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Abstract: We investigate the dark matter distribution in the spiral galaxy ESO0140040, employing the
most widely used density profiles: the pseudo-isothermal, exponential sphere, Burkert, Navarro-Frenk-White,
Moore and Einasto profiles. We infer the model parameters and estimate the total dark matter content from
the rotation curve data. For simplicity, we assume that dark matter distribution is spherically symmetric
without accounting for the complex structure of the galaxy. Our predictions are compared with previous
results and the fitted parameters are statistically confronted for each profile. We thus show that although
one does not include the galaxy structure it is possible to account for the same dynamics assuming that
dark matter provides a non-zero pressure in the Newtonian approximation. In this respect, we solve the
hydrostatic equilibrium equation and construct the dark matter pressure as a function for each profile.
Consequently, we discuss the dark matter equation of state and calculate the speed of sound in dark
matter. Furthermore, we interpret our results in view of our approach and we discuss the role of the
refractive index as an observational signature to discriminate between our approach and the standard
one.

Keywords: dark matter; rotational curves; equation of state; perturbations; optical properties

1. Introduction

Understanding the nature and properties of dark matter (DM) is a challenging conundrum of our
current Universe. Unlike ordinary matter, DM weakly interacts with other constituents via gravity
only, so far being inaccessible to direct observations. Recent observations certify that DM amounts for
about 26.8% of the total energy budget of the Universe [1], while from theoretical point of view it has
been proposed that DM is made of some experimentally as yet undiscovered particles [2,3] coming
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from extensions of the standard model of particle physics'. The number of approaches related to the
DM problem is steadily growing, reflecting a noticeable interest in comprehending its nature [4-6],
which constitutes the 85% of all the matter i.e., DM+baryons, and state function of baryons in the Universe.

One of the most striking proofs of the existence of DM is the rotation curves (RCs) of galaxies,
i.e., the dependence of the speed of rotation (linear speed) v of stars and gas in a galaxy on the distance r
from the center to the halo. Spiral galaxies are commonly used to better understand DM. Therefore, DM is
thought to be made of non-relativistic and collisionless particles whose cross sections between DM and
baryons lie on ~1072¢ cm? [7]. Broadly speaking, the RCs of such galaxies have amplitude that remains
constant with increasing distance, even beyond the stellar disc, which is not expected in Newtonian gravity
(NG) [8,9].

In this paper, we focus on the physics of the disk galaxy ESO0140040. In this framework we assume
Newtonian gravity only and we investigate dark matter’s distributions using well-consolidated density
profiles, among them: pseudo-isothermal (ISO), Burkert, Navarro-Frenk-White (NFW), Moore, Einasto and
exponential sphere ones. This heuristic choice is motivated by the fact that most DM candidates cannot
be distinguished by large-scale observations leaving a wide range of potential candidates? Using data
from ESO140040 rotational curve, we fit the free parameters of each profile and we compute: (1) the total
dark matter content, (2) the speed of sound in DM perturbations and (3) the refractive index, under the
hypothesis that DM has a non-zero pressure. We statistically confront our results among them, and we do
not consider the complex structure of the galaxy itself on purpose. In fact, we demonstrate that the only
use of P # 0 is enough to predict RCs in good agreement with observations. It is, therefore, possible to
account for the same dynamics assuming that dark matter provides a non-zero pressure in Newtonian
approximation, by solving the hydrostatic equilibrium equation. Furthermore, we discuss the dark matter
equation of state and we interpret our results in view of future observations on other galaxies.

The paper is organized as follows. In Section 2, the main features of our work are formulated.
In Section 3, the observational data of ESO0140040 RCs are statistically analyzed and moreover the
equation of state, the speed of sound and the refractive index are investigated. In Section 3.1, the major
results of the paper are presented. In Section 4, we report the conclusions and perspectives of our work.

2. Dm Distribution in Spirals

The standard cosmological model can broadly fit the large-scale evolution of the Universe [10,11].
N-body simulations can be used to resolve the current structure of virialized objects from galaxy clusters
to dwarf galaxies. Those simulations combined with the property that DM is collisionless lead to a cuspy
dark halo density profile that scales like ~ 71, providing dark halos around galaxies.

The sharp central cusp of the DM density distribution disagrees with the overwhelming evidence
for cored dark halo distributions emphasizing a decisive support in favor of the DM halo cored
distribution. Supported by these reasons we need to include different approaches to the DM density
profiles. In particular, we soon notice that DM distribution in galaxy halos is non-uniform, concentrating
at their centers and dropping off to the periphery.

The way to get profiles is usually found by the methods of numerical modeling of the dynamics of
stars in galaxies and so, in this respect we select the mostly used phenomenological DM profiles: ISO,

One is forced to exclude dark baryons since the numerical simulations provide radically different large-scale structure of
the Universe.

As morphological and clustering properties of galaxies, abundances of rich clusters, halo masses degenerate if we consider
cold, warm or collisional DM. We therefore seek tests of DM’s nature that could be sensitive to its presumed microphysics
and/or to its interaction properties and we can assume to consider density profiles only without taking care at this stage of other
velocity corrections.
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exponential sphere, Burkert, NFW, Moore and Einasto. All these profiles have as model parameters the
DM density at galactic centers or characteristic density pg and the scale radius r(; only the Einasto profile
has an additional extra free parameter.

Inferring bounds over free parameters turns out to be essential to investigating galactic dynamics
and, in addition, to reconciling DM abundance with the dark energy contribution in the present
epoch*. Thus, a successfully implemented paradigm can be naturally worked out within the Newtonian
approximation [13], for the slow motions of stars as commonly adopted in the literature.

Thus, we employ the following models:

1. The ISO profile [14]:

_ 00
P1so(1) = T+ (r/r0)2” 1)

where r is the radial coordinate/distance. The model depends upon the two constants ry and py.
2. Exponential sphere [15]:
PEp(r) = poe /™. @
The model depends on the same constants as in the ISO profile.
3. Burkert profile [16]:

_ Po
pBur(r) - (1 +I’/70)(1 + (I’/To)z). (3)

The model depends upon the same constants as above and overcomes the issue related to the cusp
in galaxies. Despite its experimental triumph, the Burkert profile is not theoretically motivated and
remains a phenomenological approach to face the DM problem.

4. The NFW profile [17]

_ Lo
pNFW(r) - (1’/1’0)(1 —|—1’/1’0)2 ’ (4)

which was originally found as consequence of simulated halo formation in which the cosmological
model is fixed.
5. Moore profile [18]:
PMoo(r) = po(r/ro) M1O(L+1/rg) 1%, ®)

which is motivated by the fact that several studies claimed that simulated DM halos show significantly
steeper cusps than NFW profile. This leads to a phenomenological reconstruction of DM profile,
alternative to the NFW profile.
6.  Einasto profile [19]:
pEin(r) = poexp[2a(l — (r/ro)'/*)], ©6)

where « is the Einasto free parameter. This extra parameter a determines the degree of curvature
(shape) of the profile. If « > 4 are identified with cuspy halos, while for & < 4 presents a cored-like
behavior. The Einasto profile is quite different from the other models, whose slope is a power-law
function. The larger a , the more rapidly the slope varies with radius [20].

Every DM halo profile well adapts to slightly flat RCs, enabling the baryonic contribution for each
galaxy and providing a dependence over the free coefficients illustrated in Figure 1 (left panel).

In general, all model parameters can be estimated by analyzing galaxies, albeit with a strong unvoidable degeneracy [12].
With increasing interests, models that aim to unify DM with dark energy are always more studied. A final goal could be to unify
the dark Universe under the same standards.

4
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As stated above, our computations are performed in the NG regime to fulfill the simplest assumptions
over star motions in disk galaxies. In the next subsection, we enter deeply the strategy adopted to fit
galactic data of ESO140040 [21,22].
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Figure 1. Color online. Left panel: Different phenomenological DM density profiles and we choose « = 1.5
for the Einasto profile. Right panel: RCs of galaxy ESO0140040 and fitted profiles.

rlro

2.1. Galaxy Es0140040 within Newtonian Gravity

The main purpose of this paper is to introduce the idea that pressure can mimic the overall effects
due to morphology of a galaxy. We assume that DM pressure is therefore able to mimic the complex
structure of the underlying galaxy here involved, within the weak field approximation. To do so and
to guarantee NG approximation and we start with the standard Newtonian hydrostatic equilibrium
equations, given by [23,24]

dM(r)

o = Amre(n), )
d

e ®
ad(r)  GM(r)

dr r2 ©)

where M(r) is the mass profile enclosed inside the sphere of radius r, P(r) is the DM pressure
and ®(r) is the gravitational potential. Our strategy consists of obtaining the expressions for the
pressure in this approximation. To do so, the density profiles Equations (1)-(6) are plugged in
Equations (7) and (8). Afterwards, we integrate employing as boundary conditions the fact that P vanishes
as one approaches infinity.

It should be noted that due to the complexity for the Einasto, Moore, NFW and Burkert profiles all
computations are carried out numerically, while for the ISO and exponential sphere profiles are performed
analytically. Therefore, The DM halo pressure formulas for the ISO and exponential sphere profiles in
Equations (1) and (2) are given by, respectively

2
P(r) = 2Gnr3p3 [% - % arctan(r/rg) — (arctan(r/ro))z}, (10)
0
P(r) = 2Grref|4T(~1,1/r0) — 8T(~1,2r/ro) = 4T(0,2r/rg) — ™2/ ]. (11)

where the gamma function is defined by I'(a,z) = [~ e~ 't*~1dt, witha = 0, —1.
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Combining Equations (10) and (11) together with Equations (1) and (2), we obtain the equation of
state for the ISO and exponential sphere profiles, respectively

P(p) = Gn;%p% [7'(2 — i;ffp arctan (,PO\/{;P) —4 (arctan (,Po\f;P))z} , (12)
Plp) = 2G7n%p%{4r[——1,h1(€?)}——8F[——1,2h1(€?)}——4T{0,2h1(€?)}Af (;;)2:}, (13)

It should be noted that Equation (12) for the isothermal profile has been published in Ref. [21] and
Equation (13) for the exponential sphere profile has been obtained here for the first time.

2.2. Perturbations and Optical Properties

Perturbations due to the DM fluid can be accounted by means of the speed of sound c;. Its definition
in case of adiabatic perturbations is [25]
oP
é:(). (14)
/s

Furthermore, from Equations (12) and (13), we obtain the speed of sound for ISO and exponential
sphere profiles

27rGr6p% [Po —p —+/plpo — p) arctan (\/@H

C?(Iso) = (00 — P)Z , (15)
Cg(Exp) _ 4nGr3 {Z(po —p) — iln (%0) (2 +In (%’) )} | )
)

For all profiles, the speed of sound decreases with increasing density. This is a unique feature of DM
that plays a key role in shaping the structure of the Universe. It is known from cosmology that if the speed
of sound in the central part of the dark matter distribution is less than in its outer parts, then it allows the
formation of large-scale structures of the Universe [26].

To study the optical properties of the considered galaxy, it is easy to notice that DM produces a
refractive index which necessarily differs from a pure vacuum. Thus, we here consider the refractive
index of DM halo of galaxy ESO040140 for the ISO, exponential sphere, Burkert, NFW, Moore and Einasto
profiles. The refractive index in the field of DM in NG is given by [27]

n(r)y=1- CDC(;) - / Gé\z/i(;) dr. (17)

In Figure 2 we plot the refractive index n as a function of the radial coordinate in the DM distribution
for the above considered profiles in galaxy ESO0140040. As expected, the value of the index is very small
in halo region. Here by “halo” we mean the spherical component of the galaxy beyond its disk. In the core
region the refractive index grows slowly, but remains extremely small, growing less than 1 part in 10°!.
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Figure 2. Color online. The refractive index for DM in galaxy ESO0140040. Left panel: The refractive index
of the Einasto, NFW and Moore profiles. Right panel: The refractive index of the ISO, exponential sphere
and Burkert profiles.

The DM refractive index for different profiles is plotted in Figure 2. At distances within 1-29.2 kpc
which corresponds to RC data points, the DM refractive index is slightly greater than vacuum for all the
involved profiles. In general, its use can be invoked even to investigate the light propagation process in
the DM dominance epoch using a non-stationary equation of state [28].

2.3. The Role of the Dm Equation of State

For a given fluid, its equation of state shows the physical properties of the fluid itself and how it
evolves in case it is not at equilibrium. The thermodynamic properties of the fluid are thus hidden the

equation of state, defined by [29]
P
w=—,
c2p
often known also with the name of state or barotropic parameter. Here c is the speed of light in vacuum.
The same assumption is made in genuine cosmological scenarios in which the term driving the Universe

(18)

dynamics is related to the Universe equation of state and to its kinematics [30]. It is possible to show,
indeed, that its functional form is related to the deceleration parameter and consequently to the overall
cosmological dynamics [31].

For our case, since we are interested in assuming a non-vanishing pressure, the corresponding
expressions for the equation of state turn out to be complicated for every profile. Nevertheless, one can
immediately demonstrate Equation (18) could be written as a function of radial coordinate r or density p
as illustrated in Figure 3.

It is thus intriguing to investigate the radial behavior of the equation of state. Immediately it follows
for large distances, or low densities, w tends to zero (except for the isothermal profile, where it becomes
constant. Instead for small distances, or high densities, w tends to constant) for the cored profiles and to
low values close to zero for cuspy profiles, at least in the considered range of distances provided by the
rotation curve data points.

The last considerations are intimately related to the physics of our galaxy [32]. Hence, to better clarify
this point let us consider two limiting regimes p > pp and p < pg. The first case for the cored profiles
turns out to be unphysical as py is the central density for the DM distribution and by construction it is
maximum. Thus, for cored profiles it is impossible to fulfill the condition p >> pg. However, for the cuspy
profiles pg is the characteristic density and the condition p > py is achievable since close to the center
the densities can be larger than pp and w tends to zero as the density goes up faster than the pressure
(see Figure 4).
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Figure 3. Color online. Left panel: Dimensionless state parameter w as a function of radial coordinate r.
Right panel: Dimensionless state parameter w as a function of density p.

The case p < pg corresponds to large distances. Only for the isothermal profile w tends to a constant
value and for other profiles w tends to zero. This can be observed in both panels of Figure 3, where one can
see that in the halo region the pressure goes down faster than the density. One intriguing thing is noticing
that from our procedures no negative pressures have been found. This is in contrast with cosmological [33]
and astronomical evidence [34]. Recently, for example, the idea of negative pressure for DM contribution
has been introduced, to unify DM and dark energy [35,36]. Even though this possibility is plausible, we do
not have any evidence for it from our studies. Refined analysis would better highlight hints toward the

sign of DM pressure.
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Figure 4. Color online. Left panel: Logarithmic density profiles of DM in the halo. Right panel: Logarithmic

pressure profiles of DM in the halo.

We can also consider the effects of general relativity in our calculations. Obviously, at large distances
or p < pp general relativity corrections can be neglected. However, close to the central part of the
galaxy its deviations from NG would be significantly noticeable since general relativity corrections over
pressure are clearly much larger than in the NG [37]. This is straightforward as consequence of the

Tolman-Oppenheimer—Volkoff solution.

3. Methods and Analyses

We aim to show that as a result of our analysis, by testing different profiles for such a galaxy, DM halo
density law can be accounted for the kinematics of the whole family of disk galaxies like ESO140040.
There the internal structure is not known and so the strategy is to get the maximum rotational velocity by

means of pressure.
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The galaxy ESO0140040 has been chosen even for the fact that the visible matter contribution is small
and thus we can check whether the pressure alone is able to reproduce the morphology of the galaxy itself
much simpler than a galaxy whose morphology is complicated.

For the sake of completeness, it is remarkable to stress that the contributions of gas, luminosity and
size are absolutely essential to characterize the RCs. However, we expect fairly viable results mimicking
such contributions with pressure®.

In turn, the RC allows one to determine the distribution of the galaxy’s mass along the radial
distance. In the standard approach, in the circular velocity model, the total circular velocity i.e., RC is
approximated by

2 2 2
Urot = Up + vprofile : (19)

where vp is the disk velocity and v}, is the contributions of the DM halo profile velocity. The disk
velocity in most cases can be neglected due to its small contribution to the RC. Therefore by equating the
centrifugal and gravitational forces for a star moving in a circular orbit at a distance r from the center of
the galaxy one can find Vst = Vprofite = ©(r) and M(r):

o(r) = GM(r) with  M(r) = /(; 4rtr®o(r)dr, (20)

r

where the DM mass M(r) has been obtained from Equation (20), by simply integrating Equation (7) and
making use of p(r), i.e., the DM density profile taken from Equations (1) through (6).

For the sake of completeness, the next step will be to work out the visible matter contribution within
our prescription. Therefore, in the future efforts we will give an answer to the question: does the pressure
reproduce the morphology of galaxies even when visible matter contribution is not negligible? Below we
report our numerical analysis on this single case only, on which we introduce the idea that DM pressure
plays a prominent role in spiral galaxies.

3.1. Numerical Results

We apply the Levenberg-Marquardt nonlinear least squares method® [39,40] to find the minimum of

the x? function defined as
N Uqhs - U(PO/ o, 1’) ?
=Y l — , 1)

i=1 0,1

where vfbs and (Tg,l;s are the N data points of ESO0140040 RC and their corresponding errors, respectively
(see Figure 1, right panel), while v(po, 7o, 7) is given by Equation (20) and describes the RCs for each DM
profile. The best fit parameters, minimizing the x? for each DM profile are listed in Table 1 and shown
in Figure 1 (right panel). The pg and rg parameters listed in Table 1 agree with the results of Ref. [41].
The amount of DM mass in the galaxy, computed by using different profiles, is also shown in Table 1 and
it is shown to be consistent with the results of Ref. [41]. For the Einasto profile we obtained & = 3.0 £ 0.5.
The x? values are also shown in the last column of Table 1.

For a review of galaxy morphology and properties of DM see [38].

The Levenberg-Marquardt algorithm is an iterative technique that locates the minimum of a function that is expressed as the sum
of squares of nonlinear functions. It consists of a combination of the Gauss—-Newton algorithm and the method of the steepest
descent gradient.
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To compare the considered 6 profiles, which have different number of parameters and are not nested
into each other, we employ the Bayesian Information Criterion (BIC)” [44]. Starting from the x? definition,
the BIC is defined as

BIC = x> +kInN, (22)

where k is the number of model parameters. For the Einasto profile k = 3, while for all the other profiles
k = 2. A profile with a minimum BIC value is favored, according to Ref. [45]. As one can see from
Table 1 for galaxy ESO0140040 the BIC value is minimum for the Einasto profile and is maximum for the
exponential sphere profile, though the difference between the values is not large.

Table 1. Model parameters for the analyzed galaxy ESO0140040. We reported for each profile the density
po, o and the masses expressed in terms of M. For every column we report the error bars. The last
two columns report the BIC statistical outputs and the corresponding chi squares used for computing the
BIC values.

Profiles po £ 0p, [1073Mp/pc®l  rot oy lkpdd M=Eopm[Mgl® M=Eoum[Mgl? ABICC X2

Burkert 175+ 18 6+04 41+07 6+17 14 3.3
NFW 25+3 l6 1 44+08 26 +8.4 3 1
1SO 250 27 3£02 43+0.7 1+03 5 1
Moore 124+2 23+3 44+12 442 7 1.4
Einasto 10+2 13+1.5 43+14 20£10.6 - 0.4
Exp. Sphere 158 +£15 5£03 41+£07 4+1 18 55

* DM mass calculated using the last data point in the halo for r. The results are in units of 10'!. * DM mass
calculated using the scale radius rg. The results are in units of 1010, ¢ The values BIC = {71,60,62,64,57,75}
are for Burkert, NFW, ISO, Moore, Einasto and exponential sphere, respectively; we define ABIC = BIC — BIC,,
with BIC, = 57 the Einasto reference value.

In Figure 1 (right panel) the gray thick points show the observational data points with their error
bars for galaxy ESO0140040; solid curves show ISO (black), exponential sphere (red), Einasto (green),
Burkert (blue), NFW (orange) and Moore (purple) profiles.

In Figure 4 we plotted p(r) (left panel) and P(r) (right panel) for galaxy ESO0140040,
using Equations (1)-(6) and (10) and (11), respectively.

Using Equations (12) and (13) we plotted the equation of state for ISO and exponential sphere profiles
in Figure 5 (left panel). Moreover, in Figure 5 (right panel) we plotted the speed of sound according to
Equations (15) and (16) for ISO and exponential sphere profiles.

In Figures 4 (right panel) and 5 (left panel) one can adopt different units by using the following
conversion factors: 1M, /pc® = 6.77x10723 g/cm3 = 38.05 GeV/cm?.

It should be recalled that for ISO, exponential sphere and Burkert profiles py is the central density.
However, for the Einasto, Moore and NFW profiles pg is the characteristic density, i.e., one can choose
arbitrary large central density. As can be seen from Figure 5, the behaviors are very different, some of
them change drastically as a function of the density. Our results are similar to the ones of Ref. [21], but for
another galaxy. Even though it seems that there are small differences in framing out the net equation
of state of DM for each profiles, the NFW and Moore profiles are less appropriate to describe the DM

7 BIC is a selection criterion among a finite set of models, conceived to solve the overfitting issue when increasing the number

of parameters in the fitting function. For the sake of completeness, please notice that other selection criteria could be used,
e.g., the Akaike information and/or DIC criteria [42,43].
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distribution of this galaxy for statistical reasons, as has been pointed out using the BIC information
criterion. This does not mean that the same could be found also if visible matter contribution is added
and/or for other galaxies. We thus intend to check this byproduct of our analysis in next works where we
are going to test the equation of state of DM for other Spirals. In addition, it should be mentioned that the
density and correspondingly the pressure diverge when r tends to zero, causing the cuspy halo problem,
which is not applicable for considering the equation of state.

10723 : ‘ : ‘ 200
e 180f
10724} -
« 160f
1) ~$ N
o b e Isothermal = -~ o
£ 10-25) ] g [ T Isothermal 3N
gc A E>'<p. Sphere % 140 . Exp. Sphere \i‘i}\\\
~ % Einasto © e Einasto RN
-9 4 Vo
-2t/ T Burkert | 1000 S — Burkert v N
NFW NFW RSN
----- Moore -~ Moore P
1027 ‘ ‘ ‘ ‘ 100 T .
0.005 0.010 0.050 0.100 0.005 0.010 0.050 0.100
p (Mg /pe) p (M /pe’)

Figure 5. Color online. Left panel: The equation of state of DM halo. Right panel: The speed of sound for
the DM fluid for different DM profiles.

4. Final Outlooks and Perspectives

We analyzed the RC of galaxy ESO0140040 and inferred the free parameters of the considered profiles
by means of the least square method. We used the well-known DM density profiles from the literature,
and, in addition, we considered the exponential sphere profile for comparison. The exponential sphere
profile is usually applied to study the inner parts of galaxies [15] and, in fact, for galaxy ESO0140040 it
showed weak results. This can be seen from the analyses of the RC: exponential sphere does not produce a
flat RC and its BIC (or x?) is the largest.

We considered also NFW and Moore profiles for completeness, though these density profiles diverge
as r — 0 causing the cuspy halo problem. Indeed, in examining the equation of state of DM these two
profiles are not appropriate, though at large distances they give flat RCs. It turned out that only three
profiles, namely ISO, Burkert and Einasto profiles are suitable for the analysis of the DM equation of state as
r — 0, where the density tends to be finite avoiding cusps. Out of the three profiles, the Einasto possesses
the minimum BIC number and the Burkert profile possesses the maximum BIC number. The same is
true also for the x2, though ISO profile value is closer to unity. The difference in BIC between Einasto
(with three free parameters) and ISO (with two free parameters) profiles is ABIC= 5 and exhibits a positive
(though not definitive) evidence against the model with the higher BIC (in this case ISO). Therefore, for our
purposes the Einasto and ISO profiles are the most convenient profiles to study the DM equation of state.
Although from the analyses of p(r), P(r) and P(p) it is seen that the behavior of the profiles is similar,
the degeneracy among the profiles is completely broken by looking at the diagram of the speed of sound.
Here the behavior of ISO profile is analogous to NFW and Moore profiles, though the latter two cause
cusps. Nevertheless, the speed of sound decreases with the increasing density for all profiles. This is a
unique feature/signature of DM and it plays a key role in the structure formation.

Future applications will be devoted to analyzing the same features of this work but adding other
contributions, as due e.g., to gas. Moreover, it would be interesting to proceed with a back-scattering strategy
to infer from data the most suitable profile instead of postulating them at the beginning. In this respect
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the universal RCs already known in the literature [46] could be compared with our future expectations.
Future studies will be necessary to test whether the possibility here investigated can also be checked in
view of wider galaxy samples. This will permit one to generalize the procedure we introduced and to see
whether DM shows a universal pressure in spiral galaxies.
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