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Abstract

Within the context of a design study of a LINAC for ioniza-
tion cooling, this paper presents the result of incorporating
a scattering model in RF-Track (v2.1) for charged particles
heavier than electrons. This inclusion enables simulations
for applications like ionization cooling channels for muon
colliders. Within RF-Track, a novel semi-Gaussian mix-
ture model has been introduced to describe the deflection of
charged particles in material. This innovative model com-
prises a Gaussian core and a non-Gaussian tail function to
account for the effects of single hard scattering. To validate
the accuracy of our results, we conducted a benchmarking
comparison against other particle tracking codes, with the
outcomes demonstrating a high level of agreement.

INTRODUCTION

Charged particle deflection in matter, known as multiple
Coulomb scattering (MCS), is crucial in various fields in
physics. While simulating all particles interacting multi-
ple times with the material nuclei is time-consuming, scat-
tering probability models like G. Moliere’s framework [1],
refined by others [2, 3], offer efficient approximations. De-
spite its non-Gaussian nature, MCS is often treated as a
Gaussian core with non-Gaussian tails resulting from single
scatterings. This phenomenon is crucial in the development
of multi-TeV muon colliders [4], where technologies like
ionization cooling [5] are essential for reducing the muon
beam’s phase space and achieving high luminosities. Pre-
ciese modeling of ionization cooling requires an accurate
understanding of MCS events. In this study we describe
enhancement of the RF-Track program [6] by integrating a
fast MCS model, thereby bolstering RF-Track’s capabilities
in designing final cooling lattices for muon colliders [7]. It
achieves this by leveraging a semi-Gaussian mixture model
parameterized with the Bethe-Wentzel deflection width. We
begin this paper with a swift but essential theoretical and
historical overview of single scattering approaches and con-
tinue with the description of the fast semi-Gaussian algo-
rithm. Lastly, we benchmark our results from RF-Track with
similar tracking programs and interpret our results in the
conclusion.
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SCATTERING THEORY
Single Scattering

The single scattering can be described by quantum elec-
trodynamics. In this context, if a charged particle passes
close enough to the Coulomb field of a nucleus, both to
exchange virtual force carriers, which are mostly photons.
This quantum interaction changes the direction of the mov-
ing particle, which is the actual scattering process. Such an
elastic process is described by the Rutherford differential
Cross section
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In Eq. (1) (natural units are used), Z is the nuclear charge
number, while z is the charge number of the deflected par-
ticle. Additionally, in Eq. (1), Sommerfeld’s fine structure
constant is @ ~ 1/137, ¢ is the speed of light, and Bp is the

Lorentz factor multiplied by the momentum of the scattered
particle.

with 2= (

Quantitative Approach of MCS

The first idea of MCS came from B. Rossi and K. Greisen
[8]. In their work they assumed a MCS probability density
function composed of Eq. (1) and the number of atoms per
unit area N, pds/A in a slab of material with thickness ds,
where N, is the Avogadro number, p and A are the density
and the atomic mass of the material. They expressed the
MCS variance per unit path length as
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where dQ ~ 6d6d¢ can be used in the small-angle approxi-
mation. The angular cut-offs in Eq. (2) are
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and come from the Thomas-Fermi model [9].

Later, V. Highland [10] compared in his work Eq. (2) with
the modified Moliere theory from H. Bethe [2] and found
inconsistencies for lower Z materials. He adjusted Eq. (2)
with a fitting parameter and an additional logarithmic term.
G. Lynch and O. Dahl [11] fine-tuned Highland’s idea and
found the final analytical expression
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Figure 1: A 100 MeV pencil beam with 10° muons is simulated with RF-Track and ICOOL traveling through liquid hydrogen
and lithium. The sample thickness is 1% of the material’s radiation length. We vary the integration steps in the simulations
and demonstrate that the long-range MCS tails of RF-Track’s semi-Gaussian mixture models do not disappear.

with an accuracy of 11% for 107 < s/Lg < 10%, with
Ly as the radiation length. Eq. (4) gives a quick analytical
estimation of 98% of the central distribution and is also
quoted in [12].

Nevertheless, for tracking simulations, Eq. (4) cannot be
used due to the non-additive behavior of the logarithmic
term. Our first attempt was to ignore the logarithmic term of
Eq. (4) and compare the standard deviation of the scattered
muons for lithium and beryllium and found good agreements
with similar tracking codes [13]. However, we found signifi-
cant overestimations with liquid hydrogen, which was our
primary material of interest for ionization cooling simula-
tions. Therefore, we searched for a better estimation than
Eq. (4) and found the following.

Bethe-Wentzel Scattering

The Rutherford differential cross section in Eq. (1) can
be modified by including the minimum cut-off angle 0t >
(6 +62, )% from Eq. (3) in order to avoid singularities and
introducing scattering with constituent electrons by changing
Z> to Z(Z+1) [2,14]. The MCS variance per unit length can
be separated into a nuclear and an electronic component [15],
including the modifications from above, which leads to
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The integration limits in the second term of Eq. (5) are

22 2
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where E stands for the total energy, m symbolizes the mass,
my, is the electron mass, and / represents the ionization en-
ergy of the material [15].

THE SEMI-GAUSSIAN MIXTURE MODEL

The semi-Gaussian mixture model is a suitable option
for particle tracking models in material [16]. In the semi-
Gaussian mixture model, the core of the MCS is a Gaussian,
while the long-range tails follow the distribution of the single
scattering function of Eq. (1). There exists also a Gaussian
tail description [17], but this is not considered in this study.

Tracking Code Overview

To generate a random scattering angle €, two inverse cu-
mulative distribution functions

0'\/Tlnu, ifv > e,
0= - (7)
ab " ifv<e,

b
ub® + a®

are necessary, where the function above describes the gen-
erator for the Gaussian core and the equation below char-
acterizes the one for the long-range tails (all variables are
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defined in the following.) In Eq. (7), # and v are indepen-
dent and stochastic variables with a uniform distribution in
the interval [0,1]. The variables (o, a, b, £) in Eq. (7) were
estimated using the methods provided in [18]. They depend
on the penetrating particle and on the material properties.
For a given material thickness ds and particle velocity, two
specific functions have to be introduced, which are

2215-10*. 73

n=2z% InN, with N ~ 5
BA

®)

The Gaussian core variance in Eq. (7) is given by
o2 =0.1827 +0.01803 - n + 0.0005782 - n*.  (9)
The tail parameter is calculated as

a =0.2822+0.09828 - n — 0.01355 - n?

(10)
+0.001330 - n° —4.590 - 107> - n*.

The third parameter of the single scattering distribution is

expressed as
0 — (. 0
b:ﬂ/\/N(lnﬁ—O.S). 11)
Hmin emin

After calculating a, b and o, we get the tail weight factor

2
€= 1-c , (12)
a® (In(a/b) - 0.5) — o>

that controls whether the scattered particle contributes to the
core or to the tail of the distribution. The projected angles
in x and y direction are perpendicular to the longitudinal
particle propagation s and are connected via the azimuth
angle ¢,

0. =0cos¢, Hy = 0sin ¢, (13)

where ¢ follows a uniform distribution in the range [0, 27).
These two angles are uncorrelated but not independent. The
total variance of the generated angles from Eq. (7) is equal
to one and has to be parameterized with Eq. (5).

RESULTS

The sum of a large number of random variables, regard-
less of their individual distribution, tends towards a normal
distribution, which is known as the central limit theorem.
Since the semi-Gaussian mixture model is not a normal dis-
tribution, we must clarify that the scattering distributions’
tails remain after multiple tracking steps. Therefore, we ana-
lyzed the muon deflections while varying the computational
step size in RF-Track in simulations of liquid hydrogen and
lithium, each with a thickness of 1% of their radiation length
and compared the distributions with ICOOL (v331.1) [19].
In both programs, we penetrated the samples with a 100 MeV
pencil beam of 10° muons and repeated these simulations
with 10", 10, and 10° tracking steps. In Fig. 1, both tracking
patterns in RF-Track and ICOOL show very good agreement,
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and the shape of RF-Track’s semi-Gaussian model remains
independent from the tracking steps.

Further, we checked the dependency of the standard devi-
ation with the material thickness to test the Bethe-Wentzel
parameterization with the semi-Gauss mixture. We used a
100 MeV pencil beam of 10° muons and tracked it through a
liquid hydrogen target. We propagated the muon beam in RF-
Track, ICOOL, and G4Beamline (v3.08) [20] and analyzed
the angular deflections at different sample thicknesses. The
benchmarking results between RF-Track and the other codes
can be seen in Fig. 2. We observe that the semi-Gaussian
mixture model together with Bethe-Wentzel parametriza-
tion shows a high degree of agreement with ICOOL and
G4Beamline.
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Figure 2: We compare the standard deviation of the scatter-
ing distribution at different liquid hydrogen lengths s with
ICOOL, RF-Track and G4Beamline and find a high degree
of agreement.

CONCLUSION

We proposed a semi-Gaussian mixture model for MCS
in RF-Track and parameterized it with the Bethe-Wentzel
cross section. We demonstrated that the long-range scatter-
ing tails remain at a high number of integration steps and
saw good agreements with similar [COOL simulations. We
found excellent benchmarking results of the MCS standard
deviated angles of RF-Track with ICOOL and G4Beamline.
The novel scattering model in RF-Track can be used for any
particles heavier than muons.
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