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Abstract

For a bipartite entanglement measure £ that satisfies the yth-power monogamy
inequality (Eq. (1.1)), and for its assisted counterpart £, that obeys the §th-power
polygamy inequality (Eq. (1.2)), we introduce a unified, tunable framework indexed
by a parameter m > 1. Within this framework, we derive two hierarchical families of
refined inequalities:

(i) atightened a-power monogamy relation for &, valid for all @ > my;
(ii) atightened B-power polygamy relation for &, applicable for (m —1)8 < B < m3.

As m increases, the bounds become progressively tighter, recovering known results at
m = 1. Notably, the optimal monogamy bound emerges as a piecewise function of «,
with additional correction terms activated as « crosses successive integer thresholds,
thereby offering a sharper characterization of entanglement distribution. We demon-
strate that our results generalize and strengthen existing monogamy and polygamy
relations through analytical comparisons and numerical evaluations using concur-
rence and concurrence of assistance. This hierarchical, parameterized approach offers
enhanced and flexible tools for applications in quantum communication, quantum
networks, and multipartite quantum information processing.

Keywords Monogamy - Polygamy - Concurrence - Concurrence of assistance (CoA)

Supported in part by Simons Foundation grant nos. 36482 and MP-TSM-00002518.

B Naihuan Jing
jing@ncsu.edu

Yue Cao
caoyue @gzmtu.edu.cn

Kailash Misra
misra@ncsu.edu

Yiling Wang

ywang327 @ncsu.edu

School of Arts and Sciences, Guangzhou Maritime University, Guangzhou 510725, Guangdong,
China

2 Department of Mathematics, North Carolina State University, Raleigh, NC 27695, USA

Published online: 11 February 2026 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11128-026-05076-6&domain=pdf

61 Page2of17 Y.Caoetal.

Mathematics Subject Classification Primary: 81P68 - Secondary: 81P40 - 85

1 Introduction

Quantum entanglement lies at the heart of quantum mechanics and plays a foundational
role in quantum information theory and quantum communication protocols [1-3].
A key distinguishing feature of entanglement—unlike classical correlations—is its
limited shareability among subsystems, a phenomenon known as the monogamy of
entanglement (MoE) [4]. This property imposes a fundamental constraint on how
entanglement may be distributed across multiple parties and has critical implications
for quantum key distribution, quantum networks, and various multipartite quantum
technologies [5—7].

In contrast, the dual notion of assisted entanglement, arising from the resource-
theoretic perspective, leads to the concept of polygamy of entanglement. This captures
the scenario in which entanglement can be spread among several subsystems with the
help of an external assisting party [8—10] and has proved useful in understanding the
structural dualities of quantum correlations in multipartite settings.

Let £ be a bipartite entanglement measure. For an N-qubit state pap,...y_,, the
y-power monogamy inequality is given by [10, Thm. 1, Def. 1]:

N—-1
EY (pAB--By-1) = Y E (paB,). (1.1)

i=1

where y > 0 is the smallest exponent for which the inequality holds. The reduced
density matrix pap; is obtained by tracing out all other subsystems except A and
B;. The monogamy inequality for squared concurrence was first introduced by Coff-
man, Kundu, and Wootters [11] and later extended to general multipartite systems by
Osborne and Verstraete [12]. Related extensions to other correlation measures, such
as quantum discord and hybrid quantum-classical quantities, have also been devel-
oped [13-20].

Dually, the polygamy inequality for the §-power of an assisted entanglement mea-
sure &, takes the form [21, Thm. 1, Def. 1]:

N—-1

E(PAIBL-By_) = Y Ea(paB): (12)
i=1

where § > 0 denotes the maximal exponent ensuring the inequality’s validity. This
form of inequality was first demonstrated using the squared concurrence of assistance
by Gour et al. [22] and later extended to general multipartite systems [23].

While existing monogamy and polygamy inequalities provide foundational con-
straints, their bounds are often loose and fail to capture the hierarchical and asymmetric
nature of entanglement distribution in many-body systems and quantum networks.
To overcome these limitations, we propose a unified parameterized framework that
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directly incorporates hierarchy and asymmetry into the formulation of entanglement
constraints. Specifically, we introduce:

e A hierarchy parameter m, an integer that controls the depth of correlation layers
considered. By increasing m, we activate higher-order correction terms, construct-
ing a tower of progressively tighter inequalities that mirror the layered sharing of
entanglement in complex systems.

e State-dependent asymmetry parameters 4 and v, which quantify the observed
imbalance in bipartite entanglement across different partitions. These parameters
allow our bounds to adapt to the specific geometry of the quantum state or network.

Within this framework, we establish a hierarchy of a-power monogamy inequal-
ities valid in the regime o > my, as well as a family of refined S-power polygamy
inequalities applicable for (m — 1)§ < f < mé. These refined bounds become pro-
gressively tighter as m increases and recover the standard inequalities when m = 1.
This approach not only yields mathematically sharper inequalities but also offers a
more physically nuanced description of entanglement sharing, with significant poten-
tial value for quantum key distribution, network routing, and multipartite protocol
design.

In particular, the optimal monogamy bound obtained through our framework takes
the form of a piecewise-defined function in «, where each segment incorporates
additional correction terms activated when o crosses successive thresholds 2m (with
m € Z.). This structure enables strictly sharper inequalities than previous continuous
formulations, while retaining analytical tractability. Our results not only generalize but
also significantly strengthen the best-known monogamy and polygamy relations in the
literature, including those in [24, 25]. Both analytical derivations and numerical eval-
uations under concrete entanglement measures, such as concurrence and concurrence
of assistance (CoA), demonstrate the effectiveness and generality of our approach.

This paper is organized as follows. Section 2 introduces the necessary preliminaries
and mathematical tools. In Sect. 3, we present the main results on monogamy inequal-
ities and analyze their performance. Section4 discusses the corresponding polygamy
relations. Technical proofs and supplementary material are provided in Sect. 5.

2 Preliminaries

We investigate several inequalities concerning the binomial function (1 + #)* over
certain intervals. These results are foundational to our analysis of ath-monogamy and
Bth-polygamy relations in multipartite quantum systems. Our aim is to compare and
refine earlier inequalities that have been widely used in the study of such entanglement
relations.

For any real number x, we define the binomial coefficient as

<x>=x(x_1)"'(x_”+l), with <x>=1.
n n! 0

Lemma 2.1 Letm > 1 be a parameter and k > 0 a fixed constant. Then, forallt > k,
the following holds:
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(1) If x = m, then

lm—1]

A+ =+ ) (’ri) [+ k)" =] (1 — k)" 2.1)

n=0

2) Ifm—1<x<m(m e Z;), we have

m—1
A+ <+ <z) [(1+ 0" — k"] — k)" 2.2)
n=0

Here, for any real number a, |a] denote the floor function.

From [24, Lem. 2.1 (2.4)], we have the following inequality:
A+ =+ +h)" =k +kF =+ Q" —2)x(r — k), (2.3)

forx > m > 2, where m := 1 4+ log,(r + 2) and r > 0 as defined in [24, Lem. 2.1].
This leads to the following corollary:

Corollary 2.2 Ift > k > 1 and x > m > 2, then

lm—1]

3 (i) [+ =] =k = k™ = 2" = 2)x(t — k). (2.4)

n=1

The lower bound in inequality (2.1) provides a uniformly tighter (or at least equiva-
lent) estimate of (1 4 ¢)* compared to previously known results for all integer m > 1,
as shown in the following cases:

(i) Whenm = 1, the inequalities in [26, Lem. 1] are special instances of Lemma 2.1.
(i1)) When m = 2, under the conditions t > k > 1 and x > 2, inequality (2.1)
simplifies to

A4+0)" >+ +h)* =k +x [(1 +h) = k"_l] t—k. (25
Meanwhile, [24, Eq. (2.2)] provides
A0 =5+ A4k =k k= (2.6)

Thus, Corollary 2.2 demonstrates that inequality (2.5) yields a sharper lower
bound than (2.6).

(iii) For m > 2, Corollary 2.2 confirms that inequality (2.1) strictly improves upon
the bound in (2.3), which appears as equation (2.4) in Lemma 2.1 of [24], under
the same conditions r > k > land x > m > 2.
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Lemma 2.3 Let { p,-}lN: | be a non-increasing sequence of positive numbers, i.e., p; >
pi+1foralll <i < N.

(1) For x > m withm > 1, we have

N X N [m—1] .
(Zp,) Y 1D () (" — a1 ") @ — -y |,
i=1

=2 n=0
2.7
(2) Form —1 <x <mwithmez, > 1, we have

N X N m—1
(Z Pi) <pi+)Y.p (Z <z> N R VS NN (e 1»”) :
i=1 =2 n=0 2.8)

Here, 1) := Wforl:Z,...,N.

3 Monogamy relations for the a-th power of entanglement measures

Let p = pap,..By_; be an N-partite quantum state defined on the Hilbert space
Ha®Hp, ®---®@Hp,_,. When the context is clear, we denote E,) (paB,) := E)AB;
and S(a)(pAlBlu-BN_l) = g(a)A|Bl“'BN—l for brevity.

A new class of monogamy relations for multipartite quantum systems follows
directly from inequality (2.7).

Theorem 3.1 Let &€ be a bipartite entanglement measure satisfying the y-th power
monogamy relation (1.1), and let pap,...sy_, be any N-qubit quantum state. Suppose
the set {&; == 5AB,-/ }1N=_11 is arranged in descending order such that Eiy > 5;;1 >0
fori=1,..., N —2. Then, fora > my (m > 1), the following monogamy relation
holds:

N—1 [|m—1]
oy, 2+ | D (a/y> [17—" — (- 1)?‘"] (w—a—1)" e,

[=2 n=0 n
3.1)

—lgy
where 1 .= ==L forl=2,...,N — 1.

=1
g
Physical Interpretation. The parameter m in (3.1) selects the correlation order
included in the bound. With m = 1, we recover the basic monogamy inequality.
Increasing m adds higher-order correction terms that capture deeper sharing con-
straints among subsystems. Therefore, a larger m yields a more complete description
of the entanglement structure. This is particularly important for analyzing systems
with strong multipartite correlations or for cryptographic applications that demand
tighter bounds.
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Lemma 3.2 Let £ be a monogamous entanglement measure satisfying (1.1). For any
tripartite quantum state pApc, there exists (0 > 1 such that

Expe = mE g +Ehe = Exp +Exes (3.2)
where ( depends on the specific state pspc.
Proof Since £ is non-increasing under partial trace, we have SXI Be = max{c‘fz B S};C}.
Assume &}, = max{&) 5, EX -}
It EVB =0, set © = 1, and (3.2) holds trivially.

Er =&Y
(2) IfE, > 0, set p == % then the equality 5A‘BC = &l + & holds,
and (1.1) guarantees & > 1.

O
The following corollary follows immediately from Theorem 3.1 and Lemma 3.2.

Corollary 3.3 Let & be a bipartite entanglement measure satisfying the y -th monogany
inequality (1.1) for any tripartite quantum state pspc. IfEXB > SXC > 0, then for
a>my m>1)and pu > 1,

N lm—1] Ol/)/ u N g)/ n
Epc = n Ep+ ) < " ) [(1 +07 " = lﬂ_n] " (—AB - 1) Exc-
n=0
More generally, we have

Theorem 3.4 Let £ be a bipartite entanglement measure satisfying the y -th monogamy
relation (1.1) for any N-qubit quantum state pap,..By_,. Suppose the sequence

{& - 5/“3/}{\’711 is arranged in descending order such that Sy > & i1 > 0 for
i=1,...,N —2. Then, fora > my (m > 1), we have

. N=2 [ |m-1] a/y .
gy Z 17 [EF D D ( )W’" — =D "M@m= —-1)" | &
1=2 n=0

[m—1]
+ ( > (“,/f) [+ mV =277 = v =207 | e = ¥ = 2)]" | 5y

n=0
(3.4)
Z/
where u > 1 and 7; := L ‘forl—2 N —1.

Proof By the y-monogamy relation (1.1), we have 5X|Bl___BN_1 & +& 4+ +

5}(,71. Since 5V > EV fori = 1,..., N — 2, there exists u > 1 such that
5Z|Bl___BN71 > u ZN £ SV + 517\/,_1. The inequality (3.4) then follows from Theo-
rem 3.1 and Lemma 3. 2 O
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Remark 3.5 Let pap,...py_, be an N-partite quantum state.

(1) If u = 1, then (3.4) reduces to (3.1).
(2) If & > 1, then the bound in (3.4) is strictly tighter than that in (3.1), since the
function A (x, y) = (1 + y)* — y* is strictly increasing in y for x > 1 and y > 0.

Physical Interpretation. Theorem 3.4 simultaneously incorporates the hierarchy
parameter m and the state-dependent asymmetry parameter u (defined in Lemma
3.2). When p > 1, the entanglement distribution is imbalanced, and the bound in
(3.4) is strictly tighter than the general bound in (3.1). This reflects the physical real-
ity that entanglement distribution in many-body systems is typically non-uniform; our
framework adapts to this asymmetry to provide more precise constraints. For instance,
in quantum networks, entanglement distribution is often asymmetric due to channel
losses or topological constraints, and our bounds can provide more accurate estimates
for entanglement allocation in such networks.

Comparison of the monogamy relations for entanglement measure £. By Remark 3.5
and [24, Cor. 3.8], the following unified family of monogamy inequalities for the o-th
power of an entanglement measure £ holds:

. N=2 [ m—1] Iy .
gy Z 17 [EF D D ( )UV —A=1y " @m—A-1)" | &
1=2

n=0

(a/y> I:(l‘f'ﬂ(N 2))7_,1—(M(N - 2))V n] TN 1— (N — 2)] )8?\[/—1

n=0
N—1 [|m—1] Ol/ B
=& + > ( 7’)(l?’” — =D Y@ == 1)
=2 n=0 n
NIk, o o _a
> & + [17 -(I-DH+d-DH7 -7 7 (2’" - ) n—(l—l)]]gl
=2
N—l[ N a} B N-1 N-1
> &+ Iry —(A =17 |&F > &8+ (27 — & > £
=2 ( >z:2 =1
I— l
for all @ > my withm > 2, where u > 1 and 7; = g' & forl—2 , N —1.
1

Therefore, for « > my (m > 2), the lower bound given in (3.4) is sharper than that
of (3.1). Furthermore, by Corollary 2.2, the bound in (3.1) improves upon the earlier
results in [24, Lem. 2.1 (2.4)] and thereby also those in [25].

We now demonstrate that the -th (0 < o < y) power monogamy relation derived
here outperforms existing results using the example of concurrence.

Recall that the concurrence for a pure state pap € Ha ® Hp is defined as

[27. 281 C(1¥)ap) = /21 = Tr(p)] = \/2[1 — Te(p})). where pa (resp. pp)
is the reduced density matrix by tracing over the subsystem B (resp. A). For a
mixed state pasp, the concurrence is given by the convex roof extension [29]:
C(pap) = mingp, jy;)) >; PiC (1)), where the minimum is taken over all possi-
ble pure decompositions pap = Y, pi|¥i)(¥i| with p; > Oand ) ; p; = 1.
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The following result follows directly from Theorem 3.4.

Corollary 3.6 Let C be the concurrence entanglement measure satisfying the second-
order monogamy relation (1.1), and let pap,...py_, be any N-qubit quantum state.

Assume the sequence {C; = Cyx By }IN= _11 is arranged in descending order, such that
C2 > Clz+1 >0fori=1,...,N —2. Then, forall o > 2m with m > 1, we have

B N=2| m—1] .
C% gy, = 1E | CO+ Z( )(ﬁ,n_(1_1)7,,,)({1_(1_1)),, cs
=2 n=0

lm—1]
2 a n
+ ( 3 ( / )[(1+M(N 2087 = (N =237 [ov-r — NV = 2)]" ) €y
n=0
(3.5)
l l

where u > 1 and 1 = 1 ’forl—2 ., N —1with N > 4.

Example 3.7 Let p = |) (| be the three-qubit state defined in [30]:
[¥) = 20/000) + A1€'?|100) + A2[101) + A3]110) + A4]111),

where Z?:() A? = land}; > Oforalli. Then, the concurrences are givenby: C4pc =

2)»0,/)»% +)\.% + )»2, Cap = 202, and Cac = 200r3. Set hg = A1 = Ay = % and

A3 = Mg = */TE. Then, we compute: Cajpc = “/Tj, Cap = %, and Cac = @. By

C2 pe—C3

—A‘Bgz AC 2, and t = %ﬁ =
Using Corollary 3.6, for any o > 2, the lower bound from our ozth monogamy

relation becomes

Lemma 3.2 and Corollary 3.3, we obtain:yu =

le/2—-1]

o o o C2 8
Zi=p3C%y + Z ( )[(1+u)2”—u2"]u” (ﬁ”) Cic
AC

_(3\% /1 “+L°‘%‘:1J a2\ [/5\5 /3\: "] /3\" (v2\”
2 2 n 2 2 2 4
n=0
The corresponding bound from Theorem 3.1 is
la/2—1] 2 n
2 « C
=C%+ Z (/)(22 "—1)<—C§‘B—1> Cle
AC
|_a/2—1j o
1\* o/2\ /.« V2
=(= 227" 1) [ ==
(2)+,§<n)< ()
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For any « > 4, the oth-monogamy relation given in [24, Thm. 3.7] is

. () . c?
z=Cpt (20 (22 +(27—1—2)% ol 1)) cie
AC AC

:<%>a+(2%‘_2‘§+<231_2) %) \/TE ot.

Bounds from [15, 16, 31], respectively, are

1 « V2 1 a V2 1 V2
Z=_Ol (27_1)_(%’2:_(1 __Ot’ZZ_C( _Ol.
4 (2)+ (4) s (2)+2(4) 6 (2)+(4)
See Fig. 1 for Comparison.
4 Polygamy relation for the Sth power of assisted entanglement
The following Theorem is directly derived from (2.8).
Comparison of Z; to Zs
0.25 — Ty
—
el 73
-z
0.20
=I5
-—= Zs
015
Cl
N
0.10
0.05
0.00
a 6 8 10 12 14 16 18 2
a
Fig. 1 Comparison of six lower bounds Z; (i = 1,...,6) for the «-th power monogamy relation of

concurrence under the three-qubit state from Example 3.7. Bounds Z1 and Z; are derived via piecewise
expansion based on Corollary 3.6 and Theorem 3.1, respectively, and exhibit a staircase structure with
respect to . This stepwise structure reflects the piecewise refinement induced by increasing m: each “step”
corresponds to activation of a higher-order correction term when « crosses 2y, mirroring the discrete nature
of entanglement sharing in multi-qubit systems. Bounds Z3 to Z¢ correspond to previously proposed results.
Among them, Z (which incorporates the state-dependent asymmetry parameter) provides the tightest lower
bound for all « > 4, demonstrating the efficacy of high-order refinement and the importance of accounting
for entanglement asymmetry. The overall downward trend illustrates how the monogamy of entanglement
strengthens as « increases
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Theorem 4.1 Let £ be a bipartite assisted entanglement measure satisfying the
Sth-polygamy (1.2) and pap,...By_, any N-qubit quantum state. Arrange {&, =
€aA3i/|i = 1,---, N — 1} in descending order with Sgi > 82i+1 > 0 fori =
1,---, N =2, then

N—1 m—1 B/8 p 5
Eunimy -y = €6+ D&l <Z ( | )(la‘" — =15 (g — (1 = 1))”)
1=2

n=0
1)
[—1 o8

1 &0
for (m —1)8 < B <mé8 (mez, > 1), where 1, = Z’;; “forl=2,3,...,N—1.
a

Physical Interpretation. In the polygamy inequality (4.1), the parameter m plays
a role analogous to that in the monogamy case: It controls the depth of correlations
considered in the upper bound. For 8 within the interval ((m — 1)3, m4§], the bound
incorporates up to m — 1 correction terms. This enables a finer-grained description
of the sharability of assisted entanglement, which is particularly relevant in quantum
networks where entanglement assistance is often utilized to distribute correlations
among multiple parties (Figs. 1 and 2).

Similar to Lemma 3.2, we have

Lemma 4.2 For a tripartite quantum state pspc, there exist 0 < v < 1 satisfies

8 8 8 8 8
gaA\BC = vgaAB + gaAC = gaAB + gaAC’ (42)
where v is related to the quantum state pspc, and SSAB = max{EgAB, E,fAC}.

Proof Since assisted entanglement measure &, is non-increasing under partial traces,

we have 53A\3c > max{&},,. &L} Suppose £, , = max{&},,, Ebyc ) DIEEY , p =

ggA\BC _‘%Ac
)4

0, then suppose v = 1. (2) If €}, , > 0, setv = . then we have &, ;. =

4AB

vé'}{AB—i—&'gAC.Andby(l.Z),wegetOfv§ 1. O

Theorem 4.3 Let £ be a bipartite assisted entanglement measure satisfying the
Sth-polygamy (1.2) and pap,...By_, any N-qubit quantum state. Arrange {&, =
5aAB,-/|i = 1,---, N — 1} in descending order with c‘,’ji > 53i+1 > 0 fori =
1,---, N —2, then

-2

m—1
[Z (ﬁf)u%—n =D — - 1>>"} 55)
n=0

(8 L4+v(N =205 — N =25 v N2 | &f
+ Z<n>[<+v< =) = N = 2) TV [, — (N =2)]" | €

n=0

N
B B
EaAlBBy_, S V7 (551 +
=2

4.3)
for (im — 1)6 < B < mé (mgz, = 1), where 0 < v < 1 and 7,, =
R
8—5’122’3"" ,N —1(N >4).

a
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Proof By the §th-polygamy (1.2), SZ,’A‘BIMBNA <& 4+ &+ +E),_ . Using the

ordering condition 52,’1. > &ZH >0fori =1,---,N — 2, thereexists 0 < v <1
such that 5;/A|31-~BN,1 <v (& + -+ &)+ En- S0 (4.3) drived by Theorem
4.1 and Lemma 4.2. O

Physical Interpretation.Theorem 4.3 combines the hierarchy parameter m and the
state-dependent parameter v, which quantifies the asymmetry in the distribution of
assisted entanglement. When 0 < v < 1, the bound in (4.3) is tighter than the general
bound in (4.1), reflecting that the shareability of entanglement is often constrained
by the weakest link. This state-adaptive bound provides more realistic constraints for
quantum communication tasks that rely on entanglement assistance, such as remote
state preparation or distributed quantum computing.

Now consider the concurrence of assistance (CoA) as an illustrative case. CoA is
defined by [12]

C = max iC i),
« (PAB) {p[_’WIsz (¥i))

where the maximum is taken over all possible convex roofs of pure state decomposi-
tions: pap = Y ; pi |¥i) (Yil with p; >0, ", pi = L and |¢;) € Ha @ Hp.

For an N-partite pure state [{) o5,...5,_,» the concurrence with respect to the par-
tition A|Bj - - - By—_1 satisfies the polygamy relation [23]:

C2 (V) aiBy-By ) < Capy +Capp +---Co

aAB aAB, AABN_1” (“4.4)
Corollary 4.4 Let |v) ap,...By_, be any N-qubit pure state and C, be bipartite assisted
quantum measure CoA satisfying the polygamy relation (4.4). Arrange {C, =
Caapyli = 1,--- N — 1} in descending order, and that Cﬁi > CSM > 0 for
i=1,---,N =2 Then, for2(m — 1) < B < 2m withmez, > 1, we have

P P N-2[m—1 ,3/2 P P
Charny, V2 (CE+ Y Z( : )(lr" — (=17 ") (g — U= 1)" | Ch
0

I=2 Ln= 4.5)
"= (B2 s 8 n
+ (Z ( . ) [(1 +V(N=2)77" — (v(N — 2))7*"} V' [tay_y — (N = 2)] ) Chy -
n=0
=1 2
where 0 < v < 1and v, = ’212 “forl=2,...,N— 1.
ay

Example 4.5 Let p = |Y) (/| be the three-qubit state defined by [30]:
[¥) = 10]000) + A1€?[100) + A2|101) 4 A3]110) + A4]111).

where Z?:o)‘iz = l,and &; = 0 fori = 0,1,2,3,4. Then, C(|Y)ajpc) =
200y A3 + A3+ A%, Capp = 2h0y/A3 + 45, and Cyye = 220,/A3 + 23, Set g =
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1 2 24/10 2 8

g M =0, = 5,43 = L,M = 3. Then,zwe ha;/e CaAlBC = g(,CaAB =
Ca _Ca

48110’ CaAC = 4f . Thus, by Lemmad4.2,v = % = 19 Setm = 2(SIHC6

m>1)

By Corollary 4.4, for any § < B < 26, the RHS of the Bth-polygamy relation is

c?
-1 AC B
]” (Cg - 1)) Cuan
aAB
B
44/10

T, :szﬁAC+((1+V)z —p2 +§[(1+‘,)§—1_V

B <19> ( \87)
B () 2| ) - ()

The following upper bound from Theorem 4.1 is (Fig. 2)

2
8 3 B (6 Caac B
TZZCaAC+<22_1+2(22 —1)(C3—1 Caan
aAB

[S1isS

+

Polygamy Relations: T, and T

007 Y 0

0.06

0.05

0.04

Ti(B)

0.03

0.02

001

0.00

zbo 235 250 2’75 360 3‘25 3’50 3%5 400

B

Fig. 2 Comparisons between two upper bounds 7| and 7, associated with the B-th power polygamy
relation of the concurrence of assistance, under the specific three-qubit quantum state |) constructed
in Example 4.5. The bound 7] corresponds to the newly proposed inequality in Corollary 4.5, which
incorporates the state-dependent refinement via the parameter v = g, while 7 is derived from the
classical bound in Theorem 4.1 that does not utilize this refinement. As can be seen, the curve representing
T1 consistently lies below that of 7, for the entire domain 8 € [2, 4], demonstrating that the new bound
obtained through the parameterized inequality structure yields a strictly tighter constraint on the assisted
entanglement distribution. It demonstrates that the new bounds obtained through a parameterized inequality
structure impose tighter constraints on the distribution of assisted entanglement
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() o) ()

5 Appendix
5.1 Proof of Lemma 2.1

Consider the function:
fa.n=0+0" =1

definedon (x, t) € [m, +00) x [k, +00). Then, angt(f”) = x (14" "—* "], (n =
0,1,2,---), where the falling factorial x2 = x(x — 1) - - - (x —n+1),(n = 1,2, --),
and x2 = 1.

(1) For x = m, &Ltk xm[(l F gy lm —s,ff“’”] > 0. Thus, for

t > k > 0, the Taylor formula of f(x,?) at the point (x, k) with the Lagrange
remainder term is

lm—1]

f.n= Y

n=0

X x—lm| _ gx—lml] ¢; _ 1ylm)
o () IR SR [

lm—1]
> Z (x) [(1 + k)xfn _ kxfn] (l _ k)n

n
n=0

X

N

) [(1 + k)xfn _ kxfn] (l _ k)n

n

where &, € (k,t),(m>1,n=0,1,...,|m—1]).
(2) Form — 1 < x < m, we need to analyze this in two separate cases:

alm) —
1°1fm = 1 < x < [m], then 22 00m) = 1l [(1 4y, o) — it ] <o,
Thus, for ¢t > k > 0, we have

lm—1]

faen=Y (i ) [+ 0" = k] = k)"

n=0
X x=lm| _ x—lm]] ¢p _ 1ylm)
+<Lmj>[<1+nm> ma @~k

lm—1]

< ZO (z) [(1 +k)x—n _ kx—n] (l _ k)n

where n,, € (k, 1).
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2°If [m] < x < m, then —a(mj,’cr(zfm) = xIm [(1 + gm)"—f"” — g“,ffr"ﬂ] < 0.
Therefore, fort > k > 0

[m—1]

flx, 1) = Z <z> [+ 0" — k] — k)"

n=0

X x=m] _ px—[m1| ¢, _ 3Im]
() [a e =g -

[m—1]

< Z (i) [A+k)*" =k @ - k)"

n=0

where ¢, € (k, t).
And for any real number a, |a] and [a] denote the floor and ceiling functions,
respectively.

5.2 Proof of Corollary 2.2

Fort >k > 1,set F(1) = X" ()AL + k)" — k5" — k)" — k™ + 175 —

n=1

"1 —2)x(t — k). Then

lm—1]
F/(t) — r; (z)Kl TR T (r — k)n—l s (Zm_l o
" Lm_lJ X
F=), ( )[(1 R — KM (= 1) — k)" x4 D> 0
n

n=2

So
F(t) > F (k) = x[(1 + k)* ' =1 — k=1 — 2m=1 —2)]
>x[(1+ 7 == = D] (byk > 1)
>0  (byh(x,k) > h(m, 1))
where the function 2 (x, t) = (l—l—t)x’l —lig increasinginx >m > 2,¢t > k > 1.

This implies F(¢) is increasing function for # > k > 1, so F(¢t) > F(k) = 0, which
yields (2.4).
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5.3 Proof of Lemma 2.3

We use induction on N. The case of N = 1 is clear. Assume (2.7) holds for < N. For
given p;, itis clear that p; + pp + - -+ pn—1 > (N — 1) py. Using Lemma 2.1 we
have that

J ’ pit-+ -1\
(E Pi) =(p|+pz+~-+pzv)"=p5‘v<1+p7_)
, N
i=1

Lm—1]

> pY (<M> + Z <z)[(Nx—n — (N = 1" ™) (zy — (N — 1))n)

PN n=0

[m—1]

X _ —
=(p1+-+pyv-1)" +py Z (ﬂ)[(Nx T (N=D"D] v - (N = 1)
n=0

where Ty = % By the inductive hypothesis, the above is no less than the
right-hand side (RHS) of (2.7). The proof of (2.8) is similar.

6 Conclusion

In this work, we have developed a unified and parameterized framework for refining
monogamy and polygamy inequalities of bipartite entanglement measures in multi-
partite quantum systems. By dividing the region through an integer parameter m > 1,
we have established:

e A hierarchy of tighter «-power monogamy inequalities for any bipartite entangle-
ment measure &, valid for @ > my;

e A family of refined S-power polygamy inequalities for any assisted entanglement
measure &, applicable for (im — 1)§ < 8 < m3.

This framework is physically motivated by the inherently hierarchical and asymmetric
nature of entanglement distribution. The parameter m controls the depth of considered
correlations, while state-specific parameters 1 and v quantify entanglement imbalance,
allowing our bounds to adapt to the actual geometry of quantum states.

The resulting monogamy bound emerges as an optimal piecewise function of «,
with segments activated at thresholds 2m. This structure incorporates higher-order
corrections, delivering strictly sharper constraints than previous continuous formula-
tions. Our results generalize and strengthen existing relations (e.g., [24, 25]), naturally
recovering standard bounds when m = 1. Analytical proofs and numerical tests using
concurrence and concurrence of assistance confirm their enhanced tightness.

By further introducing state-dependent parameters w and v, we also tighten
the relations in [32]. This methodology advances the quantitative understanding of
entanglement distribution and provides practical tools for quantum communication,
networks, and multipartite information processing.
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