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Abstract

This paper investigates the spin characteristics of photoelectrons when hydrogen-like ions are
centro-symmetrically irradiated with converging vector waves—a non-paraxial form of structured
light. For a photon with given total angular momentum and third component thereof,
photoelectrons with both helicities are obtained—in contrast to the fixed helicities produced by
left- or right-circularly polarized light. The angular distribution of photoelectrons is broadly
tunable through the radiation mode numbers, and opposite helicities can be extracted in
synchronism.

1. Introduction

The search for new forces, particles, symmetries or extra dimensions is optimized by employing polarized
electrons and positrons in linear colliders [1]. With the wide-spread availability of sources of intense
electromagnetic radiation, the possibility of generating polarized leptons by laser beams is under
investigation.

Most analyses of photoionization are restricted to plane wave irradiation, sometimes with paraxial
corrections. The analysis herein breaks from this paradigm by computing the electronic wavefunction under
illumination by spherical waves in the near field, where no paraxial representation of the field is possible.
The geometry is illustrated in figure 1 (see methods for details). This configuration imposes practical
difficulties, such as producing a coherent, converging, spherical wave of a given wavelength, and positioning
an atom with wavelength-scale precision. If these difficulties prove insurmountable, this work nevertheless
provides a building-block for analysis of related configurations.

The specific spherical waves considered are the electromagnetic multipole fields [2]. These modes play a
special role in spin couplings, because, unlike Bessel and Laguerre—Gauss beams, they are the exact
eigenfunctions of the total angular momentum operator and its projection. It is important in this regard to
distinguish between the near and far field. In the far field, multipole modes consist of both inward and
outward propagating components, which are globally eikonal and locally paraxial. If an atom is placed in
the far field, it experiences only the local paraxial field, with locally approximate quantum numbers, and the
results are similar to what one obtains from existing analyses. In the near field, the atom experiences the full
set of angular momentum quantum numbers that define the mode, and the results are very different.

An example of one of the low-order multipoles is shown in figure 1. Some aspects of the structure can
be described in the language of vector beams [3]. On the other hand, there are observation points where the
wavevector is orthogonal to the angular momentum projection. This characteristic is more reminiscent of
spatio-temporal optical vortices [4].

Early investigations of the interaction with electrons (e.g. Thomson/Compton scattering) include those
in references [5, 6]. One of the findings of these is that there is a mass change, proportional to the intensity,
induced in the electron due its quiver motion which in turn results in a shift of the frequency of the
scattered photon.
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Figure 1. Poincaré sphere for a spherical wave of magnetic photons, classified as M1 radiation, with total angular momentum
j = land m = 41 component thereof. The arrows indicate the electric field at a given instant in time. Photons observed at the
poles are in pure helicity states e ) = —i(e, + ie,)/ /2 (appearing as left-circularly-polarized looking towards the incoming
wave). Photons observed on the equator are linearly polarized, but have a phase variation x + iy o e*¥. Photons observed on
the meridian are in-phase, but have an ellipticity variation. This paper analyzes a hydrogenic atom in the ground state, at the
center of the system.

The photon’s polarization is imprinted on the polarization of the reaction products. A detailed analysis
of the spin of the byproducts in the Bethe—Heitler process Z + v — Z + ¢~ + €™ was given in reference [7].
Helicity transfer in Coulomb scattering of leptons was analyzed in reference [8]. The influence of the
photon spin in single-photon ionization was discussed in reference [9]. In another context, it has been
shown that the spin of a lepton flips in magnetic bremsstrahlung [10]. This relatively slow process is in use
in storage rings to generate polarized beams.

Studies of polarization characteristics in QED processes expanded with advances in high-intensity laser
technology, typically considering circularly polarized photons [11-22]. “Twisted’ light, having definite
polarization and projection of orbital angular momentum (e.g. Bessel beams), has been employed to
provide a picture of the transitions that can be excited between atomic states, to determine the distribution
of photoelectrons and, using that distribution, to characterize energy circulation within Bessel beams
[23-27] (see also reference [28]). Generation of polarized electrons in a semiconductor using twisted
photons is discussed in [29].

Production of polarized electrons using circularly-polarized light in the multiphoton regime was
analyzed in reference [30] and subsequent experiments with Xe atoms showed two peaks, corresponding to
opposite spin polarizations, owing to the dependence of the ionization probability on the magnetic
quantum number of the orbitals [31]. This dependence has been exploited to produce a spin-polarized
relativistic beam by ionization injection of electrons into a beam-driven plasma wakefield [32]. This relies
on the magnetic quantum number dependence of strong-field ionization of the 5p° electron of Xe atoms
and the subsequent trapping and acceleration of the photoelectrons in Li plasma.

This paper considers a light source distinct from any of those noted above. To motivate this, note that
the transversality requirement ke, = 0 (k" is the photon four-momentum and e,, is the unit polarization
four-vector) of electromagnetic ﬁelds and the fact that the photon is massless mean that the spin § and the
orbital angular momentum 1 are not distinguishable—only the total angular momentum j = 1+ § has
physical meaning [33], whence it is possible to consider photons with definite total angular momentum. In
particular, the photon’s vector wavefunction A is assumed to satisfy

FA=ji+DA (1)
A =mA
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i.e. it is the simultaneous eigenvector of the squared total angular momentum operator and of its projection
in a specified direction. The form of equation (1) immediately suggests that A oc Y;,, where Y, is a vector
spherical harmonic with eigenvalues jand m (= —j, —j+ 1,...,j — 1, ), respectively.

Vector spherical waves [2, 33, 34] break up into two classes, electric 2/-pole (Ej) photons and magnetic
2/-pole (Mj) photons. Magnetic photons are characterized by the vanishing of the radial component of the
electric field. The defining condition r - Ej,(r) = r - Aj,,(r) = 0 makes them analogous to TE modes of
straight, cylindrical waveguides [2]. All the non-vanishing field components can be expressed in terms of
the radial component of the magnetic field. Electric photons, on the other hand, have no radial component
of magnetic field, in analogy with TM modes.

The spherical unit vectors e = Fi(e, + ie,)/ V2, e = e, are conveniently used to express the
components of the spherical harmonic vectors. For light described by &™) the projection of the angular
momentum on the z-axis is positive and this defines a positive helicity state. Correspondingly, &~ defines
a negative helicity state.

Spherical waves of photons live in a space built up from a non-separable product of the orbital and spin
vector spaces—formally, a tensor product. The state of polarization of these waves (i.e. the proportion of
orbital angular momentum and spin) can be mapped onto a Poincaré sphere. This representation is a
powerful tool for visualization of the resultant vectors (methods & figure 1). The discussion here centers on
the polarization characteristics of the electrons photoionized by spherical waves of photons. The vector
potential A*(x) belongs to the class of vector fields which, as noted above, are specified by their angular
momentum rather than their linear momentum. Use is made of the lowest order S-matrix element
[33, 35, 36]

S = f1SWi) = —ie/d4xz/;f(x) YA Oi(x)  (f # 0, (2)

where e (<0) is the charge on an electron, 1;(x) and wf(x) are the initial (bound) and final (photoelectron)
states, both of which are solutions of the Dirac equation (standard notation for Dirac matrices " is
employed). The spinor electrodynamics keeps track of all relevant terms, both in the bound state and in the
outgoing state, to ensure validity of the results for Zaw < 1 (i.e. the analysis is not limited to low Z), as well
as applicability for photoionization with high-energy (MeV-class) photons. The range of atomic numbers
and photon energies considered is relevant to a variant of the Bethe—Heitler process for generation of
polarized electron—positron pairs using spherical waves.

One possible source for processes requiring MeV-class photons (e.g. pair creation by the Bethe—Heitler
mechanism) is the gamma quanta from radionuclides, which are naturally emitted in the form of
overlapping Ej and Mj multipoles, covering the keV—MeV energy range. The flux from these sources is
limited by the quantity available. The photons from the intense lasers available with present-day technology
are in the infrared and cannot directly drive such processes. However, there are several approaches whereby
these lasers can be used for generation of photons with energies in the MeV range and with high flux. An
example of this is nonlinear Compton scattering process e + nw — ¢’ 4 -y wherein an electron can absorb
multiple photons and then emit a high-energy one [37—42]. Simulations of the interaction of laser radiation
with tailored plasma indicate that this along with magnetic bremsstrahlung are two processes responsible
for generation of high-energy photons covering the range from sub-MeV to ~1 GeV [43-48]. One can thus
envisage the availability of high-energy photons for processes such as photoionization and pair creation.
These sources have a broad spectral range and do not share all the characteristics associated with laser light.

The ionization rate is computed by forming |S4|%, integrating over appropriate variables and—if the
polarization of the photoelectron were not of interest—summing over the spins of the final state as well.
However, since the polarization of the photoelectron is of primary interest here, the last step is bypassed.
Instead, the operator

29 = 501 =7 ), 3)

formed from the matrix four-pseudovector 5y and the four-pseudovector s may be used to project out
the final state with spin vector s,, (satisfying s P, = 0). (Equation (3) applies to electrons as well as to
positrons.) Averaging over the initial spin states must be carried out as usual. Equation (3) is employed to
examine the photoelectron polarization as the polarization state of the ionizing photons varies on the
Poincaré sphere.

Coupling of electrons with magnetic photons is specially interesting. Taking the nonrelativistic limit
momentarily, the photon’s wavefunction couples to the electron current through the magnetic moment
operator

e ~ I,

1= —14+ —=8§,
® 2mc +s
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where p/s = —|e|h/mc relates the magnetic moment i and the spin s for an electron (exclusive of radiative
correction). This expression is a linear combination of the orbital and the spin angular momenta. In the
process of photoionization there is a specific proportion of helicity that an electron carries off according to
its direction of ejection and, in turn, this is determined by the proportion of orbital angular momentum
and helicity of the incident photon.

2. Methods

2.1. Spherical waves of photons & the Poincaré sphere

The spherical harmonic functions provide a unitary transformation from angular momentum
representation to angular coordinate representation. In the case of Ej radiation, the vector potential
AM = (®(r, 1), 0) reduces to a scalar potential [33]

: , )
B(k) = — 7= 2 5(K| — w) Vj(K)
J] w

for the wavefunction of photons with unit propagation vector k = k/w, total angular momentum j and
azimuthal component indexed by . Fourier expansion of the form ®(k, t) = ®(k)e " is assumed
throughout.

For Mj radiation, A" = (0, A(r, t)) where [2, 33]

472 .
A (k) = ﬁé(\m — W)Y (k). (4)

The magnetic spherical harmonic vector YJ(;? )(k)—identified by the superscript (m)—is expressible in
terms of the scalar spherical harmonic Y;, (0, o)
Y ) = Ik x VYO 07)

! Vili+1)
where V. = [0/00, (1/sin 6,)0/0p;] and 6, ¢y, denote the polar angle and the azimuth of k relative to
fixed axes xyz. The two-element gradient operator V. acts on functions that depend solely on the direction
of k.

Acting with the inversion operator on the polar vector in equation (4)

—1
ViG+1)

whence the parity of the magnetic photons is (—1)/*1. Note that the total angular momentum states are
normalized according to

pY (k) = (—k) X (=V)Yjm(B — w0 +m) = (1Y (k)

Fh /
WWW ]’m/w’(k)'A]mw(k) = w 5(w — (JJ)(S]‘]‘/(Smm/.

In coordinate representation the spherical wave covers the entire space and thus in equation (4), w (and k)
is a continuous variable.
Making use of equation (4), the field representation in xyz-space is

&k er 21/ gi(kr)
Aino@) = [ o5 T Ay (le) = e F X Ve (5)

where gj(kr) = /7 /2kr Ji11/,(kr) is a spherical Bessel function. Equation (5) may be rewritten as

2002 gi(kr)

TGt ey

where Y}, (r/r) is a rank j spherical tensor with 2j + 1 components. For the case of M1 radiation
(ie.j=1,m= —1,0,+1) one finds

A (r) r X V[r'Yju(r/n)], (6)
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SV (/0] = (e —ie)) = e

\/ 4?WV[rYl,o(r/r)] =ie, = e (7)

\/ %V[T’YLH(P/T)] = _%(ex + iey) = e(H),

where the last equalities relate the spherical unit vectors e=", e®), e+ to the Cartesian ones. The pair /™!
and e~V constitute the photon helicity eigenvectors ie, x eV = \e™) with eigenvalues A = +1, A = —1,
respectively. In the helicity bases

(=D

1
(=1) : (0) _
—ze + —=(x—1y)e m=—1
: ) ) \/E( y)
Ao (r) = \/Eoﬁ/zgil]i:) —ﬁ[(x - i}l/)e(“) +(x+ipe ] m=0 (8)
(+1) : (0) _
ze + —=((x+1y)e m= +1.
\/E( )
The Stokes parameter Sy = \Ajmw(r)|2 is related to the intensity (Poynting flux) [2]. As an example, for
i=1,
1
2+ (P ) m=—1
3 (kr)1? ;
5o = 2 {u] 2+ 5 m=0 9)
27 kr

1
zz—i—z(xz—i—yz) m = +1.

The significance of equation (8) is made apparent by using x & iy = \/x? + y* e¥'¥. The M1 photon is seen
to comprise an admixture of states carrying 4/ units of orbital angular momentum along with £/ units
helicity associated with the unit vectors. On the z axis, the photon is in a pure helicity state; in the x—y plane
it carries one unit (e*'*) of orbital angular momentum and no helicity.

The vector fields considered here are very different from the Laguerre—Gaussian eigenmodes [49-56].
Typically, a laser beam is elliptically-polarized in the x—y plane—and remains so along the propagation
direction z. For circularly-polarized light travelling in the z-direction, the electric and magnetic fields are [2]

1/ OE OE .
E(r,t) ~ EO(X,)/, t)e(il) + % (a; + iayo>e(0):| el(kz_wt))
B(r,t) = Fiy/pe E(r, 1).

where Ey(x, y, t) is the slowly-varying complex-valued envelope. Equation (8), on the other hand, represents
a field that is structured in its intensity, phase, polarization, and orbital angular momentum—so-called fully
structured light—with spatially-varying angular momentum states. These characteristics are displayed on
the Poincaré sphere as in figure 1. Vector field generation by employing a polarization optic in a laser cavity
has been reported in reference [57].

2.2. S-matrix element, ionization rate & helicity
Rather than spin, it is helicity—i.e. the component of spin along the direction of velocity—that is useful
because it commutes with the Hamiltonian and is a ‘good’ quantum number. Equation (3) serves as the
operator of interest in studies of lepton polarization. Helicity states describe longitudinally-polarized
leptons which are eigenstates of the operator in equation (3), numbering two in total.

In the ultra-relativistic limit, the polarization operator goes over to %(1 =+ s) for electrons and
%(1 F 5) for positrons. In the standard representation, with 1, standing for the 2 x 2 unit matrix, the
chirality operator takes the form

. 0 I
7 =iy = (—ﬂz 02>-

The sign convention here conforms to that in reference [33], which is opposite to that in some references
(e.g. references [35, 58]).

For the vector potential in equation (6), the relevant component of the electron current density
four-vector is j; = w}(r)aw,—(r)e_iwg ~9)* for transitions from initial state i to final state f (supplementary
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sections 1-3). The polarization of the initial state can be up or down with equal probability. As far as the
final state is concerned, one often sums over their polarizations [33, 35, 59—61]. Here, however, it is the
polarization of the photoelectron that is of interest and the summation is not performed.

For photons having definite values of j, m, equation (2) leads to the differential ionization rate [33]

dwj, = 2m6(e — E; — w)\(Vﬁ)jm\de/,

where (V;)im = Cus(p, s)Au;(T1), u;(1]) and us(p, ) are the initial (bound) and final (photoelectron) states;
these, along with expressions for C and A, are given in supplementary sections 1-3.

When a photon with definite angular momentum causes an electron to transition from a bound state
into a final state belonging to the continuous spectrum, dv — dw d°p/(27)* and integration over frequency

leads to
epde dQ,

dwjm = |(Vﬁ)jm|2 (27T)2

(10)
w=e—m+I
in which d2, = d(cosf,)d¢p, is the element of solid angle wherein the photoelectron lies, and (6, ¢,) are
the polar and azimuthal angles of the electron.
The final form of the expression for the ionization rate is obtained after taking into account the spin of
the electron. If the polarization of the initial electron is not known and that of the final electron is not
measured, the ionization rate reduces to the oft-used summation [35]

O latp uthF (1
s

which can be simplified by employing the usual trace formulae [33, 35].

The goal here is to go beyond equation (11) and determine how the polarization of the photons controls
that of the emerging photoelectrons. To do so, use is made of the expression for the polarization density
matrix p = %([5 + m)(1 — 75 §) [33, 35]. This reduces to p(1]) = m(y° + 1)/2 for the (unpolarized)
ground state. For the photoelectron, p = %(’yoe —~-p+m)(l — s §) and equation (11) goes over into
the trace

m 0 0 1
1 Tr[(’ye—'y~p+m)(l—’yg, HA(Y +1)A]. (12)

The degree of polarization
N2 (p) — NCY2(p)

P(p) = N(H/Z)(p) + N(fl/Z)(p)

is the ratio of the difference N +1/2(p) — N'='/2)(p) in the number of photoelectrons with the two possible
helicities divided by the total number. For |[P(p)| — 0 the two polarizations are equally likely; [P(p)| — 1 is
of particular interest herein. Making use of equation (12) for electron helicity states A = +1/2 and

A = —1/2 in the ultra-relativistic limit, the degree of polarization is [reference [33], equation (29.22)]
Tr[(7% — v - P)A(" + DA
P(p) ~ ho TP Al (13)
Tr[(7% — v - P)A(Y? + 1)A]
Moreover, using equation (10) one finds
2 7, 2\5 0 T 0. ) A 0 1 A
wjm:e_(‘m ) /Qp/ dep r[(7% —v-p+ mAR’ + 1)A] (14)
2j(j + )7 m—1 (e—m+1)>

for the total ionization rate for the given incident power level.

Using the trace theorems, it can be shown that in the limit of plane wave irradiation the analysis here
goes over to that in section 58 of reference [33]. For spherical waves, the integration over the azimuthal
angle of the photons can be performed analytically, the integration over the polar angle and the trace
evaluations in equations (13) and (14) are performed numerically (supplementary section 3).

3. Results

The formalism presented applies to both types of photons—be they electric or magnetic. In light of the
closing paragraph of section 1, and for brevity, consideration will henceforth be limited to magnetic
photons.

Consider the case of photoionization of hydrogen-like xenon ion Xe>*T. In the analysis presented here,
the approximation Za < 1 is made at several points (supplementary sections 1-3); Xe>** fulfils this
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Figure 2. (a) Ionization-polarization surfaces for photoelectrons generated by a spherical wave of 5 MeV magnetic photons, with
angular momentum (j, m) as labeled, irradiating Xe>>*. The ionization rate is measured by the distance from the origin to a
point on the surface. The degree of polarization is indicated by the red-blue colormap. Note: surfaces with 1 a negative integer
are obtained from those shown by flipping about the horizontal symmetry axes, and the (3, 3) surface is plotted on a narrower
color scale. (b) Isosurfaces of the Stokes parameter S, for the incident magnetic photon, obtained analytically. The upper insets
are isometric views of each surface.

Degree of polar’ization

(3, 1)

(b)

requirement, having a normalized ionization potential I/m =~ 0.081. The strong scaling of the ionization
rate with atomic number Z (equation (14)) is a consideration in applications.

The degree of polarization is plotted in figure 2(a) for 5 MeV x-ray photons, satisfying the requirement
w > I of the analysis by a wide margin. The plots cover the range j = 1, 2, 3 for total angular momentum of
the magnetic x-ray photons, and the appropriate components m > 0 thereof. The corresponding m < 0
plots are obtained by flipping about the horizontal symmetry axes.

For m = +1, the surfaces of constant Stokes parameter S, (defined in equation (9)) have z as the
symmetry axis. The magnetic photons with m = 0 produce isotropically unpolarized photoelectrons, as
verified numerically, and so are omitted from the presented data. It should be pointed out that the shapes of
the ionization-polarization surfaces in figure 2(a) can obscure the dependence of the degree of polarization
on the electron polar angle of emission. For instance, one must look closely to see that for the case of
irradiation by the (j, m) = (3,3) mode, there is a reversal in the sign of the polarization as one moves away
from the north pole, beginning near 6, ~ /4. To clarify this, lineouts obtained from figure 2(a) are
provided in figure 3. Notice that there is a qualitative difference between the plots for (1, 1) and (2, 2) on the
one hand and that for (3, 3) on the other. In the former two there is a monotonic change in the degree of
polarization over the range 0 < ¢, < 7, whilst in the latter case there is a noticeable modulation of the
degree of polarization. These differences in behavior are dictated by the detailed spatial variation of the
photon wavefunction and those of the electron current, which are captured by the integrand of the S-matrix
element. By explicitly working out a few numerical examples it has been verified that the depth and number
of these modulations are not universal, but change considerably with the ionization potential of the atom
and the photon energy, amongst others.

Figure 4 shows the variation of the differential ionization rate dwj,, /de (equation (10)) versus
photoelectron speed § = /1 — (m/e)? for a broadband source of photons with energy in the range
5-105 MeV. The rate has a sharp fall-off as the photoelectron speed approaches the speed of light. Included
is a plot for ionization of U ' with the same photon parameters. In this case the normalized ionization
potential I/m =~ 0.2589 marginally satisfies the Zaw < 1 requirement of the analysis (see reference [59]),
whilst highlighting the strong scaling with Z.

4. Discussion

It must be emphasized that considering magnetic photons with a single (j, m)-pair is a simplification. In
this paper the ideal case of a single class of magnetic photons is used to highlight the underlying physics and
the interesting points that this novel irradiation approach exemplifies. It is likely that interference amongst
modes will affect the degree of polarization. In practice, depending on the distribution of charge, current,
and magnetization densities at the source, there will be a combination of Ej and Mj multipoles, with a range
of (j, m)-pairs, that irradiates the atom [2]. This is determined by the experimental set up as well as the
propagation to the target, and each case requires independent numerical evaluation. A more detailed study
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Figure 3. Degree of polarization of photoelectrons emerging from Xe>** versus the polar angle for the case of irradiation with
5 MeV magnetic photon with total angular momentum (a) j = 1,2 and (b) j = 3, and all positive azimuthal projections m
thereof. The polarization is azimuthally-invariant, and has the opposite sign for m < 0.
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Photoelectron speed /3

Figure 4. Differential ionization rate vs photoelectron speed 5 obtained by varying the photon energy in the range 5-105 MeV.
Photoionization is effected by magnetic photons with total angular momentum j = 1 and component m = +1 thereof
irradiating a Xe*** ion. Also shown is the plot for irradiation of U *'*. Solid squares are from numerical evaluation of the
integrand in equation (14) and the continuous curve is to guide the eye.

will no doubt address ‘nonideal’ effects, such as multimode irradiation, which may not necessarily be
deleterious. For example, it has been shown that interference of the ionization paths in the presence of a
photoionizing laser field and its second harmonic leads to the possibility of coherent control of the spin of
the photoelectron [62, 63].

In the configuration considered, the photon energy must be high in order to obtain high energy
photoelectrons. As a result, the precision needed to arrange a centro-symmetric system is onerous, since the
tolerance is approximately the radiation wavelength. One would like to increase the wavelength, while
maintaining photoelectron energy. This may be possible by transitioning to the tunneling regime, i.e. by
increasing the irradiance with the wavelength. Analysis of this configuration would require a new effort, but
some of the techniques employed here would likely be relevant.

Besides photoionization, spherical waves may be used in other processes to generate polarized leptons;
e.g. a variant of the Bethe—Heitler process for generation of polarized electron—positron pairs. This, along
with limitations of the analysis, are briefly considered in supplementary section 4.

5. Conclusion

In the majority of previous analyses, laser beams—typically linearly- or circularly-polarized and specified
by the wavevector—have been employed to control the polarization of reaction byproducts. But photons
can equally well be specified by their angular momentum. This is a natural approach for describing
spherical waves of photons belonging to the class of fully structured light. The state of polarization of these
photons varies with position on the associated Poincaré sphere, and all of these photon states contribute
simultaneously to the helicity and directionality of photoionized electrons. An important consequence is
that for a given initial angular momentum state (j, m) photoelectrons with both helicities are obtained and
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their angular distribution is such that the opposite helicities can be extracted and employed in collider
experiments with precise timing.
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