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Pomeranchukl) has shown that under rather plausible assumptions
concerning the very high energy dependence of total cross-section -~ the
main of which being that they behave most as constants at infinity - the
difference of the cross-sections for a particle and its charge conjugate
on the same target tends to vanish at infinity. More explicitly : if:

O-"(E) and (0-7(E) are the total cross-sections for a particle and
its charge conjugate (' -7 ~, proton-antiproton, k' - &~ , &° -%°,
etc.) at total energv E of the incoming particle in the laboratory system

on a specific target, and if

0 ()

1im  O*®) =

E—o o (l)
lim O 7(E) = O (o)

E —y o

O\+(op) and 0~ "(o0) being finite constants (or zero), then Pomeranchuk

shows that

0 () =0 (o) | (2)

Hypothesis (1) is justified im P. by making essential use of the finite
range of the forces between elementary particles there, studying expressions

characteristie of potential scatte-i;ing,wit' is shown with plausible arguments

that
t
lim A(E) _ constant (eventually zero) (3)
E = 00 E -
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where A(E) is the forward elastic scattering amplitude for the corres-

ponding process averaged over possible spins. By viriue of the optical
theorem; the condition (%) on the imaginary part of A—(E) is equivalent to

+ .
(1), for the real part, D7(E), (3) implies

. T
lim D7(E) = constant (or zero) (4)
E—o E
. . . . 2)
Both conditions (1) and (4) (deriving from assumption (3) “/) have been
used in P. in order to prove (2). We want to stress that (3),even if.
guite reasonable from a phvsical point of view, has not been proved so far
By using only genefal principles of field theory. : . We believe however,

that having not any rigorous suggestion it is worthwhile to draw conclusions

from conditions that seem quite plausible and are dictated by physical

intuition drawn from 'general potential scattrring formalism.

The property (2) is of importance for the application of dispersion
relations : in fact, in many cases where the unsubtracted philosophy is
by no means acceptable, it is hoped that the unsubtracted dispersion
relations for the difference of particle and éntiparticle amplitudes can
converge because of the vanishing of CV+ -0 at very high energies.

Such dispersion relations, subject to that hope, were used and analyzed

~for-several processes and proved to give meaningful results. This is
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In order that those applications make any

the case for TI'-N S-wave scattering

4).

sense, it is necessary and sufficient, however, that integrals of the type

for the combination 0(1 -°l-3)

and for K-N scattering

0 () -0*(x) |
. = @ (5)

converge for t = 00. Even if (2) makes more plausible the convergence
of (5), it is by no means sufficient :  to ensure it, it would be necessary

to know how O~ -Gd- goes to zero at very high energies,
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We note that if
. - + 1
1im (0 (E) -07(E)) - (= (6)
loghk
E —>o00
(behaviour which in some cases has been interpreted to be Pomeranchuk's

prediction), then (5) would diverge as log log t. In P., however, no

discussion is done on how the limit (2) is reached.

We want to show that using the same starting point as P., something
. - + . .
can be said on how O ~ -0 go to 0; in fact we show in this note that

integral (5) is indeed convergent.

Let us start from the substracted dispersion relation whose con-

vergence is guaranteed by (l)

Ap? o 2+ -
+ 1, By o+ 1, By - b p° (O (E') o E&') aE
B =3 D0+ 20-g) W Lo | T T T
13
(0]

(7)

2.4
)2, M Dbeing the mass of the particle in question and

where p = (E2 + M )
£§. A%pz/E+Eb the contribution of possible poles (bound states at
energies Eb) Ab being constants. The lowest limit of integration Eo
depends on the process in question (possible existence of unphysical
regions). We could start from the dispersion relation for D (E) without

changing the conclusions we shall reach.

Let us define
£(8) =G~ 7(8) - 07 (E) (8)

then (7) can be rewritten
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E M E+E
Y b
2 o0 + 2 @ (9)
My 2 f EB'O(E) , M7y 1 £(B') .,
+(E-.E-T-F/5,-'22dE +(E-—§-)7-; ey &
E BB E
(¢] 0

The condition (4) is clearly satisfied by the terms containing D(M) and

the bound state contributions in the r.h.s. of (9). This is also the

case for the integral over C7'+ ¢ if in fact we subdivide the integration
at an energy E sufficiently high so that for E' >E ,O\+(E') can be

consideredva_constant, its contribution for E 2575 is essentially given

by
2 1 B' etiogy amy 2 €A
FT[‘F;O‘(E)dE —7,,;@—0“(00) (10)
B
[e]
Then, if we call
o Pana (5)
E')dE' . f(E
G(E)=[ —W, T‘I\Tlth V(E)=T— (11)
a , .
(o}

condition (4) implies that

lim E G(E) = ‘constant (12)
E = 00

On the other hand the following theorem on Stieltjes transforms holds:S)

Theorem 1

Let G(E) be the (convergent) integral defined by (ll) (Eo > 0) and let

E

. 1/

lim = E'F(E')aE' =0

E o . f (13)
(o]



then

B

lim {EG(E) - é

P} =0 (o
E - o “o- o ‘
The condition (13) is trivially satisfied in our case because of (2)
- (although it is less restrictive then (2) since it implies only the
existence of limits (1) and (2) in the mean). = From (14)and (12) the
ccavergence of the integral

@ 00

F{ e = | g-i-;-)-'g:dE' (15)
E .

follows, g.e.d. 6)
As a consequence we See that the limiting behaviour (6) is by no means
compatible with the constancy of cross-sections at high energies, i.e. the
1

difference 0~*(E)..6JXE) must go to zero faster than Tos

We want to note, finally, that an immediate consequence of our

co..clusion is that

1w A @ = o (16)

E -
where
A () =22 ;D+(E) (17)

By using the unsubstracted dispersion relation for D (E) - D'(E) whose

validity we have just discussed, we can write
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Q0
Zﬂ (E) = 42? 2Bb + ;;- }/ p'£(E') 45 (18)

2 2 2
-5 L
b F b E, E' -E

where Bb are the constant residua of the bound state contributiouns.
Changing the integration variable to E'2, the integral of the r.h.s.

of (18) is reduced to the form of a Hilbert transform. Its convergence

and the possibility of ihverting the Hilbert transform 7 are ensured by the

exclusion of (15), This means that the expression

’jp A(®) 52

2
E! —E2

must converge for all values of E (and go to zero for E — oo) from which

(16) follows.

An empirical discussion on the limit value for Lj (E) was given by

2)

a sum rule. Here instead we have shown, from rather general theoretical

Goldberger et al. in connection with the possibility of using (18) as

grounds, that (18) is valid without substraction constants and that, as a

consequence, the limit (16) holds.
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