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Abstract We formulate the variance-based uncertainty
relations (URs) via the Robertson’s inequality, for a 2-particle
entangled system constrained on a torus and subject to a sta-
tionary magnetic field �B. We explore the system’s parameter
space and show that these new URs have field-tunable uncer-
tainty bounds. Our analysis reveals that �A (vector potential)
induces a phase shift in the state, due to the Aharonov–Bohm
effect, leading to a perturbed system dynamics which results
in asymmetric product of variance (POV). Additionally, we
give the critical range of �A and �B where the system acts
as an entanglement amplifier; this amplification is also dis-
cussed under various geometric parameters. The possibil-
ity of reducing the POV of the conjugate pair [q, p] below
the known benchmark value by the Generalized Uncertainty
Relation (GUR) is also demonstrated. Finally, we check the
susceptibility of state coherence to �B by saturating the angu-
lar momentum uncertainty relation and identify the critical
coherence value Bc such that when B �= Bc, the state deco-
heres.

1 Introduction

Quantum entanglement and uncertainty relations (URs) are
among the most captivating aspects of quantum mechanics
and are key distinctions between the classical and quan-
tum physics. The URs are of crucial significance in many
quantum information processing applications and there has
been significant advancement in this direction; e.g., see Refs.
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[1–3]. The UR was first introduced by Heisenberg [4] and
later it was generalized by Robertson for any pair of non-
commuting observables [5] which sets a bound on the pre-
cision of simultaneous measurement of these observables.
The seminal work of Einstein, Podolsky and Rosen EPR – in
their argument against the completeness of quantum theory
– demonstrated that for a system of two correlated particles
if one could precisely measure the physical quantities of one
particle then the corresponding physical quantities of the sec-
ond particle can be measured with certainty irrespective of
the distance between them [6]. Hence uncertainty and entan-
glement are strongly linked and uncertainty for entangled
systems has been extensively studied in the form of prod-
uct of variance POV , sum of variance SOV and entropy;
see Refs. [7–10]. A similar work in this direction was done
in Refs. [11,12] which provides a variance based General-
ized Uncertainty Relation (GUR) for a system of entangled
particles with higher measurement precision compared with
the standard Heisenberg uncertainty relation (HUR). Thus
uncertainty can be reduced in the presence of entanglement
and it becomes possible to amplify the entanglement strength
which finds many potential applications in quantum infor-
mation and computing [13,14]. It is interesting to probe this
idea for a system of particles constrained on curved geome-
tries. Physics constrained on torus geometry has remained
a test bed for various interesting phenomena, for instance,
Ref. [15] investigated the effect of the shape of the universe
on the particle dynamics assuming the topology of the uni-
verse to be a torus. It also acts as a constrained space of the
equimodular states, improving the fidelity of teleported states
which is a crucial element in superdense teleportation [16].
Moreover, an external magnetic field can be applied to inves-
tigate the phenomenon of Aharonov–Bohm effect in toroidal
geometry [17,18]. Therefore, it seems interesting to explore
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variance based URs for a constrained and entangled system
(on a torus) under the effect of a stationary external field �B
and we address this question in this paper.

Dirac’s method for identifying system dynamics given
the second-class constraints has attracted attention since the
inception of the idea [19] and is reported extensively for var-
ious background geometries, e.g., see Refs. [20–26]. Dirac’s
approach for particles constrained on geometric backgrounds
is of interest because it gives access to a parameter space of
the system’s variables which allows parameter tuning as well
as the uncertainty bounds for any pair of observables can be
obtained as a function of these system variables. In this paper,
we consider a system of two entangled particles constrained
on the surface of torus under a stationary external magnetic
field �B. For this system, the constrained classical dynam-
ics of the particles is obtained using Dirac’s approach where
the standard Poisson brackets of the classical mechanics are
replaced by the Dirac brackets which contain some additional
terms [19]. These terms are attributed to the particular back-
ground geometry which constrains the particles and yields
new physics. These brackets result in URs upon canonical
quantization (CQ) which can be cast into the POV form via
the Robertson inequality by assuming that the two particles
share an entangled state of the form given in [27,28]. The
authors of [23,26] found that it is not possible to perform the
CQ within intrinsic geometry, so in view of these findings we
assume the embedding of the torus into a flat space of dimen-
sions D = DI + 1, where DI represents the dimensions of
intrinsic geometry.

This paper first introduces new variance based URs in
the form of POV and then explores the parameter regimes
which are favorable for lowering thePOV in order to amplify
the entanglement strength. Further details on the comparison
betweenPOV of these new URs with the GUR are discussed.
The susceptibility of state coherence to �B and the phase shift
induced by the Aharonov–Bohm effect for this geometric
framework, is also discussed.

The paper is organized as follows: Sect. 2 presents the
constrained classical dynamics of a 2-particle system using
Dirac’s approach. In Sect. 3, we quantize the system and
discuss POV as a function of system parameters in view
of entanglement amplification. In Sect. 4, we discuss state
coherence and other aspects. Results are summarized in Sect.
5.

2 Constrained classical dynamics of 2-particle system

First we will explore the classical dynamics of the system.
The torus geometry is captured by the following equation

⎛
⎝

x
y
z

⎞
⎠ =

⎛
⎝

(a + bsinθ)cosφ
(a + bsinθ)sinφ

bcosθ

⎞
⎠ (1)

where, a and b are the two radii (major and minor radii,
respectively) of the torus, θ andφ are the poloidal and toroidal
angles, respectively [26]. The system consists of two particles
constrained on the surface of a torus under the effect of a
stationary external magnetic field �B applied parallel to z-
axis. The Lagrangian L of this system can be written using
Lagrange multipliers as follows:

L =
∑

i

[
1

2
M η̇2

i + eη̇i .Aηi (�η, t)

−λ

(
a2 − b2 + (x2

i + y2
i + z2

i ) − 2a
√

x2
i + y2

i

)]
(2)

where, the term inside the parenthesis represents the con-
straint which imposes the constraint on particle dynamics.
In Eq. (2) i = 1, 2 is the particle index, η̇2

i = η̇2
1 + η̇2

2 =
ẋ2

1 + ẏ2
1 + ẋ2

2 + ẏ2
2 + ż2

1 + ż2
2, A is the vector potential, λ is

the Lagrange multiplier (treated as a degree of freedom), e
and M are the charge and mass of the particle, respectively.
The Hamiltonian H of this system is given by the following
equation,

H =
∑

i

[
pλλ̇ + 1

2M
(pηi − eAηi )

2

+λ

(
a2 − b2 + (x2

i + y2
i + z2

i ) − 2a
√

x2
i + y2

i

)]

(3)

It is to be noted that the Legendre transform from L to H
contains velocities λ̇ and therefore the dynamics of the sys-
tem can not be obtained via the standard Poisson algebra.
Instead, we need Dirac’s approach to obtain the correct con-
strained classical dynamics. For this, the primary constraint
(obtained from L, i.e., ρ1 = pλ ≈ 0) is incorporated into H
with the help of u (a function of time) and the resulting total
Hamiltonian is then given by the following equation [19,21]:

HT =
∑

i

[
1

2M
(pηi − eAηi )

2 +λ
(

a2 − b2 + (x2
i + y2

i

+z2
i ) − 2a

√
x2

i + y2
i

)
+ upλ

]
(4)

where, λ̇ is absorbed into u. Following Dirac’s approach, a
series of secondary constraints are also obtained by using
the consistency condition which are listed below (Note, i
is the summation index but

∑
i is dropped for convenience

hereafter).
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ρ2 = −
(

a2 − b2 + (x2
i + y2

i + z2
i ) − 2a

√
x2

i + y2
i

)
≈ 0 (5)

ρ3 = −
2

[
(pηi − eAηi ).ηi

√
x2

i + y2
i − a

(
(pxi − eAxi )xi + (pyi − eAyi )yi

)]

M
√

x2
i + y2

i

≈ 0 (6)

ρ4 = −2(pηi − eAηi )
2

M2 +
4λ

(
a2 − 2a

√
x2

i + y2
i + η2

i

)

M
+ 2a((pyi − eAyi )xi + (pxi − eAxi )yi )

2

M2(x2
i + y2

i )3/2
≈ 0 (7)

Using ρ1 = ρ2 = 0, the total Hamilton in Eq. (4) can be cast
into the following form,

HT = 1

2M
(pηi − eAηi )

2 (8)

The classical dynamics is obtained by evaluating the Dirac
brackets and the elements of the inverse matrix (IM) are
given below [19,21]:

IM =

⎛
⎜⎜⎝

0 Q−1
12 Q−1

13 q
−Q−1

12 0 −q 0
Q−1

31 q 0 0
−q 0 0 0

⎞
⎟⎟⎠ (9)

where,

q = M

4

(
a2 − 2a

√
x2

i + y2
i + x2

i + y2
i + z2

i

)

= M

4b2 ; Q−1
13 = Q−1

31 = 0 (10)

and

Q−1
12 =

(3a2 − 7a
√

x2
i + y2

i )
[
(pyi − eAyi )xi − (pxi − eAxi )yi

]2 + 4(x2
i + y2

i )2(pηi − eAηi )
2

4Mb4(x2
i + y2

i )2
(11)

The Dirac brackets which entail system dynamics are given
in the Appendix 6.1.

Equations (27)–(29) (see Appendix 6.1) are the Dirac
brackets between position and momentum degrees of free-
dom of the same particle. In contrast to the Poisson algebra,
the presence of the additional term(

i.e., x2
k (a −

√
x2

i + y2
i )2/b2(x2

i + y2
i )

)
in Eq. (27) (see

Appendix 6.1) indicates that pxk does not generate the trans-
lations of particle-k along x-axis. This term can be writ-

ten using Eq. (5) as

(
x2

k

[
2a2−(

a2−b2+x2
i +y2

i +z2
i

)]2

4a2b2(x2
i +y2

i )

)
, where

k = {1, 2}, and it gives the extent of deviation of the par-
ticle trajectory from x-axis.

Moreover, the parameters (x, y, z) and the two radii (i.e.,
a, b) indicate a point on the surface of torus in 3D-Cartesian
space (see Eq. (1)). hence, momentum seems to generate
ranslation along a twisted (curved) path; same for the y and
z-components (i.e., Eqs. (28)–(29), see Appendix).

Equations (30)–(44) (Appendix 6.1) gives the Dirac brack-
ets between the degrees of freedom of the two distinct par-
ticles. This set of equations is in contrast with the stan-
dard Poisson algebra where all these brackets vanish. This
is evident from the expression on the right side of Eqs.
(30)–(44) which appears due to the constraint incorporated
into the dynamics. This reveals that momentum can gen-
erate translations orthogonal to the position of the particle.
Moreover, one can write the terms appearing in the expres-
sion of Eqs. (30)–(44) (see Appendix 6.1) using Eq. 5 as:

z1 =
√(

b2 − a2 − (x2
i + y2

i + z2
2) + 2a

√
x2

i + y2
i

)
and

√
x2

i + y2
i = a2−b2+(x2

i +y2
i +z2

i )

2a which involve all three posi-
tion coordinates (x, y, z) and the two radii (i.e., a, b).

Equations (45)–(46) (Appendix 6.1) involves the Dirac

brackets between different position degrees of freedom
(which are generator of translation in the p-space (momen-
tum space) of the particles. This set of equations is not
affected by the background constraining geometry. This is
because no constraint is imposed on the momentum of the
particles and no ρi is obtained as a function of p only, which
enables a full p-space access. Therefore, this set of Dirac
brackets is not affected by the constraint and it coincides
with the standard Poisson brackets of classical mechanics.

Equations (47)–(61) (Appendix 6.1) contains the Dirac
brackets between different momentum degrees of freedom
of the particles. These equations also involve the two radii
and the parameters (x, y, z) and by the same argument as
above, it can be concluded that the dynamics is confined
to a torus and therefore momentum can generate translation

123



  815 Page 4 of 16 Eur. Phys. J. C           (2024) 84:815 

orthogonal to its initial direction of motion. Further, this set
of Dirac brackets can be written using the angular momentum
operator and it will be discussed in the next section.

Note that Eqs. (30)–(44) and Eqs. (47)–(61) are derived

by assuming M
√

x2
i + y2

i (in the denominator of Eq. (6)) as

a constant. One can write this expression as: M
√

x2
i + y2

i =
I
a − 13

6 Mb + Mη2
i

2a , where I = Ma2 + 3
2 Mb2 denotes the

rotational inertia of a hollow torus [29] and η2
i = x2

i + y2
i +

z2
i = x2

1 +y2
1 +z2

1+x2
2 +y2

2 +z2
2. Further, we assume (x, y, z)

to vary in such a manner that η2
i remains fixed. Hence, this

expression becomes constant and can be factored out from
the derivatives while computing the Dirac brackets.

3 Dirac quantization and POV in the presence of
entanglement

The quantum side is studied by assuming the two particles
as two maximally entangled parties (subsystems), A and B.
The subsystem A and B spans the Hilbert space HA and
HB , respectively, with the global state of the bipartite system
spanning HC = HA ⊗ HB . Since, we assume a 2-particle
constrained classical system which is partitioned into two
subsystems, each subsystem contains only one particle and
each particle acts as a subsystem of the global system. The
state of the composite system of these entangled particles is
written as follows [27,28]:

�(θ, φ) = αξ1(θ1, φ1)χ1(θ2, φ2) + βξ2(θ1, φ1)χ2(θ2, φ2)

(12)

where |α|2 + |β|2 = 1, and ξ and χ represent the basis
vectors of A and B, respectively. Due to the rotational sym-
metry around z-axis, one can write the basis vectors of each
subsystem using one-particle state on the surface of torus as
[30,31]:

ξ(θ, φ) = exp(imφ)ψ(θ) (13)

where m is an integer. Further, one can write the function
ψ(θ) as: ψ = b exp(iθ). Hence, the global state of the system
can be written using Eq. (13) and the polar form of ψ(θ) in
Eq. (12) as follows:

�(θ, φ) = √
2b2ei[m(φi +φ1φ2)+(θi +θ1θ2)] (14)

Assuming a torus with aspect ratio a/b = 3, one obtains the
expression for b as follows:

b+ = 1

2

√
x2

i + y2
i − z2

i

2
√

x2
i + y2

i

(15)

b− = 1

4

√
x2

i + y2
i + z2

i

2
√

x2
i + y2

i

(16)

We will use b+ as b in the rest of the paper. The quan-
tum dynamics is obtained via the Dirac quantization rule:
{ , }DB

i h̄ → [ , ] with h̄ = 1. The resulting URs are cast
into the POV form (see Appendix 6.2), using the Robertson
inequality, to compute the uncertainty bounds achievable for
a pair of observables of the constrained quantum system. In
the following sections, we will probe POVs in connection to
controllable entanglement strengths via system parameters.

3.1 Correlation between observables

The graphs in the following sections are plotted for the
parameter values: x1 = 2, x2 = 3.1, y1 = 2.45, y2 = 0.65,
k = 2, A = 0.5, m = 1, α = 4, h̄ = 1, e = 1, z1 = 2,
z2 = 1. The poloidal and toroidal angles (in radians) are
specified by Eq. (85) (see Appendix 6.2).

The scatter plot matrix in Fig. 1 provides a visualization of
the mutual dependence/independence of the degrees of free-
dom of distinct subsystems, which is useful for testing degree
of correlation between observables of different subsystems.
Eigenvalues are computed for the entangled state given by
(14).

Note that the derivative operators in the eigenvalue equa-
tion ( p̂�(θ, φ) = −i h̄∇�(θ, φ)), for toroidal geometry, are
given in Eqs. (86)–(88) (see Appendix 6.2)). The momentum
eigenvalues for the x and y components are given below:

p̂x1�(θ, φ) =
⎡
⎣ − mh̄ sin φ1(1 + φ2)

(a + b sin θ1)

−
x1h̄ cos θ1(1 + θ2)(a −

√
x2

i + y2
i )

b2 sin θ1

√
x2

i + y2
i

⎤
⎦�(θ, φ) (17)

p̂y1�(θ, φ) =
⎡
⎣mh̄ cos φ1(1 + φ2)

(a + b sin θ1)

−
y1h̄ cos θ1(1 + θ2)(a −

√
x2

i + y2
i )

b2 sin θ1

√
x2

i + y2
i

⎤
⎦�(θ, φ) (18)

p̂x2�(θ, φ) =
⎡
⎣ − mh̄ sin φ2(1 + φ1)

(a + b sin θ2)

−
x2h̄ cos θ2(1 + θ1)(a −

√
x2

i + y2
i )

b2 sin θ2

√
x2

i + y2
i

⎤
⎦ �(θ, φ) (19)

p̂y2�(θ, φ) =
⎡
⎣mh̄ cos φ2(1 + φ1)

(a + b sin θ2)
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Fig. 1 Scatter plot matrix representing correlation between degrees
of freedom of different subsystems. The eigenvalues of position and
momentum observables of different subsystems are analysed to check

the mutual dependence of the degrees of freedom of the two particles.
The graphs are plotted for x1 = y1 = [0, 100], θ1 = φ1 = [0, 2π ],
b = 2. All other parameter values same as described above

−
y2h̄ cos θ2(1 + θ1)(a −

√
x2

i + y2
i )

b2 sin θ2

√
x2

i + y2
i

⎤
⎦�(θ, φ) (20)

Each subplot in Fig. 1 is a scatter plot for different combi-
nations of the position and momentum observables and the
variable mentioned on the diagonal defines the horizontal
(vertical) axis of each scatter plot of that row (column). It
is evident that there exists a positive correlation between
all the degrees of freedom. This is due to the presence of
the term on the right side of the POV in Eqs. (65)–(84)
(see Appendix 6.2) which arises due to the constraint, result-
ing in a mutual dependence of these observables. Addition-
ally, since the particles share an entangled state (i.e., Eq.
(14)), the eigenvalues exhibit strong correlation between the
observables of the two subsystems. Hence, the geometry of
torus and the bipartite entanglement is responsible for the
mutual dependence of the observables of each subsystem.
Thus, the dynamics of one subsystem is strongly influenced
by the simultaneous position of the other subsystem. Results
in Fig. 1 are obtained for a fixed value of the minor radius
i.e., b = 2. However, increasing (x, y, z) increases a (see
Eq. 5), resulting in a geometrically expanding ring-shaped
torus with a >> b. The subplots in the first and third row
of Fig. 1 exhibit the effect of this geometric expansion on
the correlation between observables. One can see a nonlin-
ear correlation (for particles very close to origin) followed
by a linear positive correlation as the particles distance from
origin increases. This is because the particles near the ori-
gin are closer to the z-axis (and hence �B) and the interac-

tion of the particles with the field results in dissipation of
the entanglement, leading to nonlinear-like trend. However,
when the particles are away from origin (i.e., �B), the entan-
glement restores and the degrees of freedom of both particles
are linearly correlated as observed in entanglement revival
[32]. Additionally, one can see, this correlation sustains even
for increasing particle distance, representing long-distance
bipartite entanglement [33]. The same is observed for all the
scatter plots of Fig. 1 representing correlation between differ-
ent momentum observables. The subplots for the relationship
between position observables exhibit a perfect linear positive
correlation regardless of the particle distance from origin.
This is because although the position observables commute
(see Eqs. 45–46 in Appendix 6.1) and are mutually indepen-
dent, the correlation in the scatter plot represent the quantum
correlation due to the presence of entanglement. These results
suggest that any change in the position of one particle will
induce an equal change in position of the other particle.

Although this matrix plot illustrates the covariance of the
degrees of freedom of the two subsystems, it seems more
insightful to check how one can control thePOV between the
observables in the presence of these correlations. To achieve
this, we compute the POV via the Robertson relation and
provide a measure of the entanglement strength via quan-
tification of the uncertainty between the observables. The
uncertainty relations are obtained via Dirac quantization of
the brackets given in Appendix 6.1. While computing the
POV for the commutators corresponding to Eqs. (47)–(48)
(see Appendix 6.1), (xk pyk − yk pxk ) can be written as L(k)

z

123



  815 Page 6 of 16 Eur. Phys. J. C           (2024) 84:815 

Fig. 2 Plot of reciprocal of POV as a function of A. The red and green
curve with square and circular marker indices corresponds to the recip-
rocal of POV of Eqs. (89) and (90) (see Appendix 6.2) respectively.
The direction of �B parallel to +z-axis (counterclockwise direction ofA)
is taken as positive and the negative values of A on the horizontal axis
represents the vector potential curling the field in the opposite direction.
The inset plots reveal the system behavior at very large values of POV .
All other parameters same as described above at the start of Sect. 3.1

which is specified by an equation of the following form [20]:

L(k)
z =

(
−i h̄

∂

∂φk
− α

)
(21)

where, k = 1, 2. The POV sets an uncertainty limit on the
simultaneous measurement of a specific pair of observables
(see Appendix 6.2). In the following sections, the POV is
plotted as a function of geometric/non-geometric parameters
to examine the parameter regimes corresponding to mini-
mal(maximal) uncertainty (entanglement amplification).

3.2 Entanglement amplification via �B

Figure 2 gives the POV between different momentum
observables of each subsystem as a function of A. The red
(square marker indices) and green (circular marker indices)
curves represent the reciprocal of POV(A) for Eqs. (89) and
(90) respectively. In these curves, an increasing or decreas-
ing [POV(A)]−1 means a declining or growing product of
dispersion, and consequently an amplifying or attenuating
entanglement strength, respectively. A sharp peak is evident
for a particular value ofAwhich corresponds to the minimum
value of POV achievable between these degrees of freedom,
which will enhance the entanglement to a maximum. Conse-
quently, the corresponding A regime would act as an interval
of entanglement amplification and an entanglement attenua-
tor away from this interval. This is because the particles are
less likely to be effected by the field in these peak regions
due to small A, enabling the particles to sustain their quan-

tum correlations. An increasing A results in entanglement
decay due to a stronger influence of the field on particles
which leads to a maximum entanglement attenuation near
the edges (as seen from the inset plots).

The interval leading to entanglement amplification for A
is as follows:

5.2 ≤ A1 ≤ 7.3; − 1.4 ≤ A2 ≤ −0.2 (22)

where, the subscript of A represents the particle index. One
can see, from Eqs. (89)–(90) (see Appendix 6.2), the POV
of the i-th particle depends on the angular position of the j-th
particle and since φ1 �= φ2, the peak height of each curve is
different.

B can be obtained from A by B = A
2πb and the corre-

sponding B regions are:

0.49277≤B1≤0.69177; − 0.13267≤B2 ≤ −0.01895

(23)

The regions defined in Eq. (23) set a limit on the external
field strengths for which such a system can sustain its quan-
tum correlations and behaves as an entanglement amplifier.
Also, it is observed that entanglement is significantly attenu-
ated around A = 0, from the inset plots. From Eq. (23), it is
also evident that B �= 0 is required for entanglement ampli-
fication which highlights the significance of external field in
achieving this phenomenon. Thus, for these geometric and
entangled systems, it seems possible to control entanglement
strength via B, similar to the observation of Ref. [34] for a
different setup. It is important to note that although the parti-
cles are influenced by the field, they are not directly effected
by �B but are instead effected by �Awhich also induces a phase
shift in the state due to the Aharonov–Bohm effect [17]. This
effect is discussed in the context of our problem below.

Phase shift due to the Aharonov–Bohm effect
Figure 3 represents POV of Eq. (89) as a function of φ2,

corresponding to different A. One can see from Eq. (89)
(see Appendix 6.2), the POV between momentum degrees
of freedom of particle-1 is quadratic in φ2, with all other
parameters fixed. Therefore, the curves are parabolic with
vertex positioned at the minimum value of POV , achievable
for a given A (where, A = {0, 1, 2, 3, 4, 5}). It is clear from
the symmetry of the purple (solid) curve around φ2 = π

(for A = 0), the phase shift is zero in the absence of an
external field. The curves corresponding to A > 0, on the
other hand, are asymmetric with asymmetry ∝ A. Conse-
quently, the dynamics of particle-1 changes and as a result
the vertex (at which uncertainty is minimum) of each curve
is shifted away from φ2 = π i.e., the vertex of the curve cor-
responding to a particular A lies at φ2 ≈ π − A(0.1432π)

with �φ2 ≈ A(0.1432π) the phase shift; see the points high-
lighted with red square marker index in the inset plot in Fig. 3.
Since, thePOV is evaluated for Eq. (14), the exponential part
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Fig. 3 Line plots representing POV of Eq. (89) (see Appendix 6.2) as
a function of φ2 for different �A. The graph is plotted for α = 4.15 and
A = {0, 1, 2, 3, 4, 5}. The black vertical line from 0 to 2π exhibits the
symmetry of the purple (solid) curve, around φ2 = π , in the absence
of external field (i.e., A = 0). All other parameters same as described
above at the start of Sect. 3.1. The inset plot reveals the details of the
shifted vertex of each curve corresponding to different A

of this equation represents the phase of the composite state
with (θi , φi ) specifying the particle position on the torus.
Hence, any changes in φ2 changes the state of the composite
system, which modifies the dynamics of the particles. This
is evident from the fact that the phase φ2 corresponding to
different A is different for a fixed value of the POV , as
indicated by the red circular marker indices. Moreover, as
A → A + 2, the phase φ2 shifts by �φ2 = 2π/7. Thus,
although the particles are not under direct effect of �B, the
presence of �A perturbs the state of the system resulting in
phase shift and consequently asymmetricPOV . Moreover, it
is evident from the points highlighted with red square marker
index in the inset plot that the POV at A = 3 (for which
�φ2 ≈ 3(0.1432π)) is reduced to minimum in comparison
to that observed at A = 0 (for which �φ2 = 0). This signi-
fies the effect of phase shift due to Aharonov–Bohm effect in
amplifying entanglement strength.

3.3 Variation of POV(x, y) under geometric expansion of
the torus

Figure 4 provides an illustration of the POV of Eqs. (62)–
(64) (see Appendix 6.2) as a function of radial positions
(x, y). From Eq. (16) and the aspect ratio of torus, it is evi-
dent that increasing (x, y) gives a torus of increasing radii
and hence the background geometry expands/inflates, dis-
placing the particles away from �B (origin) and vice versa.
One must note that the strength of the external field is given
by B = A/2πb and hence B ∝ 1/b which represents posi-
tion dependence of the field and consequently the system

behavior (particle dynamics). Therefore, the POV is also a
function of radial position, denoted as POV(x, y).

In Fig. 4, the bright yellow and white regions correspond
to higher value of the POV and in this region the system acts
as an entanglement attenuator. In the dark brown regime the
uncertainty strengths (specified by POV) are much smaller,
which means the system can act as an entanglement ampli-
fier with maximal entanglement strength achievable at the
minimum uncertainty points highlighted with blue encircled
white marker in each plot. It is observed from the top and bot-
tom left plot in Fig. 4 that each subsystem responds differently
to the geometric expansion of the torus. The POV is higher
(lower) for subsystem-1 and lower (higher) for subsystem-2
around origin (edges), leading to a the reciprocal-like behav-
ior. Hence, the uncertainty between the position and momen-
tum observables of both subsystems can be reduced to signif-
icantly small strengths if the particles are not in close proxim-
ity to each other. The same is true for the y and z-components
of position and momentum observables (see middle and right
panel plots). The minimum POV for [x1, px1 ]

([x2, px2 ]
)
,

is achieved at: (x1, y1) = (−0.3493,−0.3860) ((x2, y2) =
(−3.9706,−2.5000)) with a numerical value of 1.9565 ×
10−07 (6.6389×10−09) for subsystem-1 (subsystem-2), same
for the conjugate pair [y1, py1 ]

([y2, py2 ]
)

with the plots
flipped due to the particle translation at right angles to x-
axis (see middle panel plots). For z-component, the POV
of the conjugate pair [z, pz] for subsystem-1 (subsystem-
2) is reduced to minimum i.e., 3.9768 × 10−09 (7.0432 ×
10−08) at (x1, y1) = (−3.8235,−0.5882) ((x2, y2) =
(0.9559,−0.9926)).

Note, the POV in traditional HUR with h̄ = 1 (since
the results in Fig. 4 are plotted by assuming h̄ = 1, we use
the same for comparison with HUR and GUR) is 0.25 and
for GUR the POV shifts to a smaller value of 0.0625 due
to entanglement [11]. However, for this geometric setup, the
POV (specifically at the points highlighted with white encir-
cled blue marker) is reduced significantly below the value
obtained in GUR. Hence, constrained entangled particles
under the effect of �B lead to much smaller uncertainty bounds
for the conjugate pair (i.e., [q, p], where q = (x, y, z) and
p = (px , py, pz)) in comparison to GUR.

3.4 POV as a function of angular position of the particle
on torus

Figure 5 represents the color plot of Eq. (91) as a function of
angular position (θ1, φ2). The plots illustrate the influence of
poloidal and toridal angle on the POV .

The positive (negative) value of the angle represents
the rotation in the counter-clockwise (clockwise) direction.
These results highlight how the simultaneous change in the
position of both particles effects the POV and consequently
the entanglement strength. Left plot: The dark blue regime
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Fig. 4 Upper (lower) panel represents the color plots of POV
between position and momentum observables (see Eqs. (62)–(64) in
Appendix 6.2) as a function of (x1, y1)

(
(x2, y2)

)
. The left, middle and

right plots in upper (lower) panel represents thePOV of [x, px ], [y, py]

and [z, pz] for subsystem-1 (subsystem-2) respectively. In these plots,
the points highlighted with white encircled blue marker represent the
radial position corresponding to minimum value of the POV . All other
parameters same as described above at the start of Sect. 3.1

Fig. 5 Left (middle): color plot ofPOV of Eq. (91) (see Appendix 6.2)
as a function of (θ1, φ2) corresponding to A = 0.3 (A = 0). The graph
is plotted for parameter values: x1 = 2, x2 = 3.1, y1 = 2.45, y2 = 0.65,
k = 2, m = 1, α = 4, h̄ = 1, e = 1, z1 = 1, z2 = 1. The white encir-
cled red marker represents the minimum value of POV . Right: is a

schematic representation of the direction of motion of particle-1 and its
angular momentum vector (AMV) on the surface of torus (for a better
understanding of the orientation of AMV , only a small section of the
torus is shown)

represents the points (θ, φ) corresponding to lower values of
POV , signifying the effect of background geometry on the
uncertainty bound specified by the POV . All other regions
correspond to relatively higher POV with dark red regime
representing the highest uncertainty. The point highlighted
with white encircled red marker illustrates that the POV is
minimum if both particles are traversing the torus in oppo-
site direction. Hence, the minimum (maximal) uncertainty
(entanglement strength) is achievable for particle-1 mov-
ing in counter-clockwise direction (along increasing poloidal
angle) with its angular momentum vector (AMV) L(1) point-

ing in the direction shown in Fig. 5 and for particle-2 moving
in the clockwise direction (along increasing toroidal angle)
with its AMV L(2) pointing antiparallel to �B. Thus, the
AMV L(1) is at right angles to the AMV L(2) and since
we chose m = 1 for both particles, the maximum and mini-
mum value of the integer L , specifying total orbital angular
momentum, are obtained by LT = 2 and LT = 0, respec-
tively. Particles are moving in the same direction in the for-
mer case and opposite direction in the later case. Since the
minimum uncertainty (highlighted in left plot) corresponds to
particles moving in the opposite direction, we choose LT = 0
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for which the total orbital angular momentum is zero, exhibit-
ing the lowest energy (stable) system in analogy with atomic
systems. Additionally, one can see from the point highlighted
in the left and middle plot, the POV provides a more refined
uncertainty limit between these degrees of freedom in the
presence of �B, evident from the reduced POV in the pres-
ence of external field.

4 Saturated uncertainty relations and coherent states

In the previous section, we discussed how entanglement
strength can be controlled via system parameters and high-
lighted the parameter strengths corresponding to maximal
entanglement amplification. It is also insightful to probe the
coherence/decoherence of the entangled state in the pres-
ence of �B, which would be helpful in highlighting the role
of external field in maintaining the state coherence. In this
section, we test the state coherence by saturating the Robert-
son inequality associated with angular momentum degrees of
freedoms of two different particles. The commutation rela-
tions between angular momentum components the particle-k
are derived using the Dirac’s approach discussed in Sect. 2
and are given below,

[L̂ xk , L̂ yk ] = i h̄ L̂(k)
z + i h̄

b2

[
ŷk ẑk(x̂k p̂zk + ẑk p̂xk

−ex̂kAzk ) − x̂k ẑk(ŷk p̂zk + ẑk p̂yk − eŷkAzk )
]

(24)

where, k = 1, 2. We can see (from the second term in above
equation) that constraining the particles on a torus in the pres-
ence of external fields perturbs the uncertainty relations for
angular momentum components. The commutation relation
between angular momentum components of two different
particles is given by the following equation,

[L̂ x2 , L̂ y1 ] = i h̄√
x2

i + y2
i

[
a ŷ2 ẑ1 ẑ2

×
(

( p̂x1 − eAx1) + eAx1

√
x2

i + y2
i

)
− x̂1 ŷ2 ẑ2 p̂z1

×
(√

x2
i + y2

i − a

)
+ x̂1

√
x2

i + y2
i ( p̂z1 − eAz1)

]

(25)

The POV of Eq. (25) is computed via the Robertson rela-
tion and is given as follows,

(�L̂ x2)
2(�L̂ y1)

2 ≥ h̄2

√
x2

i + y2
i

×
[

ay2z1z2

{(
− mh̄ sin φ1(1 + φ2)

(a + b sin θ1)

−
x1h̄ cos θ1(1 + θ2)(a −

√
x2

i + y2
i )

b2 sin θ1

√
x2

i + y2
i

−eAx1

)
+ eAx1

√
x2

i + y2
i

}

+
(

x1 y2z2

b
h̄sinθ1(1 + θ2)

(√
x2

i + y2
i − a

) )

−
√

x2
i + y2

i

(
x1

b
h̄sinθ1(1 + θ2) − eAz1

)]
(26)

In Fig. 6, the POV of Eq. (26) is plotted as a function of
(θ2, φ1) corresponding to different values of the vector poten-
tial A. The dark blue (red) regions represent the regions of
lower (higher) uncertainty between angular momentum com-
ponents of different particles. The red encircled white marker
represents the saturated limit SL of Robertson inequal-
ity (SL is the minimum uncertainty attainable by varying
(θ2, φ1)). The presence of the terms (θ2, φ1) in the phasor of
the quantum state Eq. (14) implies that a change in θ2 and φ1

changes the overall quantum state of the system. Therefore,
the SL in each plot represents a higher compatibility of the
observables and consequently a quantum state (correspond-
ing to particular (θ2, φ1)) which is closer to the eigenstate
of these observables. It is important to note from the left
plot that SL leads to θ2 = φ1 which implies equal phase
changes in the state of both particles. Also, since the graph is
plotted for POV of angular momentum components of dif-
ferent particles, the minimum uncertainty region represents
the coherence of angular momentum states of these particles,
see refs. [35,36]. Additionally, it is evident from both plots
that a precise specification of external field strength (i.e.,
B = Bc = 71.1mT) can maintain the coherence of angu-
lar momentum states. Note that Bc represents the coherence
range of the external field for which the uncertainty bound is
minimized with perfectly correlated phase of the two parti-
cles (left plot) and for B �= Bc the angular momentum state
decoheres (right plot).

5 Summary

The interplay between entanglement and uncertainty in the
context of constrained systems, specifically for constrained
entangled particles subject to a stationary external field �B, is
unknown. In this paper, we address this problem via Dirac’s
approach and probe for regimes in the parameter space which
are useful in amplifying the entanglement strength by reduc-
ing the POV . We have also explored the effect of �B on POV
in detail. In addition to this, we have shown that �A induces
a phase shift of �φ2 ≈ 2π/7 due to the Aharonov–Bohm
effect which alters the system dynamics, resulting asymmet-
ricPOV . The effect of background geometry onPOV is also

123



  815 Page 10 of 16 Eur. Phys. J. C           (2024) 84:815 

Fig. 6 Color plots of POV of Eq. (26) as a function of (θ2, φ1) for
different values of A. The red encircled white marker represents the sat-
urated limit SL of the inequality given in Eq. (26). The graph is plotted

for parameter values: x1 = 2, x2 = 3.1, y1 = 2.45, y2 = 0.65, k = 2,
m = 1, α = 4, h̄ = 1, e = 1, z1 = 1, z2 = 1

discussed, which results in perturbations in the entanglement
strength for different geometric scenarios, specially the case
of an expanding/inflating torus. Also, in view of [11], we
note that the lower bound of the Robertson inequality cor-
responding to the conjugate pair [q, p] can be reduced to
significantly smaller values in comparison to the GUR. Fur-
thermore, we have shown that the POV can be reduced to a
minimum provided the AMV (angular momentum vector)
of the two particles point at right angles to each other, result-
ing in a stable system. Finally, we tested the effect of �B on
coherence/decoherence of the entangled state by saturating
the angular momentum uncertainty relations. We found that
at minimum uncertainty (i.e., SL), the angular momentum
states exhibit coherence for B = Bc and a lack of coherence
for B �= Bc.
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6 Appendix

6.1 Dirac brackets

The Dirac brackets between the position and momentum
degrees of freedom of each particle are given by the fol-
lowing equations Eqs. (27)–(29).

[x1, px1 ]D =
⎛
⎝1 −

x2
1 (a −

√
x2

i + y2
i )2

b2(x2
i + y2

i )

⎞
⎠ ;

[x2, px2 ]D =
⎛
⎝1 −

x2
2 (a −

√
x2

i + y2
i )2

b2(x2
i + y2

i )

⎞
⎠ (27)

[y1, py1 ]D =
⎛
⎝1 −

y2
1 (a −

√
x2

i + y2
i )2

b2(x2
i + y2

i )

⎞
⎠ ;

[y2, py2 ]D =
⎛
⎝1 −

y2
2 (a −

√
x2

i + y2
i )2

b2(x2
i + y2

i )

⎞
⎠ (28)

[z1, pz1 ]D =
(

1 − z2
1

b2

)
;

[z2, pz2 ]D =
(

1 − z2
2

b2

)
(29)
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The Dirac brackets Eqs. (30)–(35) represent the momen-
tum generating translation of particle in a direction orthogo-
nal to its position.

[x1, py1 ]D =
−x1 y1

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
;

[x2, py2 ]D =
−x2 y2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
(30)

[x1, pz1 ]D =
x1z1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

;

[x2, pz2 ]D =
x2z2

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

(31)

[y1, px1 ]D =
−y1x1

(√
x2

i + y2
i − a

)2

b2(x2
i + y2

i )
;

[y2, px2 ]D =
−y2x2

(√
x2

i + y2
i − a

)2

b2(x2
i + y2

i )
(32)

[y1, pz1 ]D =
−y1z1

(√
x2

i + y2
i − a

)

b2
√

x2
i + y2

i

;

[y2, pz2 ]D =
−y2z2

(√
x2

i + y2
i − a

)

b2
√

x2
i + y2

i

(33)

[z1, px1 ]D =
z1x1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

;

[z2, px2 ]D =
z1x1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

(34)

[z1, py1 ]D =
z1 y1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

;

[z2, py2 ]D =
z2 y2

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

(35)

The Dirac brackets Eqs. (36)–(44) between the position
and momentum degrees of freedom of distinct particles are
given below.

[x1, px2 ]D = −
x1x2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
;

[x2, px1 ]D = −
x2x1

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
(36)

[x1, pz2 ]D =
x1z2

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

;

[x2, pz1 ]D =
x2z1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

(37)

[x1, py2 ]D = −
x1 y2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
;

[x2, py1 ]D = −
x2 y1

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
(38)

[y1, py2 ]D = −
y1 y2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
;

[y2, py1 ]D = −
y2 y1

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
(39)

[y1, px2 ]D = −
y1x2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
;

[y2, px1 ]D = −
y1x2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )
(40)

[y1, pz2 ]D =
−y1z2

(√
x2

i + y2
i − a

)

b2
√

x2
i + y2

i

;

[y2, pz1 ]D =
−y2z1

(√
x2

i + y2
i − a

)

b2
√

x2
i + y2

i

(41)
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[z1, px2 ]D =
z1x2

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

;

[z2, px1 ]D =
z2x1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

(42)

[z1, py2 ]D =
z1 y2

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

;

[z2, py1 ]D =
z2 y1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

(43)

[z1, pz2 ]D = −z1z2

b2 ;

[z2, pz1 ]D = −z1z2

b2 (44)

Equations (45)–(46) provides the Dirac brackets correspond-
ing to translations in momentum space.

[x1, z1]D = [x2, z2]D = [x1, z2]D = [x2, z1]D = 0 (45)

[y1, z1]D = [y2, z2]D = [y1, z2]D = [y2, z1]D = 0 (46)

The Dirac brackets representing the translations in position
space are listed below in Eqs. (47)–(61).

[px1 , py1 ]D

= −

(√
x2

i + y2
i − a

)2 [
x1(py1 − eAy1) − y1(px1 − eAx1)

]

b2(x2
i + y2

i )

(47)

[px2 , py2 ]D

= −

(√
x2

i + y2
i − a

)2 [
x2(py2 − eAy2 ) − y2(px2 − eAx2 )

]

b2(x2
i + y2

i )

(48)

[px1 , py2 ]D

= −

(√
x2

i + y2
i − a

)2 [
x1(py2 − eAy2 ) − y2(px1 − eAx1)

]

b2(x2
i + y2

i )

(49)

[px2 , py1 ]D

= −

(√
x2

i + y2
i − a

)2 [
x2(py1 − eAy1) − y1(px2 − eAx2 )

]

b2(x2
i + y2

i )

(50)

[px1 , pz1 ]D

=

(√
x2

i + y2
i − a

) [
x1(pz1 − eAz1) + z1(px1 − eAx1)

]

b2
√

x2
i + y2

i

(51)

[px2 , pz2 ]D

=

(√
x2

i + y2
i − a

) [
x2(pz2 − eAz2 ) + z2(px2 − eAx2 )

]

b2
√

x2
i + y2

i

(52)

[px1 , pz2 ]D

=

(√
x2

i + y2
i − a

) [
x1(pz2 − eAz2 ) + z2(px1 − eAx1)

]

b2
√

x2
i + y2

i

(53)

[px2 , pz1 ]D

=

(√
x2

i + y2
i − a

) [
x2(pz1 − eAz1) + z1(px2 − eAx2 )

]

b2
√

x2
i + y2

i

(54)

[py1 , pz1 ]D

=

(√
x2

i + y2
i − a

) [
y1(pz1 − eAz1) + z1(py1 − eAy1)

]

b2
√

x2
i + y2

i

(55)

[py2 , pz2 ]D

=

(√
x2

i + y2
i − a

) [
y2(pz2 − eAz2 ) + z2(py2 − eAy2 )

]

b2
√

x2
i + y2

i

(56)

[py1 , pz2 ]D

=

(√
x2

i + y2
i − a

) [
y1(pz2 − eAz2 ) + z2(py1 − eAy1)

]

b2
√

x2
i + y2

i

(57)

[py2 , pz1 ]D

=

(√
x2

i + y2
i − a

) [
y2(pz1 − eAz1) + z1(py2 − eAy2 )

]

b2
√

x2
i + y2

i

(58)
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[px1 , px2 ]D

= −

(√
x2

i + y2
i − a

)2

[x1(px2 − eAx2 ) − x2(px1 − eAx1)]
b2(x2

i + y2
i )

(59)

[py1 , py2 ]D

= −

(√
x2

i + y2
i − a

)2

[y1(py2 − eAy2 ) − y2(py1 − eAy1)]
b2(x2

i + y2
i )

(60)

[pz1 , pz2 ]D

= −z1(pz2 − eAz2 ) + z2(pz1 − eAz1)

b2 (61)

6.2 Product of variance POV

The following inequalities provide the parameter-tunable
URs for this geometric setup in the form of POV .

Specifically, the Eqs. (62)–(64) provide the POV of the
conjugate pair for each subsystem.

(�x̂1)
2(� p̂x1)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣
1 −

x2
1

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

;

(�x̂2)
2(� p̂x2)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣
1 −

x2
2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

(62)

(�ŷ1)
2(� p̂y1)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣
1 −

y2
1

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

;

(�ŷ2)
2(� p̂y2)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣
1 −

y2
2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

(63)

(�ẑ1)
2(� p̂z1)

2 ≥ h̄2

4

∣∣∣∣∣1 − z2
1

b2

∣∣∣∣∣
2

;

(�ẑ2)
2(� p̂z2)

2 ≥ h̄2

4

∣∣∣∣∣1 − z2
2

b2

∣∣∣∣∣
2

(64)

The Eqs. (65)–(84) represents the POV , corresponding to
Eqs. (30)–(44), between position and momentum observ-

ables of the two subsystems.

(�x̂1)
2(� p̂y1)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣

x1 y1

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

;

(�x̂2)
2(� p̂y2)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣

x2 y2

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

(65)

(�x̂1)
2(� p̂z1)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣

x1z1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

∣∣∣∣∣∣∣∣∣

2

;

(�x̂2)
2(� p̂z2)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣

x2z2

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

∣∣∣∣∣∣∣∣∣

2

(66)

(�ŷ1)
2(� p̂x1)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣

y1x1

(√
x2

i + y2
i − a

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

;

(�ŷ2)
2(� p̂x2)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣

y2x2

(√
x2

i + y2
i − a

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

(67)

(�ŷ1)
2(� p̂z1)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣

y1z1

(
a −

√
x2

i + y2
i

)

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣

2

;

(�ŷ2)
2(� p̂z2)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣

y2z2

(
a −

√
x2

i + y2
i

)

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣

2

(68)

(�ẑ1)
2(� p̂x1)

2 ≥ h̄2

4
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z1x1

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

∣∣∣∣∣∣∣∣

2

;

(�ẑ2)
2(� p̂x2)

2 ≥ h̄2

4
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z2x2

(
a −

√
x2

i + y2
i

)

b2
√

x2
i + y2

i

∣∣∣∣∣∣∣∣

2

(69)
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(�ẑ1)
2(� p̂y1)

2 ≥ h̄2

4
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z1 y1

(
a −

√
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4
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z2 y2

(
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x2

i + y2
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b2
√
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(70)
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2(� p̂x2)
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(71)

(�x̂2)
2(� p̂x1)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣

x2x1

(
a −

√
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i + y2
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b2(x2
i + y2
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(72)
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(73)
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2
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(�ŷ2)
2(� p̂x1)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣∣

y2x1

(
a −

√
x2

i + y2
i

)2

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣∣

2

(80)

(�ŷ1)
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;
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4
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)
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√
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(81)

(�ẑ1)
2(� p̂x2)

2 ≥ h̄2

4

∣∣∣∣∣∣∣∣∣

z1x2

(
a −

√
x2

i + y2
i

)
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√
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i

∣∣∣∣∣∣∣∣∣

2

;

(�ẑ2)
2(� p̂x1)
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4
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z2x1

(
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√
x2

i + y2
i

)

b2
√

x2
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i
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(�ẑ1)
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)
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i

∣∣∣∣∣∣∣∣∣

2

;

(�ẑ2)
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z2 y1

(
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√
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i + y2
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)

b2
√
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i
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(�ẑ1)
2(� p̂z2)

2 ≥ h̄2

4

∣∣∣ z1z2

b2

∣∣∣
2 ;

(�ẑ2)
2(� p̂z1)

2 ≥ h̄2

4

∣∣∣ z2z1

b2

∣∣∣
2

(84)

The evaluation of POV for the Eqs. (47)–(61), requires the
momentum observables for particles confined to a torus.
From Eq. (1), the poloidal and toroidal angle of the particle-k
are specified by equations of the following form.

θk = cos−1
( zk

b

)
; φk = tan−1

(
yk

xk

)
(85)
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where k = 1, 2. We know that, for torus, xk = xk(a, b, θk, φk).
For k = 1, the derivative operator is obtained as follows,

∂

∂x1
= (a + bsinθ1)cosφ1

b

×
(

1 − a√
(a + bsinθ1)2 + (a + bsinθ2)2

)
.

(
3

∂

∂a

+ ∂

∂b

)
+ cosθ1(a + bsinθ1)cosφ1

b2

×
(

1 − a√
(a + bsinθ1)2 + (a + bsinθ2)2

)
1

sinθ1

∂

∂θ1

− sinφ1

(a + bsinθ1)

∂

∂φ1
(86)

Similarly,

∂

∂y1
= (a + bsinθ1)sinφ1

b

×
(

1 − a√
(a + bsinθ1)2 + (a + bsinθ2)2

)
.

×
(

3
∂

∂a
+ ∂

∂b

)
+ cosθ1(a + bsinθ1)sinφ1

b2

×
(

1 − a√
(a + bsinθ1)2 + (a + bsinθ2)2

)

1

sinθ1

∂

∂θ1

cosφ1

(a + bsinθ1)

∂

∂φ1
(87)

∂

∂z1
= cosθ1

(
3

∂

∂a
+ ∂

∂b

)
− 1

b
sinθ1

∂

∂θ1
(88)

The derivative operators for the second subsystem can be
obtained in the same way. The POV of Eq. (47) is computed
using the Robertson relation and is given as follows,

(� p̂x1 )2(� p̂y1 )2 ≥ h̄2

4

×

∣∣∣∣∣∣∣∣∣

(√
x2

i + y2
i − a

)2

[(mh̄ − α) + φ2 − e(x1 − y1)A]

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣

2

(89)

Similarly,

(� p̂x2 )2(� p̂y2 )2 ≥ h̄2

4

×

∣∣∣∣∣∣∣∣∣

(√
x2

i + y2
i − a

)2

[(mh̄ − α) + φ1 − e(x2 − y2)A]

b2(x2
i + y2

i )

∣∣∣∣∣∣∣∣∣

2

(90)

6.2.1 POV of [pxi , py j ]

The POV between the momentum observables of the two
distinct particles is given by equations of the following form.
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2(� p̂y2)
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4
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√
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2

(91)
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