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ABSTRACT: We study the possibility that the Right-handed neutrino is a five-dimensional
state propagating along a micron size extra dimension, as required in the dark dimension
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energy spectrum of the beta-decay at a value corresponding to the sterile neutrino mass.
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while for large bulk mass there will be effectively one kink at the position of the bulk mass.
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1 Introduction

Extra dimensions turn out to be an important ingredient of theories of quantum gravity,
such as superstring theory [1, 2]. If their size is large compared to the four-dimensional (4D)
Planck scale M)y, it allows to address the origin of several mass hierarchies in high energy
physics, such as those associated with the supersymmetry breaking scale [3], the electroweak
scale [4, 5], the smallness of neutrino masses [6-8] and the scale of dark energy [9, 10]. A
crucial observation is that gravity becomes strong at energies lower than M, of the order
of M, = Mp/\/ﬁ, where N is the number of light degrees of freedom below M,. This is
typically the higher dimensional Planck scale, or the string scale, or more generally the
so-called species scale [11, 12]. A model independent experimental bound on the size R
of extra dimensions comes from short distance measurements of Newton’s gravitational
inverse-square law in tabletop experiments, leading to R < 30 um [13]. For such large sizes,
with the Standard Model of particle physics and our observable universe should be localised
in the large extra dimensions on an effective three-dimensional brane leaving only gravity
propagating in the higher-dimensional bulk [4, 5].

More recently, an independent theoretical argument on (large) extra dimensions came
from the distance conjecture of the swampland program which postulates that a tower of
light states should appear at large distances in the landscape of string theory vacua at a
mass scale exponentially small in the proper distance with an exponent which of order unity
in 4D Planck units [14, 15]. The decompactification limit is a particular example since the
proper distance is proportional to the logarithm of the volume of the compactified space
and the tower of light states are identified with the Kaluza-Klein (KK) excitations of the



graviton. On the other hand, it was argued that a similar result applies for anti-de Sitter
(AdS) vacua with the proper distance being proportional to the logarithm of the cosmological
constant |A| [16]. Assuming that this is also valid for (approximate) de Sitter (dS) vacua
with positive A and applying it to the present dark energy, one concludes that a tower of light
states should appear in the limit of vanishing A at a scale proportional to a positive power
A%. Combining theoretical constraints with experimental results, one finds that o = 1/4
and a KK tower should open up at a scale R~! with

R=AApY" ~ 6(um), (1.1)

where the proportionality factor is estimated to be within the range 1074 < A < 1071,

Thus, extra dimensions should open up at the micron region associated to the dark energy
scale. For one dark dimension (d = 1) the species scale M, (5D Planck mass) is of order
10° GeV, while the case of d = 2 implies M, ~ 6(10) TeV and is at the border of astrophysical
and cosmological constraints [17]. The Dark Dimension (DD) scenario has several interesting
implications for particle physics and cosmology, for a review see for instance [18] and references
therein. In particular, micron size extra dimensions offer a framework that can explain the
smallness of neutrino masses by postulating that the Right-handed neutrino propagates in
the dark dimension, besides the graviton [6-8, 19].

Indeed, the standard sea-saw mechanism on the brane requires a 4D Majorana state
with a mass around 10" — 10 GeV which is much heavier than the 5D Planck mass, unless
there is an extra unnatural coupling suppression by several orders of magnitude. On the
other hand, if the R-neutrino vg propagates in the bulk, its coupling to the brane with the
localised Left-handed lepton doublet and the electroweak Higgs (in M, units), acquires a
natural wave function suppression by 9 orders of magnitude (M, /M,) which can easily lead
to the required bold part of neutrino masses. Besides explaining the neutrino mass hierarchy,
this proposal predicts that neutrino masses are of Dirac type excluding neutrinoless double
beta-decay which has not yet been observed. Dirac neutrinos are also supported by the
swampland AdS conjecture [20, 21] that forbids stable non-supersymmetric AdS vacua [22]
which the Standard Model would acquire upon compactification in lower dimensions if
neutrinos were Majorana [23].

In the absence of bulk masses for the R-neutrinos, oscillation data restrict the compacti-
fication radius to be less than about 0.4 or 0.2 pum, for Normal or Inverted Hierarchy, NH or
IH respectively [24, 25].! However, most of these studies focused mainly on the parameter
region where the Yukawa coupling is small or of the same order as the compactification
scale. Thus, their conclusions may not be valid for large Yukawa coupling limit, relaxing
the bound, as we show below in this paper. In the presence of bulk neutrino masses, the
KK spectrum is modified drastically and the bounds on to the compactification radius from
neutrino data are essentially relaxed [21, 26-29]; in particular the mass of the zero-mode is
suppressed exponentially for large positive bulk mass [28], while the couplings are picked
around a higher KK mode away from the zero-mode [21].

In this work we make a detailed analysis of neutrino physics in the context of the dark
dimension with focus on experimental signatures in KATRIN which aims to measure neutrino

!See also footnote 6 of ref. [18].



masses and search for possible sterile neutrinos in the range of order 0.1-100¢eV [30-32]. The
main signal is that the production of a sterile neutrino leads to a kink in the differential beta
decay spectrum as a function of the electron energy near the endpoint Ey ~ 18.57keV, that
could be observed if the mass is within the experimental sensitivity of the energy resolution.
On the other hand, if v propagate in the bulk of the dark dimension, its KK excitations act
as a tower of sterile neutrinos with couplings stemming from its 5D coupling to the brane. In
general, there are 3 parameters: the size of the dark dimension R related to the dark energy
by (1.1), the bulk mass ¢ of the R-neutrino and its 5D coupling to the brane p. Here, we
find two interesting regions of the parameter space, where analytic results can be obtained,
leading to distinct experimental signatures within the reach of KATRIN:

e When the bulk mass is small compared to the compactification scale, it acts as a small
perturbation to the well studied in the past massless case. KK excitations of the
R-neutrino would then lead to a series of kinks in the electron energy spectrum that
as we show could be within the KATRIN sensitivity for a size of the dark dimension
smaller than around the micron region.? This region includes at its boundary the
large bulk R-neutrino to brane coupling pR for which previously obtained bounds from
oscillations do not apply because the coupling of KK excitations to the lowest active
neutrino vanishes in this limit.

e When the bulk mass is sufficiently large compared to the compactification scale, there is
a quasi-continuum of KK excitations above the bulk mass that acts as a mass gap above
a very light active neutrino zero-mode. Moreover, their coupling to the zero-mode is
picked around the cR-th excitation with mass of order the bulk mass. As a result, the
experimental signal is effectively one kink in the electron beta-decay energy spectrum
around the bulk mass which ressembles the one of an ordinary sterile neutrino, so
called 3+1 model, with the same mass and an effective mixing angle which is calculable
analytically. We can then provide already a plot of the excluding region in the parameter
space, based on existing KATRIN’s results.

The outline of our paper is the following. In section 2, we review the more general
model describing the mechanism of generating neutrino masses by introducing three R-
neutrinos (one for each generation) in the bulk of an extra dimension compactified on a line
interval with the Standard Model localised on a 3-brane at one of its ends. Subsection 2.1
presents the action and its KK mode expansion in terms of normalised eigenfunctions with
eigenvalues given as solutions of (hyper)trigonometric equation, as well as their relation to
the active neutrino flavour basis. In section 3, we first solve the eigenvalue equation for
the KK mass spectrum (subsection 3.1) and we impose the experimental constraints on
the mass square differences from neutrino oscillations (subsection 3.2). We then impose all
remaining phenomenological constraints on the model parameters and obtain bounds on the
compactification scale (subsection 3.3); in particular, we analyse the large pR limit for zero
bulk mass which leads to a new allowed window for the size of the dark dimension around the
micron scale. In section 4, we apply the above results to study the experimental signatures

2Ref. [33] considered the model with massless bulk neutrinos and demonstrated a few kinks from KK modes
of eV and keV respectively.



in KATRIN based on the differential beta-decay spectrum. In particular, we identify two
regions of the parameter space where analytic results can be obtained, corresponding to
small or large bulk masses compared to the compactification scale (subsection 4.1) and can
make an explicit comparison with the experimental results for the 3+1 sterile neutrino model
(subsection 4.2), in the case of normal hierarchy. The case of inverse hierarchy is discussed
in subsection 4.3. Our conclusions are presented in section 5. Finally, appendix A contains
technical details used in the derivation of the KK spectrum.

2 Setup

2.1 Summary of our model

Our model of neutrino masses originates from a five-dimensional model with three mas-
sive fermions (5D spinors) of masses c1, ¢, c3 which are singlet under the Standard Model
(SM) gauge transformations. The spacetime is the product of 4D Minkowski spacetime
(29, 21,22, 23) and a compact direction z € [0, 7R] (line segment). At the end point z = 0
is located a three-brane, called the Standard Model (SM) brane where SM lives. The 5d
fermions interact with the lepton and Higgs fields in the SM brane through a bulk-brane
coupling parametrised by 1, po, u3. The left-handed neutrinos in SM acquire Dirac masses

through the bulk-brane coupling. The model parameters are then

R, ¢, ¢, c3, p1, p2, 3. (2.1)

We will demonstrate later on that we can actually determine us and ps from the others by
using the currrently available numerical values of the neutrino mass square differences.
Let us describe the setup concretely. The action consists of two parts:

S5 = Sp + Sho, (2.2)
where the 5D bulk action is
Sp = / d*z / dzzi: (10T MO0y s — 0 ;) (2.3)
and the bulk-brane interaction is
Spo = —M; ? / d'z i (lE BOR (= = 0) +cc.), (2.4)

where the bulk spacetime index M runs over 0,1,2,3, 4 with z = 2%, 9/0z = 9, is understood,
and y; are dimensionless coupling parameters, so that the dimensionful bulk-brane coupling
is y;/v/M,, with M, being the 5D Planck mass. ¢ stands for the SM lepton doublet (v, e}).
The label i = 1,2, 3 stands for the basis called the intermediate basis [24, 28], in which both
the bulk masses and the bulk-brane Yukawa couplings are diagonal. This is different from the
flavour basis in which the weak interaction of the left-handed lepton doublets and the weak
boson is diagonal, Tgw“egWJ where o = e, 1, T. The left-handed neutrino in the flavour and

intermediate bases are related by v = 3, UM‘VZL with a 3 X 3 unitary matrix U,; that plays



a role of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix.® H is the (conjugated)
Higgs doublet which acquires the vacuum expectation value (v,0) with v = 174 GeV upon
the electroweak symmetry breaking.

As discussed in appendix A, the bulk Dirac masses ¢; and the bulk-brane coupling
constants y; come from diagonalisations of a Hermitian bulk mass matrix 6,4 and a complex
bulk-brane Yukawa matrix %,z in the flavour basis, respectively. Therefore ¢; are real while
1y; are complex in general. The sign of ¢; cannot be absorbed and thus it is physical in contrast
to 4D Dirac masses. On the other hand, by a similar argument to that on the Cabibbo-
Kobayashi-Maskawa matrix in the SM quark sector, there remains one phase in the bulk-brane
couplings, in contrast to the case with Majorana masses with three phases remaining.

Here we summarise our conventions about spinors. The 5D Dirac matrices I'™ are defined
as T* = ~* and T'* = —iv, where p runs over 0,1,2,3. The 4D Dirac matrices y* satisfy
{v*, 4"} = 20" 44 with n,,, = diag{l, —1,—1,—1}, and ~ is the 4D chirality matrix (we
avoid the usual label 4° for clarity of indices) such that {7, v} = 214x4, {7, 7.} = 0 and yf = 7,
so that the 5D Dirac matrices satisfy {I'as, v} = 2narnTaxa with 4, =0 and muq = —1. As
in 4D, it is convenient to decompose 5D spinors with the chirality matrix v = i['* as

T
so that yUr = —Wk and yUR = UR
Boundary conditions on the 5D spinors at the two endpoints can be imposed only on

(2.5)

half the spinor components since the left and right components are mixed. In our model, we
impose Dirichlet boundary conditions that annihilate the left-handed part of W;:

Ur(z=0=vlz=7nR)=0. (2.6)

To rewrite the action in terms of 4D fields, we prepare mode functions fX(z), fR(z) for

Wk WR on the compact direction. The 5D fields ¥, R are then expanded as
Ui (z,2) = S (@) fa(2), W@, 2) = Db (@) fin (2), (2.7)

and the mode functions are required to be orthonormal:
TR
[ O h2) = sbn, @b € {LR). 23)
0

The boundary condition (2.6) kills the left-handed zero mode 1/11-16 while the right-handed zero

modes wi% survive. This is how chiral symmetry is broken in this model. We then find the

following mode functions: 1-16 = 0 by the boundary conditions and

by T 3 -

2¢; .
fi6(2) =\ ey =% (2.10)

fl%(z) - @)\;R [ciRsin (Z{Z) + ncos <7ZZ>} (n>1), (2.11)

3More details about the relation between the two bases are found in appendix A.




where A\, is given by
n2

)‘in: c?+ﬁ7

(2.12)

and the overall constants are fixed by (2.8). Equipped with the mode functions, we can
rewrite the bulk action S}, as a 4D action of the infinite KK towers of 4D spinors % 3 :

Sbu, = / d'e 3 [iu}auaﬂu} + iRt 0ty + X (057 bt + WR 0" 9l )
i=1 n>1

= (2.13)

= X N (V0 + 0RE) |

where we included the kinetic term of the SM left-handed neutrinos v}

In Sy, , the left-handed neutrinos v replace the vanishing zero mode of the left-handed
bulk fermions and are still massless. Their masses are generated by the bulk-brane interaction
Sbo, which reads under the mode expansion:

Sho == [d'e 3 5 (ViFul + Vi0b) (2.14)

i=1n=0

where Y;, are defined by Y;, = M, 1/2

2n Re; 2n2
Yiozmwm, Yin = pi W2+ 2R? (n>1), (2.15)

where we introduced the parameters p; of mass dimension 1 as

vy; f2(0), reading concretely

o= MY (2.16)
VTR
The bulk-brane interaction (2.14) adds a mass mixing between the SM left-handed neutrinos
and the right-handed KK fermions to the diagonal mass terms in Sy, . The physical masses are
obtained by diagonalising the total mass matrix in (2.13)+ (2.14), which is given explicitly
n (A.7). Here we summarise the result, relegating the details of the diagonalisation in
appendix A. After diagonalisation, the total quadratic action reads:

Shuy + Shoy = / de 3 3 [iVE 1 iy 5 7 Bl
=100 " (2.17)

=ity (Vihtn) + Vi iim )|

where ViL(n), l/l.P(”n) (n=0,1,2,---) denote the left- and right-handed parts of the 4D neutrinos
and their KK excitations after diagonalisation, namely the 4D Dirac neutrinos in the mass
basis. Their masses m;(,) are given as the positive roots of the equation

where the function h;(x) is given by

hi(x) := 2 + 7(Ru;)?(Re;) — m(Ruq)*y /22 — (Re;)? cot (7n/m2 - (Rci)2> . (2.19)



The masses m;(,) are labelled in the increasing order
M) < My(1) < Mj(2) < -+ . (2.20)

As seen from the construction, only the SM left-handed neutrinos v/ interact directly with
the weak bosons. Therefore, the KK fermions 1 (n > 1) are sterile. The active left-handed
neutrino in the flavour basis v in SM is related to the KK tower ViIfn) in the mass basis by

3 3

Vo =Y Uaiti' =Y Y Uai%lnVifn), (2.21)
i=1 i=1 n=0

where the mixing matrix element %{, is given by

ci(mi?)? + (le-(n))%rﬁ%(l —2me; — w2pd) — 71'(le-(n))4 2
2mjiz[6; — (Rmi(n))?] ’

Pl =1+ (2.22)

where we introduced the dimensionless version of the parameters of mass dimension c¢;, u;:
Ei = CiR, ﬂz = ,LLZ'R. (2.23)
The other elements of the mixing matrix &£ ;e are given by

P V2hin

" (Rmy)? - & —n? L (n21) (2:24)

Note that ji; is related to the dimensionless bulk to brane coupling y; defined in (2.4) as
yi = VriivV/ M R/(vR) ~ 102 [i;(eV R) /2 (2.25)

where the numerical estimate corresponds to a typical value of the DD compactification
scale around eV corresponding to M, ~ 10° GeV.

3 Mass spectrum

The standard three-neutrino mixing model of neutrino masses has well described the os-
cillations of solar, atmospheric and reactor neutrinos. Therefore, it is natural to consider
extra dimensional effects in our model as a perturbation of the standard three-neutrino
mixing model. This observation motivates the requirement that the zero (i.e. lowest) mode
masses of the three mass towers m;() are subject to the mass square differences that are
determined through neutrino oscillations:

Since neutrino oscillation experiments have constrained two types of mass square differences
from solar and atmospheric neutrinos, they can reduce the model parameters by two via
the relations (3.1).

In the first two subsections, we present the structure of the solutions to the mass
equations (2.18) and explain how to generate the three mass towers, taking the mass square
differences with (3.1) as physical data. Then in the third subsection, we impose more physical
information, in particular a larger compactification radius of ©(10) ym and cosmological

neutrino mass bounds, and derive some consequences.



3.1 Structure of the mass equation

The KK masses m;,) are the positive roots of the equation h;(Rm;(,)) = 0 (2.18). The
function h;(x) is defined not only for x > |¢| as in (2.19) but also for x < |¢|; for = < |¢],
the function h; reads [21]

hi(x) = 2 + T2 — w3/ — 22 coth <7n/cl2 - mz) . (3.2)

We can therefore express the mass equation (2.18) explicitly as follows:

o? + mjiie; — mjiz\/a? — ¢ cot (7?«/952 - E?) =0 for z>|cl, (3.3)
2?4 wpie; — mjiz\/¢ — x2 coth (W\/C% - 3:2> =0 for z<|gl (3.4)

The solutions of h;(z) = 0 can then be classified into two cases: if h;(|¢;|) > 0, it has one
solution in the region x < |¢;| that solves the coth mass equation, while if h;(|¢]) < 0, it
does not have a solution in this region, where h;(|¢]|) is equal to

hi(lail) = & + (wé — 1) (3.5)

This can be understood geometrically as in figure 1, where the roots of the mass equation
are the intersections of the parabola x? + 7¢;ii and the cot/coth curves (the third term
of (2.19)). The parabola is monotonically increasing while the cot/coth curves consist
of disjoint, monotonically decreasing curves. When h;(|¢;|) > 0, the parabola is above the
coth/cot curves at |¢;| and intersects with both the cot and coth curves, while when h;(|¢;|) < 0,
the parabola is below the coth/cot curves at |¢;| and intersects only with the cot curves.

When 7¢; > 1, the smallest root solves the coth mass equation because h;(|¢;|) > 0 for
any ;. In contrast, when m¢; < 1, the criterion for the types of the mass equation solved
by the smallest root is given by

hi(lei]) >0 «— ﬁ?<1_i7ra = ¢ ¢l (3.6)
2
hila) <0 = @>— = aelg,g), (3.7)

where Ezi are defined by

_ 1_ _ -
&= S i <pi7r +/in? + 4) . (3.8)

Note that the condition w¢; < 1 still allows a negative ¢; with large |¢;|, which will be discussed
in section 3.3. Below, we summarise the properties of the solutions in the two cases.

3.1.1 Case g € [¢,,¢&]]

Let us first look at the massless case ¢; = 0. The roots solve the cot mass equation (3.3)
and live in the regions n < Rmy,y < n+ 1/2. In general, the mass equation cannot be
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Figure 1. The two panels illustrate the roots of the mass equation (2.18) as the intersections of
2? + wjp2¢; (black curve) with the third term in (2.19) as the red and blue curves for the x < |¢;]
(coth) and = > |¢;| (cot) parts, respectively. The left panel shows the case h(|¢;|) < 0 where the coth
part © < |¢;| has no solution, while the right panel shows the case h(|¢;|) > 0 where the coth part
x < |¢;| has one solution.

solved analytically. However, when [i? is much larger or smaller than 1, the roots can be
approximated by analytic expressions. When |f;| < 1, the roots are approximated by [25]

_ n _
mio) = il + O (A7), migy = i O(r7)] (n>1). (3.9)
We now turn to the opposite limit fi; > 1. Under this, the roots are approximated as?
1 1 1 4
Mim) = h <"+2) (1—7T2/-ﬁ+@(ui )) (n = 0), (3.10)

which can be seen easily from figure 1: the parabola becomes almost constant near zero.
Setting ¢; = 0 in (2.22), we find that the mixing matrix elements of the zero-mode (active)
neutrino with its KK excitations &}, for large |ji;| > 1 read

; V2 ; \/7 fhi
Ly~ < ), Sy i > ;). 3.11
on ﬂ'ﬂi (n ~ /’LZ) On J— (n :ul) ( )

Let us proceed to the massive case ¢; # 0. The roots solve the cot equation and live in
the regions ¢7 + n? < R2mi(n) < & + (n + 1)2, which allows the following parametrisation:

RQmZQ(n) = 612 + (n + yn)Za 0<yn <L (312)

yn decreases as n grows because the parabola is monotonically increasing while each cot
curve is monotonically decreasing. The set of the roots {m;(,) : n > 0} is classified into two
types in terms of the region which the lowest root m;) belongs to:
type l: 0<yo <35 < miie+ec +1>0, (3.13)
type 20 2 <y <1l <= miie+c+ 1 <0, (3.14)

4Here we computed up to the first order correction in ﬁi_QA



where the condition for type 1 (type 2) arises when the parabola is above (below) zero when
the leftmost cot curve crosses the zero at = (/2 + 1/4 (see figure 1). Type 2 is possible
only when ¢; is negative. We can then see that the other roots in each case satisfy

type 1: 0 <y, < % forallm > 1, (3.15)
type 2: % <y, <1l uptosomenyg>1;, 0<y,< % for n > nyg. (3.16)

We consider first the type 1 case (3.15). As in the ¢; = 0 case, the mass equation cannot
be solved analytically in general. However, if y, is small, we can expand the mass equation in
yn and solve it for y,, perturbatively. Let us then look for conditions on parameters for y, < 1.
For n = 0, one can see from figure 1 that requiring £? := —h;(|¢;|) < 1 yields yo < 1. Solving
the mass equation perturbatively in yq yields yo = 2. For n > 1, note first that if y; < 1,
then so are the other y, (n > 2). Solving the mass equation perturbatively in y; yields

&
Y1 = T + O (e). (3.17)

Requiring y; < 1 then yields 7|¢;| < 1. Moreover, since y, < 1 is guaranteed for all n,

Rimny 22 \/E2 +n2 4+ 0(|g;]?). (3.18)

Note that ¢2 < 1 is satisfied easily as long as 7|¢;| ~ 7jz; < 1 is imposed.

the roots can be written as

In contrast, in type 2 case, the situation is different since y,, > 1/2 up to some KK
label according to (3.16). When ji; > 1, the parabola is almost constant ~ 7ji2¢; and the
roots are the intersections of this line with the cot curves. In addition, if |¢;| < 1, then the
intersection can be obtained perturbatively in ¢;.

3.1.2 Casec; ¢ [c; , 5;'_]

When ¢; ¢ [¢;,¢; ], each root is located in the following region:

0 < Rmy(g) < lail, (3.19)

2
Vet +n? < Rmj) < e+ (n + %) (n>1). (3.20)

The smallest root Rm;(g) of the mass equation is smaller than |¢;| and hence solves the coth
equation (3.4), while the others are greater than |¢;| and solve the cot equation (3.3). As
can be seen from figure 1, when ¢; gets larger, the parabola goes up and the intersection
with the coth curve gets smaller, while the other roots are still greater than ¢; as they
are all on the cot curve.

Let us quantify this argument. The requirement Rm;q) < |¢i| is equivalent to

1hi(0)] < [ha(|ei])]- (3:21)
Under this, we can solve (3.4) after expanding it in z?%:

22| (|e;| coth(w|e]) — &)
2lei| + mjif coth(n|ei|) — w2iiF|cil / sinh® (i)

Mgy = (3.22)

,10,



We can simplify this further by imposing the following condition:
|&| > max{1, fi;, 7E2}, (3.23)

which guarantees (3.21). Then, the approximate solution (3.22) is simplified into

N {Mi\/me_m when ¢; > 0,
ml(o) ~

(3.24)

Wi/ 27| ¢ when ¢; < 0.
The condition (3.23) indeed guarantees Rmj;y < [¢il.
Let us next consider the higher KK modes my(,) for n > 1 that solve the cot mass
) = @+ (n4yn)? with 0 < y, < 1/2. The
condition h;(|¢;]) > 0 yields 0 < y, < 1, and y,, gets smaller as n increases. This property

equation (3.3). Its roots Rmy(,) satisfy Rsz(

allows the expansion of the cot equation (3.3) up to first order in y2. Solving it for y, gives

252
— n- g
Rmi(n):\/cg+n2 l1+<62+722)2+... . (3.25)
(3

Under the condition (3.23), the second term in the bracket can be neglected for all n. Note
that (3.23) yields (3.21), which satisfies the condition h;(|¢;|) > 0 used here.

Under the condition (3.23), the mixing matrices £§,, in (2.22) are also simplified. For
higher KK modes n > 1, by using R2m2( ~ ¢7 +n? from (3.25), we obtain

V2iin

Ph o~ 2 .
On c?+n2

(3.26)

The maximum of £}, is ji;/(V/2|¢;]) at n =~ |¢;]|. Since |¢;]| is large, we can approximate the
sum of |#£§,|* over n > 1 by an integral under the replacement n/|¢;| — z:

2

0 , T T T
S|P 2~ T de = ——L. 3.27
n=1| On| |CZ‘ 0 (1 +$2)2 2‘07,| ( )
The unitarity relation 1 = >.0° ,|2{ |? gives
LI~ 1 — i (3.28)
4l¢;|

Note that the sum of | 2§, |> over higher KK modes is suppressed under the condition (3.23),
which can suppress large deviation from the results of neutrino oscillation experiments due
to the active-to-sterile disappearance effect and justify our requirement for the zero mode
masses and the mass square differences.

3.2 Constraints by mass square differences

As already explained, we require that the zero mode masses are constrained by the mass
square differences from the oscillation of the solar and atmospheric neutrinos. This implies
that once the mass square differences and one of the three zero modes, say Rm ), are given,
the other two zero modes are fixed. Let us suppose that we have solved the mass equation
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hi(z) = 0 with parameters (R, c1, j11) and obtained the roots my(,). Once the mass square
differences Am3 are given, the zero mode masses for i = 2,3 are fixed to

m?(o) = m%(o) + Amjy. (3.29)

According to the global fit [34], the central values of the mass square differences are given by

normal hierarchy (NH): Am; =7.49x107°eV?, Am3; =2.534x1072eV?, (3.30)
inverted hierarchy (IH): Am3; =7.49x1079eV?, Ami, = —2.510x10"3eV?, (3.31)

where in TH Am3;, = Am3; + Am3,. On the other hand, the two zero modes Rmsg), Rm3 (o)
are defined as the smallest roots of the mass equations hi(Rmi(O)) = 0 for 7 = 2,3, which
fixes 2. Concretely, for each i = 2,3:

o If Rm;(g) < [¢|, the condition h;(Rm;)) = 0 gives

R?>m?
G . (3.32)

=2
wi =
ﬂ,/c — R?m ()coth(m/c — R?m ())—m_:i

Since 1?2 > 0, we obtain the following consistency condition:

2 — R?m ( o) coth <7r,/c — R’m 0 )) > Gj. (3.33)

o If Rm;( > |¢;|, the condition h;(Rm;)) = 0 gives

2
O (3.34)

-2
Hi = - = _
T RQm?(O) — &2 cot (W, /RZm?(O) — c?) — TG

In this case, the consistency conditions are not only the positivity z? > 0 but also the

requirement that Rm;g) is the smallest root:

R2mZ  — ¢ cot (my/R2mZ, — &) > &,
V& + B2 < Rmy g 2+ (B+3)?

where 3 =0 (1/2) when m;) is of type 1 (2).

Once [ig, 13 are obtained, we can solve the equations ha(z) = hz(x) = 0 to obtain the rest of
the roots Rmy(ny, Rmse,) (n > 1), which solve the cot mass equations (3.3).

In summary, once the parameters R, ci1,co,cs and one of ji; and the two mass square
differences are given, we can obtain all KK masses m? in) In NH, we choose ji1 as a given
parameter and determine jio, i3 since the parameter zi; corresponds to the lightest zero mode
mass [25]. On the other hand, it is natural in IH to choose ji3 as a given parameter and
determine fiy, fia through m? = m3 — Am3, and m3 = m? + Am3; [25]. The relations and
conditions (3.32)—(3.35) hold again as they are except that the index i refers to i = 1, 2.
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3.3 General consequences from physical inputs

Based on mathematical results derived in the previous subsections, we proceed to obtain
consequences by imposing physical constraints. One is the possibility of having compact-
ification radius of order R ~ 0(10) pm within the range of the Dark Dimension proposal,
below the upper bound from table top experiments [13],

R <30 pum. (3.36)

Another one is an upper bound on the neutrino masses which comes from cosmology, according
to Planck 2018 results [35, 36],

my o) + Ma() + m3() < 0.12 ev. (3.37)

A goal here is to obtain as implication that requiring R ~ 0(10) um favours larger bulk
masses |¢;| > 1. For this, we are deriving several consequences on the model parame-
ters by using (3.36) and (3.37) together with the mass squared differences from neutrino
oscillations (3.30), (3.31).

3.3.1 Bounds on the compactification radius: cot case

We first derive upper bounds on the compactification radius and then obtain their implications.
Let us first suppose that the zero mode masses satisfy the cot mass equations (3.3). In
the following, we restrict for concreteness to the NH case, while the IH can be analysed
in a similar way.

General bounds. We first derive some general upper bounds. For this, we proceed as follows:
@] + 87 + R?°Amd < R*m3 ) + R*Amiy = RPmig < |&f* + 57 (3.38)
= R’Am} <&l —|af’ + 57 - 1,

where 31 = 0 or 1/2 (for type 1 or 2 m(g)), and 3; = 1/2 or 1 (for type 1 or 2 m;() for i = 2,3,
according to the definitions (3.13) and (3.14). Note that this leads to |¢;|> —|c1|>+ 32 — 82 > 0.
Let us derive concrete upper bounds. Before proceeding, recall that w¢; < 1.

e When ¢y = ¢3 = 0, the mass equations for ¢ = 2,3 are both the cot one and hence we
have

1
R?Am < R*mi ) + R*Amiy = R*mi < 1 = B< (3.39)

1
2,/Am§17
due to Am3; < Am3;. Using the concrete values in (3.30), we obtain R < 2 um [25].

e Let us move on to the massive case ¢; # 0. We first consider the case —1 < 7¢; < 1,
where we can derive a model independent upper bound: since 87 — 87 < 1, we obtain

RQAm?1<|Ei’2_‘él‘2+1<%+l - R<\/A71n§1 (732+1>. (3.40)
Using the concrete values in (3.30), we obtain

i=2: R<239pum, (3.41)

i=3: R<41pm. (3.42)
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e In contrast, when n¢; < —1, we can obtain another upper bound on |¢| from the
cosmological bound (3.37): since Rm;) > |¢;| for the cot mass equation, we obtain
—0.12R < ¢;, which, however, does not give an upper bound.” We may therefore just
use the general inequality (3.38) as it is. The upper bound on R then depends on
concrete choices of the bulk masses. For example, when |¢;| = |¢;|, we obtain (again

using 63 — /Bf <1)

i=2: R<228um, (3.43)
i=3: R<39pm. (3.44)

Summary and implications: cot case. Let us summarise the arguments above with
some implications on our model parameters.

o If mlc;| <1 (i =2,3) and m;(g) solves the cot mass equation, then the compactification
radius is upper bounded as in (3.41) and (3.42). In particular, if 7|¢;| < 1, the condition
hi(|e;]) < 0 is satisfied for almost all fi; according to the second condition in (3.7),
which means that m;(g) solves the cot mass equation automatically. These results imply
that if we want to explore the compactification radius around 0(10) eV as indicated by
Dark Dimension scenario, larger |¢;| > 1 are favoured.

e On the other hand, if 7¢; < —1 and m;(q) solves the cot mass equation, then the upper
bound on R depends on the concrete bulk masses. Let us consider the case where the
bulk masses are equal up to signs |c| = |¢;|, which will be discussed in the next section.
Then the upper bound on R is (3.43) and (3.44). In this case, for larger radius around
0(10) pm, the mass m3(p) may have to solve the coth mass equation instead, which
will be discussed again at the end of this subsection. On top of this, the cosmological
bound can constrain ¢. Since Rm;g) > |c| irrespective of the type of m,q), the Planck
bound (3.37) implies R > 1.6[¢| um. On the other hand, mg() satisfies (with 1 =0
and f3 =1 in (3.38) for a universal bound)

e + R?Am3; < R*(mf ) + Am3;) = R*m3 ) < [ef* +1, (3.45)

which gives R < 3.9 um. Combining this with the lower bound R > 1.6|¢|um just
obtained leads to |¢| < 2.4. This indicates that for larger |¢|, cases with zero modes
solving the coth mass equations will be preferable.

Case of massless bulk fermions with large ;. Let us move on to a quite different case:
i; > 1 with massless bulk fermions ¢; = 0, which was discussed partly in section 3.1.1. In this
case, the masses are given by (3.10). The cosmological bound (3.37) implies m;y < 0.12eV,

5In a similar manner, one might derive

1
R < /—= (0.122R% + 32 — 32),
\/Am?l 1

but it is satisfied for any R.
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which gives a lower bound on R > 0.82 ym (since m;() ~ 1/(2R)). Combining this with the
upper bound R < 2 um derived from the mass square differences in section 3.3.1, it implies

0.82um < R < 2.0 ym. (3.46)

A previous work for |¢;| = 0 found an upper bound R < 0.4 um by combining results
of neutrino oscillation experiments, under the assumption of small /Z? [25]. However, as [i;
gets larger, the mixing of the zero-mode active neutrino with the higher KK modes gets
suppressed as (3.11). Then the extra-dimensional effects become negligible, so the upper
bound R < 0.4 um is not reliable and opens a new allowed narrow window of larger R
satisfying the bound we found in (3.46).

3.3.2 Bounds on the compactification radius: coth case

General bounds. Next, we investigate the case where m;) with ¢ = 2 or 3 satisfies the
coth mass equation (3.4). We can also derive an upper bound on R in this case, but for
this, we need to analyse the positivity of [Lg given in (3.33) in detail. It is convenient to
introduce the following function:

di(a) :== /2 — a? coth <7n/c12 - a2> -G, (3.47)

which is defined for 0 < a < |¢;|, and is monotonically decreasing for fixed ¢;. Note that
d(¢;) = 71— &. When ¢; < 7%, d;() is positive and hence the positivity of ii? (3.33)
is satisfied.

On the other hand, when ¢; > 7!, since d;(0) > 0 but d;(¢;) < 0, d;(«) has only
one root, which we denote by a(¢;), and d;(«) is positive for a < a(¢;). Therefore, ji7 is
positive if and only if

Rmz(o) < @(Ei). (348)

When ¢; increases, a(¢;) monotonically decreases exponentially to zero. Since ¢; > 7!

L we have

and a(r!) = 7~
0<a(g) <rt (3.49)

Now, assuming that ¢; > 7—!, we can derive an upper bound on R. Since Rmjg) solves the
coth mass equation, the positivity of ﬁ? dictates that (3.48) should hold:

R*mi g < a(@)?. (3.50)
Since Am? < m?(o) and a(c;) < 71, we obtain
R*Am? < 72 (3.51)

Therefore, for ¢ = 2 or 3, if ¢; > 1/7 and Rmj(g) solves the coth mass equation, R is
bounded from above as:

i=2: R<T7.25um, (3.52)
i=3: R<1.25pm. (3.53)
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Summary and implications: coth case. Let us apply the above results to a concrete case
|c| := [c1| = [c2| = |e3| # 0, which will be discussed in the next section. Since my(g) < m3(0),
we have three patterns:

(ma(0y, m3(0)) :  (cot, cot),
(m2(0)a mS(O)) : (COthv COt)7

(ma(0), m3(0)) = (coth, coth).

In the first two cases, mg(g) solves the cot mass equation and thus the compactification radius
is forced to be smaller than 4.1 ym due to (3.42) or 3.9 pm due to (3.44). Therefore, if we
are interested in larger radius, both my() and mg) must solve the coth mass equations.
In particular, for R > 3.9 yum, we need ¢ < 71 due to (3.53). However, if |¢| is so small
that |¢| < 7~!, the requirement R > 3.9 um implies |c| < 0.016eV. On the other hand,
in the next section, we will need to explore much larger |¢|. In conclusion, if we want to
explore larger |c| with the requirement of larger radius, we have to choose negative bulk

masses such that ¢ < —7x 1.

4 Differential beta decay spectrum

The Karlsruhe Tritium Neutrino (KATRIN) experiment [37] aims at determining the neutrino
mass scale by analyzing the B-decay of molecular tritium Ty — 3HeT' + e~ + 7. The
combination of a high-luminosity windowless gaseous molecular tritium source with a high-
resolution spectrometer enables KATRIN to perform a precise measurement of the energy
spectrum of electrons from the beta decay down to 40 eV below the endpoint of the spectrum
at Fp ~ 18.57 keV where the impact of the neutrino mass is maximal. Recently, KATRIN
has published the upper limit on the effective neutrino mass at 0.45 eV (90% C.L.) [38].

If the electron neutrino is a linear combination of three eigenstates of mass eigenvalues
m; (i = 1,2,3) with the PMNS matrix components Us;, the differential spectrum for /3
electrons with kinetic energy E is expressed by®

3
Retd :C@Z\Ueiﬁq/ez —m? 0(e — my), (4.1)
=1

where 6 is a common factor independent of models of neutrino masses, e = Ey — F, and
0(zx) is the step function defined by 6(x) = 1 for z > 0 and 6(z) = 0 for x < 0. Note that
the mass observed in KATRIN is not the mass of an active neutrino eigenstate m,;, but
an effective neutrino mass defined by

my, = (Z |Uei|2m§> . (4.2)
=1

SFor the f-decay of a molecular tritium, the effect of final states of the daughter molecular system should
be added. Modifications by this, however, do not affect the discussion in what follows. More details about
such effects and other corrections are found in, for example, [39].
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This definition is motivated by the fact that the difference of the active neutrino eigenstates
is below the sensitivity of the electron energy (lower bound of €) 0.4 eV and thus negligible.

Concretely, expanding (/€2 —m? in m?/e?, we can rewrite
3
Retqd ~ 6 Z |Uei|2(e2 — m?/2)9(6 —m;). (4.3)
i=1

Since the difference of m, and m; is smaller than the energy sensitivity, we can replace m;
in the step function by m,. The result is

Rgrq ~ B(2 —m2/2)0(e — my) =~ Cey/e2 —m20(e —my). (4.4)

KATRIN obtains m, as the neutrino mass through this equation.

If a hypothetical sterile eigenstate of mass my4 contributes to the electron neutrino on top
of the three mass eigenstates, then the sterile eigenstate can be produced with a probability
determined by a mixing between electron neutrino and sterile neutrino state. For example, in
the case of a sterile neutrino in the 3+1 model, the differential spectrum becomes

R311 = (B cos? Oee) €1/€2 —m20(e —m,) + (Bsin? Oee) €y/€2 —m3 0(e — my), (4.5)

where sin?(f.) is the mixing angle between active and sterile states. In terms of observation,
a sterile neutrino would leave two important imprints on the electron spectrum: a global
distortion and a clear kink signal. The mixing of sterile and active neutrino determines the
amplitude of the global distortion. The position of the kink allows determination of the
fourth neutrino mass as it occurs at an energy equal to Ey — my.

In the case of our model with Dark Dimension, the electron neutrino is a linear combination
of infinitely many KK states on top of the three zero modes. If these KK neutrinos are
emitted during the 3-decay, it is natural to expect more kinks to occur at energies Eo —m;(,)
for n > 1. We explore this possibility in what follows.

4.1 Differential beta decay spectrum and continuous approximation of KK
spectrum

In our model with bulk fermions, the electron neutrino mixes with the mass eigenstates as

v =53 > >0 Uei 3ny,}zn). Therefore, the differential spectrum is modified into

%5(67 {mz(n)}) = Ro + RKK, (4.6)

where we separated the contribution of the zero modes from the sum over KK label n:

3
Ro =6 Y |UeiZipl’e\/e — m3 g, 0(e — mi)), (4.7)

i=1
3 oo
Rxk =6 Z Z Uei Ly, |26\ /€2 — m?(n)G(e — Mi(n))- (4.8)
i=1n=1

The kink nearest to Ej is at € = m;(g). After this, in principle, all higher KK masses offer kinks
at € = my(,). Since the minimum of € is the sensitivity 0.4 eV, if some lighter modes are greater

,17,



r' s
; """ Without Dark Dimension
0.8 *\\ —— With Dark Dimension
— A Active branch
=] AN
S 06 | AU KK branch
g F . \\ (R=0.2 pm,c = 0,; =0.5)
= [
g 04
[}
9
Q.
0.2
L.y F— Ej (eV)

-2.0 -1.5 -1.0 -0.5 0.0

Figure 2. For an extra dimension with radius R = 0.2 um, the region near the endpoint of the
spectrum is distorted due to the KK modes. In this case, KK modes with n = 1,2 contribute. We can
see the two characteristic “kink” signatures on the spectrum.

than but not too far from 0.4eV, they can be detected by KATRIN. For example, when
R =0.2pum, ¢y = c2 = c3 =0 and 13 = 0.5, the S-decay rate is given in figure 2. Here, for our
convenience, we show only two kinks of the two lowest KK modes n = 1,2.” Note that not all
KK modes can be included in the KATRIN observational window (0 — 40 eV). The largest
number of nyax KK modes that KATRIN can detect is determined by the following condition:

mi(nmax) 5 40 eV. (4.9)
It is important to keep in mind that, as we discussed in section 3.3.1, there is a theoretical
upper bound on the size of the extra dimension in the case of small bulk mass (7|¢;| < 1
fori =1,2,3): R <2 um. We now focus on the large bulk mass scenario (7|¢;| > 1), for
which there is no upper bound on R, in order to look for the signal of the dark dimension

right-handed neutrino in the R ~ 6(10) um region.

Large bulk mass. Let us first concentrate on NH. We show that there is a parameter region
where the contributions to the §-decay spectrum from infinitely many higher KK modes can
be described effectively as a contribution from a single mass with an effective mixing, so
that the spectrum takes a similar form as (4.5) in the (3 + 1)-model.

When Rmy ) is suppressed, there is a squared mass gap between n = 0 and n = 1 of order
81 ~ |¢;|? according to (3.24) and (3.25) since |¢;| is large. On the other hand, the squared
mass gap between neighbouring higher KK masses is dxkx ~ R~2. Therefore, the ratio dxk /81
is given by |¢;|~2. This indicates that in the large |¢;| limit, the ratio ékk /d; approaches zero
and the spectrum of higher KK modes becomes quasi-continuous compared with the gap
between the zero and first modes. The mixing with higher KK modes %, (n > 1) then has
a peak around n ~ |¢;| and it decays for larger n. Since the KK mass at the peak is ~ v/2|c;,
the main contribution to the higher KK part of the spectrum &gy is from the lighter region
of the (almost) continuous KK spectrum of mass ~ |¢;|. This scenario is depicted in figure 3.

"See also [33].
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Figure 3. The left panel depicts a general structure of the mass spectrum. The right panel illustrates
a behaviour in the large |¢| limit, where a mass gap between neighbouring KK modes becomes much
smaller than the gap for the lightest two modes n = 0,1. The density of the colour in each continuous
KK mass spectrum depicts the magnitude of the mixing £{,,; the thicker the colour is, the larger the
mixing is.

This argument can be quantified in the following parameter region:
|&| > max{1, fi;, 72}, (4.10)

which has already been introduced in (3.23). Since |¢;| > 1, the zero mode masses solve
the coth mass equations as proven in section 3.1. Therefore, the zero mode masses m; ()
are given by (3.24) and they are related by (3.29). On top of the condition (4.10), if the
three bulk masses have similar values

le1] ~ |ea| ~ |esl, (4.11)

then the zero mode and the first KK mode n = 1 have gap |¢;|, and the KK modes from
n =1 ton ~ |¢| will be of order |¢| for i = 1,2,3.

Requiring that the first KK mass is above the sensitivity |¢;| > 0.4eV and taking the fact
that maximum of the energy window of KATRIN is 40 eV into account, we can explore energies,
for example, 0.5eV < |¢;| < 40eV, which for R = 10 um corresponds to 25 < |¢;| < 2000. This
is consistent with the assumption on the parameters (4.10) as long as ji1 is taken appropriately.

For simplicity, we constrain the bulk masses to

el := lea] = lez| = [es]- (4.12)

As mentioned above, since |¢| > 0.4eV and we are interested in large radius of around
10 pm, the three zero mode masses solve the coth mass equations, and the bulk masses for
1 = 2 and 3 must be negative, as demonstrated in section 3.3.2. We may therefore look
at the following two cases:

ci=c¢1=—cy=—c3>0, (4.13)
c:=c1 =cy=c3<0, (4.14)
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with 0.5eV < |¢| < 40eV, and impose
e| > max{1, f;, T2} (4.15)

We can now approximate the spectrum from higher KK modes as follows. It is convenient
to rewrite the approximate formulas for m,, £, for n > 1 given by (3.25) and (3.26)
in terms of n/|¢|:

=2 52 TL2 62
(R = 1 -4), (2t = 2L, (4.10

Once the differential spectrum is rewritten in terms of n/|c|, under (4.15), we may replace
n/|¢| by a continuous variable z as Y, f(n/|¢|)/|¢] — | f(x)dx with the integration region
from 1/|¢| to an upper bound A defined by e ~ mf\m, as dictated by the step function
(e — my(,). Concretely, A reads

A= \/(}?2 1= \/Zz ~1 (4.17)

Since A > 1, we need € > |c|. Then the integral approximation of Rkxk is given by

3 Ale] 222\ .|= 2.2 2
R?e n
g{ % Uel2 [Lz/C)('I’L/C)E‘d 1=
KK = 221 nzl Vel =7 702 /62)2 R\ & &2
~ 8> 22Uy / VA2 — 22dx. 4.1
;:1 1 Ueil e ng T (4.18)

Z1—1
Dividing the integral region into fOA - f(‘)c‘ and taking the condition € > |c| into account,
we obtain®

3 7_(72
Rk ~ € (Z Ui |2 “Z) (e — |e])20(e — |e]), (4.19)

i=1 2|c]

where we used (4.17). This form makes it manifest that in the large |¢| limit, Rxk can be
interpreted as a contribution from an effective mass |c| with the effective mixing

3 TI'[LZ
sin® g == Y _ |Uei|? 2|al| : (4.20)
=1

Note that the condition (4.15) guarantees that this effective mixing is smaller than 1.

8Concretely, we use

/A /A T (24 A% —2V1+A2)
o (L+22)2 o

4VT¥ A2 ’
1
2w T — 6.
. drap T+ o
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Based on this result, let us rewrite the zero mode part ®Rg. Using the approximate
formula (3.28) for £{,, we can rewrite the zero mode differential decay rate as

3 =2

s

Ro =B |Uei|? <1 — 2]EZ| ) €,/€2 — m?(o)G(e — My(0))- (4.21)
i=1

As discussed for Rgiq, the active neutrino masses are degenerate and can be approximated

by m, (4.2). Upon this replacement, (4.21) becomes

Ry =~ (B cos® Oeg) €1/€2 —m20(e —m,), (4.22)

where we used the unitarity 1 = 23| |U|? and the definition of sin?feg (4.20). Finally, the
total differential decay rate Rg = R + Rk can be rewritten as

Rp =~ (€ cos? Oesr) €1/€2 —m2Z0(e —my) + (€ sin? Oegr) (¢ — |c])?0(e — |c]). (4.23)

This has a quite similar form as the decay rate for the (3 + 1) model (4.5) with the difference
in the second term from sterile neutrinos.

Let us estimate the effective mixing sin? 6. Under (4.15), ji; for i = 2,3 can be
approximated as

R2Am2,

4.24
27|¢| (4:24)

i =~ (=) +

The upper bound R < 30 ym implies R2Am3, < R?Am3, < 6(10). Since |¢| > 1, we
have R2Am2 /(2n|c|) < 6(1). Therefore, once (4.15) is satisfied for fi1, it is satisfied
automatically for fig, fi3. According to neutrino oscillation experiments, we have |Ug1|? ~ 0.96
and |Ug|?> < 0.04. Therefore |Uy|?R?Am3,/(27|e|) is negligible. Therefore, sin? feg can
be approximated as
2

1

_ =2
Y T
sin? fofr ~ LC [1Ua P + 0(=¢) (Ueal? + [Uea?)] = TEL

2c] E (4.25)

048 :¢>0,
0.5 :ec<0O.

Since the setup assumes 7ji3 < |¢|, the value of sin? fg should be sufficiently smaller than 0.5.

4.2 Comparison with 3+1 model

Due to its ultra-luminous tritium source, KATRIN is well suited to search for sterile neutrinos
with a mass my in the range of eV to keV. Currently, the experiment measures the effective
electron antineutrino mass by investigating the tritium S-decay spectrum in the last 40 eV
below the spectral endpoint at Ey = 18.6 keV, which is also the suitable energy range to search
for eV-sterile neutrino [32]. The KATRIN neutrino mass program is planned to continue
until the end of 2025. Afterwards, the beamline will be upgraded to enable a search for
keV-scale sterile neutrinos.

In the previous section, we have seen the similarity between the S-spectra (4.5) and (4.23).
In fact, in the parameter region (4.10) allowing the continuous limit, we could try to identify
the mass of a sterile neutrino m,4 with the mass of the bulk fermion |¢| and also identify
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Figure 4. Sterile neutrino exclusion contour and the simulated sensitivity contour from KATRIN
measurement campaigns KNM1-5 are shown in the black and red dashed line respectively [32]. The
blue line represent the sin? o™ = 0.050 boundary. Below this upper bound, we can make the
identification: m?% — ¢® and sin? 6,, — sin® O.g.

sin? 0. with the effective mixing sin? f.g defined in (4.20). Under this identification, we could
search for the existence of a dark dimension right-handed neutrino by using KATRIN's sterile
neutrino results. In this subsection, we explore this exciting possibility.

Let us discuss consequences from the cosmological bound on the active neutrino masses
by Planck 2018 (3.37). In our regime (4.15), the three zero mode masses are given by

V2mee ™ (¢>0
mio) ~ p1vV2mee (c>0) : mi(o) = ,/m%(o) + Am2,. (4.26)
1/ 2l (c<0)

We can then see that if a given value of ji; is consistent with (3.37), then smaller values of
i11 are also consistent. Therefore, it makes sense to find, for each ¢, the maximum value of
i1 that is consistent with the cosmological bound. Let us denote this maximum by u]"**(¢).

This gives the maximum of sin?6f.g for each ¢,

—max (=)2
sin? %) = % (4.27)

In this way, we can make a curve sin? 7%%(¢) in (c?, sin? fo) plane for a given radius R, and
parameters below the curve are consistent with the Planck 2018 bound.

Note that "®*(¢) can be computed numerically independently of our approximation
scheme (4.15). However, use of the effective mixing sin? 7*(¢) only makes sense within this
scheme. Therefore, when we make plots of sin? f.¢, we have to specify a region where the

approximation scheme (4.15) is valid. Let us consider the cases ¢; > 0 and ¢; < 0 separately.
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4.2.1 The negative c case

Let us first consider the case in (4.14) with ¢; = c2 = ¢3 = —c < 0. We impose the upper
bound m(g) < 0.12eV as implied by (3.37). Using (4.26) for my ), we find

p1V2re < 0.12 (eVR) (4.28)

For example, when R = 10 um, it gives an upper bound on p,

_ 50.7 x 0.12

The upper bound ranges from 0.44 to 0.072 as ¢ ranges from —25 to —2000. Therefore, the
effective mixing sin? f.g is suppressed to < 10~4. From figure 4, this bound is much lower
than the KATRIN sensitivity for sin?f.g.

We can impose another upper bound on the active Dirac neutrino mass coming from the
swampland AdS conjecture that forbids stable non-supersymmetric AdS vacua [20, 21]:

my) < 7.63meV, (4.30)

which yields a stronger upper bound on ji; than (4.29):

50.7 x 0.00763
2nle]

1 < (4.31)

4.2.2 The positive c case

Next, we consider the case ¢; = —ca = —c3 = ¢ > 0. According to (4.26), my(o) is
exponentially suppressed to almost zero and hence m?(o) ~ Am?l. Therefore, the cosmological
mass constraint (3.37) is satisfied for any R, ¢, ji; as long as (4.15) is satisfied.” Furthermore,
the mass bound from the swampland AdS conjecture (4.30) is also satisfied for the same reason.

For demonstration purposes, we choose the maximum ratio to be 7ji?/|c| = 0.1 to satisfy
condition (4.10). Equation (4.27) gives us the maximum value sin? %% = 0.05. In figure 4,
the exclusion and sensitivity contours of the 3 + 1 model are shown based on KATRIN’s
KNM1-5 measurement campaigns. Assuming that below the sin? 05> = 0.05 boundary
line, the decay rates in (4.5) and (4.23) are indistinguishable, we can make the identification
m3 — ¢ and sin? 0, — sin? f.g. We can see that for the dark dimension neutrino with a
mass parameter |c| from 1.0 to 10 eV, a large part of the parameter space is still allowed.
The exclusion contours for R = 1.0 and 10.0 gm in the (¢, 11) plane are shown in figure 5.

Starting in 2026, KATRIN will be upgraded with the “tritium investigation on sterile
to active neutrino mixing” (TRISTAN) detector [40], enabling the measurements of the
full tritrium S-decay spectrum. This allows the search for a sterile neutrino on a keV scale
with an energy resolution of 300 eV. For dark dimension model with R = 1.0 — 10.0 pum,
TRISTAN can probe the region where ¢ > 2000.

90n the other hand, the mass bound by KATRIN gives \Uel|2m% + |Ueg|2m§ + |Uex \2m§ < 0.45%2eV2. Using
mf(o) = mf(o) + Am2, and the central values of the PMNS matrix components, one has m; < 0.45eV. In the
case ¢; = c2 = ¢c3 = —c < 0, for R = 10 pm, the upper bound on i1 ranges from 3.3 to 0.54 as ¢ ranges from
—25 to —2000. In the case ¢c1 = —ca2 = —c3 = ¢ > 0, the mass bound is trivially satisfied.
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Figure 5. Exclusion contours for R = 1.0 and 10.0 um in the (¢, fi1)-plane are shown as the black
dashed and solid curves respectively. The blue curve represents the sin?(#7#*) = 0.050 boundary.

4.3 Comment on IH case

In TH, we generate the mass spectrum by giving s by hand instead of ji;. As in NH, we
work with the equal bulk masses |c¢| = |c1| = |c2| = |c3]. The parameter region is the same
as (4.15). Then the arguments leading to the effectively 3 4+ 1 spectrum are not altered, and
thus we can still use (4.23) with the effective mixing (4.20). For a given ug, by a parallel
argument, the other two ji?, ji3 are given by

RZAmZ, .

2T (4.32)

ji; = ji70(—¢) +
Since R?|AmZ|/(2r|e]) < 6(1), all ji? satisfy (4.15). The effective mixing sin? feg can then
be written as

.2 Wi 2 2 2
sin’ o = 5 [1Ues? + 0(=€)(|Uaa |2 + |Uea )] (4.33)

However, since |Ue|? ~ 0.96 and |Ug|? < 0.04, the effective mixing reads

sin? O < ”—“_% x 0.04, (4.34)
2|e|

whether c¢ is positive or negative. When ¢ < 0, even if a model with (¢, i1 = 1) in NH is

above the sensitivity contour, an IH model with the same parameter set (¢, i3 = i) can

be much lower than the sensitivity contour in general. In this case, i3 may have to be

replaced by at least ~ 5u to reach the sensitivity contour by increasing the upper bound

in (4.34) to 7?/(2le)).

5 Conclusion

In conclusion, in this work we have made a detailed analysis of the experimental signatures
of Right-handed neutrinos propagating along the “Dark” Dimension of micron size that can
be searched in KATRIN experiment, aiming to measure the value of the electron neutrino
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and look for possible existence of sterile neutrinos within the range of order 0.1-100eV. The
neutrino production should manifest as a kink in the differential beta decay spectrum as a
function of the electron energy near the end point Fy ~ 18.57keV. Besides the size of the extra
dimension R, every 5D R-neutrino brings two parameters: its bulk mass ¢ and its coupling to
the SM brane p defined in (2.16), or equivalently the corresponding dimensionless parameters
¢ = cR and g = pR. We have identified two distinct regions in the parameter space, ¢ &~ 0 and
¢ sufficiently large, as defined in (4.15), where simple analytic expressions can be obtained,
leading to qualitatively different experimental signatures within KATRIN’s sensitivity.

The first region leads to a series of kinks (in practice a few observable) corresponding
to the production of KK excitations when R is smaller than about half-micron and larger
than a few nanometers. The upper bound is at the boarder of the limit obtained by the
disappearance effect of neutrino oscillation data [24, 25]. On the other hand, we found
an allowed narrow window above this bound and below ~ 2 microns when p is large, for
which the above limit does not apply due to the smallness of the active neutrino zero-mode
coupling to the higher KK excitations. However this window falls slightly below the current
sensitivity of KATRIN experiment.

The second region leads to effectively one kink around the value of the bulk mass due to
an accumulation of KK excitations around this value with significant coupling to the active
neutrino that can be parametrised by an effective mixing angle. The results in this region can
thus be compared to those of the 3+1 sterile neutrino model that has been already analysed
experimentally, leading to a constraint in the parameter space.

Our results are encouraging and motivate a dedicated numerical analysis in comparison
with the experimental data in the whole parameter space of the model, which is currently
ongoing with KATRIN collaboration.
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A Technical details on our model of massive bulk neutrinos

We first review the relation between the flavour and intermediate bases following [24, 28].
The action in the intermediate basis (2.3)+ (2.4) is related to that in the flavour basis as

Sb

/d4/ dz ( Zz\I/ TM Oy W — 3 Goplals), (A1)
a’ﬁ

Spy — _A(séﬁ /d4a: > (Gyaﬁgﬁ\ﬁg(z =0)+ c.c.), (A.2)
o.f

,25,



where «, § run over the three favours e, u, T. The bulk-brane Yukawa matrix %,z are related to
the three Yukawa couplings y; in the interbediate basis via the singular value decomposition as

Gyaﬂ— Z Uazszw, (A3)
7]7

where U and V are 3 unitary matrices. The bulk neutrinos and the SM leptons in the
two bases are related by

3 3 3
U, = 'Zl Vaiq]iv Z anz , €a = 'Zl Uaieia (A4)
1= =1 1=

which manifests that U is the PMNS matrix. The bulk mass matrix 6,43 is then defined
with the three bulk masses ¢; in the intermediate basis as

3
BGap = > VaitiVih (A.5)
=1

Let us proceed to the diagonalisation of the mass matrix in (2.13)+ (2.14). It is convenient
to rewrite the total quadratic action Siot := Sty + Sbs in the matrix notation with respect
to the KK labels:

3 _ N -
Sio = /d " z (1Mot 0, WY+ i Nt D, N — WMWY — WIMNE] (A6)

where the vectors Y, #F and the mass matrix M; are defined by

Za (YR ] [Yio Yi1 Yig -+ Yo -]
¢ @Z}E 0O X1 O --- 0
. V5 N vy 0 0 Ag-- O
Nyiy=| .|, Nyo=]|.1], My=1]. . . . : (A.7)
L R 0 0 0 -+ Ajpp -+~

The mass term can be diagonalised through the singular value decomposition of M;:
M; = LiD:Rl, MM = L;D?L! (A.8)

7710

where L;, R; are unitary, and D; is the diagonal matrix with its non-negative diagonal elements
being the square root of the eigenvalues of MiMZT-. Let us denote the diagonal elements of
D; by {mjm) : n = 0,1,2,---} in the increasing order,

We can show, as demonstrated later, that they are given as the positive roots of the equation:
hi(Rmj(,) = 0, (A.10)

where the function h;(x) is given as

hi(z) := 2 + 7(Re;) (Rui)* — m(Rui)*y /22 — (Re;)? cot (m/azQ - (Rcl-)Z) : (A.11)
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After the singular value decomposition, the action is rewritten as
Shus + Sbp = [d'a il [iNA#9,N; — NiD;N]. (A.12)
i=
where we introduced the vectors of fields N¥, N® N; by
Ne=LNF WR=RNE N,=N!+NE (A.13)

For concreteness, we introduce the component notations:

Visz) = (N, Uz-}:({e) = (N}, Vi(e) = Uz-L(‘e) + U;f({é) (£ >0), (A.14)
Lo = (Li)nes Lo = Rine, (n,€>0), (A.15)
miey = (Di)ee,  My0) < myay < M) < -+ (£>0). (A.16)

In terms of them, the action is given by (2.17).
Let us demonstrate the diagonalisation of the matrix MZ-MZT given by

o [Yinl* (Yir)(Nir) (Yi2)(Ni2) -+ (Yir)(Nikc) -+ ]
YD) (Na)? 0o - 0
(Y35)(Ni2) 0 (Ai2)? -+ 0
MM = : : . (A.17)
(Yix)(Aig) 0 0 (Ng)?
The determinant det(Rzl\/Iil\/I;.r — 22I) (z > 0) is then given by
det(R*M;M! —221) = i 1 [(R\ir)*— Z|RY |>—z Z ’RY’”| (RAin)’
e iVl —x _Kl—I>nook:1 zk a? in )2 — g2
K K 2
— _ 2 _ ‘RYm’
_Khinoo R)\zk 2 (‘RY;0| —x? z:: R)\m)2—a}2> . (A.18)

When z ~ Ry, the r.h.s. becomes —(RAin)?|RYin|* [Tjotn [(RAik)* — (RAin)?] # 0. Therefore,
the characteristic equation det(RQMiMZT — ) = 0 is equivalent to the equation
o~ |RYinf?

|RY;0|? — 22 — 22 Z

— = 0. Al
1 (R/\in)2 — 22 0 ( 9>

By using (2.15), this equation can be rewritten into (3.3) (and also (3.4) for z < |¢]|).

Let us proceed to Z!,. Recall that I\/IiM}L = LiD%LI. Let us denote L; = (v}, vi v} --+)
where the vector vé is defined by ('vé)n = EZ;Z. Then MZ-M;[LZ- = L;,D? is equivalent to
the eigenvalue equations

I\/IiMZ'vé = m?(e)v%. (A.20)

Since L; is unitary, v} has norm 1. Solving this equation yields (2.22) and (2.24). The other
unitary matrix &', can be obtained in a parallel manner by diagonalising MTM
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