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This dissertation gives a survey of formal issues of Hamiltonian lattice gauge theories in the
context of simulation by quantum computers. The basic properties of gauge field theories and
their lattice regularizations are first reviewed, especially as they pertain to the local constraint
that arises in canonical quantization: Gauss’s law, the satisfaction of which is synonymous
with gauge invariance and charge conservation. Digital quantum algorithms are developed
for the basic task of checking Gauss’s law in U(1) and Z(N) Abelian gauge theories, as they
are conventionally formulated. We then analyze U(1) gauge theories by reconstructing them
in terms of dual variables that make Gauss’s law manifest. The task of quantum simulation is
then studied for the non-Abelian gauge group SU(2). The first quantum simulation of SU(2)
gauge bosons using existing IBM quantum hardware is presented, made possible by partially
solving the Gauss law constraints in a small system. The quest for the “right” variables
to use for quantum algorithms begun with U(1) is then taken up for SU(2). Building on
the prepotential formulation of lattice gauge theories, a complete ‘loop-string-hadron’ (LSH)
framework is developed for one fermion flavor interacting with SU(2) gauge bosons, in terms
of strictly SU(2)-invariant variables. The LSH Hamiltonian is unpacked at a low level,
making it transparent what would have to be implemented on a quantum computer. This
LSH framework is then applied to provide the first quantum circuits for validating wave

functions in SU(2) gauge theories and the associated resource requirements are discussed.
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Chapter 1

INTRODUCTION

The development of the Standard Model profoundly transformed humanity’s theoretical
understanding of the fundamental properties of matter and energy over the latter half of
the twentieth century. The Standard Model is a quantum field theory, which characterizes
particles as excitations of underlying fields that permeate spacetime and generalize the more
familiar electric and magnetic fields from classical physics. All the familiar particles are
associated with their own field; there is a photon field, charged lepton fields that include the
electron field, quark fields for all the different flavors, gluon fields, neutral lepton fields for
neutrinos, and finally fields for the W, Z, and Higgs bosons. The dynamics of these fields
are intertwined, giving rise to the rich variety of particle reactions and decays confirmed by

experiments.

Among the most salient features of the Standard Model are its local gauge group sym-
metries. These symmetries are a convenient redundancy in how the quantum fields are
represented. The notion of gauge redundancy is one that is familiar from classical electrody-
namics, wherein an electric potential field ®(z) and vector potential field A(z) can be used
to represent both the electric field E(z) and magnetic field B(z). In this so-called gauge
theory, there are whole classes of numerically different ® and A fields that encode the same
measurable E and B fields; the observationally equivalent choices of ® and A are related
by spacetime-dependent gauge transformations, and the gauge transformations form what is
known as a group. A mathematically concise way of expressing this redundancy is to note
that the observable electromagnetic fields E(z) and B(z), which are derived from ®(z) and

ff(x), are invariant under local “gauge transformations” of ® and A.

The Lagrange density of the Standard Model has the internal symmetry gauge group



U(1) x SU(2) x SU(3), where each of the factors is a distinct symmetry group unto its own.
For example, the simplest of these, U(1) or the group of complex phase factors, tells us that
the overall phase of the underlying fermion fields, at any point in space, is arbitrary; one can
locally adjust or ‘rotate’ the fields’ overall phases (in a certain correlated way) such that the

Lagrange density derived from the deformed fields remains the same.

The SU(3) sector, referred to as quantum chromodynamics (QQCD), is at the heart of the
physics of hadrons and nuclei. Unlike the situation in the electroweak sector, the SU(3) color
symmetry is a symmetry of both the Lagrangian and the vacuum (it is not spontaneously
broken). Each flavor of quark field is really itself a triplet of quark fields, each carrying its
own color charge, but these colors are all on an equal footing; in this case, the redundancy
is such that one can mix the quarks by apply a rotation matrix to their fields from the
non-Abelian group SU(3). What is physically meaningful is the fact that there are three
types, along with their antiparticles, and that quarks are always observed in combinations
having zero net color charge. A nucleon, which has three valence quarks, is thought of as the
colorless combination resulting from having all three quark colors present. A pion, on the
other hand, is a colorless combination arising from having internal color charge balanced by

equal amounts of anticolor.

At low energies it becomes considerably harder or altogether impossible to harness the
predictive power of the Standard Model with analytic calculations. Non-Abelian gauge the-
ories such as QCD are known for admitting asymptotic freedom and becoming strongly
coupled at low energies. Lattice quantum field theory, namely lattice QCD [4], has proven
to be a successful approach to studying gauge theories in the nonperturbative regime nu-
merically. In the lattice approach, the continuum of spacetime is ‘discretized’ by a lattice of
points and quantum fields are defined only on the sites or along the links joining them. In
addition, time is usually analytically continued to ‘imaginary’ time or Euclidean spacetime.
The lattice is further reduced to a box of finite size, at which point the number of degrees of
freedom is finite and simulatable by computers. One then computes observables by sampling

the path integral formulation of the quantum field theory and taking the continuum limit of



small lattice spacing.

Lattice QCD has enabled novel ab initio calculations in a variety of applications, such
as heavy quark physics [5], low-lying hadron masses [6], QCD thermodynamics [7,8], baryon
number fluctuations 9], and weak matrix elements [10,11]. These computational feats have
predominantly characterized static or equilibrium properties at zero chemical potential [12].
However, lattice QCD calculations with non-zero baryon chemical potential, with a topologi-
cal f-term, or in real (Minkowskian) time are generally hampered by exponentially hard sign
problems. The difficulty can be traced to how these scenarios are formulated for simulation
on classical machines, i.e., the path integral and the breakdown of Monte Carlo methods
when applied to it. A class of problems that especially stands to benefit from new methods
is real-time dynamics; the Hamiltonian formulation of gauge theories, which requires singling
out a direction for time, may be more natural for describing intrinsically real-time processes
that do not lend themselves well to Wick rotation.

In the 1980s, it was proposed that computers based on quantum mechanical degrees of
freedom ought to be better suited for simulating quantum many-body systems [13], such as
a gauge theory. The idea is that degrees of freedom of the system under study be mapped
onto those of the quantum computer, and unitary operations are done on it to mimic time
evolution. In this scenario, it seems far more natural to express theories with Hamiltonians
and Hilbert spaces rather than functional integrals and classical field configurations.

The arrival of functional quantum devices [14] thus creates an urgent need for a thorough
grasp of Hamiltonian lattice gauge theory and how its structure can be related to that of
quantum architectures. Several proposals or steps toward proposals for quantum-simulating
lattice gauge theories have been made in recent years [15-17]. So far, most of them have
been for simpler models like Z(2) gauge theories [17-H19] or U(1) gauge theories in 1 + 1
dimensions [20-23], including the first digital quantum simulation of the Schwinger model
on a small lattice [24]. Such simulations are instructive, but generalizing to non-Abelian
gauge groups and multidimensional space is necessary to address the important problems

where classical computers fall short. Work on these generalizations is underway [25-34] (see



also Refs. [16}/17] and references therein), but the state of these studies is even less mature
due to the significant practical complications involved with non-Abelian interactions.

Designing a protocol for a quantum simulation at the theoretical level involves planning
out at least three major steps: i) Creating an initial state. ii) Simulating the intended
process, e.g., time evolution in the Schrodinger picture. iii) Extracting the observables of
interest. Detailing any one of these, however, necessitates a choice of basis. The basis choice
can have far-reaching consequences for the complexity of any one of the procedures, and it
may well be tied in to their planning.

This dissertation is chiefly concerned with the formulation of [U(1) and SU(2)] Hamilto-
nian lattice gauge theories. Special attention is given to the fact that gauge theory Hilbert
spaces are accompanied by local Gauss law constraints, which will have to be addressed by
any simulation, and to the relationship between gauge constraints and the choice of basis.
In some cases, the constraints and conventional bases are taken as a given and the practi-
cal issues they imply are examined. In others, work is done to improve the prospects for
designing simulations whose dynamics will respect gauge constraints.

In[chapter 2] we take a first look at what would be needed to implement gauge invariance
for a Kogut-Susskind-like simulation in Abelian gauge theories. Characterizing legitimate
wave functions should a basic task for theories with constrained dynamics, so we look at
quantum algorithms that would enable one to validate wave functions as they are conven-
tionally formulated. This work was published in Physical Review A 99, 042301 (2019).

In[chapter 3| we examine what happens in trying to eliminate gauge redundancy in U(1)
gauge theories (without matter). By using choosing to represent only those gauge invariant
excitations the Hamiltonian can generate, we are naturally led a magnetic dual theory, which
has different constraints. This work, done in collaboration with D.B. Kaplan, is drawn from
arXiv:1806.08797.

In we take up the simulation problem for the non-Abelian gauge group SU(2),
where a conventional (Kogut-Susskind-like) starting point is especially impractical for quan-

tum simulation at this point in time. We study a system with enough room for dynamics to


https://journals.aps.org/pra/abstract/10.1103/PhysRevA.99.042301
http://arxiv.org/abs/1806.08797

happen, but small enough that we are also still able to partially solve the non-Abelian Gauss
law, simulate it on existing hardware, and post-select on the leftover gauge constraints. This
work, done in collaboration with N. Klco and M.J. Savage, was published in Physical Review
D 101, 074512 (2020).

Then, in we follow an approach that goes much farther in solving non-Abelian
constraints, using what we call a loop-string-hadron (LSH) formulation. This amounts to
deconstructing the theory entirely and reassembling it in a language where charge conser-
vation is made intrinsic. There are still constraints leftover in the LSH formulation, so in
we give the quantum circuits analogous to those developed for U(1), except these
routines check flux conservation along links instead of at sites. These works were both done
in collaboration with I. Raychowdhury and are published in Physical Review D 101, 114502
(2020) and Physical Review Research 2, 033039 (2020).

The remainder of the present chapter is dedicated to reviewing the fundamental properties
of the gauge field theories that we are most interested in simulating. The emphasis is
particularly on fundamentals of Hamiltonian gauge theory, its lattice formulation, and the
implications of gauge constraints. The concepts from quantum computation that are used

are standard textbook material; see, for example, Ref. [35].
1.1 Classical gauge fields in the continuum

Here we summarize the key features of continuum theories, especially as they pertains to
the features lattice formulations must reproduce. This section also serves to set conventions.
The development follows Ref. [36] and Ref. [37].

The theories of interest, such as QED or QCD, are special in that they have notions of
conserved charges. In QED, conservation of charge dictates that the charge of the Universe
is conserved. Particles can be created or destroyed but they must do so in such a way
that equal parts of positive and negative charges are created or destroyed. In QCD, we say
“color” is conserved—quarks can be “red,” “green,” or “blue,” and antiquarks can carry

the corresponding anticolors. The combination of r, g, and b quarks would give a colorless


https://link.aps.org/doi/10.1103/PhysRevD.101.074512
https://link.aps.org/doi/10.1103/PhysRevD.101.074512
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combination (no net color). A proton can be thought of as such a state. In any reaction of
particles, no net color can be created or destroyed.

Not only is charge universally conserved, but where there is charge, its fingerprint is
evident in the configuration of the gauge fields. In electrodynamics, this is expressed by
Gauss’s law,

V-E=p. (1.1)

The requirements of Lorentz invariance and charge conservation constrain how the involved
quantum fields may interact.

The most direct path to constructing continuum gauge field theories is to start with
the principle of local gauge invariance. A Lagrangian for matter fields is first observed to
have a conservation law (total number of particles minus antiparticles, say) associated with
a continuous and global transformation on the fields; the symmetry transformation is then
“promoted” to a local symmetry by insisting that the transformation can be done locally
while still leaving the Lagrangian invariant.

Concretely, the classical Lagrange density is formed from fields ¢;(x) that can be trans-
formed by symmetry transformations belonging to a Lie group. Local, Lie group gauge

transformations on matter fields ¢; take the form

i(a) = [T, () (1.2)
= Qe(z))™bm(x) | (1.3)
or in matrix/vector notation, ¥ (z) — Q(e(x)) (x) . (1.4)

Here, [ and m are generalized indices for fields that transform under the symmetryﬂ Q™ is a
square matrix-valued function of  defining how the fields are locally mixed, with e(x) being
real parameters for the gauge transformation function 2. The matrices T, are matrices in

some representation of the Lie algebra. They are generators of the group and each T, labels

1For example, ¥y = (¢ 1,90 2,Go3) for the theory of a single quark flavor, but with the Dirac index o
suppressed since eq. (|1.3) does not mix Dirac components. A two-flavor theory of up and down quarks
could have v, = (uy,us, us, d1,ds,ds), in which case the T, would be block diagonal.



a distinct transformation. The generators form a Lie algebra under commutation:
{Ta, Tg] = iCWOégjiy (real C'yag). (15)

The C7,5 are known as structure constants. We assume the Lie algebra is a direct sum of
commuting compact simple and U(1) subalgebras (cf. §15.2 of [36]).

The principle of local gauge invariance is the requirement that the Lagrange density
constructed from the fields is unchanged by all such transformations in eq. . A locally
gauge invariant Lagrange density will involve derivatives of the fields, but the issue arises
that spatial derivatives 0,1 do not transform simply like 9;; O is not a gauge covariant

operator. For example,

Op = 0, (W) = AIp) + (9u1)9 . (1.6)

The first term matches the form of eq. ([1.3)), but we would like to avoid the second term
(which does vanish for global gauge transformations, i.e., constant 2). A covariant derivative

is formed by introducing ‘gauge fields” A§ (one four-vector field per generator «) as follows:
Dby = 0ty — i AG(To )™ tom - (1.7)

This is expressed more compactly by collecting the gauge fields into a matrix-valued field,

Au(r) = AL(2)T,, (1.8)
D,uwl = a,uwl - 1(Ay)lmwm (19)
or just D,y = (0, —iA,)0 . (1.10)

The covariant derivative D,y is made to transform like ¢; by having the gauge fields A}

undergo simultaneous transformations:
A, — QAQ T +iQ(0,07 (1.11)

or just D, — QD . (1.13)



To make A, a dynamical field too, we will need to couple derivatives of A,, but we again
need to avoid the same problem of how spatial derivatives transform. The solution is to form

the field strength tensor using covariant derivatives of A:

F,, =i[D,,D,)] (1.14)
= 0,A, — 0,A, —i[A,, A)] (1.15)
= 04, — 0,A, + CTopALALT, (1.16)
F8, = 0,A% — 0,A% + C%3, AL A] (1.17)

Gauge transformations on the field strength are indeed homogeneous:

F,, — QF,Q7! (1.18)
or equivalently, F, — (QA)agny with ()% = rtr(T,QT0 ) (1.19)

The latter shows how the field strength transforms like a matter field in the adjoint repre-

sentation. To summarize the gauge transformations thus far,

Y — QP (1.20)
A, — QAT +10(0,07Y (=109, —iA)Q) (1.21)
= F, — QF,Q7"! (1.22)

Y, D,, F,, all transform homogeneously, so as long as we only couple fields via these objects,

it will be trivial to construct locally gauge invariant Lagrangians:
L=L(WY,Dy F, ) (1.23)

The simplest gauge invariant and Lorentz invariant kinetic Lagrangian for the gauge fields

is known as the Yang-Mills Lagrangian, with
EYM X tl"(Fw,F‘uy> (124)
= gapF F" 1 (1.25)

gaﬁ = tr(TaTB) (126)



(where gos should not be confused with the Minkowski metric tensor 7). The quadratic form
also has the lowest possible mass dimension (D,, being of mass dimension 1 and F),, being
of mass dimension 2). For the groups we consider, we can take

1
9ap = 2_925a,8 . (1.27)

The conventionally normalized continuum Lagrangian is then

1 1
apv ;B v
Lvm = =320y = =5 5w 0as b 1) (1.28)

From this point forward, we will have little to say about the continuum Lagrangians.

Going over to Hamiltonian dynamics, we need conjugate momenta to the gauge fields:

0

Fo& pavy — 4FPU 1.29
—a(apAE)( L) 5 (1.29)
N 0Ly m —TU = —F% /g = FI0/g — Fy./g? . (1.30)

J

(0 AF) “

Note the correspondence of the momenta with the Maxwell electric fields E = (—8th -
V) /g:

—,

(Maxwell)  A# = (¢, A) (1.31)
1
= B = —gII* . (1.33)

We can also identify the generalization of the Maxwell magnetic field B=VxA /9,
(Maxwell)  B; = €;,(0" AF — 9% A7) /g (1.34)
= BY = ;5. % /g . (1.35)

The conjugate momentum I1° evidently vanishes, so Ay is not actually dynamical. In the

canonical formalism, it can therefore be convenient to fix the potential to Weyl gauge,

Ay =0 (1.36)

=11 = g2A7 . (1.37)
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Spatial gauge transformations Q(z) = (Z) are still a symmetry since these preserve the
gauge fixing condition. The Hamiltonian density resulting from Legendre transformation is

then

2
[ — 1 ij
I = EHéHaj + Q—.QQtI'(FijF]) . (138)

1.2 Quantization

The gauge fields are quantized by stipulating the equal-time commutation relations:
(A7 (Z), 115(5)] = 165 67 6(F — 7)) (1.39)
Gauge transformations must now be realized in operator form—we need symmetry operators

to effect the matrix multiplications. Infinitesimally, the requirement on the operator gauge

fields is (for @ =1+1e*T, +--+)
SAY = 0,6 — 1 (A)"5€” (1.40)
= (Dyle)” (1.41)
The covariant divergences D;IT generate the infinitesimal gauge transformations on the

gauge fields:

To = (DiII'), (1.42)
= —(DiEa/g (1.43)
(i) [ @bt @, K@) =) [ e@Ti@, o]
= 0, (5) — 1 AN, () (1.45)
= (Di'e(i)’ (1.46)

(with a discarded boundary term). The D,II!, are themselves a representation of the Lie

group, satisfying the exact same algebra of the generators in a distributional sense:

/ d () [(DT)a(x) . (DI)a(y)| = €(y)i CTas(DIT (y), (1.47)

A A A

orjust  [(DA)a(x) , (DTV)s(y)| = 1C7s(DIT (), 67 —5)  (1.43)
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~

So the unitary operator to effect the matrix transformation Q.(Z) = explie®(#)7,] on A

would be the quantum (Hilbert space) operator exp[—i [ d%x e*(Z)T,(Z)] :

Qe) = ¢ /v e @) Tal@) (1.49)

~

= QA7) = UMD AQAG) +i1Q(P0LF) (1.50)

where Aj is in any representation and the dagger placement is not accidental. In particular,
note that Q(e) is a functional of the spatial gauge transformation function e(z)—it is not
a field, it is a single quantum operator fixed by €, and it lacks “group indices”—while the
classical matrix Q.(Z) does carry group indices, is still a function of space, and acts like a

c-number as far as quantum operations are concerned.

Later we will consider fermionic matter. Here we have

0ty = 1€(To)" U,
Jg = 1T
[T, @), J3(t, §)] = 1 Cag I3 (¢, 8)8(F — §)
[(=1) Tt Z), o, )] = 1 (T)i™ (£, D)O(E — 7))

Combining the above, we have the Gauss law operators that generate gauge transforma-

tions and satisfy the same Lie algebra:

G.(x) = (DI @)+ 0 @Ti(w) = — (DB @)+ o) (159
= [dle @ [Gue)  Go)] = w)iCasblw), (156
or just [%(z)  Ga)| =1C7asG(y), (7 — ) (157)

To summarize, using the Gauss law operators Qa(x) we can construct the symmetry operators
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O that effect the gauge transformations introduced in the classical theory as follows:

O (€)A4;(7)0(e) = Qu(D)A;(@)Q(Z) +19.(2)9,91(2)
9)

o (Z)QU(Z)

1.3 Gauge fields on the lattice

For any numerical simulation, the continuum of degrees of freedom of a field theory must
be truncated. This is traditionally done by defining the fields only on a discrete (d+1)-
dimensional lattice of points in Euclidean spacetime. It is standard to use a Cartesian
geometry with lattice spacing a, as it preserves the largest possible symmetry subgroup of
the (d+1)-dimensional rotation group. A volume truncation is also necessary; it is common
to use a (d+1)-dimensional box, with length L, along d “spatial” directions and L, along the
“time” direction. For Euclidean simulations, singling out a direction to call “time” is due to
the fact that the (d+1)-dimensional Euclidean path integral is identified with the partition
function of the same system in d spatial dimensions, in thermal equilibrium at temperature
1/L;. Ground state properties are thus extracted by taking the limit of large Euclidean time
extent.

The lattice is itself a regularization scheme for the continuum quantum field theory. The
nonzero lattice spacing a means that particles can only be resolved with momenta below the
scale 7 /a—an ultraviolet cutoff—and the finite volume also implies a cutoff on wavelength at
the scale of the box size L,—an infrared cutoff. These two limits are important considerations
for what physics will be accessible, e.g., L, must be larger than 1 femtometer to study the
proton, while @ must be much smaller than 1 femtometer.

At a more practical level, latticization renders the domain of the functional integral finite-

dimensional so that the functional integral is itself well-defined and amenable to Monte Carlo
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integration. In addition, while the continuum limit is formally taken by sending a — 0, in
practice the continuum limit is approached by instead tuning parameters in the lattice action
to ‘critical values’ at which correlation lengths diverge (in lattice units) [38]. In this way, the
effects of lattice discretization are made small or negligible relative to the probed physics.

In the subsequent chapters, we will be primarily considered with the UV structure of
the theory, meaning the local lattice degrees of freedom themselves. These depart from
traditional lattice field theory because we are most interested in Hamiltonian mechanics, in
which time remains continuous and only space is discretized, with a lattice spacing as. Of
course, we also work with Hilbert spaces rather than classical field configurations. For gauge
theories, we take the Weyl gauge Ag = 0 so that gauge fields have only spatial components.
The details of extrapolating to the continuum and ameliorating lattice “artifacts” will not
be taken up because Hamiltonian simulation problems are still in such a nascent stage of
development. It is not even known how different these processes will be when working with
spatially-discretized Hamiltonians in real time, as opposed to spatiotemporally-discretized
actions in imaginary time.

On the lattice, matter field transformations take the form they did in the continuum,

P(x) = Qx)i(x) (1.63)

at all sites z. For derivative fields, we have to choose what we mean by ‘derivative’ on the
lattice. A simple choice is the forward derivative 9, f(x) = (f(z+1)— f(x))/as. The discrete

operator 8: suffers a problem like that encountered in the continuum,

O (Q@)tn(x)) = Q)0 thi(x) + (97 U2)) (@ + ey) (1.64)

[cf.  discussion around ((1.6])], but the second term is arguably worse now, due to the de-
pendence on the translated value ¢;(x + e,). A covariant derivative is formed this time by

introducing group matrices U(x, z + e,,):

D, (z) = a; 'U(z, o + e )V(x +e,) —Y(x)] (1.65)
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These matrices are prescribed the simultaneous transformations

Uz, +e,) = Qz)U(z,z +e,)0 (z+e,) . (1.66)
The U(x,x + e,) are referred to as link variables. For brevity, we can also take U,(x) =
U(z,z+e,) and U,(z)"' = U(x + e, x). The link variables are most closely related to the
continuum A, by path-ordered products in the continuum, which have the same transfor-
mation rules:

P exp [—i / ' dyﬂAH@)} L Q1) P exp l—i / ' dy“AH(y)] Ol(z)  (1.67)

z

xT

= U,(zr,x +e,) ~ Pexp [—i / dy*A,(y)

+5u

(1.68)

Also by analogy with the continuum, the transformation rules of the path ordered product
imply that gauge invariant Wilson loops from the continuum have lattice counterparts formed
by multiplying together U,’s along links to form closed contours. The smallest such loop is

called a plaquette, given by

U () = Up(2)Uy(z + €,)U(z +¢,), ' U(z)," (1.69)
Uw(z) = Q(x)UW(I)Q_l(I) (1.70)
= tr(Uuw) = tr(Uw) . (1.71)

Using the plaquettes and lattice covariant derivative, the Wilson gauge action with naive

fermions is

1
S = — Z 2g27ﬂa4tr(1 - Ul“’x)
TuY S

N Z 223 (@)U, @ + eu)po(@ + eu) — d(z + eu)”y“U;(x, z+e ()] . (1.72)

The continuum limit of the Wilson action reproduces the classical action. The naive lattice
action is so named because it is known to suffer from so-called fermion “doublers”, but
addressing them is outside the scope of this dissertation and a variety of improvements
are already known and regularly employed (for example, staggered [39], clover [40], domain

wall [41-44], overlap [45], Ginsparg-Wilson [46], and fixed point [47,48] fermions).
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1.4 Quantized Hamiltonian formulation

In this section we review the basic setup of Hamiltonian lattice gauge theory. This largely
follows Chapter 4 of Ref. [37] on lattice gauge fields. Ref. [49] is also an instructive contem-
porary resource.

In Hamiltonian lattice gauge theory, we work with Hilbert spaces corresponding to ele-
ments of the gauge group G, one such space for each link. In a path integral formulation,
we integrate over all classical matrices U” in some irrep p of the gauge group. Where neces-
sary, we take p to be a unitary representation. We can think of these classical matrices as
positions on the group manifold G in the particular representation p. The local link Hilbert
space Hiuk can then be constructed from the eigenstates of a position operator U?. The

operator-matrix eigenvalue relation is
U1g) = lg) D"(g) . ie., U'w™lg) = 1lg) D*(g)m™ (1.73)

where D?(g) is a Wigner matrix for ¢, in the representation p. With respect to Hilbert space
operations, the eigenvalue matrix behaves as a c-number. Note that even if we had started
from a path integral for a particular irrep, we can freely choose p in to be any irrep
we like, with the action of U? defined as given.

In the path integral formulation, the Lagrangian is defined to be invariant under local
gauge transformations. The generators are of course the matrices T, introduced at the start.
What are needed now are the quantum generators that will induce the right transformations
on link variables.

The effect of a lattice gauge transformation {2(x) is to rotate the link operators just like

the classical transformation:
U (2,1) 3 UP(x,i) = Q)0 (2,0 (z + ¢;) " . (1.74)

We will often use L (R) to refer to the refer to the “left” (“right”) end of the link, namely
x (x + ¢;) for link U;(x).
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We will denote the Hilbert space symmetry transformations that perform these local
gauge transformations for us by ©; and Ox. © (g) will be defined to shift the eigenvalue of
U by left-multiplication with g:

UO.(g) |h) = D*(gh)OL(g) |h) (1.75)
= O.(9)" 0" (g) = D*(g9)U* . (1.76)

Similarly, © r(g) is defined so that the eigenvalue of U? is right-multiplied by ¢!

U?On(g) [h) = D"(hg™") |h) (1.77)
= Or(g)"'U"OR(g) = U’D’(¢7") . (1.78)

Defined this way, the left and right transformations each provide representations of the group,

namely

éL(gl)éL(QQ) = éL(QlQQ) ) (1-79)

Or(91)Or(g2) = Or(9192) - (1.80)

The generators of left and right rotations are those operators L, and R, such that

A A

Or(9) = exp(iw®L,) , (1.81)

N ~

Or(g) = exp(iw*R,) - (1.82)

Since the O, /r have the same multiplication table as the elements of G, the generators must

obey the same Lie algebra as the generators Tp,:

(Lo, Lg) =1C7045L, , (1.83)

[Ra, R3] = 1C7 3R, . (1.84)

The Oy, /r operators effectively translate the link operator through the group manifold.
The operators L, and R, are then infinitesimal generators of translations along that mani-
fold. This makes it natural to ask what the commutation relations are for U? with f/a and

R,. The properties given above are all we need to infer the commutation relations.
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A~

First, by acting [©1(g), U?] on an arbitrary state |) and factoring out U”, we obtain the
operator identity

[©1(9), U”] = OL(9)(I” = D*(9))U° . (1.85)

Now taking g = exp(iw®T,) with w® < 1, the left-hand side is iw®[Lq, U?] + O(w)?. On the
right-hand side, we have D?(g) = exp(iw®T?), and since the factor (I” — D”(g)) is already

O(w), the leading order behavior is obtained by dropping O(w) corrections to ©(g). Thus,
1w Lo, U] + O(w)? = —iw®TPU* + O(w?) (1.86)

From here we can read off the canonical commutation relation [Ly, U?] = —T2U?.

We can then do an analogous exercise using ©(g). This time we find

~

[Or(9), U] = UP(D*(g) — 1*)Or(9) (1.87)

Using infinitesimals as was done with O, we find [R,, U?] = UPT?. The results of both

calculations are summarized as

(Lo, UP] = =TPU" , (1.88a)
[Ro,UP] = +UT? . (1.88b)

To be sure, T are matrices in group space, while U? have both group space and Hilbert
space structure.
So far left and right generators have been discussed as separate objects. However, they
are related by parallel transport, which will be important for characterizing states later.
A right rotation ©5(h) on a state can be expressed in terms of a left rotation in a trivial
way by noting
Or(h)lg) = lgh™") = Orlgh™'g7")|g) . (1.89)

To relate right and left generators, however, we are after an operator relation and not just a
ket-dependent equivalence. To proceed we will concentrate on infinitesimal transformations

since that is enough to tell us about the generators.
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We start by taking h = 7”7« for small 7. Then the left-hand side of expands out

to

Or(h)lg) = (1 +in*Ra+---)g) . (1.90)
As for the right-hand side, we first need to expand the argument of O, as

1

gh™tg b =1—ingTog ™t +--- . (1.91)

We know that if the linear term of this group element is put into the form iw®7}, then the
linear term of the left rotation O, will simply be i Low®. Here we will need the automorphism

property relating the adjoint representation to any other representation (Appendix A of

Ref. [37])
Q)T = (%) T (1.92)

or equivalently Q°T2(Q°)~" = T{(Q*)7,. The linear term of the argument to Oy, is therefore
—iT,D%(g9)*sn”, from which we see that w® = —D?(g)%n”. Thus, the right-hand side of

eq. (1.89)) is given by

Ou(gh™' g™ lg) = [1 +iLa(=D*(9)"sn°) +---]19) (1.93)

= (1=in"LsU*a+-)lg) - (1.94)

Comparing this with eq. (1.90)), we finally see the parallel transport relation of left and right

generators:
Ry = —Lg(U4?, . (1.95)

We have motivated a parallel transport relationship between L and }?, but the real
test is if R as defined has all the properties we expect. A natural starting point would
be the canonical commutation relations. To show that ([1.88]) works out, we will need the

automorphism property again as well as the fact that elements of U from any representations
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commute with each other. Proceeeding,

[Ro, U] = —[Ls(U*)a, U]
—[Ls, UP WU o = Ls[(U*)’0, U]
= (T})sUP (U4’ = 0
= (T} (U 0)s TP
= (UPTL(U") ) UP
= (0°T") (1.96)
= [R,, U’ = U’T? , (1.97)

as required.

Another check is that left and right generators commute:
~[Ra, L) = [Ly(U")a, Lg]
= (Lo, Lol (U)o + Ls[(U*) 0, Lg]
=1C% s Ls(U)a + Ls(T7)’,(U*) s
=103 Ls(U") o + Ls(=1C%p) (U)
=0. (1.98)

Yet another important test is reproducing the Lie algebra. Using a couple applications

of a product rule for commutators, one finds

— L[, <UA>%]<I?A>WQ 0. (1.99)

The last expression is easily shown to equal ilAL(;C"sm((A] A)Eg(U 4)7,. Here we note that the
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invariance of the structure constants under any rotation Q4 is expressed by
C(;sW(QA)E,B(QA)Va = Cvﬁa(QA)(;v ) (1-100)

giving

A A

Ls[Ly, (U 3] (U*) e = 1 LsC 50 (UA),
(- L))
= iCsR, . (1.101)

We have therefore seen that [R,, Rg] = i 73R, as required.
Finally, the parallel transport relationship can be used to show that the quadratic
Casimirs at either end of a link are equal. This follows by noting that the parallel transport

relation is equivalently expressed by

RY = —(UA Hegl? . (1.102)

Therefore,
Ro R = Lg(UA)?,(UA ~1) L (1.103)
= LyLP . (1.104)

Considering a particular link (x, z+e;) within a Cartesian lattice, the operators associated
with it are U”(z) = UP(xz,z + ¢;), L. (z), and R (z + ¢;). We have fixed Weyl gauge, so
Ur (x,z+eg) = 1 and only the spatial links are dynamical and affected by the residual gauge
symmetry. Both the L, and R, from a given link obey the Lie algebra of the group. Summing

all of them around a site then gives generators for all links joined to the site simultaneously,
Tol(z) = —dz (L (z) + R (x)) (1.105)

d

The factors a,“ are inserted to get the same mass dimension as the covariant divergences

(lA)zf[Z)a from the continuum, which the above operators must correspond to given how they
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generate gauge transformations on all links emanating from a site. These operators satisfy

lattice analogues of the continuum commutation relations:

A

[Ta(@), T6(7)] = 1 Cas T ()a; "0z (1.106)

To explicitly see the correspondence with the covariant divergences (Dlﬂz)a from the

continuum, let us identify gauge fields A?(z,z + ;) with link operators by UP(z,z + ¢;) =

exp(—iasAP(z,x + ¢;)). Then we have

=~
Q ~
B
—+
=
Q .
—
=
Il
/N

Li(@) = (04 u(w = e 2) Lo — )
- (z;(x) - <5§ —ia, Az — e, 2) (T o + O(ai)) Ly(x — 6i>>

— (asa_ff (2) +ia, A%z — e;,2)PoLs(z — e;) + O(ai))

= a, 07 L (2) + a,C° oy AV (z — €5, 2) Lg(z — €;)) + O(a?) . (1.107)
Or, alternatively,
(L (2) + R (z)) = —a,0f R (z) — CP o AV (2, + €;) Rl (x + ;) + O(a?) . (1.108)

The above two results show that the lattice generators 72 can be identified with Dzﬂ; in the
continuum limit if we identify I}, with a!~?L{ or with —al @RI .
Summarizing these observations, ﬁfl and ]—AEZ can essentially be thought of as being ﬂg

evaluated at infinitesimal distances to either side of the site,

IL(Z + ;) = a; "Ly (7) |
I,(7 — § ;) = —a, R(T)

0<ixkl.

Note, however, that at nonzero a, the conjugate momenta identified as such do not commute.
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Instead, we have only that

L (@), al )] = 0. CTap(al L () (0] 105,)67 (1.109)

~ a5l Cop(al L (7)) 6(Z — §)67 (1.110)

el RL(#), —al  RYD)| = 4 Cap(al R () (0, 105,7)6" (1.111)
~ asi CYp(al ™ RL(T)) 6(Z — §)67 . (1.112)

A

These commutators are suppressed by a factor of a,, so the requirement that [f[a (@), ls(y)] =
0 is recovered in the continuum limit.

For matter fields, gauge transformations at a site should take the form

0~ (9)1O(9) = D*(g)i™¥m (1.113)
O~ 1(9)¥O(g) = D*(9)¥ . (1.114)

It jao(x) are Noether charge densities such that

(@), di(y)] = —(T2)™ () Szg/al (1.115)
[Ja(@), J(@)] = 1C7as L) (@)dz/as | (1.116)

then complete generators of local gauge transformations are given by the lattice Gauss law

operators G:

# ‘dz 0i(T) + Rai(2)) + JO(2) . (1.117)

Like in the continuum, examples of such a charge density would be ' (z)T?(z) for fermionic
fields. Then the symmetry operator associated to an aggregate gauge transformation parametrized
by €*(Z) would be

Ole] = exp [i Z al ea(f)éa(f)] = Hexp [i a? €(2)Go(T)| . (1.118)

T

X
When we speak of a theory being gauge invariant, we mean foremost that its Hamiltonian

commutes with the Gauss law operators. The Gauss law operators then give a collection of
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constants of motion, and we will always consider “allowed” or “physical” lattice states to be

those that are invariant under gauge transformations, with
Golz) |phys) = 0 (1.119)

being the lattice realization of D;E" |phys) = ¢.J° |phys) from the continuum. However, one
can in principle change these constants of motion to describe static charge sources, giving
rise to charge superselection sectors that are dynamically isolated from each other.

For calculations, one must eventually choose a basis, and in Hamiltonian lattice gauge
theory it is common to use one that diagonalizes electric fields rather than their conjugate
gauge fields. This is because the Gauss law constraints given above are expressed in terms of
electric fields, so characterizing and working in the subspace of allowed states is easier. The
quantum numbers characterizing a link state correspond to some complete set of commuting
operators (CSCO) for the generators.

For SU(2), the familiar CSCO is {.J - J, Js}; J - J has angular momentum eigenvalues
j(7 + 1) for half-integers j and completely characterizes any irreducible representation of
SU(2), while J3 can have eigenvalues m = j,j — 1,--- , —j. Recalling that a link comes with

mutually commuting left and right electric fields,
{LaL®, Ls, Ro R, Rs} (1.120)

are all mutually commuting, but we also have that the quadratic Casimir is a link invariant,
LoL* = R,R*. Putting this all together, a basis of SU(2) irreducible representation or

“irrep” states can be labeled as
|j,mr, mg) (1.121)

For SU(3), an additional Casimir invariant would be available, d**'T,T5T,. A CSCO is

then given by the two Casimir operators, along with isospin 2 +t3 + 2, isospin projection s,

2A proper physical Hilbert space should generally respect more symmetries than just gauge constraints,
such as translational invariance, parity, etc., but this dissertation is primarily concerned with the gauge
constraints.
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and hypercharge tg. The latter three, not being invariants, have distinct quantum numbers

on each side of a link, so that states would be of the form
|p7qa[L7IS,L7YL7]R7]3,R>YR> (1122)

[with p and ¢ labeling the irreducible representation of SU(3).] We will not have much to
say about SU(3) in this dissertation, but details of the formalism have been discussed and

worked out, e.g., in Refs. [25,/50,/51].

1.5 Schwinger boson formulation

The Hamiltonian generates dynamics among states that satisfy Gauss’s law, i.e.,
Go(z) [phys) = 0 for all z, a. (1.123)

Dynamics of this sort is usually described using redundant but local degrees of freedom.
Alternatively, these states can be described in terms of arbitrary gauge-invariant Wilson loop
and Wilson line operators acting on some reference state. Characterizing states this way,
however, leads to a highly overcomplete basis; mutually dependent loops satisfy Mandelstam
constraints [52-54], which are nonlocal and notoriously hard to solve. A central aim of the
remainder of this work is to encode dynamics using local degrees of freedom that both satisfy
Gauss’s law and are orthogonal, starting from multiplets of harmonic oscillators [55].

The method of Schwinger bosons [56] is a way of providing an explicit realization of the
algebraic structure in terms of simple harmonic oscillators, satisfying the familiar commuta-

tion relations

ERAEES (1.124)
[, a,] = [a],al] = 0. (1.125)

This follows from the fact that, given generators T,, the same Lie algebra is obeyed by
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contracting the generators with the oscillators,

fo=a'Tya = a"(T,) 0. (1.126)
= [Ta, 7] =1C7apT, - (1.127)

The beauty of this trick is the simplicity of working in terms of simple harmonic oscillators.

Working with the new degrees of freedom can introduce redundancy. It is apparent
by inspection that the generators 7, are linear combinations of total-number-conserving
operators — they all commute with aa. If all operators in the theory are like this, then the
dynamics started in one eigenspace of a'a will never explore any other sector of the Hilbert
space.

This occupation number conservation corresponds to a continuous U(1) symmetry:
a; — ela; . (1.128)

This transformation preserves the oscillator commutation relations and consequently the
algebra of 7,. The symmetry transformation is generated by the total number operator,

[N, ;] = —a; , (1.129)

e 10Nl = ¢ifg, (1.130)

The “prepotential” formulation of lattice gauge theory [51}/55,57-59] is an application of

this method that provides an alternative, equivalent framework to the formalism of Kogut

and Susskind. This formulation replaces E and U with bilinears of harmonic oscillator

doublets a,(L/R) (the Schwinger bosons or prepotentials) at the left (L) and right (R) ends

of each link (x,z + ¢;), as shown in Fig. [1.1]
The electric fields on a link are realized by introducing multiplets for each side of the

link,

o=a (L)Taa(L) , (1.131a)

L
R, = a'(R)T,a(R) . (1.131b)
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ai(L) a1 (R)

az(L) || a2(R)
x > T+ e;
R

Figure 1.1: A link (z,7) from a Cartesian lattice starting at = and terminating at x + e;.
We denote the starting side “left” (L) and the terminal side “right” (R). Link ends each
host a bosonic oscillator doublet, here indicated by a(L) = (a1(L),as(L)) at L and a(R) =
(a1(R),az2(R)) at R. The arrow indicates the link orientation, pointing from L to R.

It is always possible to form U(1) generators on each side,
Npr=a'(L/R)-a(L/R) . (1.132)

The requirement that left and right Casimirs be equal leads to an Abelian Gauss law (AGL)

relating these U(1) generators along each link:
Ny (z,1) |phys) = Ng(zx + €;,4) |phys) . (1.133)

It is useful to define Hermitian projectors for the AGL-satisfying subspace within the tensor

product space of all Schwinger boson modes:

. T dd e N
Pa(z,4) = / 2—iel¢(NR<“€“>NL(“>). (1.134)

In later chapters we will be most concerned with SU(2) gauge theories. An explicit

decomposition of a link operator in this case is

U= UL R (1135)
AT A
b, = (L) (L) ) , (1.136a)
Ny +1\ —al(L) (L)
. al(R) al(R) 1
R = - 1.136b
( —as(R) a1(R) | V Nr+1 ( )
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With the above definitions, the relations ([1.88]) follow. One can also show that the Schwinger
boson construction of U is indeed a ‘special unitary’ matrix on the AGL-satisfying Hilbert

space:
PAUTUP, = PAUUTP,

. 10 .
=Pa Pa (1.137)

>
>

Pa det(U) A = Pa (Unﬁm — 012021> Pa
= Pa(1)Pa =Pa . (1.138)

That this link operator can really be thought of as an SU(2) matrix is exemplified by the

relation
Pa(Usy — Ul)Pa = Pa(Usy + Uly)Pa =0 (1.139)

And finally, the link operator elements commute as they should within the allowed Hilbert

space,

~ ~ A~

PalUas, UsslPa = PalUas, UlJPa =0 . (1.140)
(1.141)

Schwinger bosons are an expedient device for doing explicit calculations involving electric
and link operators in non-Abelian gauge theories. In Abelian theories, however, it is not so
cumbersome to work in the Hilbert spaces as they are conventionally formulated. In the next
two chapters, we will simply take Abelian gauge theories and immediately being analyzing

their structure, without any detour through Hilbert spaces of harmonic oscillator multiplets.
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Chapter 2
GAUSS LAW CIRCUITS FOR ABELIAN GAUGE THEORIES

In this chapter[] algorithms are developed to projectively measure physicality, i.e. con-
sistency of Gauss’s law, on states in Abelian lattice gauge theories by using constraint-
checking oracles: a state W) = cos(8) |Wpnys) + sin(0) [Wunpnys) will collapse to either |Wppys)
or |Wynphys). This could be useful as a method of filtering out non-gauge invariant errors
— e.g., an accept-reject step in a simulation (see also [60,[61]), or a subroutine for curing
states afflicted with unphysical errors — without the need for all the qubits of fault-tolerant
computation. Rejecting unphysical states would be useful when working with small lattices,
although large lattices presumably require a more sophisticated solution. A generalization
of the approach to a non-Abelian gauge theory is the subject of [chapter 6]

In the needed gauge theory background is summarized. Then, in §2.2] a procedure
is given for constructing oracles that projectively distinguish physical states from unphys-
ical ones. In §2.3] constructions are shown in example theories. Additional remarks on
implementation follow since the examples omit details about the exact gates that would be
programmed to a device. Section then expands on the significance of constraint-checking

circuits and their potential applications.
2.1 Mapping of Z(N) and U(1)

This section summarizes the Abelian lattice gauge theory structure to be mapped onto a
quantum computer. The gauge groups considered are G = Z(N) and G = U(1). Space is
discretized using a cubic lattice L with sites s. For simplicity, L is given periodic boundary

conditions. The lattice links ¢ € L are associated with independent gauge field Hilbert spaces

IThis chapter is based on |Physical Review A 99, 042301 (2019).


https://journals.aps.org/pra/abstract/10.1103/PhysRevA.99.042301
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Hy, each having an identical discrete basis:

~

(m'[m = dm'm (2.1)

=> |m (2.2)
where m
Z(N), ifG=7(N),
Z if G = U(1) .

(The same symbol Z(N) will be used for the integers modulo N and for the N*! roots of
unity.) The Hamiltonian is a function of link operators Uy associated with the links ¢ and

their (dimensionless) conjugate electric fields F,
U, = Z [me + 1) (my (2.4)
my
g = Z ‘TTLZ> my <m[| . (25)
myg

For G = Z(N), the Hermitian electric field is periodic and the Hamiltonian really depends

on its exponentiated form Qg,

Q@ ¢ 27!'1,E[/N Z |m 2mmg/N <m€‘ (27)
my=0

Operators associated with different links commute, and the same-link commutation relations

are

QUQ} = Upe™ ™ | if G =Z(N) , (2.8)
[Eg, Ug] =0, if G =U(Q) . (2.9)
For the remainder of this chapter, link labels ¢ will only be shown when necessary.

For adding in matter there are many possibilities; to keep things simple yet illustrative, I

consider matter fields with anticommuting statistics and carrying unit charge. Each matter
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species is labeled with a collective index o, which could include flavor or Dirac indices, and
has possible occupation numbers 0 < n, < 1. The results of this chapter are easily extended
to other possibilities.

A lattice “configuration” or “basis state” will be used to refer to any state |E, p) with
definite electric fields on the links and occupation numbers on the sites. Usually only one
site s € L is under consideration, so the quantum numbers associated with other sites or

links not attached to s are suppressed,
E, p) = &L, |Ei(s)) @y | Ei(s — ) @o [no(s))

Physicality of a state means the Gauss law constraint is satisfied at each site s. It is conve-

nient to express this by using Gauss law and physicality operators G, and F,
gs = (V ' E)(S) - ﬁ(S) ’ (210)

= Z — Ei(s—e;)) — Zeaﬁo(s) (2.11)

(e

o > Gk i G = 7(N),
E, = — { h=eo (2.12)
2
0 m oA
e 199 if G = U(1).

Above, V- is a discrete divergence operator and e, = =+1 are charges. The physicality

A

operator F, is synonymous with the projector onto the subspace of configurations with

Gauss’s law satisfied at s,

Fy |phys) = [phys) , (2.13)
F, [unphys) = 0 . (2.14)

The notation F,(E,p) will be used for the eigenvalue of |E, p) with respect to F,. The
operators F, are spatially local, but a full lattice configuration is only physical if Fy(E, p) =1
for all s € L. Oracle operators O, can now be introduced that are related simply to the
physicality operators,

A

O,=1-2F, . (2.15)
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The oracle “flags” states that satisfy Gauss’s law at s,
O, |E, p) = [E, p) (—)"®) (2.16)

Operators with such behavior are closely related to Grover’s quantum search algorithm
[35,/62]. Understanding O, as a quantum circuit that computes or checks constraints is a
central task in the remaining sections.

Quantum simulation requires a Hilbert space of finite dimensionality. For G = Z(N), the
finite lattice volume automatically renders the gauge Hilbert space finite-dimensional. For
G = U(1), the links’ electric fields are uniformly truncated as well. Anticipating the use of
qubits (rather than more general qudits or some mixture thereof), the local link dimension

for either (G is fixed to

dim H, = 2" | (2.17)

and the states are labeled by non-negative integers 0 < e < 2™ — 1. These correspond to

some range of uniformly-spaced electric field values E, the linear relationship being
e=F — Emin 5 Emax = Emin + 2" —1. (218)

The truncation when G = U(1) renders the link operators U , Ut non-unitary since they can
destroy states at the ends of the ladder. Crucially, the commutation relation [E, U | = U

survives truncation, and all of the formalism introduced above carries over straightforwardly.

2.2 Oracles for constraints

In this section, the oracle O, is given as a quantum algorithm that internally checks the
constraint for computational basis states and applies a conditional phase flip. A
basic familiarity with quantum computation and notation of the quantum circuit model is
assumed. To state an algorithm for constructing O,, the formalism of the previous section

will be tailored to a quantum computer.
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A binary representation for electric fields |€) is used. The number of qubits per link is n,

so the local link Hilbert space takes the form
FHe={l0),[1)}*", dim3, =2". (2.19)

The bit strings represented by the computational basis states are regarded as binary expres-
sions for the electric field labels 0 < e < (2" — 1). ¢(s) and ¢;(s — ¢;) are referred to as eOUT
and €N, And, for simplicity, the occupation numbers n, = 0,1 will be identified with the
computational labels 0 and 1.

The constraint function (2.10) at s can be rewritten as

d d
V.-E—p= (ZE?UT I Z ng) - (ZE§N+ Z ng> . (2.20)
i=1 ot eg<0 =1

o: eg>0
Writing it this way suggests the negative and positive charges be separately absorbed into
the internal computation of the out-flux and in-flux. One can easily imagine a variety of
ways to arrange the internal arithmetic to compute the constraint, but with the procedure
outlined below it turns out there are cheap ways to include small numbers of fermions if the
addition subroutines use incoming “carry” qubits.

The main ideas of the algorithm can be illustrated by constructing the oracle and entan-
gling it with an auxiliary “query bit” |¢) that gets flipped if Gauss’s law holds at site s for
a given wave function. (“Bit” will frequently be used in place of “qubit.”) This query bit is
the probe for the oracle’s action, since a global phase change alone is not observable. The

procedure is as follows:

1. Initialize needed work bits. This includes the query bit |¢) in a Z basis state [0) or |1).
2. Apply a Hadamard gate to the query bit.

3. Compute both sums on the right-hand side of (2.20)).

4. Compute the difference of (or compare) these sums.
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|z0)
lyo @ o)
|z1)

ly1 @ x1)

|n—1)

|yn—1 ©® xn—l)

Figure 2.1: A multi-qubit subroutine & for comparing two n-bit integers x and y by adding

all their corresponding bits modulo two: A (non)zero result for y & z means x is (not) equal

to y.

5. Apply a phase flip if and only if the constraint vanishes and the query bit is set to |1).

6. Undo (uncompute) the arithmetic of steps 4 and 3, restoring the state’s original quan-

tum numbers.

7. Apply another Hadamard gate to the query bit.

8. Measure the query bit in the Z basis.

A flip of the query bit |¢) — |¢ @ 1) is found if and only if Gauss’s law is satisfied at the site.

In practice, it is usually cheaper to forego evaluating G, proper (step 4) in favor of a more

direct comparison of two integers. This is accomplished with a string of CNOTs, as shown

in Fig. 2.1 These CNOTs are denoted by a multi-qubit gate, .

Calls to the oracle will generally described in terms of their action on computational basis

states. When the input lattice wave function is any superposition of physical (Fy = 1) and

unphysical (Fs; = 0) components, measuring the query bit afterward will probabilistically

project the wave function onto one eigenspace of F, or the other.
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|co)

)

) —= i |x)
)
)

7

Figure 2.2: A generic adder A for adding two n-bit integers “in place.” A is assumed to
take an incoming carry bit ¢q(=0,1), whose value can be added to y + = at no additional

cost. The overflow bit A = 0 is needed to express the (n + 1)-bit sum.

2.3 Examples and remarks

This section expands on how the oracles work by showing circuits for example theories.
Truncated U(1) shares more features with the simulation of non-Abelian groups than does
Z(2"), so figures are shown for the former case and the small modifications needed for the
latter are explained in the text. The adders needed for checking a constraint are indicated
by multi-qubit gates A, defined in Fig. It is common for addition algorithms to take
an incoming carry bit ¢y initialized to zero, which can be exploited to account for fermions.
For now, the adders’ inner workings will be neglected because the exact choice of algorithm
they use is mostly irrelevant to the oracle. The simplest interesting matter scenarios will be
seen to cost essentially the same as their pure gauge counterparts (except in 1D), but more
general matter content requires introducing more adder subroutines—thereby increasing the
number of required gates. Thereafter, remarks are made about the adders, and T gate counts

are given for the examples.

2.3.1 1D U(1) and Z(N)

Figure depicts an oracle for 1D U(1) gauge theory coupled to one Dirac fermion. The

OUT,IN>

physical inputs from a lattice site are two n-bit electric field states |e and occupation

numbers |v) , [p). The incoming carry bit |cp) is set equal to |p). (One could simply use |p)
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Ip) Ip)
lco =0) —B— | D— |0 =co)
EIN
|€IN> //n //n //n |€IN>
ouT g st ouT
|6 > n VA AL AL /AL AL |6 >
i x®em+D) c™(Z) X ®(n+1)
|h =0) L |0=h)
v) ouT IN l l v)
€ - —p
l2) [ H | [H | g @ Fy(E, p))

(a) A quantum circuit for checking Gauss’s law. This circuit accommodates one Dirac fermion and uses the

subtractor routine S as defined to the right.

|0 = Co> |CO = 0>
|z) —= f— |x)
S
‘y> //n //n
0=y ly — )

(b) A subtractor routine S, which may

be thought of as a modified version of

A.

Figure 2.3: A query to the oracle for U(1) or Z(2") gauge theory in 1D.
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as the carry bit.) An overflow bit |h) is used for storing the result of the subtraction routine
S, which is defined in Fig. [2.3bl This is the only example in which actually performing the
subtraction in does not cost more gates than a simple comparison. Additional work
bits could be needed by the subtraction subroutine .S, or by the controlled-Z.

In more detail: The subtractor S, regarded as a modified version of A, first computes the

uT

difference of two n-bit electric fields, €©UT — ¢, using the relation

a—b=a+b, (2.21)
@) = X" |a) . (2.22)

The bar notation defined in ([2.22)) defines the “ones’ complement” of a. However, this
notation is abused in (2.21]); the precise meaning is

la — b )=1X®---X|a+b) , (2.23)
n bits n bits X®n n+1 bits

meaning the overflow bit supplied to the internal A is not flipped after addition. When
b > a, (2.21) yields @ — b modulo 2", Setting |cp) = |p) manipulates the subtraction

OUT _ ¢IN _ p), which is flipped when |v) = |0). Inversion operators at the end

to yield [e
uncompute the constraint, restoring the original configuration. The net result of the circuit
is that ¢ is flipped if and only if G,(E, p) vanishes.

This is all made clearer by considering some simple inputs (taking ¢ = 1):

(i) €OVUT = €N = p = 1y = 0: The output of S is [0)*"™ ™). Because v = 0, this gets flipped

to |1)®™ ™). The C™(Z) gate is therefore triggered by the physical configuration.

(ii) ©VT = N = 0, v = p = 1: The output of S will be [1)*"™) Because v = 1,
this output is not flipped. The C™(Z) gate is therefore triggered by the physical

configuration.

(iii) €9VT =1, N = p = v = 0: The output of S will be |0---01), which gets flipped to
|1---10). The C™(Z) gate is consequently not triggered by the unphysical configura-

tion.
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) = ~ )
|0 = cQUT) : o— N : [cQUT = 0)
|6X,OUT> : - 4 - T - : |6X,OUT>
A
70T . A [eouT)
0= KOUT) et b 1OV =)
) 44— 2
|U=cgN> : D] Pary : |c%)N =0)
‘6X,IN> : _ _ ©® _ @ _ _ : |6X,IN>
|e¥IN) —'ﬁLn—A AT,.»*_/Ln_'— |e¥IN)
0= BNy t——feipith o xee ) | CNZ) X0 A et 5 =0
lq) (H} . (H] lg® Fs(E, p))

Figure 2.4: A query to the oracle for U(1) gauge theory in 2D. This example accommodates
one flavor of Dirac fermion via the occupation numbers v and p. To modify this for G = Z(2"),

,OUT,IN

the overflow bits would be removed.

More generally, the circuit does not always compute G proper, but the C"(Z) gate is nev-
ertheless triggered exactly when G, vanishes.

The modification needed for Z(2") is to omit the overflow bit A and only work with an
n-bit difference (instead of the n + 1 bits from (2.23)). The modification for 1D pure gauge
theory is more significant: For either G = U(1) or G = Z(2"), physicality is equivalent to
saying EOUT are E™ identical. The oracle is therefore simply constructed using the @ gates

introduced earlier, bit flips, and a controlled-Z.

2.3.2 2D U(1): Pure gauge or one Dirac fermion

In Fig. [2.4] an oracle for 2D U(1) gauge theory with one Dirac fermion is illustrated. The

inputs to the oracle from the lattice are four n-bit electric field states |el®¥H{OUTINDY anq

OUT,IN

occupation numbers |v) , |p). Carry bits |¢; ) and overflow bits |[ROUT-IN)

are provided for

the adders. Some lines break over multi-qubit gates, emphasizing that they do not participate
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in those gates. Additional work bits could be required by the subtraction subroutine S or
by the controlled-Z. The result of the circuit is that ¢ is flipped if and only if G4(E, p) = 0.

In more detail: The first stage of this circuit involves summing the total out-flux and total
in-flux in parallel. When eSUT is added to €QUT a CNOT controlled by |v) on the incoming
carry can have the effect of counting one unit of negative charge in the sense of ; this
observation also applies to the in-flux computation with |p) as the control. The second stage
“adds” these two results bit-wise. Third, a phase flip is applied if and only if the bit-wise
sum was 0---00: this is accomplished by flipping the bits, acting with a C"™!(Z) gate, and
then flipping them back.

For this matter scenario, checking costs essentially the same as its pure gauge

“—p” term in G, has been avoided;

analogue. The point is that an adder/subtractor for the
more flavors would require more adder subroutines, i.e., many more gates than the four
explicit CNOTs in Fig. 2.4, The pure gauge version is obtained by omitting |v), |p), and the
four CNOT gates attached to them. To modify the 2D oracle for G = Z(2"), the overflow

bits hOVTN are omitted from the circuit because they do not need to be calculated.

2.8.83 8D U(1): Pure gauge or one Dirac fermion

In Fig. 2.5 an oracle for 3D U(1) gauge theory is illustrated. It is very similar to the 2D
oracle. Dirac fermions in 3D have four components, here denoted |v!?) and |p'?). Like the
previous examples, including one flavor costs marginally more gates than the pure gauge
analogue—mno more than 12 additional CNOTs. Some of these explicit CNOTs serve to reset
and reuse the carry bits c(? ULIN 5 few times throughout the 3D oracle, saving qubits. Similar

comments apply to modifying the algorithm for G = Z(2") as in 2D: overflow bits are simply

omitted from the computation.

2.8.4 Remarks on tmplementation

While the details of the adder subroutines have thus far been neglected, their implementation

generally dominates the oracle gate requirements. There are several known quantum adder
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Figure 2.5: A query to the oracle for U(1) gauge theory in 3D. This example accommodates

one flavor of Dirac fermion via the occupation numbers v

and p?.

G = 7(2"), the four overflow bits A{OVTIN}L2} would be removed.

To modify this for
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Table 2.1: T-counts associated with the arithmetic routines in the oracles for U(1) or Z(2")

gauge theories, coupled to one Dirac fermion, using the RCA method [2].

Dimension  T-count using RCA (controlled-Z’s excluded)

1D (Fig. 2.3 2(8n + O(1))
2D (Fig. 2.4 4(8n+ O(1))
3D (Fig. [2.5 4(16n+ 8+ 0O(1))

algorithms with varying complexities and resource requirements: these include ripple-carry
[2,63], quantum Fourier transformation [64], carry-lookahead [65], carry-save [66], and later
developments of these [67-70]. When simulating something as complicated as a lattice gauge
theory, an O(1) number of ancillary or scratch bits seems reasonable to ask for, in which case
the ripple-carry adder [2] would be suitable. The ripple-carry adder (RCA) costs 8n + O(1)
T gates, and in Table the T-counts are given for the examples of the previous section.
Note that a variant of ripple-carry using temporary logical-ANDs [70] could be useful if one
can further supply O(n) work qubits, because it can halve the T count associated with the
oracle’s arithmetic.

Finally, the examples only explicitly considered one flavor of Dirac matter. It is unlikely
that several charged species on sites could be accommodated without introducing more adder
subroutines to sum E’s and p’s, which would appreciably increase the number of gates in the
oracle per the remarks above. This is already exemplified by the fact that 1D pure gauge

oracles require no adder circuits, but one charged species does require an adder.
2.4 Discussion

The previous sections have introduced routines for testing physicality of wave functions in
Abelian lattice gauge theory simulations by essentially calculating the Gauss law operator.

The simplest interesting examples involving anticommuting matter in d = 1,2, 3, have been
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worked out explicitly. It has been shown that the matter content of those theories requires
only a small number of gates (independent of n) more than the pure-gauge computation, but
generally more adders are needed somewhere (increasing the T gate count by O(n)). The
remainder of this work revisits the relevance of these routines to a quantum lattice gauge
theory simulation, addressing a couple concerns raised in the Introduction and highlighting
the potential applications to error detection.

The first issue is there is a very real possibility (also pointed out by [31.[71]) that Trotter
evolution can generate unphysical components in a state vector due to algorithmic approx-
imation errors. The first-order Trotter approximation involves replacing time evolution by
the full Hamiltonian H = ) ; Hj with a sequence of small time steps by each H;, and taking
the limit of small time steps:

Ny
et Hi — lim (H e 1A Hj) , At=t/N;. (2.24)

Nt*)OO h
J

In general the individual steps exp(—iAtH;) do not commute, so [[,exp(—iAt H;) #
exp(—i Aty H;) and the state vector suffers O(At?) errors dictated by the Baker-Campbell-
Hausdorff (BCH) formula. In a lattice gauge theory, the usual H; are all gauge invariant op-
erators, so deviations from the BCH formula do not affect Gauss’s law. But to simulate using
qubits, each H; would itself need Trotterization down to the level of qubit operations, which
is commonly done by decomposing H; into multi-qubit Pauli operators. It is well-known how
to implement the Trotter steps once they are in the form exp(—it 0, ® 0, ®- - -). It is the er-
rors from this second level of decomposition that generally do not commute with Gauss’s law.
Hence, at any finite Trotter step size, even a physical initial state and evolution via noiseless
gates generically creates unphysical components in the state. A more explicit discussion of
the problems with first-order Trotterization is given for the Schwinger model in[Appendix Al
These theoretical errors (as opposed to stochastic) can in principle be quantified, and it may
be possible to apply methods from oblivious amplitude amplification [72,[73]| to help rotate
wave functions closer to the physical subspace. An algorithm to help “fix” a state that has

acquired overlap onto the unphysical subspace by rotating it would be extremely useful, and



42

if one exists it will almost certainly require constraint-checking oracles.

The second issue has to do with finite quantum noise—even in the optimistic case of
gauge invariant time evolution. Most of the basis states available to the quantum computer
violate Gauss’s law, which means there is ample unphysical Hilbert space for a state vector
to wander into |71,|74]. Error-correcting codes can help to protect against the bit flips
that would induce such wandering, but for the foreseeable future it is crucial to save qubits
wherever possible. Therefore routines for verifying gauge invariance would be valuable to
filtering out this class of errors. Such tests could be accept-reject steps either during time
evolution or on the final state.

Indeed, a promising application of the oracles is as collective detection mechanisms for
bit flip errors in the vicinity of a site; the gauge invariance condition probes many qubits at
once for an error. To better appreciate this, consider a lattice wave function prepared by
acting on a physical initial state with some series of gates. If bit flip errors are relatively rare
throughout the execution, those that do occur are likely to appear as localized Gauss law
violations. This is because a constraint G, involves quantum numbers from the site s and its
2D links, and any single-qubit X (or Y') error on them will necessarily change Gs. For multiple
X errors on different qubits to look gauge invariant would require they conspire to change
the constraint function by compensating amounts. That is, bit flips can only be overlooked
if the error itself corresponds to a gauge invariant operator. (Note that any function of qubit
Zs is gauge invariant, so phase errors are invisible to the oracle.) On small lattices it might
be acceptable to simply reject unphysical states, however the probability of all constraints
being preserved in the presence of noise becomes exponentially small with increasing lattice
volume. The benefit is that when all the constraints are found to be satisfied, any unphysical
components will have been removed from the wave function. Alternatively, knowing where
or if a lattice wave function has suffered a bit flip error could serve as input for a correction
scheme.

Lastly, it should be noted that this chapter has focused on the digitization of Abelian

lattice gauge theories using conventional electric variables, but that is not the only option for
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quantum simulating lattice gauge theories. In particular, lattice gauge theories with finite-
dimensional link Hilbert spaces have been introduced [75-78] and proposed for quantum
simulation [27,(79,80]. Among these are the Quantum Link Models (QLMs). QLMs have
the same local gauge symmetries as the Kogut-Susskind Hamiltonian, but their operator
algebra is not identical [30]. Chandrasekharan and Wiese argue in Ref. [77] that 4D Yang-
Mills theory can be obtained from a QLM in the limit of infinite extent of a fifth dimension.
In taking this limit, they relax the Gauss law constraint, which could have some practical
advantages; on the other hand, simulating an extra dimension will present its own challenges.
Another approach to lattice gauge theory is the prepotential formalism [51}58,[81]; a non-
Abelian generalization of the oracles in this chapter based on prepotentials is the subject of
[chapter 6] Many more references for different lattice gauge theory simulation schemes can
be found in the review Ref. [82].
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Chapter 3

GAUSS’S LAW, DUALITY, AND THE HAMILTONIAN
FORMULATION OF U(1) LATTICE GAUGE THEORY

Quantum computers offer hope for surmounting some of the obstacles encountered in
classical lattice simulations, and a number of papers have proposed using the Kogut-Susskind
[39] lattice Hamiltonian Hykg as a starting point for the study of gauge theories, introducing
a cutoff on the electric field (in addition to the finite lattice spacing) in order to render the
Hilbert space H finite-dimensional [25,|30,/83] (for discussions of Hamiltonian lattice gauge
theory, see [37,84]). The vast majority of states in that H are unphysical; the physical space
is limited to those obeying Gauss’s Law, which we will call Hpys C H.

There are a couple of drawbacks to this approach which we address in this chapteIE]: (i) It
appears preferable to work entirely in Hys if possible, in order to require fewer qubits and
to avoid computational errors causing states initially in Hys to evolve into the much larger
space of unphysical states; (ii) A cutoff on electric fields is appropriate for strong coupling,
for which electric fluctuations are suppressed, but is not ideal for weak coupling, such as one
would encounter in the continuum limit for any gauge theory in d < 3, or asymptotically-free
theories in d = 3, where d is the spatial dimension. Instead, a cutoff on magnetic fluctuations
would likely be a more efficient regulator, allowing one to approach the continuum limit with
a smaller Hilbert space. In this chapter we examine these issues in two of the simplest gauge
theories — U(1) theories without matter in d = 2 and d = 3 — and find that both concerns
lead directly to a formulation of the electromagnetic dual theory. While these theories are
not of direct physical interest, they are simple enough to clearly illustrate some of the issues

that must be faced when simulating U(1) gauge theories with matter, or non-Abelian gauge

IThis chapter is drawn from |arXiv:1806.08797, done in collaboration with D.B. Kaplan.
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theories.

3.1 U(1) Hamiltonian and Hilbert space

The Hamiltonian for a U(1) gauge theory in the continuum is H = (1/2) [ dz (E2 + B?),
where the electric field operator E; is the conjugate momentum for the vector potential
A;. Here we consider compact U(1) gauge theory formulated on a spatial lattice L with
lattice spacing as, periodic boundary conditions, and coordinates {n, £, p, ¢} for sites, links,
plaquettes, and cubes, respectively. Compact U(1) theory is interacting at finite as; because
time and space are treated asymmetrically, there are two coupling constants g; s which must
be independently renormalized, with dimensionless couplings defined as ggs = ai’*dgzs. The
continuum limit is equivalent to gis — 0 for d < 3 (as well as for asymptotically-free non-
Abelian gauge theories in d = 3). We fix Ay = 0 gauge, and replace the vector potential A(x)
by a unitary operator Up = exp(—i asfle) on every link; U, can be thought of as the coordinate
operator for a particle moving on the group manifold. The space H can be represented in
the coordinate basis of product states @ |Up), where |Uy) at each link £ is an eigenstate of U,

with eigenvalue Uy, which is a phase. Alternatively, one can work in the momentum basis,

which diagonalizes the electric field E, also residing on the links. The rescaled electric field

d+1
. a .
5g = — Eg (31)
satisfies the commutation relation
[&;Uy} = 5e,ere ; (3.2)

and has integer eigenvalues ¢4, analogous to the angular momentum of a particle on a circle.
H can then be represented in the electric field basis of product states ®; |e¢) and regulated
in a gauge-invariant way by restricting fluctuations of the electric field, e, < A for some
cutoff A [25].

Our starting point for the lattice Hamiltonian is H=Hgp+ ﬁB, with

X 1 |1 .
Ay = 5 [—Z(Q—PP—P;)
s p

Y

§2
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where we define

Qe=e | Pay=Un, TnteniUbie, iU s (3.4)
Here Hp is conventional with Pp being the usual plaquette operator, but in Hp we have
introduced the dimensionless parameter ¢ for convenience, where eq. yields the Kogut-
Susskind Hamiltonian Hkg in the limit & — 0. This is similar to the Hamiltonian for
Z(N) gauge theory in [85]. The parameter a; = £as can be thought of as a “temporal
lattice spacing,” and additional irrelevant terms subleading in a; could be added, but the
above symmetric form suits our purposes best. Eq. implies that U acts as a raising
operator for the electric quantum number, and can be expressed in the electric field basis as
U= > .le+1) (e]. The action of P, therefore, is to create an oriented loop of unit electric
flux around the edge of the plaquette, while Pt creates a unit loop in the opposite direction.
At the same time, P measures magnetic field, the phase of its eigenvalue being the magnetic
flux through the plaquette to leading order in as. The above form for H is bounded and
written as a sum of unitary operators, which may be convenient for simulation by quantum

walks [86].

Note that fluctuations in the magnetic field are large at strong coupling, while electric
fluctuations are large at weak coupling. This is similar to the case of a harmonic oscillator
with mass m and spring constant k, where (#2) o 1/v/km, while (p?) oc v/km, the operators
&, p being analogues of B, F respectively, while m ~ 1/§2 and k ~ 1/G2. Thus regulating
the theory with a cutoff on electric field values is a poor choice for gauge theories in d < 3,
as the continuum limit occurs in the weak coupling limit.

The physical subspace Hpnys C H consists of those states obeying the Gauss law con-
straint V - E = 0, i.e., those states invariant under spatial gauge transformations. On the

lattice, the analogue constraint is that at each lattice site the product of the Q on each
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outgoing link and QT on each incoming link must equal the unit operator:

(H Qe |1 QZ—i) [phys) =0 . (3.5)

Linton  £outofn

Most states in H violate eq. and are unphysical, and therefore on a quantum computer
more qubits than necessary will be needed to simulate this Hamiltonian. Most states in H
violate eq. and are unphysical, and therefore simulating Hamiltonian evolution in H will
use more qubits on a quantum computer than physically necessary. To better understand this
constraint, consider the lattice L with periodic boundary conditions in d = 2,3 dimensions
with n sites, and therefore ¢ = nd links, p = nd(d—1)/2 plaquettes, and ¢ = nd(d—1)(d—2)/6
cubes. The Hilbert space JH is characterized by the eigenvalues of the ¢ electric field variables,
Qg. States fall into topological sectors labeled by an integer-valued d-tuple, v = (v, .., 1vy)
designating v; units of electric flux wrapping around the e; direction of the lattice. For a
given topological sector we have (n+ d — 1) constraints on the ¢ = nd electric field variables:
(n — 1) constraints from Gauss’s law and d from fixing the topology. Therefore there are
nd — (n+d—1)] = (n—1)(d — 1) variables to describe physical states in a particular
topological sector. If we place a cutoff on electric field values to regulate the theory, and
assume n > 1, then the minimum number of qubits required to describe H s will scale as
(d—1)/d times the minimum number required for 3; this ratio is expected to be significantly
smaller for non-Abelian theories.

The benefit of restricting a computation to Hppys is not only in reduction of qubits, but
also in ensuring that computational errors do not propagate states into the unphysical part
of I, a process that would look like violation of charge conservation. A brute-force approach
for restricting H — Hpnys is to eliminate the constrained variables in the quantum theory by
the procedure illustrated in Fig. 3.1} (i) Define a maximal tree on the lattice, with (n — 1)
links; (i) eliminate the |¢) states from H for each link in the tree; (iii) set Up = 1 in H for
each eliminated link; (iv) recursively solve for the Qe in H at each eliminated link, in terms
of the Q’s on the free links; (v) remove the final d links by enforcing a fixed topology v. The

fourth step involves defining Q operators on each of the tree links as the appropriate product
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Figure 3.1: An n = 16 site lattice with periodic boundary conditions in d = 2 with
nd = 32 links. The (n — 1) = 15 links on a maximal tree (dashed blue) are eliminated via
Gauss’s Law. The d = 2 links in dashed red are eliminated by constraining the net electric
flux through the dotted green lines to equal the topological quantum numbers v, ,. The
remaining (n — 1)(d — 1) = 15 black links represent the physical variables of the theory. This

procedure generalizes to arbitrary d, n.

of the other Q, QT operators meeting at the same vertex, beginning at the ends of the tree
branches; fixing the topology (step five) can be easily done at the border of the maximal tree,
as indicated in Fig. ﬂ The resulting H,nys on a given sector v is written using products
of the |e,) states over each of the (n — 1)(d — 1) free links; a heavy price is paid, however,
in the loss of locality and discrete translational invariance of the resulting Hamiltonian. We

next describe an alternative procedure, which leads directly to a duality transformation.

3.2 U(1) dual formulation

Physical states can be defined in terms of gauge-invariant operators acting on the trivial state
|0) with zero electric field everywhere [39]; those operators can be constructed out of Wilson
loops — products of U along closed paths. We first define the Polyakov loop operators W(CZ)

to be the product of oriented U link operators along a closed loop C; that wraps around the
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lattice in the e; compact direction. We then define the state
v =]] (W(C») 0, mez. (3.6)
i=1
All the physical states within a topological class are then created by acting on |v) with
powers of plaquette operators:

), =T1(%) " W) . ez, (3.7

P
where p runs over all p plaquette coordinates. It is evident that |o7) , € H,pnys for all &7 and
v since both the W and P operators are gauge-invariant, each producing only closed loops of
electric flux. It is also easy to see that any of the ®, |e,) basis states obeying Gauss’s law can
be written in this form. The particular choice of the C; paths is unimportant, since two such
paths can be deformed into each other by the application of plaquette operators. The problem
now, however, is that the |.<7)  states are an over-complete basis for H,ys, since a state in
a particular topological sector depends on p = nd(d — 1)/2 variables instead of the required
(n—1)(d—1). The number of redundant ./ variables is therefore R = (d—1)[1+(d—2)n/2].
For d = 2, the redundancy is R = 1, independent of the number of sites n; for d = 3,
R = 2 + n, scaling with the volume of the lattice. These redundancies arise because the
product of plaquette operators around any closed surface is an identity operation, expressing
the discretized integral form of V-B= 0; R simply counts the number of independent closed
surfaces. We will deal with the redundancy by treating all of the |.o7) , states as independent,
then subsequently imposing the magnetic Gauss law constraint.

The action of the Hamiltonian eq. on the |.o7) , states is simple to characterize: Hpg
applies plaquette operators to the state, and therefore either raises or lowers 7, by one.
Hp measures the electric field, which at each link is determined by differences between the
<7y for the plaquettes the link borders — with a possible additional contribution from the
Polyakov loop in eq. 1} if the link lies along one of the C; curves. Hp therefore looks like
a finite difference operator acting on 7,. The behavior of Hg and Hp can be most naturally

described in terms of operators on the dual lattice. We first discuss the simpler case of
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d = 2, where the duality transformation maps the {n, £, p} coordinates of L to {p*, £*,n*},
respectively, on the dual lattice L*. n sits at the center of plaquette p* and n* sits at the
center of p, while £* and £ intersect each other; we adopt a convention where the z-links
of the two lattices are oriented anti-parallel to each other, while the y-links are parallel.
By ignoring the redundancy in our definition of |.%7), in eq. , we can treat o%,~ as an
independent integer-valued variable on each site and use product states ®p« |%%,+) as a basis
for a Hilbert space H*. In terms of these states, we can define the two local coordinate and

shift operators, Uy~ and QAH*, living on sites of the dual lattice as

%An* _ Z’”Q{ zf%n* dn*’

D = ZWWH (]| . (3.8)

For a given topological sector v, the matrix elements of the Hamiltonian H of eq. 1}
between the |<7) , states are reproduced then by the dual Hamiltonian %, on L*,

%:2;;[1 (2- %0 - 2},)

gz

(3.9)

i
gg AU AUy } (d=2).

In this expression, A is a discrete covariant Laplacian A = D} D; | where D; are the

1)

difference operators

Dan* = (W{n*,n*—el}Fn*fel - Fn*)/as ’
Dy Foe = (WinnotestFnrses — Fur)/as (3.10)

D =— (DZ'" )T, and the discrete vector gauge field # accounts for the topological charges

7

6i£yi, if £ € Cl X
Wy = (3.11)

1, otherwise ;

£* being the link dual to £. Note that D is a derivative in the —e; direction because on L*

we have oriented the x-links anti-parallel to those on L, unlike the y-links, which are parallel.
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The gauge symmetry associated with #  reflects the equivalence of constructions based on
different C; paths for the Polyakov loops in eq. .

The first term in eq. arises from Hp, while the second from Hy, and we see that the
roles of the two have been reversed: Hp becomes an operator that translates the value of the
dual field <7, while H measures gradients in 7. The discrete gauge field # corresponding
to the topological electric fields of the original theory seems to have no analogue in the
original theory, but that is simply because we did not build in topological magnetic field
loops; to do so would require a field analogous to #  added to the original Hamiltonian H.

As mentioned above, in d = 2 there is one redundant variable arising from the fact that
Hp Pp = 1. Thus the restriction to Honys C H* requires applying the single constraint on

physical states
(QAL*—]A_) |,§Z{>V:0 s QAL* EHQn* . (312)

This constraint can be solved by setting .« = 0 at a single site n* and equating 9 at that
site to the product of 9" over all the other sites — again at the cost of sacrificing locality
and discrete translational invariance. A more attractive alternative is to work directly in H*
and simply use an initial wave function that satisfies eq. . Unlike in the conventional
formulation, where the number of constraints scales with the number of lattice sites, here
with only a single unphysical variable, the problems of constructing the initial state obeying
the constraint — or of subsequently becoming “lost in space” due to computational error
— should be vastly diminished compared to simulations in the original space H subject to
eq. . Because there is one Qn*, U« variable pair per site on L*, as compared with two
Qg, U, variable pairs per site on L, we see the expected (d —1)/d = 1/2 reduction in degrees
of freedom, which should correspond to a similar reduction in the number of qubits required
to characterize the system. However, for this statement to be meaningful, we first have to
discuss regulating H* to make it finite-dimensional.

To regulate the dual theory in d = 2 one cannot simply limit 7~ to lie in the finite

range —A < e < A, taking A — oo in the continuum limit: the operator 9;. shifts
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the o, field uniformly so that the constraint eq. cannot hold in a space spanned
by eigenstates of the 42%11* with finite eigenvalues. Instead, one can regulate the eigenvalues
of the unitary 2, operators, equivalent to placing a cutoff on magnetic field fluctuations
in the original theory. The regulated Hamiltonian will then commute with the constraint,
and an initial wave function chosen to satisfy the constraint eq. will continue to do
so as it evolves. Therefore, in d = 2, there are several advantages to simulating A, on a
quantum computer instead of H: (i) the variables are scalars, rather than vectors, reducing
the number of degrees of freedom by half; (ii) there is a single redundant variable, rather than
the (n — 1) unphysical variables in the conventional formulation; (iii) it is natural to regulate
magnetic fluctuations rather than electric, which is likely to converge more efficiently to the
continuum limit.

We now turn to the problem of constructing the d = 3 Hamiltonian for the |o7) , states of
eq. . As for d = 2, this naturally leads to a duality transformation, interchanging the co-
ordinates for sites, links, plaquettes and cubes from L to L* as {n, £, p, c} +> {c*, p*, £*,n*}.
In particular, the plaquettes p on L get mapped to the links £* on L* piercing them in the
direction opposite to their normal vectors, so that L* is parity inverted relative to L. There-
fore the plaquette variable .27, on L gets mapped to a dual vector field .27 living on the links
of L*, unlike in d = 2 where a scalar 7,- lives on sites. We can then define link operators

U and 2y« operators exactly as in eq. (3.8)), and the dual Hamiltonian is computed to be

O [Zg (2- 20 - 9).)

+n;7_t2982: (2 - (W Py +h ))] (d=3) 1
52 — p* p* .C. = .

In this expression, &p« is the plaquette operator on L* constructed out of %-’s in the same
way Pp is constructed from Up’s in eq. (3.4]), while #),+ is a phase that is nontrivial whenever
the topological electric field loops C; on L pierce the p* plaquette on L*,

6i£yi, if £ € Cl 5
Wy = (3.14)

1, otherwise ;
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£ being the link dual to p*.

In d = 3 the |.&7), states in eq. are again over-complete, but the problem is more
severe than in d = 2 as the product of plaquette operators on the surface of any cube ¢ in L
should be an identity transformation, the number of cubes scaling with n. The constraint on
the dual lattice to remove this degeneracy is (unsurprisingly) the dual of the electric Gauss
law constraint eq. (3.5): the same equation with the substitution Qe — QA@. Thus, we see
a “conservation of difficulty” between the original and dual theories for d = 3, each form
of the theory having a Gauss law constraint of identical form. The one advantage of the
dual formulation common with the d = 2 example is that regulating the eigenvalues of the
9 operators controls magnetic fluctuations, which we expect to be more efficient at weak

coupling than a cutoff on the electric field.
3.3 Conclusions

We have focused here entirely on U(1) gauge theories without matter and have shown the
consequences of defining these theories on the space of gauge-invariant states. In particular,
we found that this leads to a dual formulation subject to a magnetic Gauss law constraint.
This result can lead to a substantial reduction of variables in d = 2, but not in d = 3;
in both cases though it offers the opportunity to regulate the theory by limiting magnetic
fluctuations rather than electric, which is expected to be advantageous in approaching the
continuum limit in d = 2, or studying the weak field limit in d = 3. One can hope for a similar
approach to regulating asymptotically-free gauge theories in d = 3, for which the continuum
limit is also at weak coupling. Extending the analysis to include charged matter fields and
non-Abelian gauge symmetries is complicated by the fact that not all gauge-invariant states
in the theory can be written in the form eq. ; much previous work on related issues
for non-Abelian gauge theories exists [57],58,[87,88] and could serve as a basis for quantum
computations. Understanding such theories better, and developing the tools to efficiently
represent these theories on a quantum computer and extrapolate to the continuum theory,

remain as fascinating theoretical challenges to be tackled before one can contemplate solving
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outstanding computational problems in QCD.

Following the preparation of the work presented in this chapter, Ref. [89] appeared,
investigating the impact of different truncation schemes in Abelian lattice gauge theories as
a function of the bare coupling. That work analyzes in great detail (241)-dimensional U(1)
theories, including fermionic matter, in both electric and magnetic representations. They
find that recovering the weak-coupling ground state wave function of a 2x2 periodic lattice

with high overlap requires a truncation level scaling like gﬁ/ b

in a magnetic representation, as
compared to g; 2 in an electric representation. The former is clearly much more efficient on
qubit resources at weak coupling, quantitatively confirming the qualitative arguments given
above. Their obtained magnetic basis results rely on approximating the U(1) gauge group

by its Z(N) subgroups, however, and so there is no direct way to extend their analysis to

non-Abelian gauge groups.
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Chapter 4

DIGITAL QUANTUM SIMULATION OF AN SU(2) GAUGE
THEORY IN ONE DIMENSION

Great success has been achieved in computing the properties and low-energy dynamics of
hadronic systems using the numerical technique of lattice QCD [90,91] on the world’s largest
supercomputers. Current lattice QCD calculations at the physical quark masses have resulted
from a sustained co-development effort over the last ~ 50 years. Those developments began
with calculations on small lattices, with unphysical quark masses, and with large lattice
spacings using computers available during the 1970’s [91]. While good progress is being
made in designing Hilbert spaces for [92H110], creating detailed hardware-specific proposals
for [111-126], and implementing [1,127-131] quantum field theories on quantum devices, non-
Abelian gauge theories have not yet been simulated on today’s limited and noisy hardware.
It is in the spirit of the early days of lattice gauge theory that we develop an improved
algorithm to evolve a string of SU(2) plaquettes, and use it to simulate a non-Abelian gauge
field theory on IBM’s digital quantum hardwareE],

The Hamiltonian formulation of lattice gauge theories [132] includes exponentially-large
sectors of unphysical E] Hilbert space in order to maintain spatially-local interactions while
satisfying gauge constraints. The hardware error rates and gate fidelities of current NISQ-
era [133] quantum devices, and the lack of error correction capabilities, allow quantum states
to disperse into these unphysical sectors. To avoid such dispersion, previous quantum simu-

lations of lattice gauge theories have employed various procedures to remove the unphysical

IThis chapter is drawn from Physical Review D 101, 074512 (2020), done in collaboration with N. Klco
and M.J. Savage.

2The space referred to as unphysical can be naturally interpreted as isolated Hilbert spaces with non-zero
external sources.
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Hilbert space from the embedding onto quantum devices [127-129,131,{134]. However, these
techniques do not scale efficiently, and a generic description for multi-dimensional lattices
with non-trivial gauge groups in terms of only local, physical degrees of freedom is not cur-
rently known. A variety of approaches for quantumly simulating gauge theories are being
pursued—reformulating the interactions, lattice structure, and degrees of freedom by de-
signing Hilbert space bases of group elements, Schwinger bosons, duality transformations,
loop variables, tensor networks, and more [49,[105[107, 108,112, 118,/121},/132,/135-157]—often
with the explicit goal of mitigating unphysical degrees of freedom. Reductions have been
obtained by solving Gauss’s law, which is related to loop formulations where the fundamen-
tal degrees of freedom are gauge invariant |138]|144}|158-168|]. Proposed for both analog
and digital quantum implementation, progress is being made toward using renormalization
group methods to connect quantum link models [95,[114}|117,]169-173| to continuum theories
of importance [172,|174H176]. Classical numerical explorations of truncation errors arising
from gauge field digitization in lattice QCD calculations [107], and exploring the use of the
crystal groups associated with SU(3) to discretize the gluon fields for quantum simulations
have begun [110]. Here marks the introduction of an explicit quantum algorithm for digital

implementation of dynamics with generalizable operator structures.

In this work, the angular momentum basis |132}135|,/136] is utilized, which is made com-
putationally feasible on quantum devices by exploiting the local gauge symmetry to remove
the angular momentum alignment variables. A similar reduction in degrees of freedom has
been suggested to be an advantageous mapping for quantum simulations [100], and has been
employed in calculations using matrix product states. The associated qubit mapping, along
with the flexibility of the introduced gauge variant completion (GVC), has made possible the
exploration of operator structures necessary for generalization to larger lattices and higher
dimensions on current hardware. As an explicit example, time evolution of a one-dimensional
string of two SU(2) plaquettes is implemented on IBM’s Tokyo [177] quantum device with
employed error mitigation techniques. The new mappings and techniques that we introduce

here generalize to quantum simulations of gauge field theories in higher numbers of spatial
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dimensions.

The Hamiltonian of spatially-discretized Yang-Mills gauge theory is [132] (in lattice units)
2
2 o g 2 1 ~ A-‘_
H_EE EP— = (o+0of) (4.1)

where E? is the local gauge-invariant Casimir operator, 0J is the gauge-invariant plaquette
operator contracting closed loops of link operators, and 01 = OOf for SU(2). On a square

lattice, the single plaquette operator is

1
2
0= Y U Usy Uss Usa (4.2)
a,B,v,éz—%
where Uaﬁ is a 7 = 1/2 link operator with definite starting and ending points oriented

around a plaquette. In the limit of strong coupling, g> — oo, this Hamiltonian is dominated
by the electric contributions and fluctuations between configurations of definite link angular
momentum vanish. In weak coupling, the magnetic contributions dominate and a theory of
dynamical loops emerges.

The angular momentum basis describes the quantum state of a generic link by its irre-
ducible representation, j, and associated third-component projections at the left and right
end of the link in the 2 and 2 representations, |j,m,m’) = |j,m) ® |7, m’), respectively.
In one dimension, SU(2) lattice gauge theory can be spatially discretized onto a string of
plaquettes (see Fig. 4.1). With periodic boundary conditions (PBCs), only three-point ver-
tices contribute to such a plaquette chain. To form gauge singlets, components of the three
links at each vertex are contracted with an SU(2) Clebsch-Gordan coefficient. While these
coefficients are conventionally incorporated into the state space allowing plaquette operators
to be localized to four active links, the qubit Hilbert space is more naturally structured
as an unconstrained grid. Thus the Clebsch-Gordan coefficient at each vertex will be here
included in the plaquette operator itself. This decision delocalizes the plaquette operator at
the scale of immediately neighboring links as shown in Fig. [4.1] where the green, circular
parts of the operator denote the dependence of the operator on the quantum state of qubits

on neighboring links.
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To calculate the plaquette operator, the state is first structured with Clebsch-Gordans

at each vertex such that the wavefunction has the form

Vo ST Gbedasela,e) nab) @ la.c,d) @ [jase, f) | (4.3)

b,c,e

where indices b, ¢, and e are located at the vertex. By focusing on a system with an even
number of plaquettes, matrix elements of the arbitrary plaquette operator may be deter-
mined. The wavefunction of a lattice with an even number of plaquettes in one dimension

with PBCs in the link angular momenta basis is

L
3/ t -t t t
- NZ H<]z S Ry Jigts Mg, |G mg,)

{m} =1
b b b b b
{Ji, mMy; Rs Jit1 mi+1,L|Qi7 myg >

|J@7 zL? zR>®|Jz7 zL? >®‘q“mfh7m2i> (4'4)

with jr41 = j1, mpy1 = my, and normalization N = [],(dim(¢;)) ™" with dim(g) = 2¢ + 1.
Referring to the plaquette string’s ladder structure, on links located as rungs of the ladder,
angular momentum values are labeled by ¢q. Thus, a plaquette string is created by two strings
of j-type registers connected periodically by rungs of ¢-type registers. The contraction with
Clebsch-Gordan coefficients at each vertex ensures the local gauge singlet structure required
by Gauss’s law. The link operator acts on the degrees of freedom at each end of a link and

is a source of j = 1/2 angular momentum,

A d 1
Uag lj,a,b) = 2) im{7 |J +Ab+BMm, AlJ.a+ A) G, bi 5, BILb+ B) |
(4.5)

which contains non-vanishing contributions only for J = j £ 1 5 [49]. By acting this operator
on the above wavefunction of Eq. (4.4)) and summing over alignment variables, that matrix

elements of the plaquette operator in one dimension and in the tensor product basis of
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magnetic quantum numbers, j, are calculated to be

A

b b b O t,b b b
<X"'7]g qefrdg g drfsdr 7| |X"'a]g y40is] g5 s9risIr 7>

= \Jdim(jL;) dim(jt ) dim(j%,) dim (2, )/ dim (ge) dim(ges) dimn(g,:) dimm (g, )

it gt b b it gt b b
y (_1)jz+jg+j;+j¢+2(j3f+jgf_qh._qm.) Je Jai 9t Jo Jai Qe Jr Jai Gri Jr Jai Qi
5 ar Jly 5 s J 5 Grf Jiy 5 G Jos

(4.6)

where the indices jé’b, Quiy Qefs G50, Gris @rp, and jE° are used to indicate the j-values relevant
for the single plaquette operator (as depicted in Fig. and the brackets indicate Wigner’s
6-j symbols. The four registers j;f:f outside the plaquette are not modified by the action of
the plaquette operator. However, their inclusion as control registers is necessary to maintain
Gauss’s law. The sums over alignment in each gauge-invariant space yield a dramatically
reduced Hilbert space to be mapped onto a quantum device, characterized entirely by the
|7)’s (rather than the |j,m,m’)’s [100]) incrementing naturally by half-integers. As a result,
the Hilbert space dimension scales with the number of links, L, as (2A; + 1)“—a small
asymptotic savings in terms of qubit number, but an important savings for noisy devices
where survival probabilities in the physical subspace are imperfect. This concept is here
exemplified by embedding a four dimensional physical subspace into a sixteen dimensional
computational space rather than into what would be a > 5*dimensional Hilbert space in
the |j, m,m’) basis. The qubit representation of the periodic plaquette string is shown on
the top panel of Fig. 4.1| where each link contains a [log,(2A; + 1)]-qubit register with A,
the angular momentum truncation per link.

Quantum circuits were devised for the plaquette operator with angular momentum trun-
cation A; = 1/2. For time evolution beginning in the strong-coupling (empty) vacuum, the
top and bottom j values are equivalent with this cutoff and the plaquette operator reduces
to a five-qubit operator.

While the value of plaquette operator matrix elements connected to the physical Hilbert

space are important for implementation of accurate time evolution, those within the unphysi-
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Figure 4.1: (top) Diagram of the lattice distribution of [log,(2A;+1)]-qubit registers and the
action of O on SU(2) plaquettes in one dimension. [J operates on the four qubit registers in
the plaquette and is controlled by the four neighboring qubit registers to enforce the Gauss’s
law constraint. (bottom) The plaquette operator with labeled angular momentum registers.

[image credit: Natalie Klco]
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Figure 4.2: Digital circuit implementation of the plaquette operator centered on j, for a

truncated lattice with A; = 1/2, two plaquettes, and PBCs as depicted at the right. The
angles ( defining this circuit are given in Eq. (B4) to be 5 = (3/8, 5/8). [image credit:
Natalie Klco]



61

Ger qor Tar s Jrp1OYP 56 Qoi Gai Qri Jri)

(00000/34/2[0 4 30) 1
(00024180205 403) !
(45000[30/2] 10} 40) :
(30303100213 3033) :

Table 4.1:  Matrix elements of the A; = 1/2, Hermitian plaquette operator [1*/2?) as
calculated in Eq. (4.6) with j;, . = jf,.. All other matrix elements between physical states

are zero.

cal space are not. Thus, significant freedom exists in designing the operator in the unphysical
space to hardware-specifically optimize quantum computation. Operators with equivalent
physical matrix elements but differing in their unphysical operation will be described as dif-
ferent gauge variant completions (GVCs) of the same physical operator. For example, here
it is convenient to use a GVC within the set of Pauli operators to minimize the quantum
gate resource requirements. Observing the plaquette operator matrix elements in Table [4.1]
states are connected when ¢y, j,, and ¢, experience a qubit inversion with a matrix element
dependent on the jy, j,-sector. Such a controlled operator is depicted schematically at the

bottom of (with top and bottom j’s identified) and may be written as
. 1 1 1
DW”:RKXX%+5%XXXR+§EXXX%+ZRXXXE (4.7)

with Py = 3(I+ Z) and P, = (I — Z), the j = 0(3) state mapped to quantum state
0)(]1)), and the Hilbert spaces ordered as in the heading of Table 4.1 With this GVC,
the plaquette Hamiltonian has 24 non-zero couplings between unphysical states that would
otherwise vanish in the evaluation of Eq. ﬂ One possible digital qubit implementation
of the associated time evolution operator with the GVC above is shown explicitly in Fig.

3Equation (B.1]) shows explicitly the Hamiltonian structure with the chosen GVC. If the GVC of Eq. (4.6])
was used without modification, a factor of four in quantum gates is expected as shown in Appendix @
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of Appendix[B.I] As written, this operator acts equivalently throughout the one-dimensional
string of plaquettes to implement time evolution of the lattice. We anticipate that the concept
of GVC will play an important role in quantum simulations of quantum field theories in higher
dimensions, and other physical systems with conserved quantities or constraints.
Specializing to the two-plaquette system with PBCs, only the matrix elements in the
first and last rows of Table remain. The second plaquette operator in the two-plaquette

system reduces to the following four-qubit operator,
. 1
By = P X XX + JPIXXX (4.8)

Digital implementation of this operator is shown in Fig.[4.2] The reduced linear combination
structure defined by the first and fourth rows and columns of the matrix shown in Eq. (B.4)
produces the vector B appearing in Fig. . A natural qubit representation of the electric

operator is

2
s PR3 (1-2Z
1" QZZ( 2 ) ’ (49)

links
including 12 non-zero elements in the unphysical Hilbert space.

Real-time evolution of two plaquettes with PBCs (see the right panel of Fig. and
truncation A; = 1/2 has been here implemented on IBM’s quantum device Tokyo, selected for
its available connectivity of a four-qubit loop. The top panel of Fig. shows time-evolved
expectation values of the energy contributions from the first electric plaquette calculated with
one and two Trotter steps E| The electric contributions, being localized in their measurement
to the four-dimensional physical subspace, are well determined after a small number of
samples. In contrast, measuring the energy contributions from the magnetic Hamiltonian
requires increased sampling due to the operator’s natural representation in the Pauli-X basis
of the qu, 74, and ¢, qubit registers—distributing the wavefunction’s amplitude throughout
the Hilbert space. Results have been corrected for measurement error by the constrained

inversion of a 16-dimensional calibration matrix informed by preparation of each of the

4The Trotter step in this calculation has been ordered in application as the first plaquette, the second
plaquette as written in Eq. (4.8]), and lastly the electric time evolution operator.
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16 computational basis states prior to calculation. The resulting probabilities are linearly
extrapolated in the presence of CNOT gates, post-selected within the gauge-invariant space,
and renormalized. The linear extrapolation is informed by r = 1, 2, where r = 1 is the circuit
in Fig. and r = 2 stochastically inserts a pair of CNOTs accompanying each of the three
CNOTs either in the first or second half of the plaquette operator. The combined noise and
gate fidelity of the device were found to limit the ability to extrapolate further in CNOT noise,
even with a single Trotter step. These error mitigation techniques have allowed calculation
of the electric energy associated with the SU(2) gauge field to the precision obtained after a
single Trotter step.

It is important to determine the feasibility of retaining gauge-invariant Hilbert spaces
with near-term quantum hardware. For our calculations on IBM’s Tokyo quantum device,
before CNOT extrapolation, the (Nm.t,7) = (1,1) measurements were found to remain
in the gauge invariant space with a survival population of ~ 45%, as shown in the bot-
tom panel of Fig. [£.3] After linear extrapolation in the probabilities, this was increased to
~ 65%, with survival population decreasing as evolution time increases. The survival pop-
ulation for Nty = 2 was found to be ~ 25%, consistent with loss of quantum coherence of
a four-dimensional physical space embedded onto four qubits, precluding CNOT extrapola-
tion. This observable is a diagnostic of the calculation. As it approaches the decorrelated
limit (25%), CNOT extrapolations become less reliable, leading to the underestimate of sys-
tematic uncertainties in Fig. 4.3l Because neither the proposed qubit representation nor
the subsequent Trotterization produce gauge-variant error contributions, the observed decay
of population in the physical subspace is a measure of the device’s ability to robustly iso-
late Hilbert subspaces. This is likely to be an essential capability for evolving lattice gauge
theories and other systems with conserved quantities, as well as for quantum error correction.

When increasing A;, the plaquette operator must be calculated and designed over 8
registers of qubits, each containing [log, (2A; +1)] qubits. The classical computational
resources required to define this operator with Eq. scales with the number of unique

non-zero matrix elements, which is polynomial in A;. When constructing the time evolution
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Figure 4.3: (top) Expectation value of the electric energy contribution of the first plaquette
in the two-plaquette lattice with PBCs and coupling ¢? = 0.2 computed on IBM’s Tokyo.
The dashed(purple) and dot-dashed(blue) lines are the Ny = 1,2 Trotterized expectation
values, while the thick gray line is the exact time evolution. (bottom) Measured survival
probability to remain in the physical subspace for one and two trotter steps, Ny, and
one and two r values indicating stochastically inserted 2r — 1 CNOTs per CNOT in the
digital implementation. Uncertainties represent statistical variation, as well as a systematic
uncertainty estimated from reproducibility measurements. The icons (defined in Ref. [1])

denote computations performed on quantum devices. [image credit: Natalie Klco]
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operator for A; > 1/2, the combination of Trotterization and Pauli decomposition of the 4-
register operators in j,,-controlled sectors generically generates interactions breaking gauge
invariance [142,/153,/178]. While a unitary operator preserving gauge invariance exists, it will
generically require an exponential amount of quantum resources to implement and classical
resources to define. The breaking of gauge invariance will be important to control if this

decomposition is used in future calculations.

For the simulated system, the SU(2) Hilbert space associated with each link and the
spatial lattice are significantly truncated. This work represents an early step along the
long road ahead for quantum simulations of gauge field theories. As Hamiltonian operators
are local in such field theories, thoughtful design and optimization of quantum operators in
small, classically manageable systems will impact the design and execution of future quantum
simulations of larger dimensionality. The impact of the truncation on the continuous-field
system of two plaquettes (for the value of g? used in this work) is presented in Table of
Appendix . We find that the employed truncation of A; = 1/2 leads to a ~ 56% change to
the ground state energy and a much larger change to the “glueball” mass. A larger value of
g% would lead to smaller deviations in both quantities, as the system becomes more amenable
to perturbative methods. At the selected value of g2, where the system is nonperturbative,
enlarging the simulation to include three qubits per link (a cutoff of A; = 7/2), rather than
one qubit per link (A; = 1/2), causes these low-energy observables to become calculable
with an accuracy exceeding 2% using the basis discussed in this paper. The fidelity of the
ground state in the enlarged simulation is ~ 90% with respect to the untruncated ground
state. The convergence properties of this formulation of gauge theories, and others intended
for quantum simulation, are important topics of future research.

Developing quantum computation capabilities for non-Abelian gauge field theories is a
major objective of nuclear physics and high-energy physics research. We have presented the
first quantum simulation of a non-Abelian gauge field theory on a digital quantum computer,
which required the development of a number of new techniques. One of the challenges facing

such calculations is that the mapping of the gauge theory onto the register of a digital
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quantum computer involves a digitization of the gauge fields. We have presented calculations
of the dynamics of a one-dimensional SU(2) plaquette string with implementation on IBM’s
Q Experience superconducting hardware. This was made feasible by an improved mapping
of the angular momentum basis states describing link variables and recognizing the utility of
gauge-variant completions. Our design of the plaquette operator for digital quantum devices
requires local control from qubit registers beyond the active plaquette. This key feature
is expected to persist in future developments of quantum computing for gauge theories.
Extension of this analytic reduction beyond one dimension is naturally suited to lattices
with three-point vertices, but generalizes to n-point vertices and thus to quantum simulations
in higher dimensions. Comparisons, at the level of explicit digital implementation, of this
mapping with proposed alternatives will be of importance for realizing physically-relevant

quantum computations of non-Abelian gauge theories.
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Chapter 5
LOOP-STRING-HADRON FORMULATION

Figure 5.1: Depiction of a basis state in the loop-string-hadron framework. It represents
a quark and gauge flux configuration on a 2D spatial lattice. The red flux portions are

unterminated and indicated sites where Abelian flux conservation fails.

In this Chapterﬂ we revisit and reformulate a non-Abelian lattice gauge theory—SU(2)
gauge theory in d 4+ 1 dimensions with one flavor of staggered quarks—ultimately putting it
into an explicit form to which (classical or) quantum algorithms can be readily applied. The

main theoretical contributions of this work include a thorough introduction to a loop-string-

!This chapter is drawn from Physical Review D 101, 114502 (2020), done in collaboration with I. Ray-
chowdhury.
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hadron (LSH) formulation of SU(2) lattice gauge theory, which uses local loops, strings,
and hadrons as dynamical variables. The derivations provide the detail needed to adapt
the framework to similar SU(2) theories. Furthermore, the exposition on the Hamiltonian
contains the details required to develop comprehensive simulation algorithms. In a compan-
ion work [179], we provide a mapping of the LSH formalism to qubits along with quantum
circuit solutions to all the constraints, representing a major advance toward implementing
verifiably-gauge-invariant states and quantum error mitigation. Generalizing the present
LSH formalism for SU(3) would be a key step toward future quantum simulations of lattice
QCD.

This LSH formulation is the result of working with strictly SU(2)-invariant operators
and is an extension of the Schwinger boson (prepotential) formulation of lattice gauge theory
[514/55-59}/180-182]. The non-Abelian Gauss law that usually appears as a constraint is made
intrinsic, meaning the local excitations are physical and even intuitive. The price paid is the
introduction of an Abelian Gauss law that must be enforced instead, and the introduction of
additional lattice links. These are not fundamental hurdles because i) the Abelian constraints
are simpler to work with and, ii) if the Abelian constraints are also solved, then the gauge-
invariant Hilbert space is covered much more efficiently than it would be in a Kogut-Susskind
formulation. (Addressing the latter point is the subject of ongoing work.) Importantly, by
making the operator structure so explicit, algorithms can start being applied to simulating
dynamics and compared against any other proposals made for non-Abelian simulations.

The organization of this chapter is as follows: Section|l.4|reviews key points of the Kogut-
Susskind Hamiltonian formulation. In Sec.[I.5, we briefly review how that framework is
expressed using Schwinger bosons. In Sec.[5.1] we describe the LSH formulation in one spatial
dimension in detail. This includes the LSH operators and their algebra, the Hamiltonian
and Gauss’s law, definition of an orthonormal LSH basis, and complete specification of LSH
matrix elements in that basis. In Secs.[5.2/and [5.3], we generalize to 241 and 3+ 1 dimensions
respectively. Finally, Sec.[5.4] compares the LSH formalism against a conventional framework.

A lattice Hamiltonian for SU(2) gauge bosons coupled to one flavor of staggered fermionic
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matter, in units of the lattice spacing, may now be formulated as |39

H=Hg+Hg+ Hy+ H; , (5.1)
with
A~ 92 A
Hp =" E2(x,1) (5.2a)
(1)
N 1 ~ (i (i
fy= 5 I {2 ~ U (z) — Ug”(x)T] , (5.2b)
T 1<J
Hy =m (=) (@)d(x) (5.2¢)
Hy =Y ' (2)U(x,i)d(x + ;) + He. (5.2d)

Above, g and m are the bare coupling and bare mass; the magnetic energy Hp is formed
from gauge-invariant traces of plaquette operators,

A

Uéij)<l') = U([B,Z)U(.T + ei’j)[AjT(gj + ej,i)fﬁ(x,j) ) (53)

with tr[U] = tr[U] for SU(2); and the alternating sign (—)* = (—1)2:% in the mass energy

reflects the staggered fermion prescription.

5.0.1 Practical considerations

Compared to compact Abelian gauge groups, there are several aspects of the Kogut-Susskind

formulation that make SU(N) groups especially formidable for simulation.

e Noncommuting constraints—In U(1) lattice gauge theories, the constraints are simul-
taneously diagonalizable. This means it is possible to choose a basis where each
basis ket is definitely in the allowed subspace or definitely in the unallowed sub-
space. But in SU(N) lattice gauge theory the Gauss law constraints form an algebra,
Ga(), Gs(z)] = 1C705G,(x), so simultaneously diagonalizing all constraints is impos-
sible. Then the basis kets that would be represented by and measured on a quantum

device would not be meaningful by themselves.
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o Asymmetric quantum numbers—For compact U(1) theories, the eigenstates of electric
fields are characterized by a single integer quantum number. In that eigenbasis, link
operators simply raise or lower the quantum number by one unit. In SU(2) theories
one typically diagonalizes E°E, and Fj at every side of every link, yielding local |j, m)
structures on all link ends. Every irrep j has a different dimensionality, and these
irreps are mixed by the action of link operators according to

dim j

UMN |j7m>L‘j7n>R: Z |j/7m/>L |j/7n/>R dim 4 <%7M;j7m‘j/7m/> <jlun/‘%7N;j7n>

ol !
J5,mn,n

(5.4)

[83]. [For SU(2), nonvanishing contributions on the right-hand side come from j’ =
j = 1/2.] Representing these mixings using qubit (or qudit) registers seems awfully

forced and unnatural.

o Group-specific coefficients—The action of link operators more generally involves
group-dependent Clebsch-Gordon coefficients. In principle, designing simulation pro-
tocols specific to SU(2) and to SU(3) is not unreasonable and should even be expected.
But if SU(2) and SU(3) were first expressed in a common framework then one could

expect optimizations found for the former to better translate to the latter.

e Gauge redundancy in noisy simulations.—Local gauge constraints mean basis states
are largely wasted representing unallowed states. State vectors in non-error-corrected
simulations will wander away from the exponentially small space of allowed states.
Moreover, nontrivial gauge-invariant states are very specific linear combinations of
conventional irrep basis states; if the computational basis represents the irrep basis,

then any single-qubit error could potentially spoil gauge invariance.

All of these disadvantages provide the impetus for exploring alternative frameworks.
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5.0.2  Hilbert space of states

Allowed states in the Schwinger boson framework are characterized similarly to the Kogut-
Susskind formulation. Physically permissible wave functions must be annihilated by the
Schwinger boson implementations of G, (), and the same reasons to diagonalize electric
operators continue to apply.

Where the two diverge is in the local Hilbert space structure and choice of a complete set
of commuting observables. Instead of having aggregate link Hilbert spaces, the gauge field
Hilbert space is built from local harmonic oscillators: two modes at the left and right ends

of every link. The natural choice of a CSCO for such Hilbert spaces is
(ML), Mo(L), M(R), Na(R)} (5.5)

for each link. This choice is equivalent to (1.120f), but the spectrum of quantum numbers is
different.
Truncating the Kogut-Susskind theory at some representation ju.. is equivalent to trun-

cating all Schwinger boson occupation numbers to jyax-

5.0.3  Practical considerations
The Schwinger boson formulation offers the following advantages:

o Symmetric quantum numbers—All quantum numbers are on the same footing, being
integer bosonic occupation numbers. Now it is obvious how one could represent these
quantum numbers with binary registers. It is also obvious how to truncate the electric

field [a uniform cutoff on all the occupation numbers in (5.5))].

e Non-group-specific matriz elements.—The link operator is expressed in terms of simple
harmonic oscillator ladder operators, and Clebsch-Gordon coefficients are implicit in
the various rescaling factors carried along by them. In this sense, the elementary
degrees of freedom are group agnostic. [Of course, in going from SU(2) to SU(3), one

needs SU(3) irreducible Schwinger bosons as described in [183].]
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These features ought to be favorable for developing algorithms in this framework.

What remains to be addressed is the non-Abelian constraints, and redundancy of states.
The former is addressed starting with the following observation: Local gauge transformations
act site-locally, with Schwinger bosons and matter all transforming identically. This enables
one to construct site-local intertwining operators automatically invariant under the action
of the local generators; these can be identified as segments of all possible SU(2)-invariant
excitations hosted by a site (like a section of a Wilson loop). Using these, one can construct
an SU(2)-invariant Hilbert space locally at each site. For pure gauge theory, the resulting
local “loop states” [57,58,88,(181] are characterized by integer-valued loop quantum numbers
directly related to the angular momentum flux j. Truncating the Kogut-Susskind theory at
some representation jmax is equivalent to truncating all Schwinger boson occupation numbers

t0 jmax, and that is equivalent to truncating local loop numbers at 2j.x/(2d — 1).

A drawback of the loop basis is that it is overcomplete. Finding the complete and
orthogonal gauge-invariant Hilbert space requires solving the Mandelstam constraints, which
becomes increasingly complicated in higher dimensions and with higher cutoff. These issues
have been discussed in great detail in earlier works on the prepotential formulation of pure
gauge theory. A central objective of the loop-string-hadron framework below will be to
give a complete and local description of gauge-invariant dynamics with minimal redundancy,

equipped with fundamental matter, and adaptable to any number of spatial dimensions.

5.1 Loop-string-hadron formulation: One dimension

The SU(2)-invariant excitations at a site are parts of flux loops, parts of meson strings, or
hadrons. We now derive a loop-string-hadron formulation starting from prepotentials that
has non-Abelian gauge invariance built into it. We start in 1 + 1 dimensions, where the
essential features of coupling to matter—which was not previously a part of the prepotential

framework—already appear.
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In 1+ 1 dimensions, the Kogut-Susskind Hamiltonian (5.2)) reduces to
H=Hg+H + Hy . (5.6)

Each site x of this lattice is connected to one incoming link along direction ¢ and one outgoing
link along direction o, as in Fig. [5.2] Within the prepotential framework, Schwinger bosons
aa(L) (aa(R)) are attached to the link along the direction o (7). A staggered fermion field
2[1 = (1/31, 1ﬂ2) lives on the sites themselves. We refer to 1D sites as ‘quark sites’” in anticipation
of the need to distinguish their higher-dimensional counterparts from ‘gluonic sites.’

The site-local doublets shown in the box in Fig. [5.2] can contract in many possible ways
to form SU(2) singlets. It follows that SU(2) invariance can be made manifest by passing
from Schwinger boson and quark operators to using only their SU(2)-invariant combinations.
The gauge theory will be expressed entirely in terms of the dynamics generated by all such

operators.

5.1.1 SU(2) singlets: Loop, string, and hadron operators

The complete set of SU(2) invariants at a 1D site of a spatial lattice is obtained by construct-
ing all possible singlet tensors out the available doublets and their conjugates. It is a special
feature of SU(2) that fundamental doublets are unitarily equivalent to antifundamentals: if

f transforms like a fundamental, then f given by

. 0 1
ce=io, = : (5.7)
-1 0

fa = Eabfb ) (58)

transforms in the conjugate representation. This equivalence implies af(L/R) = eupa) (L/R)
gives another set of doublets to work with.

Using the available tensors, the complete set of nonvanishing singlets is listed below in

69) G-13):
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e Pure gauge loop operators.—L77':

L = a(R)la(L) e (5.9a)
L7 = a(R)aa(L)pea = (L)1 (5.9b)
L7 =a(R)a(L)pda (5.9¢)
L7 = a(R)aa(L) b = (L) (5.9d)
e Incoming string opemtors.—SiUf/:
Sht = a(R)llew (5.10a)
S~ = a(R)athpear, = ()" (5.10b)
St = a(R)!Yy0an (5.10c)
St = a(R)athi b = (SE7)! (5.10d)
e Qutgoing string opemtors.—Sg{;z/:
St =vla(L) e (5.11a)
Sout = Yat(L)near = (Soit)' (5.11b)
S = Yha(L)pda, (5.11c)
Sc;lt = @baa(L);{)éab = (S;J.;)T (5.11d)
e Hadron operators.—H>7:
H = —lz/)T@/)Te (5.12a)
BEESTRE '
1
H™ = gytathuea = (HT)T (5.12b)

[Baryons and mesons are the same for SU(2).]
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Figure 5.2: Pictorial representation of a 1D lattice with matter. Every site on the 1D lattice
is associated with a fermionic doublet ¥ = (11, 1)3). Bosonic doublets a(L) = (ai(L), as(L))
and a(R) = (a1(R), az(R)) are associated with link ends attached to any site along directions

o and i, respectively.

e Gauge fluz, quark number operators.—Np g, Ny:

Nt = a(L)la(L), (5.13a)
Nz =a(R)!a(R), (5.13b)
Ny = ¢l (5.13¢)

These invariants exhaust all possible singlet bilinears and they are referred to as LSH oper-
ators. They obey a closed operator algebra, which will be necessary to establish since the

original F/, U, and 1 variables have been replaced.

Before giving the complete algebra, it is helpful to first build some intuition for these
operators. One can visualize LSH operators in terms of creation and annihilation of the
gauge and matter degrees of freedom appearing in their definitions. Below, this is done

using line segments for gauge flux, circles for quarks, and solid (dotted) lines for creation
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(annihilation) actions:

_— = £++ ................. =L
—_— = £+f ....... - = £7+
............... o Si;_ /\, = Sc;;
_ = Si—ir;_ P = 8;1;
............... o = S;* - = c;lJtr
—o =§iT o——0 =S8t

oo =H' oy =H

The placement of solid and dotted lines is in direct correspondence with the superscripts on
the LSH operators.

The simplest examples from these are £t and £, which create or destroy an SU(2)-
invariant flux line passing through the site. By contrast, the mixed-type operators £+
deform a flux line flowing out one side to instead flow out the other; physically, this corre-
sponds to changing the direction flux emanates from a single quark. The hadron operators
H*T and H~~ create or annihilate a hadron, consistent with the Pauli principle (at most
two quarks present).

The actions of string operators are more subtle. For example, S;'* will create the “right”
end of a meson string, provided no quark is initially present. Alternatively, if a quark is
already present in the form of an out-string, the strings ends actually join and leave behind
independent hadron and loop flux excitations. The variety of actions S;;* and other string
operators can have will be summarized later on.

Further intuition for how LSH operators interact with each other is also gained from and
made mathematically precise by now looking at their algebra. The algebra of LSH operators
at any 1D lattice site f is tabulated in two parts. Table lists commutators of
operators where at most one operator from the pair has fermionic statistics. Table lists

anticommutators of operators that both have fermionic statistics. In addition to these, Table
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[5.3] contains the operators and algebra needed for d > 1 that will be discussed in Sec. [5.2.2}
they are displayed now so they can be referred to alongside Tables and 5.2} The 1D LSH

algebra is sufficient to completely describe the dynamics of the theory, to be discussed below.

The commutation relations in Table have a number of qualitative features:

e The [N, ] rows and [-, N] columns express simply how LSH operators change gauge

flux or fermion density.

e The [H, L] and [£, H] sectors express the independence of exciting hadrons and exciting

gauge flux.

e The [S, L] sectors express how loop operators can deform outgoing (incoming) string

operators into incoming (outgoing) string operators.

e The [S,H] sectors express how hadron operators can change the behavior of &, and

Sout Operators.

String operators inherit fermionic statistics and naturally obey anticommutation relations

due to their linearity in fermionic fields. Qualitative patterns can also be found in Table 5.2}

e The {Sin, Sin} and {Sout, Sous } sectors express both the Pauli exclusion principle as well
as the fact that certain combinations of string operators acting from the same side are

equivalent to hadron creation or annihilation.

e The {Sin, Sout} and {Sout, Sin } sectors express how string operators acting on both sides

without changing net quark number should be thought of as a loop action.

The closure of the operator algebra confirms the completeness that was asserted for the

singlets in ((5.9))-(5.13)).
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["NR] ['PIV'L} ['7'/\/‘1} ['7[:__] ["£_+] ['7£+_] ['v£++] ['aH++] ['7H__]
Wgr,- ]| © 0 0 —L~ L=t Lt +LTF 0 0
Nz, ]| 0 0 0 —L~~ +L7t Lt +Ltt 0 0
Wy, ]| O 0 0 0 0 0 0 QHTT —2H
[LHE ]| -LYF —£tF 0 |-Np—Ng-—2 0 0 0 0 0
[LT= |-~ +£7= 0 0 N —NL 0 0 0 0
(L=t [+L~F —C7F 0 0 0 N —Ngr 0 0 0
(L7 |+L~ +L~ 0 0 0 0 N +Ng+2[ 0 0
S-St 0 =siT -8t +85Ht 0 0 0 =S8
S 1-Sh™ 0 +8i7 ~Soumt ~Sout 0 0 =St 0
St [+S.T 0 -8 " 0 0 +St +SFF 0 +8.
So 7 1|+Se” 0 48,7 0 0 ~Sout +Sot [ +SaT 0
[SEEL 0 =Skt —sit -Su" 0 +8i" 0 0 48t
[Souts 1| 0 =St +Sout -Su” 0 -Si” 0 +Sqd 0
[She 1| 0 +Shy =Sk 0 +5.7F 0 +S5+ 0 —Som
[Soes ]| 0 +Sowr +Sour 0 ~Si” 0 +S857 -Sie 0
[H**,‘] 0 0 2QH—— 0 0 0 0 1 —/\/w 0
[7-[++, -] 0 0 —oHTT 0 0 0 0 0 j\/}/, -1

Table 5.1: Commutator algebra for the loop, string, and hadron operators at a matter site.

{"SiﬁjL {"Sit7} {.’Si;l+ {.’Si?li} {’S(qut {78;1;} {'78;;{ {’S(;,l;}

{SH,. 0 0 —2HTT 24 Nr— Ny 0 0 +Lt+ —Lt
{Sm >} 0 0 Nr+Ny  —2H - +LTT +LT™ 0 0
{s.%, —2HTT  Nr+ Ny 0 0 0 0 +L7F +L7™
(S, H2+Nr - Ny, —2H 0 0 —L +L7~ 0 0
{Sout > 0 LT 0 —Lt 0 2H 0 24NN
(St} 0 +L7 0 +L7 2HT 0 NL+Ny 0
{S(;lt’ } +LtF 0 +L-F 0 0 N, + ./V;/} 0 2H—~
{8(;1;,} —Lt- 0 +L7~ 0 2+NL —N¢ 0 2QH—~ 0

Table 5.2: Anticommutator algebra for incoming and outgoing string operators at a matter

site.
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L5 LS LT Ly LT AT LT L] LG LG LG L]
(] 0 0 0 —N,—N;—2 0 0 +Lit 4Lt 0 +LE 0 +L5
(£, 0 0 NN 0 =Lt L0 0 0 —L; 0 +L5
Vv 0 Ni=N; 0 0 0 0 L 4Ly —L5F 0 +L 0
(L7 ]Ni+N;+2 0 0 0 L~ L 0 0 =Lt 0 —L 0
(5] 0 +Li 0 +Lf 0 0 0 —N;-N—2 0 0 4L +L5t
(] 0 Lt 0 +L 0 0 NN 0 —L 4Lt 0 0
V| B 0 4L 0 0 Ni=N; 0 0 0 0 —LH +L5
Vorai| B v 0  —Ly 0 Nj+Np+2 0 0 0 -L=  —L; 0 0
(L] 0 0 +Lh Lt 0 +L55 0 +L 0 0 0 —Ne—Ni-2
Lo —£ht +L o 0 0 -L;5 0 +L5" 0 0 NN 0
Vowa 0 0 —Lf +Lo —Lh* 0 +Lf 0 0 NN 0 0
Lo | L Ly 0 0 Lt 0 —L; 0 Ne+N;+2 0 0 0
Table 5.3: Commutator algebra for the loop operators at a gluonic (pure gauge) vertex.
(d>2)

5.1.2  Gauss laws and translation of the Hamiltonian

The loop-string-hadron operators introduced above are sufficient to express the Hamiltonian
for SU(2) gauge bosons coupled to one flavor of staggered fermions. This is all that is
necessary to define dynamics, since the algebra of operators is known. In this section, all the
pieces of the Hamiltonian are reconstructed from their LSH equivalents, leaving everything
expressed in terms of SU(2)-invariant operators alone.

By working solely with SU(2) singlets, the only gauge constraints that will have to be
enforced “by hand” are the Abelian Gauss laws :

(Ng(z +1) — Nz(x)) |phys) =0 . (5.14)

This was always the case in the Schwinger boson formulation, but now the on-site non-
Abelian Gauss law is solved at the operator level in the Hamiltonian. Importantly, the
constraints all commute. Also note that these AGL constraints retain the same form they

had in pure gauge loop formulations [51,58,59]. These constraints can be solved too, but for
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now the map will be given just for passing to the SU(2)-invariant variables ((5.9)—(5.13)). E|
The electric energy measures the gauge flux running along a link. The quadratic Casimirs

are expressed in terms of LSH number operators as

iQ = %NL(JI) (%NL(x) + 1) (515)
R* = {Ng(z) (3Nr(z) +1) . (5.16)

To form the system’s electric energy, all link ends are put on the same footing by taking
2
Hp = 3" [WNa(@) (3Na(@) +1) + 3No(2) (N3 (@) +1)] - (5.17)

Note that Ng(z) and N7 (z) are on either side of some site z, rather than opposite ends of

a link.

The staggered mass terms are given quite simply in terms of the quark number operators,

Ny = T, so the mass energy is just

Hy = m» (=)"Ny(z) . (5.18)

The hopping terms from H; can create, destroy, break, or glue together meson strings, so
their expressions naturally involve the local string operators. To translate a hopping term,
the sites at each end of a link can be considered separately. Recall from ((1.135)) and ({1.136)

that link operators were given in terms of Schwinger bosons by

A ~ A

0, (. 4) 1 as(L) a1 (L)

L ) i ——————e )
VNL+1\ —al(L) ay(L) ,

- al(R) al(R) 1

UR .’13,7; = y—
() —as(R) ai(R) | VNr+1

x,0

2Tt is well known that completely solving Gauss’s law in 1D space is trivial. Doing so destroys locality
and does not generalize to multidimensional space.
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Using the separate U, /r factors at quark sites, it follows that

W (@)U (x) = \/ﬁ (S;{I(x), S&;(:;;)) : (5.19a)
> ; Sy (@) 1
Ur(z)i(x) = —— . (5.19h)

S (z)] VNr(z)+1

mn

Thus, the translation of the interaction into LSH operators is given by

1

>SS e+ 1| s

o=+

+He o (5.20)

~ 1
H =S
; VNL(z) +1
The entire Hamiltonian (5.17))-(5.20)) is now expressed solely in terms of the SU(2) singlets
from (5:9)-(-13).

5.1.3  An orthonormal loop-string-hadron basis and operator factorization

To describe dynamics in a way useful for computational algorithms, it is helpful to set up
a basis. It would seem natural to use as a CSCO the operators {Ng, N, Ny} since these
naturally appeared in the algebra, and to then express the Hamiltonian in terms of their
quantum numbers. However, these may not be the most desirable due to the fact that these
are constrained by the possible excitations LSH operators can create. (For example, N, =1
while N = Ny = 0 is not gauge invariant.) As will be shown below, one can instead
enumerate states more directly in terms of SU(2)-invariant LSH excitations—leading to a
loop-string-hadron basis. In this way, only allowed on-site states are ever represented.

A second practical issue to be addressed concerns operator factorization. The Hamilto-
nian was expressed in terms of LSH operators, but in an orthonormal basis these operators
change state normalization in addition to changing quantum numbers. Factorizing these two
behaviors has the benefits of making the matrix elements of any operator completely evident
and also setting the stage for a Wigner-Jordan transformation. This factorization will be
done for convenience with respect to a LSH basis (though the factorization itself is basis

independent).
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On-site Hilbert space construction

Until this point, the LSH constructions have been built on underlying harmonic oscillator
operators, but there was no need to choose a basis. The formal tools introduced will now be
used to construct a basis of SU(2)-invariant excitations in which to express the action of the
Hamiltonian. This is done by first defining “on-site” bases and later stitching these together
to construct lattice states.

An on-site Hilbert space for the 1D lattice has three apparent degrees of freedom corre-
sponding to the original occupation numbers , i.e., nr, ng, and ny,. But as remarked
above these are constrained by the possible excitations generated by LSH operators.

A more physical on-site basis consists of states |n;, n;, n,) with a loop quantum number n,
and quark quantum numbers n;, n, that describe strictly SU(2)-invariant gauge and matter
excitations. Such a “loop-string-hadron basis” of unnormalized kets, denoted by a double-bar

ket || ), can be defined as follows.

l[ny, n; = 0,n, =0) = (LT7)™]0) , (5.21a)
[, ni = 0,m, = 1) = (LTSS [0) (5.21b)
[[ng,n; = 1,n, =0) = (LTH)"SE|0) | (5.21¢)
lln;,n; =1,n, =1) = (LTH)"HT0) , (5.21d)
where
n; =0,1 n,=0,1 n=0,1,2,---, (5.22)

|0) is the local vacant state annihilated by any LSH operator carrying at least one minus
sign, and (0|0) = 1. Note that n; and n, indicate quark content, but not necessarily strings;
exactly one of these equaling 1 implies the presence of a flux string, but both equaling 1
means they are paired up into a hadron. Furthermore, one must take care to remember
that the quark numbers are properly handled as ordered fermionic occupation numbers. The

states above uniquely enumerate all SU(2)-invariant excitations that can be hosted by a site.
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— ) =1 |=1} | =1}

— —e —e

n,=0,n,=0 n;,=0,n,=1 n=1n,=0 n,=1,n,=1

Figure 5.3:  Depiction of SU(2)-invariant configurations at a quark site. The on-site state
is characterized by a loop quantum number n; (the solid lines) and two quark quantum

numbers n; and n, (the blobs).

The norms of ||n;, n;, n,) can be derived by repeated use of the operator algebra. These
types of calculations are described in Appendix [C] The result is that a normalized basis is
given by

||nl)ni7no>
Vil (n+14 (n; &n,))!

|ny, g, ne) = , (5.23)

where @ denotes addition modulo 2. depicts the various different basis states.

Before reexpressing the Hamiltonian, the SU(2)-invariant LSH quantum numbers will
have to be related to the prepotential quantum numbers. This relationship can be inferred

from

Ny [, ni, no) = (ng + no) [ng, ni, no) (5.24a)
N, nisne) = (g +no(1 — ) [y, mi, no) (5.24b)
Nr |, ni,no) = (ng + ni(1 —ny,)) [y, niy no) (5.24¢)

3Though its utility is limited, it is straightforward to give one unifying expression valid for all states:
|1, i, mo) = (LTH)™ [Pog 4+ Por + Pro + (1/2) L7 (S;EH)™ (S21)me |0), where Pog = H™~HTF, Py =
LHLY Pro =LY L7F, and (1/2)L~(SEH) (S |0) = 6,105, 1HTT|0).
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These imply that the following act as number operators on the |n;, n;, n,) states:

Ni= 1Ny +Ng =N, (5.25a)
,/\/’OE%[.N;/J +NL—NR] , (5.25b)
Ni= 1 NG+ N — N+ 5 (V2 — (N = Ne)d)] (5.25¢)

(Note again that N/, belong to a common site, not opposite ends of a link.) The relations

(5.24) can now be promoted to operator identities to be inserted in the Hamiltonian:

Ny =N+ N, , (5.26a)
N =N+ N,(1-N,) , (5.26b)
Ne=N+N,1-N,) . (5.26¢)

To summarize, the LSH basis characterizes local states by counting units of loop flux
passing through a site, and keeping track of quark species present. A lone “out quark”
(n, = 1) or a lone “in quark” (n; = 1) is shorthand for indicating the type of string present,
while completely full orbitals just signify a gauge-invariant hadron. The LSH quantum
numbers {N;, N;, N,} are equivalent to allowed combinations of the {Ng, Nz, N,} quantum
numbers, but have the benefit of being unconstrained over their ranges .

Global Hilbert space construction in one dimension

While the loop-string-hadron formulation largely focuses on characterizing site-local exci-
tations, the dynamics ultimately couples sites and is expressed using states of the lattice
as a whole. The global Hilbert space consists of the excitations coming from all sites: one
bosonic loop mode and two fermionic quark modes each. However, the global space can
only be viewed as a tensor product space of all the local modes to the extent that fermionic
statistics are accounted for. One can account for fermionic statistics with binary occupation

numbers if the associated basis states have a prescription for how the fermionic operators
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are ordered. The ordered product of operators can then be applied to some fixed reference

state that satisfies the Abelian Gauss law and any other desired symmetries.

In the loop-string-hadron framework, the lattice “vacant” state |0) (not to be confused

with a qubit computational basis state) is characterized as a state devoid of any excitations,

Ni(@)]0) = N,y (2) |0) = Nj(2) |0) = 0 for all z . (5.27)

It is annihilated by any £+, S**, or H** carrying at least one minus sign:

L5 (2)]0) = L7 (2) |0) = L7 (2)[0) =0,
Sy (2)]0) = 8, (2) |0) = S, () [0) =0,
Sout (2)10) = S5t (2) [0) = S () [0) = 0,

H(2)]0) =0 .

One can construct the entire Hilbert space by using |0) as a reference state.

Another reference state would be the staggered strong-coupling vacuum |v), which is the
true vacuum at g, m — oo. The staggered strong-coupling vacuum is characterized by having
vanishing electric fields and full fermion orbitals on odd sites; |v) can be related to |0) by

applying to it H** from every even site.

For all the other lattice basis states, it is necessary to fix a convention for fermion ordering.
A site-local ordering was already chosen earlier, so all that is necessary is to order sites. The
convention we choose is that sites receive excitations from greatest x down to least; the

associated expressions would then have S

o /Out’s written with = increasing from left to right.

On a lattice with an even number of sites L, these states are denoted by

11:(0),1;(0),n,(0); ny (1), (1), mo(1); -+ 5 (Lye — 1), mi(Ly — 1), (L, — 1)) .

For example, the (normalized) staggered strong-coupling vacuum of a four site lattice is given
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lv) =10,0,0; 0,1,1; 0,0,0; 0,1,1)
= 3£ (MSHH DS (V)] [3£77(3)Sa T (3)S3 (3)] [0)

out 2 out

= HTH)HT(3)|0) . (5.28)

Of course, the ordering is especially important for states that actually have on-site net
fermionic excitations. An an example of this would be a basis state describing a meson

string between sites x = 0 and x = 1, which is given by

|meson) =(0,0,1; 0,1,0; 0,0,0; 0,1,1)

= Lsrrosrmt @) ) |

_2 out

as opposed to 3S8!*(1)ST(0)H(3) [0) with the opposite ordering. This state appears
after one application of H; to the staggered strong-coupling vacuum |v).

We can summarize the characterization of basis states with the following rule: Local
quarks are created going from greatest x down to least, and with SJ.!(z) always acting
before ;1 (z).

Working with the full lattice, the Abelian Gauss law is imposed for physical states. In

the |n;, n;, n,) basis, this translates to

[ 4+ no(1 — )], = [ + (1 —no)],, - (5.29)

Operator factorization

It was remarked at the beginning of this section that LSH operators in the Hamiltonian
change quantum numbers as well as state normalization. The on-site operators can now be
factored in order to isolate the two behaviors, at which point matrix elements with respect
to the LSH basis can be read off trivially.

Pertaining to the loop quantum number n;, we introduce normalized ladder operators,
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AT and A~
1

VN +EE DN+ 31+ W e )

Here a “normalized operator” refers to any operator O such that nonvanishing eigenvalues

AF =L (5.30)

of O'O are unity. The significance of AT is that their nonvanishing matrix elements in the

LSH basis are all unity:
<n;7 n;7 n;| A:t |nl7 2D n0> = 5n£,nl:|:15n;,ni5ng,no . (531)

Hence, they move states up and down the ladder of n; without changing normalization, except
for the possibility of annihilation at the bottom. The ladder operators were constructed in
to make factoring £ and £~ trivial.

As for the quark quantum numbers, these are affected by the string operators (and the
mixed-type loop operators £5F). The string operators were found to obey fermionlike anti-
commutation relations, but they are not canonically normalized. This motivates introducing

SU(2)-invariant fermionic modes Y;, x, to describe them, with

e xad =1 Xy =0,  (¢=1.0) (5.32)

{X¢» XI} =6bgq . (a=1i,0) (5.33)

These also qualify as normalized ladder operators. Because string operators can affect loop
numbers, it will prove helpful to also introduce the following shorthand conditional ladder

operators:

(ASYNe = (1 = N,) + A*N, (¢g=1,0) (5.34a)
(AN = A5(1 = N) + N, . (q=1,0) (5.34b)

Each term in these operator exponentials projects on to one or the other eigenspace of N,
and is followed by a corresponding loop ladder action or lack thereof.
The SU(2)-invariant quark modes y; and Yy, are also helpful for characterizing global

basis states. One can express any of the LSH basis states by simply acting all the X;r /o’s on
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|0) with the same rule for ordering as before—there is no need for string and £~ operators

or factors of 1/2 like those in ([5.28)).

Equipped with the normalized ladder operators, all loop and string operators can be fac-
torized as shown in Table[5.4] It is straightforward to show that these operator factorizations
completely reproduce the LSH algebra. The factorizations are all given in a canonical form,
with diagonal scaling operators sitting on the right and normalized ladder operators follow-
ing them. Acting an LSH operator on a ket |n;,n;,n,), the numerical value of its matrix
element can just be read off, and the resultant quantum numbers are easily deduced from

the ladder operator content.

Wigner-Jordan transform for one dimension

Using fermionic operators can be convenient analytically, but computation models usually
assume native operations that commute for different sites. In classical lattice QCD, Grass-
man variables are avoided because the quark fields can be integrated out of the functional
integral analytically. Quantum simulation, however, frequently involves choosing a fermionic

mapping onto commuting computational degrees of freedom.

Qubits are two-state systems with a “computational basis” often denoted with states
|0) and |1), but most computation models do not regard these as having a fermionic char-
acter. For example, the “raising” operators |1) (0| for distinct qubits commute with each
other. The bottom line is that for applications the Hamiltonian will need to be converted to
spin operators at some point. For one-dimensional systems with localized interactions, the
Wigner-Jordan transformation maps fermionic modes into spin operators rather cleanly.

The fermionic modes x;(x), xo(z) for . =0, ..., L, —1 express physical (SU(2)-invariant)
quark degrees of freedom that dynamically couple to each other through the hopping terms.
However, it turns out that the x;’s and x,’s, in fact, decouple from each other. The operator-

factorized Hamiltonian will be discussed below, but to see this decoupling one only needs

the string operators from the hopping terms in (5.20)). With the factorizations in (5.35]), the
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LOOP-STRING-HADRON OPERATOR FACTORIZATIONS

LT = ATVWNM+DWN +2+ N8 N,)) (5.35a)
L7 = AVNN+1+ N, D N)) (5.35h)
£ =—x! x (5.35¢)
L= xix! (5.35d)
Stt= xl (A" VN +2-A, (5.35¢)
Su = xi (A VN +2(1-A) (5.351)
Sii= xb A VN+2-N; (5.358)
Sowe = Xo (AN VNI+2(1 - N (5.35h)
Sut= X (MM 2N, (5.351)
Shm= Xo (W)'MVN+1+ N, (5.35))
St = (AN + 20, (5.35k)
Sot = Xi (A)TVV/NIH TN, (5.351)
H = I\l (5.35m)
H™ ™ = —XiXo (5.35n)

Table 5.4: Factorization of all SU(2) invariant operators into canonically normalized
fermionic modes times a loop ladder operator times a function of number operators. The

operator exponentials are conditional ladder operators defined in ({5.34]).
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fermionic content of S17(2)S7~ (z + 1) terms takes the form

SH@)SE (z+1) ~ Xl (@)xo(z +1) -+,

Sou (1)85™ ( +1) ~ X (@) xalw + 1) - .

The decoupling is now manifest.
Knowing this, we relabel the fermionic modes using ¥y, for k = 0,...,2L, — 1, with the
map

xi(k), 0<k<L,—-1
I

Xo(k_Lx)a La: SkSQLx_l

The Wigner-Jordan transformation converts the W, into spin operators via
k—1
V=0 [ 20 - (5.36)
k'=0

Assuming open boundary conditions, all fermionic couplings are then nearest-neighbor in
the = coordinate as well as the k£ label, and as a result the Wigner-Jordan transformation

has no leftover Pauli-Z strings. The couplings in the hopping terms will all take the form

+.F .
Ok Opy1:

Xl(@)xi(z+1) = oy00, (5.37)
Xl(x)XO(x +1) — Uiﬁmafﬁxﬂ . (5.38)

Hence, on the 1D open lattice only, it is possible to essentially replace anticommuting x’s

and x'’s with commuting o~’s and ¢*’s in the operator factorizations.

5.1.4  Dynamics of loop-string-hadron states

The terms of the Hamiltonian presented in Sec. were expressed in terms of site-local
loop-string-hadron operators. The Hamiltonian will now be reexpressed once more using the
operator factorizations from above, with the final result expediting the process of calculating
matrix elements in the LSH basis. Subsequently, a graphical method is given for determining

how states are mixed by terms in the Hamiltonian.
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Starting with the electric Hamiltonian, the Casimirs continue to be diagonal as they
always were. Using the conversion ([5.26]) from prepotential to LSH number operators, we

have

x

2
= T ALE Wi N1 = A, [3 NG+ AL = A + 1
+ [N+ NA =N, BN+ NI =N)) +1],} (5.39)

The mass Hamiltonian is also diagonal and given simply by
Hy = moz ) + N,(2)) . (5.40)

And lastly, the interaction H; in terms of SU(2) invariants was originally given as 1 ,
with the off-diagonal part of a hopping term being > _, 08, (2)S7 ™ (x + 1). Using the

out

operator factorizations (5.35)), these hopping terms are given by

Saut (@)S™ (2 + 1) = [XI], Dol [(1 = NG) + ATNG] [M- +AT1 =N, X

[\//\67] [\/J\G )+ 2} . ) (5.41a)
Saue (@)Si (@ +1) = [xol, [X0] 4y [(1=N) + AN [N+ AT(1 = NG, X

:\/Nl 20— M)L [\/Nl n 2}\@} L (5.41D)
St @82 @+ 1) = [il] Dl Vo + A=A, [(1= NG + AN, %

:\/Nl n QNOL [\/Nl 20— NO)} . (5.41¢)

St @S @+ 1) = [ul, [\] | NG+ AT (1= A, [(1 = NG + AN,
[\/M+No+] VNN (5.41d)

r+1

To complete H 1, one also needs the diagonal “outer” factors that sandwich these. By 1’
1 B 1
\/NL/R+1 \/M +N0/i (1_M/o)+1

The above expressions in terms of diagonalized scaling operators and normalized ladder

(5.42)

operators are everything one needs to immediately express the action of the Hamiltonian in

the LSH basis.
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The actions of the loop-string-hadron operators are easier to intuit given the fact they
are l-sparse in the LSH basis, i.e., any of the £, S, or H operators acting on a basis state
either turns it into another basis state or annihilates it. They do not expand into linear
combinations like link operators do in irrep bases [cf. Eq. ] To express all possible
actions of the LSH operators in terms of quantum numbers, we introduce a pictorial mapping
shown in Fig. that associates pictures with changes in quantum numbers of the basis
states.

A summary of these pictorial actions on quantum numbers is as follows:

Solid (dashed) line: Increment (decrement) n; by one unit.

Solid (dashed) in-quark: Increment (decrement) n; by one unit.

Solid (dashed) out-quark: Increment (decrement) n, by one unit.

Solid (dashed) hadron: Increment (decrement) both n; and n, by one unit.

If the resulting quantum numbers are forbidden, this corresponds to annihilation of the basis
state. Note also that these graphical rules use symbols that are related to, but distinct from,
the basis-independent operator pictures introduced in Sec.[5.1.1]

As a simple example of their usage, the fact that £ |n;, n;, n,) o« |n; + 1, n;, n,) means

the action of LT is represented by a single solid line:

£++ |nla n;, n0> X |’I’Ll + 17ni7n0>

In general, however, the operators may have composite actions, so the instructions are

composed vertically along with an ordering to them. This is summarized as follows:

e Effect the changes indicated by each instruction, going from top to bottom.
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GRAPHICAL QUANTUM NUMBER INSTRUCTIONS

E— = nl—>nl—|—1
“““ = nl—>nl—1
(a)
={2 = nz—>n2—1
O = N — Ny + 1
- = Ny —> Ny — 1
(b)
0=0) = —
Mo Ny + 1
O30 = —
Mo Ny — 1

(b)

Figure 5.4: Pictorial representation of changes in quantum numbers between initial and final
states, which represent (a) flux creation and annihilation, (b) quark creation and annihilation,

and (b’) hadron creation and annihilation (a composite action).
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e The state is annihilated if at any step the quantum numbers are forbidden.

Consider S;7* for example. Using the factorization (5.35¢) and conditional ladder operators
(5.34), one can write ST ~ y(1 — A,) + x]A*N,. Acting on a basis state, at most one of
these terms can be nonzero. Each term tries to raise n;, while only one can raise n;. These

behaviors are diagrammatically summarized by

o
Stt=—— 35 ~ L

O
o0

where the first term creates an in-string on a quark-less site, while the second connects an
in-string to an already-existing out-string to form a baryon and gauge flux line. We similarly
represent and describe the actions of all loop-string-hadron operators pictorially in Table

2.0l

5.1.5 Summary of matter sites

To conclude this section, we summarize the results and what their significance is in 1 and
higher dimensions.

Prepotentials were used to construct a closed algebra of manifestly SU(2)-invariant LSH
operators, and it was shown how to translate the Hamiltonian into them. These operators
were then used to construct a LSH basis in which every possible combination of quantum
numbers (consistent with the Abelian Gauss law) describes a unique set of on-site excitations.
For future applications, all LSH operators were then factored for convenience on that basis
and the Hamiltonian was again reexpressed in a more explicit form.

For d = 1 and with open boundary conditions, one can essentially just forget about Fermi
statistics and replace singlet-quark operators with spin operators. In higher dimensions this
will no longer be the case. However, the local bases and operator factorizations will carry
over to “matter sites” in d > 1, so the main feature that gets lost is really just simplicity of

the Wigner-Jordan transformation.
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LSH operator | Physical description; Graphical action on state [ng, n, no),
£++ (x) = T Create unit of gauge flux.
E—— ("L‘) E ------- ’.:E ....................... DCStI‘Oy unlt Of gaugc ﬂux,
L~ (:U) = .’L’ """""""" Change matter-sourced flux direction. (d > 1)
£_+(aj) = T JT Change matter-sourced flux direction. (d > 1)
- >
++ — -
85 (1) = — o + 00
Create string to left. Join strings, detaching quark pair.
81:1_ (x) = e :1. . 3 + O_
Destroy string to left. Extract left string from loop flux 4+ hadron.
Q
. _ —/\
Sm (.f) - €T Replace one quark from +
a pair with incoming flux. Replace a meson-string end with gauge flux.
> -
Si;+ (Z') E L lo) + O:O
€x O Neutralize incoming flux by completing a pair.
Cut a flux tube from left.
- 9
++ - O— T -
Sout (:II) = P O + o0
Create string to right. Join strings, detaching quark pair.
- ©
Sout ($) = :U, ............... . . + _O
Destroy string to right. Extract right string from loop flux + hadron.
St (x) = = + OO0
T O Neutralize outgoing flux by completing a pair.
Cut a flux tube from right.
o o
2 W o '
Sout (x) T Replace one quark from + -
a pair with outgoing flux. Replace a meson-string end with gauge flux.
HHT (a:) = OO o0 Create a hadron.
X
H™~ (ZL‘) = S Destroy a hadron.
T

Table 5.5: Graphical representation of the (1D) LSH operators. Left column: Pictorial
representations of the operators. Right column: The operators’ actions on local LSH states

Ing, ni, o), in terms of the graphical rules in Sec. [5.1.3]
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5.2 Loop-string-hadron formulation: Multiple dimensions

The prepotential formulation of pure SU(2) gauge theory on Cartesian lattices was studied in
great detail in Refs. [51,/55,[57H59]. While it yields a local loop basis, on a Cartesian lattice
that basis is overcomplete and consequently associated with a local form of Mandelstam
constraints. Solving these constraints is involved and becomes increasingly difficult in higher
dimensions.

More recently, a virtual “point splitting” of lattice sites on square lattices [88]/182] was
found to be quite fruitful because it bypasses the Mandelstam constraints and casts all
constraints of the theory into the Abelian form of . Below, the point splitting method
is reviewed and how this development generalizes to higher dimensions is explained. We
additionally describe how to couple to matter in higher dimensions, giving a complete suite

for describing SU(2) lattice gauge theory coupled to one flavor of staggered quarks.

5.2.1 Vairtual point splitting: Two dimensions

Virtual splitting of a site from a square lattice involves formally dividing each four-point
vertex into a pair of three-point vertices with one shared virtual leg, as depicted in Fig. |5.5]
It is notationally convenient to split the site by pairing the +e; (—e;) directions together, to
label the attached link ends 1 and 2 (1 and 2), and to label their common vertex z’ (z'). As
for the internal link, it is further broken into two links with an intermediate vertex that will
accommodate matter. This extra division is not needed for pure gauge theory. Point splitting
the two-dimensional (2D) square lattice results topologically in a hexagonal lattice. One can
now formulate prepotentials on this virtual hexagonal lattice as in and .

The virtual links can carry gauge flux, but the flux through them is not actually counted
toward Hy. The utility of the links really lies in the fact that a three point-vertex has
no ambiguities in how nonintersecting SU(2) flux lines are routed through it. Four-point
vertices do suffer from such an ambiguity, and this is responsible for redundant states on the

square lattice that normally have to be removed via Mandelstam constraints. The formal
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©
4

Figure 5.5: Virtual point splitting of a 2D lattice site x into gluonic sites 2/, ', with matter

living on the central quark site x.

hexagonal lattice still harbors redundancy, but dealing with it is significantly easier: the

relevant constraint is just another Abelian Gauss law for virtual links.

As for plaquettes, the elementary loops are indeed hexagonal plaquettes corresponding

to six link operators in pure gauge theory.

For more discussion on the original pure gauge version, see Ref. [88].

The matter field living at site x is now situated between two virtual links as shown in
Fig. [5.5, The virtual matter vertex is locally identical to a 1D lattice site (cf. Fig. ,
so the on-site SU(2)-invariant operators and local Hilbert space for x are handled as in one
dimension. Because hosting matter divides each virtual link into two, the plaquette operators

end up involving eight sites.

The other trivalent virtual sites 2’ and z’ are gluonic vertices on the same footing as in

pure gauge theory [88], which we now review.
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5.2.2  SU(2) invariants: Loop operators at gluonic vertices

At any gluonic site z, (2’ and Z’ vertices for the hexagonal lattice), links emerge in three

directions and can be labeled with integers p, ¢, r such that p < g < r:

Y

For the 2D lattice we only ever need (p,q,7) = (1,2,3) ((p,q,7) = (1,2,3)) at the 2’ (Z')
sites like in Fig. , but more (p, q,r) combinations will be used in three dimensions.
The attached link ends are associated with Schwinger bosons a*(z4,4) for i = p,q,r.

From these doublets, one can form the complete set of SU(2) invariants at x, as given in

EB) 1),

e Pure gauge loop opemtors:.—ﬁfflz

L =al(ial(y) (5.43)
Ll = al(i)aa ) (5.43b)
LT = an(i)al() = (£f)! (5.43¢)
Ly = aa(i)an(y) = (LH) (5.43d)
e Gauge flur number operators—Nj:
Nj = al(5)aa(s) - (5.44)

Above, i and j are distinct direction indices from the set {p,q,r}. It is easily seen from

5.43)) that the E;Tf/ are redundant in their link labels. For example, £, = —£3;*. More

generally, this interdependence is summarized by

L7 = —od'L57 (5.45)
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To avoid this redundancy, we will usually deal only with the “cyclic” pairs ij = (pq, gr,75).

As with matter sites, the loop operators associated with gluonic vertices form a closed

commutator algebra, displayed in Table [5.3]

5.2.8  Vertex factors and contractions

Completely migrating from the E, U, and @ variables to LSH variables is greatly aided
by furnishing a dictionary to translate spatially extended, composite operators. Since the
LSH formalism isolates on-site degrees of freedom, such operators are formed by multiplying

together LSH operators from the traversed vertices.

For example, when tracing out a plaquette operator (d > 2) or any other spatial Wil-
son line or loop, one would ordinarily encounter vertex contractions in four possible forms:
Uab Vi, UibVJV, UabeTv, or UaTbVM (with U and V' being link operators attached to a given
vertex). In the LSH framework, the four types of vertex contractions are naturally identified
with verter factor matrices. The four possible vertex contractions are expressed in (|5.46))-

(5.49), which show the appropriate factor to assign to a vertex depending on how the links

are oriented relative to the “path” being traced by the Wilson line:

e RL-type traversal:

— path of Wilson line —

o= () b= ()

» »

Opla)  O,(0)

~ ~ 1 Lh Ly 1

Ur(a)UL(b) NI oo NI (5.46)
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e L R-type traversal:

— path of Wilson line —

— < @ " <
1(a) £(0)
e 1 L, —L,F 1
t t o ab ab

e RR-type traversal:

LHm =L 1

t B 1
UR(G’) R(b>_m E;bf £;b+ \/N;L—i—_l (548)

e LL-type traversal:

— path of Wilson line —
- T: ® >
tla)  UL(b)

A A 1 Lo Loy 1

Ul (a)Up(b) =———— . — 5.49
L(a) L() m [:;';" [,;'b_ m ( )

In the graphics, the symbols a and b are used to refer to the harmonic oscillator doublets

encountered when “flowing in” to and “flowing out” of a vertex, respectively. Therefore,

they make use of the following singlets:
,Cijr:an-bT L, =a-€b

N,=da-a N,=bb.
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The vertex factor matrices can be transformed into each other by using the e matrix; schemat-

ically,

allowing all four types to be expressed in terms of one matrix and suitable contractions with
€.

To get a feel for how the vertex factors are used, consider an elementary plaquette in 2D
pure gauge theory that follows the path © — = + ey — x +e; +es — x4+ e; — x. [This
corresponds to Uém(x) from } By multiplying all vertex factors together going around
the path and tracing over the leftover gauge indices, the associated loop takes the schematic

form
tr ([Vio], VasVsilyre, Vizlorer ey V23Va1)oie,)

for appropriately chosen vertex factor matrices V. Plaquette and Wilson loop operators will
be constructed explicitly in Sec. below.
To form hopping terms and general meson strings in the LSH framework, one additionally

needs vertex factors at matter sites to form the string ends:

W (@)U (x) = \/ﬁ (S;LJ{(;E), Ste (a:)) (5.50)
(@)Ul (x) = \/ﬁ (Si;r(m), Sﬁg*(az)) (5.51)
Onlayiie) = [0 D) L (5.52)
Sy (x) Nr(z) +1
T V() = Sout () 1
Up(z)p(z) = so) ) VM@ T (5.53)

The full meson string operator is then a path-ordered product of pure-glue vertex factors,

sandwiched between two appropriate string ends. Elementary matrix multiplication of all
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such factors leaves no uncontracted group indices.

5.2.4 The 2D Hamiltonian

The Hamiltonian for two dimensions will now be translated into loop-string-hadron operators.
The essential difference from d = 1 will be the presence of magnetic energy Hp.

The electric energy Hp is the same as a square lattice, in the sense that contributions

from all the 1- and 2-direction links constitute Hg. That is,

fip = %3037 NG (N5 (@) + 1) + 306 (BN5@) +1)] - (550

z j=1

Note that this d > 1 expression for Hp only involves number operators from gluonic sites.

For one dimension, H,; was translated in (5.40). The translation of H); carries over

identically to d > 1:

Hy =m) (=) (Ni(x) + No(x)) - (5.55)

The hopping terms in H; were factored for one dimension in and . The
hopping terms for two dimensions are translated as follows: The links are naturally oriented
such that a typical hopping term takes the schematic form ¥/ TUTUUT), where the middle U
comes from the original square lattice; these orientations can be seen from the cutout of a
point-split plaquette shown in Fig.[5.6f In a 2D Schwinger boson framework, the hopping

term in the j direction would be expanded as

W (@)U, z + ;)P (x + e5) = ¥ (2) U3 (2)Us T (2 ) UF (2) x

X UjR(x + ej/)UfT(x + ej/)UBLT(x +e;)(z +¢€5) .

This same object is realized in the LSH framework by stringing together the vertex factors
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Figure 5.6: Connectivity of a point-split plaquette in two dimensions. Arrows indicated flow

from the “left” end of a link to its “right” end.

from Sec. The translation of the right-hand side into LSH operators is

_+ —_—
[—1 (S.—+ 5,++>] 1 Lym —Ls 1
VNt S S| VNS \ g g | VAR
1 L L 1 Sout 1
/N 1 L _ d _
sTI\L Ly ) VAT — VNL+1 e

To express the result of matrix multiplication, it is helpful to introduce a sign function 77,(12]3)

to carry overall signs:

M (@) =0 (01,00,05) = (—1) 1o o (1) e (5.56)
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Therefore, the translation into loop-string-hadron operators is

1 1 1
W2)U(z, x4+ e)p(x+e;) — (2D) (& { ] X
Vi@l ¥l 2 1,090 () VNR +1 \/./\/] +1 . VN3 +1 z+te,
o1,+ po1,02 02,03 Q—,03
x [ShT LS ]x [533 Sou L+ej X
1 1 1

X 5.57

[\W_3+1L SN FIVNL +1 (5:57)

rte;

The final piece of the Hamiltonian is Hy. The plaquette operators can be translated by
following the gluonic-site vertex contractions around a plaquette as described in Sec. [5.2.3|
A generic plaquette is depicted in Fig. Similar to hopping terms, the result is given in
terms of plaquette signs 771(,2])) stemming from the vertex contractions:

77;2])) (6) = n;;QD) (0-17 02, 708)

= (=1)%e102+) (=1)%e203)(-2) (=1)°Ca00:(+) (—1)°0a05):(--) x

X (—1)5<ff57a6>,<—»+>(—1)5<as,c7),<+,+>(_1)%7,08),(—,—)(_1)5<og,al>,<+,+> (5.58)
—tr (Ug(z)) —
1 1
(2D) b L0708 ] %
012087713 ( ){ ’./_\/'—2—{—1 12 W-—1+1 )
V- ! ! L8 L7172 £33 : 1 1 }
VN +TVN +1VN+1 % 7 \/NQ+1\/NO+1\/N3+1I+82
[ 1 1
- 3+ 1 i+ 1 r+e1+ez
y 1 1 L poios posos povor | 1 1 }
VN +1VN,+ 1N+ 1 L NG+ TN+ TN+ T,

(5.59)

5.2.5 2D dynamics on an orthonormal basis

Following the development for one dimension, we have identified all SU(2)-invariant operators

and used them to express the loop-string-hadron Hamiltonian. Now, we introduce a basis
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~ |€pq7 gqm ETp)

Figure 5.7:  Depiction of SU(2)-invariant configurations at a gluonic site. The on-site state
is characterized by three loop quantum numbers ¢,,, {,-, and ¢,,, with ¢;; counting the flux

lines flowing into ¢ and out of j.

and factorize all loop-string-hadron operators for convenience in that basis. We then arrive

at the Hamiltonian terms in their factorized form.

On-site gluonic Hilbert space

Here we summarize the local Hilbert space structure that has been studied in Ref. [88].

The local vacant state is again characterized as a normalized state |O)xg that is annihilated
by any Efj/" carrying at least one minus sign. Acting on |O)$g, only the ﬁ;-;* are nonzero and
will build up the local loop Hilbert space. A local loop state basis can be constructed following
steps in analogy to the matter sites in Sec. [5.1.3] This local loop space is characterized by

three independent linking numbers /;; denoting the flux flowing along three (ij) directions

[(pq), (¢r), and (rp)]. The orthonormal basis, depicted in is given by

(L3 m (L) (£

\/‘gpqwqr!&“ﬁ!(gpq + 6‘17“ + gTP + 1)‘

(5.60)

Cogs bgrs brp) = 0)

Tg

The number operators analogous to ([5.25) are
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Ny = %(Np + N, =N, (5.61a)
Ny = %(Nq + N =N (5.61b)

It will also be convenient to introduce
N =N+ Ny + N + 1. (5.62)

Operator factorization

Now we will factor operators at gluonic sites in such a way that their actions in the loop

basis are transparent.

We have the following normalized ladder operators:

A 1

AL =LCh" 5.63
YooY W DWW + 1) (5.63)

A; = ! Lo (5.63b)

YoV WNG+HDWVe 1) Y

The operator factorizations for gluonic sites are given in terms of these normalized shift

operators in Table [5.6]

These simple local loop operators, contracted together along the links consistent with the
AGL , reproduce the nonlocal loops and strings of the original theory. Moreover, these
loop operators now act more like their U(1) counterparts; loop operators in U(1) theories
shift £ by unit increments along an infinite tower of states, but in U(1), the normalization

factor is always trivial.



LOOP OPERATOR FACTORIZATIONS

Lit = A;-;\/ (Vi + DN + 1) (5.64a)
L= Aj/NyNg (5.64D)
L = —NA L Wi + DN (5.64c)
L7 = =AM /N Wi + 1) (5.64d)

ijk = pqr, qrp, or rpq

Table 5.6: Factorization of all SU(2) singlet operators at a gluonic site.

Global Hilbert space construction in two dimensions

As in one dimension, the 2D lattice vacant state is characterized as that state on which

Ni(z)|0) = N,(2) [0) = Nj(z)]|0) =0 for all z,
Nia(z4) |0) = Naz(z4) |0) = N31(z,) [0) =0 for all x,.

108
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In two dimensions, we call a site x even (odd) if x; 4+ x5 is even (odd). The strong-coupling

vacuum |v) is then defined analogously to one dimension:

Ni(z) v} =
(Ni(z) + No(z)) [v) =0 for even =
(Ni(z) + No(x)) [v) = 2]v)  for odd x
So () [v) = Syt () [v) =0 for even
S (@) vy = Sl () [v) =0 for odd z
(Ni2(zg) + Nas(zg) + Nau(xy)) [v) =

The 2D lattice Hilbert space structure is as follows:

1. The gluonic sites 2’, Z’ have only loop states |l12, la3, l31),/ /2, being treated identically

as in pure gauge theory.

2. The matter sites z have loop and quark states |n;, n;,n,), being structurally identical
to sites with matter in one dimension. Physical quark degrees of freedom still require
an ordering in order to treat lattice basis states as tensor products: We denote the

physical quark modes associated with x by

X2(3717$2) q=20,1

0~in, 1~ out

and order fermions by the map
f(g: 21, 22) = g+ 2(21 + L)

Generalizing the 1D convention, basis states are defined to have X;(x)’s being applied

on |0) from greatest f(q, 1, x2) to least.
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Figure 5.8:  Virtual point splitting of a 3D lattice site into gluonic sites x, ', 7', 2", &"

connected by internal links, with matter again at the central quark site x.

3. The Abelian Gauss laws along the three directions of the hexagonal lattice are

2D dynamics of loop-string-hadron states

Matrix elements of the Hamiltonian with respect to the global basis described above are
straightforward to obtain by using the operator factorizations at gluonic sites (5.64)) and at

matter sites (5.35]) in place of the LSH operators appearing in the various parts of the 2D

Hamiltonian given in ([5.54)—(5.59)).
5.3 3D lattice with matter

The same scheme of point splitting used in two dimensions can be continued up to arbitrary

spatial dimensionality d. As shown in Fig. point splitting in three dimensions results in
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four gluonic three-point vertices, while matter is accommodated by creating a fifth virtual

site along one of the internal lines.

As in two dimensions, the local loop Hilbert space at gluonic vertices remains identical
(three linking numbers) to the pure gauge theory. Matter is incorporated by dividing one
virtual link (the 4 — 4 in Fig. into two; the Hilbert space at the virtual matter site
has two string numbers and one loop number, again with the same structure used in one

dimension. The modified Abelian Gauss laws on the three-dimensional (3D) lattice are

The Hamiltonian for three dimensions has no conceptually new objects—the terms present
in two dimensions are just more numerous. The explicit decompositions in the LSH frame-
work do, however, have more operator factors and there is less notational symmetry shared
by all three spatial directions. Below, we provide a summary of the operators in the Hamil-

tonian of 3D SU(2) gauge theory with one staggered quark flavor.

(3D)
j anal-

For the interaction Hy, the hopping terms are given below, using sign factors 7,
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ogous to two dimensions:

3D) /= 3D ‘
n}(z,j)(g)En}(LJ)(UhO-Qy"' ,05) (j=1,2)
= (—1)%ero () (= 1) w200 (= 1) Nemn () (= 1) Heaos)(-.0) (5.67)
D)/ > D
77}(1?3 )<U) = 77;(33 )(01702703)
= (_1)5«71,02),(—,7)(_1)5(52,03),<+,+) (5.68)
VI (2)U (2,2 + e)b(x + ¢;) G=1,2)
— Z 77](3;3)(0-170-270-370-470-5)X
01, ,05
X 1 1 1 S+,é71£<_7102£02'a3 1 1 y
VNIV T /AT T8 YNGR TV 1
« 1 1 L7394 9175 505~ 1 1 1
VNG + 1N +19° n \//\/’3+1\/./\/6+1\/NR+1 .
B -4 T Ej
(5.69)

V(@)U (2, 2 + es)(z + e3)

3D 1 1 o1t roto 1
= D g (91,02,05) |:\/NR+1\/N3+181H1+£4?1> Rl

1 1 1
X | L2495 S 75 5.70
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Turning to the magnetic energy H B, each plaquette trace is a contraction of LSH opera-
tors, with their three orientations being displayed in Figs. As in two dimensions,
there are sign factors to keep track of from the vertex contractions. All three plaquette

operators can be expressed using a single sign function 77](33D)(c?), as given in 1) and the
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formulas for the Hp contributions are given in (5.72) and (5.73):

U§3D)(5) = 77[()3]3)(0'1,0'27 o 019) = (—1)%C1en. () (—1)0208).0+4)
X (—1)%Cz00:(=2) (=1)%a0s).(+4)
X (—1)%@5.76).(=2) (—1) 26+ 5)
¢ (—1)onas) .o (—1 Y -
(=10 (1 e
X (=)o et (<1) ez o) (5.71)

Figure 5.9: Connectivity of a xy-plaquette in three dimensions.
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Figure 5.10: Connectivity of a yz-plaquette in three dimensions.
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Figure 5.11: Connectivity of a zz-plaquette in three dimensions.
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5.4 Comparison of loop-string-hadron and Kogut-Susskind

From the perspective of quantum computation and simulation, the LSH framework exhibits

the following benefits:

o Abelian constraints—The AGLs are the only remnant constraints in the LSH frame-
work. A LSH basis naturally diagonalizes these constraints. Any basis state in the

AGL-satisfying subspace is physically observable.

o Simple quantum numbers.—The LSH Hilbert space is naturally characterized by inte-
gers. Quark quantum numbers are bounded by the Pauli principle, while loop quantum
numbers (n; or ¢;;) can be any non-negative integer. Additionally, all elementary op-

erators are 1-sparse in the LSH basis.

e No Clebsch-Gordon coefficients.—Like the prepotential formulation, the LSH treatment
avoids the need for Clebsch-Gordon coefficients. What makes the theory describe SU(2)
is the available set of operators and their algebra. Establishing the same for SU(3) is

the subject of ongoing work.

e Gauge redundancy in preliminary simulations.—In d = 1, the LSH formulation gives a
clear advantage over Kogut-Susskind in terms of qubit requirements—simulating the
gauge degrees of freedom takes half the number of qubits. The qubit requirements are
also less for pure gauge theory in d = 2. By bringing down the qubit costs in these

cases, one can learn how to deal with the implementation of LSH structures sooner.
At the same time, there are some caveats:

e Proliferation of Hamiltonian terms.—Introducing virtual links causes the hopping and
plaquette terms to grow in size and number. In d = 3, the number of terms is
formidable. This would pose a problem for quantum simulation methods such as

Trotter-Suzuki decompositions [184}/185].
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o Qubit costs without solving the Abelian Gauss law—During the onset of scientific
quantum computing, each and every qubit is important to count. This framework
would have direct benefit on qubit costs for the 14-1-dimensional theory and the 24-1-
dimensional pure gauge theory, and those are important to study on their own. Be-
yond pure gauge theory in two dimensions, qubit requirements of directly simulating
the multidimensional LSH formulation outpace those of simulating the Kogut-Susskind
formulation. However, it is possible to push the LSH framework further by actually
solving the Abelian Gauss law. If this is done, then simulating the gluons will cost

fewer qubits in any number of dimensions.

These drawbacks are resource oriented, rather than theoretical. Given that the LSH frame-
work is just being introduced, we can hope that novel algorithmic solutions will alleviate the

practical issues.

5.5 Conclusion

In this chapter we have provided a complete Hamiltonian for SU(2) gauge theory coupled to
staggered fermions in 1+ 1, 2+ 1, and 3 + 1 dimensions. Dynamics is described in terms of
physical and local observables: hadrons and segments of flux loops and meson strings. By
using a staggered fermion prescription, the matter field carried only a color (no spinor) index,
allowing the LSH dynamics to be formulated without unnecessary complications. Studying
adaptations of the LSH framework to other fermion discretizations or to more flavors will be
of future interest.

We also point out that, while the focus of this chapter was limited to SU(2) for con-
creteness, the geometric approach makes no explicit use of the SU(2) angular momentum
characterization of states or of SU(2) Clebsch-Gordon coefficients. The prepotential formula-
tion from which this LSH formulation was derived has already been generalized to SU(3) [59]
and even SU(N) [51,]180]. Generalization to SU(3) preserves the local loop Hilbert space con-

struction, this time with two Abelian Gauss laws for every link and each of the AGLs of the
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same form as in SU(2). However, finding a suitable point splitting scheme to describe the
dynamics using only physical degrees of freedom is not done yet and is of significant interest
to work out in the future.

We have illustrated in this chapter how the present scheme translates the dynamics of
all possible irreps of the gauge group into the dynamics of many local towers of states
characterized by single integers. This is a major gain of this formalism over the Kogut-
Susskind one. The LSH framework makes non-Abelian gauge theory dynamics more similar
to that of Schwinger model by completely solving the non-Abelian Gauss law constraint.
This particular formalism, which is structurally closer to U(1) gauge theories, stands to
directly benefit from algorithms developed for Abelian theories.

The major price paid is the introduction of more lattice links and a new AGL on each
virtual link. It turns out, however, that half or more of the bosonic degrees of freedom
can be removed by solving the Abelian Gauss law. Solving the Abelian Gauss law would
render the qubit cost of LSH simulation less than that of the Kogut-Susskind formulation in
any dimension and will be the subject of future work. Nonetheless, even before solving the
AGL, the truncated LSH framework costs fewer qubits than the truncated Kogut-Susskind
formulation would for theories that will be important milestones along the way to three-
dimensional simulations.

Combining all the above benefits, the LSH framework may take us one step closer to

quantum-simulating theories that model fundamental interactions of Nature.
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Chapter 6

SOLVING GAUSS’S LAW ON DIGITAL QUANTUM
COMPUTERS
WITH LOOP-STRING-HADRON DIGITIZATION

From the viewpoint of digital quantum simulation, the loop-string-hadron formulation
of lattice gauge theory introduced in offers potential advantages as a digitization
scheme. The Hilbert space is characterized in terms of discrete flux and quark excitations,
which is to say the states are naturally parametrized in terms of binary fermionic occupation
numbers and unbounded bosonic occupation numbers. In addition, the elementary excita-
tions are intrinsically SU(2)-invariant; non-Abelian gauge redundancy is therefore completely
eradicated. The problem of unphysical sectors does still persist in the form of Abelian Gauss
law constraints requiring flux conservation along links, but the LSH constraints are all si-
multaneously diagonalized, so basis states are each definitely allowed or definitely unallowed.
The Hamiltonian then mixes states among each other via raising and lowering operations on
all the occupation numbers.

In this chapter[] we first apply the loop-string-hadron formulation to digital quantum
simulations of non-Abelian gauge theories. In we review the elements of the LSH
framework for SU(2) gauge fields coupled to one staggered fermion flavor in d = (1,2, 3)
spatial dimensions and give a digitization scheme for this basis. In [section 6.1} we give a
digitization scheme for the LSH framework of SU(2) gauge fields coupled to one staggered
fermion flavor in d = (1,2, 3) spatial dimensions. Then, in [section 6.2 we take advantage
of the digitized LSH basis to present the first decompositions of SU(2) physicality oracles,

i.e., quantum algorithms that probe charge conservation of an SU(2) lattice gauge theory

!This chapter is drawn from Physical Review Research 2, 033039 (2020), done in collaboration with
1. Raychowdhury.


https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.033039
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wave function. Finally, in we discuss the resources involved with implementa-
tion on digital hardware and the known advantages and disadvantages compared to group

representation bases.

6.1 LSH digitization

For the purposes of this chapter, we are primarily interested in the LSH Hilbert space struc-
ture derived from one quark flavor interacting with SU(2) gauge bosons. The full suite of
LSH operators available depends on the topology of the lattice. As in we consider
Cartesian lattices in d spatial dimensions, equipped with the appropriate scheme of point

splitting.

Regardless of the spational dimensionality, the virtual topology is such that there are
only two possible elementary structures—the quark sites and gluonic sites introduced in

chapter bl The two types of site are associated with their own local Hilbert space structures

(cf. Jsection 5.1| and [section 5.2)).

The ingredient of the Hilbert space most important to this chapter is the Abelian Gauss
law constraints. The Abelian Gauss law is the same physical requirement across all links of

the lattice, in any dimension: the total flux magnitudes at each end of a link must be equal.

A given link end within the point-split lattice attaches to either a quark site or a gluonic
site. If that link end attaches to a quark site, the relevant flux number operator is denoted

by N (Ng) if the link end is “outgoing” (“incoming”) relative to the site. In particular,

N i, misno) = [y +no(1 —ng)] [ng, niy no) (6.1a)

Nr|ng,ni,n.) = [ng +ni(1 —no)] |y, ni, no) (6.1b)

If instead the link end attaches to a gluonic site, say, along direction i(= p, g, r) relative to
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the site, the relevant flux number operator is denoted by N;. In this case,

Np wpqagqhgrﬁ = (érp + qu) Mpqagqhgrﬁ ) (6.2a)
Ny 1logs Cars brp) = (bpg + Lar) [lpg, Lars Lrp) (6.2b)
N qua Lgrs gm> = (gqr + g?"p) |€pqa Lgry grp> . (6.2¢)

Using these, the Abelian Gauss law is the requirement that, for any link of the lattice, the
number operators at each end agree. For brevity, we refer to links joining two gluonic sites
as ‘gg’ links, a quark site and a gluon site as ‘qg’ links, and two quark sites (for d = 1) as
‘qq’ links.

In one spatial dimension every link joins two quark sites, and the Abelian Gauss laws

read
Ni(z) = Nr(z +1)] [phys) =0 , (6.3)

for every site . Meanwhile, the 2D Abelian Gauss laws along the three directions of the

hexagonal lattice are

Wi(a") = Nj(+e; )] Iphys) =0 (j=1,2), (6.4a)
[Ns(2') — Nr(2)] [phys) =0, (6.4b)
[N5(2") — Ni(x)] [phys) =0 . (6.4c)

And in 3D space, using the labeling from [Figure 5.8 the Abelian Gauss laws read

[Nj(2") = Nj(@+e;")] Iphys) = (=12, (6.5a)

[Ws(a") — Na(@ +e5")] [phys) = (6.5b)

W5 (2") = N5(2")] [phys) = 0 (6.5¢)

[WNo(z") — N5(2')] [phys) = (6.5d)
Wi(2") = Ni(2)(1 = No(2))] [phys) = 0 (6.5¢)
WNa(2") = No(@)(1 = Ni(x))] [phys) = (6.51)
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The Abelian constraints above stand in contrast to the ordinary situation in Hamiltonian
lattice gauge theory. The chosen degrees of freedom do not automate flux conservation along
links, which is why the constraint is Abelian flux conservation. Ordinarily flux conservation
along links is automatic, and color charge conservation must be imposed at vertices.

Naively, checking non-Abelian gauge invariance would pose a significant practical chal-

lenge on a quantum computer. SU(2) Gauss law operators take the form

>
Q
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S~—

I
<,
&

[\3|§

<>
&

where a = (1,2,3) for SU(2) and ¢ is a two-component staggered fermion field for this
example. To confirm Go(2)Ga(z) = 0, it would be sufficient to confirm two of the three color
components annihilate a given wavefunction. The most conventional basis choice would
be one that diagonalizes the 3-components [i.e., all the Ls(x), Rs(x), and ps(z)] and the
Casimirs [L2 and R? for each i individually]. One could then directly evaluate Gs(x) using
diagonal operations, in direct analogy to what was done for U(1) theories in . To
check another component, say G;(x), one could simulate an internal color rotation about the
2-axis on every electric link register |7, m) and on the fermion doublet—requiring 2d+ 1 basis
transformations. Such rotations would have to isolate every j sector and mix them in just
the right way. At that point, Gi(x) could be checked like G3(x) was, and the bases could be
rotated back.

Better protocols than the above could exist, but digital quantum algorithms have yet to
be furnished to validate states subjected to non-Abelian constraints. This technical endeavor
would likely suffer from sensitivity to the chosen digitization. We instead pursue the problem
in the LSH basis with Abelian constraints.

A convenient feature of the Abelian Gauss law constraints, from the viewpoint of quantum
simulation, is that they all commute. The LSH framework simultaneously diagonalizes these

constraints so that basis states are definitely allowed or definitely unallowed. In contrast, in



125

the conventional Kogut-Susskind framework, the only basis state that is gauge invariant is
that with vanishing electric fields.

By the same token, since the LSH basis simultaneously diagonalizes all the constraints,
projective measurements in this basis do not spoil gauge invariance. With basis states
mapped to the computational basis of a quantum computer, (noiseless) readout of the qubit
registers will therefore conserve charge. This could also have benefits for preparing entangled
states that satisfy gauge constraints.

To represent the theory on a quantum computer we first truncate the Hilbert space on
irreducible representations of the gauge group. The representations are labeled by angular
momenta j, related to the flux number operators by 7 = N/2. To simulate all states with
SU(2) representations up to and including spin j, it is sufficient to use the following qubit

resources:

1. N + 1 qubits per quark site loop number ny,

2. N qubits per gluonic site loop number /;;,

where

N = [log,(j +1)] . (6.6)

The quark occupancy numbers require no truncation.

The loop quantum numbers can then be represented by a computational basis of binary

integers. For example, with the loop numbers expressed in binary form by
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their associated kets are

ne) = ) e (6.9)

=z 3
o

1

1ij) = Q) [lijm) - (6.10)
0

3
|

Here and below the quantum computing-related conventions follow Ref. [35].
Note how straightforward it is to truncate the above mapping — we simply choose a
maximum flux saturation strength and require links to have matching flux on either side.

Were we to keep the color-projection quantum numbers (J?2), a choice would have to be made

2j+1

7 n? states on a qubit register and how to exclude some

regarding how to represent the >
“extra” states in the register from dynamics. That is all in addition to having to satisfy the
non-Abelian constraints within the mapped representations.

The lattice Hilbert space can be regarded as a tensor product space of all the site-
local Hilbert spaces (provided a simulation accounts for the fermionic nature of the quark

numbers). In practice a volume truncation and choice of boundary conditions are implicit,

but we are concerned with only the local structure in the bulk.
6.2 Implementing gauge invariance

Having access to “Gauss law oracles” within a simulation opens the door to designing error
detection and mitigation protocols that help to preserve gauge invariance. Such oracles seems
especially crucial to making noisy simulations robust against unphysical errors. Thanks
to the diagonalization of the gauge constraints, the space of allowed states is akin to a
computational “code space,” and validating wavefunctions is likened to measurement of the
appropriate “stabilizers”; Gauss’s law itself defines a code space within a larger Hilbert
space that is stabilized by any charge-conserving Hamiltonian. The associated parity can
be thought of as +1 for the Abelian-Gauss-law-satisfying subspace and —1 for the rest of
the states. Detection of a large class of bit-flip errors can therefore be achieved without any

additional encoding of the qubits.
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Figure 6.1: A routine for checking the Abelian Gauss law along a link joining two quark

sites. The registers here are specific to a 1D link, with the constraint [n, + n,(1 — n;)], =

(e +ni(1 —no)et1

In terms of quantum numbers in the LSH basis, the constraints on states take the following

forms:
e Ford=1
e Ford=2

[ne 4+ no(1 —n;)]e = [ne + ni(1

my(a) = m (@ e

m(x) +ni(2)[1 = no(2)],

() + no(x)[1 = ni(2)],

(j

- no)]m—H . (611)

1 =1,2), (6.12a)
(6.12Db)

(6.12¢)

where nq = l31 + l12, no = l13 + lo3, and ng = ly3 + l37 are the eigenvalues from ([6.2]).
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e Ford=3

ne(z") = ng(z') , 6.13d
na(z") = ni(2)[1 — no(x)] , (6.13e
nz(Z") = ne(z)[1 — ni(x)] (6.13f

In Fig. [6.1] we give a quantum circuit for checking the Abelian Gauss law along a (d = 1)
qq link. The non-standard circuit notations used are the bit-adder gates A’, which add one

bit to an M-bit integer via

19) 10Y5™ o) = |y + o) [emr—1ar—2 - - . 1) | o)

(see Fig. [6.2)), and the string of controlled NOTs (CNOTs), used to compute the bitwise

sum of two integers, i.e.,

[Tr 1) |Tr—2) - -+ |70) @ |yr—1) [Yr—2) - |%0)
= |Tp1) [7,2) - |20) ®

® [Yr—1 B Tr—1) |Yr—2 @ Tp—2) - - [Yo ® 7o) .

The constraint is equivalent to saying that the (N + 2)-bit integers ny(z) = [n, +
no(1 — ;)] and ng(x + 1) = [ng + ni(1 — ny)]x41 are identical bit by bit. So the constraint
is checked by (i) computing the sums ny(x) and ng(z + 1), (ii) computing the bit-wise sum
of nr(z) and ng(x + 1), and (iii) flagging the query qubit if and only if that bit-wise sum is
all zeros. The subsequent gates just uncompute the nonquery registers back to their original
configurations. The query output F' = 1 (F = 0) if the link does (does not) satisfy the

Abelian Gauss law.
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Figure 6.2: Top: A reduced adder A’ for adding one bit to an M-bit integer (shown for
M = 3). Here ¢ is added to the M-bit integer y, with the (M + 1)-bit result s = y + co.
This uses M ancillae, M Toffoli gates, and M CNOTs . Bottom: A generic adder circuit A
for in-place addition of two M-bit integers, (v, z) — (y,z + y). One ancilla is introduced to

express the (M + 1)-bit output.

|log) —~— ] A N (lgg)
A At
10) [£31) /N+1 B /N+1 — /N+1 — /N+1 /N+1 10) [£31)
e ? % o
No o
|0) — 0)
N+2 A Noo — ~ N1 ~0 R A N+2
0) [7¢) ] —|X® + I— chNt(Z) —|X® + |— # |0) [n¢)
) 7 ”

Figure 6.3: A routine for checking the Abelian Gauss law along a link joining a quark site
and a gluonic site. The registers here are specific to a 3-i (virtual) link in two dimensions,
with the constraint o3 + ¢31 = ny + n;(1 — n,). The adders A and string of CNOTs are
detailed in Fig. and in the text, respectively.
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Figure 6.4: A routine for checking the Abelian Gauss law along a link joining two gluonic
sites. The registers here are specific to a 1-1 (physical direction) link in 2D space, with the
constraint foz(x) + f31(x) = l33(x + €1) + l31(x + e1). The adder circuits A are detailed in
Fig. [6.2] and the CNOTstring is detailed in the text.

In Fig. we give a quantum circuit for checking the Abelian Gauss law along a gg link
in d > 2. The additional non-standard circuit notation introduced is the N-bit addition gate
A, detailed in Fig. . The input and output registers specifically consider , i.e., the
Abelian Gauss law across a 3 — ¢ link of the 2D lattice. This constraint is checked by (i)
computing the sums ng = o3+ ¢3; and ng = ny+n,;(1 —n,), (ii) computing the bit-wise sum
of ng and ng, and (iii) flagging the query qubit if and only if that bitwise sum is all zeros.

In Fig.[6.4] we give a quantum circuit for checking the Abelian Gauss law along a gg link
in d > 2. The input and output registers in Fig. specifically apply to , namely,
the Abelian Gauss law across a 1 — 1 gg link of the 2D lattice. The circuit (i) separately
computes n; = l31(x) + l12(x) and ny = l37(x + 1) + l13(x + e1), (ii) computes the bitwise
sum of ny and ni, and (iii) flags the query output qubit if and only if that bitwise sum is all
Zeros.

In Table 6.1 we give resource costs for the oracles using simple algorithms from the

literature. The main measure of complexity considered is the number of Toffoli gates, broken
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Explicit components A gate adders A’ gate adder Multicontrolled Z |3
(with A using ripple-carry [2]) (A" as in Fig. (using LSH workspace)
Circuit | Anc. ‘ CNOT ‘ C*(X) cong. | Anc. ‘ CNOT ‘ C*(X) cong. Anc. ‘ CNOT ‘ C*(X) cong. exact C*(X)
aq 4 | 20v+2) 4 AN +1) | 4N +1) | 4(N+1) AN
a9 3 |2(N+1) 2 1 [26N=3)| 22N—-1) | N+1 |2(N+1)| 2N+1) AN
99 2 | 2(N+1) 0 2 | 46N -3)| 42N -1) - . . 4N —1)

Table 6.1:  Resource counts for implementing the oracles using simple subroutines from
the literature. N > 3 refers to the gluonic loop number register size; the quark site loop
number register size is N 4 1. The counted resources are numbers of ancillary qubits (Anc.),

CNOTgates, and Toffoli-congruent [C?(X) cong.] or exact Toffoli [C*(X)] gates.

down into “Toffoli-congruent” gates and exact Toffolis. By Toffoli-congruent gates we mean
three-qubit gates that map computational basis states like a Toffoli but with possible phase
shifts. The freedom of phase shifts means Toffoli-congruent gates can be implemented more
efficiently than exact Toffolis [3]. Toffoli-congruent gates are acceptable in the oracles’ adders
since the undesired phases get removed during the uncomputation cycle. However, these

phases cannot be introduced in the multi-controlled Z operation.

To give complete gate counts we had to choose algorithms for the subroutines. We have
already chosen to implement the bit adders A’ in the tailored way given earlier. For the adder
gates A, we considered the ripple-carry addition algorithm (in place and with no incoming
carry bit) from [2]. And for the multicontrolled Z operations, we apply Lemma 7.2 of [3] by
using some of the nonparticipating LSH registers as work space; in the gg circuit the N-qubit
work space could be the |f37) register, while in the qg circuit the (N + 1)-qubit workspace
could be the |0) |¢51) register. In applying the algorithms of Refs. [2,13], N > 3 is assumed.

By taking advantage of Toffoli congruence and using Corollary 6.2 of [3] for the exact
Toffolis, we can consolidate the multiqubit gate counts into equivalent CNOTcounts. These

are reported in Table
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Circuit Equivalent CNOTs

qq 42N + 32
q9 26N + 4
qg TON — 46

Table 6.2: CNOTcounts for the circuits assuming N > 3, the use of Toffoli-congruent
gates, and Corollary 6.2 of [3].

6.3 Discussion

The tradeoff of the LSH approach may be an increase in qubits needed for simulation. For the
truncation level j defined above, the total number of logical qubits required for simulating

the LSH basis is

V({6(d — 1)[log,(j + 1)1} + {[logy(j + D] +3} )

where V' is the Cartesian volume and the curly brackets separate the costs of gluonic sites and
quark sites. The per-site count stems from the ¢;;’s at 2(d — 1) gluonic vertices, the quantum
numbers of the quark vertex, and the definition of N from (6.6). For the Kogut-Susskind

representation basis as conventionally formulated [83], the best-case cost is
V({dflogy[5G+3) 0+ DU +DI}+2) .

In this case the per-site count arises from counting up all irreducible representation states
|7,m,m’) on d links and the quark occupancies. These costs are displayed in Figs. and
. However, as pointed out earlier, the |j,m, m’) basis seems ill suited to digitization, so
a better comparison to make could be with a variation of Kogut-Susskind gauge theory in
which the link ends are treated separately: |j,m,m') — |j,m) ® |j’,m') with the physical
requirement j = 5 along links. In this case, each site would be associated with 2d link ends

plus the quark doublet, and the logical qubit costs would be

V({2d[log,[(j + 1)(27 + DIT} +2) -
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Qubit Cost Comparison (d = 2)
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Figure 6.5:  The qubit costs per (unsplit) 2D lattice site as a function of the Casimir
cutoff j. The bases considered are the conventional Kogut-Susskind (K-S, thin solid line),

loop-string-hadron (LSH), and modifications of these as described in the text.
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Qubit Cost Comparison (d = 3)
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Figure 6.6: The qubit costs per (unsplit) 3D lattice site as a function of j. The bases
considered are the conventional Kogut-Susskind (K-S, thick solid line), loop-string-hadron

(LSH), and modifications of these as described in the text.
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We see from Figs. and that in 2D space with matter, or in 3D space, the LSH basis
indeed calls for more qubits to reach a fixed cutoff than does the conventional representation
basis (labeled K-S); the asymptotic logical qubit cost of LSH with one staggered quark
flavor is 16.7% higher in d = 2 and 44.4% higher in d = 3. The persistent redundancy
of the Hilbert space is apparently the price paid for trading non-Abelian constraints for
Abelian ones. However, it is a common situation in both quantum computation and in
gauge theories where expanding a Hilbert space with extra degrees of freedom can yield a
more convenient theoretical description. Digitization of the conventional representation basis
could even benefit from a treatment with separate Hilbert spaces at the link ends (labeled
K-S'), in which case LSH asymptotically saves 12.5% of qubits in d = 2 and costs only 8.33%
more in d = 3.

Another possibility is to solve the LSH constraints and cut the number of bosonic degrees
of freedom in half, but this may increase the range of the interactions between registers and
also complicate the interactions in the Hamiltonian. Additionally, triangle inequalities in-
volving the dynamical quantum numbers would surface, so some unphysical states would still
persist. Although it is not known yet whether this complete reduction has a net advantage,
we display the associated qubit counts in Figs. and [indicated by (1, €£;)].

One could instead settle for a smaller reduction, eliminating the quark-site bosonic vari-
ables n;, without running into the aforementioned complications. This slightly reduced LSH
variant costs about the same qubits as standard K-S in d = 2, and the same as or fewer than
K-S with separated link ends in d = 3. This LSH reduction is similarly shown in Figs. [6.5
and [indicated by (74)].

The essential benefit that was exploited above was the trading of non-commuting Gauss
law constraints for commuting Abelian Gauss law constraints. Thus, no change of basis is
necessary to check the constraints, and one can immediately proceed with computation. For
this reason we could easily furnish the first explicit algorithms to validate wave functions
of a non-Abelian lattice gauge theory. The algorithms call for common subroutines and are

easily adapted to different qubit mappings or even to qudits. For illustrative purposes we
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focused on the most straightforward binary integer representation.
6.4 Conclusion

The loop-string-hadron formulation as a basis for digital quantum simulation offers important
theoretical advantages. While the exact same physics as Kogut-Susskind gauge theory is
being described, this treatment has expedited the process of turning lattice gauge theory
formalism into input for quantum algorithm research. The physicality diagnostics are likely
to be useful in digital simulations because non-gauge invariant errors can easily arise from
the Trotter approximation to exp(—itf[ ) or from quantum noise (cf. . Previously,
Gauss law oracles had only been decomposed for U(1) and Z(N) gauge theories. Because
the LSH framework has cast all constraints into an Abelian form, those techniques could be
ported over for use with SU(2).

The LSH framework also endows SU(2) lattice gauge theory with another similarity to
U(1) theories: the plaquette operators in d > 2 manifestly decompose into a sum of one-
sparse ladder operators. This commonality presents the opportunity for SU(2) simulations
to potentially benefit from algorithms designed for U(1) simulations. A key distinguishing
feature of SU(2) to overcome will be that the nonzero matrix elements of the SU(2) ladder
operator are functions of the electric flux, whereas the nonzero matrix elements of the U(1)
plaquette operator are all identical.

The approach to decomposing physicality oracles presented should generalize to SU(3)
just as well. In the prepotential formulation of SU(3), one obtains two Abelian constraints
along each link, so all the benefits of commuting constraints may carry over. There are still
details to be worked out regarding the point splitting procedure and incorporation of matter
before circuits can be furnished.

Much remains to be understood about the quantum simulation of lattice gauge theories.
Even for the simplest gauge groups approaches to Gauss’s law are still being researched [186].
New studies are also underway into the consequences of breaking gauge invariance [187,/188].

In this chapter we have made the argument that a more physically-motivated basis can be
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used to enforce all gauge constraints and that there is reason to believe it will help advance

simulation protocols.
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Chapter 7

CONCLUSION

This dissertation has examined the problem of formulating gauge theories for simulation
by quantum computers as well as the unique challenges they will present as compared to other
many-body quantum theories. Local gauge symmetry of a theory is married to redundancy
in its degrees of freedom, which presents one salient issue for quantum simulations. In
addition, the theories of greatest interest for understanding our universe have non-Abelian

gauge groups, which add further challenges to the problem of simulation.

The work presented in this dissertation began with the simple task of validating wave
functions that are permitted by Gauss’s law in Abelian gauge theories. These circuits,
which could be “oracles” within larger algorithmic routines, were presented for a variety
of possible Abelian gauge theories and the underlying task was essentially the evaluation
of constraint functions. Whether or not these are ever implemented on hardware, these
algorithms have provided the starting point for establishing what it means to have verifiably

valid wavefunctions without destroying their correlations.

We then investigated the important question of what it means to work with Abelian [U(1)]
gauge theories if we insist on having Gauss’s law locally built in. This naturally led us to a
magnetic dual representation, which may come with its own constraints that are effectively
magnetic Gauss laws. The variable transformation appears to be advantageous in d < 3
spatial dimensions, but its merits for d = 3 are less apparent due to the electric-magnetic
duality.

Similar problems to the above were then taken up for the non-Abelian gauge group,
SU(2). For reasons explained in , going straight into brute force algorithms for

verifying gauge invariance is far less practical or straightforward in such theories. Therefore,
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we first began by doing (scalable) analytic reductions at sites of a plaquette ladder, which also
helped to reduced the system’s Hilbert space redundancy. At this point, simulating a small
version of the theory was within reach of existing hardware, and a simulation was done using
IBM’s Tokyo device. We used post-selection on allowed states (those satisfying appropriate
triangle inequalities) to mitigate some of the errors that violate gauge constraints, and were
able to reproduce expected results at low enough circuit depths.

To scale SU(2) investigations up for future use, we extended the existing loop formu-
lations of pure SU(2) gauge theory to include matter and solve all pertinent constraints,
resulting in what we call a loop-string-hadron or LSH formulation. Like what was pursued
in [chapter 3], charge conservation at sites was built in from the start by choosing more phys-
ically motivated UV degrees of freedom. In the process, however, a separation of links into
halves was made, requiring that new conservation laws be introduced to compensate for this
formal convenience. These Abelian Gauss laws are nothing but the requirement that flux
be conserved as it flows across a link, and with the constraints being strictly Abelian, they
seem preferable to work with.

As a first example of the LSH framework’s utility, we returned to the problem of estab-
lishing gauge invariant wave functions in SU(2) gauge theories, with the task now essentially
cast into the form of its U(1) counterpart, save for the fact that the circuits operate on links
instead of sites. Algorithms are now known that validate wave functions in SU(2) gauge
theories, in addition to U(1) and Z(N), with many structural similarities.

One of the most prominent issues not addressed by this dissertation would be actual time
evolution. This is briefly discussed in the context of the Schwinger model in [Appendix A
while a recent work was dedicated to a scaling analysis of Schwinger model Trotterization
when the requirement of exact charge conservation is relaxed [189].

Time evolution algorithms will be a real test of the usefulness of the LSH framework.
What is contained here is essentially the most pre-processing that we saw could be done
before actually discussing qubit mappings or particular time evolution protocols. Our hope

is that the derivations and intuition make the framework adaptable to the particular needs
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that will inevitably arise in the process of developing such algorithms.
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Appendix A

TROTTER APPROXIMATION ERRORS IN THE
SCHWINGER MODEL

As an example of non-gauge invariant errors, consider a Trotter step in the Schwinger
model (a U(1) gauge theory in 1D) [190]. Discretizing space with staggered fermions [39)],
employing periodic boundary conditions, and using a Jordan-Wigner transformation [191],

a rescaled Hamiltonian for this theory is [22,24]

H=2z Z o= (s)U(s)o* (s + 1) + H.e] + Z [E(s)2+g(—)82(3)]. (A1)

Here, Ny, is the number of physical sites, x, ;1 are parameters, E(s), U(s) are the operators
introduced in section , and oF change fermionic occupation numbers (which follow a
different map than the one assumed after (2.19)). Trotter errors induced by decomposing
the electric energy or the mass term into separate steps by individual Pauli operators (if there
are any such errors) will not affect Gauss’s law. The troublesome part of the Hamiltonian is

the hopping term,

ﬁ[h = i ]:Ih(s) s (AZ)
Hy(s) = |:O'7<S)U(S)O'+(S + 1)+ 0t () U (s)o (s +1)] . (A.3)

If the links are given a cutoff n = 1, then ]:Ih(s) decomposes into four Pauli operators,
- 1

The notation here uses implicit tensor products where the first (last) operator acts on site

s (s + 1), and operators in the middle act on the link. It turns out that all the operators



159

in (A.4) mutually commute, so for this special case elementary methods can be used to
implement exp(—i At zHy(s)). When the cutoff is n = 2, however, Hy(s) is the sum of 12

Pauli operators,

- 1
Hy(8)lnme =7 [XIXX + XIVY = YIVX + YIXY]

1
+ 3 [XXXX+XYYX - XXYY + XYXY

FYXYX —YYXX+YXXY +YYYY] . (A.5)

These operators do not all commute with each other, and the Trotter step obtained by
compounding 12 elementary rotations generally differs from exp(—iAt zHy(s)) by errors
that break Gauss’s law. The situation worsens with increasing n, so naive Trotterization is
destined to create unphysical components in a state vector. Alternatives to Trotterization
such as quantum walks [192,|193] could also face the same problems with gauge invariance,

but whether the situation is better or worse was not investigated (see also [194]).
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Appendix B

TWO PLAQUETTE SU(2) HAMILTONIAN AND DATA
TABLES

For the two-plaquette lattice with periodic boundary conditions and truncation A; = 1/2,
the Hamiltonian implemented in the full 16-dimensional Hilbert space with the gauge variant

completion (GVC) discussed in the main text is

o 0 0 0o 0 0 0 -2 0 0 0O 0 0 -2 0 0

o ¥ 0o 0o 0 0 -2 0 0 0 0 0 -2 0 0 0

o 0 *% 0o 0 -20 0 0 0 0 0 0 0 0 -1

o 0 0 2% 290 0 0 0 0 0O 0 0 0 -i 0

o 0 0 -2% 9o 0 0 0 -2 0 0 0 0 0 0

0o 0 -2 0 0 % 0o 0 -2 0 0 0 0 0 0 0

0o -2 0 0 0 0 2% 0o o0 0 0 -1 0 0 0 0
gam_ L] 72 0 0 0 0 0 0 3¢ 0 0 -2 0 0 0 0 0
2l o 0o 0o 0o 0o -2 0 o0 2 0 0o 0o 0 0 0 -!
0O 0 0 0 -2 0 0 0 0 % 0o 0 0 0 -i 0

o 0 0 0 0 0 0 —5 0 0 3* 0 0 -5 0 0

o 0 0 0 0 0 - 0o o0 0 0o B 1 g 0 0

0o -2 0 0 0 0 0 0 0 0 0 -1 o o o0

-2 0 0 0 0 0 0O 0 0 0 —3 0 0 3* 0 0

o 0 0 -1 0 0 0 0 0 -1 0o 0o 0o 0 B g

o 0 -0 0o 0o 0o 0 1o 0o 0o 0 0 o0 %
(B.1)

with matrix elements of the four-dimensional physical subspace highlighted. For the chosen
coupling of g> = 0.2, the ground state energy density per plaquette, through exact (classical)

diagonalization, is calculated to be -3.5658 and the lowest energy gap (the observable associ-
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ated with the “SU(2)-glueball” mass in the infinite volume limit) is calculated to be 7.4139.
Numerical values for these low-energy observables with increasing A; truncation are provided

in Table where percent-level convergence is achieved with three qubits per SU(2) gauge
link.

For the quantum simulated system of two plaquettes with A; = 1/2, the structure of the

ground state wavefunction is
lye) = 0.6943] | ) 4 0.1666/ 1) + 0.4951 ( T 1 +] E>> . (B.2)

On each link, a single line corresponds to 7 = 0 and a double line corresponds to j = 1/2.

The first electric, single plaquette operator in the full 16-dimensional space is diagonal
(B.3)

with matrix elements serving as weights of the measured probabilities in the measurement

of the electric energy expectation value as shown in Fig. 4.3l The the data appearing in

Fig. [4.3] are presented in Tables and

B.1 Plaquette operator for A; = 1/2 lattices of arbitrary plaquette number in
one dimension

While the circuit implementation of the plaquette operator has been shown in Fig. for
the two-plaquette truncated lattice with periodic boundary conditions and A; = 1/2, the
operator for lattices of larger size may be implemented with 14 nearest-neighbor CNOT
entangling gates as shown in Fig. [B.I] This circuit is a massaged version of the circuit
of four two-qubit-controlled X ® X ® X operators with coefficients {1, 1/2, 1/2, 1/4} for
control states |0), [1),|2), |3) in the combined Hilbert space of j, and j,. Just as in the main

text, rotations are defined by linear combinations of [1(/?) matrix elements, as established
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Electric Physical  Plaquette Matrix =~ Ground State  Gap

Cutoff (2A;) Dimension Elements Energy Density AFE
1 4 2 -3.5658 7.4139
2 27 31 -5.6437 2.0970
3 95 192 -6.8020 0.9285
4 304 790 -7.4258 0.5024
) 769 2494 -7.7527 0.3096
6 1784 6537 -7.9159 0.2220
7 3664 15028 -7.9921 0.1929
8 7081 31200 -8.0241 0.1885
9 12704 59894 -8.0355 0.1893
10 21823 107823 -8.0388 0.1900
11 35659 184268 -8.0396 0.1902
12 56420 301326 -8.0398 0.1902

Table B.1: Convergence of the ground state energy density and the energy gap to the first
excited state, AF, of a two-plaquette SU(2) lattice with periodic boundary conditions as the
truncation in the maximum excitation on any single link, A;, is increased. Columns two and
three show the number of states included in the basis of physical states below truncation

and the number of non-zero matrix elements in the single plaquette operator.



NTrot =2

Nt =1
time (Hpp,)
0.02  0.009(9)
0.07  0.052(6)
0.12  0.127(7)
0.17  0.201(12)
0.22 0.261(10)
027  0.282(7)
0.32  0.278(8)
0.37  0.254(6)

time

<HE,D1>

0.02
0.07
0.12
0.17
0.22
0.27
0.32
0.37
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Table B.2: Numerical values of the expectation value of the single electric plaquette energy

contribution for time evolutions implemented with 1,2 Trotter steps as measured on IBM’s

quantum device Tokyo shown in the top panel of Fig. [£.3] Uncertainties represent statistical

variation, as well as a systematic uncertainty estimated from reproducibility measurements.



164

(Ntyot, ) Survival Probability Series  Linear Extrapolation

Time (L) (1,2) (21 (2.2

0.02 0.47(1) 0.29(2) 0.23(1) 0.27(1) 0.630(14)
0.07 0.49(2) 0.31(3) 0.24(2) 0.27(1) 0.640(16)
0.12 0.48(2) 0.28(2) 0.26(2) 0.24(1) 0.659(25)
0.17 0.47(2) 0.27(1) 0.24(1) 0.26(1) 0.647(33)
0.22 0.43(1) 0.25(1) 0.25(2) 0.25(2) 0.572(17)
0.27 0.41(2) 0.25(2) 0.23(2) 0.26(1) 0.554(14)
0.32 0.39(1) 0.23(1) 0.22(1) 0.28(1) 0.535(17)
0.37 0.37(1) 0.21(1) 0.22(1)  0.26(1) 0.527(17)

Table B.3: Survival probabilities in the physical subspace as measured on IBM’s quantum
device Tokyo shown in the bottom panel of Fig. [4.3] The label indicates (Nryor, ) values. The
linear extrapolation is determined by extrapolation of computational basis state probabilities
in r for Nt = 1. Uncertainties represent statistical variation, as well as a systematic

uncertainty estimated from reproducibility measurements.
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Figure B.1: Digital circuit implementation of the plaquette operator centered on j, for
a truncated lattice with A; = 1/2. The circuit elements appearing in this circuit are the
Hadamard, CNOT, and Z-axis single-qubit rotation implementing a Z-to-X basis change, a

controlled bit flip, and a relative phase, respectively.

in Ref. [1], described by the following matrix structure:

-1

1 1 1 1 1
-1
, 1 -1 -1 1 1/2 i 11 1
B = ,  B= : (B.4)
-1 -1 1 1 1/2 -1 1 1/4
-1 1 -11 1/4

such that 5 = (3/16, 1/16, 3/16, 9/16) and 3 = (3/8, 5/8).
B.2 Alternate plaquette gauge variant completion

The optimality of the operator decomposition in the physical subspace is hardware-specific.
For simple comparison to the GVC used on superconducting hardware in this work, a more
naive implementation of the plaquette operator for the two-plaquette lattice would be to use
the operator exactly as defined by the matrix elements in Eq. with no modifications
in the unphysical space (i.e., different charge superselection sectors). In this case, the Pauli

decomposition contains eight operators

. 53 3.5
—([=I+—Z )9 XXX +(——=l——Z )XY QY
0 (32+32>® RX® +< 3 32>® RY ®

503 3.5
—I-—Z)|9Y®XQY +(-——I-—Z|0YQY®X B.
+(32 32)® RX® +<32 32>® Y ®X (B.5)
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and it remains convenient for the Trotterization that these eight operators commute. How-
ever, the number of CNOT gates required to implement this operator increases by a factor

of four compared to the operator structure of Fig. [4.2] implemented now in four different

bases
|je} * *
T T T 1
_i/y e ] B ] —
e 2 = .
|7aH e isa XXXt H o—igg XXXt | igg XYYt | —igz XYYt |
lar H H H -
T 1 T T
— el Y XYt B Y XYt i YY Xt i B YY Xt

This makes clear that the quantum resources for operator implementation depends even on
the unphysical details of the calculation design—the choice of gauge invariant completion

allows hardware-specific optimization leveraging this sensitivity.
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Appendix C
SIMPLE HARMONIC OSCILLATOR

Below, we recall facts about the simple (bosonic) harmonic oscillator and the occupation
number basis. These are included for reference because the construction of LSH states is a
generalization of the same ideas.

The pertinent operator algebra involves an operator a and its Hermitian adjoint:
[a,a"] =1 .

The Hamiltonian H is a linear function of the “number operator” N = ata.
We call a (a') an “annihilation” (“creation”) operator because it changes the eigenvalue

of N by -1 (+1):

A

[N,a] = —a, (C.1)

A

[N,a'] =a', (C.2)

Given any eigenstate [A) (N |A) = A|A)), we can apply & arbitrarily many times to get the
eigenvalue of N as low as we wish; the Hilbert space for any physical system (on which H

has a ground state) must include a state |2) that terminates this lowering:
alQ)=0.

This is a state with “zero excitations” since N |2) = 0. It is safe to assume this state is
non-degenerate.
Now working toward the conventional |n) basis, we define a normalized vacuum state |0)
by
1

=),
0) =~ 1)
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The n'" level eigenspace of N (N |A,) = n|\,)) can be reached by acting on |0) with n powers

of a'. The commutation relations show us how a' rescales magnitude at each application:

(0 a"a'™0) = (0] a"taa’a™ " |0)
= (0| a" (1 + afa)a™ " |0)

=n{0|a""ta™ "t |0) .
By recursion, we learn that
(0]a"a™ |0) = n! .

The simplest definition of an orthonormal basis is then

alt"

In this basis, we have the familiar properties

aln) =+vnln—1)
alln) =vn+1jn+1) .

The simple harmonic oscillator has a U(1) symmetry:

for real . The symmetry transformation is generated by N , in accordance with [Equation C.1
and [Equation C.2l The fact that H commutes with N (number is conserved) is trivial in a

system this simple.
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Appendix D
GLUONIC SITE STATE NORMALIZATION

Below we shall see that the following states are normalized:

1
\/612!623!531!(&2 + £23 + £31 + 1)'

|€125 6237 €3l> = £T2+612£;3+£23‘C§—1+€31 |O> (Dl)

To do this, we will first calculate the norm of £3;7%1 |0), then £3;723£57%1|0), and finally
Lz Ll s £34110). The calculations generalize the normalization of simple harmonic
oscillator states, which is reviewed in Appendix [C]

To begin one should first derive some commutators that will frequently arise:

(L7 L5 = al (@) - ali) + a(j) - o' (5)
=a'(i) - a(i) +a'(j) - a(j) + N,

(L5, L5 = R(LED) () ali) + a(y)a’ (7) + (k= 1))
= k(a(i)a(i) + a(j)a’ () — (k = D)(LFH*!

Also, we clearly have

L7100 =0,

L5 L3722 |0) = 0 (and cyclic permutations) .
Using these, for any ¢3; > 1 we find

<O| £77£31£+1+€31 ’0> — <O’ 551*1531*1 [ngf,£++[31] |0>
= U531 (L5 + N — 1) (0] L3 L1 0)

The norm of £3;7%1|0) has been expressed in terms of £3;"(“*1=1|0). The evaluation is



therefore recursive, and repeating the same steps eventually leads to

Uyl + N —1)!

(O] Loy 57 o) = = 5 (0I)
o 531!(631 + ].)'
B 1! '

This formula also works for /5, = 0.
The next step goes through similarly. One first shows that
(O] L3y Lo L35 = L3774 |0)

= <0‘ /3:;1_531/:2_3_623_l [52_3_, 533“23] £;1+631 ‘O>

Recursion of this process leads to

o égg!(ggg —I—Egl + N — 1)'

(O] Loy L5 L3572 L3779 |0) = (O] L3 L3 0)

(1 + N — 1)

. 623!(623 + 631 + N — 1)' 631!(631 + N — 1)‘

(b5 + N —1)!
Aol Uy Loz 4Ly + N — 1)
B (N —1)!
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The third and final step can be tricky. The facts that £3,7 |0) = 0 and Lo; £4,7%1]0) =0

were very useful for turning products of L;;s into functions of number operators. But the

naive arguments for them are not any good here: at a mathematical level, £, does not

obviously annihilate £3;7%23 L3741 |0) because the state can have modes excited along both

directions 1 and 2. Nonetheless, by beginning with
51_2_£5Ls+é23£§1+£31 |0> = [ﬁfz_aﬁg?,#%} 5;1“31 |0> ’
it is not too difficult to show that we do in fact have

£f27£2+3+z23£§r1+631 ‘O> =0.

(Intermediate results I used were [L15, £357] = —L37, [L1 . £357F] = —k £3571L3, and

[£3+1_>£§r1+} - [55_,@1”} = 0. )
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Equipped with this, it is easy to calculate the norm of L1512 £33 £1 41 |0) by following

similar steps to the earlier two calculations. The end result is

(O Loy Loy L1y 2L 2L £47410)
! (g + by + U3 + N — 1)
B (o3 + U3 + N — 1)!

! (lig + lyg + U3y + N — 1) log! gy! (boz + £y + N — 1)

(O L3 Lo = L35H = L77 |0)

(lys + Ly + N —1)! (N —1)!
- 612! 623! £31! (612 +€23 +€31 + N — 1)'
B (N —1)! '

With N — 1 =1 for SU(2), this confirms (D.1]).
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