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Abstract

We derive a family of correctness conditions for complex Langevin simula-
tions. In particular, we show that if in a given theory the expectation values
of all observables within a particular space satisfy the theory’s Schwinger—
Dyson equations as well as certain bounds, then these expectation values are
necessarily correct. In fact, these findings are not only valid in the context of
complex Langevin simulations, but they also hold for general probability dens-
ities on complex manifolds, given an initial complex density on a real manifold.
We stress that, while the proposed conditions are necessary and sufficient in
a mathematical sense, their practical use is not to prove the correctness of
obtained simulation results. Rather, they are mainly useful for detecting incor-
rect convergence. In particular, we test these criteria in a few simple one- and
two-dimensional toy models and find that they are indeed capable of ruling out
incorrect results without the need of exact solutions.
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1. Introduction

The numerical sign problem remains among the most challenging problems in many-particle
physics to this day. It prevents the numerical evaluation of integrals over highly oscillating
functions with a large number of degrees of freedom with standard techniques. Such integrals
arise, for instance, in the nonperturbative study of strongly interacting quantum field theories
with a nonzero density of fermions by means of first principle lattice simulations. Moreover,
they are also prevalent in lattice approaches to the study of real-time quantum field theories,
as well as in various other theories of interest in physics.

The complex Langevin method [1, 2] can be used—in principle—in situations where con-
ventional lattice approaches cannot be applied due to the sign problem, thus providing a poten-
tial solution. For a theory whose path integral consists of the integration of an oscillatory integ-
rand p over a real manifold M;, the complex Langevin approach makes use of the stochastic
evolution in a complexified field space M.. Effectively, it replaces p by a real and nonnegative
distribution P on M., which thus allows for a probabilistic interpretation similar to the one
used in usual Monte-Carlo approaches. The complex Langevin evolution is considered suc-
cessful if and only if P is equivalent to p in the sense that both produce the same expectation
values on an appropriate space of holomorphic observables. The existence of such a probability
density P for a given p has been established quite generally [3—-5]. What is less clear, however,
is whether complex Langevin is capable of producing such P for generic p. In fact, complex
Langevin simulations may suffer from the infamous wrong convergence problem, meaning
that they might fail to reproduce the correct expectation values, at least without additional
modifications.

Establishing the correctness of complex Langevin simulation results is thus of utmost
importance in order to ensure the reliability of the method. While there is a plethora of poten-
tial correctness criteria to be found in the literature, as we shall discuss, none of them appear
to be entirely satisfactory and free of loopholes. In this work, we attempt to fill this gap by
deriving a set of conditions that are both necessary and sufficient to ensure that a probability
density P on M, produces the same expectation values as a given complex density p on M,.
The correctness criterion proposed here can thus be applied to complex Langevin results, but
it is, in fact, more general than that. Indeed, it can be used in any situation where a complex
density on a real manifold M, is traded for a probability density on the complexification of
M,, see, e.g. [4-T].

This work is structured at follows: after introducing a number of useful definitions and
terminology in section 2, we derive the new correctness condition in section 3. In section 4, we
introduce the complex Langevin approach, which we then use to test the correctness condition.
The results of this are presented in section 5. Finally, in section 6, we provide a few ideas on
how to employ the criterion in more realistic models than the ones considered here, before
concluding in section 7. The appendices contain some auxiliary results and derivations.

2. Generalities

2.1. Manifolds and densities

We consider models defined on a real manifold M,, for instance the configuration space of a
lattice gauge theory. The manifold M, generally is of the form

M, =R" x G", (1
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where G is a compact Lie group such as SU(N). The case n =0 is interpreted as the absence
of the factor R”, while m =0 is is interpreted as the absence of the factor G”. On M,, we
consider the measure

du=d"x xd"g, 2)

i.e. the product of the Lebesgue measure d"x on R” with the Haar measure d”g on G™. M, has
a complexification to a complex manifold M.,

M, =C"x G, 3)

where G, is the complexification of G. We denote the arguments of functions on M, by (X, g)
and when complexified by (z,g.). Occasionally, for notational brevity we will omit the argu-
ments of functions in this work when they are evident from the context.

The models we consider are defined by a complex density p(x,g), which has a holomorphic
continuation to M.. In many cases, p is given in terms of an action S(x,g) via

p(x,g) ocexp(—S(x,g)). “)

We assume p to be normalized, such that

/ pdu=1. %)

r

If M, is noncompact, i.e. n > 0, we furthermore assume that

pm (X) = sup [p(X,g)| (©6)
geGm

goes to zero at least as fast as a Gaussian for x| — oo, i.e.
pm (X) < Aexp (fa|x|2) , @)

with some positive constants A and a. This condition could likely be weakened, but it helps to
keep the discussion as simple as possible. In any case, the condition is always satisfied in the
usual lattice models.

Another requirement that is met for most conventional models, which we also impose here,
is that the first partial derivatives of log p with respect to both the coordinates and the group
degrees of freedom (see below) grow at most like a polynomial in x for all g. Finally, we
assume that p does not vanish on M;:

p(x,g) #0 V(x,g) € M. (®)

This is not really a restriction because by Cauchy’s theorem we can always deform the integ-
ration manifold M, away from any zeros, for instance by shifting by some vector with small
purely imaginary components, without changing the expectation values of observables.

3
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2.2. Observables and Schwinger-Dyson operators

Let us consider the (commutative) algebra 2 of observables generated by the coordinates of
R”" and the matrix elements® of the finite-dimensional representations of G™ (note that in the
case of G = SU(N) we only require the matrix elements of the fundamental representation as
generators of the algebra). All the elements f € 2 have analytic continuations to M, which we
denote by the same letter f. The constant function with value 1 is the unit element of 2, denoted
by 1. It turns out, however, that we actually require a somewhat larger space of observables
for our purposes, as will be explained below.

It is well known that the correct expectation values of observables have to satisfy the so-
called Schwinger-Dyson equations (SDEs), which are infinitely many identities characterizing
p. The Schwinger-Dyson (SD) operators are differential operators acting on the observables,
but—in general—they do not map 2 into itself. To describe the SDEs in this general setting,
we first need to establish a few definitions.

Since the functions f'€ 2 depend on two kinds of variables, x and g, we also require two
kinds of derivatives. The first kind are simply the partial derivatives 0; with respect to the
coordinates x; of R” or, after complexification, the coordinates z; of C". The second ones are
derivatives with respect to the group variables. They are determined by choosing a basis

{Xjlj=1,...,d}, d=dim(G) C)]
of the Lie algebra g of G and, correspondingly, a basis of the Lie algebra g™ as

{Xix

j=1...dk=1,....m}. (10)

With this, we define the derivations (usually referred to as left-derivatives)
1
Djf(x,g) = lim = (f(x,exp(eXjs) 8) —f(x.8)) (11)

and extend their action to the analytic continuation of the functions f € 2(. Corresponding to
the two kinds of partial derivatives, there are two kinds of SD operators:

ap

A =0+ 12)

and

D.
Ajx=Dji+ ’:p - (13)

Remark. The SD operators map 2l into itself only in the case that the partial derivatives of
log p are polynomials. More precisely, if p vanishes somewhere on M., the action of the SD
operators on 2l will generically produce poles at the zeros of p. For this reason, as in [8], we
are forced to enlarge 2 to

H=2A+> AA+Y A2 (14)
i jik

3 Notice that the matrix elements of g € G are functions of g, such that the observables in 2 are really functions

on M,.
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It is not hard to see that all f € H are integrable with respect to |p|du. In section 5.2, we shall
discuss a specific example in which 2 # H.

Now, the ‘correct expectation’ of a function f € H is defined by

<f>pE/ frdu, (15)
M,
where

(1), =1 (16)

due to the normalization of p. Indeed, (f) , is invariant under continuous deformations or shifts
of M,, owing to the holomorphicity of both p and f.

2.3. Correctness of probability measures on M.

Let dP be a probability measure on M., which may (but does not have to) be the equilibrium
measure of a complex Langevin process with or without a kernel (see section 4).

Definition. We say that the probability measure dP is correct if and only if
fadP=(f), VfeH. an
Mc

Remark. If p vanishes somewhere on M., dP can only be correct if it also vanishes there,
because otherwise the singularities in f € H would cause the left-hand side of (17) to diverge.

We factorize p as

p(x,g) :W(X)pf(x7g)7 (18)

such that both factors are continuous, w > 0, and

IIﬂlesAliplf(xyg)IW(X) <oo VfEH, 19)
as well as
C= / |pr (x,8) [dp < o0. (20)
Mr

Note that the factor w is independent of the group variables g.

To be clear, since we assume the partial derivatives of log p to grow at most polynomially,
these conditions require that w(x) decays faster than any power of |x|, while (20) must hold at
the same time. In fact, for reasons stated below, we actually require w(x) to decay at least like
a Gaussian, i.e.

w(x) < Bexp (—b|x|2), 21
with positive constants B and b, similar to (7). A simple choice for w is

w(x)=pn (), p(x.g8)=pxg)/wkx), 0<a<l, (22)
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where p,, was defined in (6). Note that this implies

sup |pe (x,8) | = w(x)"/*". (23)
geagm

With this choice, w(x) indeed decays like a Gaussian due to (7) and is continuous, as is shown
in appendix A.

3. Correctness conditions

With the definitions introduced in the previous section, we are now in the position to formulate
two conditions, the combination of which is both necessary and sufficient for ensuring the
correctness of the probability measure dP. We proceed by proving the necessity and sufficiency
in turn.

3.1 Two necessary conditions for correctness

Condition 1. If dP is correct, i.e. (17) holds, it satisfies the SDEs

/ (Af)dP=0, i=1,....n Vfe (24)

c

and

/ (AjHdP=0, j=1,....d; k=1,....m Vfed (25)

c

To prove (24) and (25), we only have to integrate the right-hand side of (17) (i.e. (15)) by
parts, which under our assumptions can be carried out without the appearance of boundary
terms, and use the definitions of A; and A; x in (12) and (13). Note that the validity of (17) for
all f € ‘H implies the validity of (24) and (25) only for f € 2.

The second condition is another straightforward consequence of (17), using the norm ||f]],,
in (19) and the constant C defined in (20):

Condition 2. If dP is correct, i.e. it satisfies (17), the following bounds hold for all f € H:
’ / fdP‘ < Cllfl- 26)
Mc
Proof. Using (17) and (18), we have

] /Mcﬂzagc)dl’\ = \ /Mrf(x,g)w(X) pe(x.2)d, o

for which we can find a trivial upper bound, namely

[ reoar|< ([ nteg)ian)soleg v =l @9

which is precisely (26). O
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3.2. Sufficiency of the necessary conditions

We now go on to show that conditions 1 and 2 in combination are also sufficient to guarantee
correctness, based on our earlier assumption that p does not vanish anywhere on M,. To this
end, let us assume that (26) holds. This means that the linear functional 7p on H, defined by

(Tp.f) = / fap, (29)
M.

is bounded in the norm || - ||,,, or, equivalently, that the linear functional TponH = wH, defined
by

(Tr.f) = (Tp.f)  with f=wf. (30)

satisfies

| (Tp.f) | < Cllfilsc  VfEH, IlﬂlooEsAlipV(x,g)L 31

Note that H C Co(M,), where €y(M,) is the space of all continuous functions on M, van-
ishing at infinity. This is due to our requirements that p does not vanish on M, and that any
possible large growth of f at infinity is counteracted by the fast decay of w. For the latter to be
true, it was necessary to restrict the growth of the partial derivatives of log p earlier.

A crucial fact is the following

Proposition 1. Any linear functional TonHC Co(M,) that is bounded as in (31) can be
extended to a linear functional on all of €o(M,) with the same bound.

Proof. This follows directly from the Hahn—Banach theorem; see, e.g. [9] (theorem 5.7) or
[10] (theorem 3.3). O

The extension given by this theorem, which we denote by the same symbol 7, may not be
unique, but we will in the end only be interested in its action on  anyway. The usefulness of
this extension comes from another abstract result, known as the Riesz—Markov theorem; see,
e.g. [11] (theorem 6.19). Adapting the notation to our case, it says

Theorem (Riesz—Markov). If X is a locally compact Hausdorff space, then every bounded
linear functional T on & QX) is represented by a unique regular complex Borel measure v in

the sense that (T.f) = Jxfdv for every f € €o(X). Moreover, v is of finite total variation, i.e.
7| = fXd|1/| < 00.

In our context, M, is locally compact as it is of finite dimension by assumption. Also note
that a Borel measure dv on M, always represents a generalized function (actually a tempered
distribution, see [12]) &, so we can write

dv =& (x,g)dp. (32)

Hence, we obtain

Proposition 2. Any bounded linear functional T on Co(M,) is given by a complex measure,
which we represent by a distributional density 6 on M; as follows:

(T.f) = / G (x,8)f(x,g) dp, fe&(M,), (33)

r
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where G satisfies
/ |o|dp < oo. (34)
Mr

Restricting to the subset HC ¢o(M,) and applying this proposition to the functional Tp
that is generated by the probability measure dP according to (30) and (29) and that we have
just shown to be bounded, we find that it is represented by a complex measure 6p of bounded
total variation, i.e.

(TPaf) = / ap (X,g)f(X,g) d:“’v f: wf, feH. (35)

To sum up, we have obtained

Proposition 3. Let dP be a probability measure on M., satisfying for all f € H

] / f(z,gc)dP‘ <Clflh. 36)
M,

with || fl|w and C defined in (19) and (20), respectively, then, again for all f € H, we have

/ flz.g.)dP = / 5 (x,8) w (%) (%, 8) dyi. (37)
M. M,

with op of finite total variation.

Defining

op (ng) =w (X) op (X’g) ) (38)

this can be rewritten as

f(z.g.)dP = / or (%,8)f(%,8) d. (39)

Mc Ml’

In other words, if the probability measure dP on M_ is tested only against functions in H,
it can be replaced by op, which is concentrated on M,. The density op decays at least like a
Gaussian in |x| (since w(x) has the same property and &p is of finite total variation) for all g.
We now show that condition 1 (i.e. the SDEs (24) and (25)) together with condition 2 (i.e. the
bounds (26)) implies correctness.

Proof. Integration by parts of (24) and (25), after using (39), rolls the respective SD operators
over to op, changing them into their transposes as

f(x,g)Ajop(x,g)du=0 VfeA, i=1,..n (40)
M,

and

fxg)ALop(x,8)du=0 VfeA, j=1,....dk=1,....m,  (41)
Mr
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where

) D,
AT= 0+ 7p and AT, =D+ ’;p . 42)

Js

Note that under our conditions, there are once again no boundary terms here. Up to now, we
have treated o p as a distribution, in fact one of order zero [10] according to the bounds (26). op
therefore represents a complex (Borel) measure by the Riesz—Markov theorem. But we have
not yet addressed the question whether it is a differentiable function, so the derivatives in (40)
and (41) have to be understood in the distributional sense.

We would like to conclude from (40) and (41) that (for all i, j, and k)

Afop=0 and Af,op=0. (43)

These differential equations then would imply that op is really a differentiable function.
Indeed, this will turn out to be true because there are enough functions in 2 such that a distri-
bution 7 satisfying (7,f) = 0 Vf € 2 vanishes identically. However, in order to see this more
explicitly, we require a few more arguments.

We consider functions of the form

fi(x,8) =exp(ik-x)h(g), (44)

where /£ is in the sub-algebra 2 of 2l consisting of functions that do not depend on x. Note
that the functions fi are not in 2, but they are contained in its closure 2l with respect to || - ||,,,
as is shown in appendix B.

Now, to prove (43), we consider the functions

Fik) = / op (x,8) Aifi (x.2) du 4s)

r

and
Fip(k) = / on (%,8) Ay (%, 8) . 46)

which all vanish due to (40) and (41), and the fact that fi is in 2. Moreover, F ;(k) is the Fourier
transform of

R = [ hgalon(ne) s @)
and Fj (k) the Fourier transform of

Fux) = [ h(®)aTior (8 d"s, 8)

which also all vanish because the Fourier transformation is one-to-one on the space of
(tempered) distributions on R” [12]. By the Peter—Weyl theorem (see, e.g. [13] (theorem 4.1)
or [14] (theorem 1.12)), s is dense in the space €(G™) of continuous functions on G™.
Therefore, it is also dense in the space €>°(G"), the standard space of test functions on G™, in
the appropriate topology. As a consequence, the vanishing of (47) and (48) for arbitrary /(g)
implies (43).
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Owing to the requirement that p does not vanish anywhere on M;, the differential
equations (43) have the general solution

op(x,8) =cp(x,g) (49)
with ¢ € C. By choosing f = 1 and from the fact that P is normalized, we find that ¢ =1 and
correctness (17) holds. O

Let us summarize what we have shown:

Theorem 1. Let P be a probability distribution on M. Assume that p does not vanish on M,
and that all partial derivatives of log p grow at most like a polynomial for |x| — co. Then, the
following are equivalent:

(a) P is correct in the sense that for any f€ H

sap= [ god (50)
MC MI'
(b) P satisfies the SDEs (24) and (25) as well as the bounds
‘ / fdP’ <Clfl. 51)
Mc
with p(x,g) = w(x)p:(x,8), w obeying (21),
Hﬂ\wESAI;p f(x,8)[w(x) <oo VfeH, (52)
and
c= [ lnixg)ldn < ox. (53)
Mr

Remark. Up to now, we have tried to keep things as general as possible. As a consequence,
theorem 1 does not provide one single condition for correctness, but in fact an entire family of
conditions: For one, the choice of the real manifold M, is not unique, as, for instance, continu-
ous deformations (with fixed endpoints) of M, give rise to the same ‘correct expectations’ (15)
due to Cauchy’s theorem and the assumed holomorphicity of f and p. However, the bounds
C||f|w do depend on the choice of M, (keep in mind, though, that M, must always be chosen
such that it contains no zeros of p). In addition, the decomposition of p into w and p; in (18) is
also arbitrary as long as the resulting C and || f]|,, (Vf € H) are finite and w decays at least like
a Gaussian. The constant C and the norm ||f]],,, as well as their product, will, of course, differ
for different decompositions.

What is perhaps even more important is the freedom in the choice of norms. We have used
in (19) and (20) the supremum norm for the observables and the L' norm for the reduced
density p,. One may, however, just as well choose, for instance, L’ and L? norms with 1/p +
1/q = 1 instead. In particular, one could choose p = ¢ =2, i.e. L? norms for both quantities,
replacing (19) and (20) by

1Al = \//M F(x,8) Pw(x)*du < oo NfeH (54

10
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and

c=\/ [ IotgPan<oc, (55)
M

r

respectively. It should be understood that the practical applicability of the proposed correctness
criterion might strongly depend on all of these choices. A detailed analysis systematically
comparing different possible correctness conditions arising from our proposal is, however,
beyond the scope of this work.

4. Basics of complex Langevin simulations

Having developed a novel correctness criterion for probability distributions P on complexified
manifolds M., a logical next step is to put it to the test in practical applications. Our main
interest is its applicability in the context of complex Langevin simulations, which we shall
thus briefly motivate and introduce in the present section.

4.1 The sign problem

In the path integral picture of quantum field theory, expectation values of observables O are
defined as integrals of the form

©),= [ DrO(®] (8], (56)

where ¢ collectively denotes the dynamical degrees of freedom of the theory under consid-
eration, D is the appropriate path integral measure for these fields and p[®] is some density
giving a nontrivial weight to each field configuration. Typically,

ciSu[®] o—Sel®]

P[@]:W or P[‘p]:mv (57)

for a theory with an action Sy[®] in Minkowski spacetime, or, (after performing a suitable
Wick rotation) an action Sg[®] in Euclidean space, respectively. The normalization factors in
the denominator ensure that (1), = 1.

The most successful non-perturbative tool for computing (O) from first principles is lat-
tice quantum field theory, in which—conventionally—the integral in (56) is approximated
by a finite sum over configurations {®}; distributed according to p[®], which is the tradi-
tional importance sampling approach. For this to make sense mathematically, however, one
requires that p[®] is real and nonnegative, i.e. that it can be interpreted as a probability dens-
ity. Clearly, this is not the case in Minkowski spacetime, which is why in the vast majority of
lattice approaches one generically works in Euclidean space. However, the Euclidean action
Sg is not guaranteed to be real either. Cases in which Sg acquires a nonzero imaginary part
include (but are not restricted to) quantum field theories (in thermodynamic equilibrium) at
nonvanishing chemical potential or with topological terms.

In all of the aforementioned cases, the straightforward application of usual lattice tech-
niques based on importance sampling fails. This is the infamous sign (or complex-action)
problem [15]; see, e.g. [16—18] for reviews.

1
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4.2. The complex Langevin equation

One particular method that is aimed at circumventing the sign problem is the complex
Langevin approach [1, 2] based on stochastic quantization [19]. The underlying mechanism
is the stochastic evolution of complexified field degrees of freedom in a fictitious time dimen-
sion 7, governed by the complex Langevin equation. For simplicity, let us restrict to N real
scalar degrees of freedom ®F (i = 1,...,N) described by the Euclidean* action S[®%]. Then,
the complex Langevin equation reads’

d®; (r) =D; (®)dr + Hydw; (1), (58)

where the ®; = ®X +i®! result from the continuation of each ®F into the complex plane.
Moreover, D; denotes the so-called drift term,
8S 0 (H ikH 'k)
D= —HyHj—— + ———% 59
i kL1 jk 9 q)} + E) q)j ( )
Hjj is a (generally ®-dependent) complex N x N matrix called the kernel and dw; describes a
standard Wiener process in each degree of freedom, such that

(dw; (1)) =0, (dw;(7)dwi (1)) =20pdT (60)

for all field indices j and k. In order for this approach to be well defined, the action must allow
for an analytic continuation S[®] in its arguments and the same must be true for the observ-
ables O[®]. We also mention that the extension of the Langevin equation to gauge theories is
relatively straightforward; see, e.g. [20].

Now, the stochastic evolution governed by the complex Langevin equation gives rise to a
(real and nonnegative) probability distribution P(® ®/;7) on the complex manifold, whose
T-dependence is, in turn, determined by an associated so-called Fokker—Planck equation. The
exact form of the latter, however, is irrelevant for the present discussion. In the following, we
assume that P has an equilibrium limit

R &1\ — 1 R 5!
P(®F,@)) = lim P(®f,2,7). (61)

Note that this assumption is not always justified, but only in the case when there exists such a
limit is the complex Langevin approach applicable. As a consequence, the complex Langevin
evolution after equilibration indeed leaves us with a probability distribution P on a complex
manifold M., for which the correctness condition developed in section 3 can be checked.
Before doing so below in the context of a few simple models, however, let us first recall possible
reasons for why and how complex Langevin simulations may fail in the first place.

4.3. Reasons of failure for the complex Langevin approach

The study of possible error sources for complex Langevin simulations has a rather long history
[8, 21-39]. One common issue is the presence of so-called runaway trajectories, i.e. paths in

4 Here and in the following, we work in Euclidean space and suppress the subscript ‘E’ on the Euclidean action.
Note, however, that the discussion can straightforwardly be transferred to Minkowski spacetime via the replacement
—Sg — iSm.

5 Implicit summation over indices occurring twice in a product is assumed throughout.

12
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complexified field space along which the classical evolution (i.e. the one excluding the noise
term in (58)) diverges. Their existence may potentially lead to large discretization effects or
even cause simulations to crash when the involved drift terms become too large. However, the
effects of runaway trajectories can often be mitigated or even eliminated entirely in practice
by the use of adaptive step-size control [26], implicit solvers [40], and (in the case of gauge
theories) the gauge cooling technique [41]. At the very least, it is usually possible to detect
whether or not runaways have an impact on a given simulation by, for instance, monitoring the
distance of the simulation trajectory from the real manifold.

In addition, complex Langevin simulations may suffer from a loss of ergodicity, especially
in the presence of poles in the drift term. In this case, one may find that the sampled configur-
ation space is split into different disconnected parts [8, 23, 34, 42]. While transitions between
these regions are possible in simulations due to the finiteness of the discrete Langevin step
size, they become increasingly rare in the continuum limit and their absence can lead to incor-
rect results. It is not entirely clear how to deal with a loss of ergodicity in the general case,
even though in a few models there exist solutions employing, for instance, a kernel or complex
noise [34].

Another issue concerns the decay properties of the probability distribution P resulting from
the complex Langevin evolution. Generically, one expects the complex Langevin results to be
correct only if P decays fast enough in all complex directions. More precisely, a correctness
criterion for the complex Langevin evolution was formulated in [25, 28] that relies on the
sufficiently fast decay of PO (O, as before, denoting an observable) such that one may perform
an integration by parts without the appearance of boundary terms. Most generally, however,
one cannot expect such boundary terms to vanish, which is why it is advisable to measure
them in practice [35, 36]. If the boundary terms are nonzero, the obtained simulation results
are generally incorrect (even though for some observables the expectation values may still
come out right).

The converse, however, is not always true, i.e. the absence of boundary terms does not auto-
matically imply the correctness of results [8, 34, 43]. Similarly, while the validity of the SDEs
is necessary for correct convergence, it is not sufficient. In particular, as was shown analytic-
ally for one-dimensional systems in [8], any linear functional T (such as the one provided by
the complex Langevin evolution) on a suitable space of test functions (such as the algebra 2
defined in section 2) that obeys the SDEs is given by a linear combination of the form

(Taﬂ = i:ai (T’Yi 7j) . (62)

i=1

Here, the a; are complex coefficients and

(Ty.)) = | dzf(2)p(2) (63)

Yi

are the ‘expectation values’ of f along paths v;, which are linearly independent so-called integ-
ration cycles (in the terminology of [44]). Concretely, an integration cycle v; is either a path
that connects two distinct zeros of p(z) or a closed noncontractible path. It is important to note
that by an integration cycle one really means an equivalence class of integration paths that
can be deformed into one another or are equivalent via Cauchy’s theorem. In (62), we have
denoted the total number of linearly independent integration cycles by n.. Now, if we define
(without loss of generality) v; = M,, we say that results are correct if and only if a; = d;;.

13
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The role of integration cycles in the context of complex Langevin simulations was studied
in detail in [43], where evidence for the validity of (62) beyond one dimension was established
as well. We can summarize the situation as follows: if for a particular complex Langevin sim-
ulation boundary terms vanish/the SDEs hold, but the results are nonetheless incorrect, this
is necessarily due to contributions from unwanted integration cycles, i.e. from 7; # M,. The
relationship between vanishing boundary terms, the validity of the SDEs and the so-called
complex Langevin consistency conditions [28] is discussed in some detail in appendix C. We
mention in passing that the sampling of unwanted integration cycles can in some cases be
related to the aforementioned ergodicity problems [8, 34]. Either way, the correctness cri-
terion we propose in this work should—at least in principle—be able to fill the gap left open
by the boundary-term (and equivalent) analyses, enabling one to detect incorrect convergence
even when boundary terms are zero.

Let us now briefly address the scope of applicability of this correctness criterion in prac-
tice. Needless to say, there is little hope in trying to use it to establish unambiguously that a
particular simulation gives rise to correct results. Since this would require measuring every
observable contained in the space 2 (or H), which is of infinite size, it is clearly an impossible
task. What it should allow one to do, however, is rule out certain results despite the absence
of boundary terms or in cases where boundary terms are very small or noisy. To exemplify
this idea, below the criterion will be applied in the context of a few simple models for which
complex Langevin simulations are known to produce no boundary terms but whose results
nonetheless disagree with exact solutions [8, 34, 43]. Obviously, in most realistic systems no
exact results are available, making any sort of correctness criterion all the more desirable.

5. Examples and numerical checks

In this section, we perform numerical tests on the new condition for correctness for a handful
of simple systems with known results. We restrict ourselves to models with m =0, i.e. there
are no Lie-group-valued degrees of freedom, such that M, = R". A more detailed analysis in
the case of gauge theories is deferred to future work. Following the FAIR guiding principles
[45], we make the simulation data underlying the results presented in this section [46], as well
as the used analysis scripts [47], available online. Moreover, our simulation code is available
upon request.

5.1 Regular models

We begin by considering models whose densities are given by p(x) = e ~5®) with polynomial
S(x). This simplifies the discussion as in this case 2 = H, i.e. we can restrict to an algebra of
polynomial observables. The numerical simulation and data analysis setup we use for these
models is outlined in detail in [43]. In fact, we re-use parts of the data set generated for [43]
in the present work.

5.1.1. One dimension.  The first model to be investigated is given by the action

S(x) = %x“, (64)

with a single real degree of freedom x and a complex parameter A obeying |A| = 1. The cor-
rectness of the probability distribution P produced by complex Langevin simulations including
a kernel in this model was first investigated in [48]. More recently, in [43, 49] the model was
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revisited and the connection between the kernel and the relevant integration cycles was invest-
igated. In particular, it was discovered that a kernel can—to a certain extent—be used to control
which integration cycles are being sampled in a simulation. Here, we once again revisit this
simple model as a testbed for our correctness criterion.

The complex Langevin equation (58) for the theory (64), after complexification x — z =
x + 1y, simplifies to

dz(7) = —H>S’ (z)d7 + Hdw (), (65)

where we have assumed the kernel H to be independent of z for simplicity. It is thus merely a
constant complex number that we may choose at will. As in [43, 48, 49], we parameterize the
kernel® with an integer my as

H=c¢'%, (66)

An important finding of [43, 49] was that by an appropriate choice of kernel one can indeed
obtain a; = ¢;; in (62), where ~v; = M. If any cycle other than M, were to give a sizable con-
tribution to the results, the latter would be considered incorrect. This incorrectness, however,
could not be detected simply via a boundary-term analysis. In the following, however, we shall
demonstrate that it can be detected via the new criterion.

To this end, we make use of the freedom of choosing M, at our discretion. In particular,
since the real x axis does not correspond to a valid integration cycle if Re(\) < 0, we define
as M, the integration contour resulting from rotating the real axis as x = A\~!/4¢, along which
the analytically continued action S(&) is real. We mention, however, that in a realistic theory
the choice of M, is dictated by the physics and one only has the freedom of continuously
deforming it, contrary to what is done here. As is detailed in [43], there are two more inde-
pendent integration cycles in this model. In analogy to [43], we choose the imaginary axis and
a contour connecting z = ico with z = oo, both after the same rotation as for the real axis. In
the following, we set A = e37/6 Moreover, from now on we will exclusively use the letter z
to denote the dynamical degree of freedom to avoid possible confusion arising from jumping
back and forth between x and z.

In order to test for correctness with the new criterion, we need to establish the validity of
two requirements: the SDEs (24) and the bounds (26). For the former, we consider monomial
observables z¥ with integer k > 0, for which the SDEs read

(AZ) =k (") =X () =0, (67)

with A given in (12). The left-hand side of this equation, as resulting from complex Langevin
simulations (with complex Langevin expectation values labeled by the subscript ‘CL’), is plot-
ted as a function of the kernel parameter my in figure 1(left). Notice that we only show results
for those my for which there are no boundary terms [43]. In the cases where boundary terms are
nonzero, we found the SDEs to be strongly fluctuating, making it impossible to obtain a usable
signal. Also note that fluctuations increase with increasing k such that we refrain from showing
results for k > 5. Both of these observations, however, are consistent with the expectations.
The main message of figure 1(left) is that there are four different regions in my for which the
SDEs are well satisfied and boundary terms vanish. Nonetheless, it is known from [48] that

6 In the cited works, it was K = H? that was parameterized instead of H, but here all definitions are adapted accordingly
to produce an equivalent outcome.
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Figure 1. Complex Langevin results for the model (64), with A = */% and a kernel of

the form (66), as a function of the parameter my. We only show results for values of my
for which boundary terms are consistent with zero. (left): validity of the SDEs (67) with
k=1,...,5. Note that we only plot the real parts of <Azk> here; the imaginary parts
show similar behavior. The dashed horizontal line marks zero. (right): absolute value
of the expectation value of the control observable f(z) in (72). The solid horizontal line
shows the bound C||f]|,» from (26).

only one of these regions corresponds to correct solutions. Thus, we are indeed confronted
with a situation where the study of boundary terms (or SDEs) alone is not sufficient to make
definite statements about correct convergence. This was found to be the case also in another
simple model in [50]. The same is true for the widely-employed correctness criterion based on
the decay properties of the complex-Langevin drift term [33]. Indeed, as was shown in [43], the
respective distributions of z in the complex plane for, e.g. myg = 10 and my = 34 are identical
up to a rotation. This can be understood from the fact that for both these choices of kernel the
complex Langevin evolution is equivalent to a real Langevin evolution, albeit on a rotated real
axis, the rotation angle being the only thing distinguishing between them. As a consequence,
the distributions of drift magnitudes must be equivalent by definition. Clearly, thus, the drift
criterion cannot detect this incorrect convergence. Let us therefore invoke the new correctness
criterion.
To this end, we follow section 2.3 by splitting

1
pl)= e, Z=/ dze50@ (68)

T

according to (18), with the choice

5 1 2
W) =eF, pe)= e (69)

With this, the constant C in (20) is simply given by

54
d e” %
=7 / dz ‘(J : -2, (70)

g

]
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which is independent of A due to our A-dependent choice of M,. Moreover, the norm ||f]],,
in (19),

b= sup I7(2)e -2, (1)

can straightforwardly be evaluated numerically for polynomial f(z). Let us consider the fol-
lowing observable:

fl@)=77" ——-2, (72)

for which we find C||f]|,, & 0.34 for the bound on the right-hand side of (26). In figure 1(right),
we show the my-dependence of the complex Langevin expectation value of f for those values
of my for which the SDEs are valid. Moreover, C||f],, is shown as the full horizontal line for
comparison.

One finds that out of the four regions on which the SDEs hold, the bound (26) is obeyed
only on one, namely the one around my = 10. This is precisely the range of my on which the
complex Langevin evolution produces correct results [48], i.e., samples only the desired integ-
ration cycle and no other [43]. Thus, with this particular choice of observable, the proposed
correctness criterion is capable of ruling out the other plateaus. We emphasize once again,
however, that the results of figure 1(right) are not sufficient on their own to prove correctness
on the plateau around my = 10. To unambiguously prove correctness, one would have to check
an infinite number of bounds.

5.1.2. Two dimensions. A very similar analysis can be carried out for a straightforward
generalization of (64) to two dimensions that was also studied in [43]:

A
S (x1,x) = 1 (x% +x%)2. (73)

As discussed in [43], there are only two independent integration cycles in this model. For real
and positive )\, they correspond to the two manifolds on which, after complexification, z; and
7o are both real and both imaginary, respectively. For general A\, we rotate these cycles similarly
to the one-dimensional case discussed above. In particular, the cycle v; = M; is defined such
that on ~; the action is real. Once again, in the following we use the notation z; for the degrees
of freedom exclusively.

The Langevin equation we employ reads

dz; (1) = —Hzg—jdr + Hdw; (1), (74)

i.e. we assume the kernel to be proportional to the identity matrix, H;; = §;;H, and we paramet—
rize H as in (66). For testing the SDEs, we consider monomial observables of the form z\'z5?
with integer k; > 0. The SDEs (24) then read

() =i ) A () + (4052 <o
(i) = () () )] <o

17
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Figure 2. Similar to figure 1 but for the model (73). We again use A = ¢*™/® and akernel
proportional to the identity matrix, its entries given by (66). (left): validity of (75) with
k1 =0, ko =1 and vice versa. (right): expectation value of f(z) in (78) and comparison
with C||f]], from (26).

The left-hand sides of (75) as a function of the kernel parameter my for the simple cases
(k1,k2) = (0,1) and (1, 0) are shown in figure 2(left). Again, we find different extended regions
in my on which the SDEs hold and boundary terms vanish (for values of my where there are
nonzero boundary terms again no results are shown). Here, however, there are only two such
regions. This has to do with the way the number of independent integration cycles is reduced
from three in one dimension down to two in the two-dimensional model (73) and is discussed
in [43].
In order to apply the correctness criterion, we split p(z;,z2) into

S(z )2 ) 1 S(z ,12)
W(ZhZZ) =e 12 : ) Pr (Zlaz2) = 267 12 ) (76)

with

z:/ dzidzy e SG), (17

r

similar to before, and we obtain C = /2 from (20). As a control observable, we choose

VA

f(z1,22) = A (a4 +2) - -

2 (zi+3), (78)

yielding C||f]|,» = 0.50. The analog of figure 1(right) for the two-dimensional model is shown
in figure 2(right), with equivalent conclusions.

We have thus established that the new correctness criterion can detect incorrect convergence
due to unwanted integration cycles in simple quartic models in one and two dimensions. We
believe that these results can be extended to quartic models in higher dimensions without
too many complications. Regarding models with more involved polynomial actions, we are
confident that one should be able to find viable control observables f{z) reasonably easily, but
we have not attempted to do so yet. We stress that f(z) and f(z1,2,) above were chosen in a
purely ad-hoc manner and not derived systematically. At the time of writing, we are not aware
of any good guiding principle on how to choose appropriate f{z) for general theories. This will
become particularly clear for the model studied in the next subsection.
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5.2. Densities with zeros

We now turn to a (one-dimensional) theory whose density p has a zero on M. In particular,
we shall be concerned with the model described by

1

p(x)=7

oo
Z(z—zp)"”e_ﬂzk, Z:/ dz(z—z,)" e 7. (79)

— 00

This theory, for which again M, = R, was studied before in [8, 34]. In particular, it was found
in [34] that the complex Langevin evolution (without the introduction of a kernel and for z,
away from the real axis) converges correctly for large enough values of 3, but fails for smaller
ones. This failure, despite the absence of boundary terms, was then explained to be due to
the contribution of unwanted integration cycles [8, 34], making the model a prime target for
the new correctness criterion. We emphasize that this is an example for the appearance of
unwanted cycles even without using a kernel. Let us now discuss the setup in detail.

The density (79), in which n, is assumed to be a positive integer, 3 is assumed real and z,
is an arbitrary complex number, has two linearly independent integration cycles, namely

o0 Zp
/ dz= / a@z. / dz = / a@z, (80)
Y+ 2p Y- —o0

P

where the exact integration paths are again irrelevant due to Cauchy’s theorem. The only
important property is that the paths start at some point in complex infinity where p vanishes
and end in z,,, the finite zero of p.

The integral over the real axis, which is what we are ultimately after, can be written as a
linear combination of the two. In particular, with the definitions

Ziz/ dz(zfz,,)””efﬁzz, (81)
v+

such that Z =Z, 4+ Z_, we can write the desired expectation values as

0o= [ @@ =S+ S0, 52
with
o= [ W@ E-g)re )

Zt )y,

Therefore, in the light of the theorem (62), the complex Langevin evolution is correct if and
only if it produces a1 = 271, where we have defined v; = 74, 7, = - and similar for a; and
a; in (62).

In the following, we consider 8 = 1.6, z, =1, and n, = 2, giving Z7i ~ (0.50 £ 0.23i. That
these values are not reproduced by a complex Langevin simulation (without a kernel), i.e. that
the simulation produces incorrect results, was found in [8]. In the following, we demonstrate
that one may use the new correctness criterion to prove this fact without having to compute
the a4 explicitly. For the simulation of (79), our simulation setup is analogous to the one used
in the previous subsection, outlined in [43], the only difference being that here we restrict
the maximum allowed Langevin step size in our adaptive step-size algorithm to 10~ instead
of 1073,
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Figure 3. Validity of the SDEs (84) in the model (79) with 5 =1.6, z, =1, n, =2,
k=1,...,8 and without a kernel. The inset shows a close-up view of the smallest few
k. The data points have been offset vertically for visual clarity.

In order to apply the correctness criterion, as before, we first study the validity of the
SDE:s (24), which, for the model (79) and monomial observables z*, read

(AZ) =k(Z") +my < > —28(") =0. (84)

P

This equation demonstrates that here we indeed have to consider a larger space of observables
than just the polynomials, since # # 2 due to the zero of p(z) at z = z,. The left-hand side
of (84) for different & is shown in figure 3 and we find that the SDEs are indeed well satisfied.

Now, in order to show that the complex Langevin results are nonetheless incorrect via the
new correctness criterion, it again suffices to find a single control observable f that violates
the bounds in (26). We define

82 1 B2

w@)=e 2, p()=(z—z)"e 7. (85)

While it turned out that finding such a polynomial can be a nontrivial task in practice, we were
able to obtain at least a handful that serve our purpose. The (notably) simplest one of them
reads

12
f) =) e, (86)
n=0

with the coefficients

co=210, ¢;=—1213i, ¢, =—-3505, c¢3=06331i, c4=8583,
cs=—8175i, cg=—6825, c7=23813i, cg=2204,
Cg = —698i, Cl0 = —300, C11 = 4221, Clp = 14.2. (87)
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It was obtained by minimizing the distance’ |f(z) —g(z)||» to the function g(z) =
e—2(1+(2i+9")  which we found (rather by coincidence) to violate the bounds, within the
norm (19). For this polynomial, we find that the complex Langevin evolution produces an
expectation value whose absolute value reads |(f)cr| = 902 with negligible statistical uncer-
tainties, while the bound on the right-hand side of (26) reads C||f]|,, ~ 702. This bound is thus
clearly violated, from which one can safely conclude that the complex Langevin results are
incorrect.

6. Towards more realistic models

In this section, we briefly comment on the prospects of applying the new correctness criterion
to lattice models. After splitting the measure of the theory as in (18), we need to establish
whether the following bound holds in a complex Langevin simulation for all observables

feH:
|(Fherl < Cl|flw, (88)

with || f]|,, and C defined in (19) and (20), respectively.

For a given f, determining || f||,, is relatively easy. For instance, one could start at a random
point in M; and find a local maximum of |f(x, g) |w(x) using the gradient ascent method, since
both f and w are expected to be smooth functions in practice. To find a global maximum, one
starts the gradient ascent method at Ny, initial points and chooses the largest local maximum as
an approximation to the global maximum. Since |f(x,g)|w(x) — 0 as |x| — oo, this procedure
is expected to converge.

In order to compute C, let us introduce the non-normalized density p’ as

1

pixe)=7

p'(x,g) with ZE/ p' (x,8)du, (89)

r

and similar for the reduced density p,

L,

Pr (Xag) = zpr (Xag)a (90)

such that p’(x,g) = w(x)p/(x,g). Then, we find that

Jaq ol (x,8) |dp
C:/ lor (x,8) [dpe = + A= o1
M ‘fM,p’(X,g)du’
and, thus,
! (x,g)|d 1
c ffj,(/;( Jdu ' )
X, / ’
o eilor g idn] (e

7 One possible approach to find suitable polynomials in practice could thus be to start with an arbitrary function for
which one can somehow show that it violates the bounds (26) and then approximate it (in the norm (19)) with a
polynomial of sufficiently high order. We also remark that we are, in fact, not restricted to using polynomials here.
Any element of H would work in principle.
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Here, we have defined the expectation value with respect to |p/| as

_ f |_f(X,g) |prl (Xag) |d,u
gl = Mer o (x,g) |du

93)

This means that C can in principle be evaluated in a Monte-Carlo simulation using the
measure |p/(x,g)| on the manifold M,. Note, however, that C is the inverse of a quantity that
resembles the sign average in a phase-quenched simulation, with the difference that here we
consider |p;| instead of |p|. C might thus become large in the case of lattice models with a
strong sign problem. We mention, however, that one may explicitly introduce the phase ¢, of
pl = |p!lei®’ to write

1 1

, N . (04)
< 14 (X)g) >|pl| <ew3’ (X7g)W(X)>|pT/‘

lo/ (x,8)]

The appearance of w as a damping factor might be beneficial in practical computations.

7. Summary and conclusions

In this work, we have derived a criterion for correctness of probability measures dP on complex
manifolds M., given a complex density p on a real manifold M. In particular, we have found
necessary and sufficient conditions that ensure the correctness of dP, i.e.

/ dPf(z8,) = /M dip(%,8)f(%.8), 95)

c

for holomorphic f within a certain algebra of observables 7, defined in (14). Here, we assume
M, to be of the product form (1), with du denoting a suitable integration measure, and M. to
be its complexification.

More precisely, the necessary and sufficient conditions are on the one hand the validity of
the SDEs (24) and (25), and on the other hand the validity of the bounds (26) for all f € H,
which need to hold simultaneously. These results were derived using standard theorems of
functional analysis, assuming only that p is holomorphic and normalizable and that the partial
derivatives of logp (with respect to both x and g) grow at most like a polynomial on M.
None of these assumptions is particularly restrictive in the view of usual theories of interest
in physics. Moreover, we have required M, to be free of any zeros of p, which, however,
can always be achieved by a continuous deformation of M;. In particular, the presence of a
fermionic determinant in the density, as it appears in the path integral treatment of quantum
field theories with fermions, does not spoil the proof. Finally, the quantities w and p;, defined
in (18), are to be chosen such that the former obeys (21) and that the constant C in (20) as well
as the norms ||f]],, in (19) (for all f € H) are finite.

We should mention that there is a lot of freedom in the definition of our criteria: On the
one hand, there is freedom in the choices of w, p;, and M,, each different choice giving rise
to different bounds in general. Since different manifolds M, that are equivalent via Cauchy’s
theorem produce different bounds, one may even attempt to take the minimum of (26) over
all equivalent M, to find the lowest bound for given w, p;, and f. On the other hand, one may
define ||f]|,, and C using different norms than those in (19) and (20), see, e.g. (54) and (55).
Any violation of the bounds for any valid choice of M;, w, p, f, as well as of the norms implies
that (95) cannot be true.

22



J. Phys. A: Math. Theor. 58 (2025) 495202 M Mandl et al

We have then proceeded to test our chosen criterion in the context of complex Langevin
simulations. The complex Langevin expectation values are naturally defined via a probability
measure dP, obtained from the stationary solution of the real Fokker—Planck equation, hence
making them amenable to such an investigation. Indeed, we have found for simple one- and
two-dimensional toy models, for which exact results are readily available for comparison, that
the criterion is capable of detecting incorrect convergence where conventional correctness
criteria, such as boundary-term analyses, fail. In particular, this is the case when the com-
plex Langevin expectation values satisfy the SDEs but receive contributions from unwanted
integration cycles v; # M,. To the best of our knowledge, there are no other correctness cri-
teria for complex Langevin available that would be sensitive to different integration cycles.
Whether unwanted integration cycles play a role in realistic lattice models or even gauge
theories remains an open question. A few exploratory results in this direction can be found
in [43, 51].

Finally, we emphasize once again that our criterion is not suitable for proving that a given
simulation produces correct results, as this would require checking an infinite amount of
bounds (26). What we have demonstrated, however, is that it is capable of ruling out cor-
rectness for suitable choices of f without the need of computing exact results for observables.
How to find such f for a given theory is a nontrivial question, to which we cannot yet provide
a definite answer.
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Appendix A. Proof of continuity of w

Here, we prove the continuity of w as defined in (22).
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Proof. It suffices to show continuity of p, (X) = supyegn |(X, )| Because G is compact and
p 1s continuous, the supremum is attained at some g, € G™ for every X, i.e.

pm (X) = [p(x,8,) | (A.D)
We have to show that for any x € R” and any € > 0 there is a d(¢) > 0 such that
lom (X) = pm (¥)| <€ Vy with [x—y[<d(e). (A2)

According to lemma 1 below, |p(x,g)| is continuous in x, uniformly in g € G™, i.e. for any
e > 0 there is a d(e) > 0 such that

p(x,8) —p(v.8) [ <e Vy with |x—y|<d(e) (A.3)

and

o (x,8,) —p(y.8y)| <€ Vy with |x—y[<d(e). (A4)
Thus
pm (X) = [p (X, 8) | < lp (v, &80) [+ €< pm(y) +e
<p(x,8y) [ +2€ < pu (X) + 26, (A.5)
provided |x —y| < d(€). This implies
P (X) — € < pu (¥) < pm (X) + ¢, (A.6)
which shows the continuity of w defined by (22). 0

In the proof we used the

Lemma 1. p(X,g) is continuous in x, uniformly in g. This means that for any € > 0 there is a
0(€) > 0, independent of g, such that

lp(x,8) —p(y,g)| <e Vy with [x—y[<d(e). (A7)

Proof. Since we only need uniformity in g, we use the fact that x always lies in the interior of
a compact set B C R". Then the lemma follows from the standard theorem that a continuous
function on a compact set is uniformly continuous; see, e.g. [57] (theorem 4.19). The fact that
0(e) may depend on B is of no consequence. O

Appendix B. Approximation in the w norm

In this appendix, we demonstrate that the functions fx defined in (44) are contained in the
closure 2 of 2 with respect to the norm || - ||,

Proof. To see this, we have to show that exp(ik - x) is a limit of polynomials, which follows
by considering the Taylor expansion

N (itk-x)"
exp (itk-x) = Y ~———+Ry (B.8)

n
n=0
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with # € R and a remainder Ry. By using (21), one can show that ||Ry/,, satisfies

N1
B vv1 (N+1 2 N
Rylly < —0 e~ (22 KV B9
RNl N+ DI° ( 2b ) k] (B.9)

Here, B and b are the constants defined in (21) and we have used the general bound on the
remainder in Taylor’s theorem for a function f(¢), given by

[
Rnl <My (B.10)
provided
MN“)(T)‘gM for |7 <. (B.11)

In our case, we have M = |x|¥!|k|N*! and ¢= 1. Since limy_, o ||Ry]|,» = O, this shows that
we obtain an arbitrarily good polynomial approximation in the || - ||,, norm for functions of the
form (44). O

Appendix C. Boundary terms, convergence conditions, and Schwinger-Dyson
equations

Here, we collect a number of facts regarding the relation between vanishing boundary terms,
the validity of the SDEs and the validity of the so-called convergence conditions (CCs) [28].
The latter, also known as consistency conditions, are an expression of the fact that the complex
Langevin evolution has reached equilibrium. More precisely, we introduce the following

Definition. A linear functional T¢c on H is said to satisfy the CCs if
(ch,Lcj) =0 er H, (C.12)

where

n d m
Le=) A0+ > > AjuDix (C.13)

i=1 j=1 k=1

is the so-called complex Langevin operator (in the second term it was assumed that the
group derivations are with respect to a basis of the Lie algebra which is orthogonal with
respect to the Killing form) and the A; and A; ; are the SD operators defined in (12) and (13),
respectively.

If there are no boundary terms, the CCs (C.12) follow from the statement that the measure
dP on M_ satisfies the time-independent Fokker—Planck equation. The converse, however, is
not necessarily true, as there are examples in which the CCs hold for some observables even
though they come with nonzero boundary terms.

If the SDEs are satisfied, the CCs follow automatically, as is trivially shown [28]. Moreover,
in [28] it was also argued that the converse is true as well. Unfortunately, the argument given
there is incorrect. Thus, in the following, we derive a sufficient condition under which the CCs
do imply the SDEs, using the methods employed in the main text.
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Proposition. Let dP be a probability measure on M. Assume that p does not vanish on M,
and that the derivatives oflog p grow at most polynomially in |X|, that dP obeys the bounds (26),
and that the linear functional on ‘H generated by dP satisfies the CCs (C.12). Then, for all
feH,

[ gap= [ w)sec (xg)an (.14
M. M,
where Gcc is a complex measure on M, of finite total variation. Furthermore, defining

occ (x,8) =w(x)acc (x,8), (C.15)
occ satisfies

Lioce =0, (C.16)

where LY (the complex Fokker—Planck operator) is the transpose of L,

n d m
LI=— Z@,-AiT — Z ZDJ,kAka. (C.17)
i=1

j=1k=1

Proof. The proof is a straightforward imitation of the proofs of propositions 1 and 2 in the
main text. O

As with the SDEs, (C.16) is solved by

occ (x,g) =cp(x,8), ceC, (C.18)

where ¢ = 1 due to the normalization of P. Crucially, this solution also obeys the SDEs. If the
eigenvalue 0 of LT is nondegenerate, the SDEs are therefore implied by the CCs. This means
that we can formulate the following

Corollary. If a bounded linear functional Tcc on ‘H, generated by a probability density dP
that satisfies the bounds (26), obeys the CCs (C.12), and if the equation (C.16) has only the
solution (C.18), then Tcc also obeys the SDEs.

Remark. While we cannot rule out that the solution (C.18) is not unique, this would mean
degeneracy of the zero eigenvalue of L! restricted to the real integration manifold M,. This
could not be the case generically; it might at worst happen for exceptional parameter values.
The only cases in which such a degeneracy is known to occur, are those in which p vanishes
somewhere on M, leading to nonergodicity; but we have excluded this possibility.

To summarize, on the one hand, if the complex Langevin process relaxes to an equilibrium
distribution for which there are no boundary terms, the CCs hold. If in addition the bounds (26)
are satisfied and the zero eigenvalue of Lg is nondegenerate, the SDEs hold. On the other hand,
the validity of the SDEs always implies the CCs. For all we know, neither the CCs nor the
SDEs can guarantee the absence of boundary terms, nor does the absence of boundary terms
automatically imply the SDEs. However, at the time of writing, we have never encountered
any counterexamples to either of these scenarios.
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