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Abstract
For a bipartite entanglement measure E that satisfies the γ th-power monogamy
inequality (Eq. (1.1)), and for its assisted counterpart Ea that obeys the δth-power
polygamy inequality (Eq. (1.2)), we introduce a unified, tunable framework indexed
by a parameter m ≥ 1. Within this framework, we derive two hierarchical families of
refined inequalities:

(i) a tightened α-power monogamy relation for E , valid for all α ≥ mγ ;
(ii) a tightened β-power polygamy relation for Ea , applicable for (m−1)δ < β ≤ mδ.

As m increases, the bounds become progressively tighter, recovering known results at
m = 1. Notably, the optimal monogamy bound emerges as a piecewise function of α,
with additional correction terms activated as α crosses successive integer thresholds,
thereby offering a sharper characterization of entanglement distribution. We demon-
strate that our results generalize and strengthen existing monogamy and polygamy
relations through analytical comparisons and numerical evaluations using concur-
rence and concurrence of assistance. This hierarchical, parameterized approach offers
enhanced and flexible tools for applications in quantum communication, quantum
networks, and multipartite quantum information processing.
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1 Introduction

Quantumentanglement lies at the heart of quantummechanics and plays a foundational
role in quantum information theory and quantum communication protocols [1–3].
A key distinguishing feature of entanglement—unlike classical correlations—is its
limited shareability among subsystems, a phenomenon known as the monogamy of
entanglement (MoE) [4]. This property imposes a fundamental constraint on how
entanglement may be distributed across multiple parties and has critical implications
for quantum key distribution, quantum networks, and various multipartite quantum
technologies [5–7].

In contrast, the dual notion of assisted entanglement, arising from the resource-
theoretic perspective, leads to the concept of polygamy of entanglement. This captures
the scenario in which entanglement can be spread among several subsystems with the
help of an external assisting party [8–10] and has proved useful in understanding the
structural dualities of quantum correlations in multipartite settings.

Let E be a bipartite entanglement measure. For an N -qubit state ρAB1···BN−1 , the
γ -power monogamy inequality is given by [10, Thm. 1, Def. 1]:

Eγ (ρA|B1···BN−1) ≥
N−1∑

i=1

Eγ (ρABi ), (1.1)

where γ > 0 is the smallest exponent for which the inequality holds. The reduced
density matrix ρABi is obtained by tracing out all other subsystems except A and
Bi . The monogamy inequality for squared concurrence was first introduced by Coff-
man, Kundu, and Wootters [11] and later extended to general multipartite systems by
Osborne and Verstraete [12]. Related extensions to other correlation measures, such
as quantum discord and hybrid quantum-classical quantities, have also been devel-
oped [13–20].

Dually, the polygamy inequality for the δ-power of an assisted entanglement mea-
sure Ea takes the form [21, Thm. 1, Def. 1]:

Eδ
a (ρA|B1···BN−1) ≤

N−1∑

i=1

Eδ
a (ρABi ), (1.2)

where δ > 0 denotes the maximal exponent ensuring the inequality’s validity. This
form of inequality was first demonstrated using the squared concurrence of assistance
by Gour et al. [22] and later extended to general multipartite systems [23].

While existing monogamy and polygamy inequalities provide foundational con-
straints, their bounds are often loose and fail to capture the hierarchical and asymmetric
nature of entanglement distribution in many-body systems and quantum networks.
To overcome these limitations, we propose a unified parameterized framework that
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directly incorporates hierarchy and asymmetry into the formulation of entanglement
constraints. Specifically, we introduce:

• A hierarchy parameter m, an integer that controls the depth of correlation layers
considered. By increasingm, we activate higher-order correction terms, construct-
ing a tower of progressively tighter inequalities that mirror the layered sharing of
entanglement in complex systems.

• State-dependent asymmetry parameters μ and ν, which quantify the observed
imbalance in bipartite entanglement across different partitions. These parameters
allow our bounds to adapt to the specific geometry of the quantum state or network.

Within this framework, we establish a hierarchy of α-power monogamy inequal-
ities valid in the regime α ≥ mγ , as well as a family of refined β-power polygamy
inequalities applicable for (m − 1)δ < β ≤ mδ. These refined bounds become pro-
gressively tighter as m increases and recover the standard inequalities when m = 1.
This approach not only yields mathematically sharper inequalities but also offers a
more physically nuanced description of entanglement sharing, with significant poten-
tial value for quantum key distribution, network routing, and multipartite protocol
design.

In particular, the optimal monogamy bound obtained through our framework takes
the form of a piecewise-defined function in α, where each segment incorporates
additional correction terms activated when α crosses successive thresholds 2m (with
m ∈ Z+). This structure enables strictly sharper inequalities than previous continuous
formulations, while retaining analytical tractability. Our results not only generalize but
also significantly strengthen the best-knownmonogamy and polygamy relations in the
literature, including those in [24, 25]. Both analytical derivations and numerical eval-
uations under concrete entanglement measures, such as concurrence and concurrence
of assistance (CoA), demonstrate the effectiveness and generality of our approach.

This paper is organized as follows. Section2 introduces the necessary preliminaries
and mathematical tools. In Sect. 3, we present the main results on monogamy inequal-
ities and analyze their performance. Section4 discusses the corresponding polygamy
relations. Technical proofs and supplementary material are provided in Sect. 5.

2 Preliminaries

We investigate several inequalities concerning the binomial function (1 + t)x over
certain intervals. These results are foundational to our analysis of αth-monogamy and
βth-polygamy relations in multipartite quantum systems. Our aim is to compare and
refine earlier inequalities that have been widely used in the study of such entanglement
relations.

For any real number x , we define the binomial coefficient as

(
x

n

)
= x(x − 1) · · · (x − n + 1)

n! , with

(
x

0

)
= 1.

Lemma 2.1 Let m ≥ 1 be a parameter and k > 0 a fixed constant. Then, for all t ≥ k,
the following holds:
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(1) If x ≥ m, then

(1 + t)x ≥ t x +
�m−1�∑

n=0

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n . (2.1)

(2) If m − 1 < x ≤ m (m ∈ Z+), we have

(1 + t)x ≤ t x +
m−1∑

n=0

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n . (2.2)

Here, for any real number a, �a� denote the floor function.
From [24, Lem. 2.1 (2.4)], we have the following inequality:

(1 + t)x ≥ t x + (1 + k)x − kx + k−x − t−x + (2m−1 − 2)x(t − k), (2.3)

for x ≥ m ≥ 2, where m := 1 + log2(r + 2) and r ≥ 0 as defined in [24, Lem. 2.1].
This leads to the following corollary:

Corollary 2.2 If t ≥ k ≥ 1 and x ≥ m ≥ 2, then

�m−1�∑

n=1

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n ≥ k−x − t−x + (2m−1 − 2)x(t − k). (2.4)

The lower bound in inequality (2.1) provides a uniformly tighter (or at least equiva-
lent) estimate of (1+ t)x compared to previously known results for all integer m ≥ 1,
as shown in the following cases:

(i) Whenm = 1, the inequalities in [26, Lem. 1] are special instances of Lemma 2.1.
(ii) When m = 2, under the conditions t ≥ k ≥ 1 and x ≥ 2, inequality (2.1)

simplifies to

(1 + t)x ≥ t x + (1 + k)x − kx + x
[
(1 + k)x−1 − kx−1

]
(t − k). (2.5)

Meanwhile, [24, Eq. (2.2)] provides

(1 + t)x ≥ t x + (1 + k)x − kx + k−x − t−x . (2.6)

Thus, Corollary 2.2 demonstrates that inequality (2.5) yields a sharper lower
bound than (2.6).

(iii) For m > 2, Corollary 2.2 confirms that inequality (2.1) strictly improves upon
the bound in (2.3), which appears as equation (2.4) in Lemma 2.1 of [24], under
the same conditions t ≥ k ≥ 1 and x ≥ m > 2.
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Lemma 2.3 Let {pi }Ni=1 be a non-increasing sequence of positive numbers, i.e., pi ≥
pi+1 for all 1 ≤ i < N.

(1) For x ≥ m with m ≥ 1, we have

(
N∑

i=1

pi

)x

≥ px1 +
N∑

l=2

pxl

⎛

⎝
�m−1�∑

n=0

(
x

n

) (
lx−n − (l − 1)x−n) (τl − (l − 1))n

⎞

⎠ ,

(2.7)
(2) For m − 1 < x ≤ m with m∈Z+ ≥ 1, we have

(
N∑

i=1

pi

)x

≤ px1 +
N∑

l=2

pxl

(
m−1∑

n=0

(
x

n

) (
lx−n − (l − 1)x−n) (τl − (l − 1))n

)
.

(2.8)

Here, τl := p1+p2+···+pl−1
pl

for l = 2, . . . , N.

3 Monogamy relations for the˛-th power of entanglement measures

Let ρ = ρAB1···BN−1 be an N -partite quantum state defined on the Hilbert space
HA⊗HB1 ⊗· · ·⊗HBN−1 . When the context is clear, we denote E(a)(ρABi ) := E(a)ABi
and E(a)(ρA|B1···BN−1) := E(a)A|B1···BN−1 for brevity.

A new class of monogamy relations for multipartite quantum systems follows
directly from inequality (2.7).

Theorem 3.1 Let E be a bipartite entanglement measure satisfying the γ -th power
monogamy relation (1.1), and let ρAB1···BN−1 be any N-qubit quantum state. Suppose
the set {Ei := EABi ′ }N−1

i=1 is arranged in descending order such that Eγ

i ≥ Eγ

i+1 > 0
for i = 1, . . . , N − 2. Then, for α ≥ mγ (m ≥ 1), the following monogamy relation
holds:

Eα
A|B1···BN−1

≥ Eα
1 +

N−1∑

l=2

⎛

⎝
�m−1�∑

n=0

(
α/γ

n

) [
l

α
γ

−n − (l − 1)
α
γ

−n
]
(τl − (l − 1))n

⎞

⎠ Eα
l ,

(3.1)

where τl :=
∑l−1

i=1 Eγ
i

Eγ
l

for l = 2, . . . , N − 1.

Physical Interpretation. The parameter m in (3.1) selects the correlation order
included in the bound. With m = 1, we recover the basic monogamy inequality.
Increasing m adds higher-order correction terms that capture deeper sharing con-
straints among subsystems. Therefore, a larger m yields a more complete description
of the entanglement structure. This is particularly important for analyzing systems
with strong multipartite correlations or for cryptographic applications that demand
tighter bounds.
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Lemma 3.2 Let E be a monogamous entanglement measure satisfying (1.1). For any
tripartite quantum state ρABC , there exists μ ≥ 1 such that

Eγ

A|BC ≥ μ Eγ

AB + Eγ

AC ≥ Eγ

AB + Eγ

AC , (3.2)

where μ depends on the specific state ρABC .

Proof SinceE is non-increasing under partial trace,wehaveEγ

A|BC ≥ max{Eγ

AB, Eγ

AC }.
Assume Eγ

AB = max{Eγ

AB, Eγ

AC }.
(1) If Eγ

AB = 0, set μ = 1, and (3.2) holds trivially.

(2) If Eγ

AB > 0, set μ := Eγ
A|BC−Eγ

AC

Eγ
AB

, then the equality Eγ

A|BC = μEγ

AB + Eγ

AC holds,

and (1.1) guarantees μ ≥ 1.

	

The following corollary follows immediately from Theorem 3.1 and Lemma 3.2.

Corollary 3.3 LetE be a bipartite entanglementmeasure satisfying the γ -thmonogamy
inequality (1.1) for any tripartite quantum state ρABC . If Eγ

AB ≥ Eγ

AC > 0, then for
α ≥ mγ (m ≥ 1) and μ ≥ 1,

Eα
A|BC ≥ μ

α
γ Eα

AB +
�m−1�∑

n=0

(
α/γ

n

)[
(1 + μ)

α
γ

−n − μ
α
γ

−n
]
μn

(
Eγ

AB

Eγ

AC

− 1

)n

Eα
AC .

(3.3)

More generally, we have

Theorem 3.4 Let E be a bipartite entanglementmeasure satisfying the γ -thmonogamy
relation (1.1) for any N-qubit quantum state ρAB1···BN−1 . Suppose the sequence
{Ei := EABi ′ }N−1

i=1 is arranged in descending order such that Eγ

i ≥ Eγ

i+1 > 0 for
i = 1, . . . , N − 2. Then, for α ≥ mγ (m ≥ 1), we have

Eα
A|B1···BN−1

≥ μ
α
γ

⎛

⎝Eα
1 +

N−2∑

l=2

⎡

⎣
�m−1�∑

n=0

(
α/γ

n

)
(l

α
γ

−n − (l − 1)
α
γ

−n
)(τl − (l − 1))n

⎤

⎦ Eα
l

⎞

⎠

+
⎛

⎝
�m−1�∑

n=0

(
α/γ

n

) [
(1 + μ(N − 2))

α
γ

−n − (μ(N − 2))
α
γ

−n
]
μn [

τN−1 − (N − 2)
]n

⎞

⎠ Eα
N−1

(3.4)

where μ ≥ 1 and τl :=
∑l−1

i=1 Eγ
i

Eγ
l

for l = 2, . . . , N − 1.

Proof By the γ -monogamy relation (1.1), we have Eγ

A|B1···BN−1
≥ Eγ

1 + Eγ
2 + · · · +

Eγ

N−1. Since Eγ

i ≥ Eγ

i+1 for i = 1, . . . , N − 2, there exists μ ≥ 1 such that

Eγ

A|B1···BN−1
≥ μ

∑N−2
i=1 Eγ

i + Eγ

N−1. The inequality (3.4) then follows from Theo-
rem 3.1 and Lemma 3.2. 	
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Remark 3.5 Let ρAB1···BN−1 be an N -partite quantum state.

(1) If μ = 1, then (3.4) reduces to (3.1).
(2) If μ > 1, then the bound in (3.4) is strictly tighter than that in (3.1), since the

function h(x, y) = (1 + y)x − yx is strictly increasing in y for x ≥ 1 and y > 0.

Physical Interpretation. Theorem 3.4 simultaneously incorporates the hierarchy
parameter m and the state-dependent asymmetry parameter μ (defined in Lemma
3.2). When μ > 1, the entanglement distribution is imbalanced, and the bound in
(3.4) is strictly tighter than the general bound in (3.1). This reflects the physical real-
ity that entanglement distribution in many-body systems is typically non-uniform; our
framework adapts to this asymmetry to provide more precise constraints. For instance,
in quantum networks, entanglement distribution is often asymmetric due to channel
losses or topological constraints, and our bounds can provide more accurate estimates
for entanglement allocation in such networks.

Comparisonof themonogamy relations for entanglementmeasureE . ByRemark3.5
and [24, Cor. 3.8], the following unified family of monogamy inequalities for the α-th
power of an entanglement measure E holds:

Eα
A|B1···BN−1

≥ μ
α
γ

⎛

⎝Eα
1 +

N−2∑

l=2

⎡

⎣
�m−1�∑

n=0

(
α/γ

n

)
(l

α
γ

−n − (l − 1)
α
γ

−n
)(τl − (l − 1))n

⎤

⎦ Eα
l

⎞

⎠

+
⎛

⎝
�m−1�∑

n=0

(
α/γ

n

)[
(1+μ(N − 2))

α
γ

−n−(μ(N − 2))
α
γ

−n
]
μn [

τN−1 − (N − 2)
]n

⎞

⎠Eα
N−1

≥ Eα
1 +

N−1∑

l=2

⎛

⎝
�m−1�∑

n=0

(
α/γ

n

)
(l

α
γ

−n − (l − 1)
α
γ

−n
)(τl − (l − 1))n

⎞

⎠ Eα
l

≥ Eα
1 +

N−1∑

l=2

[
l

α
γ − (l − 1)

α
γ ) + (l − 1)−

α
γ − τ

− α
γ

l +
(
2m−1 − 2

)
[τl − (l − 1)]

]
Eα
l

≥ Eα
1 +

N−1∑

l=2

[
l

α
γ − (l − 1)

α
γ

]
Eα
l ≥ Eα

1 +
(
2

α
γ − 1

) N−1∑

l=2

Eα
l ≥

N−1∑

l=1

Eα
l

for all α ≥ mγ with m ≥ 2, where μ ≥ 1 and τl =
∑l−1

i=1 Eγ
i

Eγ
l

for l = 2, . . . , N − 1.

Therefore, for α ≥ mγ (m ≥ 2), the lower bound given in (3.4) is sharper than that
of (3.1). Furthermore, by Corollary 2.2, the bound in (3.1) improves upon the earlier
results in [24, Lem. 2.1 (2.4)] and thereby also those in [25].

We now demonstrate that the α-th (0 ≤ α ≤ γ ) power monogamy relation derived
here outperforms existing results using the example of concurrence.

Recall that the concurrence for a pure state ρAB ∈ HA ⊗ HB is defined as

[27, 28]: C(|ψ〉AB) =
√
2[1 − Tr(ρ2

A)] =
√
2[1 − Tr(ρ2

B)], where ρA (resp. ρB)
is the reduced density matrix by tracing over the subsystem B (resp. A). For a
mixed state ρAB , the concurrence is given by the convex roof extension [29]:
C(ρAB) = min{pi ,|ψi 〉}

∑
i piC(|ψi 〉), where the minimum is taken over all possi-

ble pure decompositions ρAB = ∑
i pi |ψi 〉〈ψi | with pi ≥ 0 and

∑
i pi = 1.

123



   61 Page 8 of 17 Y. Cao et al.

The following result follows directly from Theorem 3.4.

Corollary 3.6 Let C be the concurrence entanglement measure satisfying the second-
order monogamy relation (1.1), and let ρAB1···BN−1 be any N-qubit quantum state.
Assume the sequence {Ci = CABi ′ }N−1

i=1 is arranged in descending order, such that
C2
i ≥ C2

i+1 > 0 for i = 1, . . . , N − 2. Then, for all α ≥ 2m with m ≥ 1, we have

Cα
A|B1···BN−1

≥ μ
α
2

⎛

⎝Cα
1 +

N−2∑

l=2

⎡

⎣
�m−1�∑

n=0

(
α/2

n

)
(l

α
2 −n − (l − 1)

α
2 −n)(τl − (l − 1))n

⎤

⎦Cα
l

⎞

⎠

+
⎛

⎝
�m−1�∑

n=0

(
α/2

n

) [
(1 + μ(N − 2))

α
2 −n − (μ(N − 2))

α
2 −n

]
μn [

τN−1 − (N − 2)
]n

⎞

⎠Cα
N−1

(3.5)

where μ ≥ 1 and τl =
∑l−1

i=1 C
2
i

C2
l

for l = 2, . . . , N − 1 with N ≥ 4.

Example 3.7 Let ρ = |ψ〉〈ψ | be the three-qubit state defined in [30]:

|ψ〉 = λ0|000〉 + λ1e
iϕ |100〉 + λ2|101〉 + λ3|110〉 + λ4|111〉,

where
∑4

i=0 λ2i = 1 andλi ≥ 0 for all i . Then, the concurrences are given by:CA|BC =
2λ0

√
λ22 + λ23 + λ24, CAB = 2λ0λ2, and CAC = 2λ0λ3. Set λ0 = λ1 = λ2 = 1

2 and

λ3 = λ4 =
√
2
4 . Then, we compute: CA|BC =

√
2
2 , CAB = 1

2 , and CAC =
√
2
4 . By

Lemma 3.2 and Corollary 3.3, we obtain:μ = C2
A|BC−C2

AC

C2
AB

= 3
2 , and t = μ · C2

AB
C2
AC

= 3.

Using Corollary 3.6, for any α ≥ 2, the lower bound from our αth-monogamy
relation becomes

Z1 = μ
α
2 Cα

AB +
�α/2−1�∑

n=0

(
α/2

n

) [
(1 + μ)

α
2 −n − μ

α
2 −n

]
μn

(
C2

AB

C2
AC

− 1

)n

Cα
AC

=
(
3

2

) α
2

(
1

2

)α

+
�α/2−1�∑

n=0

(
α/2

n

) [(
5

2

) α
2 −n

−
(
3

2

) α
2 −n

] (
3

2

)n
(√

2

4

)α

.

The corresponding bound from Theorem 3.1 is

Z2 = Cα
AB +

�α/2−1�∑

n=0

(
α/2

n

)(
2

α
2 −n − 1

) (
C2

AB

C2
AC

− 1

)n

Cα
AC

=
(
1

2

)α

+
�α/2−1�∑

n=0

(
α/2

n

)(
2

α
2 −n − 1

) (√
2

4

)α

.

123



Unified monogamy and polygamy relations for multipartite… Page 9 of 17    61 

For any α ≥ 4, the αth-monogamy relation given in [24, Thm. 3.7] is

Z3 = Cα
AB +

⎛

⎝2
α
2 −

(
C2

AB

C2
AC

)− α
2

+
(
2

α
2 −1 − 2

) α

2

(
C2

AB

C2
AC

− 1

)⎞

⎠Cα
AC

=
(
1

2

)α

+
(
2

α
2 − 2− α

2 +
(
2

α
2 −1 − 2

) α

2

) (√
2

4

)α

.

Bounds from [15, 16, 31], respectively, are

Z4 = (
1

2
)α +

(
2

α
2 − 1

)
(

√
2

4
)α, Z5 = (

1

2
)α + α

2
(

√
2

4
)α, Z6 = (

1

2
)α + (

√
2

4
)α.

See Fig. 1 for Comparison.

4 Polygamy relation for theˇth power of assisted entanglement

The following Theorem is directly derived from (2.8).

Fig. 1 Comparison of six lower bounds Zi (i = 1, . . . , 6) for the α-th power monogamy relation of
concurrence under the three-qubit state from Example 3.7. Bounds Z1 and Z2 are derived via piecewise
expansion based on Corollary 3.6 and Theorem 3.1, respectively, and exhibit a staircase structure with
respect to α. This stepwise structure reflects the piecewise refinement induced by increasingm: each “step”
corresponds to activation of a higher-order correction term when α crosses 2γ , mirroring the discrete nature
of entanglement sharing inmulti-qubit systems. Bounds Z3 to Z6 correspond to previously proposed results.
Among them, Z1 (which incorporates the state-dependent asymmetry parameter) provides the tightest lower
bound for all α ≥ 4, demonstrating the efficacy of high-order refinement and the importance of accounting
for entanglement asymmetry. The overall downward trend illustrates how the monogamy of entanglement
strengthens as α increases
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Theorem 4.1 Let E be a bipartite assisted entanglement measure satisfying the
δth-polygamy (1.2) and ρAB1···BN−1 any N-qubit quantum state. Arrange {Eai =
EaABi ′ |i = 1, · · · , N − 1} in descending order with Eδ

ai ≥ Eδ
ai+1

> 0 for i =
1, · · · , N − 2, then

Eβ
aA|B1···BN−1

≤ Eβ
a1 +

N−1∑

l=2

Eβ
al

(
m−1∑

n=0

(
β/δ

n

)
(l

β
δ
−n − (l − 1)

β
δ
−n)(τal − (l − 1))n

)

(4.1)

for (m − 1)δ < β ≤ mδ (m∈Z+ ≥ 1), where τal =
∑l−1

i=1 Eδ
ai

Eδ
al

for l = 2, 3, . . . , N − 1.

Physical Interpretation. In the polygamy inequality (4.1), the parameter m plays
a role analogous to that in the monogamy case: It controls the depth of correlations
considered in the upper bound. For β within the interval ((m − 1)δ,mδ], the bound
incorporates up to m − 1 correction terms. This enables a finer-grained description
of the sharability of assisted entanglement, which is particularly relevant in quantum
networks where entanglement assistance is often utilized to distribute correlations
among multiple parties (Figs. 1 and 2).

Similar to Lemma 3.2, we have

Lemma 4.2 For a tripartite quantum state ρABC , there exist 0 ≤ ν ≤ 1 satisfies

Eδ
aA|BC ≤ νEδ

aAB + Eδ
aAC ≤ Eδ

aAB + Eδ
aAC , (4.2)

where ν is related to the quantum state ρABC , and Eδ
aAB = max{Eδ

aAB , Eδ
aAC }.

Proof Since assisted entanglement measure Ea is non-increasing under partial traces,
we have Eγ

aA|BC ≥ max{Eγ
aAB , Eγ

aAC }. Suppose Eγ
aAB = max{Eγ

aAB , Eγ
aAC }. (1) If Eγ

aAB =
0, then suppose ν = 1. (2) If Eγ

aAB > 0, set ν = Eγ
aA|BC −Eγ

aAC

Eγ
aAB

, then we have Eγ
aA|BC =

νEγ
aAB + Eγ

aAC . And by (1.2), we get 0 ≤ ν ≤ 1. 	

Theorem 4.3 Let E be a bipartite assisted entanglement measure satisfying the
δth-polygamy (1.2) and ρAB1···BN−1 any N-qubit quantum state. Arrange {Eai =
EaABi ′ |i = 1, · · · , N − 1} in descending order with Eδ

ai ≥ Eδ
ai+1

> 0 for i =
1, · · · , N − 2, then

Eβ
aA|B1···BN−1

≤ ν
β
δ

(
Eβ
a1 +

N−2∑

l=2

[
m−1∑

n=0

(
β/δ

n

)
(l

β
δ
−n − (l − 1)

β
δ
−n)(τal − (l − 1))n

]
Eβ
al

)

+
⎛

⎝
�m−1�∑

n=0

(
β/δ

n

) [
(1 + ν(N − 2))

β
δ
−n − (ν(N − 2))

β
δ
−n

]
νn

[
τaN−1 − (N − 2)

]n
⎞

⎠ Eβ
aN−1

(4.3)
for (m − 1)δ < β ≤ mδ (m∈Z+ ≥ 1), where 0 ≤ ν ≤ 1 and τal =
Eδ
a1

+Eδ
a2

+···+Eδ
al−1

Eδ
al

, l = 2, 3, · · · , N − 1 (N ≥ 4).
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Proof By the δth-polygamy (1.2), Eγ
aA|B1···BN−1

≤ Eγ
a1 + Eγ

a2 + · · · + Eγ
aN−1 . Using the

ordering condition Eγ
ai ≥ Eγ

ai+1 > 0 for i = 1, · · · , N − 2, there exists 0 ≤ ν ≤ 1
such that Eγ

aA|B1···BN−1
≤ ν

(Eγ
a1 + · · · + Eγ

aN−2

) + Eγ
aN−1 . So (4.3) drived by Theorem

4.1 and Lemma 4.2. 	

Physical Interpretation.Theorem 4.3 combines the hierarchy parameter m and the

state-dependent parameter ν, which quantifies the asymmetry in the distribution of
assisted entanglement. When 0 < ν < 1, the bound in (4.3) is tighter than the general
bound in (4.1), reflecting that the shareability of entanglement is often constrained
by the weakest link. This state-adaptive bound provides more realistic constraints for
quantum communication tasks that rely on entanglement assistance, such as remote
state preparation or distributed quantum computing.

Now consider the concurrence of assistance (CoA) as an illustrative case. CoA is
defined by [12]

Ca (ρAB) = max{pi ,|ψi 〉}
∑

i

piC (|ψi 〉) ,

where the maximum is taken over all possible convex roofs of pure state decomposi-
tions: ρAB = ∑

i pi |ψi 〉 〈ψi | with pi � 0,
∑

i pi = 1 and |ψi 〉 ∈ HA ⊗ HB .
For an N -partite pure state |ψ〉AB1···BN−1

, the concurrence with respect to the par-
tition A|B1 · · · BN−1 satisfies the polygamy relation [23]:

C2(|ψ〉A|B1···BN−1) ≤ C2
aAB1

+ C2
aAB2

+ · · ·C2
aABN−1

. (4.4)

Corollary 4.4 Let |ψ〉AB1···BN−1 be any N-qubit pure state and Ca be bipartite assisted
quantum measure CoA satisfying the polygamy relation (4.4). Arrange {Cai =
CaABi ′ |i = 1, · · · , N − 1} in descending order, and that Cδ

ai ≥ Cδ
ai+1

> 0 for
i = 1, · · · , N − 2. Then, for 2(m − 1) < β ≤ 2m with m∈Z+ ≥ 1, we have

Cβ
aA|B1···BN−1

≤ ν
β
2

(
Cβ
a1 +

N−2∑

l=2

[
m−1∑

n=0

(
β/2

n

)
(l

β
2 −n − (l − 1)

β
2 −n)(τal − (l − 1))n

]
Cβ
al

)

+
(
m−1∑

n=0

(
β/2

n

) [
(1 + ν(N − 2))

β
2 −n − (ν(N − 2))

β
2 −n

]
νn

[
τaN−1 − (N − 2)

]n
)
Cβ
aN−1

,

(4.5)

where 0 ≤ ν ≤ 1 and τal =
∑l−1

i=1 C
2
ai

C2
al

for l = 2, . . . , N − 1.

Example 4.5 Let ρ = |ψ〉〈ψ | be the three-qubit state defined by [30]:

|ψ〉 = λ0|000〉 + λ1e
iϕ |100〉 + λ2|101〉 + λ3|110〉 + λ4|111〉.

where
∑4

i=0 λ2i = 1, and λi ≥ 0 for i = 0, 1, 2, 3, 4. Then, C(|ψ〉A|BC ) =
2λ0

√
λ22 + λ23 + λ24, CaAB = 2λ0

√
λ22 + λ24, and CaAC = 2λ0

√
λ23 + λ24. Set λ0 =
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1
9 , λ1 = 0, λ2 = 2

9 , λ3 = 2
√
10
9 , λ4 = 2

3 . Then, we have CaA|BC = 8
√
5

81 ,CaAB =
4
√
10

81 ,CaAC = 4
√
19

81 . Thus, by Lemma 4.2, ν = C2
aA|BC −C2

aAB

C2
aAC

= 10
19 . Set m = 2 (since

m ≥ 1).
By Corollary 4.4, for any δ < β ≤ 2δ, the RHS of the βth-polygamy relation is

T1 = ν
β
2 Cβ

aAC +
(

(1 + ν)
β
2 − ν

β
2 + β

2

[
(1 + ν)

β
2 −1 − ν

β
2 −1

]
ν

(
C2
aAC

C2
aAB

− 1

))
Cβ
aAB

=
(
10

19

) β
2

(
4
√
19

81

)β

+
⎛

⎝
(
29

19

) β
2 −

(
10

19

) β
2 + 9

38
β

⎡

⎣
(
29

19

) β
2 −1

−
(
10

19

) β
2 −1

⎤

⎦

⎞

⎠
(
4
√
10

81

)β

The following upper bound from Theorem 4.1 is (Fig. 2)

T2 = Cβ
aAC +

(
2

β
2 − 1 + β

2

(
2

β
2 −1 − 1

) (
C2
aAC

C2
aAB

− 1

))
Cβ
aAB

Fig. 2 Comparisons between two upper bounds T1 and T2 associated with the β-th power polygamy
relation of the concurrence of assistance, under the specific three-qubit quantum state |ψ〉 constructed
in Example 4.5. The bound T1 corresponds to the newly proposed inequality in Corollary 4.5, which
incorporates the state-dependent refinement via the parameter ν = 10

19 , while T2 is derived from the
classical bound in Theorem 4.1 that does not utilize this refinement. As can be seen, the curve representing
T1 consistently lies below that of T2 for the entire domain β ∈ [2, 4], demonstrating that the new bound
obtained through the parameterized inequality structure yields a strictly tighter constraint on the assisted
entanglement distribution. It demonstrates that the new bounds obtained through a parameterized inequality
structure impose tighter constraints on the distribution of assisted entanglement
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=
(
4
√
19

81

)β

+
(
2

β
2 − 1 + 9

20
β

(
2

β
2 −1 − 1

)) (
4
√
10

81

)β

5 Appendix

5.1 Proof of Lemma 2.1

Consider the function:
f (x, t) = (1 + t)x − t x

defined on (x, t) ∈ [m,+∞)×[k,+∞).Then, ∂n f (x,t)
∂tn = xn[(1+t)x−n−t x−n], (n =

0, 1, 2, · · · ),where the falling factorial xn = x(x −1) · · · (x −n+1),(n = 1, 2, · · · ),
and x0 = 1.

(1) For x ≥ m, ∂�m� f (x,ξm )

∂t�m� = x�m� [
(1 + ξm)x−�m� − ξ

x−�m�
m

]
≥ 0. Thus, for

t ≥ k > 0, the Taylor formula of f (x, t) at the point (x, k) with the Lagrange
remainder term is

f (x, t) =
�m−1�∑

n=0

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n

+
(

x

�m�
) [

(1 + ξm)x−�m� − ξ x−�m�
m

]
(t − k)�m�

≥
�m−1�∑

n=0

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n

where ξm ∈ (k, t), (m ≥ 1, n = 0, 1, . . . , �m − 1�).
(2) For m − 1 < x ≤ m, we need to analyze this in two separate cases:

1◦ If m − 1 < x ≤ �m�, then ∂�m� f (x,ηm )

∂t�m� = x�m� [
(1 + ηm)x−�m� − η

x−�m�
m

]
≤ 0.

Thus, for t ≥ k > 0, we have

f (x, t) =
�m−1�∑

n=0

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n

+
(

x

�m�
)[

(1 + ηm)x−�m� − ηx−�m�
m

]
(t − k)�m�

≤
�m−1�∑

n=0

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n

where ηm ∈ (k, t).
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2◦ If �m� < x ≤ m, then ∂�m� f (x,ζm )

∂ y�m� = x�m� [
(1 + ζm)x−�m� − ζ

x−�m�
m

]
≤ 0.

Therefore, for t ≥ k > 0

f (x, t) =
�m−1�∑

n=0

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n

+
(

x

�m�
) [

(1 + ζm)x−�m� − ζ x−�m�
m

]
(t − k)�m�

≤
�m−1�∑

n=0

(
x

n

) [
(1 + k)x−n − kx−n] (t − k)n

where ζm ∈ (k, t).
And for any real number a, �a� and �a� denote the floor and ceiling functions,

respectively.

5.2 Proof of Corollary 2.2

For t ≥ k ≥ 1, set F(t) = ∑�m−1�
n=1

(x
n

)[(1 + k)x−n − kx−n](t − k)n − k−x + t−x −
(2m−1 − 2)x(t − k). Then

F
′
(t) =

�m−1�∑

n=1

(
x

n

)
[(1 + k)x−n − kx−n]n(t − k)n−1 − xt−x−1 − (2m−1 − 2)x

F
′′
(t) =

�m−1�∑

n=2

(
x

n

)
[(1 + k)x−n − kx−n]n(n − 1)(t − k)n−2 + x(x + 1)t−x−2 ≥ 0

So

F
′
(t) ≥ F

′
(k) = x[(1 + k)x−1 − kx−1 − k−x−1 − (2m−1 − 2)]

≥ x[(1 + k)x−1 − kx−1 − (2m−1 − 1)] (byk ≥ 1)

≥ 0 (byh(x, k) ≥ h(m, 1))

where the function h(x, t) = (1+t)x−1−t x−1 is increasing in x ≥ m ≥ 2, t ≥ k ≥ 1.
This implies F(t) is increasing function for t ≥ k ≥ 1, so F(t) ≥ F(k) = 0, which
yields (2.4).
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5.3 Proof of Lemma 2.3

We use induction on N . The case of N = 1 is clear. Assume (2.7) holds for < N . For
given pi , it is clear that p1 + p2 + · · · + pN−1 ≥ (N − 1)pN . Using Lemma 2.1 we
have that

(
N∑

i=1

pi

)x

= (p1 + p2 + · · · + pN )x = pxN

(
1 + p1 + · · · + pN−1

pN

)x

≥ pxN

⎛

⎝
(
p1 + · · · + pN−1

pN

)x

+
�m−1�∑

n=0

(
x

n

)
[(Nx−n − (N − 1)x−n)] (τN − (N − 1))n

⎞

⎠

= (p1 + · · · + pN−1)
x + pxN

�m−1�∑

n=0

(
x

n

)
[(Nx−n − (N − 1)x−n)] (τN − (N − 1))n

where τN = p1+···+pN−1
pN

. By the inductive hypothesis, the above is no less than the
right-hand side (RHS) of (2.7). The proof of (2.8) is similar.

6 Conclusion

In this work, we have developed a unified and parameterized framework for refining
monogamy and polygamy inequalities of bipartite entanglement measures in multi-
partite quantum systems. By dividing the region through an integer parameter m ≥ 1,
we have established:

• A hierarchy of tighter α-power monogamy inequalities for any bipartite entangle-
ment measure E , valid for α ≥ mγ ;

• A family of refined β-power polygamy inequalities for any assisted entanglement
measure Ea , applicable for (m − 1)δ < β ≤ mδ.

This framework is physically motivated by the inherently hierarchical and asymmetric
nature of entanglement distribution. The parameterm controls the depth of considered
correlations,while state-specific parametersμ and ν quantify entanglement imbalance,
allowing our bounds to adapt to the actual geometry of quantum states.

The resulting monogamy bound emerges as an optimal piecewise function of α,
with segments activated at thresholds 2m. This structure incorporates higher-order
corrections, delivering strictly sharper constraints than previous continuous formula-
tions. Our results generalize and strengthen existing relations (e.g., [24, 25]), naturally
recovering standard bounds when m = 1. Analytical proofs and numerical tests using
concurrence and concurrence of assistance confirm their enhanced tightness.

By further introducing state-dependent parameters μ and ν, we also tighten
the relations in [32]. This methodology advances the quantitative understanding of
entanglement distribution and provides practical tools for quantum communication,
networks, and multipartite information processing.

123



   61 Page 16 of 17 Y. Cao et al.

Acknowledgements The work is supported in part by the Simons Foundation (grant nos. MP-TSM-
00002518 & 36482).

Author Contributions Y.C., N.J, and Y.W. wrote the main manuscript text and Y. W. prepared Figures 1-2.
All authors reviewed the manuscript.

Data Availability Data are provided within the manuscript or supplementary information files.

Declarations

Conflict of interest The authors declare no Conflict of interest.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Chen, K., Albeverio, S., Fei, S.M.: Concurrence of arbitrary dimensional bipartite quantum states.
Phys. Rev. Lett. 95(4), 040504 (2005)

2. Horodecki, R., Horodecki, P., Horodecki, M., Horodecki, K.: Quantum entanglement. Rev. Mod. Phys.
81, 865 (2009)

3. Datta, A., Flammia, S.T., Shaji, A., Caves, C.M.: Constrained bounds on measures of entanglement.
Phys. Rev. A 75(6), 1004 (2006)

4. Adesso, G., Serafini, A., Illuminati, F.: Multipartite entanglement in three-mode Gaussian states of
continuous-variable systems: quantification, sharing structure, and decoherence. Phys. Rev. A 73,
032345 (2006)

5. Barrett, J.: Nonsequential positive-operator-valued measurements on entangled mixed states do not
always violate a Bell inequality. Phys. Rev. A 65, 042302 (2002)

6. Cleve, R., Buhrman, H.: Substituting quantum entanglement for communication. Phys. Rev. A 56,
1201 (1997)

7. Gigena, N., Rossignoli, R.: Bipartite entanglement in fermion systems. Phys. Rev. A 95, 062320 (2017)
8. Kim, J.S., Das, A., Sanders, B.C.: Entanglement monogamy of multipartite higher-dimensional quan-

tum systems using convex-roof extended negativity Phys. Rev. A 79, 012329 (2009)
9. Kim, J.S.: Weighted polygamy inequalities of multiparty entanglement in arbitrary-dimensional quan-

tum systems. Phys. Rev. A 97, 042332 (2018)
10. Gour, G., Guo, Y.: Monogamy of entanglement without inequalities. Quantum 2, 81 (2018)
11. Coffman, V., Kundu, J., Wootters, W.K.: Distributed entanglement. Phys. Rev. A 61, 052306 (2000)
12. Osborne, T.J., Verstraete, F.: General monogamy inequality for bipartite qubit entanglement. Phys.

Rev. Lett. 96(22), 220503 (2006)
13. Giorgi, G.L.: Monogamy properties of quantum and classical correlations. Phys. Rev. A 84, 054301

(2011)
14. Choi, J.H., Kim, J.S.: Monogamy properties of quantum and classical correlations. Phys. Rev. A 92(4),

042307 (2015)
15. Jin, Z.X., Li, J., Li, T., et al.: Tighter monogamy relations in multiqubit systems. Phys. Rev. A 97,

032336 (2018)
16. Zhu, X.N., Fei, S.M.: Entanglement monogamy relations of qubit systems. Phys. Rev. A 90, 024304

(2014)
17. Kumar, A., Prabhu, R., Sen(De), A., Sen, U.: Effect of a large number of parties on the monogamy of

quantum correlations. Phys. Rev. A 91, 012341 (2015)

123

http://creativecommons.org/licenses/by/4.0/


Unified monogamy and polygamy relations for multipartite… Page 17 of 17    61 

18. Kim, J.S., Das, A., Sanders, B.C.: Entanglement monogamy of multipartite higher-dimensional quan-
tum systems using convex-roof extended negativity. Phys. Rev. A 79, 012329 (2009)

19. Ou, Y.C., Fan, H.: Monogamy inequality in terms of negativity for three-qubit states. Phys. Rev. A
75(6), 062308 (2007)

20. Lee, S., Park, J.:Monogamy entanglement and teleportation capability. Phys. Rev. A 79, 054309 (2009)
21. Guo, Y.: Any entanglement of assistance is polygamous. Quant. Inf. Process. 17, 222 (2018)
22. Gour, G., Meyer, D.A., Sanders, B.C.: Deterministic entanglement of assistance and monogamy con-

straints. Phys. Rev. A 72, 042329 (2005)
23. Gour, G., Bandyopadhay, S., Sanders, B.C.: Dual monogamy inequality for entanglement. J. Math.

Phys. 48, 012108 (2007)
24. Cao, Y., Jing, N., Misra, K., Wang, Y.L.: Tighter parameterized monogamy relations. Quant. Inf.

Process. 23, 282 (2024)
25. Gao, L.M., Yan, F.L., Gao, T.: Tighter monogamy and polygamy relations of multiparty quantum

entanglement. Quant. Inf. Process. 19, 276 (2020)
26. Xie, B., Zhao, M.J., Li, B.: General monogamy & polygamy properties of quantum systems. Quant.

Inf. Process. 22, 124 (2023)
27. Uhlmann, A.: Fidelity and concurrence of conjugated states. Phys. Rev. A 62, 032307 (2000)
28. Rungta, P.,Buzek,V.,Caves,C.M.,Hillery,M.,Milburn,G.J.:Universal state inversion and concurrence

in arbitrary dimensions. Phys. Rev. A 64, 042315 (2001)
29. Yu, C.S., Song, H.S.: Entanglement monogamy of tripartite quantum states. Phys. Rev. A 77, 032329

(2008)
30. Acín, A., Andrianov, A., Costa, L., Jane, E., Latorre, J.I., Tarrach, R.: Generalized schmidt decompo-

sition and classification of three-Quantum-qubit systems. Phys. Rev. Lett. 85, 1560 (2000)
31. Jin, Z.X., Fei, S.M.: Tighter entanglement monogamy relations of qubit systems Quant. Inf. Proc. 16,

77 (2017)
32. Cao, Y., Jing, N., Misra, K., Wang, Y.L.: Superior monogamy and polygamy relations and estimates

of concurrence Eur. Phys. J. Plus 140, 101 (2025)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	Unified monogamy and polygamy relations for multipartite systems
	Abstract
	1 Introduction
	2 Preliminaries
	3 Monogamy relations for the α-th power of entanglement measures
	4 Polygamy relation for the βth power of assisted entanglement 
	5 Appendix
	5.1 Proof of Lemma 2.1
	5.2 Proof of Corollary 2.2
	5.3 Proof of Lemma 2.3

	6 Conclusion
	Acknowledgements
	References


