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Neutrinos can be used to study the interiors of various objects that are difficult to fully probe by
classical means. In the case of the Earth, neutrinos provide complementary information to seismic
waves because of the imprint of matter effects on their oscillations. This alternative approach
may bring new insights on open questions regarding the composition, structure and dynamics of
the deep Earth, for example concerning the nature and origin of the large-scale inhomogeneities
observed in the lower mantle and known as large low-shear velocity provinces (LLSVPs). In
order to be able to explore the potential of present- and future-generation atmospheric neutrino
detectors for probing asymmetric models of the Earth’s mantle, we extended the capabilities of
the OscProb programming library to handle calculating oscillation probabilities for a neutrino
trajectory defined by both the zenith and azimuthal angles through an Earth model binned in 3
dimensions: depth, latitude, and longitude. An example using a simplistic model of an LLSVP is
provided to demonstrate how this new version of OscProb can be used.
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1. Introduction

One of the most powerful tools for imaging the present-day structure of the Earth’s interior are
seismic waves. They are generated by earthquakes and propagate inside the Earth, probing every
layer of it. Their travel times and amplitudes reveal information about the elastic, anelastic and
density structure of the Earth. Since the first record of a teleseismic event (Tokyo-Potsdam) in 1889
[1], modern seismology has made tremendous progresses in revealing the 1D [2] and 3D features
of the Earth’s interior. The averaged depth dependency of the Earth’s physical properties, such as
density and elasticity, is know to within a few percent [3], and since the 90’s, lateral heterogeneity
with respect to PREM has been mapped with increasing resolution thanks to the increase in the
amount of data as well as in computational power. One of the very first large scale heterogeneities
revealed by the 3D seismic imaging of the Earth’s mantle are the two large low shear velocity
provinces (LLSVPs) that sit at the base of the mantle beneath the Pacific and Africa [4]. They
are seen as more or less heterogeneous dome-like structures [5, 6] at which mantle plumes might
be anchored [7]. They thus play a critical role in mantle dynamics and Earth’s evolution. For
instance, they could be a residual of the crystallization of a basal magma ocean [8] or a collection
of primordial material brought to the base of the mantle in an early stage of the Earth. There is
also the question of their stability through time. All these scenarios could be better discussed if the
nature of these LLSVPs, purely thermal or thermo-chemical, were known [9, 10].

A renewed perspective on these questions may come from atmospheric neutrino oscillation
tomography, an approach which provides direct sensitivity to the electron density along the neutrino
path (see e.g. [11-13] and references therein). The ratio of electron density (N, ) to mass density
(pm) scales with the average proton to nucleon ratio (denoted Z/A), which depends on the chemical
and isotopic composition of the medium:

Ne = (Na/mu)(Z]A) pm,

where N4 is the Avogadro number and m;,, the nucleon mass. With the Z/A ratio being equal to 1 for
hydrogen, constraining N, can be useful to infer information on the distribution of volatile elements
in the inner Earth, whose budget is hard to estimate from seismic data because it is challenging to
constrain experimentally due to the extreme conditions. Obtaining a 1D/3D N, distribution inside
the Earth, even with low resolution, could therefore help constrain the thermo-chemical evolutionary
history of the solid Earth.

2. Simulations with OscProb

OscProb [14] is a C++ programming library, compatible with ROOT [15], that calculates os-
cillation probabilities for neutrinos traveling through matter, breaking their trajectories into pieces
with a constant matter profile. The current implementation of the library relies on a class, called
PremModel, that can be used for calculating trajectories going through the Earth, which is particu-
larly useful for simulating atmospheric neutrino oscillation experiments while taking into account
the coherent forward scattering of neutrinos with the electrons in the Earth. This class takes a file
containing the matter profile for each layer of the Earth, binned in radius, for input and assumes that
the Earth is spherically symmetric for the purposes of calculating neutrino trajectories. As a default
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Figure 1: Diagram of the standard workflow for using OscProb. The main classes used are shown in green,
the inputs are shown in purple, and the outputs are shown in blue.

Earth model, it uses a density profile based on the Preliminary Reference Earth Model (PREM) [3]
with geochemical reservoirs approximated from data in the Geochemical Earth Reference Model
(GERM) [16]. The FillPath function within PremModel calculates a neutrino’s trajectory, given
cosine of the zenith angle, by starting at the location where the neutrino enters the Earth and looping
over the radius bins crossed along the way to the detector, using the geometry shown in the left part
of figure 2 to find the distance traveled in each bin. This trajectory can then be fed into an object
of one of the PMNS classes in order to calculate oscillation probabilities along the path, which
completes the standard workflow of OscProb, shown in figure 1.

2.1 Implementation of a 3D Earth Model

In order to allow for lateral inhomogeneities inside the Earth, we needed to augment OscProb
with the ability to accept a matter profile that is split up into latitude and longitude bins, in addition
to radial bins, and a detector position specified with latitude and longitude, in addition to its radial
position. This was done through the creation of a new class, called EarthModelBinned. In order
to keep from duplicating code between PremModel and EarthModelBinned, we also created a base
class, called EarthModelBase, from which PremModel and EarthModelBinned are derived.

In the EarthModelBinned class, we revamped the FillPath function to fully accommodate the
use of a 3D matter profile. In PremModel, only the zenith angle is needed as an argument of FillPath
in order to calculate the neutrino’s trajectory, but for EarthModelBinned, we added the azimuthal
angle (specified as degrees counter-clockwise from North) of the neutrino’s trajectory to FillPath’s
arguments. Now, this FillPath takes these arguments and finds the latitude and longitude where the
neutrino with this trajectory enters the Earth. Starting from this point, FillPath loops over the depth
bins crossed by the neutrino’s trajectory, much like PremModel, checking for latitude and longitude
bin crossings before recording the trajectory segment remaining until the next depth bin.

2.1.1 Derivation of equations for bin crossings

In order to calculate where the latitude and longitude bin crossings happen, we first used
geometry to find an equation for a vector pointing along the neutrino’s trajectory. For a neutrino
detected with a zenith angle 8, and azimuthal angle ¢, at a detector whose radial, latitude, and
longitude coordinates are r4, 64, and ¢4, respectively, a unit vector pointing from the detector
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Figure 2: Diagram of a neutrino’s trajectory (green) with the detector location (blue) shown in two views:
1) on the left, in a plane through the Earth containing the Earth’s center, the detector, and the point at which
the neutrino entered the Earth and 2) on the right, as a vector in 3D space.

towards the neutrino’s source, as shown in the right part of figure 2, would be
=cos0,Fy +sinb, [cos qbvéd —sin ¢V¢3d] s

where 74 is a unit vector pointing to the detector from the center of the Earth, d is a unit vector
pointing north from the detector, and ¢ is a unit vector pointing east from the detector. Using this
definition, the vector pointing from the center of the Earth to a point on the trajectory a distance d
away from the detector is X,, = d ¥ + 74. The coordinates (in radius r, latitude 6, and longitude ¢)
for this point can then be found with these three equations:

><l
'\<>

v

r(de) = 1%, sin(6(dx)) = and  tan(¢(dy)) =
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><>

|| v”

Putting this all together gives the following for the radial coordinate r, latitude 8, and longitude ¢:

4

(rg +dycos8,)sinf, + d sin 8, cos ¢,, cos O
\/ri + d,zc + 2rgd, cos 9,

(rg+dycos8,)cosfysinpg — dy sin b, (cos ¢, sinf, sin @4 + sin ¢,, cos ¢4)
(rqg +dx cos8,) cos By cos ¢y — dy sin @, (cos ¢, sin B, cos ¢4 — sin ¢, sin ¢y) ’

>

r= \/rfl +d2 +2rgdycos@,, sin(f) =

and tan(¢) =

with the signs of the numerator and denominator being used to determine the quadrant of ¢.

Next, we carefully inverted these equations to come up with expressions for the distance from
the detector in terms of each of the coordinates, paying attention to the ranges of variables over
which these expressions are valid. From the place where the neutrino enters the Earth, the radial
coordinate of the neutrino decreases either until it reaches the detector (for downgoing neutrinos,
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Case Constant Discontinuity Initial 6, ¢
sing, =0 6 and ¢ dy =rgifcos, = -1 —04, ¢pq +180°
sin ¢V =0 ¢ dx = Cos by sin Ovrt‘:m 04—cos 0, $o = ¢d +180°
cosfy =0 0] None

sinfy; =0 and cos ¢, =0 0 None

Table 1: Special cases noted where the latitude 6 and/or longitude ¢ are constant along a neutrino’s trajectory,
apart from a possible jump discontinuity. The first column defines the case while the other columns specify
which variable is constant, where the discontinuity is, and the value of the neutrino’s latitude and longitude
before reaching the discontinuity, if applicable, while going towards the detector (in all other situations, the
value is the same as that of the detector).

i.e. for 6, > 0) or until it reaches a minimum given by ryi, = 4 sin 6, (for upgoing neutrinos, i.e.
for 6,, < 0). Thus, the equation for d, in terms of r is

—rgcos By, + [r2 —r2sin? 6, for dy(r) > dy(Fmin)
dx(l’) _ d v d v X x( min , (1)

—rgcosf, — [r2 — rfl sin? 6, for dy(r) < dy(rmin)

where the two cases are before and after r reaches the minimum value dy (ryin) on the way to the
detector, and d (rpin) = —rg cos 8, for cos 8, < 0 and 0 otherwise.

Now, moving on to the latitude and longitude, we noted several special cases that are described
in table 1. We designed FillPath to take care of these cases separately as far as finding latitude and
longitude bin crossings are concerned.

For all other cases, we used derivatives to characterize the behavior of the latitude and longitude
along the neutrino’s trajectory in order to specify domains for the inversions to be valid. For the
neutrino’s latitude, we found that it increases on the way to the detector when d 8 > r; cos ¢,, cos 04,
where 8 = sin 8,, sin 8;—cos 6,, cos ¢,, cos 6. The only thing in the above inequality that is changing
along a single neutrino trajectory is dy, which is steadily decreasing as the neutrino heads towards
the detector. The resulting cases are described in table 2. If § = 0, then the neutrino’s latitude
is continually increasing (decreasing) along its trajectory towards the detector for cos¢, < 0

B cos ¢y, dy latitude d(0) | s
< 0 | anything 74 €08 Py 03 By decreasing | eq. 3 | +1
< 0 | anything W;+mw increasing | eq. 3 | -1
=0 <0 anything increasing | eq. 2
=0 >0 anything decreasing | eq. 2
> 0 | anything 74 €05 §y cos 6y increasing | eq. 3 | -1
> 0 | anything | < w decreasing | eq. 3 | +1

Table 2: Scenarios for how latitude 6 and distance from the detector d, are related along a neutrino’s
trajectory. The first 3 columns are the conditions that define the scenario, and the last 3 columns state how
the latitude changes as d, decreases, which equation is used for d, (6), and what value s has in equation 3,
respectively, for each scenario.
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Figure 3: Diagram of the shape and location of the LLSVP (red) in the 3D Earth model used. The Earth’s
core is shown in yellow with the edges of the latitude and longitude bins on the core’s surface shown in black,
and the location of the ORCA detector is shown as a blue point.

(cos ¢, > 0), and the latitude equation can be easily inverted to find

. . 2 ) -1/2
sin 8,, sin cos“ @, sin“ 6
d(0,B=0)=-r cos0, 1+(,V—) (1—+ . )
sin 6y sin” 6,4
Otherwise, the inverted equation becomes
¥ COS ¢, cos Oy __ rasinéfy . _
sin @,, sin 64—cos 6,, cos ¢,, cos Oy y for sin 6 = Y
dy (9’ B# 0) - cos 6, sin®> @—7 sin Og+s sin 6y, sin 0\/(:032 0—sin® ¢, cos? 64 . ’ 3
s’ 0 rq otherwise

where y = sin 6,, cos ¢,, cos 84 +cos 6, sin ,; and s = =1 with the sign being determined from table
2. It may appear that it could be possible for either of the denominators in the sin @ = +y case of
equation 3 to be 0, but in fact, that will not happen outside of the previously addressed scenarios.

For the neutrino’s longitude, we found that it is continually increasing (decreasing) along its
trajectory on its way to the detector if sin ¢,, > 0 (sin ¢,, < 0). Thus, the longitude equation can be
easily inverted to find

cos 0, (tan ¢y — tan @) ry
(tan ¢4 — tan @) @ + sin @, sin ¢,, (1 + tan ¢ tan @) ’

dx(¢) =

where a = sin6,, cos ¢,, sinf; — cos 8, cos 8.
Finally, we used these expressions in FillPath to find at which values of the distance from the
detector the neutrino changes latitude, longitude, and radial bins.

3. Outlook

For demonstration purposes, we created a binned 3D Earth model that was identical to the
default PremModel, except for having a region that mimics a simplified version of the African
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LLSVP, shown in figure 3. The binning of the Earth had 42 radial bins, 36 latitude bins, and
72 longitude bins. For two scenarios of the LLSVP’s density (same as PREM and 3% larger than
PREM) and a detector with the same location as ORCA, we used OscProb to calculate the oscillation
probabilities for 100 values each of the neutrino’s energy, zenith angle 6,,, and azimuthal angle ¢,,.
A sample of the difference increasing the LLSVP’s density by 3% makes is shown in figure 4.

Then, we used the oscillation probabilities calculated with OscProb to determine the expected
events in an ORCA-like detector using the same methods and framework as described in [13],
augmented to include the azimuthal angle (but without adding in detector resolution effects for
the azimuthal angle so far). For each bin (keeping tracks and showers separate), we calculated y?
for every bin when fitting the events for the LLSVP case with the events for the case without the
LLSVP and did not include minimization over any of the parameters. Finally, we summed the y?
values over the energy bins and tracks/showers, plotting the result in figure 5. The "shadow" of the
LLSVP can be seen in this plot, but the framework developed now needs to be extended so we can
take into account detector effects having to do with the azimuthal angle. With that addition, we can
study detector configurations for learning about LLSVPs and other inhomogeneities in the Earth’s
interior.
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