical structure formation.

The inability of neutrinos to form the inferred DM structures can be seen another way,
via the Tremaine-Gunn bound [136]. Neutrinos (and WIMPs) are fermions, and so the
Pauli Exclusion Principle sets a limit on their number density - i.e. how many particles
can be packed into a given volume. An even stronger bound can be placed by the
conservation of phase space density, as the neutrinos are non-interacting. With this
number density lower limit it is possible to calculate the minimum mass per neutrino
required to make up the total mass of the halo. For a galactic halo Reference [136]
found that mν & 16 eV (assuming gν = 2). This limit is inversely proportional to
the velocity dispersion of the bound object, and so becomes even more restrictive for
dwarf spheroidal galaxies, rising to ∼ 0.1−2 keV [e.g. 137, 138, 139, 140]. This mass
lower limit is at odds with even the neutrino mass upper limits from tritium decay
experiments (mνe . 2 eV, [78]), let alone those from Planck (

∑
mν < 0.492 eV, [33]),

firmly ruling out SM neutrinos as the DM particle. The proposed right-handed sterile
neutrinos introduced earlier in Section 1.3 can, however, have masses that evade the
Tremaine-Gunn bound, making them a viable DM candidate.

With keV scale masses the sterile neutrinos would be an example of warm dark matter
(WDM), which has larger free streaming lengths than CDM but does not violate ob-
served limits on structure formation. WDM would still generate hierarchical structure
formation, but the smallest possible structures would be larger than those possible
from CDM models. Motivation for WDM has come from the need to address dis-
crepancies between observations of satellite galaxies orbiting the Milky Way and the
results of numerical simulations. Simulations of CDM haloes predict far more satel-
lites than are observed, known as the missing satellites problem [141, 142], and also
a population of satellites so massive as to have been guaranteed to form stars and
thus be visible, dubbed the too big to fail problem [143, 144, 145, 146]. WDM would
solve these problems by limiting the minimum size of the DM clumps that could form,
and so limiting the number of satellite haloes that could form. These problems are
still, however, undergoing rigorous debate, with inclusion of baryonic physics being a
potential solution [147].

1.4.7 Modelling of Dark Matter Halos

The question now becomes how to describe the DM haloes in which galaxies such
as our own are embedded focusing on the smooth component. Early simulations
of CDM alone yielded a universal profile, known as the Navarro, Frenk, and White
(NFW) profile, that described halos ranging in size from micro-halos to galaxy clusters
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Figure 1.5: Comparison by Ref. [133] of the observed distribution of galaxies through-
out the Universe (blue and purple) with the results of large scale structure formation
simulations (red). Observational data is drawn from the CfA survey [130] (with Coma
cluster in the middle), 2dFGRS [131], and the SDDS survey [132]. The simulated
galaxy distributions are produced by the Millennium simulation [129].
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[148, 149]. The now generalised form of this equation is

ρNFW(r) = ρs(
r
rs

)γ (
1 + r

rs

)3−γ , (1.42)

where ρs and rs are the scale density and scale radius respectively, and γ = 1 gives
the original, classic NFW profile. The classic NFW profile features a cusp at the
center, i.e. as r → 0, ρ(r) → ∞, and so naturally some minimum cutoff radius must
exist. The γ parameter primarily affects the inner slope of the profile - in the regimes
of r < rs and rs < r the profile can be approximated as

ρ(r) ≈ ρs(
r
rs

)γ for r � rs (1.43)

ρ(r) ≈ ρs(
r
rs

)3 for rs � r (1.44)

Altering the inner slope of the profile can be useful in accommodating the effects of
interactions between the baryons and DM. For instance, the high concentration of
baryons in the centre of the galaxy can pull in the DM and steepen the profile in
a process known as adiabatic contraction [150, 151]. On the other hand, outflows
of material from star formation and supernovae can alter the gravitational potential
enough to reduce the density of DM at the centre [152, 153, 154, 155, 156]. The classic
NFW profile is shown in Fig. 1.6.

Later simulations [157] suggested the use of a profile which was later realised to have
been proposed many decades earlier by Jan Einasto [158, 159, 160]. This Einasto
profile is

ρ(r)Ein = ρs exp
(
− 2
α

[(
r

rs

)α
− 1
])

(1.45)

In the vicinity of the Sun the Einasto and classic NFW profiles are similar, but they
begin to diverge towards the Galactic Centre (GC) as illustrated by Fig. 1.6. Note
that as r → 0 the Einasto profile gently increases, remaining finite at r = 0. However
it is not considered to have a core, which is generally considered to be a large central
region with a flat profile. Also shown in Fig. 1.6 are the density profiles for a range
of MW analogue galaxies drawn from the EAGLE HR [161, 162] and APOSTLE IR
[163, 164] simulations, which include both DM and baryonic physics. These MW
analogues were identified by searching through the simulation results to find galaxies
which were close to the MW’s shape, rotation curve, and total stellar mass [165].
These results show that for halos analogous to the MW there can be appreciable
spread in density profiles and deviations from NFW and Einasto profiles.

Just as rotation curves of external galaxies gave early evidence for DM, so too can they
be used to look for DM in our own galaxy. However such endeavours are hampered by
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Figure 1.6: (Opposite) Comparison of the classic NFW radial DM profile (Eq. 1.42)
with γ = 1 (green), the Einasto (Eq. 1.45, magenta), both of which have been nor-
malised to ρDM,� = 0.4 GeV cm−3 = 10.54 × 10−3M� pc−3, and also density profiles
for MW analogues [165] identified in the EAGLE HR [161, 162] and APOSTLE IR
[163, 164] DM plus baryons simulations.

the fact that we reside inside the baryonic disc itself. Our own motion around the MW
is uncertain, much is obscured by dust, and for many tracers we have radial velocity
information (i.e. towards or away from us), but the distance determination needed
to convert this into a rotational velocity is lacking. The data used to reconstruct the
MW rotation curve can be divided into three broad categories; stellar kinematics,
gas kinematics, and astrophysical masers (microwave band lasers). A comprehensive
catalogue of such tracers was compiled and presented in [166]. This data was then
used, along with permuted combinations of models describing the MW’s baryonic
disc, bulge, and gas components, to fit generalized NFW and Einasto DM profiles to
the MW [167]. Variation in the baryon models produced a wide spread of parameter
values. Assuming rs = 20 kpc, both have ρ� ∼ [0.4, 0.55] GeV cm−3, while the
generalised NFW profile has γ ∼ [0, 1.5] and the Einasto profile has α ∼ [0.1, 1].
The authors of [167] found that the main source of uncertainty at and inside the
solar position was the uncertainty on the spatial distribution of the baryons. This
is a theme that will resurface later in Chapter 4 - the motions of objects in the
galaxy are dictated by the total potential and are agnostic to whether this potential
is generated by baryons or DM. Knowledge of the distribution of DM in the MW is
utterly dependent on knowledge of the distribution of baryons.

1.4.8 Departures from Spherical Symmetry

So far we have assumed that the DM halo is spherically symmetric. More generally,
the DM halo can be described by triaxial ellipsoid, the general Cartesian form of
which is

x2

a2 + y2

b2
+ z2

c2
= 1 (1.46)

A sphere is described by a = b = c, while a fully triaxial ellipsoid has a > b > c.
The intermediate cases are a = b > c, describing an oblate ellipsoid (a flattened
sphere, similar to an M&M candy), and a = b < c, describing a prolate spheroid (an
elongated sphere, akin to a rugby ball). Early DM-only simulations found triaxial
halos, with most finding a preference towards a prolate shape [168, 169, 170, 171].
Further simulations found that the inclusion of baryons yielded spherical or oblate
halos [172, 173, 174, 175, 176].
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1. Introduction

Another departure from a spherically symmetric DM component is the addition of a
disc-shaped component of DM, known as a dark disc. These can arise from both the
standard CDM paradigm, and also from more exotic scenarios such as the proposed
Double Disc Dark Matter (DDDM) that delivered deadly destruction to the doomed
Dinosaurs [177, 178, 179]. In the standard CDM cosmology dark discs are formed
at late times by in-falling clumps of DM interacting with and then accreting onto an
already formed baryonic disc. They are first dragged down into the baryonic disc by
dynamical friction [180, 181] and then torn apart by tidal disruption, leaving a disc
shaped distribution of DM [182, 183, 184]. DM clumps that are rotating in the same
direction as the baryon disc are more readily accreted because the dynamical friction
force is given by [185]

Fdyn ∝
1
v2

rel
(1.47)

where vrel is the relative velocity between the DM clump and the baryonic disc. Thus
the resulting dark disc will co-rotate with the baryonic disc, leading to interesting
effects in DM detection experiments. Direct detection experiments, discussed more in
Section 1.5, detect the deposition of energy from WIMPs scattering off nuclei, with
faster WIMPs leaving more energy and yielding more scattering events above the
detector’s low energy threshold, thus giving higher total signal. These experiments
would detect a lower signal from the dark disc particles due to their slower speed
relative to the Earth. Other experiments rely on the capture of slower moving WIMPs
in the Sun, as discussed further in Section 1.6, and these would experience a boost in
signal from the dark disc DM particles.

Gravitationally a highly oblate halo and a dark disc are indistinguishable and de-
generate5. One method to distinguish the two is to hunt for the chemically and
kinematically distinct stars born inside the DM clumps that would accompany the
accreted dark disc, but not the contracted DM halo. Recent Gaia-ESO observational
data find no evidence for such stars [186, 187], suggesting that the rate of sub-halo
mergers within the Milky Way has been low since its disc formed, and therefore the
MW does not host a significant accreted dark disc. If correct, then any gravitationally
detected non-sphericity must imply a non-rotating locally oblate halo.

The radial profile of the MW halo, be it a cusped NFW or a flatter Einasto, whether
it is prolate, oblate, or spherical, and the presence or absence of a dark disc, are all
imprints of the how the MW formed. Thus unravelling the properties of the DM
distribution in the MW will not only aid in the search for DM, but also tell us how
our galaxy came to be.

5Sometimes an oblate halo is erroneously referred to as a dark disc, leading to some confusion.
Throughout this work we use the unmodified term ‘dark disc’ to refer to a co-rotating dark disc
formed through DM accretion.
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1.4. Dark Matter in the Cosmos

1.4.9 Velocity distribution of Dark Matter in the Milky Way

In addition to describing the distribution of cold DM particles in position space, we
must also investigate how they are distributed in velocity space. In the standard
halo model (SHM) the velocities of the DM particles are isotropic (i.e. the same in
all directions), and their speeds are described by a Maxwell-Boltzmann distribution
[188]

f(v)dv = 4π
(

3
2πσ2

v

)3/2
v2 exp

(
− 3v2

2σ2
v

)
dv. (1.48)

The peak of this distribution is v0 =
√

2/3σv, with v0 = 220km s−1 taken as the
standard value [e.g. 189, 190]. The Maxwell-Boltzmann distribution corresponds to
a singular isothermal sphere profile, whose density profile is

ρ(r)SIS ∝
1
r2 . (1.49)

This profile has the advantage of being simple, and giving a flat rotation curve, but
is disfavoured by observations and simulations.

More complex speed distributions are possible, such as those using Eddington’s for-
mula [191, 192, 193], which gives a one-to-one relationship between any isotropic dis-
tribution and a spherically symmetric density profile; the logarithmic ellipsoidal model
[194], which generalises the isothermal sphere to the triaxial case; and Osipkov-Merritt
models [195, 196], which feature radially dependent anisotropic distributions. Another
approach is to use distribution functions fitted to simulations. Some early work found
significant deviations from the Maxwell-Boltzmann distribution, in cases of DM-only
simulations [197, 198], and simulations including baryons [199]. However the recent
work of Ref. [200] analysed the DM velocity distributions of MW-like halos from
the EAGLE and APOSTLE simulations, finding them well described by a Maxwell-
Boltzmann distribution with peak speed in the range of v0 = [223, 289] km s−1.

The velocities of DM particles will have an upper limit set by the escape speed
of the MW at the solar position, i.e. the speed a particle (or star) would need to
escape the MW starting from the vicinity of the Sun. This was measured to be
vesc = 544+64

−46 km s−1 by the RAVE survey in 2007 [201], and updated to vesc =
533+54
−41 km s−1 in 2014 [202].
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1.5 Direct Dark Matter detection

The effort to detect DM is proceeding on three broad fronts - direct detection, indirect
detection, and collider searches. In direct detection the signal is that of a DM particle
interacting within our detector and depositing energy. Indirect detection methods look
for SM particles produced by DM decay or annihilation in astrophysical structures,
such as in the Sun, the centre of the galaxy, or in galaxy clusters. Collider production
aims to produce the new beyond the Standard Model (BSM) particles discussed earlier
in Section 1.3, and while this will not directly probe the DM content of the Universe,
it could potentially give us precise information on DM candidate particles and thus
help inform the analysis of direct and indirect detection searches.

In this section we discuss direct detection of WIMP DM, and in Sections 1.6 and 1.7
we discuss indirect detection via two signals, neutrinos from the Sun and gamma-rays
from the GC respectively. Collider production is a distinct and complex undertaking,
and is beyond the scope of this thesis.

As described earlier, the Galaxy is embedded within a DM halo, and thus the Earth
is surrounded and permeated by DM particles. We can potentially detect these DM
particles via the energy they deposit within our detector on the rare occasion they
interact with SM particles. For axion DM this energy deposition would be in the
form of monochromatic photons, produced by the conversion of an DM axions in
the presence of a strong magnetic field [203, 204, 205]. However for the WIMP DM
that is the focus of this thesis, the energy is deposited as the recoil of a nucleus
[206]. How that energy manifests a detectable signal will depend on the material and
experimental setup. The three basic signals are the production of heat, via phonons
in cryogenic crystals or the rapid expansion of superheated liquid whose transition to
a gaseous state is triggered by the WIMP energy deposition; the production of light
through the excitation of a nucleus which releases scintillation light upon returning
to its de-excited state; and production of charge through the ionization of the target
atom [207].

Given a detector of mass Mdet, running for a length of time T , the number of signal
counts observed over an energy range [E0, E1] is [208]

SDD = Mdet T

∫ E1/q

E0/q

dE ε(qE) dR
dE . (1.50)

The quantity ε(qE) is an energy dependent efficiency function, while q is the quenching
factor, describing the fraction of the recoil energy that is ultimately seen in a given
detection channel, e.g. Edet = qErec. The quenching factor is dependent on the
nuclear target used and the detector setup itself. Some experiments will calibrate their
energy scales such that Edet = Erec and q = 1 [209]; we will adopt this assumption
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1.5. Direct Dark Matter detection

later in Chapter 2. E0 will have a lower limit given by the detector’s low energy
threshold, below which the energy deposition is too small to be detected.

The last term in Eq. 1.50 is the differential event rate

dR
dE = ρDM,�

mχmN

∫ vesc,MW

vmin

dσ
dE (E, v) v f (v(t)) d3v, (1.51)

where E is the energy transferred during the interaction. The elements of this equation
can be separated into two categories: particle physics and astrophysics. In the former
are mχ, the WIMP mass; mN , the mass of the target nucleus; and dσ/dE, the
differential scattering cross-section between the DM particle and the nucleus, which
is a function of E and the WIMP speed v. Kinematics gives us the lower limit on the
integral vmin, the minimum velocity necessary to produce a recoil of energy E on a
given nuclei,

vmin =

√
mNE

2µ , (1.52)

where µ is the WIMP-nucleus reduced mass,

µ = mχmN
(mχ +mN ) . (1.53)

From astrophysics we have the local density of WIMP DM at the solar position6

ρDM,�, and the WIMP velocity distribution f(v(t)), introduced in Section 1.4.9. The
velocity distribution is a crucial input to the direct detection rate - a faster (slower)
WIMP will deposit more (less) energy in the detector, and will be more likely to
be above (below) the detector’s low energy threshold, giving higher (lower) overall
signal. Astrophysics also gives us the upper limit of the integral - the escape velocity
of the Milky Way, vesc,MW. WIMPs with velocities higher than this will escape from
the halo and thus not pass through the detector volume. The effects of uncertainties
in these astrophysical parameters are significant [e.g. 210, 211, 212, 213, 214], but
can potentially be dealt with by marginalizing over them [215, 216, 217], working
in quantities where the astrophysical uncertainties have already been integrated out
[218], or by using halo-independent analysis methods (see Ref. [219] and references
therein).

When we introduced the cold DM velocity distribution f(v) in Section 1.4.9 we ne-
glected the motion of the detector through the halo. The primary component of
this velocity is due to the motion of the Sun through the halo, as part of the MW’s
baryonic disc, resulting in a ‘head wind’ of WIMP particles. Futhermore, the Earth
is rotating around the Sun, with its orbit inclined approximately 60◦ to the galactic

6The measurement of the local DM density ρDM,�, discussed further in Chapter 4, is agnostic to
the particle DM model used.
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disc [220]. This will add a variable velocity component with a time period of one year.
In June the Earth will be heading in the same direction as the Sun, pointed into to
the WIMP wind, increasing the average speed of the WIMPs and boosting the signal.
Six months and half an orbit later in December, the Earth will be travelling in the
opposite direction as the Sun, decreasing the average WIMP speed and reducing the
signal. This is known as annual modulation, and can be an important tool in detect-
ing a WIMP signal and discriminating it from background [188, 221]. The rotation of
the detector along with the Earth’s surface will also give a daily modulation, however
the magnitude of this modulation will be ∼ 60 times smaller [221].

Note the degeneracy between the local DM density ρDM,�, and the WIMP-nucleus
scattering cross-section dσ

dE . The latter is a quantity describing BSM physics, and is
of great interest to the particle physics community. In the absence of a signal from
direct detection experiments, limits are placed on the cross-section, which in turn
are used to place constraints on a variety of BSM theories such as supersymmetry
[e.g. 222, 223, 224, 225, 226]. Yet this limit on the cross-section is dependent on an
accurate determination of the local DM density ρDM,�. Moreover, it is also crucial to
have an accurate determination of the uncertainty in the ρDM,� measurement, with
the minimum of assumptions made. An erroneous assumption could artificially reduce
the uncertainty on ρDM,�, which propagates into overly strong limits on the cross-
section, and finally resulting in incorrect limits being placed on theoretical parameter
spaces. This fact serves as motivation for the last chapter of this thesis, where a new
method is presented to use the motions of stars in the MW to determine the local
DM density, with the potential to reduce assumptions to a bare minimum.

If there is indeed a dark disc component present in the MW, as discussed earlier
in Section 1.4.8, then this will also impact the signal rates seen in direct detection
experiments. As the dark disc is co-rotating with the baryonic disc, the relative
speed between the dark disc WIMPs and the Sun is smaller, and the direct detection
signal produced by the dark disc particles would be lower. Given that direct detection
experiments have a low-energy threshold the dark disc WIMPs could escape detection
completely.

The effect of a dark disc on the overall signal rate in direct detection experiments is
more subtle. The velocity dispersion function f(v) is generally defined such that it
normalizes to 1, i.e.: ∫

d3vf(v) = 1. (1.54)

If we instead consider a 6-dimensional distribution function f(x,v) where x is posi-
tion, integrating over velocity would give∫

d3vf(x,v) = ρ(x). (1.55)
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The density ρ(x) is the density of DM particles regardless of velocity, and so is the
sum of the dark disc and the spherical halo contribution:

ρ(x) = ρ(x)DD + ρ(x)Sph. (1.56)

If there is a dark disc, then its mass has already contributed to measurements of
the local DM density, e.g. the widely used value of ρDM,� = 0.4 GeV cm−3 = 10.5 ×
10−3M� pc−3. As we will discuss later in Chapter 4, there are two broad methods of
determining the local DM density: extrapolating a value from spherically symmetric
halo profiles fit to rotation curve data, or measuring the vertical motions of stars near
the Sun up and down out of the disc plane. Vertical measurements generally assume
a constant vertical DM density profile, which is a good approximation to the spherical
halo (see Fig. 4.2), and so a dark disc component would simply boost this constant
value, as seen later in Fig. 4.16.

Thus we can see that current DM density measurements should already include at
least a partial contribution of any dark disc. For simplicity we take the maximal case,
and say,

ρ(x) = ρ(x)DD + ρ(x)Sph = 0.4 GeV cm−3. (1.57)

Combining this with Eq. 1.55 gives us∫
d3vf(x,v) = ρ(x) = 0.4 GeV cm−3. (1.58)

When we introduce a dark disc, the velocity distribution function is subdivided into
parts describing the dark disc and the standard halo model:

f(x,v) = f(x,v)DD + f(x,v)Sph, (1.59)

and so we find ∫
d3vf(x,v)DD +

∫
d3vf(x,v)Sph = 0.4 GeV cm−3. (1.60)

Eqs. 1.57 and 1.60 show that if we include a dark disc component, there must be
a decrease in the spherical halo to compensate. As the particles in the co-rotating
dark disc component yield lower signal than those from the spherical halo, including
a dark disc would reduce the overall signal. If we add low speed, low signal dark disc
particles we have to subtract high speed, high signal spherical halo particles.

In other words, for a fair comparison between the halo-only scenario and the halo
plus dark disc scenario, we must take the measured value for the local DM density,
and in the first case, set the local halo DM density to this value, and in the latter
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case, determine how much of the putative dark disc has been incorporated into the
local DM measurement, and reduce the halo DM density by this ammount.

This dissection of the issue stands in contrast to that of Ref. [227] in the context of
direct detection, and Refs. [228, 229] in the context of WIMP capture in the Sun and
Earth. These references include the dark disc mass contribution as a previously unseen
excess over the spherical halo and considers the currently measured local DM density
as originating solely from the spherical halo, i.e. taking the value used here7 they
would have ρ(x)Sph = 0.4 GeV cm−3 = 10.54× 10−3 M� pc−3 and ρ(x)DD = αρ(x)Sph
where α is number between 0.5 and 2. The inclusion of the dark disc thus simply
increases the local DM density, and while for direct detection the dark disc particles
contribute comparatively little signal due to their slower speed, the overall signal still
receives an increase. For WIMPs heavier than 50 GeV/c2 Ref. [227] found a factor
of three increase in recoil energy range of 5 - 20 keV. For comparison the XENON1T
experiment discussed below and in Chapter 2 has a recoil energy threshold of 1 keV
[230], and CRESST-II discussed below has a threshold of 307 eV [231]. However, for
the reasons stated above, it is our opinion that this approach overlooks some of the
subtlety of the situation.

The interaction between the WIMP and the nuclei can be divided into two compo-
nents, one spin independent (SI), and the other spin dependent (SD):

dσ
dE = dσSI

dE + dσSD

dE . (1.61)

As the name suggests the SD interaction is a function of the total nuclear spin of
the nucleus, which varies up and down as one progresses through the periodic table
adding protons and neutrons. The SI interaction is a function of the total mass of the
nuclei, and so is larger for heavier nuclei. This means that it is easier to probe the SI
interactions, as heavier atoms can be used, compared to SD interactions, where the
maximum nuclear spin is 6 for vanadium-50. In Fig. 1.7 the SI and SD interactions
for a range of SUSY models drawn from [232] are shown in green, along with the
strongest σSI and σSD limits available for any WIMP mass. Note that the limits on
σSI are at least four orders of magnitude stronger than that on σSD from the IceCube
Neutrino Observatory (see Section 1.6). Further details on this topic can be found in
Section 2.2.1.

No reliable WIMP DM signal has yet been seen in direct detection, and so exper-
imental collaborations are only able to derive upper limits on the strength of the
WIMP-nucleon interactions. Comparisons of limits set by various experiments are
shown in Fig. 1.8 for SI interactions and Fig. 1.9 for SD interactions. For SI inter-
actions, at the lowest WIMP masses (0.5 − 1.7 GeV/c2) the strongest limits come

7Refs. [227, 228, 229] take the local DM density to be ρDM,� = 0.3 GeV cm−3 = 7.90 ×
10−3M� pc−3.
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Figure 1.7: Maximum reach of experiments probing SI interactions independent of
WIMP mass, LUX [189] and XENON1T [230], and the IceCube experiment, which
probes SD-proton interactions experiments [4]. Shown in green is the a range of pos-
sible σSI, nucleon and σSD, proton cross-sections from models produced by 25-parameter
MSSM scans [232].
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from the CRESST-II experiment, which uses cryogenic crystals of CaWO4 to detect
both scintillation light and phonons [231]. For slightly higher masses (1.7−6 GeV/c2)
CDMSlite sets the strongest limits using cryogenic germanium crystals and detect-
ing only the phonon signal, although the usual mode of operation is to detect both
phonons and ionization [233]. Above ∼ 6 GeV/c2 the LUX experiment sets the most
stringent limits, derived from 85.3 live-days of exposure [189]. LUX is a two-phase
time projection chamber (TPC) that detects both scintillation light and the ionization
signal. The experimental setup of LUX is similar to that of the recently commissioned
XENON-1T experiment, also shown in Fig. 1.8, which is expected to over take LUX
after only 5 days of operations due its larger detector volume [230]. The XENON-1T
experiment will be discussed in greater depth in Chapter 2.

The grey region of Fig. 1.8 is known as the neutrino floor. This is the region where
astrophysical neutrinos become detectable in direct detection experiments, and hence
become a background for WIMP searches [234]. These neutrinos come from nuclear
reactions in the Sun, cosmic ray interactions in the atmosphere, and also a diffuse
background of neutrinos from supernovae throughout the Universe (diffuse super-
nova neutrino background - DSNB). Once this sensitivity is reached separating any
WIMP signal from the neutrino background becomes increasingly difficult. Strategies
to overcome this background include using the annual modulation of the WIMP sig-
nal [235, 236], combined analyses of data from detectors made from different target
materials [237], increasing energy resolution [238], and new detector concepts such
as the use of polarised helium-3 [239]. A further avenue is to build detectors ca-
pable of measuring not only the energy but also the direction of the nuclear recoil
[240, 241, 242, 243, 244, 245]. The solar neutrino background could be reduced by
rejecting recoils originating from the Sun’s direction. Additionally, WIMP induced
recoils have a directional anisotropy due to the Earth’s motion through the halo, mak-
ing the WIMP signal potentially visible above the isotropic atmospheric and diffuse
supernova neutrinos.

For SD interactions the strongest direct detection limits are placed by LUX using
neutron interactions [189]. Also competitive are the limits from PICO60 [246] and
PICO-2L [247], which watch and listen for WIMP induced bubble formation in su-
perheated liquids (CF3I and C3F8 respectively). However the strongest limit on SD
interactions comes not from direct detection, but from the IceCube Neutrino Obser-
vatory, which we will discuss in the next section.

In the coming years even larger direct detection experiments are planned. Many
components of XENON1T were built to enable an easy upgrade to XENONnT, which
is planned to begin operations around 2018 and have a target mass of up to 7 tonnes
of liquid xenon [248]. The LUX and ZEPLIN teams have combined to build the
LUX-ZEPLIN (LZ) detector, with a detector mass of 10 tonnes of liquid xenon and
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Figure 1.8: (Overleaf) Comparison of σSI, nucleon limits from direct detection experi-
ments: XENON100 (purple) [190], XENON1T (projected, purple shaded) [230], LUX
(red) [189], CRESST-II (green) [231], and CDMSLite (pink) [233]. Also shown in
grey is the ‘neutrino floor’ generated by coherent scattering of solar and cosmological
neutrinos [234].

Figure 1.9: (Overleaf) Comparison of σSD, nucleon limits from direct detection exper-
iments and solar capture and annihilation to neutrinos: LUX-neutron (dashed red),
LUX-proton (solid red) [251], XENON100 neutron (dashed purple), XENON100 pro-
ton (solid purple) [252], PICO60 [246] and PICO-2L [247] (yellow), and IceCube-79
proton [4].

a planned operational start date of 2021 [249]. An even larger detector, DARWIN,
is currently in planning [250]. Also, the Cryogenic Dark Matter Search (CDMS)
collaboration is planning a 1.5 tonne solid state germanium detector called GEODM.
These new detectors will push even further down in the (mχ, σSI, σSD) parameter
space, potentially ruling out that area, discovering WIMP DM there, or providing
more data on any WIMP signal detected with the upcoming generation of experiments
such as XENON1T.

1.6 Indirect Dark Matter detection with Neutrinos
from Capture and Annihilation

The same WIMP-nuclei scatterings that deposit energy in direct detection experi-
ments will also occur when the WIMPs pass through the bulk mass of celestial bodies
such as the Earth and Sun. During this scattering, energy is deposited into the bary-
onic matter, and energy is lost by the WIMP, reducing its speed. If the energy loss is
large enough, the DM particle will become gravitationally bound to the celestial body
and begin to orbit it. This greatly increases the chances that the particle will pass
through the body and interact again, loosing further energy, and becoming bound
tighter and tighter to the celestial body. With enough interactions and enough en-
ergy loss the DM particle’s orbit will sink to the core of the celestial body, joining a
population of similarly captured particles [253, 254, 255, 256, 257]. Given its grav-
itational dominance in the solar system we henceforth only consider capture in the
Sun.

While WIMP particles are individually stable, when they interact with one another
they can annihilate into SM particles. If WIMPs are indeed captured by the Sun and

39



1. Introduction

1
0

0
1

0
1

1
0

2
1

0
3

1
0

4

D
M

M
a
ss
m
χ
[G

eV
/c

2]

1
0

-5
0

1
0

-4
8

1
0

-4
6

1
0

-4
4

1
0

-4
2

1
0

-4
0

1
0

-3
8

1
0

-3
6

σSI [cm
−2]

7B
e

8B

A
tm

osp
h
eric

&
D

S
N

B

C
R

E
S
S
T
−

II

C
D

M
S
L
ite

2015

L
U

X
2015

X
E

N
O

N
100

X
E

N
O

N
1T

Figure
1.8

40



1.6. Indirect Dark Matter detection with Neutrinos from Capture and Annihilation

1
0

0
1

0
1

1
0

2
1

0
3

1
0

4
1

0
5

D
M

M
a
ss
m
χ
[G

eV
/c

2]

1
0

-4
1

1
0

-4
0

1
0

-3
9

1
0

-3
8

1
0

-3
7

1
0

-3
6

1
0

-3
5

1
0

-3
4

1
0

-3
3

1
0

-3
2

σSD [cm−2]

bb̄τ
+
τ
−

W
+
W

−

PICO−2L

PICO60

L
U

X
,
S
D

n
eu

tron

L
U

X
,
S
D

p
roton

X
E

N
O

N
100,

S
D

n
eu

tron

X
E

N
O

N
100,

S
D

p
roton

IceC
u
b
e−

79,
p
roton

P
IC

O
,
p
roton

Fi
gu

re
1.

9

41



1. Introduction

concentrated at its core, then the number of WIMP annihilations there will increase
and eventually an equilibrium between capture and annihilation will be reached. As
mentioned earlier in Section 1.3, annihilation of WIMPs directly to neutrinos is helic-
ity suppressed, but neutrinos will generally be produced as part of the decay chains of
the particles that are produced. All the particles produced by these decay chains will
be quickly absorbed by the matter surrounding them, except for neutrinos, which in-
teract so weakly they can pass largely unimpeded through the entire bulk of the Sun.
A small fraction of the neutrinos will either be absorbed through charged current (W±
boson) interactions, producing a charged lepton, or neutral current (Z0) interactions,
which reduce the energy of the neutrino. The neutrinos will also undergo neutrino
oscillations as they travel between the solar core and detectors on Earth, including
contributions from the Mikheyev-Smirnov-Wolfenstein (MSW) effect given their long
passage through matter [258, 259, 260]. These oscillations will alter the flavour ratio
of the neutrinos that reach Earth, and so must be taken into account when calculating
the flavour dependent rates expected at neutrino detectors. Software packages such
as DarkSUSY, used in Chapter 2, include this effect when modelling neutrino detection
rates.

Detecting this signal of neutrinos is challenging, as the very property that allowed
them to escape from the Sun - very weak interactions with other matter - makes the
chances of them interacting within a detector very small. Hence neutrino detectors
are generally very large: the ANTARES telescope in the Mediterranean has an in-
strumented volume of approximately 35× 106 m3, the IceCube Neutrino Observatory
in Antarctica is 1km3 = 1× 109 m3, and the upcoming KM3NeT detector, also in the
Mediterranean, will have a similar volume. Neutrino observatories such as IceCube
detect these neutrinos via the muons produced when muon neutrinos undergo charged
current interactions in or near the detector volume. The resulting muon is travelling
above the local speed of light and thus emits Cherenkov radiation, which is detectable
through the ice or water of the detector. Muons can propagate for large distances
through the detector and so create a distinct track that is closely aligned with the
incoming neutrino direction, allowing the determination of the neutrino origin. This
direction information is useful because it helps to disentangle the signal from DM an-
nihilations in the sun from isotropic atmospheric neutrino backgrounds. Electron and
tau neutrinos undergoing the same charged current interactions produce electron and
tau neutrinos, but electron neutrinos quickly induce a electromagnetic cascade, and
tau neutrinos rapidly decay. Neither of these produce distinct direction information
for the incoming neutrino. Given that it is primarily the muon neutrinos which are
detected, calculation of the oscillation processes which link the flavour ratios at Earth
with the ratios at production is especially important [261, 262].

While the full formalism of WIMP capture and annihilation will be given in Section
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2.2.2, several key equations are worth mentioning here. The number of WIMPs in
the Sun can be described by

dN(t)
dt = Cc − Γa(t) (1.62)

where Cc is the capture rate, Γa(t) = 1
2CaN

2(t) is the annihilation rate, and the
parameter Ca is a function of the WIMP annihilation cross-section 〈σannv〉 and the
velocity distribution of the WIMPs in the Sun. The capture rate is often approximated
by

Cc ≈1.3× 2021 s−1
(

ρDM,�

0.3GeV cm−3

)(
270 km s−1

v̄local

)
×
(

100 GeV
mχ

)∑
i

(
Ai (σSD,i + σSI,i)S (mχ/mN ,i)

10−6pb

)
(1.63)

where v̄local is the local root mean squared velocity of the WIMPs, index i runs across
the species of target nuclei involved, Ai parameterises relative abundances and nuclear
form factors for each species, and S encodes dynamical information about the Sun.
The quantities σSD,i and σSI,i are the same that we saw in Eq. 1.61, but for a specific
nuclei i and integrated over energy. As the Sun is primarily composed of hydrogen
the dominant interaction will be SD interactions with protons. Solving Eq. 1.62 to
find the annihilation rate Γa(t) allows us to then, after modelling the decay chains,
calculate the rate of neutrinos that would pass through our detector for a given WIMP
model.

First note that the capture rate, and hence the rate of neutrinos, is dependent on the
spin independent and spin dependent WIMP-nuclei cross-sections, σSD,i and σSI,i.
These are same quantities used previously when calculating the rate for direct de-
tection experiments. Second, again note the degeneracy between the WIMP-nuclei
interaction strength and the local DM density ρDM,�. The same issues that arose
from this degeneracy in direct detection will repeat themselves here - an accurate
determination of ρDM,� and its uncertainty is crucial for a reliable determination of
the WIMP DM properties. This serves as yet more motivation for the work presented
in Chapter 4, where a new method for such a determination of the local DM density
is presented.

Both ANTARES and IceCube have performed searches for these neutrinos, and having
not detected them, drawn limits on the WIMP-proton cross-sections [263, 264, 4]. The
strongest limits from this method were derived from a re-analysis of IceCube-79 data
which we presented in Ref. [4], and are shown on Fig. 1.9.
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The departures from sphericity such as triaxiality discussed earlier in Section 1.4.8
also impact the DM capture rate. The solution to Eq. 1.62 is

Γa(t) = Cc
2 tanh2

(
t

τ

)
. (1.64)

The quantity τ = 1/
√
CcCa, and is known as the capture-annihilation equilibrium

time scale, or equilibration time: for t � τ Eq. 1.64 simplifies to the steady state
solution of Γa(t) = 1

2Cc. However this assumes a constant capture rate Cc. If the
DM halo is significantly triaxial, then as the Sun orbits around the galaxy it will pass
through regions of higher and lower DM density, with the instantaneous capture rate
increasing or decreasing accordingly. The annihilation rate (and hence signal rate)
however is sensitive to the historical capture rate; if we are, for instance, just moving
out of an underdense region and the equilibration time is long, the annihilation rate
will be suppressed with respect to the steady state solution. A shorter equilibration
time would relieve this suppression. This effect will be discussed further in Section
2.7.1.

In contrast to direct detection, the capture rate of WIMPs in the Sun is inversely
proportional to the WIMP velocity, as seen in Eq. 1.63. The rate would therefore be
boosted by the presence of a co-rotating dark disc, regardless of whether it included
as an additional component on top of the standard halo, increasing the total local DM
density above the observed value, or as a component which cannibalizes a fraction of
the standard halo density, leaving the total observed density unchanged. References
[228] and [229] studied the impact of a dark disc on the WIMP capture rate in the
Sun, and like Ref. [227] considered it an additional component which increased the
local DM density above the measured value. The presence of a dark disc was found
to boost the capture rate, up to a factor of 50 for one extreme case of Ref. [229] where
the dark disc doubled the local DM density.

It is also possible to detect neutrinos from annihilations in other concentrations of
DM around the MW, such as the GC and dwarf spheroidal galaxies (dSphs) orbiting
the Milky Way. Searches for these have been conducted using a range of neutrino
detectors [265, 266, 267, 268, 269, 270, 271], though with no detection. IceCube has
however confirmed detections of astrophysical neutrinos [272, 273], including three at
in the PeV energy range, named ‘Bert’ (1.04 PeV), ‘Ernie’ (1.14 PeV), and ‘Big Bird’
(2.00 PeV). A relationship between dark matter and these astrophysical neutrinos has
been proposed, but the validity of these claims is currently unclear [274, 275, 276, 277,
278, 279, 280].
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1.7 Indirect Dark Matter detection with Gamma-
rays

As mentioned in the previous Section, WIMP DM particles can annihilate with each
other to produce SM particles. When these annihilations take place in the centre of
the Sun, as discussed previously, the only particles to escape are neutrinos. However
if these annihilations take place outside of celestial bodies such as the Sun, then an
entire gamut of SM particles could be detected. Neutrinos again offer such a signal
candidate, as mentioned above. Antimatter particles could also provide evidence of
dark matter [281, 282, 283, 284], though much directional information is lost due to
their random diffusion though the magnetic fields of the MW. Several experiments
have found an anomalous rise in the positron fraction above normal background expec-
tations [285, 286, 287]. This excess can be interpreted as a DM signal, but production
of positrons by a local pulsar remains a more likely scenario [288, 289, 290].

A powerful channel to search for these annihilations is gamma-rays [291, 292]. They
are easier to detect than neutrinos, and are not deflected by the magnetic field per-
meating the galaxy like charged cosmic rays. This channel does however suffer from
significant contamination from background sources of gamma-rays, complicating the
search for WIMP DM.

The flux of gamma-rays in our detector produced by annihilating WIMPs is given by

dΦ
dE = 〈σv〉

8πm2
χ

dNγ
dE J (∆Ω) . (1.65)

In this equation we again have the WIMP mass mχ and the WIMP self-annihilation
cross-section 〈σv〉. For a signal coming from galactic WIMPs we take 〈σv〉 in the limit
of v → 0, as the average WIMP speed is O(220 km s−1)� c (see Section 1.4.9). Addi-
tionally we have dNγ/dE, the average number of photons produced per annihilation
per energy, which depends on the annihilation channel. All these quantities describe
the particle physics that goes into to the calculation of flux. The astrophysical aspect
is described by the J-factor, which is

J (∆Ω) =
∫

∆Ω
dΩ
∫

l.o.s
dl ρDM(r)2. (1.66)

This is the integral of the DM density ρDM(r) squared (as two particles are required
for an annihilation), integrated over the line of sight (l.o.s.), within a cone ∆Ω that
covers the region of the sky we are observing. The density of DM in the equation
is no longer just the local density ρDM,�, but is instead a varying quantity ρDM(r),
where r runs along the line of sight.
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The dependence of Eq. 1.66 on ρDM(r)2 immediately suggests that the best place
to look for gamma-rays from annihilating DM is in nearby regions that have higher
DM density compared with the wider Universe, namely the centre of the MW, and
in dSphs. While the density in the GC is significantly higher than that of the dSphs,
the GC also has a large background of gamma-rays produced by the interaction of
high energy cosmic ray particles with the interstellar medium. This background is
part of the Galactic Diffuse Emission (GDE), and will play an important role in the
analysis presented in Chapter 3. The dSphs on the other hand, are thought to contain
no significant astrophysical gamma-ray emission as they contain old, low luminosity
stellar populations, which do not produce high energy cosmic rays, and have negligible
amounts of gas for any cosmic rays to interact with ([293], and e.g. Ref. [294] and
references therein). Observations of 15 of these dSphs by the Fermi-LAT and MAGIC
gamma ray telescopes currently set the most stringent limits on the annihilation cross-
section [122] below mχ = 3 TeV, while for mχ > 3 TeV the strongest limits are set
by HESS observation of the GC [123]. These limits from Fermi-LAT, MAGIC, and
HESS were shown previously in Fig. 1.4.

The inverse square dependence of the differential flux on the WIMP mass mχ in
Eq. 1.65 reflects the fact that our knowledge of the local DM density is only a mass
density rather than a number density. A higher DM particle mass will mean fewer
particles are needed to fulfil the required energy density, and a lower DM particle
mass will mean more are needed.

The observation of gamma-rays can be done with either space-based observatories or
ground based telescopes. The Fermi-Large Area Telescope (Fermi-LAT) mentioned
above falls in the former, and is preeminent in that category. Launched in 2008,
Fermi-LAT is a pair-conversion telescope - gamma-rays interact by producing e+e−

pairs, which are then tracked as they pass through the detector layers that make up
the LAT [295]. The direction and energy of the original gamma-ray can be determined
from the reconstruction of the e+ and e− tracks and the energy they deposit in the
calorimeter at the end of their passage through the LAT.

In 2009 Fermi-LAT data revealed an excess of emission above modelled backgrounds
in the direction of the GC, consistent with the WIMP DM annihilation scenario and
since confirmed by many independent studies [296, 297, 298, 299, 300, 301, 302, 303,
304, 305, 306, 307]. This has become known as the Fermi GeV Excess. If interpreted
as a DM signal, the spatial distribution of the excess suggests a DM density profile
described by a generalised NFW profile with γ = 1.1− 1.3 [308].

However, the inner galaxy contains many other gamma-ray sources, and it can be
difficult to disentangle a WIMP DM signal from this background [309]. These back-
grounds can be from diffuse sources, or from point sources that are below the resolving
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power of the detector. The GDE, which we will encounter again in Chapter 3, traces
the distribution of molecular clouds in the inner MW, and includes contributions from
relativistic electrons producing gamma-rays via bremsstrahlung and inverse-Compton,
and the decay of neutral pion generated high energy proton-proton collisions. Studies
using the spatial morphology and energy spectra of the excess have found it to be
robust against variations in the standard background models [305, 306], suggesting
the need for either WIMP DM, or for additional components to be included in the
background. Such additional elements could include extra electron injection from
supernova remnants [310], changes to the cosmic-ray propagation in the inner MW
[311], or a burst of high energy electrons produced O(106) years ago [312]. While
these ingredients would alter the diffuse emission, it is also possible that a population
of unresolved point sources such as rapidly spinning millisecond pulsars (MSPs) are
responsible for this excess [313, 301]. Recent analysis of the Fermi data has sug-
gested that such a population of point sources exists just below the resolution limit of
Fermi [314, 315]. The Fermi GeV excess remains an open and hotly debated topic
within the community.

The alternative method of observing gamma-rays is to look for the light emitted when
they interact with the Earth’s atmosphere. High energy gamma-rays will initiate
electromagnetic cascades in the atmosphere, tearing apart an atom and imparting
each fragment with sufficient energy to cause multiple stages of further disintegration.
This cascade of charged particles will be travelling faster than the speed of light in air
and so create a focused cone of Cherenkov light. By observing the brightness, shape,
and orientation of this cone using optical telescopes on the ground it is possible to
to reconstruct the energy and direction of the incoming gamma-ray. This type of
detector is known as an Imaging Air Cherenkov Telescope (IACT) [316, 317]. Around
the world there are currently three IACTs in operation: HESS II in Namibia [318],
VERITAS in Arizona, USA [319], and MAGIC in La Palma in the Canary Islands,
Spain8. These three collaborations have joined forces to build the next generation
IACT, the Cherenkov Telescope Array (CTA). CTA will be split across a northern
hemisphere site at La Palma, and a southern hemisphere site at Paranal in Chile
[320].

Space- and ground-based methods of detecting gamma-rays from WIMP DM annihi-
lations are complementary as they each cover the failings of the other. IACTs suffer
from a large background of cosmic ray protons and electrons at lower energies (see
Section 3.4), but can be constructed to have very large effective areas, e.g. CTA will
have an effective area ∼ 100 m2 at its threshold energy of 20 GeV, rising to O(106 m2)
at 10 TeV. Thus IACTs are well suited to detecting the rare but high energy gamma-
rays from higher mass WIMPs. Fermi-LAT and other space-based observatories do

8http://magic.mpp.mpg.de/
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not have this cosmic ray background, and so can probe the lower energy gamma-ray
spectrum. However their effective area is limited by the cost of launching large satel-
lites into orbit - e.g. Fermi-LAT has an effective area of ∼ 1m2. Thus Fermi-LAT is
suited to detecting the large number of lower energy gamma-rays produced by lower
mass WIMPs.

***
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2 Complementarity of
Direct and Indirect Dark

Matter Detection

2.1 Introduction

The experimental effort to probe the σSI and σSD WIMP-nucleon interactions is pro-
ceeding apace, using both direct detection and indirection detection via neutrinos
from solar capture and annihilation. A slew of direct detection experiments are cur-
rently taking data, and the XENON1T1 experiment will also be taking data before
the end of 2016. ANTARES2 and IceCube3 are both looking for the neutrinos pro-
duced by captured WIMPs annihilating in the Sun, and KM3NeT4 will join them
within the decade.

However, even if new particles are convincingly discovered by these experiments, re-
constructing the properties of these putative DM particles, such as their mass and
the scattering cross-sections with nuclei, will be a complex task. First, the rate calcu-
lation will be impacted by uncertainties in astrophysical quantities such as the local
DM density and velocity dispersion, as discussed earlier in Section 1.5. Second, the
spectrum of nuclear recoils is insensitive to the WIMP mass when the latter is much
larger than that of the nuclei of the target material, making a mass determination
impossible for WIMPs heavier than approximately 100 GeV [e.g. 321, 322]. Third, as

1http://www.xenon1t.org/
2http://antares.in2p3.fr/
3https://icecube.wisc.edu/
4http://www.km3net.org/
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2. Complementarity of Direct and Indirect Dark Matter Detection

pointed out in Ref. [323], not only it is impossible to disentangle SI and SD couplings
with a single direct detection experiment, but the large uncertainties associated with
the nuclear structure function might lead to an error of about one order of magnitude
on the reconstructed SD coupling [323, 252].

Uncertainties and degeneracies in the parameter space can fortunately be reduced with
a careful combination with other DM searches, e.g. combining the information arising
from direct detection experiments with different targets [324, 217, 325, 326, 327], or
combining direct detection with accelerator searches or indirect searches [328, 329,
330, 331, 332]. In this chapter we explore the degree of complementarity between
DM direct searches and indirect detection via neutrinos produced by the capture
and annihilation of WIMPs in the Sun’s core (see also Refs. [333, 334] for a similar
analysis in the framework of supersymmetric models). To quantify this complemen-
tarity we investigate the combination of an upcoming direct detection experiments
such as XENON1T, and the IceCube neutrino telescope in the 86-string configuration
including the DeepCore array. We start by assessing the reconstruction capabilities
of XENON1T [335] for 3 benchmark DM candidates close to current and upcoming
bounds: XENON1T is expected to reach 10−47cm2 in sensitivity for the SI interac-
tion, and 10−42cm2 for the SD interaction (the same sensitivity to SD interaction
as is expected for IceCube in a similar time period [336]).We will demonstrate that
even if one of the detectors does not see a signal the reconstruction of the physical
parameters is still improved by utilizing both experiments. We will then assess the
impact of uncertainties from astrophysics and from the nuclear structure functions
in the reconstruction of the WIMP parameters. Our final results will be obtained
by marginalizing5 over all these nuisance parameters 6, assessing the degradation of
the reconstruction of physical properties, such as the DM mass and the WIMP-nuclei
cross-sections with respect to the scenario with fixed nuisance parameters.

This chapter is organized as follows. We first elaborate upon the signals theoreti-
cally expected for DM scattering off nuclei in underground detectors, Section 2.2.1,
and for the neutrino flux from the Sun, Section 2.2.2. Section 2.3 describes the phe-
nomenological approach we use in studying the WIMP signal as well as the statistical
framework. Section 2.4 describes the setup of the XENON1T experiment, and its
sensitivity for detecting WIMP signals. On the same lines, in Section 2.5 we de-
scribe the prospect for detection with IceCube and its sensitivity in reconstructing
WIMP parameters. Section 2.6 illustrates the effectiveness of combining different
search strategies for reconstructing the benchmark models. We subsequently discuss
the uncertainties that affect the signal reconstruction in Section 2.7: we first describe

5By marginalizing we mean to integrate over all other parameters than the WIMP mass and
cross-sections.

6A nuisance parameter is any parameter which is not of immediate interest but which must be
accounted for in the analysis of those parameters which are of interest.
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the impact of astrophysical uncertainties over the Galactic parameters, then the ef-
fect of undetermined nuclear structure functions, and lastly comment on the velocity
distribution parametrization. Finally, we summarize our findings in Section 2.8.

2.2 Predicted signals from WIMPs

In this section we review the theoretical predictions for the direct detection rate and
for the neutrino flux arising from annihilation of DM particles in the Sun. The scope of
this brief summary is to introduce the key model parameters of our phenomenological
analysis and underline the (different) dependence of the expected rates in direct and
indirect detection experiments.

2.2.1 Theoretical rate for direct detection

Direct detection experiments aim to detect nuclear recoils arising from the scattering
of WIMPs off target nuclei. The differential spectrum of a DM particle recoiling off
a nucleus, in units of events per time per detector mass per energy, has the form

dR
dE = ρDM,�

mDMmN

∫
v>vmin

d3v
dσ
dE (E, v) v f(v) , (2.1)

where E is the energy transferred during the collision, ρDM,� ≡ ρDM(R�) is the
WIMP density in the solar neighborhood, mDM is the WIMP mass, dσ/dE is the
differential cross-section for the scattering, and f(v(t)) is the normalized WIMP ve-
locity distribution in the Earth’s rest frame. The integration in the differential rate
is performed over all incident particles capable of depositing a recoil energy of E. For
elastic scalar interactions, this implies a lower integration limit of

vmin =

√
MNE

2µ2 , (2.2)

where MN is the mass of the target nucleus, and µ = mDMMN /(mDM +MN ) is the
WIMP-nucleus reduced mass. As for the velocity distribution f(v), we use the MB
parametrization [337, 338] and neglect the time dependent modulation due to the
Earth’s motion around the Sun. We defer to Section 2.7.1 and 2.7.3 the discussion
about the role of astrophysical uncertainties.

The differential cross-section dσ/dE encodes the particle and nuclear physics infor-
mation and is in general separated into the SI and SD contributions as

dσ
dE = dσSI

dE + dσSD

dE . (2.3)
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Spin-independent interaction

dσSI

dE = mNσ
SI
n

2µ2
nv

2

(
fpZ + (A− Z)fn

)2

f2
n

F2
SI(E) , (2.4)

where µn = mDMmn/(mDM + mn) is the WIMP-nucleon reduced mass, σSI
n is the

SI zero-momentum WIMP-nucleon cross-section, Z (A) is the atomic (mass) number
of the target nucleus used, and fp (fn) is the WIMP effective coherent coupling to
the proton (neutron). We assume the WIMP couples equally to the neutron and the
proton (fn = fp), so that the differential cross-section dσSI/dE is sensitive only to
A2. The nuclear form factor FSI(E) characterizes the loss of coherence for nonzero
momentum transfer, and is well parametrized by the Helm form factor [339, 340] for
all nuclei [341]

FSI(E) = 3e−q
2s2/2 sin(qr)− qr cos(qr)

(qr)3 , (2.5)

where s = 1 fm, r =
√
R2 − 5s2, R = 1.2 A1/3 fm, and q =

√
2MNE.

Spin-dependent interaction

dσSD

dE = 4mNσSD
n

3µ2
n v

2
J + 1
J

(
〈Sp〉+ an

ap
〈Sn〉

)2
F2

SD(E) , (2.6)

where σSD
n is the SD zero-momentum WIMP-nucleon cross-section, ap (an) are axial

WIMP-proton (neutron) couplings, J is the total spin of the nucleus and 〈Sp〉 (〈Sn〉)
is the proton (neutron) spin averaged over the nucleus. The nuclear form factor for
SD is usually defined as

F2
SD(E) = S(E)

S(0) , (2.7)

and
S(q) = a2

0S00(q) + a0a1S01(q) + a2
1S11(q) , (2.8)

with a0 = an+ap (a1 = ap−an) being the isoscalar (isovector) coupling. Furthermore
we assume equal coupling to neutron and proton (an = ap), hence only the structure
factor S00 will be relevant for our analysis. This assumption is motivated by the fact
that theoretical models of WIMPs typically predict a similar cross-section to proton
and neutron [326, 342].

For the xenon-based detector we will consider there are two isotopes that have a
nonzero total spin because of the unpaired neutrons: 129Xe, with J = 1/2 and abun-
dance 26.44%, and 131Xe, with J = 3/2 and abundance 21.18%.

The structure functions S00(q) and S11(q) are related to the transverse electric and
longitudinal projections of the axial current. These functions can be computed in a
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shell-model for the atomic nucleus, and the spin of the nucleus is computed by means
of the wave functions of the unpaired nucleons. Assuming a particular interaction be-
tween nucleons, these are placed in energy levels according to the exclusion principle.
As many excited levels as possible are included, making this kind of computation dif-
ficult. Finally the projected currents are computed by evaluating the matrix elements
of the many-nucleon model. Nuclear shell models are more reliable for heavy nuclei,
but even in this case there can be significant deviations at zero momentum transfer
or at high momentum. To bracket the uncertainties in the case of the xenon nucleus,
for both isotopes we consider two parametrizations for the structure functions: the
first (NijmegenII hereafter) was computed in 1997 by Ressell and Dean [343], while
the second is based on a very recent computation using chiral effective field theory
formalism and accounting for two body interactions [344] (from now on CEFT). In
the first part of our discussion we assume nuclear structure functions from CEFT
formalism, while in Section 2.7.2 we discuss the effect of marginalizing over various
realizations of the nuclear structure functions. The structure functions presented in
[344] were updated in [345], released soon after our work was published [1], and the
updated limits are now used in the LUX SD analysis [251].

The total number of recoils expected, as a function of the DM parameters, in a
detector of mass Mdet in a given observed energy range [Emin, Emax] over an exposure
time T is obtained by integrating Eq. (2.1) over energy

SXe(mDM, σ
SI
n , σ

SD
n ) = εMdet T

∫ Emax

Emin

dE dR
dE , (2.9)

where we have accounted for an energy independent efficiency factor ε and a finite
energy resolution σ(E) for the detector:

dR
dE =

∫ ∞
0

dR
dE′

e
−(E′−E)2

2σ(E′)2√
2σ(E′)2π

dE′ . (2.10)

For this analysis we will focus on the future XENON1T experiment, the details of
which are outlined in Section 2.4.

As noted earlier in Section 1.5, a degeneracy exists between ρDM,� and the DM-nuclei
interaction cross-section dσ/dE. As we split this latter term into SI and SD pieces
(Eq. 2.3, and then reduce each piece into a function based on DM-nucleon interactions
σSI
n and σSD

n (Eqs. 2.4 and 2.6), we acquire additional degeneracies, first between σSI
n

and σSD
n , and then also between the combination of these two and ρDM,�.

A further degeneracy will form as mDM increases beyond the mass of nuclei MN .
To see this, consider Eq. 2.1 and the places where mDM enters in the case where
mDM � MN . First, it enters dσ/dE via the µn = mDMmn/(mDM + mn) term in
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Eqs. 2.4 and 2.6. Naturally mDM � MN implies mDM � mn, and so in this case
µn ' mn. Second, it enters via the vmin limit integration limit (Eq. 2.2), again via a
reduced mass, µ = mDMMN /(mDM +MN ). In the case under consideration µ 'MN ,
and vmin becomes

vmin '
√

E

2MN
. (2.11)

Thus the only remaining input for mDM is in the denominator of the initial fraction
in Eq. 2.1, leaving it degenerate with ρDM,�, σSI

n , and σSD
n . This matter will be

illustrated and further discussed in Section 2.4.

2.2.2 Muon signal in neutrino telescopes

The method of indirect DM detection with neutrino telescopes we use here involves
four processes: capture of WIMPs by the Sun, annihilation of these WIMPs, pro-
duction of neutrinos following the annihilation event, and finally detection of these
neutrinos. The formalism described in this section is encoded in the DarkSUSY 5.0.6
software package which we use in our analysis [346].

Capture of WIMPs in the Sun occurs when WIMPs elastically scatter off nuclei in
the Sun and lose enough energy to reduce their velocity to below the solar escape
velocity. Subsequent scattering events reduce the velocity of the captured WIMPs
further, until they concentrate and thermalize in the core of the Sun. In Chapter 1
an approximate formula for the capture rate was given (Eq. 1.63). Here we present a
more detailed elucidation of this rate. The capture rate is [347]

Cc = ρDM,�

mDM

∫ R

0
dr
∑
i

dCi
dV 4πr2, (2.12)

where
dCi
dV =

∫ umax

0
duf(u)

u
wΩ−v,i(w) (2.13)

is the capture rate per unit shell volume, R is the solar radius and index i runs across
nuclear species present in the Sun. The variable w is the velocity of the WIMP at the
shell, and w =

√
u2 + v2, where u is the velocity at an infinite distance away from the

shell (i.e. where the influence of the shell’s gravitational potential is negligible) and
v is the escape velocity at the shell. The integration limit umax is given by

umax =
√

4mDMmNi
mDM −mNi

v. (2.14)

The term wΩ−v,i(w) quantifies the probability that a WIMP will scatter to a velocity
less than the escape velocity, and is proportional to σini, where ni is the number
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density of nuclei i in the shell and σi is the total interaction cross-section between
the WIMP and nuclei i. This calculation, the default in DarkSUSY 5.0.6, does not
include the effects of diffusion and planets as these have been shown to be minimal
[348].

The WIMP-nuclei cross-section σi can be expressed as [349, 350]

σi = β2
[
σSI
n A

2
i + σSD

n

4(Ji + 1)
3Ji

|〈Sp,i〉+ 〈Sn,i〉|2
]
, (2.15)

where
β = mNi(mχ +mp)

mp(mχ +mi)
. (2.16)

The Sun is composed overwhelmingly of spin- 1
2 hydrogen and spin-0 helium, with

only small quantities of heavier elements. The increased atomic number of these
heavier elements will compensate for their lower abundance via the A2

i term and give
appreciable contributions to the SI part of σi. However no such enhancement occurs
for the SD part, with total spin being related to the number of unpaired nucleons.
Thus we can consider only a SD contribution from hydrogen nuclei, reducing Eq. (2.15)
to

σi =
{
σSI
n + σSD

n for i = 1,
β2σSI

n A
2
i for i ≥ 2.

(2.17)

While SI interactions are taken into account in the capture rate calculation, in practice
the SD interaction is dominant. As the SD process occurs directly on protons, the
theoretical rate is not affected by nuclear structure functions describing the coherence
of the nucleus.

As shown in Eq. (2.12) the capture rate is dependent upon the density of WIMPs.
However as WIMP capture is a continuous process it is sensitive not to the local
density at the Sun’s current position but instead samples the local density along the
prior path of the Sun around the galaxy [351]. For this analysis, however, we assume
a constant local DM density ρobs

DM,�, and we will discuss the uncertainties related to
this assumption in Section 2.7.1.

Acting against the accumulation of WIMPs is the process of DM annihilation. We
can describe the total population of WIMPs in the Sun N(t) [352] by the equation

dN(t)
dt = Cc − Γa(t) (2.18)

where Γa(t) = 1
2CaN

2(t) is the annihilation rate. The parameter Ca is dependent on
the distribution of WIMPs in the Sun and 〈σav〉, the zero velocity WIMP annihilation
cross-section [349].
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Solving Eq. (2.18) gives us an expression for the annihilation rate:

Γa(t) = Cc
2 tanh2

(
t

τ

)
(2.19)

where τ = 1/
√
CcCa is the capture-annihilation equilibrium time scale. In the case

of t � τ , Eq. (2.19) reduces to Γa(t) = 1
2Cc, and equilibrium between capture and

annihilation is reached. For this study we assume this steady state scenario; it allows
us to take a more model independent approach by eliminating the dependence on
〈σav〉.

WIMPs which have accumulated in the Sun can annihilate with each other and pro-
duce Standard Model particles. The majority of the decay products of these particles
are absorbed almost immediately and without consequence in the core of the Sun.
However, certain classes of WIMPs can decay directly into neutrinos, and in other
cases the Standard Model decay products can themselves decay into neutrinos, which
can escape from the Sun and potentially be detected on Earth. The differential flux
of neutrinos of flavour ` = (e, µ, τ) at Earth is given by [353]:

dΦν`
dEν`

= Γa
4πD2

⊕

∑
f

Bfχχ
dNf

ν`

dEν`
, (2.20)

whereD⊕ is the Earth-Sun distance, Bfχχ is the branching ratio of DM self annihilation
to a final state f , and dNf

ν`
/dEν` is the number of neutrinos of flavour ` per energy

produced from the final state f .

Detection of these neutrinos by neutrino telescopes occurs via the observation of the
Čerenkov radiation emitted by the particles produced following the weak force interac-
tions between the neutrinos and the matter in and around the telescope. Of particular
interest are muons created by the charged current interactions of muon neutrinos, as
their range is such that they create long, relatively detectable tracks compared to
other leptons [354]. Optical detection of the Čerenkov radiation in a transparent
medium such as water or ice then allows the incoming neutrino’s energy and origin
to be reconstructed. Taking into account neutrino oscillations the differential flux of
muon neutrinos is:

dΦνµ
dEνµ

=
∑

`=e,µ,τ
Pν`→νµ(Eν` , D⊕)dΦν`

dEν`
, (2.21)

where Pν`→νµ(Eν` , D⊕) is the probability of a neutrino of type ` and energy Eν`
oscillating to a muon neutrino after travelling a distance D⊕ to the Earth. The flux
of muons in the detector is then [353]

dΦµ
dEµ

= NA

∫ ∞
Eth
µ

dEν
∫ ∞

0
dλ
∫ Eν

Eµ

dE′µP (Eµ, E′µ;λ)
dσν(Eν , E′µ)

dE′µ
dΦν
dEν

, (2.22)
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where to save the reader’s eyesight from multiple subscripts we assume ν = νµ. NA
is Avogadro’s number, Eth

µ is the detector threshold energy, λ is the muon range in
the detector medium, P (Eµ, E′µ;λ) is the probability of a muon of initial energy E′µ
having a final energy Eµ having passed through a length λ of the detector medium,
and dσν(Eν , E′µ)/dE′µ is the weak interaction cross-section for a parent muon neutrino
of energy Eν producing a muon of energy E′µ. The final number of signal events Sµ
for a counting only experiment between times t0 and t1 would then be:

Sµ =
∫ t1

t0

dt
∫ ∞
Eth
µ

dEµA(Eµ)dΦµ
dEµ

(2.23)

This rate calculation is incorporated into the DarkSUSY 5.0.6 software package,
which we use for this analysis [346, 353]. For this analysis we will focus on the
IceCube neutrino telescope, the details of which are outlined in Section 2.5.

2.3 Statistical framework and benchmark WIMP
models

To illustrate the capabilities of reconstruction and complementarity of future direct
detection experiments and neutrino telescopes we consider three benchmark models,
described in Table 2.1. These WIMP models represent a phenomenological approach
in the description of the theoretical parameters Θ = {mDM, σ

SI
n , σ

SD
n } we are interested

in, and capture the relevant aspects of the analysis:

(i) Benchmark A is characterized by a light mass of 60 GeV and its cross-section
on nucleons is dominated by the SD component.

(ii) Benchmark B has an intermediate DM mass of 100 GeV and sizeable WIMP-
nuclei cross-sections for both SI and SD interactions.

(iii) Benchmark C is characterized by a heavy mass of 500 GeV and significant SI
but negligible SD cross-sections.

These benchmark points are shown in Figures 2.1 and 2.2, along with the limits
previously seen in Section 1.5. We have checked that our conclusions are robust and
hold for benchmarks with same behaviour of the cross-sections but different masses as
well. These benchmark WIMP models are representative of well-motivated neutralino
configurations arising in scans of the MSSM25 [232] parameter space, which is a
phenomenological parametrization of the minimally supersymmetric Standard Model
(MSSM) with 25 free parameters defined at the electroweak scale.

At the time this work was conducted in 2013, all benchmark points were below the
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Benchmark A Benchmark B Benchmark C
mDM [GeV] 60 100 500

σSI
n [cm2] 3.7× 10−49 8.8× 10−46 1.1× 10−45

σSD
n [cm2] 2.0× 10−40 2.0× 10−40 9.6× 10−45

SSI
Xe(Θ) 1.1 252.8 74.4

SSD
Xe (Θ) (CEFT) 422.8 356.1 4.4× 10−3

SSD
Xe (Θ) (NijmegenII) 170.9 122.3 1.5× 10−3

Sµ(Θ) 24.9 (τ+τ−) 66.0 (W+W−) 7.8 (νµν̄µ)

Table 2.1: Above are listed the parameters and predicted signals for the three bench-
mark models used in the analysis. In descending order are: their masses; SI and SD
interaction cross sections with nucleons, σSI

n and σSD
n ; counts predicted in XENON1T

for the SI interaction, SSI
Xe(Θ); counts predicted in XENON1T from the SD interac-

tions assuming the CEFT and NijmegenII structure functions (see text for further
details); and the expected muon signal in IceCube-86 for the WIMP annihilation
signal given in brackets. The prediction for XENON1T signals assumes an effective
exposure of εeff = 2ton × year, while the predicted signal for IceCube assumes an
exposure of five 180 day austral winter observing seasons, for a total of 900 days. The
first benchmark is characterized by a light DM mass and large SD contribution, the
second has intermediate mass and both sizable SI and SD cross-sections, while the
third has a large mass and dominant SI contribution.

limits currently available. However Benchmarks A and B are now just inside the
SD-neutron exclusion limits set by LUX [251], as seen in Figure 2.2. Additionally,
Benchmark B is just below the LUX SI limits [189], and inside the IC79 exclusion
region if one assumes a τ+τ− annihilation channel instead of the W+W− channel
we assign it. Nonetheless, the conclusions we draw here remain valid, as they are
based on signal rates (Eqs. 2.9 and 2.23) which are proportional to the WIMP-
nucleon interaction cross section multiplied by an exposure. Similar outcomes for this
analysis could be gained by reducing the interaction cross section of the benchmark
point and increasing the exposure to compensate.

For each benchmark model we generate mock data, using the experimental likelihoods
L(Θ), from the true model, i.e. without Poisson scatter [355]. These theoretical signals
expected in the detectors, which are the number of recoiling nuclei in XENON1T
arising from both SI and SD part and the number of up-going muons Nµ in IceCube,
are given in Table 2.1 and will be described in detail in Secs. 2.4 and 2.5, respectively.

For the sampling of the theoretical parameter space we adopt the Bayesian methodol-
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Figure 2.1: (Overleaf) Comparison of of our Benchmark points A, B, and C, with
current and projected direct detection limits on σSI, nucleon: XENON100 (purple) [190],
XENON1T (projected, purple shaded) [230], LUX (red) [189], CRESST-II (green)
[231], and CDMSLite (pink) [233]. Also shown in grey is the ‘neutrino floor’ generated
by coherent scattering of solar and cosmological neutrinos [234].

Figure 2.2: (Overleaf) Comparison of of our Benchmark points A, B, and C, with
current limits on σSI, nucleon from direct detection experiments and solar capture
and annihilation to neutrinos: LUX-neutron (dashed red), LUX-proton (solid red)
[251], XENON100 neutron (dashed purple), XENON100 proton (solid purple) [252],
PICO60 [246] and PICO-2L [247] (yellow), and IceCube-79 proton [4].

ogy. We employ the public code MultiNest v2.12 [356, 357], which uses an ellipsoidal
and multimodal nested-sampling algorithm to estimate the posterior probability over
the full parameter space:

P(Θ|d) ∝ L(Θ)π(Θ) , (2.24)

where π(Θ) is the prior probability density function (pdf). The priors for the three
theoretical parameters mDM, σSI

n and σSD
n are chosen to be flat on a logarithmic scale

so as not to favor any particular order of magnitude, and are defined as follows:

log10(mDM/GeV) : 1→ 3 ,
log10(σSI

n /cm2) : −60→ −43 ,
log10(σSD

n /cm2) : −55→ −38 .

We set nlive = 25000, and use an efficiency factor of 10−4 and a tolerance factor of
0.01 [356], which ensure that the sampling is accurate enough to have a parameter es-
timation similar to Markov chain Monte Carlo sampling methods [358]. The resulting
chains are analyzed with an adapted version of the package GetDist, supplemented
with MATLAB scripts from the package SuperBayeS [359, 360]. Two-dimensional pos-
terior probability distribution functions (pdfs), Pmarg, marginalized over the nuisance
parameters and the remaining n − 2 theoretical parameters, are obtained from the
chains by dividing the relevant parameter subspace into bins and counting the num-
ber of samples per bin. An x% credible interval or region containing x% of the total
volume of Pmarg is then constructed by demanding that Pmarg at any point inside
the region be larger than at any point outside. The inferred pdfs are sensitive to the
choice of the mass prior range, which we have checked by increasing the upper bound
of the prior range to 100 TeV: the x% contours suffer from volume effects related to
the behavior of the likelihood at very large mass, above 10 TeV, and we will comment
upon this more in Section 2.6. We however argue that these effects are not relevant
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2.3. Statistical framework and benchmark WIMP models
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2. Complementarity of Direct and Indirect Dark Matter Detection

for our analysis, since for these high masses the DM most likely does not meet the
WIMP requirements anymore. Hence the mass prior range used here is driven by the
standard mass range for WIMPs.

The astrophysical parameters describing the DM halo and the DM in the solar neigh-
bourhood are regarded as nuisance parameters. These parameters are the local stan-
dard of rest velocity v0, the DM escape velocity in the halo vesc, and ρDM,�. We do
not include the effects of a co-rotating dark disc, but later in Section 2.7.1 we discuss
the effects of a triaxial halo on DM capture in the Sun. Here we use the following cen-
tral values and uncertainties for the astrophysical parameters, as used in previously
in [361, 362, 208]:

vobs
0 = 230± 24.4 km s−1 ,

vobs
esc = 544± 39 km s−1 ,

ρobs
DM,� = 0.4± 0.2 GeV cm−3 = (10.5± 5.27)× 10−3 M� pc−3.

These ranges are broadly in line with the current state of the art. Since publication
of the work presented in this Chapter the RAVE collaboration have revised their
measurement of the escape velocity downwards to vesc = 533+54

−41 km s−1 [202]. In the
first part of our analysis we keep these nuisance parameters fixed to their observed
value, while in Section 2.7.1 we present the final results marginalizing over them. The
uncertainty over the nuclear structure function for SD interactions is also treated as
a nuisance parameter in Section 2.7.2.

2.4 Reconstruction with XENON1T

XENON1T is the ton scale continuation of the XENON100 detector, and has been
constructed underground at the Laboratori Nazionali del Gran Sasso in Italy. It is
currently in the commissioning phase, with data taking planned to start sometime in
2016.

We consider the energy window for DM searches to be from 10 to 45 keV, divided into
7 bins. In this range, the XENON1T likelihood function is given by the product of
independent Poisson likelihoods describing the probability of observing the predicted
events for a given WIMP signal over the energy bins labeled by the index i:

lnLXENON1T(Θ) =
7∑
i=1

lnP
(
Nobs
i |Si(Θ) + θBG,i

)
. (2.25)

Nobs
i is the observed number of events in each bin and θBG,i is the total background in

each bin, described below. The detector energy resolution is σ(E) = 0.6 keV
√
E/keV.
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2.4. Reconstruction with XENON1T

The effective exposure εeff = 2 ton× year comes from ε× ηcut ×ANR = 5× 0.8× 0.5,
where ε is the total exposure, ηcut is the cut efficiency, and ANR is the nuclear recoil
acceptance. As XENON1T is expected to be almost background free [335], we consider
a background of 4 × 10−8 counts/kev/day/kg, which accounts for a total of θBG,i =
0.02 events per bin after integrating over the exposure time. With this assumption
we can safely consider it to be an energy independent background.

The expected number of recoiling nuclei for our benchmark models are shown in
Table 2.1. Benchmark A has a negligible SI cross-section of about 10−49cm2, which
is well below the expected sensitivity of XENON1T of ∼ 10−47cm2: the theoretical
predictions are compatible with the background in this case. All the signal comes
from the SD contribution, which can range from 200 to 400 events, depending on
the nuclear structure function adopted for describing the xenon nuclei. In this case
σSD
n = 2.0× 10−40cm2 is close to the upper bound of XENON100 for SD interaction

on neutron [252] and in the sensitivity range of XENON1T for SD which is expected
to be around 10−41cm2 [363]. Since the publication of this work [1] the SD-neutron
limit from LUX has just passed Benchmark A, thus excluding this point (see Section
2.3).

Benchmark B is similar to A as far as it concerns the SD contribution, with a number
of events ranging from 100 to 350 depending on the structure function model. As
with Benchmark A it has been ruled out by recent LUX SD-neutron results, but is
also ruled out by IC79 results if an alternative τ+τ− annihilation channel is assumed
[364]. In contrast to Benchmark A however, B has a large contribution of 252 events
from the SI interaction, which has a cross-section of σSIn = 8.8×10−46cm2, just below
the exclusion bound of XENON100 [365] and LUX SI results [189].

The last model, Benchmark C, has a negligible contribution from the SD interaction,
accounting for zero events, while the SI interaction predicts about 70 events. This
point is within reach of XENON1T SI limits, but escapes SD limits by several orders
of magnitude.

Figure 2.3 shows the reconstruction of our benchmark models with XENON1T only,
with the Galactic parameters fixed at their observed values and with the CEFT nu-
clear structure function in use. Hence no nuisance parameters are included in this
part of our analysis. The left panels show the 2D marginal posterior pdf in the
{mDM, σ

SI
n }-subspace, the central panels show the 2D marginal posterior pdf in the

{mDM, σ
SD
n }-subspace, while the rightmost panels show the 2D marginal posterior

pdf in the {σSI
n , σ

SD
n }-subspace, for Benchmarks A, B and C in the first, second and

third rows respectively.

If we allowed the DM particle to have only one interaction, SI or SD, contributing
to the observed events, we would expect the reconstruction of the WIMP-nucleon

63



2. Complementarity of Direct and Indirect Dark Matter Detection

log10(mDM) [GeV]

lo
g 10

(
nSI

) [
cm

2 ]

Benchmark A
XENON1T
Fixed Astrophysics

1 1.5 2 2.5 350

49

48

47

46

45

44

43

log10(mDM) [GeV]

lo
g 10

(
nSD

) [
cm

2 ]

Benchmark A
XENON1T
Fixed Astrophysics

1 1.5 2 2.5 347

46

45

44

43

42

41

40

39

38

log10( n
SI) [cm2]

lo
g 10

(
nSD

) [
cm

2 ]

Benchmark A
XENON1T
Fixed Astrophysics

50 48 46 4447

46

45

44

43

42

41

40

39

38

log10(mDM) [GeV]

lo
g 10

(
nSI

) [
cm

2 ]

Benchmark B
XENON1T
Fixed 
   Astrophysics

1 1.5 2 2.5 350

49

48

47

46

45

44

43

log10(mDM) [GeV]

lo
g 10

(
nSD

) [
cm

2 ]

Benchmark B
XENON1T
Fixed 
   Astrophysics

1 1.5 2 2.5 347

46

45

44

43

42

41

40

39

38

log10( n
SI) [cm2]

lo
g 10

(
nSD

) [
cm

2 ]

Benchmark B
XENON1T
Fixed Astrophysics

50 48 46 4447

46

45

44

43

42

41

40

39

38

log10(mDM) [GeV]

lo
g 10

(
nSI

) [
cm

2 ]

Benchmark C
XENON1T
Fixed Astrophysics

1 1.5 2 2.5 350

49

48

47

46

45

44

43

log10(mDM) [GeV]

lo
g 10

(
nSD

) [
cm

2 ]

Benchmark C
XENON1T
Fixed
   Astrophysics

1 1.5 2 2.5 347

46

45

44

43

42

41

40

39

38

log10( n
SI) [cm2]

lo
g 10

(
nSD

) [
cm

2 ]

Benchmark C
XENON1T
Fixed Astrophysics

50 48 46 4447

46

45

44

43

42

41

40

39

38

Figure 2.3: The reconstruction with XENON1T of the A (top), B (middle) and C

(bottom) benchmark models with fixed astrophysics. No nuclear uncertainties are
taken into account. The left, central and right plot shows the 2D marginal posterior
pdf in the {mDM, σ

SI
n }-plane, {mDM, σ

SD
n }-plane and {σSI

n , σ
SD
n }-plane respectively.

The contours denote the 68% and 95% credible regions and the diamond point shows
the parameter values of the benchmark models.
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2.4. Reconstruction with XENON1T

cross-section to be effective, namely to select only a closed region in the parameter
space. However, as soon as both cross-sections are allowed to vary the marginal
posterior pdf exhibits a tail towards very small values, since each parameter can
compensate for the other to achieve the observed number of events. In other words,
as the signal in XENON1T receives contributions from both SI and SD interactions
a degeneracy can occur [323, 326]. This is apparent from all plots, where the 95%
credible region does not exhibit a closed contour. The effect is more pronounced
for the SD interaction, while in the case of SI scattering the 68% credible region is
denoted by a closed contour around the Benchmark A point, or always bounded from
below in the B and C cases. This is due to the fact that XENON1T is more sensitive
to SI interactions than SD interactions. In addition a low signal for one interaction
will cause the corresponding true value to be poorly reconstructed: for example, for A
the SI interaction is very small and close to zero observed events, hence the signal in
XENON1T at 68% confidence level (CL) is attributed to the largest cross-section that
accounts for such events, and the true value is contained only in the 95% CL. This
effect is mirrored for Benchmark C, where again the true value for the SD interaction
is only contained in the 95% credible region, which are as well upper bound for that
interaction.

In the reconstruction of the DM mass parameter, we encounter the usual limitation
of direct detection: after the WIMP mass matches and then exceeds the target nuclei
mass, the mass reconstruction becomes progressively worse, as the slope of the differ-
ential cross-section becomes essentially insensitive to WIMP mass for mDM � mN .
The degeneracy in the mass reconstruction can be seen as we move to the higher
mass B and C points, as denoted in the left and central panel of Fig. 2.3 by the tail
extending towards large masses. The only exception is Benchmark A, whose posterior
pdf does not exhibit this mass degeneracy and appears to be a closed contour around
the benchmark model point at both 68% and 95% CLs. A viable solution to amelio-
rate the DM mass reconstruction is to combine different target materials, typically
with different atomic number, as described in [217, 326]. However heavy WIMPs still
exhibit a tail in the posterior pdf extending towards high mass values. We will show
in Section 2.6 that it is possible to break this degeneracy by complementing the signal
seen in XENON1T with the signal of IceCube, or even with the nondetection of a
signal.

It is worth commenting on the features appearing in the marginal posterior pdf con-
tours at the 95% CL, in particular affecting Benchmark C of Fig. 2.3. These features
are not physical, but are an indication that the posterior pdf is flat, which makes it
a challenge to sample effectively. This also occurs with IceCube alone or when the
likelihood is poorly constrained by the data.
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2. Complementarity of Direct and Indirect Dark Matter Detection

2.5 Reconstruction with IceCube

The IceCube neutrino telescope consists of 5160 digital optical modules (DOMs) ar-
ranged vertically along 86 strings embedded in a cubic kilometre of extremely trans-
parent natural ice below the South Pole [366]. Included in IceCube is the DeepCore
subarray, which consists of six strings arranged at the centre of IceCube with closer
horizontal spacing and instrumented with DOMs of higher sensitivity and closer ver-
tical spacing along the string. DeepCore has been designed to reduce the energy
threshold of IceCube from 100 GeV down to 10 GeV [367].

The WIMP annihilations can produce a wide variety of final states, whose subse-
quent decays can produce high energy neutrinos, with the branching ratios to each
state dependent on the properties of the DM particle and the underlying theory that
generates it. In our phenomenological approach we consider three annihilation final
states with branching ratio equal to one, as labeled in Table 2.1. For Benchmark A

we consider the τ+τ− final state, which gives a harder neutrino signal than the bb̄
channel. Benchmark B annihilates into W+W−, which is the dominant channel for
a common fermionic WIMP with a mass above the W threshold. Finally we consider
the νµν̄µ channel for Benchmark C. The annihilation directly into neutrinos is heav-
ily suppressed for Majorana particles (e.g. neutralinos) [368] but can occur for vector
WIMPs, such as the Kaluza-Klein photon [369, 324].

For each benchmark model and its annihilation channel we first calculate the the-
oretical signal rate using the default routines in DarkSUSY 5.0.6 [346, 353] (which
employ the methods outlined in Section 2.2.2) with a slight modification to enforce
the steady state scenario. The MSSM25 models we build upon for our benchmark
WIMP models (see Table 2.1) have equilibration times of the order of 1 − 4 × 108

years, e.g. an order of magnitude smaller than the age of the Sun, making our as-
sumption of a steady state scenario a valid one. We use an exposure time of five
180 day austral winter observing seasons (e.g. 900 days), and an angular cut around
the solar position of φcut = 3◦. The predicted muon signals Sµ(Θ) for each bench-
mark model and annihilation channel are given in Table 2.1. From the background
files included in the DarkSUSY 5.0.6 release we extracted the number of background
events within the 3◦ angular cut. For a 180 day season the number of background
events was 41, yielding 205 background events for our 900 day exposure time. With
this background estimation we have an estimate of the number of events needed for
a detection within 5 seasons of data taking in IceCube, which is approximately 50
events, depending on the annihilation channel. This is compatible with the analysis
released by the IceCube collaboration [264] prior to the publication of [1]: by analyz-
ing the data from one winter season with up-going muons plus one summer season
with down-going muons, taken using 79 strings (including the six DeepCore strings),
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2.5. Reconstruction with IceCube

the strongest exclusion bounds are for a WIMP mass of 250 GeV annihilating into
gauge bosons and with a spin dependent cross-section on proton of about 10−40cm2

producing ∼ 15 events per season.

The use of DeepCore allows the limit to be extended down to a mass of 20 GeV
but the sensitivity rapidly diminishes, and at this mass only a SD cross-section of
approximately 10−38cm2 can be excluded. For a WIMP with a mass of 50 GeV the
current exclusion bound is close to 10−40cm2, comparable with the bound obtained
with XENON100. For our benchmark models the expected number of events range
from ∼ 66 muons for Benchmark B to 7.8 muons produced by the νµν̄µ final state for
C. Benchmark A annihilating to the τ+τ− final state is intermediate with 22 expected
muons. Comparing these to Table I of [264] we can see that all our benchmarks have
signal rates compatible with the exclusion limits at the time this work was published
in [1].

The likelihood function we use for the IceCube experiment, Eq. (2.26), is presented
in [370] and included in DarkSUSY 5.0.6. The likelihood of observing Ntot events
given a background rate of θBG and a theoretical model Θ, which has a true expected
signal Strue(Θ) = αSµ(Θ) events, is

LIC86(Θ) ≡ L (Ntot|θBG, Sµ) (2.26)

≡ 1√
2πσα

∫ ∞
0

(θBG + αSµ(Θ))Ntot e−(θBG+αSµ(Θ))

Ntot!
exp

[
−1

2

(
lnα
σα

)2
]

dα.

(2.27)

The variable α quantifies potential systematic errors between the true expected signal
Strue(Θ) and the nominally predicted signal Sµ(Θ). The relative fractional error on
Sµ(Θ) is then α − 1, and this is then marginalized over in a semi-Bayesian way,
assuming a log-normal probability distribution and with standard deviation σα. This
likelihood takes into account only the total number of signal events. A likelihood
function taking into account the energy of the signal muons is also presented in [370]
and encoded into DarkSUSY 5.0.6, but this requires an accurate description of the
energy response function of IceCube, which is not publicly available for the 86 string
configuration. We recently presented further improvements of this likelihood in [4],
which took into account a non-negligible opening angle between the paths of the
incoming neutrino and outgoing muon. The opening angle is larger for lower energy
neutrinos, and so this likelihood reduces the neutrino energy threshold for this DM
detection technique from 50 GeV to 10 GeV. The likelihood function of [4] produced
limits up to an order of magnitude better than those produced with a simple counts-
based likelihood, as we use for this analysis.

There are several experimental aspects of IceCube that are salient to our discussions.
First, the effective area of IceCube, which quantifies the sensitivity of the detector,
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Figure 2.4: Reconstruction using IceCube (denoted IC86), with fixed astrophysics, for
benchmark model B with annihilation channel W+W−. The left, central and right
plot shows the 2D marginal posterior pdf in the {mDM, σ

SI
n }-plane, {mDM, σ

SD
n }-plane

and {σSI
n , σ

SD
n }-plane respectively. The contours denote the 68% and 95% credible

regions and the diamond point shows the parameter values of the benchmark model.

increases with energy [371]. Thus higher mass WIMPs will tend to produce stronger
signals as they will, in general, produce higher energy neutrinos and thus higher
energy muons. Second, as neutrino energy increases the mean angular error for the
reconstructed muon track decreases [371]. If the calculation of the signal in IceCube
is made using an angular cut (φcut) around the solar position, lower mass WIMPs
will produce lower signals as the muons they produce can potentially have greater
angular deviation from the solar position and so fewer will survive the angular cut.
Conversely the higher energy muons will be more densely clustered around the solar
position, and so more will pass the angular cut, increasing signal for the higher mass
WIMPs. The energy dependent error on the reconstructed muon track would also
impact the improved likelihood from Ref. [4], feeding into a greater uncertainty on
the arrival angle of the incoming neutrino.

Given these limitations in the number likelihood of IceCube, there exists a degeneracy
between WIMP mass and WIMP-nuclei cross-section σtot = σSI

n +σSD
n . Consider two

scenarios, one with a WIMP of high mass and low cross-section σtot, and another
with a WIMP of low mass but high σtot. The first scenario will have a low capture
rate, as this is dependent on σtot and inversely dependent on WIMP mass, Eq. (2.12).
Assuming capture-annihilation equilibrium, this scenario will feature a lower muon
flux, but the muons will be of a higher energy and so hence produce higher signal
due to the features of IceCube outlined above. The muons of the second scenario
will be of lower energy, but they will have a higher flux as their capture rate is
higher. This can compensate the lower muon energy and generate a high signal.
As the energy spectrum, which could be used to determine the DM mass, is not
defined in the number likelihood, these two scenarios cannot be distinguished from
each other. As with direct detection signals, there is a degeneracy between σSI

n and
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2.6. Combined XENON1T and IceCube analysis

σSD
n . The solar capture rate, given in Eq. (2.12), receives contributions from both SI

and SD interactions, however the sensitivity of IceCube to the two type of interactions
is different, as shown in [264]: the SI is poorly constrained and the actual exclusion
limits are one or two orders of magnitude less constraining than the XENON100 ones,
while for the SD cross-section the exclusion limits are competitive with XENON100
at high masses.

Figure 2.4 shows the reconstruction of benchmark model B with IceCube only, and
exemplifies the discussion above. In the left panel, which shows the 2D marginal pos-
terior pdf in the {mDM, σ

SI
n }-plane, the signal clearly exhibits an almost independent

behaviour with respect to SI interaction. On the contrary, the SD cross-section as a
function of the DM mass is both lower and upper bounded at 68% CL (middle panel).
The mass degeneracy is a result of the missing spectral information. The degeneracy
between σSD

n and σSI
n is similar to the case of direct detection, as shown in the right

panel and in Fig. 2.3. As far as it concerns Benchmarks A and C, the muon signal
produced by WIMP annihilations in the Sun cannot be disentangled from the back-
ground, leading to a flat and featureless marginalized posterior pdf and underlining
that there is not detection in IceCube. Once again, the features in the pdfs have no
physical meaning and are merely artefacts of a flat likelihood.

2.6 Combined XENON1T and IceCube analysis

Figure 2.5 shows how the future detection/constraint from IceCube complements a
detection in XENON1T, for fixed astrophysical parameters. The top row of Fig. 2.5
illustrates the combined reconstruction of Benchmark A. Even though this benchmark
would produce only 12 events in IceCube, hence too small a signal to claim a detection,
it still has the ability to improve the reconstruction. Comparing to the top row of
Fig. 2.3 the 68% and 95% CLs have shrunk. The reconstruction of σSI

n and σSD
n

exhibits the same trend as the case of XENON1T only, except that now the 68%
CL for SD cross-section in the right panel is upper bounded, because of the IceCube
upper bound. The mass determination remains unchanged, demonstrating the good
reconstruction capability of XENON1T and the reduced sensitivity of IceCube.

Benchmark model B (second row of Fig. 2.5) fully exploits the properties of comple-
mentarity between DM search strategies and is the principal illustration of the main
point of our analysis, as it can be detected by both experiments. Comparing with
Figs. 2.3 and 2.4 we can see that the combination of the two experiments allows for
the SD cross-section (middle panel) to be well determined at the 68% CL. The mass
degeneracy is also significantly reduced and it is well determined at the 68% CL. The
contours for the SI cross-section as a function of mDM have been contracted sensibly
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Figure 2.5: Reconstruction using XENON1T combined with IceCube (denoted IC86),
with fixed astrophysics, for benchmark models A, B and C with annihilation channels
τ+τ− (top), W+W− (centre) and νµν̄µ (bottom). The left, central and right plot
shows the 2D marginal posterior pdf in the {mDM, σ

SI
n }-plane, {mDM, σ

SD
n }-plane

and {σSI
n , σ

SD
n }-plane respectively. The contours denote the 68% and 95% credible

regions and the diamond point shows the parameter values of the benchmark model.
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with respect to the separate experiments, but at 68% CL the SI cross-section is only
upper bounded, as can be seen as well from the third panel: the SD cross-section
is determined within one order of magnitude at most and contains the true value,
while the SI cross-section cannot be larger than 10−44cm2. Therefore if a WIMP is
detected by both experiments, meaning that it has sizeable cross-sections, the SD
cross-section and the mass can be well reconstructed, while a precise reconstruction
of SI interaction would require the use of a further experiment; in this case a direct
detection experiment with different target material would be the optimal choice [326].

Benchmark C is illustrated in the last row of Fig. 2.5 and shows remarkably the
constraining power of IceCube, even with only 8 events from high energy neutrinos.
The most dramatic improvement is in the determination of σSI

n : where previously
the 68% and 95% CLs extended from the upper bound all the way down to the
bottom of our prior range, they are now bounded from below as well. As expected,
only an upper limit can be set on σSD

n : the 95% CL is clearly bounded from above
at values of σSD

n ≈ 10−42cm2. The effect of the SD upper bound is much more
striking than for Benchmark A, signalling the fact the IceCube is more likely to be
sensitive to high WIMP masses. Note that in this analysis we assumed, in absence of
published information on the energy response function of the 86-string configuration,
that nothing can be said on the energy of the neutrinos measured by IceCube. It is
known that the energy resolution of IceCube is poor; for a muon of energy 104 − 108

GeV in the core of the detector there is an uncertainty of a factor of two [372].
Nonetheless, including the spectral information on observed events would certainly
improve the mass determination, one of the main weaknesses of the reconstruction
procedure from XENON1T data only, and substantially reduce the degeneracy in the
DM particle parameter space. As the mass cannot be well reconstructed by either
XENON1T alone or by adding the upper bound of IceCube, this last benchmark
model is affected by the prior range choice on the DM mass: this will be visible in
all two-dimensional projections of the dark matter parameter space as an increase of
confidence levels, hence volume effect.

2.7 Role of uncertainties in the reconstruction of
WIMP parameters

In this section we first assess the effect in the combined reconstruction of benchmark
models when DM Galactic parameters vary within their uncertainties (see Section 2.3)
and discuss the effective DM density probed by the capture rate (see Section 2.2.2).
We then account as well for our lack of knowledge on the true form of the nuclear
structure function (see Section 2.2.1). At the end of this section, we return to the
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Figure 2.6: Reconstruction using XENON1T combined with IceCube (denoted IC86)
for benchmark models A with annihilation channel τ+τ− (top), B with annihilation
channel W+W− (middle), and C with annihilation channel νµν̄µ (bottom). The
left, central and right plot shows the 2D marginal posterior pdf in the {mDM , σ

SI
n }-

plane, {mDM, σ
SD
n }-plane and {σSI

n , σ
SD
n }-plane respectively. The contours denote the

68% credible region as labeled: the green line (light thick solid) stands for fixed
astrophysics and fixed SD structure function (SDSF), the red curve (darker solid)
denotes marginalized astrophysics, while the dark blue outer line indicates that all
nuisance parameters have been marginalized over. The diamond point shows the
parameter values of the benchmark model.
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2.7. Role of uncertainties in the reconstruction of WIMP parameters

additional uncertainties induced by the shape and parametrization of the velocity
distribution.

2.7.1 Astrophysical uncertainties

A reconstruction of benchmark models fixing the astrophysical parameters to their
observed value could hold for very well measured parameters, however, as mentioned
in Section 2.3, these are known only up to various degrees of precision. We therefore
introduce these uncertainties into our analysis, treating the Galactic parameters as
nuisances ψastro and marginalizing over them. The astrophysical likelihood governing
these parameters follows a Gaussian distribution centered on the observed value. The
total likelihood is then

L = L(ψastro)× LXENON1T(Θ, ψastro)× LIC86(Θ, ψastro) . (2.28)

The results of our analysis are illustrated in Fig. 2.6, which shows the 68% CL for
marginalized astrophysics denoted by the medium thickness red line, for A (top), B
(center) and C (bottom). The primary effect of marginalizing over the astrophysical
parameters is to broaden the contour regions, which can be clearly seen by comparing
the red contours to their fixed astrophysics counterparts given by the thick light green
line.

As noted previously in Sections 1.5 and 1.6, departures from a spherically symmetric
halo will introduce an additional uncertainty into the comparison of IceCube and
XENON1T rates. The direct detection rate depends on ρDM,� at present time at the
Sun’s position, while the solar capture rate depends on the long term history of the
Sun, which completes an orbit around the Galactic centre in ∼ 2 × 108 years. If we
drop the assumption that the DM Galactic halo is isotropic and smooth, throughout
its journey the Sun will cross over-dense or under-dense regions with respect to an
averaged density (〈ρDM,�〉), to which the capture rate is sensitive. This difference
has been evaluated for a triaxial DM halo arising from N-body simulations [373]. In
case of simulation with baryons the difference is of the order of 30%, while it can
reach a factor of 3 for pure DM simulations. The MSSM25 models which serve as the
starting points for our benchmark models have small annihilation cross-section, close
or below the thermal one, hence the equilibration time scales τ (see Section 2.2.2)
ranges from 9 × 107 year for Benchmark B, up to 2 − 3 × 109 year for points A and
C. These values imply that the capture process is fully sensitive to this averaged
DM density (case B as well, since it spanned half of the solar period). Even if we do
not know the initial position of the Sun we could assume the extreme scenario such
that the local DM density is different from the average density and corresponds to an
over-dense or under-dense region. In this case we would get a 30% or even a factor of
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2. Complementarity of Direct and Indirect Dark Matter Detection

3 bias in the theoretical predictions. In other words the signal in one detector could
be potentially boosted or suppressed by the same factor with respect to the signal in
the other detector, as both rates scale linearly with the local DM density, affecting
the complementarity in either a positive or negative way.

2.7.2 Nuclear uncertainties

The structure functions presented in Section 2.2.1 are important quantities to be
computed. Regarding the xenon nuclei we are interested in, the variation of S00(q)
leads to a different prediction of the events in the detector and hence, for example, to
a huge uncertainty in the exclusion bound [252]. Considering our benchmark points,
the difference in the counts for the two structure function is illustrated in Table 2.1.
The NijmegenII structure function predicts fewer events in the detector with respect
to the CEFT structure function: the variation is sizeable for A and B, where the
events are affected by a factor of 3 of uncertainty while it is completely negligible for
case C. The reconstruction in XENON1T of a benchmark model is therefore affected
by the assumption of the structure function: if the reconstruction of σSD

n parameter
is done assuming a different form factor with respect that used for the mock data a
systematic offset is generated. If the reconstruction is done assuming CEFT and the
mock data are generated with NijmegenII, this leads to an underestimation of the SD
cross-section to account for the largest number of observed events; vice versa the SD
cross-section will be overestimated.

To account for the nuclear uncertainties in our Bayesian framework we follow [323],
which proposes a formula with three free parameters

Sj00(u) = Nj
(
(1− βj)e−αju + βj

)
, (2.29)

where j = 129 or 131, depending on the xenon isotope, Nj is a overall normalization
factor, αj drives the slope in the low momentum regime, while βj controls the height
of a possible tail at large momentum. The variation of all parameters encompasses
the whole region contained between the CEFT and NijmegenII parametrizations but
it is not meant to be a proper fit of the nuclear structure functions. We take flat
priors for all these additional nuisance parameters ψnucl, over their allowed ranges,
which are:

N129 = 0.045→ 0.070 and N131 = 0.025→ 0.052 ,
α129 = 3.8→ 4.0 and α131 = 3.8.→ 4.0 ,

β129 = 0.013→ 0.029 and β131 = 0.10→ 0.12 .

We therefore generate for each benchmark model new mock data based on the mean
value of these parameters and, as before, we assess the impact on the reconstruction
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Figure 2.7: Bias due to parametrization of DM velocity distribution for Benchmark
B with varied astrophysics. Each contour denotes the 68% CL for the benchmark
point generated with an N-body simulation or with the MB distribution, as labeled,
and reconstructed assuming a standard halo model.

of the benchmark points by letting them vary within their prior range, in combination
with the astrophysical uncertainties. The new likelihood is given by

L = L(ψTot)× LXENON1T(Θ, ψTot)× LIC86(Θ, ψastro) , (2.30)

where ψTot accounts for both astrophysical and nuclear uncertainties. Notice that
the latter do not affect the reconstruction in IceCube: in solar capture the dominant
contribution for SD arises from the hydrogen atom, which does not need a coherence
factor for describing its single proton. Thus IceCube potentially has the capability of
resolving the nuclear uncertainties when combined with XENON1T.

In Fig. 2.6 the results for the 2D posterior pdf marginalized over all nuisance parame-
ters are denoted by the dark blue solid line at 68% CL. This contour is not shown for
Benchmark C as the nuclear uncertainties are not considered because of the negligible
σSD
n cross-section. The main result is that the nuclear uncertainties are smaller or at

most comparable with the astrophysical ones. This can be explained by the fact that
we are considering the S00(q) nuclear structure function, which is known to be the
better determined nuclear structure function, hence minimizing the role of nuclear
uncertainties. Our findings are compatible with the analysis illustrated in [323, 326].

2.7.3 Effect of the shape of the velocity distribution

The shape of the DM velocity distribution affects the direct detection and IceCube
signal rates in different ways. The nuclear recoil threshold for DM detection in
XENON1T is in the range of 10 keV, which implies that only particles with the
largest velocities have sufficient energy to produce a detectable nuclear recoil above
the threshold, as given by the vmin definition in Eq. (2.2). For a 100 GeV WIMP, as
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we have for Benchmark B, the typical vmin to produce a nuclear recoil is of the order
of vmin ∼ 300 km s−1. This means that it is crucial to accurately describe the high
velocity tail of the DM velocity distribution in the Galactic halo. On the other hand,
as explained in Section 2.2.2, the solar capture rate is sensitive to the low velocity
tail of the DM velocity distribution, with the maximum velocity of a WIMP that can
be captured being given by Eq. (2.14). For a 100 GeV WIMP the maximum velocity
is of the order of umax ∼ 200 km s−1. Thus it is important to describe the low tail
of the velocity distribution as well. This is another physical quantity, besides the
DM density in our galaxy, biasing the direct detection and indirect detection rate in
different ways.

Several N-body simulations of Milky Way-like galaxies suggest that the velocity dis-
tribution deviates from the standard MB halo. To deal with the discrepancy in the
high velocity tail for direct detection experiments Ref. [374] has proposed a veloc-
ity distribution modelled as a function of one parameter k and based on the these
simulations.

To assess if the shape of the velocity distribution is relevant for our analysis, we
follow a different approach, which allows us to consider the effect of both tails of the
velocity distribution. We consider the Aquarius N-body simulation [197] with only
DM, and the simulation by Ling et al. [199], based on the RAMSES code, which
includes baryons as well.

First, in order to quantify the degree of discrepancy, we fit the mean of the N-body
simulation Aquarius with a MB distribution, keeping the escape velocity fixed to
565 km s−1 as given by the simulation but letting v0 vary: the best fit point under-
estimates both tails of the velocity distribution. For Benchmark B the difference in
the number of events is of the order of 17% in XENON1T and of 15% in IceCube.
By allowing a similar procedure with vesc = 520 km s−1 in the case of Ling et al.
the velocity distribution is much closer to the MB shape, and the discrepancy in the
number of predicted events is only of 4%.

Subsequently, the mean of these numerical velocity distributions is used to generate
new mock data for our benchmarks in the case of XENON1T and rescaled for IceCube.
These new benchmark models are then reconstructed assuming as usual a MB velocity
distribution. We applied the procedure for Benchmark B, which is the point that takes
full advantage of the combination of XENON1T and IceCube.

Figure 2.7 shows that our analysis is robust against variation of the shape of the
velocity distribution, when both experiments are combined. From left to right the
2D marginalized posterior pdf for Benchmark B is shown, in the {mDM, σ

SI
n }-plane,

{mDM, σ
SD
n }-plane and {σSI

n , σ
SD
n }-plane. The middle thickness blue curve is the 68%

CL for a reconstruction of the DM physical parameters assuming that the true velocity
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distribution is given by the Aquarius simulation: the discrepancy with the MB curve
(thick light orange) is very limited and affects mostly the SI cross-section with a more
stringent upper bound, closer to the true value. The discrepancy with the Ling et al.
distribution is very small, as the 68% contour level (thin black line) follows closely
the MB contour. In other words the shape of the DM velocity distribution will likely
have a limited impact in the reconstruction of WIMP physical parameters, in case of
a positive detection.

2.8 Conclusions

In the coming years experiments such as XENON1T, XENONnT, IceCube, and
KM3NeT will probe ever larger regions of the (mDM, σ

SD
n , σSI

n ) parameter space, po-
tentially discovering a signal of WIMP DM. But even with such signals at hand,
reconstructing the properties of the WIMP will be challenging due to degeneracies
in the parameter space. In this chapter we have shown that combining data from
direct detection and indirect detection via annihilation to neutrinos following solar
capture can be used to break these degeneracies and give a better determination of
the WIMP properties. Such complementarity exists between other direct and indirect
experiments, and a full understanding of the nature of DM will also require the input
of LHC searches, as discussed e.g. in [328, 375].

Specifically in this chapter we have discussed the reconstruction capabilities for the
mDM, σSD

n , and σSI
n parameters with a combination of data from XENON1T and

IceCube. We have focused our attention on the degeneracy between the reconstruction
of the SD and SI contributions, and we have shown the degeneracy between these two
contributions arising from the analysis of the two experiments separately can be lifted
from combining the two data sets.

To illustrate and quantify the degree of complementarity, we have focused on three
benchmark models: Benchmark A, characterized by a light DM mass and large SD
contribution; Benchmark B has intermediate mass and both sizable SI and SD cross-
sections, and Benchmark C, with a large mass and dominant SI contribution.

The combined analysis for Benchmark A allows us to illustrate the fact that even in
cases where the parameters are such that no signal can be observed with IceCube,
taking this fact into account in the global likelihood does improve the reconstruction
of the DM parameters, as can be seen from the top row of Fig. 2.3. The reconstruc-
tion of σSI

n and σSD
n in this case exhibits the same trend as the case of XENON1T

only, except that now the 68% CL for SD cross-section in the right panel is upper
bounded, because of the IceCube upper bound. The mass determination remains
unchanged, demonstrating the good reconstruction capability of XENON1T and the
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reduced sensitivity of IceCube.

Benchmark model B (second row of Fig. 2.5) fully exploits the properties of comple-
mentarity between DM search strategies and is the principal illustration of the main
point of our analysis, as it can be detected by both experiments. Comparing with
Figs. 2.3 and 2.4 we can see that the combination of the two experiments allows for
the SD cross-section (middle panel) to be well determined at the 68% CL. The mass
degeneracy is also significantly reduced and it is well determined at the 68% CL. The
contours for the SI cross-section as a function of mDM have been contracted sensibly
with respect to the separate experiments, but at 68% CL the SI scattering cross-
section is only upper bounded, as can be seen as well from the third panel: the SD is
determined within one order of magnitude at most and contains the true value, while
the SI cannot be larger than 10−44cm2. Therefore if a WIMP is detected by both
experiments, meaning that it has sizeable cross-sections, the SD cross-section and the
mass can be well reconstructed, while a precise reconstruction of SI interaction would
require the use of a further experiment; in this case a direct detection experiment
with different target material would be the optimal choice [326].

Benchmark C, finally, shows remarkably the constraining power of IceCube, even with
only 8 expected events from high energy neutrinos. The most dramatic improvement
is in the determination of σSI

n : where previously the 68% and 95% CLs extended from
the upper bound all the way down to the bottom of our prior range, they are now
bounded from below as well. As expected, only an upper limit can be set on σSD

n : the
95% CL is clearly bounded from above at values of σSD

n ≈ 10−42cm2. The effect of
the SD upper bound is much more striking than for Benchmark A, signalling the fact
the IceCube is more likely to be sensitive to high WIMP masses. In the absence of a
publicly available energy response function for the 86-string configuration of IceCube
our analysis could not utilize the energy information of the neutrinos observed by Ice-
Cube, limiting its mass determination capability. Including this spectral information
would certainly improve the mass determination, one of the main limitations of the
XENON1T-only reconstruction, and thus substantially reduce the degeneracy in the
DM particle parameter space.

The inclusion of uncertainties on astrophysical parameters and nuclear structure func-
tions only slightly affects the quality of the reconstruction of the 68% CLs, the degra-
dation being worst in the case of less constrained scenarios, such as Benchmark C,
while B appears to be fairly robust against variation of astrophysics and nuclear
physics parameters. In other words the combination of XENON1T and IceCube in
the case of a positive signal could also be a way of constraining the DM velocity
distribution in the Galactic halo, once all the subtle effect of the astrophysical pa-
rameters entering into the capture and direct detection rates are consistently taken
into account.
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In the event of a WIMP detection in one or more experiment, reconstructing the
properties of the particle will be of paramount importance. Degeneracies in the DM
parameter space will make this a daunting task, yet as we have shown here, combining
direct detection and indirect detection via neutrinos from the Sun, will further this
endeavour.

***
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3 Indirect Dark Matter
Detection with CTA

3.1 Introduction

Having discussed the search for WIMPs passing through the Sun and Earth with
direct detection and indirect detection via solar capture, we now turn our attention
outwards to search for gamma-rays produced by WIMP DM annihilating throughout
the MW. As discussed earlier in Section 1.7, the GC and dSphs are the best places
to look for this signal due to their high concentration of DM compared to the wider
Universe. Note that throughout this chapter we use DM and WIMP interchangeably.

Recent data from the Large Area Telescope (LAT) aboard the Fermi satellite set
stringent and robust limits on the annihilation cross-section of WIMPs as a function
of the DM particle mass, based on a lack of excess gamma-ray emission from dSphs
[376]. As discussed earlier in Section 1.7, Fermi data have also shown excess emission
of gamma-rays above predicted backgrounds towards the GC, though it is currently
unclear whether this is a signal of DM annihilation or of an as-yet-unaccounted for
background. Furthermore, the Imaging Air Cherenkov Telescopes (IACTs) HESS,
VERITAS and MAGIC are searching for DM signals in dwarf spheroidal galaxies and
the GC [377, 378, 379], with the current strongest limits on TeV-scale DM coming
from HESS observations of the GC [123], as seen in earlier in Fig. 1.4.

One of the next major steps in high-energy gamma-ray astrophysics will be the con-
struction of the Cherenkov Telescope Array (CTA), which is currently in the pre-
construction phase and expected to start operations in 20191. Several estimates of

1https://portal.cta-observatory.org/Pages/Preparatory-Phase.aspx
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the sensitivity of CTA to gamma-rays from DM annihilation exist in the literature.
All of these agree on the fact that CTA will improve existing constraints for values of
the DM particle mass above O(100) GeV, but substantial differences exist, up to one
order of magnitude or more in annihilation cross-section for a given mass, depending
on the assumptions made about the telescope array configuration, analysis setup and
observation time [380, 381, 382].

In this chapter we carry out a new estimation of the sensitivity of CTA to DM annihi-
lation, and compare this to the sensitivity of Fermi. We improve on previous analyses
in a number of ways. First, we present a detailed discussion of all backgrounds, includ-
ing cosmic-ray protons and electrons, and also the effects of the diffuse astrophysical
emission, which when this work was published as [2] was the first time this had been
done in the context of CTA and DM. We estimate this from Fermi-LAT data, suit-
ably extrapolated above 500 GeV in order to cover the range of energies relevant for
CTA. Second, we study the impact of systematic errors. There are many sources of
systematic uncertainty inherent in CTA measurements: event reconstruction, Monte
Carlo determination of the effective area, and uncertainty in atmospheric conditions
[383]. A detailed assessment can only realistically be performed by the CTA Col-
laboration itself after the instrument is built; here we instead present a simple but
comprehensive statistical framework with which the impacts of these systematics on
the sensitivity of CTA to DM annihilation can be illustrated and evaluated. Third,
we show that performing the analysis over a series of suitably optimised regions of
interest (RoIs) partially compensates for the degradation in sensitivity due to sys-
tematics and backgrounds. We carry out a multi-RoI ‘morphological’ analysis of the
gamma-ray emission, and demonstrate how it improves the CTA sensitivity to DM
compared to the so-called ‘Ring’ method previously discussed in the literature [380].

The chapter is organised as follows: in Section 3.2 we describe the CTA and Fermi-
LAT experiments; in Section 3.3 we review the basics of indirect detection with
gamma-rays; in Section 3.4 we discuss and quantify the cosmic-ray and diffuse gamma-
ray background for CTA; in Section 3.5 we present our analysis strategy, in particular
the implementation of systematic errors and the RoIs relevant for our analysis; we
present our results in Section 3.6 and conclusions in Section 3.7.
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3.2 The CTA and Fermi-LAT experiments

3.2.1 The CTA and other imaging air Cherenkov telescopes

Gamma-rays in the GeV to TeV regime initiate electromagnetic cascades in the at-
mosphere, which start at an altitude of 10–20 km and generate a focused cone of
Cherenkov light that typically covers several hundred meters on the ground. Air
Cherenkov telescopes detect gamma-rays by observing this dim Cherenkov light with
optical telescopes. The overall light yield, the shape and the orientation of the air
shower gives information about the energy and arrival direction of the gamma ray.
Because observations can only be performed during (nearly) moonless nights, the
observation time per year is limited to approximately 1000 hours.

Current active Imaging Air Cherenkov Telescopes (IACTs) are HESS II (Namibia;
[318]), VERITAS (Arizona; [319]), and MAGIC (La Palma2). Although all three
instruments have an active program to search for DM signals in various regions of the
sky (see e.g. Refs. [384, 378, 379]), only HESS can observe the GC high above the
horizon (θz ∼ 6◦, compared to θz & 57◦ for VERITAS and MAGIC). As a shorter
transmission length through the atmosphere allows for a lower threshold energy, HESS
is ideally situated to search for DM signals from the GC. Non-detection of a DM
signal by HESS provides the strongest current limits on the DM self-annihilation
cross-section for DM masses around the TeV scale [123], as seen in Fig. 1.4.

CTA will consist of several tens of telescopes of at least 3 different types, with sizes
between about 5 and 24 meters, covering an area of several square kilometres. The
sensitivity will be a factor ten better than current instruments, the field of view (FoV)
will be up to 10◦ in diameter, and the energy threshold O(10 GeV).

CTA is envisaged as a two-part observatory, with southern and northern sites. CTA
South is the most relevant for DM searches towards the GC. The European Southern
Observatory (ESO) Paranal location in Chile has been selected to host the southern
site and La Palma, Spain, has been selected for the northern site [320]. Negotiations
regarding the sites are ongoing, with the first telescopes being placed onsite in 2017
at the earliest.

At the time this work was first published [2] the final design had not yet been fixed.
Apart from construction and maintenance questions, relevant remaining design choices
were the relative emphasis on higher or lower energies, the angular and energy res-
olution, and the FoV. A first detailed Monte Carlo (MC) analysis was presented in
Ref. [385], where 11 different configurations for the southern array were discussed.

2http://magic.mpp.mpg.de/
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Depending on the array configuration and gamma-ray energy, the point source sensi-
tivity varies within a factor of five3, and can be further improved by about a factor
of two with alternative analysis methods [385].

In this work we will concentrate on the proposed configuration known as ‘Array
I’ [385],4 which is a balanced configuration with three large (∼24 m aperture), 18
medium (∼12 m) and 56 small telescopes (∼4–7 m). This configuration provides a
good compromise in sensitivity between low and high energies. One advantage of
using Array I is that extensive information on the effective area, angular resolution,
energy resolution and background rates is available. Furthermore, a very similar array
has been used in previous DM sensitivity studies: Array E in Ref. [380], and the Paris-
MVA version of Array I in Ref. [382]. The point-source sensitivities of Arrays E and
I agree very well at energies . 1 TeV, whereas at higher energies Array I is more
sensitive (but only by a factor of less than two).

For convenience, here we summarise some of the main performance aspects of Array
I: it features an effective area of about 100 m2 at its threshold energy of 20 GeV,
which then increases quickly with energy to about 4×105 m2 at 1 TeV and 3×106 m2

at 10 TeV. The angular resolution in terms of the 68% containment radius is about
r68 ' 0.3◦ at threshold, and drops to below 0.06◦ at energies above 1 TeV. The energy
resolution is relatively large at threshold, with σ(E)/E ' 50%, but drops to below
10% at energies above 1 TeV.

As we will discuss below in more detail, the large effective area, irreducible back-
ground of cosmic-ray (CR) electrons, and the fact that electrons look identical to
photons for an IACT, mean that the number of events passing analysis cuts will be
extremely high, especially at low energies and for analyses of diffuse and extended
sources. Statistical errors will therefore be small, making systematic uncertainties in
the event identification particularly important. In fact, in the case of searches for DM
particles with GeV to TeV masses, these systematics will turn out to be one of the
limiting factors. Detailed instrumental uncertainties (e.g. the covariance matrix of
reconstruction efficiencies in different regions of the FoV) will probably only become
available once the instrument starts to operate, so in this work we resort to a few

3This is based on the adoption of a standard Hillas-based analysis. This is a classical analysis
method, based on zeroth (amplitude), first (position) and second (width and orientation) momenta
of the images [386].

4In particular, we adopt the version based on the Hillas-parameter analysis of the MPIK group.
The choice of analysis method can impact the projected sensitivity; e.g. the Paris-MVA method
produces an effective area that is at energies around 1 TeV about ∼ 7 times that of the MPIK
method [385], making Paris-MVA derived limits up to ∼ 2.6 stronger than those using MPIK.
However, this only holds for background limited observations. Observations of the diffuse emission
are actually systematics limited in most of the parameter range of interest, which makes differences in
the effective area much less relevant. For this reason, we concentrate here on the better documented
MPIK method.
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well-motivated benchmark scenarios.

The traditional observing strategy employed by IACTs in searching for DM anni-
hilation (e.g. Ref. [123]) involves defining two regions on the sky expected to have
approximately the same regular astrophysical emission, but different amounts of DM
annihilation. The region with the larger expected annihilation is dubbed the ‘ON’
region, the other is called the ‘OFF’ region, and the analysis is performed using a
test statistic defined as the difference in photon counts from the two regions. This
is referred to as an ‘ON-OFF’ analysis, and obviously obtains the most power when
the ON and OFF RoIs are chosen to differ as much as possible in their predicted
annihilation rates.

The RoIs chosen for ON-OFF analyses may lie in the same or very different FoVs.
Different FoVs allow a greater contrast in DM signal between ON and OFF regions,
but have the potential to introduce differential systematics across the two FoVs. The
‘Ring method’ [380] is an ON-OFF analysis technique optimised for DM searches
towards the GC with IACTs, which fits the ON and OFF regions into a single FoV,
producing an approximately constant acceptance across the entire analysis region.
Although both regions are expected to contain DM and background contributions, in
the Ring method the ON and OFF regions are typically referred to as the ‘signal’ and
‘background’ regions. For simplicity, here we just call them ON and OFF.

A simple way to model the results of an ON-OFF analysis is to construct a Skellam
likelihood [387, 388, 382], which is based on the expected difference between two
Poisson counts (i.e. in the ON and OFF regions). However, once the assumption
that astrophysical backgrounds are identical in the ON and OFF regions becomes
questionable, a more straightforward method is simply to carry out a regular binned
likelihood analysis. In this case, one predicts the photon counts in each RoI using
detailed background and signal models, and compares them directly to the absolute
number of photons observed in each RoI. This is the strategy that we investigate here
for CTA, using both the original Ring method RoIs and a finer spatial binning. We
show these two sets of RoIs in Fig. 3.1, and discuss their optimisation in Section 3.5.
We still refer to the two-RoI analysis as the ‘Ring method’ even though we carry out
a full likelihood analysis rather than an ON-OFF analysis. We refer to the multi-RoI
analysis as a ‘morphological analysis’, as it uses the expected spatial distribution of
the DM signal to improve limits.

3.2.2 The Fermi Large Area Telescope

The LAT aboard the Fermi satellite is a pair-conversion detector, with a large FoV
and an energy range from 30 MeV to above 300 GeV. Since its launch in 2008 the
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Figure 3.1: The different RoIs that we consider in this paper. The red star indicates
the GC, while the blue star indicates the centre of the FoV. Top: RoIs used in the
Ring method of Ref. [380] as ‘signal’ and ‘background’ regions; we refer to these as
simply ‘ON’ and ‘OFF’ regions, respectively. A diagram detailing the construction of
the annulus and the ON-OFF RoIs is given in Ref. [380], and the exact dimensions
we use are given in Section 3.5.1. Bottom: Separation of the ON and OFF RoIs into
28 sub-RoIs, which we use in our morphological analysis.
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dominant observation strategy has been a full-sky survey providing roughly equal
exposure in all directions of the sky. The Fermi-LAT is a formidable tool in the
search for signals of DM annihilation. It currently provides the strongest constraints
on the DM self-annihilation cross-section, based on a combined observation of 15
dwarf spheroidal galaxies using 6 years of data [376].

The Fermi-LAT provides an accurate measurement of the Galactic diffuse emission
(GDE) up to energies of about 100 GeV. Above 100 GeV the number of detected
photons becomes very small, due to the LAT’s comparatively small effective area
(∼ 8000 cm2). This is about the energy where the acceptance of IACTs starts to
become sizeable. Close to the Galactic disc and the GC, LAT measurements are
actually dominated by GDE. This diffuse emission will be a critical foreground for
any DM search, and—depending on the details of the search strategy—might mimic
a DM signal.

Compared to IACTs, the LAT is an extremely clean gamma-ray telescope. Its plastic
scintillator anti-coincidence detector, together with cuts on different event reconstruc-
tion quality estimators, allows proton and electron contamination in the gamma-ray
sample to be suppressed to a level well below the very dim extragalactic gamma-
ray background. The main uncertainties in the measured fluxes, especially at the
high energies we are interested in, are hence of a statistical nature. The systematic
uncertainty of the effective area is at the level of 10% [389], so we will neglect it
throughout.

3.3 The dark matter signal

Assuming that the annihilation cross-section of DM does not depend on the relative
velocity between particles, the calculation of the gamma-ray flux from DM annihila-
tion can be divided into two parts.

The first part accounts for the DM distribution, and is commonly known as the ‘J-
factor’, which we first encountered in Section 1.7. This is an integral of the DM
density squared along the lines of sight (l.o.s.) within a cone ∆Ω that covers a certain
RoI:

J (∆Ω) =
∫

∆Ω
dΩ
∫

l.o.s
dl ρDM(r)2. (3.1)

The DM density profiles seen in N -body simulations of Milky-Way type galaxies are
best fit by the Einasto profile [390], also seen earlier in Section 1.7:

ρDM(r) ∝ exp
(
− 2
α

[(
r

rs

)α
− 1
])

, (3.2)
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which we assume for our calculation of the J-factors for the GC. We normalise to
a local DM density of ρDM(r�) = 0.4 GeV cm−3 = 10.54 × 10−3M� pc−3, choosing
α = 0.17, rs = 20 kpc, and r� = 8.5 kpc [391].

We will also use a slightly contracted generalised NFW profile, to indicate how limits
would improve with a more optimistic DM distribution. We parameterise this profile
as

ρDM(r) ∝ 1
rγ(rs + r)3−γ , (3.3)

where γ = 1.3 is the inner slope of the profile that we will adopt below, inspired by
profiles fitted to the Fermi GeV excess (see Section 1.7). Also we take rs = 20 kpc as
the scale radius, and the profile is normalised in the same way as the Einasto profile
(Eq. 3.2).

The second part of the flux calculation covers the actual particle model for DM.
Together with the J-factor, it yields the differential flux of DM signal photons,

dΦ
dE = 〈σv〉

8πm2
DM

dNγ
dE J (∆Ω) . (3.4)

Here 〈σv〉 is the velocity-averaged DM self-annihilation cross-section, in the limit of
zero relative velocity. The DM mass is given by mDM, and dNγ/dE is the annihilation
spectrum, i.e. the average number of photons produced per annihilation per energy
interval, which depends on the particular annihilation channel. For the gamma-ray
yields, we will take the results from Ref. [392].

To calculate the expected number of signal events µDM in a given observing time Tobs,
between energies E0 and E1, we weight Eq. (3.4) by the energy-dependent effective
area Aeff and integrate over the energy range in question,

µDM = Tobs

∫ E1

E0

dE dΦ
dEAeff(E). (3.5)

Note that for simplicity, throughout this paper we neglect the effects of the finite
angular and energy resolution of CTA, as well as variations of the effective area within
the FoV. As discussed above, the 68% containment radius of the point spread function
(PSF) is around θ68% ' 0.3◦ at the lowest energies that we consider, and significantly
better at high energies. This is significantly smaller than the RoIs that we adopt
(cf. Fig. 3.1). The energy resolution at 20 GeV is however quite large (σ(E)/E '
50%), and should be taken into account when interpreting the differential sensitivities
that we quote below (Section 3.6). We checked that smearing a bb̄ spectrum with
a log-normal distribution with a width of σ(lnE)/ lnE = 50% increases the peak
signal flux relative to an assumed E−2 background by a factor of about 1.5; for
σ(lnE)/ lnE = 20% this drops to a factor of 1.1. This is mostly due to event migration
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from smaller to higher energies. Neglecting the finite energy resolution of CTA will
hence affect our projected limits at most by a few tens of percent.5

3.4 Backgrounds

The dominant backgrounds for DM searches at the GC are the GDE and, in case
of IACTs, the flux of cosmic rays that pass the photon cuts. Here we discuss the
characteristics of these components, and describe how they enter our analysis.

3.4.1 Cosmic-ray background

CR electrons constitute an essentially irreducible background for gamma-ray observa-
tions with IACTs, because the electromagnetic cascades that they induce are practi-
cally indistinguishable from those caused by gamma-rays. A possible way to discrim-
inate between the two is to use the detection of Cherenkov light from the primary
particle as a veto. This is however beyond the reach of current and next-generation
instruments [383]. Due to their relatively soft spectrum, CR electrons are especially
relevant at low energies, were they are responsible for most of the measured flux of
particles that are either gamma-rays or electrons. We parameterise the electron flux
per unit energy and solid angle as

d2φ

dEdΩ = 1.17× 10−11
(

E

TeV

)−Γ
(GeV cm2 s sr)−1 , (3.6)

with Γ = 3.0 for E < 1 TeV, and Γ = 3.9 for E > 1 TeV [393, 394].

Interactions between CR protons and the Earth’s atmosphere initiate hadronic air
showers, which are generally very different from electromagnetic showers. The initial
hadronic interaction produces a large number of relatively slow pions. About 1/3 are
neutral pions that decay into photon pairs and initiate electromagnetic sub-showers,
whereas the other 2/3 are charged pions, which either decay and dump most of their
energy into neutrinos, or interact again. The resulting shower is much more widely
distributed than those initiated by gamma-rays, allowing the shower shape to be
used as a means for discriminating between electromagnetic and hadronic showers.
Hadronic CRs are however far more numerous than CR electrons and gamma-rays.
The corresponding proton rejection factor (i.e. the fraction of incoming protons that
are incorrectly identified as photons/electrons) is of the order εp ∼ 10−2 to 10−1

for current instruments. The electrons produced in electromagnetic cascades from
5For an analysis including the effects of energy resolution see Ref. [382].
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3. Indirect Dark Matter Detection with CTA

Figure 3.2: (Opposite) Background fluxes relevant for our analysis. Isotropic CR
backgrounds are shown in black: protons with an assumed cut efficiency of εp = 10−2

(black dotted), electrons (black dashed), and total isotropic CR backgrounds (black
solid). Galactic diffuse emission (GDE) is shown in red, and an example spectrum
of DM annihilating to gamma-rays via bb̄ is shown in green. We give the DM and
GDE curves for the ON and OFF regions defined in the Ring Method, as described
in Section 3.3. Beyond 500 GeV, we extrapolate the GDE spectrum using a simple
power law.

neutral pion decay are the dominant contributors to the detectable Cherenkov light.
This means that if a cosmic-ray proton with a given energy is mistakenly reconstructed
as a gamma-ray, the gamma-ray is usually reconstructed to have roughly a third as
much energy as the actual incoming proton.

Here we adopt the proton flux per unit energy and angle [395]

dφ
dEdΩ = 8.73× 10−9

(
E

TeV

)−2.71
(GeV cm2 s sr)−1 , (3.7)

which we shift to lower energies by a factor of 3 to account for the reduced Cherenkov
light emitted by hadronic showers [396]. We note that in principle heavier CR species
are relevant, especially 4He, but these can be effectively accounted for by increasing
the proton cut efficiency factor εp.

Throughout the present analysis, we will adopt a proton cut efficiency of εp = 10−2

for definiteness. We note, however, that assuming that the proton rejection factor
is constant across all energies is a simplification. At lower energies shower shape
cuts are less effective at discriminating CR protons from gamma-rays. Thus our CR
proton background is underestimated at low energy, yielding a slight over-estimation
of sensitivity at low energies. However, even with this approximation we are still able
to reproduce the background rates shown in Ref. [385] for Array I to within a factor
of two, for energies of up to 10 TeV. We note that when switching off protons entirely
(which corresponds to εp = 0) the background rates remain practically unchanged
at energies below 2 TeV, as in our setup they are dominated by electrons. We also
checked that with our assumptions we can reproduce the point source sensitivity for
Array I to within a factor of two below 100 GeV, and within a few tens of percent
above.

While the flux of CRs is isotropic across the sky, their acceptance by CTA is not. The
characterization of this variation in CR acceptance rates is a non-trivial task, and
methods to deal with non-isotropic acceptance rates are discussed in [397]. For this
analysis we make the simplification of assuming an isotropic CR acceptance, though
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3. Indirect Dark Matter Detection with CTA

we note that our statistical framework can accommodate anisotropic uncertainties in
the combined CR and gamma-ray acceptance, as discussed in Section 3.5.2.

As formal gamma-ray and CR electron efficiencies we adopt εγ = εe = 1, and note
that these values (along with εp) are defined with respect to the effective area of Array
I from Ref. [385].

In Fig. 3.2, we show the contributions from CR electrons and protons assuming εp =
10−2, and their sum. Note that in the highest energy range that we consider in
this work, 6.7 to 10 TeV, 100 hr of CTA observations lead to approximately 7.0× 103

or 1.5 × 103 CR background events in the OFF and ON regions, respectively. For
comparison we also show the gamma-ray flux from a reference DM annihilation signal,
based on a thermal annihilation cross-section and a DM mass of 1 TeV, within the ON
and OFF regions employed in our version of the Ring method (cf. Section 3.3). The
CR foreground is stronger than the DM signal by 2–3 orders of magnitude. Fig. 3.2
also shows a reference GDE gamma-ray background spectrum, which we discuss next.

3.4.2 Diffuse gamma-ray background

In 2006 HESS discovered diffuse gamma-ray emission from the GC at energies of
0.2–20 TeV [398]. The emission was found to be correlated with molecular clouds in
the central 200 pc of the Milky Way, and is confined to Galactic latitudes |b| < 0.3◦
and longitudes |`| < 0.8◦. The spectrum suggests a hadronic origin. The absence
of evidence for diffuse emission outside this window strongly influenced the choice of
search regions for DM signals in previous analyses [123, 380].

Below 100 GeV, the GDE has been measured extremely well by the Fermi-LAT [399].
At these energies, it is expected to be dominated by π0 decay from proton-proton
interaction and bremsstrahlung. Diffuse gamma-rays below 100 GeV are an important
background in searches for TeV-scale DM, particularly with CTA, which will have an
energy threshold of tens of GeV.

To estimate the amount of GDE in different sky regions, and to study its impact on
DM searches at the GC, we adopt the P7V6 GDE model by the LAT team. This model
extends up to 500 GeV, above which we use a simple power-law extrapolation.6 The
P7V6 GDE model was fit using data between 50 MeV and 50 GeV, and structures with
extensions of less than 2◦ were filtered out. As much of our analysis is done outside
the bounds of the original data used to build the GDE model, e.g. at energies up to 1
TeV, and within 2◦ of the GC, the effects of GDE on our analysis should be considered

6This is not relevant to our discussion except at very high DM masses, close to 10 TeV. See
http://fermi.gsfc.nasa.gov/ssc/data/access/lat/BackgroundModels.html for details on the BG
model.
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3.5. Analysis

as approximate only. However we do not expect large changes in our results when
using more realistic GDE models: even factor two changes in the background fluxes
would affect our limits only at the ∼ 30–40% level. We leave a more detailed study
of prospects for a combined CTA + Fermi-LAT diffuse analysis for future work.

In Fig. 3.2, we show the contribution that we inferred from this particular GDE model
in the ON and OFF regions. For 100 hr of CTA observations, at energies of 6.7–10 TeV
this corresponds to about 1.2× 103 and 4.9× 102 events respectively in the OFF and
ON regions. This is a factor of ten higher than the reference DM signal at its peak
value, and larger in the ON than in the OFF region. For these reasons, the GDE is a
very important background that should not be neglected in DM searches at the GC.

3.5 Analysis

3.5.1 Analysis regions and J factors

For our version of the Ring method, we begin with the standard annulus of Ref. [380],
with an inner radius r1 and outer radius r2. The centre of this annulus is offset from
the GC (b0 = `0 = 0◦) by some Galactic latitude b. We then consider a circular
region centred on the GC, with some radius ∆cut. The area in which the annulus
and this circular region intersect is what we refer to as the ‘ON’ region. The ‘OFF’
region consists of the remaining part of the annulus, outside the central disc. We
adopt the parameters optimised for Array E in Ref. [380]: b = 1.42◦, r1 = 0.55◦,
r2 = 2.88◦ and ∆cut = 1.36◦. Further, we exclude the Galactic disc within |b| ≤ 0.3◦
from both the ON and OFF regions, as per Ref. [380]. The resulting two RoIs can
be seen in the top panel of Fig. 3.1. The corresponding solid angles and J factors
are ∆ΩON = 1.2× 10−3 sr, ∆ΩOFF = 5.6× 10−3 sr, JON = 7.4× 1021 GeV2 cm−5 and
JOFF = 1.2× 1022 GeV2 cm−5.

For our morphological analysis, we take the area covered by these two RoIs, and divide
it into 1◦ × 1◦ squares. We horizontally merge the various leftover regions resulting
from this dissection into adjacent regions, yielding a total of 28 RoIs. These spatial
bins are shown in the bottom panel of Fig. 3.1.

For comparison, we also consider DM annihilation in the Draco dwarf spheroidal
galaxy, which, to a good approximation, is a point source to both CTA and Fermi at
low energies (in the upper parts of their respective energy ranges, both would observe
Draco as a somewhat extended source). For this analysis, we use the J-factor and
solid angle from Table 1 of Ref. [400]: ∆ΩDraco = 2.4 × 10−4 sr, JDraco = 6.31 ×
1018 GeV2 cm−5.
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3.5.2 Statistical framework

We use a binned Poisson likelihood function for comparing a DM model µ to (mock)
data n

L (µ|n) =
∏
i,j

µij
nij

nij !
exp(−µij). (3.8)

Here the predictions of model µ are the number of events µij in the ith energy bin and
the jth RoI, which are compared to the corresponding observed counts nij . We use 15
logarithmically-spaced energy bins, extending from 25 GeV to 10 TeV. Depending on
the analysis (Ring or morphological), we use either two (Ring) or 28 (morphological)
spatial bins (i.e. RoIs).

Each model prediction is composed of 3 parts: a gamma-ray signal resulting from
DM annihilation (Eq. 3.5), an isotropic cosmic-ray background, and the GDE. In our
statistical analysis each of these components can be rescaled via a parameter: 〈σv〉
for the DM gamma-ray signal, and linear rescaling factors RCR and RGDE for the
isotropic cosmic-ray background and the GDE respectively,

µij = µij
DM + µij

CRRCR,i + µij
GDERGDE,i. (3.9)

Given that CR flux is isotropic to a good approximation and that we adopt the
simplifying assumption that acceptance are isotropic, the µCR

ij s are trivially related
by µCR

ij /µ
CR
ik = Ωj/Ωk, where Ωj denotes the angular size of the jth RoI. Note that

we do not vary the relative normalisations of the CR electron and proton spectra,
only their sum. We also do not allow the GDE to be rescaled independently in each
RoI, as this would simply allow the GDE to adjust to the data in its entirety in every
bin, effectively non-parametrically.

Systematic uncertainties in the signal rates can be accounted for by multiplying the
predicted signals µij by scaling parameters αij and βi, then profiling the likelihood
over their values. We assume Gaussian nuisance likelihoods for all α and β, with
respective variances σ2

α and σ2
β independent of i and j. Strictly, the distributions

should be log-normal so that they go smoothly to zero as α and β go to zero, but
for small σ this makes practically no difference; typical values of σ that we will
consider in the following section are ≤ 0.03, well within the range where this is a
good approximation. With these scaling parameters, the likelihood function becomes

L (µ,α,β|n) =
∏
i

1√
2πσβ

e
− (1−βi)2

2σ2
β

∏
j

(µijαijβi)nij√
2πσα · nij !

e−µijαijβi e
−

(1−αij)2

2σ2
α . (3.10)

This formulation accounts for systematic uncertainty on any factor that enters linearly
in the calculation of the total signal, such as effective area. The parameters αij , which
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vary across both energy bins and RoIs, account for e.g. uncertainties related to non-
uniformities in the acceptance of CTA within a FoV. We will refer to all uncertainties
described by αij as differential acceptance uncertainties. Reasonable values for σα
are of the order of a few percent [401, 402]. The parameters βi, on the other hand,
describes systematic uncertainties for a given energy that apply equally over the whole
FoV.

Here we are most interested in the cross-RoI systematics, as systematics that apply
equally across the whole FoV will essentially just degrade an entire nσ confidence-
level sensitivity curve by an offset of less than nσβ (although the rescaling could differ
with energy, if σβ were permitted to vary with energy). We therefore investigate the
impacts of allowing each αij to vary independently, and simply set βi = 1 for all i.
The impacts of e.g. an energy-dependent systematic uncertainty on theFermi or CTA
effective areas could be easily accounted for by also profiling over each βi.

Perhaps the largest source of uncertainties is the modelling of the CR acceptance.
While in this analysis we assume an isotropic CR acceptance, this is a simplification,
as noted above. This anisotropic acceptance could be incorporated in our analysis
framework, but a detailed discussion is beyond the scope of this work.

Taking the likelihood function Eq. (3.10), we perform a maximum likelihood analysis
across αij , 〈σv〉, RCR, and in certain cases, RGDE. We can determine the maximum
likelihood value of αij simply by solving

dL (µij , αij , βi|nij)
dαij

= 0, (3.11)

and demanding that αij be positive. This gives

αij = 1
2

(
1− σ2

αµijβi +
√

1 + 4σ2
αnij − 2σ2

αµijβi + σ4
αµij

2βi
2
)
. (3.12)

In our morphological analysis we divide the FoV into bins of 1◦ squared, as laid out in
Section 3.5.1 above. The systematic acceptance uncertainty in each bin is described
by independent normal distributions in the likelihood function, which implies that the
correlation scale of these uncertainties is of the order of ∼ 1◦. Since the uncertainties
are treated as statistically independent in the individual bins, they tend to average
out. In fact, decreasing the solid angle of the bins by a factor of four would be
roughly equivalent to reducing the differential acceptance uncertainty by a factor of
two. Hence, when we quote these uncertainties for our morphological analysis, it is
important to keep in mind that they refer to ∼ 1◦ correlation scales, which we adopt
here as reference value. A full exploration of the effect of different correlation scales
would require more detailed knowledge of the detector performance, and is beyond
the scope of this analysis.
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The mock data n that we use for deriving sensitivities in the following section assume
a fixed isotropic cosmic-ray background component with RCR,i = 1 in all bins, and
no contribution from DM annihilation. Depending on the analysis, we either include
no GDE (RGDE,i = 0 for all i) in the mock data, or a fixed GDE with RGDE,i = 1.
The mock data sets that we employ are not Poisson realisations of a model with
these assumptions, but rather simply the expectation number of events given these
assumptions; this has been referred to as the “Asimov data set” [403].

We calculate 95% confidence level (CL) upper limits by increasing the signal flux (or
annihilation cross-section) from its best-fit value, whilst profiling over the remaining
parameters, until −2 lnL changes by 2.71. In the case of the differential point-source
sensitivity that we discuss in the next section, for a 95% CL upper limit we also require
at least one energy bin to contain at least 3.09 events [404]. In this calculation, we
determine background rates over the 80% containment region of the PSF, following
e.g. Ref. [385]. Note that we neglect instrumental systematics when evalulating Fermi-
LAT sensitivities (setting αij = βi = 1).

3.5.3 Background treatment

In both our Ring and morphological analyses, we allow the isotropic cosmic-ray back-
ground rescaling factor RCR,i to vary between 0.5 and 1.5 in our fits. We then profile
the likelihood over this parameter in each energy bin.

Including the GDE in our analysis is more complicated, as in principle, the data-
driven GDE model derived by Fermi could already contain some contribution from
DM annihilation. Therefore, to gauge the impact of the diffuse emission upon current
analysis methods, for our analysis with the Ring method we inject the GDE into our
mock dataset n, with RGDE,i = 1 in all bins. We then carry out a full analysis with
a model µ where the GDE normalisation is left free to vary, i.e. RGDE,i is left free in
the fits, but we require it to be non-negative. The idea in this exercise is to leave the
analysis method as much as possible unaltered relative to previous analyses, but to
make the mock data fed into the method more realistic. Leaving the GDE free to vary
in each energy bin produces the most conservative constraints and avoids assumptions
on the GDE energy spectrum. The results of this analysis are given in Section 3.6.2.

Our morphological analysis allows a more refined inclusion of GDE. Using more than
two RoIs allows us to better exploit the shape differences between the GDE, which
is concentrated along the Galactic plane, and the DM annihilation signal, which is
spherically distributed around the GC. For this analysis we again include the GDE
in the mock data with RGDE = 1 in all bins, and allow the individual RGDE,i values
to vary in each energy bin. To implement this analysis we use lookup tables: for
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each DM mass, and each energy bin and RoI, we consider a range of DM cross-
sections. For each cross-section value, we calculate the maximum likelihood point
when profiling numerically over RBG and RGDE, and analytically over all αij using
Eq. (3.12). Storing these values then gives us a partial likelihood as a function of
cross-section in that bin, for each DM mass. For a given DM mass, we can then
combine the partial likelihoods in different bins to determine cross-section limits at
arbitrary confidence levels. The results of this analysis are given in Section 3.6.3 and
3.6.4.

3.6 Results

To keep the discussion as independent from specific DM scenarios as possible, in this
section we will often quote the differential sensitivity, which is the sensitivity to a
signal in an isolated energy bin. This measure is commonly used in the gamma-ray
community (see e.g. Ref. [401]). Here we consider energy bins with a width of ' 0.17
dex (approximately six bins per decade), and quote sensitivities in terms of projected
one-sided 95% CL upper limits.

We will start with a discussion of the point source sensitivity, which is relevant for
DM searches in dwarf spheroidal galaxies. The remaining part of this section will then
discuss DM searches at the GC. Finally, we will present projected upper limits on the
DM annihilation cross-section for various annihilation channels and DM profiles.

3.6.1 Point source sensitivity

Some of the most powerful targets for indirect DM searches with gamma-rays are
dwarf spheroidal galaxies. In order to compare the potential of CTA with the abilities
of current instruments like Fermi-LAT, it is instructive to consider their differential
point source sensitivity. In Fig. 3.3, we show the differential sensitivity of CTA,
assuming an observation time of 100 hours, compared to the one of Fermi-LAT after
ten years of observation (assuming 20% of the time is spend on the source). Due to its
much larger effective area, CTA will outperform Fermi-LAT at energies above about
100 GeV, where Fermi becomes limited by photon statistics.

For comparison, we show the signal flux expected from the dwarf spheroidal galaxy
Draco, in the case of a DM particle with mχ = 1 TeV mass, annihilating into bb̄ final
states with an annihilation cross-section of 〈σv〉 = 3× 10−26 cm3 s−1. Draco is one of
the most promising targets, and the envelope shows the uncertainty in the projected
signal flux, which is primarily related to its overall mass (taken from Ref. [400]).
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3.6. Results

Figure 3.3: (Opposite) Differential sensitivity of Fermi-LAT (blue) and CTA (green)
point source observations, in terms of 95% CL upper limits. The Fermi-LAT dif-
ferential sensitivity assumes an observation time of 10 years, with energy bins of
∆ log10E = 0.165 size between E = 5.0 GeV and 300 GeV, and includes only statis-
tical errors. The CTA sensitivities assume an observation time of 100 hours, include
1% differential acceptance uncertainty, with bins of ∆ log10E = 0.173 size between
E = 25 GeV and 10 TeV. Sensitivities for extended sources of different sizes are also
shown for CTA (green dashed and dot-dashed). The DM annihilation spectrum from
the Draco dwarf galaxy uses a J-factor of 6.31+3.24

−1.94× 1018 GeV2cm−5 from Table 1 of
[400], with the band covering the uncertainty range.

Dwarf spheroidal galaxies have half-light radii of a few times 0.1◦ (see e.g. Ref. [405]),
and at high energies will appear as extended sources for CTA. For comparison, we
show the impact on the expected sensitivity in Fig. 3.3. We derive these sensitivity
curves by assuming that a dwarf is observed by CTA to have an angular extent
given by the sum in quadrature of the 68% PSF containment radius and the intrinsic
angular extent indicated in the figures. This effect will degrade the sensitivity by a
factor of a few at TeV energies. As can be seen in Fig. 3.3, for a gamma-ray spectrum
from hadronic processes like annihilation into bb̄, CTA will outperform Fermi for DM
masses above about 1 TeV. However, the sensitivity of CTA will still fall about two
orders of magnitude short of testing the canonical thermal cross-section.

In order to understand how the limits scale with observing time, it is helpful to
realise that in this transition regime the limiting factor for CTA is the enormous
background of CR electrons (and to a lesser degree unrejected protons and light nuclei;
see Fig. 3.2). These CR electrons can easily swamp weak sources even if the number
of events that are detected from the source is much larger than in case of Fermi-LAT.
Indeed, apart from the difference in the effective area, the main difference between
space-based and ground-based gamma-ray telescopes is their respective abilities to
reject backgrounds. This is relatively simply realised by an anti-coincidence detector
in the case of Fermi, but extremely challenging in the case of Cherenkov Telescopes like
CTA. This means that even a larger observing time with CTA would not significantly
affect the point-source sensitivity at the low energies relevant for TeV DM searches. In
contrast, much longer observation times with space-based and practically background-
free instruments like Fermi could (at least in principle) improve on existing limits
by orders of magnitude.
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3. Indirect Dark Matter Detection with CTA

Figure 3.4: (Opposite) Differential sensitivity of Fermi-LAT (blue) and CTA (green)
for GC observations, using the Ring method as defined in Section 3.3. The two
upper solid lines show our baseline estimate for the sensitivity, with galactic diffuse
emission and a differential acceptance uncertainties of 1% included. For comparison,
the dashed green line shows the differential sensitivity for CTA neglecting the GDE,
but still including systematics of 1%; the dash-dotted lines in blue and green show
the differential sensitivity for Fermi-LAT and CTA respectively, neglecting GDE and
instrumental systematics. Observation times and energy binning are the same as in
Fig. 3.3. The purple line shows the gamma-ray spectrum from the ON region assuming
a DM mass of 1 TeV and an annihilation cross-section of 〈σv〉 = 3× 10−26cm3s−1 to
bb̄, using the Einasto profile from Eq. (3.2).

3.6.2 Galactic centre sensitivity with Ring method

The most intense signal from DM annihilation is expected to come from the GC. The
large CR background will in that case be of lesser relevance than for observations of
dwarf spheroidal galaxies, making the GC a particularly promising target for CTA.
Previous analyses found that CTA will improve existing limits (with the strongest ones
coming currently from HESS) by an order of magnitude or so [380, 381, 382]. However,
all existing analyses have neglected the impact of the GDE, which is strongest in the
direction of the Galactic center. We will demonstrate here that this in fact has a
significant impact on DM searches with CTA.

In Fig. 3.4, we show the differential sensitivity for a DM signal in the GC that we
obtain when using our version of the Ring method ([380], cf. Fig. 3.1), under various
assumptions about the GDE and instrumental systematics. When creating mock data
for our baseline analysis, we include individual estimates for the GDE in the different
RoIs. The Ring method is only sensitive to integrated fluxes measured in the ON
and OFF regions. In our likelihood fit to the mock data the normalisations of the
DM and the GDE components are therefore degenerate, as these two components in
general contribute a larger flux to the ON than the OFF region – whereas variations
in the average intensity in both regions can be absorbed by slight changes in the CR
background normalisation. An increased DM contribution can be compensated for by
a smaller GDE contribution, and vice versa. This degeneracy breaks when the GDE
contribution drops to zero, at which point the −2 lnL increases with increasing DM
annihilation cross-section, which then leads to a conservative upper limit on the DM
flux.

The curves that we show in Fig. 3.4 where the GDE has not been included are
based on neglecting GDE in the the mock data and the subsequent analysis (setting
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3. Indirect Dark Matter Detection with CTA

Figure 3.5: (Opposite) Same as Fig. 3.4, but comparing our previous Ring analysis
(green) with our morphological analysis (red), again assuming 100 hr of observation.
The solid lines show our baseline estimate for the sensitivity of the two analysis meth-
ods, with galactic diffuse emission included and differential acceptance uncertainties
of 1%. The dotted orange line shows the same morphological analysis as our base-
line estimate but neglecting the GDE and assuming 0% systematics. Also shown are
sensitivities produced using the morphological analysis including GDE but using sys-
tematics of 3% (dashed) and 0.3% (dash-dotted) instead.

RGDE = 0 everywhere). We see here that in the case of the Ring method, neglecting
the GDE artificially improves the projected sensitivity by a factor of up to about
3. Furthermore, neglecting instrumental systematics (as in Ref. [381]) increases the
sensitivity again by another factor of a few. For comparison, we again show the flux
expected from a DM particle with 1 TeV mass, annihilating into bb̄ at the canonical
thermal rate.

Since the GDE component is varying independently in each energy bin, our statisti-
cal framework is insensitive to spectral information that could help to discriminate
between the GDE and the DM signal. Including this information could potentially
increase the sensitivity of the Ring method, but would require precise assumptions on
the poorly known spectrum of the GDE. By including spectral information, the au-
thors of Ref. [378] were able to improve the limits derived from observations of Segue 1
by MAGIC by a factor of between 1.9 and 3.3, compared to a standard analysis using
only spatial information. Applying similar analysis techniques to CTA could yield in
the best case a comparable improvement in sensitivity. However, the uncertainty in
the GDE spectra has to be carefully addressed in that case, which we leave to future
work.

3.6.3 Galactic centre sensitivity with multi-bin morphological
method

It is instructive to see the results that one would obtain by applying the Ring method
to Fermi-LAT instead of CTA data. As shown in Fig. 3.4, the resulting sensitivity
curve simply continues the curve from CTA to lower energies. This can be readily
understood, as in both cases the actual limits are driven by the same GDE. We can
see that the GDE is the factor holding back the Ring analysis. This motivates us to
consider a procedure capable of taking into account morphological differences between
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3. Indirect Dark Matter Detection with CTA

the GDE and DM signal, which is what we discuss next.7

Here we take an important first step towards an improved DM search strategy for
CTA by proposing a morphological analysis of the gamma-rays from the GC. We will
estimate the most optimistic limits that one can obtain on DM annihilation in the
presence of the known GDE, assuming that the morphology of the GDE is perfectly
understood. To this end, we define the 28 subregions distributed as shown in the
bottom panel of Fig. 3.1. They are all part of the original RoI from the Ring method.
This has the advantage that the required observation strategy and results are directly
comparable.

Fig. 3.5 shows that with our morphological analysis, the projected differential sensi-
tivity is better by a factor of three than what can be obtained with the Ring method.
Note that the limiting factor in our results, at least for sub-TeV energies, is now not
the GDE but differential acceptance uncertainties, namely relative systematic un-
certainties in the photon acceptance in different regions of the same FoV. For this
uncertainty, we assume 1% throughout, which is a rather realistic value. This might
however vary by a factor of a few up or down, depending on the experimental details
(cf. Section 3.5.2). Indeed, varying the systematic uncertainty in a reasonable range
has a significant impact on the actual projected constraints. Note that systematics of
0.3% give results extremely close to that of 0% systematics. Also shown for compari-
son in Fig. 3.5 is our morphological analysis assuming 0% systematics and neglecting
the GDE, i.e. αi = 1 for all i, and RGDE,i = 0 for all i in both mock data and model.8

3.6.4 Projected cross-section limits

We now present our results in terms of limits on DM annihilation, in the common 〈σv〉-
vs-mass plane, assuming DM annihilation into different final states with a branching
ratio of 100%. First we provide some context by summarising the most relevant
previous work, and later compare these to our own results.

In Fig. 3.6, we show existing experimental limits from the Fermi-LAT satellite [400]
and HESS [123], on DM annihilation into bb̄. In this figure, all limits from the GC
are rescaled to our baseline Einasto DM profile. Projected limits correspond to 100 hr

7Considering the energy spectrum of the signal as we do here of course also improves CTA limits
[382]; all our analyses are carried out including this information. Once a signal is detected however,
if gamma-ray lines or virtual internal Bremsstrahlung seem relevant, a primarily spectral analysis
would be preferable [406, 407].

8Although we introduced the morphological analysis method primarily to improve limits in the
presence of the GDE, we also compared its performance to that of the Ring method in the case
of no GDE and 0% systematics. In this case the morphological analysis produces limits that are
marginally better than those of the Ring method. This is expected, as the smaller RoIs still provide
an additional constraint on the spatial distribution of the signal.
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observation time for CTA. The Fermi-LAT limits reach the thermal cross-section for
DM masses below about 10 GeV. The HESS limits are strongest close to 1 TeV, where
they reach 3× 1025 cm3 s−1.

Also shown are the projected limits for CTA from Refs. [380, 381, 382]. The analysis
given in Ref. [381] assumes an observation time of 500 hr, and we have rescaled their
limits to account for our baseline DM profile and observation time of 100 hr. In
fact, even after this rescaling, the projected limits from Ref. [381] remain the most
optimistic; they apparently do not account for systematic uncertainties or the effects
of the GDE, and make use of an extended array with 61 mid-sized telescopes. This
extended array is assumed to contain 36 extra mid-sized telescopes, as an additional,
rather speculative, US contribution on top of the baseline array.

The limits presented in Ref. [380] include no GDE and no spectral analysis. They
were built upon a profile derived from the Aquarius simulation, and therefore include
an effective substructure boost compared to a regular NFW profile. We have removed
this boost in order to allow direct comparison with our results, and those of others.
The inclusion of substructure increases the J-factor and thus also the signal, which
results in a stronger limit. As we use identical regions of interest to those of [380], we
can estimate the substructure boost factor by comparing ON region J-factors: [380]
give their result as JON,Aq. = 4.68×1022GeV2cm−5, while our smooth Einasto profile
(Section 3.3) gives JON, Ein. = 7.41 × 1021GeV2 cm−5. This yields a boost factor
of 6.31; we hence multiply the limits of Ref. [380] by this factor for presentation in
Fig. 3.6.

The limits presented in Ref. [382] are derived in a similar fashion to the Ring method
ones in the present analysis, including spectral analysis, but neglect contributions
from the GDE, systematics and proton CRs.

Our projected CTA upper limits on the annihilation cross-section using our version
of the Ring method are shown in Fig. 3.6 by the thick green line. In contrast to
Ref. [380], we include the expected GDE as discussed above (cf. Fig. 3.5). As a
consequence, we find somewhat weaker limits at intermediate masses than in this
previous work. From Fig. 3.4 one can see that neglecting GDE in the Ring method
(in the mock data) falsely improves the sensitivity by a factor of ∼ 2−3, which agrees
with the factor ∼ 3 difference between the results of Ref. [380] and our Ring method
limit. The different shape of the limits as function of mass is due to our lower energy
threshold, and the fact that we carry out a spectral analysis, whereas Ref. [380] used
only one large energy bin. This consequence of including spectral information was
noted previously in Ref. [382], whose limits have a very similar shape to our own.

The projected CTA upper limit produced by our morphological analysis is shown in
Fig. 3.6 by the thick red line (while not shown on the figure, the limit neglecting
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3.6. Results

Figure 3.6: (Opposite) Upper limits on the DM annihilation cross-section using the
previous Ring method (green) and our morphological analysis (red), assuming 100 hr
of observation of the GC. The thick solid green and red lines are our baseline esti-
mates of the limits attainable using the two analysis methods, assuming differential
acceptance uncertainties of 1% and including GDE. The red dashed and dot-dashed
lines show the limits produced in the morphological analysis assuming 3% and 0.3%
systematics, respectively. Also shown are current limits on the DM annihilation cross
section (thin solid lines; Fermi-LAT dwarf analysis in blue [400], HESS GC 112 hour
observations in magenta [123] and preliminary 254 hour observations in pink [408]), as
well as various projected CTA limits, both official (thin dotted lines; Doro et al. 2013
in black [380], Wood et al. 2013 in cyan [381]), and independent (Pierre et al. 2014,
thin dotted line in dark blue [382]). For the sake of comparison, the CTA projections
are rescaled to 100 hr observation time and our adopted Einasto profile.

GDE is a factor of ∼ 1.5 below this line). It is perhaps surprising that our limit
including GDE is significantly better than that of Ref. [380], which neglects GDE
both in the mock data as well as in the analysis. One reason is that using more bins
allows for better shape discrimination of the signal over the isotropic background.
Another reason might be differences in the adopted acceptance uncertainties (which
are not quoted in Ref. [380]). However, the fact that our morphological analysis is an
order of magnitude weaker than the scaled limits of Ref. [381] is primarily due to the
unrealistic array considered in that paper and their complete neglect of systematics.

Interestingly, our projected constraints are actually also weaker than the existing
limits from HESS, which are based on 112 hours of GC observations. This difference
is likely due to two things. The first is simply that the RoIs adopted in the Ring
method and in the HESS analysis are rather different. The second is that the HESS
analysis is a true ON-OFF analysis, which neglects the GDE by definition; this was
only possible to do in a valid way in the HESS analysis due to the instrument’s high
energy threshold and the fact that at such energies, the GDE intensity observed by
Fermi-LAT happens (by chance?) to be very similar in the rather complicated ON
and OFF regions chosen by HESS.

Most importantly, moving from the Ring method to our morphological analysis yields
a sensitivity improvement by up to an order of magnitude. We show in Fig. 3.6 that
morphological analysis improves the projected limits by up to a factor of ten for high
DM masses compared to the Ring method.9 This is mostly due to the fact that the

9This is not directly apparent from Fig. 3.5, where the difference is merely a factor of three. The
reason is that a DM signal would appear in several energy bins simultaneously, which strengthens
the limits in the case where the GDE is correctly modelled.
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3. Indirect Dark Matter Detection with CTA

Figure 3.7: (Opposite) Comparison of 〈σv〉 limits from CTA observations of the GC,
assuming different annihilation channels and DM halo profiles. Einasto lines assume
the main halo profile described in Section 3.3. The contracted NFW profile with
an inner slope of γ = 1.3 can also be found in that section. All lines assume 1%
systematics, 100 hr of observations and include GDE.

large number of subregions allows an efficient discrimination between the morphology
of the GDE and a putative DM signal. Note that the projected limits again depend
critically on instrumental systematics, and as indicated by the band in Fig. 3.6. This
is due to the large number of measured events in the RoIs. For our baseline DM
profile, we find that the thermal annihilation cross-section can be only reached if
instrumental systematics (namely differential acceptance uncertainties as discussed
above) are under control at the sub-percent level. At the same time, increasing the
time over which the GC is observed by CTA will have a negligible effect on the
projected limits.

Finally, we discuss how the projected limits depend on the adopted annihilation chan-
nel or DM halo profile. These results are shown in Fig. 3.7. Besides our baseline sce-
nario, where we assumed an Einasto profile and annihilation into bb̄ final states, we
show limits for annihilation to τ+τ−, W+W−, µ+µ−, and tt with an Einasto profile,
and to bb̄ with an alternative density profile.10 We find that in the case of annihila-
tion via the τ+τ− channel, CTA would be able to probe annihilation cross-sections
well beyond the thermal value even for a standard Einasto profile. In the case of a
contracted NFW profile with a inner slope of γ = 1.3, as described in Section 3.3,
the J-factor increases by a factor of 2.9 (summed over all RoIs). If this profile is
indeed realised in nature, it would bode well for future observations with CTA, as
CTA could probe well beyond the canonical thermal cross-section for a large range of
DM particle masses between 100 GeV and 10 TeV.

10Note that fluctuations of the limits, which are most visible in the cases of µ+µ− and W+W−

final states with strong final state radiation, come from variations in the adopted effective area.
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3. Indirect Dark Matter Detection with CTA

3.7 Conclusion

In this chapter we have worked towards making a realistic assessment of the perfor-
mance of CTA for detecting the gamma-rays produced by DM annihilating in the
GC, including the effects of systematic uncertainties and the GDE.

We showed that the inclusion of the GDE substantially degrades the sensitivity of CTA
when using a traditional two region analysis as previous official studies have done.
We have assessed the impacts of all backgrounds, including protons and electrons in
cosmic-rays hitting the atmosphere and, for the first time in this type of analysis,
diffuse astrophysical emission. The impact of including the galactic diffuse emission
can be observed in particular in Fig. 3.4, where the CTA differential sensitivity is
found to be substantially degraded (solid line) with respect to the case where the
GDE is neglected in the analysis (dashed green line). Although we only adopted one
particular GDE scenario (which is an extrapolation of Fermi-LAT observations to
higher energies), we do not expect these conclusions to change when adopting other
realistic GDE models.

This reduction in sensitivity due to the GDE can, however, be mitigated by adopting
a multi-region morphological analysis. Our morphological analysis allows a proper
exploitation of the shape differences between the GDE, which is concentrated along
the Galactic plane, and the DM annihilation signal, which is spherically distributed
around the GC. The constraints derived under this approach are more stringent by
a factor of a few compared to those obtained with the Ring analysis. This is best
seen by comparing the red (morphological) and green (non-morphological) curves in
Figs. 3.5 and 3.6.

The sensitivity degradation resulting from the inclusion of systematic errors cannot
be escaped though, and must be taken into account. In this work we introduced a
statistical framework that allowed us to account for the impact of differential accep-
tance uncertainties within a FoV on DM limits from CTA. This impact can be seen
in Fig. 3.5, where the sensitivity of CTA to DM annihilation is shown for three differ-
ent values of the magnitude of these systematics: 3% (dashed), 1% (solid) and 0.3%
(dash-dotted).

From our analysis we can also estimate the prospects of detecting WIMPs with CTA.
Our most realistic estimate of the upper limits on the DM annihilation cross-section
possible with 100 hr of GC observation by CTA are shown as a red solid line in Fig. 3.6.
These correspond to a morphological analysis assuming annihilation to bb̄, systematics
of 1%, and include diffuse emission. In order to reach canonical thermal cross-section,
shown as a horizontal line, systematic errors should be reduced to less than 0.3%. If
the DM profile is steeper than NFW or Einasto, the sensitivity curve drops below the
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thermal cross-section for a broad range of masses, as we show in Fig. 3.7. Here, for
the same annihilation channel and a contracted profile rising as r−1.3, CTA is found
to be able to probe WIMPs with a thermal cross-section between 100 GeV and 10
TeV.

When the work presented in this chapter was published in 2014 [2] it was the first
study on the sensitivity to CTA to include the effects of systematic uncertainties and
the GDE. A subsequent study, Ref. [409], was in broad agreement with our results,
finding that the inclusion of systematics and GDE degraded CTA performance.

In closing, astrophysical gamma-rays are a powerful method to search for annihilating
DM, and the upcoming CTA observatory will be a potent tool in observing these
gamma-rays. However, certain realities must be taken into account when assessing the
capability of CTA, not only to achieve a realistic estimate of its future performance,
but also to develop new and better analysis tools.

***
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4 The Local Dark Matter
Density

4.1 Introduction

The last two chapters have been concerned with the detection of signals from WIMP
DM, be they nuclear recoils, neutrinos from captured WIMPs annihilating in the Sun,
or gamma-rays from WIMPs annihilating in the Galactic Centre. In all three cases
the density of DM has been a crucial quantity in the search for these signals - the
local density for direct detection (Eq. 2.1) and solar WIMP capture (Eq. 2.12), and
the density towards the GC for the gamma-ray limits from CTA (Eq. 3.1). These
densities are degenerate with certain particle physics properties of WIMP DM, such
as the DM-nucleon scattering cross-sections σSI and σSD, and the self annihilation
cross-section 〈σv〉. Thus a reliable determination of the DM density for each of these
cases is crucial.

In this chapter we present a new method for determining the local DM density. First
the scene is set by introducing the components of the Milky Way. Then we introduce
the local DM density, the broad methods of determining it, and the data required to
do so. From there we begin the derivation and testing of our method, including a
brief outline of the Jeans equations (Section 4.5), which are fully derived in Appendix
A. In this chapter we are largely agnostic as to the particular DM particle model
considered, and these results could apply equally to axions, sterile neutrinos, or the
WIMPs we have so far focused on.
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4. The Local Dark Matter Density

4.2 The Milky Way

Structurally the Milky Way (MW) can be roughly split into three components: the
DM halo, the disc, and the bulge/bar. At the centre of the MW is the bulge, which
is thicker than the disc, and elongated such that it forms a bar as seen in Fig. 4.1.
Outwards from the centre extends the flat, roughly axisymmetric Galactic disc, in
which the Sun is located. Both the bulge and the disc are dominated by baryons, and
rotate around the GC. These two elements are embedded within the much larger and
roughly spherical DM halo, which was discussed earlier in Section 1.4.7. In Section
1.4.8 we also discussed a possible fourth component, the dark disc.

The baryonic disc itself contains many components such as gas, dust, and a panoply
of types of stars with varying ages and metallicities1. As star formation and stellar
evolution proceed throughout the galaxy the abundances of heavier elements increases,
with subsequent generations of stars incorporating the higher metallicity debris of
their antecessors. Thus a relationship between age and metallicity is formed, with
older (younger) stars having lower (higher) metallicities.

Traditionally the stellar component is described by two components, a thin disc and
a thick disc, modelled as exponentials with different scale heights zd [410]:

ρ∗(R, z) = ρthin(R, 0) exp
(
− |z|
zd,thin(R)

)
+ ρthick(R, 0) exp

(
− |z|
zd,thick(R)

)
(4.1)

where R is the distance from the GC, z is the distance above or below the disc
midplane in the galactocentric coordinate system of (R,φ, z) (see Fig. A.1), the zd
terms are the scale heights of the thin and thick discs, and ρ(R, 0) controls the radial
profile, which can can be modelled in a similar way with scale length Rd:

ρ(R, 0) = ρ(0, 0) exp
(
− R

Rd

)
. (4.2)

The canonical values for the parameters controlling the stellar disc are zd,thin = 300
kpc, zd,thick = 1 kpc, and Rd = 2.5 kpc [410].

Stars populating the canonical thick disc tend to be older and have lower metallicity
compared to those of the thin disc. Recent work however has found it more appropri-
ate to describe the disc as a sum of many Mono-Abundance Populations (MAPs), each
defined by a small range of metallicity parameters and with their own scale height
[411]. While older, lower metallicity populations do have higher scale heights, there is
no evidence for chemically distinct ‘thick’ and ‘thin’ discs [412]. Many mechanisms for
how these MAPs acquired higher scale heights, i.e. how the ‘thick disc’ was formed,
have been proposed, and this is an active field of research (see Introduction of [413]).

1In astronomy a metal is any element other than hydrogen or helium.
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4.2. The Milky Way

Figure 4.1: Artist’s impression of the Milky Way, a barred spiral galaxy. Credit:
NASA/JPL-Caltech/ESO/R. Hurt

115



4. The Local Dark Matter Density

Figure 4.2: (Opposite) Top panel: Comparison of a constant vertical DM density
(navy) with the simplified K and D model used in this analysis (red), and a more
complex model derived by Sofia Sivertsson based on observational data presented in
[414]. DM density is equal to the baryon density at approximately z = 0.5 kpc, and
is 10 times larger above approximately 1-1.5 kpc. Bottom panel: Comparison of the
constant DM density (navy) to the vertical density profiles given by an Einasto profile
(purple), and two classic NFW profiles with scale radii of rs = 20 kpc (green) and
rs = 40 kpc (orange). The Einasto and NFW profiles only drop to below 90% of the
constant DM density value above 3 kpc.

Along with its stellar component, the disc also contains significant amount of gas.
These baryonic components significantly outweigh any DM contribution in the solar
neighbourhood, as shown in Fig. 4.2: at the solar position the combined density of
stars and gas is ρbaryon,� = 84±12 ×10−3 M� pc−3 = 3.2±0.45 GeV cm−3 (pink line)
[414], while in Chapters 2 and 3 we have taken the local DM density (solid black line)
as ρDM,� = 10.5 × 10−3 M� pc−3 = 0.4 GeV cm−3, almost an order of magnitude less
than the baryon density. With measurements only from within the solar neighbour-
hood, the uncertainty on the baryon distribution would swallow the putative DM
density. These realities will thus dictate to us how we proceed in determining the
local DM density.

4.3 Introduction to the Local Dark Matter Density
and its Measurement

In Chapter 1 of this thesis we introduced the importance of the local DM density to
direct detection (Section 1.5) and indirect detection via DM capture and annihilation
in the Sun (Section 1.6), and in Chapter 2 we used a value of ρDM,� = 0.4 GeV/c2 =
10.5×10−3 M� pc−3 in analysing the complementarity of these two detection methods.
The local DM density was also used to normalise the DM halo profiles used to calculate
the gamma-ray limits from CTA in Chapter 3, where the same value of ρDM,� was
used.

There are two broad categories of local DM measurements: those that use measure-
ments of stars in a small volume around the sun, and those which use a variety of
dynamical tracers to constrain more global mass models of the MW, from which a
local DM density is extrapolated. While previously we made no distinction between
these methods, we now denote the local DM density derived from local measurements
as ρDM,� and that derived from global methods as ρDM,�,ext. For a review of previous
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4. The Local Dark Matter Density

local DM density measurements see [415].

We previously encountered the global measurements in Section 1.4.7, where we dis-
cussed the fitting of parameters to generalised NFW and Einasto DM halo profiles.
There are a great many studies using this method, using a variety of data sets and
modelling methods [e.g. 416, 417, 418, 419, 420, 421, 422, 166, 423, 167, 424, 425].
One unifying feature however is the assumption of a spherically symmetric DM halo,
and so while these methods generally have smaller error bars on the local DM density,
they have a greater systematic uncertainty due to this assumption. However, as dis-
cussed earlier in Section 1.4.8, the spherical halo can have a degree of triaxiality, and
can change in shape due to the presence of baryonic disc. Reference [373] quantified
the effect on ρDM,� of differences between assumed spherical halos and more realis-
tic halos found in numerical simulations containing both DM and baryons, finding
deviations of up to 41% relative to the spherically averaged value.

The alternative is to focus on measurements of stars in a small volume around the
sun [e.g. 7, 8, 426, 427, 428, 429, 430, 431, 432, 433, 434, 435, 436]. In general
these methods give larger uncertainty on the local DM density but do not suffer the
systematic uncertainty of assuming a global potential.

The primary local measurements used are the velocities and positions of tracer stars
in the z-direction, i.e. vertically out of the disc plane. The stellar disc scale length is
greater than the scale height (∼ 2.5 kpc vs. ∼ 1 kpc and ∼ 300 pc for thick and thin
discs respectively), and so for a first approximation one can neglect radial variation in
the mass distribution, and the analysis can be reduced to a one-dimensional system.
The z-direction is also advantageous as a faster decline in baryon density means that
DM dominated regions are closer in that direction, when assuming a roughly spherical
DM halo.

The assumption of a purely 1D vertical system becomes increasingly tenuous at higher
z values, as will be discussed further in Section 4.6.6, and also would also require
assuming a locally flat rotation curve to obviate the need for rotational data (see
Eq. 4.22 and subsequent discussion). Many local measurement studies also assume
that the DM density is constant with height - taking an NFW profile with scale radius
of 20 kpc, the DM density at height z is within 10% of the midplane (z = 0) value
up to a height of z ∼ 3 kpc (see Fig. 4.2). The Einasto profile is similarly well fitted
by a constant vertical DM density profile, and an NFW profile with a scale radius of
40 kpc even better.

For the bulk of this thesis we use galactocentric coordinate systems - either spherical
(r, θ, φ, vr, vθ, vφ), (e.g. when we described the radial profiles of spherical DM halos
in Section 1.4.7), or cylindrical (R,φ, z, vR, vφ, vz), which is used throughout this
chapter. However astronomical observations will be inherently geocentric. The basic
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4.3. Introduction to the Local Dark Matter Density and its Measurement

observations are a star’s position on the celestial sphere, given by e.g. right ascension
α and declination δ; its distance from us d, derived from its parallax ω or from
photometric measurements; its velocity across the celestial sphere, known as proper
motions µα and µδ; and finally its velocity towards or away from us, referred to as
the radial velocity vr,⊕ [437], where we have added the ⊕ subscript to avoid confusion
with the galactocentric radial velocities vr and vR. Geocentric radial velocities vr,⊕
can be determined by measuring the redshifts or blueshifts of a star’s spectral lines
using a spectrometer, while proper motions across the sky are measured by comparing
the positions of star at two different time points, and are generally less accurate than
radial velocity measurements.

For stars directly above and below us in the disc plane, the paramount z-direction
measurements correspond to distance d, measured through parallax or photometry,
and radial velocity vr,⊕, measured with a spectrometer. However as we move away
from the Sun in the (R,φ) plane the determination of vz will become a function
of radial velocities and less accurate proper motions. Thus most determinations of
the local DM density select stars in a cone above and/or below us, such that vz is
dominated by radial velocity measurements and the impact of proper motions can
be ignored (see e.g. Fig. 2 of [436]). This also limits the use of 1D vertical methods
at other points in the disc plane, as they would be dependent on proper motion
measurements.

There are several current astrometric surveys that have generated valuable data sets,
and still better data lie in the future. The Sloan Digital Sky Survey (SDSS) at
the Apache Point Obervatory (APO) has been running since 2000, collecting data on
galaxy distribution (as seen earlier in Fig. 1.5), and also on stars and their distribution
within the MW as part of the Sloan Extension for Galactic Understanding and Ex-
ploration (SEGUE) [438] and APO Galactic Evolution Experiment (APOGEE) [439]
programmes. The complementary Radial Velocity Experiment (RAVE) at the Siding
Spring Observatory in Australia is also collecting spectrometric data on MW stars,
yielding observations from the Southern Hemisphere. Further data on the MW is
being collected using the Large Sky Area Multi-Object Fibre Spectroscopic Telescope
(LAMOST) at Xinglong Station in China. While proper motion information can be
obtained from such survey data (for instance Ref. [440] combines SDSS-SEGUE data
with historical data from the US Naval Observatory-B survey), their main strength
lies in radial velocities.

The field of astrometrics is soon to be revolutionised by the advent of data from the
Gaia satellite. Launched in 2013, the goal is to obtain 5D astrometric data (positions
α and δ, proper motions µα and µδ, and parallax ω), for a billion stars down to an
apparent magnitude2 of ∼ 20 (1% of the total number of stars in the MW), and radial

2Astronomers measure the brightness of stars in the magnitude scale, with higher (lower) numbers
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velocities vr,⊕ for a subset of 150 million of the brightest stars. Gaia is a successor to
the Hipparcos mission which operated from 1989 to 1993 and generated the Tycho-
2 catalogue of 2.5 million stars [441]. The first data release of Gaia consisting of
positions (α, δ) and magnitudes is expected at the end of the northern hemisphere
summer of 2016. This data will be combined with data from the Tycho-2 catalogue
to yield 5D astrometric data for 2.5 million stars of Tycho-2, giving us an early look
into the Gaia-era [442, 443]. The final data release is scheduled for 2022.

Several surveys are underway or are planned that will complement the Gaia data,
gathering radial velocity and elemental abundances for stars that are too dim for
Gaia’s spectrometer to measure. These include the Gaia-ESO survey, which began
collecting data at the end of 2011 using the Very Large Telescope at the ESO site
in Paranal, Chile [444]; the WEAVE spectrometer planned for the William Herschel
Telescope on La Palma in the Canary Islands, which should begin data taking in 2018
[445]; and the 4-metre Multi-Object Spectroscopic Telescope (4MOST) planned for
the VISTA telescope, also at the ESO Paranal site, which is scheduled to begin science
operations in 2021 [446]. In 2023 the Large Synoptic Survey Telescope (LSST) will
begin its 10 year survey programme, imaging the entire sky visible from its site in
Cerro Pachón, Chile, every few nights. The LSST will serve as a deep complement to
Gaia, giving 5D astrometric data for approximately 20 billion stars down to a magni-
tude of ∼ 27 [447]. Given the coming Gaia data, its current and future spectrometric
complements, and LSST, the future is indeed promising for astrometrics.

With the advent of large survey data such as those described above, local and global
methods to determine the local DM density are beginning to converge [424, 422].
However robust differences between ρDM to ρDM,ext can provide insight into the shape
of the Milky Way’s DM halo, and thus into the formation of the galaxy [415]. First
note that a local measurement gives ρDM in a small volume around the sun, while
a global measurement gives the value for ρDM averaged over a spherical shell with
radius equal to the Sun’s galactocentric radius. If ρDM from local measurements is
smaller than that extrapolated from global measurements, ρDM,ext, then this implies
a prolate halo, while the opposite would imply a squashed, oblate halo. The latter
possibility could also result from the presence of an dark disc formed via accretion or
by PIDM, or from some modified theories of gravity [e.g. 448, 449].

With sufficiently high quality data on tracer stars distributed vertically in the plane,
and a robust map of the baryon distribution, it could be possible to probe non-constant
vertical DM density profiles, moving from ρDM to ρDM(z). This could provide another
meaning fainter (brighter) stars. Absolute magnitude is a measure of how intrinsically bright an
object is, while apparent magnitudes are how bright it appears to us in the sky, taking into account
distance, dust absorption and the like. Differences in apparent magnitude mi are linked to differences
flux fi via m1 −m2 = −2.5 log10(f1/f2). The Sun has an apparent magnitude of -26.74, while Sirius,
the brightest star in the sky has an apparent magnitude of -1.45 [437].
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avenue to investigate the presence of an oblate halo or a dark disc.

Measurements of the local DM density date back almost 100 years [7]. The history
of this measurement is one of both increasingly precise data and decreasingly strong
assumptions. As such, the error bars on ρDM have not always shrunk with time, as
better data often allows one to discard previous assumptions. With the advent of Gaia
data from 2016 onwards we will have access to high precision data on individual stars,
and the primary uncertainty in the determination of ρDM will be systematic model
uncertainties. Recent results for the local DM density include [435], who used RAVE
data to derive a value of ρDM = 0.0143 ± 0.0011M�pc−3 = 0.542 ± 0.042 GeVcm−3,
and [434] who used SDSS/SEGUE data to find ρDM = 0.0065 ± 0.0023M�pc−3 =
0.25± 0.09 GeVcm−3. Note that these two results do not overlap within their stated
uncertainties. The significance of this discrepancy is hard to interpret though, as they
each use different data sets and analysis techniques, and both methodologies rely on
rather different assumptions. To make progress we should endeavour to minimise the
number of assumptions made, and apply the same analysis techniques to both data
sets. More recently data from the LAMOST survey was used to find a local DM
density of ρDM = 0.0159+0.0047

−0.0057M� pc−3 = 0.603+0.178
−0.216GeV cm−3 [436], compatible

with the RAVE result, but not with that from SDSS/SEGUE.

4.4 Towards a New Local DM Density Method

The goal of this project is to limit the number of assumptions to a bare minimum,
and hence reduce the systematic uncertainty on the local DM density. To achieve this
we introduce a one-dimensional Jeans analysis method to probe the local DM density
using the vertical motions of tracer stars. We construct a representation of the tracer
density ν, and also allow for a DM density profile that is more complex than simply
constant with height as previous local studies have assumed. Additionally, we deal
with the so-called tilt term, which links radial and vertical motions of the tracer stars.
This term is crucial to understand stellar motions at high-z, where the baryonic con-
tribution falls off and DM becomes increasingly important. Using the vertical Jeans
equation we calculate the velocity dispersion σz(z) for each mass model, and then fit
to data in ν, σz, and σ2

Rz using MultiNest [356, 357, 450]. We test this method on
mock data sets, and explore the impact of tracer star sample size, the tilt term, and
non-constant DM profiles. The mock data for this work are ‘as good as it gets’ – we
assume the population to have no observational biases and there to be no measure-
ment error on individual stars – allowing us to isolate the effects of sampling error
and model uncertainties. This is similar to what we will have with Gaia data, where
the measurement errors on stars will be small compared to sampling error. We will
explore the effect of adding realistic Gaia uncertainties to our method in future work.
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We reiterate that this method is one dimensional, allowing us to keep assumptions to
a minimum. However, we show that we are still able to deal with tilt and high-z data,
which usually requires a 2-dimensional method. The key disadvantages of our method
are that we bin data and thus lose information, a problem of Jeans analysis methods
in general, and that our strictly local method cannot take advantage of the ‘long lever
arm’ of a global model that would ensure, for example, that the DM density in radial
slices close to the ‘local volume’ is continuous and smooth. However the effect of these
disadvantages is to overestimate the errors on ρDM, which is acceptable as we aim
for a conservative and robust estimate of ρDM. The alternative to binning and Jeans
analysis is distribution function modelling, which fits a parameterised form of the
distribution function f(x,v) directly to data (see [415] and references therein). This
has the advantage of using all available data, but at the cost of assuming a functional
form for f(x,v), however general it may be.

The remainder of this chapter is organised as follows: in Section 4.5 we outline the
formalism of the Jeans equations on which our method is built. In Section 4.6 we
introduce our particular method, covering our treatment of the rotation curve and
tilt term, our our descriptions of the elements of our mass and tracer density mod-
els. We then outline our statistical analysis, introducing the framework for Bayesian
parameter estimation and the MultiNest nested sampling code. In Section 4.7 we
describe the array of mock data sets we use to test out methods. In Section 4.8 we
present and discuss the results of our analyses, before finally drawing conclusions in
Section 4.9.

4.5 Jeans equations

One of the fundamental sets of tools of galactic dynamics is the Jeans equations. The
optimal piece of data to map the mass distribution of a system is the acceleration of
particles, which determines the potential via

a = −∇Φ (4.3)

However astrometric data only yields the positions and velocities of stars, and so we
must find a method of linking these two quantities with the gravitational potential
Φ. We do this by modelling the bulk motions of populations of stars as a collisionless
fluid. This fluid is described by the collisionless Boltzmann equation,

df
dt = ∂f

∂t
+ {f,H} = 0, (4.4)
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4.5. Jeans equations

where f = f(x,v, t) is the phase space distribution function, defined such that
f(x,v, t)d3xd3v is the probability that at time t a given star has position and velocity
in the ranges d3x and d3v. The brackets {a, b} are the Poisson brackets,

{a, b} ≡
∑
i

(
∂a

∂qi

∂b

∂pi
− ∂a

∂pi

∂b

∂qi

)
, (4.5)

and the Hamiltonian of the system in cylindrical coordinates is given by

H(R,φ, z, vR, vφ, vz, t) = 1
2
(
v2
R + v2

φ + v2
z

)
+ Φ(R,φ, z) (4.6)

where vR = Ṙ, vφ = Rφ̇, and vz = ż, and Φ is the gravitational potential.

From Eq. 4.4 the set of three Jeans equations can be derived, as given in Appendix
A. In full these are:

R : 0 = ∂(ν vR)
∂t

+ ∂(ν v2
R)

∂R
+ 1
R

∂(ν vRvφ)
∂φ

+ ∂(ν vRvz)
∂z

+ ν

R

(
v2
R − v2

φ

)
+ ν

∂Φ
∂R

,

(4.7)

φ : 0 = ∂(ν vφ)
∂t

+ ∂(ν vRvφ)
∂R

+ 1
R

∂(ν v2
φ)

∂φ
+ ∂(ν vφvz)

∂z
+ 2ν
R
vRvφ + ν

R

∂Φ
∂φ

, (4.8)

z : 0 = ∂(ν vz)
∂t

+ ∂(ν vRvz)
∂R

+ 1
R

∂(ν vφvz)
∂φ

+ ∂(ν v2
z)

∂z
+ ν

R
vRvz + ν

∂Φ
∂z

. (4.9)

where ν is the tracer density ν = ν(x), the probability to find a star of any velocity
at x:

ν(x) ≡
∫

d3v f(x,v). (4.10)

The mean velocity in direction i, also known as the first velocity moment, is

vi(x) = 1
ν(x)

∫
d3v vif(x,v), (4.11)

while the second velocity moment is

vivj(x) = 1
ν(x)

∫
d3v vivjf(x,v). (4.12)

A useful quantity to introduce at this point is the velocity-dispersion tensor [410]:

σ2
ij(x) ≡ 1

ν(x)

∫
d3v(vi − vi)(vj − vj)f(x,v)

= vivj − vi vj . (4.13)
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This tensor is symmetric, and so it is possible to find a set of orthogonal axes êi(x)
for which σ2 is diagonal. These three axes êi(x) can be used to define the orientation
of the velocity ellipsoid, and the eigenvalues of the tensor determine the length of
the ellipsoid’s semi-principal axes. The velocity ellipsoid will be discussed in greater
depth in Section 4.6.5.

We now assume that the system is static, which means that partial time derivatives
are zero, and that vR = vz = 0 i.e. the average velocity of stars in R- and z-directions
is zero as there are an equal number of stars moving outwards and inwards radially,
and moving upwards and downwards vertically. Under this assumption some elements
of the velocity-dispersion tensor simplify to

σ2
R = v2

R, σ2
z = v2

z , σ2
Rφ = vRvφ, σ2

Rz = vRvz, and σ2
φz = vφvz, (4.14)

allowing Eqs. 4.7-4.9 to be rewritten as:

R : 0 = 1
R

∂(Rν σ2
R)

∂R
+ 1
R

∂(ν σ2
Rφ)

∂φ
+ ∂(ν σ2

Rz)
∂z

− ν

R
v2
φ + ν

∂Φ
∂R

, (4.15)

φ : 0 = 1
R2

∂(R2ν σ2
Rφ)

∂R
+ 1
R

∂(ν v2
φ)

∂φ
+
∂(ν σ2

φz)
∂z

+ ν

R

∂Φ
∂φ

, (4.16)

z : 0 = 1
R

∂(Rν σ2
Rz)

∂R
+ 1
R

∂(ν σ2
φz)

∂φ
+ ∂(ν σ2

z)
∂z

+ ν
∂Φ
∂z

. (4.17)

Note that in this work we follow the convention of [410] in labelling velocitiy disper-
sions; i.e. we write σ2

Rz = vRvz−vR vz, as opposed to σRz = vRvz−vR vz, (i.e. without
the square on σRz). Thus σ2

ij has the units of [km2 s−2], which is appropriate for a
covariance (i 6= j) or standard deviation (i = j) quantity. The latter convention was
used in some previous works, such as [433] and the paper in which the bulk of this
chapter first appeared [3].

4.6 Method

The broad picture of our problem is this: we have quantities derived from the motions
of the tracer stars, namely ν, the tracer density, σz, the vertical velocity dispersion,
and σ2

R,z, the (R, z) velocity dispersion. Then we have elements of the mass profile,
one of which is unknown – the DM density ρDM, and the other which is known within
a band of uncertainty – the baryon density ρbaryon. In this section we first derive the
equations to link these quantities, and then describe how each is modelled.
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4.6.1 Deriving a general 1D Jeans method

The starting point of our method is the static, z-direction Jeans equation (Eq. 4.17),
which is moulded into

1
Rν

∂

∂R

(
Rνσ2

Rz

)
︸ ︷︷ ︸

‘tilt’ term: T

+ 1
Rν

∂

∂φ

(
νσ2

φz

)
︸ ︷︷ ︸

‘axial’ term: A

+ 1
ν

d

dz

(
νσ2

z

)
= −dΦ

dz︸ ︷︷ ︸
Kz

. (4.18)

To reiterate, ν and σz are the density and vertical velocity dispersion profile of a
tracer population as a function of height z above the disc plane, σ2

Rz is the cross term
in the velocity dispersion tensor that couples radial and vertical motions, and σ2

φz is
the cross term coupling vertical and axial motions.

Integrating both sides of equation Eq. 4.18, we derive our key equation for this work,

σ2
z(z) = 1

ν(z)

∫ z

0
ν(z′) [Kz(z′)− T (z′)−A(z′)] dz′ + C

ν(z) (4.19)

where C is a normalisation parameter. For z = 0, we have that

σ2
z(0)ν(0) = C, (4.20)

and so C simply sets the vertical velocity dispersion at z = 0. (Note that a similar
but less general equation was derived recently in [433], Eq. 10.) We implement the
constant C as a parameter in our model that we will ultimately marginalize over. The
alternative would be to calculate C directly from Eq. 4.19, utilising the fact that as
z →∞, ν(z)→ 0, which gives us

C = −
∫ ∞

0
ν(z′) [Kz(z′)− T (z′)−A(z′)] dz′. (4.21)

However this would mean that the derived value for σz(z) at some finite z would
depend on the properties of our mass model, tilt and axial terms not just in the range
[0, z] but also for the range [0,∞).

Equation (4.19) is numerically appealing to solve since, unlike many previous methods
[e.g. 451, 431], it does not require any numerical differentiation and is therefore rather
robust to noise in the data. Furthermore, Eq. 4.19 is valid for any gravity theory and
can therefore be used as a constraint on alternative gravity models. In this sense, we
follow the early pioneering work of [452] who attempted to also measure Kz directly
without reference to the Poisson equation.

To connect the vertical acceleration Kz to the surface mass density of the disc, how-
ever, we must specify a gravitational model. For standard Newtonian weak field
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4. The Local Dark Matter Density

Source Stellar Type A B

[km s−1kpc−1]
[453] K-M giants 14.5± 1.0 −11.5± 1.0
[454] F giants 14.85± 7.47 −10.85± 6.83
[455] G giants 14.05± 3.28 −9.30± 2.87

Table 4.1: Values of Oort constants. We include the F giants even though the errors
for them are substantially larger to show that, within current uncertainties, the Oort
constants A and B do not depend on stellar type.

gravity, this is given by the Poisson equation,

∇2Φ = ∂2Φ
∂z2 + 1

R

∂V 2
c (R)
∂R︸ ︷︷ ︸

‘rotation curve’ term: R

= 4πGρ, (4.22)

where Vc(R) is the circular speed (rotation) curve at radius R, and ρ is the total
matter density. Notice that for a flat rotation curve, Vc = const., and the ‘rotation
curve’ term R vanishes. If R does not vanish, then it appears as a shift (potentially
as a function of height z) to the recovered ρDM that can be corrected for at the end
of the calculation [431]. Equation (4.22) can be rewritten as

∂2Φ
∂z2 = 4πGρ(z)eff (4.23)

where

ρ(z)eff = ρ(z)− 1
4πGR

∂V 2
c (R)
∂R

. (4.24)

The contribution of this term to the mass density profile can be quantified via the
Oort constants A and B [410]:

1
4πGR

∂V 2
c (R)
∂R

= B2 −A2

2πG . (4.25)

Note that |B| < |A|, meaning that the terms in Eq. 4.25 are negative. Thus the
effective density ρ(z)eff will be higher with the inclusion of a non-zero rotation curve
term. If the rotation curve term is erroneously neglected it will be absorbed into the
density profile, yielding an over-estimate of the DM density, assuming the baryonic
contribution is well constrained. Taking the most precise values for A and B from
Table 4.1 [453] yields a value for Eq. 4.25 of ∼ 0.1 GeV/c2, which is roughly a third
of the expected local DM density [e.g. 415]. For any accurate measure of the local
DM density derived from real data we will need to incorporate this correction, but
we leave this for future work.
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Neglecting R and integrating both sides of Eq. 4.22, we derive the familiar result of

Σz(z) = |Kz|
2πG, (4.26)

where Σz(z) is the surface mass density of the disc.

The overall flow of our method is now apparent. We model i. the tracer density ν(z);
ii. the mass density distribution ρ(z) = ρDM(z) + ρbaryon(z) (which gives us the Kz

term); iii. the tilt term T (z); and iv. the axial term A(z). These elements each
have a number of parameters, and so in total each model will have an N -dimensional
parameter space. After picking a point in this parameter space we can calculate the
values for the elements i. to iv. across the range of z-values, which for this study are
the bin centres. Elements i. to iv. can then be inserted into Eq. 4.19 to derive σ2

z(z)
for that parameter space point. We then compare ν(z) and σ2

z(z) (and σ2
Rz(z) and

σ2
φz(z) as part of the tilt term and axial term models) to data via a χ2 test, and then

update our parameter space point.

Note that the only assumptions that go into Eq. 4.19 are that the motions of stars obey
the collisionless Boltzmann equation, and that the galaxy is in dynamic equilibrium.
The assumption of dynamic equilibrium can be negated somewhat by the presence of
disequilibria (‘wobbling’) in the disc caused by e.g. the Sagittarius merger [456, 457]
or in part by the presence of spiral arms [458]. However the impact of these effects
on the measurement of the local DM density is estimated to be approximately 10%
[459, 415], less than the corrections arising from the tilt and rotation curve terms.

In practice further assumptions are necessary to model the individual components on
the RHS of Eq. 4.19. However this method can accommodate almost any model for
each of these elements – the only strict requirement is that each element can be defined
at the z-values corresponding to the centres of the bins used to calculate the tracer
density and velocity dispersion. Hence we call this method ‘non-parametric’ – we can
in principle have many more parameters for each model than there are data points.
In the following sections we describe how we model each element for this particular
study. In Section 4.6.7 we discuss model selection using the Bayesian evidence, which
could potentially allow us to compare alternate models.

As the galaxy is close to being axisymmetric in both the thin disc [460, 461, 462,
463, 464, 465] and the thick disc [466, 467], the axial term A(z) is expected to be
small. For this study we assume complete axisymmetry, and thus take A(z) = 0. If
the data shows significant non-axisymmetry in the Milky Way, the axial term could
be modelled in a similar way to the tilt term as described below.

In the context of the Milky Way non-negligible axial terms at the solar position
would arise from non-axisymmetric features such as spiral arms, perturbations driven
by the bar, or a warping of the disc. Such features are time dependent, implying that
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4. The Local Dark Matter Density

if A(z) 6= 0, we should also worry about the time dependence of the gravitational po-
tential Φ(t) and, therefore, also the partial time derivative of the distribution function
∂f/∂t [e.g. 468]. It is not clear if there can exist a regime in which A(z) 6= 0 and
such time dependence can be ignored. Here, we simply note that since empirically
A(z) � T (z)∀z [e.g. 466, 464], to leading order we can also safely neglect the time
dependence of the distribution function, as we have already done.

4.6.2 Tracer density model

To apply the Jeans equations we bin data in z to obtain the tracer density ν and
the velocity dispersions σz and σ2

Rz. Thus at a bare minimum we only have to define
ν and σ2

Rz, and derive σz via Eq. 4.19, at the bin centers, i.e. at a discrete set of z
values.

For this work we model the tracer density as a sum of N exponential discs:

ν(z) =
∑
i

ν(0)i exp
(
− z

hi

)
, (4.27)

where for the ith disc ν(0)i is the tracer density at z = 0 and hi is the scale height.
The number of exponential discs can be increased until the Bayesian evidence shows
no improvement (see Section 4.6.7). This method avoids overfitting as each disc is
smooth, while still giving freedom to describe more complex data. If we were working
with multiple populations each with distinct velocity dispersion profiles, for instance
‘thick’ and ‘thin’ disc samples, or multiple MAPs as discussed earlier, we would apply
one copy of 4.27 per population, i.e. each population would be described by its own
sum of exponentials. From this point onwards we consider only z ≥ 0.

4.6.3 Baryon parameterisation

For this study we use a simple 2-parameter model to describe the baryon distribution3:

ρbaryon(z) = 1
4πG

∣∣∣∣ KbnD
2
bn

(D2
bn + z2)1.5

∣∣∣∣ . (4.28)

The Kbn parameter sets the mass of the disc, and has dimensions of acceleration, while
Dbn controls the scale height of the disc, and has dimensions of length. Expressed in
terms of the Kz parameter of Eq. 4.19, the baryon profile becomes

Kz,baryon = −
[

Kbnz√
z2 +D2

bn

]
. (4.29)

3In the context of the values of the prior ranges given in Table 4.4 below the gravitational constant
equals G = 4.229 × 10−6km2 kpc M−1

� s−2.
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While this model is not likely realistic for the Milky Way [469, 414], it has been
applied to observational data by [470, 428], and also more recently by [434]. When
applying our method to real data we will consider more sophisticated baryon models,
but for this initial study where we are primarily interested in testing our methodology,
Eq. 4.29 will suffice.

The stellar populations we take as kinematical tracers would be a subset of the to-
tal baryon profile of the MW. Ongoing and future surveys such as Gaia, WEAVE,
4MOST, and LSST will not only give us better kinematic data, helping constrain
the total mass distribution, but also improve the stellar component of baryonic mass
models, helping constrain the DM mass.

4.6.4 Dark Matter parameterisation

The simplest way to parameterise the DM density profile ρDM is to assume it is
constant with z, as done in previous work [e.g. 427, 470, 428, 430, 451, 431]. This
assumption works well at low z: as mentioned earlier, for a spherical NFW halo with a
scale radius of 20 kpc the midplane value is correct within 10% up to a height of z ∼ 3
kpc. For some analyses we also make this assumption, and set ρDM(z) = ρDM,const..

However, this assumption does not allow for the exploration of several interesting ef-
fects such as a flattened, oblate halo or a dark disc. To accommodate such phenomena
we add a dark disc (DD) on top of the constant DM. The dark disc is described using
the same disc model as we use for the baryons, yielding a total DM profile:

ρDM(z) = ρDM,const. + 1
4πG

∣∣∣∣ KDDD
2
DD

(D2
DD + z2)1.5

∣∣∣∣ . (4.30)

To ensure this disc does not simply become degenerate with the baryonic disc we give
the scale height DDD a higher prior range than that for Dbn. In terms of the Kz

parameter of Eq. 4.19, the DM profile is

Kz,DM = −
[

2Fz + KDDz√
z2 +D2

DD

]
(4.31)

where F = 2πGρDM,const. This disc parameterisation of the non-constant DM profile
can describe both the accreted dark disc and a flattened DM halo, and so henceforth
we refer only to a ‘dark disc’.

Additional dark disc terms could in principle be added to ρDM(z) with parameters
KDD,n and DDD,n, giving a total density profile of

ρDM(z) = ρDM,const. + 1
4πG

∑
n

∣∣∣∣∣ KDD,nD
2
DD,n

(D2
DD,n + z2)1.5

∣∣∣∣∣ . (4.32)
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4. The Local Dark Matter Density

The prior ranges on the nth dark disc parameters KDD,n and DDD,n can be set in
relation to those of the (n−1)th dark disc, e.g. requiring KDD,n < KDD,n−1, meaning
each dark disc is less massive than the previous one. The number of dark discs to
add could be determined from the data via the Bayesian evidence, with dark disc
terms being added up until this degrades significantly. For this study however we
limit ourselves to one dark disc term.

4.6.5 The Velocity Ellipsoid and the Tilt Term

Previously in Section 4.5 we introduced the velocity dispersion tensor, and also the
velocity ellipsoid, whose orientation is defined by the axes êi(x) which diagonalise the
velocity dispersion tensor σ2

ij(x). The velocity dispersion tensor appears in the tilt
term of Eq. 4.18, and is a crucial element of the analysis presented here.

The orientation of the velocity ellipsoid at points above the disc plane lies somewhere
between the extreme cases of having its principal axes aligned with the cylindrical
coordinates (R,φ, z), or aligned with the spherical coordinates (r, θ, φ) [410, Section
4.8.2]. The orientation can be parameterised by the tilt angle αRz and vertex deviation
angle αRφ, calculated from the velocity dispersion tensor as

αij(x) = 0.5 arctan
(

2σ2
ij(x)

σ2
i (x)− σ2

j (x)

)
, (4.33)

where x = (R,φ, z). As we assume axisymmetry for this analysis, the vertex deviation
angle is ignored here. If there is no radial-vertical coupling, we have σ2

Rz = 0, and
thus αRz = 0.

There have been a number of previous measurements of the tilt angle and the velocity
dispersion for a variety of stellar types, the results of which are listed in Table 4.2.
Several of the measurements (Refs. [471, 472, 440]) combine measurements from
both positive and negative z (eg above and below the plane) and quote results for |z|.
There is also an apparent inconsistency in the sign of the tilt angle αRz and velocity
dispersion σ2

Rz in regards to the sign of z. For instance [472] quotes positive values
for the αRz for both positive and negative z, and both [433] and [440] give negative
values for αRz but quote negative and positive values for z respectively. Given that
the sign of the tilt term T is dependent on the sign of σ2

Rz, as is the sign of the tilt
angle via the antisymmetric arctan function, a rigorous exploration of this topic is in
order.

First we establish the details of our velocity ellipsoid. Following the convention of
[474] we define the longest axis in the (R, z) plane as σ2

1(R, z) in the direction of ê1,
and the shorter axis as σ2

3(R, z) in the perpendicular direction of ê1, as shown in
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z êi vR vz vRvz

+ ê1 + + +
− − +

ê3 − + −
+ − −

− ê1 + − −
− + −

ê3 + + +
− − +

Table 4.3: Sign of Tilt Term

Fig. 4.3. The roughly radial alignment of the long axis ê1 is both seen in data [474],
but is also a natural expectation for a disc galaxy. A larger velocity dispersion in the
radial direction makes sense in a disc galaxy, because if the opposite were true the
disc would puff-up and tear itself apart.

Taking the orientation of the velocity ellipsoid alone we can perform a consistency
check on what sign σ2

Rz should have. The velocity ellipsoid is a representation of a
statistical quantity, and extension in one particular direction means the population
tends in that direction. Taking the top ellipsoid of Fig. 4.3 we can see that direction
ê1 corresponds to stars with either positive vR and positive vZ , or negative vR and
negative vZ , always yielding positive vRvz. Direction ê3 corresponds to negative vR
and positive vz, or positive vR and negative vz, always yielding negative vRvz. These
options are laid out in Table 4.3. Given that σ2

1 > σ2
3 the average value vRvz should

be positive, and assuming negligible values for vR and vz (i.e. the MW is close to
static), σ2

Rz should also be positive.

For negative z the outcomes are reversed. The direction ê1 corresponds now to positive
vR and negative vZ , or negative vR and positive vZ , while ê3 corresponds to vR and
vz that are either both positive or both negative. Again these options are shown in
Table 4.3. With σ2

1 > σ2
3 still the case, the average value of vRvz, and thus the static

of σ2
Rz, should be negative in the case of negative z.

The tilt angle is defined as the angle between ê1 and the horizontal, as shown in
Fig. 4.3. As noted previously, the R-direction velocity dispersion σ2

R is larger than
that in the z-direction σ2

z , and so the denominator on the RHS of Eq. 4.33 is always
positive. As arctan is antisymmetric, αRz will have the same sign as σRz, and thus
should also be positive for positive z and negative for negative z.
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R

z

αRz

αRz

ê1

ê3

ê1

ê3

Figure 4.3: Sign of the Tilt Term

This consistency check reveals that the some of the data presented in Table 4.2 requires
sign corrections, which are applied in the table in the columns labeled “± cor.”. The
tilt angle presented in [473] should technically be αRz = −7.3◦±1.8◦, as it is measured
at negative z. Similarly the negative z measurement of [472] should also be negative.
Reference [440] combines data from both above and below the disc, and so for a
positive z (as the values of |z| are taken) the tilt angle αRz and velocity dispersion
σ2
Rz should be positive.

4.6.6 Modelling the Tilt term

The importance of the tilt term has been noted previously, e.g. [470, 475, 440]. Here
we demonstrate that it is possible to deal with this term while remaining within our
vertical, one-dimensional framework. Given the data quality currently available for
the Milky Way we are required to make a well-motivated assumption about the radial
form of T , but in the Gaia-era we will be able to directly measure this from the data.
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4. The Local Dark Matter Density

Figure 4.4: (Opposite) Top: σ2
Rz for two populations of G-type dwarf stars in the solar

neighbourhood from the SDSS/SEGUE survey [440, V1]. The blue data points are
from a younger, high metallicity population, with [Fe/H] = −0.07 and [α/H] = 0.11,
while the data points in red are from an older, low metallicity population with
[Fe/H] = −0.89 and [α/H] = 0.34. The blue and red lines are power laws in the
form of Eq. 4.38 fitted to the blue and red data points respectively. The older, lower
metallicity stars probe further above the disc plane. Dashed lines indicate extrapola-
tion from data. Bottom: The importance of tilt, as quantified by Eq. 4.41. The blue
and red lines correspond to tilt terms derived from the high and low metalicity popu-
lation fits of (a). The deviation arising from the tilt term increases more rapidly with
height for the low metallicity population (red line), which probes the high-z region
most useful for determining the DM profile. Dashed lines indicate extrapolation from
data. For this case R0 = R1 = 2.5 kpc., and F = 267.65 km2 kpc−2 s−2.

We first assume that the radial profiles of the tracer density and the (R, z)-velocity
dispersion are exponentials with scale radii of R0 and R1, respectively:

ν(R, z) = ν(z)|R� exp
(
−R−R�

R0

)
, (4.34)

σ2
Rz(R, z) = σ2

Rz(z)
∣∣
R�

exp
(
−R−R�

R1

)
. (4.35)

With this assumption the tilt term becomes

T (R, z) = σ2
Rz(z)

∣∣
R�

exp
(
−R−R�

R1

)[
1
R
− 1
R0
− 1
R1

]
(4.36)

= σ2
Rz(R, z)

[
1
R
− 1
R0
− 1
R1

]
. (4.37)

If the disc were observed not to be an exponential then an alternative model could be
easily applied at this stage. Indeed, similar but more complex models have featured
previously in the literature, e.g. [474].

We then model the (z)-velocity dispersion as a power law at a given galactocentric
radius R:

σ2
Rz(z)

∣∣
R

= A

(
z

kpc

)n∣∣∣∣
R

. (4.38)

The tilt term thus becomes

T (R, z) = A

(
z

kpc

)n∣∣∣∣
R

exp
(
−R−R�

R1

)[
1
R�
− 1
R0
− 1
R1

]
. (4.39)
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To model the tilt term at the solar position we take R = R�, and also R0 = R1,
simplifying the tilt term to a model described by the parameters A, n, and R0:

T (R�, z) = A

(
z

kpc

)n∣∣∣∣
R�

[
1
R�
− 2
R0

]
. (4.40)

Note that we are not affected by the assumption R0 = R1 since these two parame-
ters are trivially degenerate in Eq. 4.40. It remains the case that any observational
constraints on R0 and/or R1 can be used as priors on Eq. 4.40, where these would
constrain the term 2/R0. The description of σ2

Rz(z) of Eq. 4.38 fulfils σ2
Rz(z = 0) = 0

by construction and fits remarkably well to different populations, as shown in the
top panel of Fig. 4.4. This figure presents (z, σ2

Rz) data points for high and low
metallicity populations (blue and red points respectively) from the SDSS/SEGUE
survey as analysed and presented in [440, V1], and listed in Table 4.2. We also
apply the sign correction discussed above in Section 4.6.54. The high metallicity
sample has [Fe/H] = −0.07 and [α/H] = 0.11, while the low metallicity sample has
[Fe/H] = −0.89 and [α/H] = 0.34. Metallicity can be used as a proxy for age, with
the high metallicity sample being younger than the older, low metallicity population
[e.g. 476].

Taking these data points we fit power laws models as per Eq. 4.38, with parameters
A = 123.99 km2 s−2, n = 1.16 for the high metallicity population (blue) and A =
180.08 km2 s−2, n = 1.44 for the low metallicity population (red). The low metallicity
population samples further above the disc plane and populates the canonical thick
disc of the Milky Way. Populations such as this are more interesting for local DM
searches as they allow us to probe higher z regions where the baryon mass contribution
begins to drop away leaving behind the DM halo. However as we go higher in the
disc the tilt term becomes increasingly important, as illustrated by the bottom panel
of Fig. 4.4, which shows the variable ζ(z), defined as

ζ(z) = Kz,DM

Kz,DM − T
, (4.41)

where Kz,DM = −2Fz, the constant DM density term, with F = 267.65 km2 kpc−2 s−2

and R0 = R1 = 2.5 kpc, the same values as are used to later generate our mock data
in Section 4.7. Compared to the thin disc population (blue line), the effects of the tilt
term become important at much lower z values. In short, to probe local DM we want
to use thick disc stars probing higher-z ranges, but the cost is that we must include
the tilt term in our analyses.

Ignoring the tilt term will always cause an underestimation of the local DM density,
if all other components of the model such as baryons are held steady. Looking at

4Confirmed by private communication with authors of [440].
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Eq. 4.40, we note that R0 < R� and A > 0, meaning the tilt term T (R�, z) is always
negative. Then considering Eq. 4.19 we see that to fit to σ2

z(z) in the absence of the
tilt term T (z′), the Kz(z′) term, a negative term, is forced to become less negative in
order to compensate. This requires a lower mass density, which if the baryon density
profile is held constant, manifests itself as a decrease in the DM mass density.

Here we also see the importance of the consistency check on the tilt angle and (R, z)
velocity dispersion performed above. A change in sign on σ2

Rz would cause a similar
change in sign for the tilt term T (R, z). The reasoning just given would be reversed,
and a neglected tilt term contribution would cause an increase in the reconstructed
DM density.

4.6.7 Statistical analysis and MultiNest

The model outlined above gives us an N -dimensional parameter space. To explore
this parameter space and derive limits on the various observables we adopt nested
sampling [477] as implemented in the publicly available MultiNest code [356, 357,
450]. MultiNest is a tool for Bayesian inference and parameter estimation. Bayes
Theorem is

P (θ|D,M) = P (D|θ,M)P (θ|M)
P (D|M) (4.42)

where M is the given model, θ is the set of parameters for that model, and D is
the data. The left hand side, P (θ|D,M) is known as the posterior, while the three
terms on the right are the likelihood P (D|θ,M) = L(θ), the prior P (θ|M), and the
Bayesian evidence P (D|M).

The Bayesian evidence, a.k.a. the marginal or model likelihood, is a measure of how
well the model performs given the data, and can be expressed as

Z = P (D|M) =
∫
P (D|θ,M)P (θ|M)dθ. (4.43)

The performance of two different models given the same data can be compared using
the Bayes factor :

B01 = P (D|M0)
P (D|M1) . (4.44)

Assuming Gaussian errors it is possible to derive an empirical scale relating the Bayes
factor to the strength of evidence for one model over another, as done in [478]. There,
a | lnB01| value of less than 1 is considered inconclusive, while values of 1.0, 2.5 and
5.0 are considered to give weak, moderate and strong evidence, respectively.

MultiNest takes a given prior probability distribution and likelihood function and
calculates the posterior distribution and Bayesian evidence. Our likelihood function
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is based on the χ2 distribution:

L(θ) = exp
(
−χ2

2

)
. (4.45)

The value of χ2 is simply

χ2 = χ2
ν + χ2

σ2
z

+ χ2
σ2
Rz
, (4.46)

where

χ2
ν =

∑
j

(νdata,j − νmodel,j)2

SD2
ν,j

, (4.47)

χ2
σ2
z

=
∑
j

(σ2
z,data,j − σ2

z,model,j)2

SD2
σ2
z,j

, (4.48)

χ2
σ2
Rz

=
∑
j

(σ2
Rz,data,j − σ2

Rz,model,j)2

SD2
σ2
Rz
,j

. (4.49)

Note that if the reconstruction model does not contain a tilt term (e.g. T = 0) then
χ2
σRz is set to zero.

Table 4.4 shows the prior ranges used for our analyses. The kinematics of stars is
driven by the total potential, and is agnostic to whether it is generated by baryons or
DM. For a study using kinematic data alone, as we do here, the baryon distribution is
accounted for as a prior over which we marginalize. For our simplified baryon model
we use a Gaussian prior, resembling an observational model with a ∼10% error. The
other priors are set to be flat with generous ranges around the mock data values,
except for the stellar disc scale length R0. As will be discussed further in Section
4.8.3, we are able to fit for the tilt parameters A and n using G-type dwarf data
from [440], but R0, which controls the radial profile of σ2

Rz in our model, remains
unconstrained. Hence we use a canonical value from [410] as a prior, but with future
Gaia data the radial profile of σ2

Rz will be directly measurable. We also set a lower
limit on the dark disc scale height, as it has the same functional form as the baryonic
disc, and thus with no lower bound would become completely degenerate with it.

We derive credible regions (CRs) for the DM density parameters by taking its posterior
distribution and marginalising over the remaining parameters. As outlined above our
model has several components that can be turned on or off, such as the dark disc.
Using the Bayesian evidence as calculated by MultiNest it is potentially possible
to perform model comparison to determine which reconstruction model best fits the
data. This idea will be explored in greater depth in subsequent studies.
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4.7. Mock data sets

Model Parameter Range or Gaussian µ & SD Type
Baryons Kbn µ = 1500, SD = 150 Gaussian

Dbn µ = 0.18 kpc, SD = 0.02 kpc Gaussian

Constant DM ρDM [2, 20]× 10−3 M� pc−3 Linear
[0.076, 0.796] GeV cm−3

Dark Disc KDD [0, 1500] Linear
DDD [1.5, 3.5] kpc Linear

Tilt term A [0, 200] km2 s−1 Linear
n [1.0, 1.9] Linear
R0 µ = 2.5 kpc, SD = 0.5 kpc Gaussian [410]

Tracer density ν(0) [0, ν0 + 2× SDν,0] Linear
h [0.4, 1.4] kpc Linear

Velocity disp. σz(0) [σz,0 − 2× SDσz,0, Linear
σz,0 + 2× SDσz,0] km s−1

Table 4.4: Prior ranges for parameters. Gaussian priors are described by a median
µ and a standard deviation SD. Note that ν(0) and σz(0) are the tracer density and
velocity dispersion at z = 0, while quantities subscripted with 0, such as ν0 and SDν,0,
are the values derived from data in the 0th bin, whose bin centre z0 > 0. Tracer density
ν(0) has units of [stars kpc−3]. Kbn and KDD terms have units [km2 kpc−1 s−2].

4.7 Mock data sets

In this work we apply our method only to mock data in order to hone and verify it.
This mock data is ‘as good as it gets’, in the sense that it has no measurement errors,
nor observational biases added to it, and is drawn from relatively simple, known dis-
tribution functions. While dynamically realistic ‘N-body’ mocks are preferred, it has
already been shown that 1D Jeans analyses are robust to the presence of local non-
axisymmetric structure in the disc [451]. Furthermore, N-body mocks are expensive;
even state-of-the-art simulations do not approach the local sampling expected from
Gaia. Finally, the expense of building well sampled N-body mocks makes it challeng-
ing to explore a large parameter space of models, including models with and without
tilt, or with and without a dark disc. For these reasons, we focus here on simpler mock
data, similarly to the Read (2014) review [415]. We will consider more dynamically
realistic mocks, and mocks that give a faithful representation of the expected Gaia
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4. The Local Dark Matter Density

data uncertainties in future work.

We generate here a variety of mock data sets as outlined in Table 4.5, with different
samplings (104, 105, and 106 tracer stars), with and without a tilt term, and also with
either no dark disc, a dark disc (dd), or a more massive ‘big dark disc’ (bdd). We
assume the axial term A and the rotation curve term R are zero. Our simple baryonic
disc model is set up to mimic the real Milky Way, with a scale height parameter of
Dbn = 0.18 kpc and a surface density of Σbn = 55.53 M� pc−2, similar to those
measured near the solar position [469, 415, 414]. The value of the F parameter
(see Eq. 4.31) corresponds to a DM density of ρDM,const = 10 × 10−3 M� pc−3 =
0.38 GeV cm−3. For each scenario we generate 20 mock data sets, allowing us to
explore the effects of poisson noise over a range of realisations.

The mock data consist of a list of stars each with three pieces of data: the position
z, the vertical velocity vz, and the product of the vertical and radial velocities, vRvZ .
The first element, z, is generated by drawing randomly from an exponential tracer
distribution with scale height h:

ν(z) = exp
(
− z
h

)
. (4.50)

This gives us our list of stellar positions. For a given level of sampling X the model
tracer density would be

ν(z)X = ν(0)X exp
(
− z
h

)
, (4.51)

with ν(0)X = X/zh such that
∫∞

0 ν(z)Xdz = X. The tracer density at z = 0 is thus
a quantity derived from the choice of scale height and sampling level.

To derive the velocities for the mock catalogue we first must define a mass model and
tilt. Taking the same parameterisations as described in Sections 4.6.3, 4.6.4, and 4.6.6
for baryons, DM, and tilt, respectively, we set their parameters as per Table 4.5. This
allows us to calculate Kz and T (z). Using Eq. 4.21 and its associated assumptions
we can calculate C. We then use Eq. 4.19 to derive σz(z). For each star we take its
position z′, find the value of σz(z′), and then draw a velocity from a Gaussian centred
on vz = 0 and with variance σ2

z(z′).

To generate vRvZ mock data, when necessary, we take the A, n, and R0 parameters
listed in Table 4.5 and calculate the σ2

Rz(z) profile via Eq. 4.38. Taking each star’s
position z′, we calculate σ2

Rz(z′), and draw a value of vRvz from a Gaussian centered
on vRvz = 0 and with variance of σ4

Rz(z′).
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Tracer h [kpc] 0.9
density
Potential Kbn 1500

Dbn [kpc] 0.18
F 267.65

Dark Disc KDM × 300 900 × 900
DDD [kpc] × 2.5 2.5 × 2.5

Tilt Term A [km2 s−2] × × × 180.08 180.08
n × × × 1.44 1.44

R0 [kpc] × × × 2.5 2.5

Table 4.5: Mock data parameters. X is the number of stars sampled, e.g. 104, 105,
106, and M is the mock number, ranging from 0 to 19. A cross mark × indicate that a
certain mock data set does not include that element. The baryon model corresponds
to a baryonic surface density of Σbn = 55.53 M� pc−2, while the F parameter corre-
sponds to a constant DM density of ρDM,const = 10×10−3 M� pc−3 = 0.38 GeV cm−3.
Kbn and KDD terms have units [km2 kpc−1 s−2], while F has units [km2 kpc−2 s−2].
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4.8 Results

Here we present the results of our scans. We first investigate how the precision of
the reconstruction varies with different numbers of tracer stars. We then look at the
effects of the tilt term and the dark disc. For certain parts of these analyses the model
used to generate the mock data and the model used to reconstruct the mock data are
not the same – this is done to investigate the effects of ignoring terms (as in the case
of the tilt term) or using incorrect models.

In the following coloured band plots (e.g. Fig. 4.5) and DM profile plots (e.g. Fig. 4.16)
we plot the marginalized posterior for the DM density ρDM(z), showing 68%, 95%,
and 99.7% CRs in dark, medium and light shading, respectively. The mock data
profile is shown by the solid black line, while the median of the posterior distribution
is shown by a solid line in the same colour as the CR. Binning of stars to calculate
ν(z), σz(z), and σ2

Rz(z) is performed such that each bin contains an equal number
of stars. The bin centre is defined as the median position of the stars in that bin,
so there are equal numbers of stars above and below the bin centre. For this study
we use 20 bins up to a height of 2.4 kpc, and in Section 4.8.2 we briefly explore the
effects of changing the number of bins used. For plots with constant DM density in
both mock data set and reconstruction model we plot all 20 mock data sets together,
while for non-constant DM density in either mock or reconstruction we show one
representative figure in this section, and show the full set of figures in Appendix C.

We also show marginalized 1D posterior histograms and 2D posterior heat maps for
the full set of parameters (e.g. Fig. 4.6). Contours showing the 68%, 95%, and 99.7%
CRs are plotted over the heat map, and the values of the mock data points are shown
by a blue circle. The marginalization and plotting of the 1D posterior histograms and
2D posterior plots is performed using the Barrett software package [479].

Our method and code is set up to describe the tracer density as a sum of exponentials.
To determine the necessary number of exponentials required to describe the data we
can use the Bayes factor as described earlier in Section 4.6.7. Test reconstructions give
a Bayes factor of 1.5 when comparing one exponential to two, and 3.3 when comparing
one exponential to three, with one exponential favoured in both cases. This is to be
expected given that the mock data is generated using a single exponential. Given this
result we use a single exponential for all subsequent reconstructions.

4.8.1 Sampling

Fig. 4.5 shows reconstructions of the local DM density for using varying numbers of
tracer stars. The mock data sets used here are the most simple case, thick X M as
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described in Table 4.5, and has no dark disc or tilt added. As expected the credible
regions shrink as the number of tracer stars is increased from 104 stars up to 106

stars. The SDSS survey has sampling on the order of 104 stars [434, 440] while data
from Gaia will give upwards of 106 tracer stars.

The 2D marginalized posteriors for the first three reconstructions of 106 sampling are
shown in Figs. 4.6, 4.7, and 4.8. These three posterior grids correspond to the first
three constant DM density bands of the right-hand set in Fig. 4.5, coloured purple,
green, and purple. The underestimation and overestimation in the first (thick 1E6 0)
and third (thick 1E6 2) mock sets can be seen in the 1D and 2D ρDM posterior
distributions in Figs. 4.6 and 4.8. Also visible in these posterior plots is the tripar-
tite degeneracy between the local DM density ρDM, const and the baryon parameters
Kbaryon and Dbaryon, illustrated by the tilted ellipsoids in the 2D posterior diagrams
comparing the three parameters with each other. Also, looking at the 1D histograms
of the extreme cases of Fig. 4.6 and 4.8 we see that when the DM is underestimated
the Kbaryon parameter is overestimated, and vice versa. This variation is the result
of poisson binning noise.

There is also a slight bias on the reconstructed tracer density scale height νh. This
is a systematic effect seen in all reconstructions. The root cause of this is the fact
that the binned value for the tracer density is an average over an entire bin, but the
underlying tracer density function differs across the range of the bin. The bias induced
by this effect was quantified by Sofia Sivertsson assuming an underlying tracer density
model given by an single exponential, as we model our tracer density (eg Eq. 4.27
with i = 1), and is given by the formula:

νB(z̃)
νmod(z̃) = 2h

d

exp(d/h)− 1
exp(d/h) + 1 (4.52)

where z̃ is the bin center, defined as the median star position, νB(z̃) is the binned
value of the tracer density, νmod(z̃) is the value of the underlying exponential tracer
density model, d is the width of the bin, and h is the scale height. The derivation of
this result is reproduced with permission in Appendix B. As we use an exponential
model for this study we can apply Eq. 4.52 to Eq. 4.27 to find the appropriate binned
value νB(z̃). A run with this correction applied is shown in Fig. 4.9, showing that the
mock value for νh is reconstructed within the 68% CR of the marginalized posterior.
With 20 bins between 0 and 2.4 kpc this correction factor is at most 2%, and as this
is smaller than other uncertainties we neglect it in all other runs.
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Figure 4.6: Marginalized posterior distributions for mock data set thick 1E6 0 (106

sampling, no tilt term, no dark disc), reconstructed with a model featuring no tilt
term and no dark disc. This mock data set and reconstruction corresponds to the first
DM density range of the 106 sampling set of Fig. 4.5, which had ρDM,mock inside the
95% CR. The blue points and lines indicate the parameter values used to generate
the mock data set, or the values derived directly from those parameters for ν(0) and
C0. Contours indicate the 68%, 95%, and 99.7% CRs.
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Figure 4.7: Marginalized posterior distributions for mock data set thick 1E6 1 (106

sampling, no tilt term, no dark disc), reconstructed with a model featuring no tilt
term and no dark disc. This mock data set and reconstruction corresponds to the
second DM density range of the 106 sampling set of Fig. 4.5, which had ρDM,mock
inside the 68% CR. The blue points and lines indicate the parameter values used to
generate the mock data set, or the values derived directly from those parameters for
ν(0) and C0. Contours indicate the 68%, 95%, and 99.7% CRs.
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Figure 4.8: Marginalized posterior distributions for mock data set thick 1E6 2 (106

sampling, no tilt term, no dark disc), reconstructed with a model featuring no tilt
term and no dark disc. This mock data set and reconstruction corresponds to the
third DM density range of the 106 sampling set of Fig. 4.5, which had ρDM,mock inside
the 95% CR. The blue points and lines indicate the parameter values used to generate
the mock data set, or the values derived directly from those parameters for ν(0) and
C0. Contours indicate the 68%, 95%, and 99.7% CRs.
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Figure 4.9: Marginalized posterior distributions for mock data set thick 1E6 0 (106

sampling, no tilt term, no dark disc), reconstructed with a model featuring no tilt term
and no dark disc, and including the tracer density bias correction given in Eq. 4.52.
This mock data set and reconstruction corresponds to the first DM density range of
the 106 sampling set of Fig. 4.5, which had ρDM,mock inside the 95% CR. The blue
points and lines indicate the parameter values used to generate the mock data set, or
the values derived directly from those parameters for ν(0) and C0. Contours indicate
the 68%, 95%, and 99.7% CRs. Applying the tracer density bias correction moves the
posterior such that the mock data value is contained within the 68% CR.
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4.8.2 Variation due to the number of bins

Figure 4.10 illustrates the effects of changing the number of bins in z used for
this analysis. There we plot the 68%, 95%, or 99.7% CRs for 20 mock data sets
(thick 1E6 0-19, no tilt and no DD), and vary the number of bins from five to 30,
in increments of five. For only five bins (top left set), the true answer for ρDM,const is
outside the 99.7% CR for all but two of the mocks, for which the true answer is within
only the 99.7% CR. The systematic underestimation is due to an over estimation of
the baryonic disc. The fifth bin in this scheme covers a range from 1.2 kpc to 2.4 kpc
and has its bin centre at z = 1.6 kpc, so it is unsurprising that such a low number of
bins fails to correctly reconstruct the DM profile, which is a subdominant component
only becomes apparent at higher z. Increasing the number of bins to 10, 15, and then
to 20 improves the results. The gain from increasing from 20 to 25 and 30 bins is
very slight.

4.8.3 Tilt

In Fig. 4.11 we explore the effects of the tilt term. The left hand set of CRs in
Fig. 4.11 are the same as the right hand set of CRs from Fig. 4.5, with no tilt term in
the mock data or reconstruction. In the centre set of Fig. 4.11 however, the mock data
thick tilt 1e6 M has the tilt term turned on, but the analyses are performed with
the tilt term set to zero. This illustrates the danger of ignoring tilt as discussed earlier
in Section 4.6.6: the reconstructions return narrow credible regions, but as expected
they systematically underestimate the value of ρDM, with the true ρDM lying outside
even the 99.7% CRs. The 1D and 2D marginalized posteriors for the reconstruction
of one mock data set, thick tilt 1E6 0, are shown in Fig. 4.12, again showing the
systematic underestimation in the reconstructed DM density.

This underestimation however is remedied by turning on the tilt term in the model,
as shown in the right hand set CRs in Fig. 4.11, where the correct DM density always
at least within the 95% credible region. The inclusion of extra parameters to describe
the tilt term does however increase the size of the CRs. Fig. 4.13 shows the 1D and
2D marginalized posteriors for the reconstruction of mock data set thick tilt 1E6 0
with the inclusion of the tilt term.

Just as our determination of ρDM(z) is dependent on the tilt term, the tilt term is in
turn dependent on its input parameters, A, n, and R0 = R1. While we have been able
to fit for A and n using G-type dwarf data (Section 4.6.6), for R0 we have taken the
canonical value of R0 = 2.5 ± 0.5 kpc from [410], and further made the assumption
that σ2

Rz(R, z) has the same radial profile as ν(R, z) (i.e. R0 = R1). When using only
a single population, determination of R0 and R1 will be important, as illustrated in
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4.8. Results

Figure 4.10: (Opposite) Exploring the effects of binning on the determination of ρDM.
These plots show marginalized posteriors for ρDM(z) = ρDM,const for the 20 mock
data sets thick 1E6 0-19, reconstructed using 5, 10, 15, 20, 25, and 30 bins. Dark,
medium, and light shading show the 68%, 95%, and 99.7% credible regions (CRs)
respectively. Green, purple, and orange colouring indicates that the 68%, 95%, or
99.7% CR respectively contains the correct answer, while pink colouring indicated
that the correct answer lies outside even the 99.7% CR.. The median value of each
posterior is shown by a solid line in green, purple, or orange, while the DM density
value used to generate the mock data is shown as a solid black line across the entire
plot.

the (R0, tilt - ρDM, const) 2D marginalized posterior given in Fig. 4.13 (bottom row,
fifth plot from the left). This posterior is for a reconstruction of mock data set
thick tilt 1e6 0 with a model including tilt, and demonstrates the degeneracy that
exists between ρDM,const and R0 = R1. If using multiple tracer population, each will
have different R0 and/or R1, but will all have their motions dictated by the same
potential. This will help us break the degeneracy between R0, R1, and ρDM. Further,
with the advent of Gaia data we will be able to directly measure the radial profile of
σ2
Rz and ν(R, z) for a given set of tracer stars.

While Fig. 4.13 shows an excellent reconstruction of the local DM density, the n0, tilt
parameter marginalized posterior (see Eq. 4.40) is far from its mock data value of 1.44.
So too is the A0 value, though to a lesser extent. The cause of this bias traces back
to how we calculate σ2

Rz from the data. In Fig. 4.14 (a), the first two values of σ2
Rz

derived from our normal analysis of the thick tilt 1e6 0 mock data set are shown
as green points, along with the bin centres and bin edges that are calculated. The
value of σ2

Rz generated from mock data is plotted as the blue line, with its values at
the bin centres given as blue points. The values derived from binning the mock data
(green) are systematically higher than what the mock data model calculates (blue).
This is consistent across the other mock data sets.

This bias is caused by the fact that the binned σ2
Rz value is an average over the entire

bin, and the binned value is assigned the z value of the bin center. This can be clearly
seen from the straight red lines, which connect the values of σ2

Rz on the bin edges as
calculated from the mock model. The binned values (green points) match very closely
with the straight red lines.
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Figure 4.12: Marginalized posterior distributions for mock data set thick tilt 1E6 0
(106 sampling, tilt term, no dark disc), reconstructed with a model featuring no tilt
term and no dark disc. This mock data set and reconstruction corresponds to the
first DM density range of the middle sampling set of Fig. 4.11, which shows ρDM,mock
outside the 99.7% CR. The blue points and lines indicate the parameter values used to
generate the mock data set, or the values derived directly from those parameters for
ν(0) and C0. Contours indicate the 68%, 95%, and 99.7% CRs. This figure illustrates
the bias in reconstructed DM density due to the omission of the tilt term.
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4.8. Results

Figure 4.13: Marginalized posterior distributions for mock data set thick tilt 1E6 0 (106

sampling, tilt term, no dark disc), reconstructed with a model featuring a tilt term and no
dark disc. This mock data set and reconstruction corresponds to the first DM density range
of the right-hand sampling set of Fig. 4.11, which shows ρDM,mock inside the 68% CR. This
shows the ability of our method to deal with the tilt term and successfully reconstruct the
local DM density. The blue points and lines indicate the parameter values used to generate
the mock data set, or the values derived directly from those parameters for ν(0) and C0.
Contours indicate the 68%, 95%, and 99.7% CRs. The offset in n0, tilt is due to a binning
issue that will be discussed in Fig. 4.15 and associated text.
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The reason this bias changes the reconstructed n0 and A0 values is illustrated in
Fig. 4.14(b). First note that there is a degeneracy between A0 and n0; to a certain
extent a reduction (increase) in n0 can be compensated for by a reduction (increase)
in A0 to keep σ2

Rz fixed. For the forthcoming discussion we focus on n0 as it has the
larger deviation, but a similar argument could be made using A0. As in Fig. 4.14(a)
we plot the binned σ2

Rz values in green, and the mock data values as the blue line
and points. In magenta we plot the σ2

Rz lines generated by the mock model but with
different n0 values, ranging from n0 = 1.42 to n0 = 1.38. The upwards bias from the
binned data points favours σ2

Rz profiles with lower n0, and so pulls the posterior value
downwards. Artificially setting the two lowest binned σ2

Rz values downwards to the
perfect mock model values remedies this problem, as shown in Fig. 4.15, where the
n0 marginalized posterior is exactly on top of the mock data value.

But what is the importance of the lower bins? First, notice in Fig. 4.14 that the blue
and magenta lines, each showing a σ2

Rz profile for different n0, are diverging with
increasing z. A constant difference in n0 corresponds with a larger σ2

Rz difference at
higher z. Essentially, at high z a σ2

Rz has to be more biased to pull the n0 value away
from the true value, compared to at low z. Additionally the biases due to the bin
averaging effect discussed above will be strongest at low z, as illustrated in Fig. 4.14
(c). There we plot the curvature k, defined as

k = f ′′

(1 + f ′2)3/2 for function f(x). (4.53)

The curvature quantifies how much the true curve in blue will bend away from the
the straight line approximation in red, and thus how much bias there will be. This
peaks towards z = 0, and thus the bias will be strongest at low z, the same region
where it can affect the n0 parameter most strongly. Thus the initial few bins have
greater importance in fitting the σ2

Rz under our model.

The bias on the n0 parameter has very little effect on the reconstruction of the local
DM density ρDM, as can be seen by comparing Fig. 4.13 with Fig. 4.15, where the
first two σ2

Rz values have been set to values directly from the mock model. When
we alter the σ2

Rz values to correct the n0 bias the A0 marginalized posterior moves
upwards as expected. The degeneracy between A0 and n0 allows for the overall
σ2
Rz profile be well fitted, which in turn gives the proper tilt term T (R, z). Further

investigation found that the exact size of the bias was slightly prior dependent, but the
DM posterior remained unchanged and the bias still disappeared upon the application
of the correction described above.
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Figure 4.14: Exploration of the
cause of the reconstruction bias
in tilt parameters n0 and A0.
(a): Comparison of σ2

Rz values
directly from the mock model
(Eq. 4.40, blue line and points),
and those from the binning of
the mock data generated by sam-
pling the mock model. The red
lines join the model values of
σ2
Rz between their values at the

bin edges. (b): Illustration of
how upwards bias in σ2

Rz values
leads to profiles with lower n0
values (or equivalently lower A0
values) being fitted. (c): Plot
of the curvature k (Eq. 4.53)
of the σ2

Rz model, showing that
the binned value, which follow
the red straight lines of (a), will
be greatest at low z, where the
model line curves away from the
straight line the most.

157



4. The Local Dark Matter Density

0.885
0.89

0.895
0.9

0.905
0.91

0.915

ν h

0.14

0.16

0.18

0.2

0.22

D
b
a
ry

o
n

1300.0

1400.0

1500.0

1600.0

1700.0

K
b
a
ry

o
n

6.0
8.0

10.0
12.0
14.0
16.0

ρ
D

M
,c

o
n
st

1.55

1.6

1.65

C
0
×

1
0

9

176.0

178.0

180.0

182.0

A
0
,t

il
t

1.39
1.4

1.41
1.42
1.43
1.44
1.45

n
0
,t

il
t

1.
09

5
1.

1
1.

10
5

1.
11

1.
11

5
1.

12
1.

12
5

νC × 106

1.5

2.0

2.5

3.0

3.5

R
0
,t

il
t

0.
88

5
0.

89
0.

89
5

0.
9

0.
90

5
0.

91
0.

91
5

νh

0.
14

0.
16

0.
18 0.

2

0.
22

Dbaryon

13
00

.0

14
00

.0

15
00

.0

16
00

.0

17
00

.0

Kbaryon

6.
0

8.
0

10
.0

12
.0

14
.0

16
.0

ρDM,const

1.
55 1.

6

1.
65

C0 × 109

158



4.8. Results

Figure 4.15: Marginalized posterior distributions for mock data set thick tilt 1E6 0 (106

sampling, tilt term, no dark disc), reconstructed with a model featuring a tilt term and no
dark disc, and with the first two values of σ2

Rz set to the values given by the mock model,
i.e. the green points of Figure 4.14(a) are replaced by the blue points. The blue points and
lines indicate the parameter values used to generate the mock data set, or the values derived
directly from those parameters for ν(0) and C0. Contours indicate the 68%, 95%, and 99.7%
CRs. Substituting for the first two σ2

Rz points results in the posterior 95% CRs containing
the mock data parameter values for A0 and n0.

1.39
1.4

1.41
1.42
1.43
1.44
1.45

n
0
,t

il
t

17
6.

0

17
8.

0

18
0.

0

18
2.

0

A0,tilt

1.5

2.0

2.5

3.0

3.5

R
0
,t

il
t

1.
39 1.

4
1.

41
1.

42
1.

43
1.

44
1.

45

n0,tilt

1.
5

2.
0

2.
5

3.
0

3.
5

R0,tilt

Figure 4.15

159



4. The Local Dark Matter Density

Figure 4.16: (Opposite) Determination of the DM density profile using 106 tracer
stars and exploring the effects of including or neglecting a dark disc in the mock
data sets and reconstruction models. For comparison the top left panel shows the
same reconstructions as the right hand set from Fig. 4.5, i.e. basic mock data sets
with no DD, reconstructed with a constant DM density. The remaining panels each
show one representative mock and reconstruction, with the full set of mocks and
reconstructions given in Appendix C. These panels show marginalized posteriors for
ρDM(z), with dark, medium, and light shading indicating the 68%, 95%, and 99.7%
CRs respectively. The median value of the posterior is shown by the solid blue line,
while the DM density profile used to generate the mock data is shown as a solid black
line. From left to right the columns show reconstructions of mock data sets containing
no dark disc (ρDM,const only), a dark disc (DD), or a ‘big’ dark disc (BDD). The top
centre and top right panels show the determination of a constant DM density from the
DD and BDD mock data sets respectively. The bottom row shows the reconstruction
of each of the mock data sets using a model with a constant DM term and a dark
disc term. Light grey vertical lines indicate the bin centres.

4.8.4 Dark Disc

Here we present initial explorations into the detection of dark discs through astro-
metric measurements. As mentioned in Section 1.4.8, a dark disc is degenerate with
an highly oblate halo, and so it can be difficult to distinguish the two. Here we con-
sider two cases that can be dealt with within our framework. The first is an optimal
scenario where we are confident in the overall shape of the halo, perhaps from obser-
vations of tidal streams produced by the infall and destruction of dSphs or globular
clusters [e.g. 480], and/or the results of simulations. In this case we endeavour to
extract the dark disc as a separate component, i.e. constraining the individual param-
eters ρDM,const., KDD, and DDD, working here with the simplifying assumption that
the halo is spherical and so the constant vertical DM density approximation is valid.
Second, we take the more conservative approach that knowledge about the overall
halo profile is uncertain, and any departure from the constant vertical DM profile can
be from either a dark disc or an oblate halo. All we can hope to constrain is the total
vertical profile, and we do not attempt to separate the halo from the dark disc. In
this case we use the same parametrization as before, but look only at the total DM
profile, and not the separate ρDM,const., KDD, and DDD parameters.

In the first case, constraining the constant DM density profile and the dark disc as
separate elements is a challenging task, as they are to a certain degree degenerate
with each other, and also with the baryon disc. Previously in Section 4.8.1 we saw
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4. The Local Dark Matter Density

that a degree of degeneracy persisted between the baryonic disc and the constant
DM density profile, even given their differing vertical profiles. Adding a dark disc
complicates matters still further, as depending on the scale height of the disc it can
mimic either the baryonic disc on the constant DM density component. In this chapter
we also investigate the impact of a dark disc component on the case where we assume
there is none, which is pertinent to the comparison of direct and indirect detection
experiments (see Sections 1.5 and 1.6).

Fig. 4.16 shows mock data set thick 1e6 0-19, thick dd 1e6 0, and thick bdd 1e6 0
reconstructed using models with and without a dark disc component. The top left
panel shows the same CRs as seen in the left hand set of Fig. 4.11 and the right hand
set of Fig. 4.5. The left column of Fig. 4.16 shows the reconstruction of mock data sets
with a constant DM density profile; mocks 0-19 in top left and mock 0 in bottom left.
The reconstruction in the top panel uses a model with a constant DM density, while
the bottom panel uses a model with an additional dark disc component, the prior
ranges for which are listed in Table 4.4. The dark disc reconstruction exhibits a disc
structure even though the correct answer is constant ρDM. This is likely due to a bias
in the hyper-volume set by the priors – the prior range on the dark disc parameters
goes between no dark disc (KDD = 0) and a maximal dark disc (KDD = 1500), and
thus the bulk of the parameter space features at least some dark disc. There is no
‘negative dark disc’ to counteract this effect and push the mean of the prior range
back to no dark disc.

In the centre and right columns of Fig. 4.16 we reconstruct mock data sets with a dark
discs of different masses: thick dd 1e6 0 and thick bdd 1e6 0 (the ‘big dark disc’).
A constant DM density reconstruction (top row) is able to contain the thick dd 1e6
dark disc within the 95% credible region almost to the last bin, but fails to contain the
big dark disc beyond z = 1.3 kpc. Adding a dark disc term allows the reconstruction
to accommodate the mock data DM profile, as shown in the bottom centre and bottom
right panels of Fig. 4.16. However, as we will see now, these profiles are somewhat
dependent on the prior ranges we choose.

In Fig. 4.17 we show the 1D and 2D marginalized posteriors for a reconstruction of
thick bdd 1E6 0 using a model including a dark disc component (but no tilt). This
reconstruction corresponds to the bottom right panel of Fig. 4.16, with prior ranges
listed in Table 4.4. The biases in both the scale height νh the tilt parameter n0
are present here, which were discussed and resolved earlier. These posteriors show
that the dark disc parameters KDD and DDD are not well constrained, filling their
entire prior range. There is a clear degeneracy between ρDM,const and the KDD, which
quantifies the mass of the dark disc. This illustrates the difficulty of disentangling a
baryonic disc, a dark disc, and a constant DM density term.
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4.8. Results

Furthermore, if we increase the prior range on KDD and DDD the marginalized pos-
terior expands also, as shown in Fig. 4.18. There we show the KDD −DDD posterior
for three prior ranges: in (a) we repeat the posterior shown in Fig. 4.17, with the
standard prior range of KDD ∈ [0, 1500] and DDD ∈ [1.5, 3.5]; in (b) we double the
upper limits, so KDD ∈ [0, 3000] and DDD ∈ [1.5, 7.0]; and in (c) we triple them,
giving KDD ∈ [0, 4500] and DDD ∈ [1.5, 10.5]. In each case the posterior distribution
simply expands upwards to fill the prior range. The total DM profiles (constant plus
dark disc) are shown in Fig. 4.19 (a), (b), and (c). We have also tried moving to a
linear binning scheme, with 20 bins and 30 bins, in order to increase the number of
bins at hight-z, but the degeneracy persists.

The presence of this degeneracy is to expected. We are using a general profile for
the dark disc that has the functional form as the baryonic disc, and we previously
noted in Section 4.6.7 the need for a lower bound on the dark disc scale height to
avoid a complete degeneracy between the two. As the dark disc scale height increases
it becomes flatter in the our region of analysis, and can increasingly resemble the
constant DM density component. We have three degenerate elements, and the data
used here is not informative enough to break this degeneracy.

There are several potential routes out of this degeneracy. The first is simply adding
more stars, both in absolute numbers to drive down the poisson error, and through the
use of multiple populations with varying scale heights to place multiple intersecting
constraints on the underlying mass model. Another would be to adopt a different
profile for the dark disc motivated by a particular DM model, for instance the dark disc
formed by Double Disc Dark Matter suggested by Ref. [178], which could potentially
be constrained due to its ρ(z) ∝ sech2(z/2h) profile.

We now consider the second case, where we attempt only to constrain the total DM
profile be it from a dark disc or an oblate halo. In this case the results of the
reconstructions shown in Figs. 4.18 and 4.19 can be seen in a different light. Despite
expanding the dark disc priors to preposterous levels in panel (c), the total density
at z = 0 remains within the 95% CR. This illustrates that our method is able to
reconstruct the total local DM density arising from non-constant DM vertical density
profiles well.

Finally, the analysis of the dark disc given in this section can also guide us in com-
paring direct and indirect detection rates between the spherical halo-only scenario,
and the halo plus co-rotating dark disc scenario. The top centre and top right panels
of Fig. 4.16 illustrate the fact that if a dark disc is indeed present in the MW then its
effect has already been felt in previous measurements of the local DM density. This
point is crucial to the earlier discussion in Sections 1.5 and 1.6 of the impact of a dark
disc on direct detection and indirect detection via solar capture. If a constant vertical
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4.8. Results

Figure 4.17: Posterior distributions for mock data set thick bdd 1E6 0 (106 sampling, no
tilt term, big dark disc), reconstructed with a model featuring a dark disc but not DD. The
blue points and lines indicate the parameter values used to generate the mock data set, or
the values derived directly from those parameters for ν(0) and C0. Contours indicate the
68%, 95%, and 99.7% CRs.
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4. The Local Dark Matter Density

DM density profile is assumed, as many previous studies have done, then a dark disc
has the effect of raising the measured local DM density. Thus the appropriate way
to compare the spherical halo only scenario to the halo plus dark disc scenario is in
the first case to set the local spherical halo density to the measured value, and in the
second case, to reduce the local spherical halo density to a fraction of the measured
value to account for the portion of the dark disc component that has already been
included in the local measured value.

4.8.5 Tilt and Dark Disc

Here we combine the two elements discussed in previous sections, the tilt term and the
dark disc. Fig. 4.20 shows reconstructions of the mock data set thick bdd tilt 1e6 0.
In the top panel the reconstruction model contains neither dark disc nor tilt term.
Again we see the same effects as we did previously. The missing tilt term yields a
consistent underestimation of the DM density, and the constant DM density envelope
is too narrow to encompass the density range of the dark disc. The consistent under-
estimation can remedied by adding a tilt term to the reconstruction model, as shown
in the middle panel, where the reconstruction model has a tilt term included. Both
problems can be resolved in tandem by using a reconstruction model with both tilt
and dark disc terms, as shown in the bottom panel of Fig. 4.20.

Figure 4.21 shows the 1D and 2D marginalized posteriors for the reconstruction of
thick bdd tilt 1E6 0 using a model featuring both tilt and dark disc. This cor-
responds to the bottom profile of Fig. 4.20. Again we see the biases in the tracer
density scale height νh, and the n0 tilt parameter, which were discussed and remedied
in Sections 4.8.1 and 4.8.3. The degeneracies associated with the dark disc that were
discussed in the previous section are also present, and the same solutions given there
will apply to this case.

4.9 Conclusions

In this chapter we have presented a new method of determining the vertical DM
density profile, and thus the local DM density. The key equation of this method,
Eq. 4.19, depends only on the assumption of dynamical equilibrium. In practice
further assumptions are made to describe the components going into Eq. 4.19, how-
ever the scope of possible models is wide, and in principle model selection using the
Bayesian evidence can be used to determine the best model. We leave exploration of
this last aspect to future work.
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Figure 4.20: Determina-
tion of the DM density
profile using 106 tracer
stars with a combination
of a tilt term and a dark
disc in the mock data
(thick bdd tilt 1e6 0)
and using a variety of
reconstruction mod-
els. These plots show
marginalized posteriors
for ρDM(z), with dark,
medium, and light shad-
ing indicating the 68%,
95%, and 99.7% CRs
respectively. The median
value of the posterior is
shown as the solid blue
line, while the DM density
profile used to generate
the mock data is shown
as a solid black line.
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4.9. Conclusions

Figure 4.21: Marginalized posterior distributions for mock data set thick bdd tilt 1E6 0
(106 sampling, tilt term, big dark disc), reconstructed with a model featuring a tilt term
and a dark disc. The blue points and lines indicate the parameter values used to generate
the mock data set, or the values derived directly from those parameters for ν(0) and C0.
Contours indicate the 68%, 95%, and 99.7% CRs.
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4. The Local Dark Matter Density

The importance of the tilt term has been previously noted [470, 475, 440], and to
derive an accurate value for the local DM density it is vital that our method be able
to deal with this term. The baryonic contribution to the galactic density profile drops
rapidly as z increases, leaving DM as the dominant component, as seen in Fig. 4.2.
Thus to probe the DM density profile sampling thick disc stars that travel higher
above the plane is preferable. For these populations the tilt term is more important,
as illustrated in the bottom panel of Fig. 4.4. Failure to include the tilt term in the
analysis leads to a systematic underestimation of the local DM density, as explained
in Section 4.6.6 and demonstrated in Section 4.8.3.

One of the novel aspects of our method is that it can deal with the tilt term while re-
maining within the confines of the one-dimensional z-direction Jeans equation, which
can be seen in Fig. 4.11. With only the data currently available for the Milky Way,
this requires several well motivated assumptions, as described in Section 4.6.6. How-
ever, with data from Gaia we will be able to directly measure the radial profile of
the tilt and tracer density, removing the need for such assumptions. While for this
work we have disregarded the rotation curve term (Eq. 4.22), we note that an accu-
rate determination of this will be necessary for the implementation of this or other
z-direction methods to real data.

Non-spherical DM density profiles, such as oblate halos or accreted dark discs, can
also be accommodated within our method by incorporating an additional dark disc
term into the reconstruction model as shown in Fig. 4.16, and Fig. 4.20 which includes
a tilt term also. However while the value of the total DM profile at z = 0 can be
constrained relatively well by the data (Fig. 4.19), the parameters constraining the
constant DM component and the dark disc component, cannot be constrained with
the mock data used here, and are dependent on the chosen prior range (Fig. 4.18).
In the case of a co-rotating accreted dark disc, constraining each element is crucial
to direct detection of DM, and indirect detection via solar capture and annihilation
into neutrinos, as these rates are velocity dependent.

The work presented in this Chapter is a first step on a path that will extend many years
into the future, incorporating data from Gaia as it is released, and also eventually
from WEAVE, 4MOST, and LSST. Larger samples and multiple populations will
be incorporated, potentially allowing a dark disc to be constrained as a separate
element. The current method is one-dimensional in the z direction, with information
from the radial direction R being incorporated via the tilt term correction. In future
the method could instead be expanded to be inherently two dimensional, using both
z- and R-direction Jeans equations, and even three dimensional, using the φ-direction
Jeans equation also.
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4.9. Conclusions

The problem of DM brings together particle physics and astronomy, and the distri-
bution of DM exemplifies the necessity of this union. Astronomical observations are
required to determine the densities of DM locally and throughout the Galaxy, which
in turn govern the signals expected in direct and indirect detection, and the limits on
theoretical parameter space which are then derived. The dark shapes the light we see
around us in the Galaxy and the Universe, but it is by this light that we will discover
the true nature of the dark.

***
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AAppendix: Jeans Equations

Here we present a full derivation of the Jeans equations, as used previously in Chapter
4.

A.1 Motion in Cylindrical Coordinates

Galactic dynamics generally uses cylindrical coordinates (R,φ, z), with the origin
placed on the Galactic Centre, and the z = 0 plane aligned with the galactic disc.
Thus z is the distance above or below the galactic disc, R is the horizontal distance
from the galactic centre, and φ is the angle around the disc from some arbitrary
reference point. The cylindrical coordinates and their time derivatives are linked to
the Cartesian coordinates as:

x =R cosφ ẋ = Ṙ cosφ−R sinφφ̇ (A.1)
y =R sinφ ẏ = Ṙ sinφ+R cosφφ̇ (A.2)

with z unchanged from Cartesian coordinates.

To describe motion in these coordinates we begin with the Lagrangian L = K −U in
simple Cartesian coordinates:

L = 1
2
(
ẋ2 + ẏ2 + ż2)− Φ(R,φ, z) (A.3)
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A. Appendix: Jeans Equations

x

y

z

z

Rφ

Figure A.1: Cylindrical coordinates (R,φ, z) in relation to the Milky Way disc (blue).

Moving to cylindrical coordinates using equations A.1 and A.2 yields

L = 1
2
(
Ṙ2 +R2φ̇2 + ż2)− Φ(R,φ, z) (A.4)

Now we move to a Hamiltonian description of the system, with canonical coordinates
q = (R,φ, z), and p = (pR, pφ, pz) given by:

pi = ∂L
∂q̇i

⇒ pR = Ṙ, pφ = R2φ̇, pz = ż. (A.5)

The Hamiltonian is given by the Legendre transformation (equation A.6), and in
cylindrical coordinates is given by equation A.7:

H(q,p, t) = q̇ipi − L(q, q̇, t) (A.6)

= 1
2

(
p2
R +

p2
φ

R2 + p2
z

)
+ Φ(R,φ, z) (A.7)
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A.2. Collisionless Boltzmann Equation

Applying Hamilton’s equations to this Hamiltonian gives us the equations of motion:

ṗR = R̈ =
p2
φ

R3 −
∂Φ
∂R

(A.8)

ṗφ = 2RṘφ̇+R2φ̈ = −∂Φ
∂φ

(A.9)

ṗz = z̈ = −∂Φ
∂z

(A.10)

However simple and attractive these equations are in describing the motions of indi-
vidual stars, we cannot apply them to galactic dynamics because they involve accel-
erations, quantities which are virtually impossible to measure. We must instead move
to describing whole populations stars and their motions as something akin to a fluid,
flowing en masse around the galaxy. This is done via the Collisionless Boltzmann
Equation, introduced in the next section.

A.2 Collisionless Boltzmann Equation

Within the galaxy stars move as a collisionless system, with each particle moving
under the influence of a smooth gravitational potential generated by the sum of all
the other particles. We can describe these motions as a collisionless fluid, and thus
apply the Collisionless Boltzmann Equation is [410]:

df
dt = ∂f

∂t
+ {f,H} = 0 (A.11)

where f = f(x,v, t) is the phase space distribution function, defined such that
f(x,v, t)d3xd3v is the probability that at time t a given star has position and velocity
in the ranges d3x and d3v. The brackets {a, b} are the Poisson brackets:

{a, b} ≡
∑
i

(
∂a

∂qi

∂b

∂pi
− ∂a

∂pi

∂b

∂qi

)
(A.12)

Combining the Hamiltonian from equation A.7 with the CBE from equation A.11
gives us the CBE in cylindrical coordinates:

0 = ∂f

∂t
+ ∂f

∂R

∂H

∂pR
− ∂f

∂pR

∂H

∂R

+ ∂f

∂φ

∂H

∂pφ
− ∂f

∂pφ

∂H

∂φ
+ ∂f

∂z

∂H

∂pz
− ∂f

∂pz

∂H

∂z
(A.13)

= ∂f

∂t
+ ∂f

∂R
pR −

∂f

∂pR

[
−
p2
φ

R3 + ∂Φ
∂R

]

+ ∂f

∂φ

pφ
R2 −

∂f

∂pφ

∂Φ
∂φ

+ ∂f

∂z
pz −

∂f

∂pz

∂Φ
∂z

(A.14)
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A. Appendix: Jeans Equations

If the system is in dynamic equilibrium (steady state), then we may neglect the partial
time derivative of f . Thus for equilibrium tracers, if we know their phase space
distribution function f , then we can directly measure the gravitational force from
equation (A.14). In practice, however, this is hard because f is six-dimensional (even
a million stars gives only 10 sample points per dimension) and we need to estimate
the partial derivatives of f to solve equation (A.14). For this reason, it is common
to integrate equation (A.14) over velocity to obtain a set of moment equations: the
Jeans equations [410].

A.3 General Jeans Equations

We now want to express the CBE in terms of physical quantities that we can derive
from populations of stars, such as densities and average velocities. This was first done
in the context of stellar motions by James Jeans in 1922 [8].

The first step is to rewrite equation A.14 in terms of radial velocity vR, tangential
velocity vφ, and vz:

pR = vR = Ṙ dpR = dvR (A.15)
pφ = Rvφ = R2φ̇ dpφ = Rdvφ (A.16)
pz = vz = ż dpz = dvz (A.17)

0 = ∂f

∂t
+ vR

∂f

∂R
+ vφ
R

∂f

∂φ
+ vz

∂f

∂z
+

v2
φ

R

∂f

∂vR
− ∂Φ
∂R

∂f

∂vR

− vRvφ
R

∂f

∂vφ
− 1
R

∂Φ
∂φ

∂f

∂vφ
− ∂Φ

∂z

∂f

∂vz
(A.18)

The first term of the second line of equation A.18 is a result of the vφ has a dependence
on R during the change of variables.

Here we are changing variables from (z, φ,R, pR, pφ, pz) to (z′, φ′, R′, vR, vφ, vz). Due
to the dependence of vφ on R we get

∂f

∂R
= ∂R′

∂R

∂f

∂R′
+ ∂φ′

∂R

∂f

∂φ′
+ ∂z′

∂R

∂f

∂z′
+ ∂vR

∂R

∂f

∂vR
+ ∂vφ
∂R

∂f

∂vφ
+ ∂vz
∂R

∂f

∂vz
(A.19)

= ∂f

∂R′
− pφ
R2

∂f

∂vφ
(A.20)

= ∂f

∂R′
− vφ
R

∂f

∂vφ
(A.21)

Following the change of variables we drop the prime superscript.
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A.3. General Jeans Equations

There are three Jeans equations, one for each spatial dimension. To derive each
of them, we multiply equation A.18 by vR, vφ, or vz, and then integrate over the
velocities v. We now perform this derivation for R, φ, and finally z directions.

A.3.1 R-direction Jeans Equation

Taking equation A.18, we multiply by vR and apply the
∫

d3v integral:

0 =
∫

d3v vR
∂f

∂t
+

∫
d3v v2

R

∂f

∂R
+
∫

d3v vRvφ
R

∂f

∂φ
+
∫

d3v vRvz
∂f

∂z

+
∫

d3v
vRv

2
φ

R

∂f

∂vR
−
∫

d3v vR
∂Φ
∂R

∂f

∂vR

−
∫

d3v v2
Rvφ
R

∂f

∂vφ
−
∫

d3v vR
R

∂Φ
∂φ

∂f

∂vφ

−
∫

d3v vR
∂Φ
∂z

∂f

∂vz
(A.22)

With a wide variety of terms in equation A.22 to evaluate, we first step back, define
some new quantities, and examine general forms of the integrals involved.

Recall the distribution function f(x,v), which gives the probability of a given star
having position in range d3x and velocity in range d3v at time t. We can integrate
out the velocity component to give the tracer density ν(x), which is the probability
to find a star of any velocity at x:

ν(x) ≡
∫

d3v f(x,v) (A.23)

Multiplying the distribution function by the velocity and then integrating with
∫

d3v
will give the mean velocity:

v(x) = 1
ν(x)

∫
d3v vf(x,v) (A.24)

This definition gives us the first two useful formulas for taking equation A.22 forward:∫
d3v vif = ν vi (A.25)∫

d3v vivjf = ν vivj (A.26)

where we now take as given the (x,v) and x dependencies for f and ν respectively.
To deal with terms involving velocity derivatives, we turn to the divergence theorem,
which gives ∫

d3v
(
vi
∂f

∂v`
+ f

∂vi
∂v`

)
=
∮
dSfvi. (A.27)
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A. Appendix: Jeans Equations

The right hand side of equation A.27 disappears due to f(x,v, t)→ 0 as v→∞.∫
d3v vi

∂f

∂v`
= −

∫
d3v f

∂vi
∂v`

(A.28)

= −
∫

d3vfδi` (A.29)

= −δi`ν. (A.30)

Similar use of the divergence theorem gives us expressions for terms with two and
three velocity terms, which are known as velocity moments:∫

d3v vivj
∂f

∂v`
= −ν vi δj` − ν vj δi` (A.31)∫

d3v vivjvk
∂f

∂v`
= −ν vjvk δi` − ν vivk δj` − ν vivj δk`. (A.32)

With these in hand equation A.22 simplifies to the R-Jeans equation:

0 = ∂(ν vR)
∂t

+ ∂(ν v2
R)

∂R
+ 1
R

∂(ν vRvφ)
∂φ

+ ∂(ν vRvz)
∂z

+ ν

R

(
v2
R − v2

φ

)
+ ν

∂Φ
∂R

. (A.33)

A.3.2 φ-direction Jeans Equation

To find the φ-direction we perform the same procedure, taking equation A.18 but
instead multiplying by vφ before applying the

∫
d3v integral. This gives:

0 =
∫

d3v vφ
∂f

∂t
+

∫
d3v vRvφ

∂f

∂R
+
∫

d3v
v2
φ

R

∂f

∂φ
+
∫

d3v vφvz
∂f

∂z

+
∫

d3v
v3
φ

R

∂f

∂vR
−
∫

d3v vφ
∂Φ
∂R

∂f

∂vR

−
∫

d3v
vRv

2
φ

R

∂f

∂vφ
−
∫

d3v vφ
R

∂Φ
∂φ

∂f

∂vφ

−
∫

d3v vφ
∂Φ
∂z

∂f

∂vz
. (A.34)

Applying the general integrals derived above gives us the φ-Jeans equation:

0 = ∂(ν vφ)
∂t

+ ∂(ν vRvφ)
∂R

+ 1
R

∂(ν v2
φ)

∂φ
+ ∂(ν vφvz)

∂z
+ 2ν
R
vRvφ + ν

R

∂Φ
∂φ

. (A.35)
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A.3. General Jeans Equations

A.3.3 z-direction Jeans Equation

Finally we repeat the process with vz as the multiplier:

0 =
∫

d3v vz
∂f

∂t
+

∫
d3v vRvz

∂f

∂R
+
∫

d3v vφvz
R

∂f

∂φ
+
∫

d3v v2
z

∂f

∂z

+
∫

d3v
v2
φvz

R

∂f

∂vR
−
∫

d3v vz
∂Φ
∂R

∂f

∂vR

−
∫

d3v vRvφvz
R

∂f

∂vφ
−
∫

d3v vz
R

∂Φ
∂φ

∂f

∂vφ

−
∫

d3v vz
∂Φ
∂z

∂f

∂vz
, (A.36)

which simplifies to the z-Jeans Equation

0 = ∂(ν vz)
∂t

+ ∂(ν vRvz)
∂R

+ 1
R

∂(ν vφvz)
∂φ

+ ∂(ν v2
z)

∂z
+ ν

R
vRvz + ν

∂Φ
∂z

(A.37)

To summarize, we now have three general Jeans equations in cylindrical coordinates:

R : 0 = ∂(ν vR)
∂t

+ ∂(ν v2
R)

∂R
+ 1
R

∂(ν vRvφ)
∂φ

+ ∂(ν vRvz)
∂z

+ ν

R

(
v2
R − v2

φ

)
+ ν

∂Φ
∂R

,

(A.38)

φ : 0 = ∂(ν vφ)
∂t

+ ∂(ν vRvφ)
∂R

+ 1
R

∂(ν v2
φ)

∂φ
+ ∂(ν vφvz)

∂z
+ 2ν
R
vRvφ + ν

R

∂Φ
∂φ

,

(A.39)

z : 0 = ∂(ν vz)
∂t

+ ∂(ν vRvz)
∂R

+ 1
R

∂(ν vφvz)
∂φ

+ ∂(ν v2
z)

∂z
+ ν

R
vRvz + ν

∂Φ
∂z

. (A.40)

At this point we introduce the velocity-dispersion tensor [410]:

σ2
ij(x) ≡ 1

ν(x)

∫
d3v(vi − vi)(vj − vj)f(x,v)

= vivj − vi vj (A.41)

As the tensor is symmetric it is possible to find a set of orthogonal axes êi(x) for which
σ2 is diagonal. As discussed earlier in Chapter 4, these three axes êi(x) can be used
to define the orientation of the velocity ellipsoid, and the eigenvalues of the tensor
determine the length of the ellipsoid’s semi-principal axes. The velocity ellipsoid is
discussed in Section 4.6.5.
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A.4 Simplified Jeans Equations

We can now make several simplifying assumptions to further reduce equations A.38,
A.39, and A.40. As shown in Chapter 4 assuming the system is static yields

R : 0 = 1
R

∂(Rν σ2
R)

∂R
+ 1
R

∂(ν σ2
Rφ)

∂φ
+ ∂(ν σ2

Rz)
∂z

− ν

R
v2
φ + ν

∂Φ
∂R

, (A.42)

φ : 0 = 1
R2

∂(R2ν σ2
Rφ)

∂R
+ 1
R

∂(ν v2
φ)

∂φ
+
∂(ν σ2

φz)
∂z

+ ν

R

∂Φ
∂φ

, (A.43)

z : 0 = 1
R

∂(Rν σ2
Rz)

∂R
+ 1
R

∂(ν σ2
φz)

∂φ
+ ∂(ν σ2

z)
∂z

+ ν
∂Φ
∂z

. (A.44)

A further assumption of axisymmetry eliminates all partial φ derivatives, giving:

R : 0 = 1
R

∂(Rν σ2
R)

∂R
+ ∂(ν σ2

Rz)
∂z

− ν

R
v2
φ + ν

∂Φ
∂R

, (A.45)

φ : 0 = 1
R2

∂(R2ν σ2
Rφ)

∂R
+
∂(ν σ2

φz)
∂z

(A.46)

z : 0 = 1
R

∂(Rν σ2
Rz)

∂R
+ ∂(ν σ2

z)
∂z

+ ν
∂Φ
∂z

. (A.47)

***

182



B Appendix: Binned ν Bias
Calculation

Here we present the derivation Eq. 4.52, which describes the bias induced by the
binning of an changing tracer density model. This calculation was derived by Sofia
Sivertsson, and is presented here with permission.

We first assume that the tracer density model profile is given by

νmod(z) = exp
(
− z
h

)
(B.1)

where h is the scale height of the tracer population. We then consider a bin with
center z̃ defined as the median star position, a lower limit z̃ − d0, an upper limit
z̃ + d1, and a total width of d = d1 + d0. The binned tracer density is denoted as
νB(z̃), and to quantify the bias induced by binning we compare νB(z̃) to νmod(z̃).

The binned tracer density averages over the entire bin width, and is given by:

νB(z̃) = 1
d

∫ z̃+d1

z̃−d0

exp
(
− z
h

)
dz (B.2)

= exp
(
− z̃
h

)
h

d

[
exp

(
−d0

h

)
− exp

(
−d1

h

)]
(B.3)

The bin centre z̃ is given defined as the position of the median star in the bin, and
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so: ∫ z̃

z̃−d0

exp
(
− z
h

)
dz =

∫ z̃+d1

z̃

exp
(
− z
h

)
dz (B.4)

⇒ exp
(
d0

h

)
+ exp

(
−d1

h

)
= 2. (B.5)

Reformulating this we get expressions for d0 and d1 in terms of d:

exp (−d0/h) = exp(−d/h) + 1
2 and exp (−d1/h) = exp(d/h) + 1

2 . (B.6)

We then substitute these into Eq. B.3 to get

νB(z̃) = exp
(
− z̃
h

)
h

d

[
1

exp(−d/h) + 1 −
1

exp(d/h) + 1

]
(B.7)

= exp
(
− z̃
h

)
2h
d

exp(d/h)− 1
exp(d/h) + 1 . (B.8)

The first exponential on the RHS of B.8 is the model tracer density profile evaluated
at the bin center z̃, and so we arrive at

νB(z̃)
νmod(z̃) = 2h

d

exp(d/h)− 1
exp(d/h) + 1 . (B.9)

Thus the bias is dependent on the bin size. Due to our binning scheme, where we set
bin the bin boundaries such that each bin has an equal number of stars, the last bin
is the largest, and thus the bias is greatest there. For a scale height of h = 0.9 kpc,
and 20 bins between 0 kpc and 2.4 kpc, the bias in the last bin is approximately 2%.

***
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C Appendix: Dark Disc
Reconstructions with

Multiple Mocks

Here we show the results of reconstructing all mocks data sets generated using a con-
stant DM density only (thick X M), constant DM and a regular dark disc (thick dd X M),
or constant DM and a ‘big’ dark disc (thick bdd X M); see Table 4.5 for details. The
reconstruction models either have a constant DM density only, or a constant DM
density plus a dark disc.

***
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Figure C.1: Marginalized posteriors of ρDM(z) for mock data sets thick 1E6 0-19
with ρDM,const only (no DD component) reconstructed using a model with ρDM,const
plus a DD. Dark, medium, and light shading indicate the 68%, 95%, and 99.7% CRs
respectively. The median value of the posterior is shown as the solid blue line, while
the DM density profile used to generate the mock data is shown as a solid black line.
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Figure C.2: Marginalized posteriors of ρDM(z) for mock data sets thick dd 1E6 0-19
with ρDM,const plus a DD component, reconstructed using a model with ρDM,const only.
Dark, medium, and light shading indicate the 68%, 95%, and 99.7% CRs respectively.
The median value of the posterior is shown as the solid blue line, while the DM density
profile used to generate the mock data is shown as a solid black line.
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Figure C.3: Marginalized posteriors of ρDM(z) for mock data sets thick dd 1E6 0-19
with ρDM,const plus a DD component, reconstructed using a model with ρDM,const
and a DD component. Dark, medium, and light shading indicate the 68%, 95%, and
99.7% CRs respectively. The median value of the posterior is shown as the solid blue
line, while the DM density profile used to generate the mock data is shown as a solid
black line.
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Figure C.4: Marginalized posteriors of ρDM(z) for mock data sets thick bdd 1E6 0-19
with ρDM,const plus a DD component, reconstructed using a model with ρDM,const only.
Dark, medium, and light shading indicate the 68%, 95%, and 99.7% CRs respectively.
The median value of the posterior is shown as the solid blue line, while the DM density
profile used to generate the mock data is shown as a solid black line.
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Figure C.5: Marginalized posteriors of ρDM(z) for mock data sets thick bdd 1E6 0-19
with ρDM,const plus a ‘big’ DD component, reconstructed using a model with ρDM,const
and a DD component. Dark, medium, and light shading indicate the 68%, 95%, and
99.7% CRs respectively. The median value of the posterior is shown as the solid blue
line, while the DM density profile used to generate the mock data is shown as a solid
black line.
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Figure C.6: Marginalized posteriors of ρDM(z) for mock data sets
thick bdd tilt X 0-19 with ρDM,const plus a ‘big’ DD component and includ-
ing the effects of tilt, reconstructed using a model with ρDM,const, a DD component,
and incorporating tilt. Dark, medium, and light shading indicate the 68%, 95%, and
99.7% CRs respectively. The median value of the posterior is shown as the solid blue
line, while the DM density profile used to generate the mock data is shown as a solid
black line.
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K. Middleton et al., Project overview and update on WEAVE: the next
generation wide-field spectroscopy facility for the William Herschel Telescope,
in Ground-based and Airborne Instrumentation for Astronomy V, vol. 9147 of
Proc. SPIE, p. 91470L, July, 2014. 1412.0843. DOI.

[446] R. S. de Jong, S. Barden, O. Bellido-Tirado, J. Brynnel, C. Chiappini,
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Samenvatting

Het licht dat we zien uit de kosmos wordt gevormd door ongeziene krachten. De
bewegingen van de ons omringende sterren in de Melkweg, de interne dynamiek van
clusters, de tot een web verweven sterrenstelsels in ons universum, de kleine golven
in de 13 miljard jaar geleden gevormde zee van fotonen die nu over ons heen spoelt
als de kosmische achtergrondstraling - zij zijn allemaal getekend door een mysterieuze
substantie genaamd donkere materie, en vertellen ons veel over wat dit wel en niet
kan zijn. De donkere materiedeeltjes kunnen zelf mogelijk ook licht produceren en
zo hun aard onthullen: minuscule licht flitsen afkomstig van donkere materiedeeltjes
die op atoomkernen botsen in directe detectie experimenten; de Cherenkovstraling in
de atmosfeer, geproduceerd door atomen die uit elkaar zijn gescheurd door de gam-
mastraling afkomstig van annihilerende donkere materie, of in het ijs van Antarctica
door de muonen die zijn geproduceerd door neutrinos ontsnapt uit de zon alwaar
zij zijn gevormd door de daar gevangen donkere materie die met zichzelf annihileert.
Ondanks de intense zoektocht is dit licht nog niet gevonden, en de aard van donkere
materie blijft, voorlopig, in het ongewisse.

De donkere-materie puzzel bestond al gedurende het grootste deel van de vorige eeuw.
Metingen van de interne dynamiek van clusters en de rotatiecurves van sterrenstel-
sels buiten de Melkweg bevestigden de aanwezigheid van meer en ongeziene materie in
deze objecten. Echter bewezen zij niet dat deze massa een nieuwe soort materie moest
zijn. Desalniettemin groeide het bewijs dat de deeltjes die bij ons bekend zijn in het
Standaardmodel (SM) niet konden voldoen aan de door astronomische observaties op-
gelegde restricties snel - numerieke simulaties lieten bijvoorbeeld zien dat neutrinos het
kosmische web zouden doen vervagen als zij de donkere materiedeeltjes zouden zijn.

Het meest toonaangevende bewijs dat donkere materie iets nieuws moest zijn kwam
van de kosmische achtergrondstraling (CMB). Dit licht werd uitgestraald toen het uni-
versum een transitie onderging van een ondoorzichtig plasma bestaande uit fotonen,
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elektronen, protonen en neutronen, naar een transparant gas van waterstof, helium en
een vleugje lithium, waardoor fotonen zich vrijuit konden voortbewegen. Tijdens de
transitie oscilleerde het plasma, aangetrokken door het zwaartekrachtsveld van don-
kere materie-klompen en vervolgens naar buiten gedrukt onder zijn eigen druk. Toen
de transitie plaatsvond werden de pieken en dalen van deze oscillaties vastgelegd in
de temperatuurdistributie van de fotonen. Nu, miljarden jaren later, zien wij exact
dezelfde fotonen als de CMB, met zijn pieken en dalen als warme en koude gebieden
op de hemelbol. Uit de patronen in deze gebieden kunnen we de oscillaties van het
plasma ontfutselen, en wat we vinden vertelt ons dat slechts 15% van de materie in ons
Universum bestaat uit de ons bekende SM deeltjes, zoals protonen, neutronen, elek-
tronen en neutrinos. De overige 85% is donkere materie, bestaande uit tot-op-heden
onbekende deeltjes. De Melkweg is gelegen in een grofweg bolvormige halo bestaande
uit deze donkere materiedeeltjes, en die bewegen haast zonder wisselwerking door de
zon en de aarde heen.

Tegelijkertijd met de roep om nieuwe deeltjes voortkomende uit kosmologische ob-
servaties, formuleerden deeltjesfysici hun bestaan als een onderdeel van uitbreidingen
op het Standaardmodel van de deeltjesfysica. Veel van deze uitbreidingen zijn een
oplossing voor tekortkomingen van het Standaardmodel en produceren tegelijkertijd
hypothetische deeltjes welke kunnen fungeren als donkere materie. Een overvloed aan
axionen en axion-achtige deeltjes zijn gepostuleerd als oplossing voor het gebrek aan
CP-schending in de sterke kernkracht. Steriele neutrinos kunnen de minieme, door
oscillatie experimenten aangetoonde, massa’s van de normale actieve neutrinos ver-
klaren. Supersymmetrie vormt een oplossing voor het zogenoemde hiërarchieprobleem
en kan daarnaast bijdragen aan de vereniging van de sterke- en zwakke kernkracht en
elektromagnetische kracht op hoge energie. Supersymmetrie oppert het bestaan van
een scala aan nieuwe deeltjes, waarvan de lichtste kan fungeren als donkere materie-
kandidaat. In de meeste supersymmetrie modellen is dit de neutralino, het meest
vooraanstaande lid binnen de groep deeltjes die ook wel bekend zijn als Weakly In-
teracting Massive Particles (zware deeltjes met een zwakke wisselwerking), oftewel
WIMPs. Experimenten van over de hele wereld en satellieten in een baan om de
aarde zoeken naar zowel axionen, steriele neutrinos alsook WIMPS. WIMPs blijven
echter de meest toonaangevende kandidaat-deeltjes, en we focussen op deze deeltjes in
Hoofdstuk 2 en 3. Hoofdstuk 4, welke gaat over het bepalen van de donkere materie-
dichtheid in de nabijheid van de zon doormiddel van de bewegingen van sterren, is
agnostisch wat betreft het onderliggende deeltjesfysica-model.

De jacht op donkere materiedeeltjes kan worden onderverdeeld in drie gebieden: di-
recte detectie, indirecte detectie en de zoektocht met deeltjesversnellers. In de laatst-
genoemde methode proberen we zelf donkere materiedeeltjes te creëren. En hoewel
dit niet één-op-één de donkere materie in de melkweg en de kosmos onderzoekt, kan
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het ons in potentie precieze informatie geven over het deeltje en de onderliggende
theorieën. Indirecte detectie zoekt naar deeltjes uit het Standaardmodel die zijn ge-
produceerd door het annihileren van donkere materie in astrofysische structuren, zoals
bijvoorbeeld gammastraling en neutrinos uit het centrum van de Melkweg. Daarnaast
kan donkere materie verstrooien met atoomkernen in de zon of andere objecten, gevan-
gen worden in hun zwaartekrachtsveld, en steeds weer opnieuw verstrooiing ondergaan
totdat ze gevangen zijn in de kern van de zon. Alhier annihileren ze en als er neutri-
nos overblijven zouden deze uit de zon kunnen ontsnappen en worden waargenomen
met neutrino detectoren zoals IceCube op de Zuidpool. Dezelfde verstrooiingen van
donkere materie met atoomkernen die leiden tot het vangen van donkere materie in
de kern van de zon zijn ook de leidraad voor de laatste groep experimenten, directe
detectie. Hier wordt gezocht naar de minuscule hoeveelheden energie die donkere ma-
terie achterlaat in de detector als het op een atoomkern botst. Het meest gevoelige
experiment is XENON1T, welke binnenkort in werking wordt gezet diep onder de
grond in het Gran Sasso laboratorium in Italië.

Desalniettemin, zelfs al wordt WIMP donkere materie ontdekt dan nog zal het lastig
zijn om alle eigenschappen te ontrafelen. De signalen die we meten zijn afhankelijk
van veel factoren, niet alleen van de aard van het deeltje, maar ook van hun verde-
ling in de Melkweg. Dit leidt tot veel ontaardingen, een bepaalde hoeveelheid signaal
kan bijvoorbeeld worden geproduceerd door een groot aantal deeltjes met zwakke in-
teracties, of door een kleiner aantal deeltjes met sterkere interacties. Echter, door
verschillende experimenten te combineren en gebruik te maken van hun verschillende
gevoeligheid voor bepaalde eigenschappen wordt het mogelijk om de ontaarding op
te heffen. In Hoofdstuk 2 hebben we de uitkomst bestudeert van een hypothetische
WIMP donkere materie meting in zowel XENON1T en IceCube. Separate analyses
resulteerden in ontaardingen tussen de WIMP massa, de spin-afhankelijke en spin-
onafhankelijke WIMP-nucleon wisselwerking. Wij demonstreerden daarentegen dat
een gecombineerde analyse, gebruik makende van de verschillende gevoeligheden voor
bepaalde processen, deze ontaardingen op kan heffen. Dit is tekenend voor de com-
plementariteit van de experimenten.

De ontdekking van gammastraling afkomstig van WIMP donkere materie die an-
nihileert in de Melkweg is een ander veelbelovend pad voor indirecte detectie. In
Hoofdstuk 3 hebben we de vooruitzichten onderzocht voor het aanstaande Cherenkov
Telescope Array (CTA) experiment om donkere materie via deze weg te ontdekken.
Gammastraling die de bovenste lagen van de atmosfeer treft laat atomen aldaar uit-
eenvallen en creëert een lawine aan hoog-energetische deeltjes die Cherenkov-licht
uitstralen. CTA en soortgelijke experimenten meten deze straling aan de grond met
een scala aan telescopen, en reconstrueren vervolgens de richting en energie van de
originele gammastraling. Het meest veelbelovende doelwit voor CTA is het centrum
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van de Melkweg, en verschillende studies hebben onderzocht hoe sensitief CTA is voor
donkere-materie annihilatie aldaar. Echter, voorafgaand aan ons onderzoek had nie-
mand rekening gehouden met de systematische fout in het functioneren van de detec-
tor, noch met de diffuse gammastraling-achtergrond welke door bekende astrofysische
processen wordt geproduceerd en het donkere materie signaal maskeert. Wij ontdek-
ten dat deze effecten de prestaties van CTA significant doen verslechteren wanneer
de conventionele analyse methoden worden gebruikt. Om de impact van de diffuse
gammastraling-achtergrond te doen verminderen hebben we een nieuwe analyse me-
thode voorgesteld. Deze maakt gebruik van de verschillende vorm van de achtergrond,
welke veelal geconcentreerd is rondom de galactische schijf, en het donkere materie
signaal, wat bijna bolvormig is. Hoewel het geen volledige oplossing is, verbetert deze
methode de limieten op de annihilatie werkzame doorsnede van donkere materie toch
met bijna één orde van grote.

Cruciaal voor alle drie de detectie methodes is de distribute van donkere materie in
de Melkweg. De detectie van gammastraling met CTA is afhankelijk van de donkere
materie-dichtheid tussen ons en het centrum van de Melkweg. Directe detectie en
indirecte detectie door het vangen van donkere materie in de zon en de daaropvolgende
annihilatie worden aangedreven door de donkere materie-dichtheid in de buurt van
de zon. In Hoofdstuk Chapter 4 hebben we ons verdiept in de bepaling van deze
waarde, beter bekend als de lokale donkere materie-dichtheid. Het is belangrijk om
deze grootheid te meten met zo min mogelijk aannames, omdat het wordt gebruikt in
de analyse van directe en indirecte detectie data, welke vervolgens wordt gebruikt om
inzicht te krijgen in theorieën van donkere materie, zoals supersymmetrie. Aannames
in de bepaling van de lokale donkere materie-dichtheid sluipen door de experimentele
fysica naar de theoretische fysica, en veroorzaken mogelijk onzuiverheden en incorrecte
conclusies.

Ter bevordering van dit doel hebben we een nieuwe methode ontwikkeld welke in
potentie het aantal aannames in de bepaling van de lokale donkere materie-dichtheid
wezenlijk kan verminderen. De bewegingen van de sterren in de melkweg worden ge-
modelleerd als een botsingloze vloeistof, welke door het zwaartekrachtspotentiaal van
de Melkweg stroomt, en aantrekkingskracht van de baryonen alsook van de donkere
materie voelt. De dichtheid en stroming wordt beschreven door de botsingloze Boltz-
mann vergelijking en de Jeans vergelijking, waarop wij onze methode baseren. De
data die voor deze en eerdere studies wordt gebruikt bestaat uit de posities en snelhe-
den van een set tracer-sterren boven en onder de galactische schijf. Wij construeerden
een model voor de massa distributie in de omgeving van de zon, inclusief het effect van
normale en donkere materie, en hebben dit model gefit aan de verticale dichtheid en
snelheid dispersie van de tracer-sterren, gebruik makende van de gëıntegreerde vorm
van de Jeans vergelijking. In de studie gepresenteerd in dit proefschrift hebben we
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de methode ontwikkeld en getest op gëıdealiseerde modellen, om het te verfijnen voor
toekomstig gebruik met echte data.

Onze tests wezen op de cruciale rol van de zogenoemde kanteling term, welke de ver-
ticale beweging van de sterren omhoog en omlaag door de galactische schijf relateert
aan hun radiale beweging naar en weg van het centrum van de Melkweg. Ondanks
dat onze methode is gebaseerd op de verticale bewegingen van de sterren, kunnen
de radiale bewegingen toch gemodelleerd worden doormiddel van een correctie term.
We hebben gëıllustreerd dat het weglaten van deze kanteling term lijdt tot een syste-
matische onderschatting van de lokale donkere materie dichtheid. Daarbij komt dat
deze term steeds belangrijker wordt op grotere hoogte boven de galactische schijf,
precies waar we moeten meten om de invloed van de galactische schijf te vermijden
en een duidelijk beeld te krijgen van de donkere materie distributie om ons heen.
We hebben ook onderzocht of het haalbaar is om een donkere-schijf detecteren, een
extra component van donkere materie welke bijvoorbeeld kan worden gevormd door
klompen donkere materie die uit elkaar worden gereten en vervolgens worden aan-
getrokken tot de baryonische schijf. Hoewel we het totale donkere materie profiel,
bestaande uit de bolvormige halo en schijf, kunnen begrenzen, kunnen we tot op
heden nog geen onderscheid maken tussen de twee. Dit onderscheid is belangrijk aan-
gezien beide componenten verschillende signalen veroorzaken in directe en indirecte
detectie experimenten.

De toekomst is rooskleurig voor het onderzoek naar donkere materie. XENON1T
wordt binnenkort in gebruik genomen en gaat opzoek naar de terugslag van atoom-
kernen die worden geraakt door donkere materiedeeltjes, en grotere experimenten
zullen spoedig volgen. IceCube blijft zoeken naar neutrino signalen van donkere ma-
terie samen met zijn tegenhanger in de middellandse zee, Antares. Beiden zullen nog
dit decennium worden vergezeld door KM3NeT. CTA wordt naar verwachting in 2019
in gebruik genomen en gaat op zoek naar gammastraling van annihilerende donkere
materie in het centrum van de Melkweg. Kennis van de verdeling van donkere ma-
terie in de Melkweg, welke ten grondslag ligt aan al deze detectie methoden, zal ook
snelle ontwikkelingen doormaken met de komst van zeer precieze astrometrische data
van de Gaia satelliet. De jacht op donkere materie heeft echter meer nodig dan deze
individuele experimenten. Het werk in dit proefschrift overspant directe detectie, in-
directe detectie, galacto-dynamica en astrometrie, en voortdurend benadrukken we
de samenhang tussen deze gebieden. Donkere materie is een immens vraagstuk dat
terugkomt in de deeltjesfysica, astronomie en kosmologie, en alleen doormiddel van
een gezamenlijke inspanning kunnen we tot grote hoogte rijken en een alomvattend
beeld krijgen van onze Melkweg en ons Universum.

Vertaald door Richard Bartels en Niki Klop.
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Summary

The light we see in the cosmos is shaped by unseen forces. The motions of the
stars around us in the Milky Way, the internal dynamics of galaxy clusters, the
threads of galaxies woven into a web spanning the Universe, the tiny ripples in the
sea of photons created 13 billion years ago that now washes over us as the cosmic
microwave background - all bear the imprint of a mysterious substance known as
dark matter and tell us much about what it can or cannot be. The dark matter
particles themselves may also produce light and so reveal their nature: tiny flashes
of light from dark matter particles striking nuclei in direct detection experiments;
or Cherenkov radiation in either the atmosphere, produced by atoms ripped apart
by gamma-rays from dark matter annihilating with itself, or in the Antarctic ice by
muons created by neutrinos escaping the self-annihilation of dark matter trapped
within the Sun. Though much sought after, this light has yet to be seen, and the
dark matter remains, for the time being, hidden.

The puzzle of dark matter has been with us for most of the last century. Measure-
ments of the internal motions of galaxy clusters, and the rotations of galaxies outside
the Milky Way established the need for additional, unseen mass in those objects,
though did not prove that this mass had to be some new type of material. A body
of evidence soon grew showing that the particles known to us in the Standard Model
could not satisfy the constraints that arose from astronomical observations - for in-
stance numerical simulations showed that neutrinos would dissolve the large scale web
of structure we saw throughout the Universe if they were the dark matter particles.

Finally, the most compelling evidence that dark matter was something new came
from the cosmic microwave background (CMB). This was emitted when the Universe
transitioned from an opaque plasma of photons, electrons, protons, and neutrons, to
transparent gas of hydrogen, helium, and a hint of lithium, through which the photons
could stream unimpeded. At the point of this transition the plasma was oscillating,
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falling into the gravitational wells of dark matter clumps, then being pushed back
out by its own pressure. When the transition occurred the peaks and troughs of the
oscillations were imprinted onto the temperature distribution of the photons. Billions
of years later we see these exact same photons as the CMB, with the peaks and
troughs turned into hot and cold patches on the sky. By analysing the patterns of
these patches we can extract the oscillations of the plasma, and the harmonies that
we find tell us that only 15% of the matter in the Universe is made out of the SM
particles known to us, such as protons, neutrons, electrons, photons and neutrinos.
The remaining 85% is dark matter, made of as-yet-unknown particles. The Milky
Way is embedded in a roughly spherical halo of these particles, which pass through
the Sun and the Earth almost entirely unimpeded.

At the same time as new particles were being called for by cosmological observations,
particle physicists were formulating them as part of extensions to the Standard Model
of particle physics. Many of these extensions solve problems within the Standard Mo-
del and also produce hypothetical particles which are candidates for dark matter. A
menagerie of axions and axion-like particles have been spawned out of a solution to the
lack of CP-violation observed in strong interactions. Sterile neutrinos can explain the
small but non-zero masses of the normal active neutrinos observed via neutrino oscil-
lations. Supersymmetry can solve the so-called hierarchy problem and can also assist
in unifying the strong, weak, and electromagnetic forces at high energies. Supersym-
metry posits the existence of a new set of particles, the lightest of which can be a dark
matter candidate. In most supersymmetric scenarios this is the neutralino, the pree-
minent member of the class of particles known as Weakly Interacting Massive Parti-
cles, or WIMPs. Axions, sterile neutrinos, and WIMPS are all being searched for with
experiments around the world and satellites in orbit, but WIMPs remain the dominant
candidate particle, and we focus on these particles in Chapters 2 and 3. Chapter 4,
which is focused on the determination of the dark matter density in the vicinity of the
Sun using the motions of stars, is agnostic as to the particular particle physics model.

The hunt for dark matter particles can be divided into three main classes: direct de-
tection, indirect detection, and collider searches. In the latter we endeavour to create
the dark matter particles ourselves, and while this does not directly probe the dark
matter in the galaxy and cosmos, it can potentially give us precise information on the
particle and the theories that underpin it. Indirect detection looks for the Standard
Model particles produced by dark matter particles annihilating with one another in
astrophysical structures, for instance gamma-rays or neutrinos from the galactic cen-
tre. Additionally, dark matter could scatter off nuclei in the Sun or other bodies,
and be captured by their gravitational field, interacting again and again until they
are captured in the core of the body. There they would annihilate, and any resulting
neutrinos could escape and be detected by neutrino detectors such as IceCube, loca-
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ted at the South Pole. The same scatterings between dark matter and nuclei that can
lead to capture in the Sun also drive the final class of experiments, direct detection,
which searches for the minute amounts of energy deposited within a detector volume
when a dark matter particle scatters off an atomic nuclei. The most sensitive of these
direct detection experiments is XENON1T, which is soon to begin operations deep
underground in the Gran Sasso laboratory in Italy.

But even if WIMP dark matter particles are detected, reconstructing their proper-
ties will be a difficult task. The signals we detect are dependent on many properties
not just of the particle but also their distribution throughout the galaxy. This leads
to many degeneracies - for instance a given level of signal could be produced by a
larger number of particles with weaker interactions, or a smaller number of particles
with stronger interactions. However, different experiments will have different rela-
tive sensitivities to each of these properties, and by combining the results of these
experiments together it is possible to break these degeneracies. In Chapter 2 we stu-
died the outcome of a hypothetical WIMP dark matter detection in both XENON1T
and IceCube. Separate analyses resulted in degeneracies between the WIMP mass,
and the spin-dependent and spin-independent WIMP-nucleon interaction strengths.
We demonstrated however that a combined analysis can break these degeneracies,
exploiting the different relative sensitivities of each experiment and illustrating their
complementarity.

The detection of gamma-rays from WIMP dark matter annihilating in the Milky Way
is another promising avenue for indirect detection. In Chapter 3 we investigated the
prospects of detecting dark matter via this method using the upcoming Cherenkov
Telescope Array (CTA). Gamma-rays striking the upper atmosphere rip apart at-
oms and initiate cascades of high-energy particles which emit Cherenkov radiation.
CTA and other experiments like it work by detecting this radiation with an array
of telescopes on the ground, and then reconstructing the direction and energy of the
original gamma-ray. The most promising target for CTA is the centre of the Milky
Way, and several works estimate the sensitivity of CTA to dark matter annihilating
there. However prior to our work none had taken into account systematic uncer-
tainties in the performance of the detector, nor the diffuse gamma-ray background
produced through normal astrophysical processes which would mask any signal from
dark matter. We found that including these effects significantly degraded the perfor-
mance of CTA when using standard analysis techniques. To remedy the impact of the
diffuse gamma-ray background we proposed a new analysis method, which exploited
the difference in shape between the background, which would be concentrated around
the disc, and the dark matter signal, which would be close to spherically symmetric.
While not a total panacea, this method improved the limits on the self-annihilation
cross section by up to an order of magnitude.
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Crucial to all three of these detection methods is the distribution of dark matter in the
Galaxy. Detection of gamma-rays with CTA is dependent on the dark matter density
between us and the galactic centre. Direct detection and indirect detection via solar
capture and annihilation are driven by the density of dark matter within a small region
around the Sun. In Chapter 4 we delved into the determination of this quantity, known
as the local dark matter density. It is important to measure this quantity with as few
assumptions as possible, as it is used in the analysis of direct and indirect detection
data, which in turn are used to explore dark matter theories such as supersymmetry.
Assumptions in the determination of the local dark matter density will flow through
experimental physics to theoretical physics, potentially causing biases and incorrect
conclusions.

To further this goal, we developed and presented a new method which has the poten-
tial to greatly reduce the number of assumptions made when determining the local
dark matter density. The motions of stars moving in the galaxy are modelled as a
collisionless fluid, flowing through the gravitational potential of the Milky Way, fee-
ling the pull of both normal baryonic matter and dark matter. Their density and
flow is described by the collisonless Boltzmann equation and the Jeans equations, on
which we built our method. The data used for this and previous studies consists of
the positions and velocities of a set of tracer stars up and down out of the disc plane.
We constructed a model of the mass distribution near the Sun, including both normal
matter and dark matter, and, using an integrated form of the Jeans equations, fitted
this model to the vertical density and velocity dispersion of the tracer star popula-
tion. In the work presented in this thesis we developed the method and tested it
on idealised mock data, honing and improving it before its future application to real
data.

Our tests illustrated the crucial importance of the so-called tilt term, which links the
vertical motions of stars up and down in the baryonic disc plane of the Milky Way
with their radial motions towards or away from the galactic centre. While our method
is based on the vertical motions of stars, it is able to account for these radial motions
through a correction term. We have demonstrated here that ignoring the tilt term
leads to a systematic underestimation of the local dark matter density. Moreover, this
term becomes more important at greater heights above the disc plane, which is where
we must reach if we want to avoid the effects of the baryonic disc and gain a clear
picture of the distribution of dark matter around us. We also explored the detection
of dark discs, an extra dark matter component which can be formed, for instance, by
clumps of dark matter being torn apart by and then accreting onto the baryonic disc.
While we can constrain the total dark matter profile, consisting of the spherical halo
and dark disc, we cannot yet distinguish the two, which is important given they each
generate different signals in direct and indirect detection experiments.
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The future of dark matter research is promising. XENON1T will soon be in operation,
looking for the recoils of nuclei struck by dark matter particles, and even larger
detectors will follow. IceCube continues to hunt for neutrino signals from dark matter
annihilations alongside its Mediterranean counterpart ANTARES, and both will be
joined by KM3NeT within the decade. CTA is expected to start operations in 2019,
searching for gamma-rays from dark matter annihilating throughout the Milky Way.
Knowledge of the distribution of dark matter in the Milky Way, which underpins
all of these detection methods, will also undergo rapid advancement with the advent
of high precision astrometric data from the Gaia satellite. But the pursuit of dark
matter will require more than just the progress of individual experiments. The work
presented in this thesis extends across direct detection, indirect detection, galactic
dynamics and astrometrics, and throughout we have highlighted the rich interplay
between these areas. Dark matter is a daunting problem that spans particle physics,
astronomy, and cosmology, and only through a united effort will we scale the heights
to attain a commanding view of our Galaxy and our Universe.
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