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Abstract We explore the properties of Stepanov—
Bogoliubov’s interacting fields in the framework of null-
plane causal perturbation theory. Considering light-front
quantum electrodynamics, that have been previously stud-
ied in this framework, and extending the results from there,
we show that, contrary to what occurs in instant dynamics, in
light-front dynamics the interacting equations of motion are
satisfied only in the adiabatic limit for the fields whose Feyn-
man’s propagators acquire an instantaneous term in the split-
ting of their (anti-)commutation distribution. The null-plane
gauge condition, on the other hand, can be imposed on the
interacting electromagnetic field for every switching func-
tion, at all orders of perturbation theory. We also show that
the interacting fields satisfy finite Kéillén—Yang—Feldman’s
equations that are formally independent of the normalization
of the retarded distributions.

1 Introduction

In a recent paper [1], the authors have established the
axiomatic structure for the construction of local dynamical
variables in the framework of instant dynamics causal per-
turbation theory (CPT), with an emphasis on the interacting
fields. This is an important issue because CPT works exclu-
sively with free fields in order to construct the scattering
operator as a map in Fock’s space. There is a reason for that:
free fields are well-defined operator-valued distributions and
do not conflict with Haag’s theorem [2,3]. As a consequence,
there are no divergences in CPT and no regularization scheme
is needed. This is the reason why CPT is sometimes invoked
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in order to solve controversies that could arise when different
regularization schemes give different answers for a physical
problem [4,5].

CPT has been established in light-front dynamics [6,7]
precisely in order to solve some ambiguities which appear
in the light-front literature, as it is common in this dynam-
ical form that the propagators acquire some instantaneous
terms which are more singular — and hence more difficult
to regularize — than the usual propagators in instant dynam-
ics. Consequently, the difficulties in performing calculations
raised some doubt about the equivalence between light-front
and instant dynamics quantum field theory, from the begin-
ning of its formulation [8—11] until the recent years [12—14] —
also, a theoretical analysis of such equivalence problem from
an axiomatic non-perturbative perspective can be found in
Ref. [15]. For this reason, null-plane CPT was used to study
light-front Yukawa’s model [16] and quantum electrodynam-
ics (QED) [17,18], unambiguously showing the equivalence
with instant-form field theory in the perturbative regime, and
thus proving that the developed framework can be satisfacto-
rily used, not only for the deduction of technical information
about light-front field theory, but also in practical perturba-
tive calculations.

Itis well-known, however, that the properties of free fields
and those of the interacting ones are very different [19]. One
main difference in the case of QED is that the compatibility
between the null-plane gauge condition and the Lorenz’s one,
which holds in the free case, fails in the interacting field one.
The usual equations of motion of the interacting fields are,
however, also divergent, and therefore it is at least dubious to
conclude technical details of the theory from them. Hence, it
is a physically relevant task to obtain well-defined interacting
equations of motion as well as their regime of validity, from
which technical information can be confidently derived. In
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this manner, we want to establish some basic facts about the
possibility of extending the framework of null-plane CPT
to the non-perturbative regime, that can help the analysis
of bound states in the future. We hope that learning how to
write, for example, correct QCD Schwinger—Dyson’s equa-
tions, will simplify actual calculations by avoiding compli-
cations related to regularization. In this paper, we start this
program by the construction of interacting fields in null-plane
dynamics, focusing on QED both in the non-covariant for-
mulation [17] and in the covariant one [18].

This paper consists of the following parts. In Sect. 2, we
will summarize the basic ideas of null-plane CPT in order to
familiarize the reader with that theory. Section 3 is devoted
to the establishment of the axioms over which the theory
of dynamical variables is constructed with its perturbative
realization. In Sect. 4 we start our study of the interacting
fields of light-front quantum electrodynamics, focusing on
the covariant formulation. The non-covariant formulation
with the electromagnetic field quantized in the null-plane
gauge is then studied in Sect. 5. With these results, we show
in Sec. 6 that the interacting fields in light-front dynamics
satisfy some finite Kéllén—Yang—Feldman’s equations. The
final Sect. 7 contains our conclusions.

2 Main ideas of null-plane CPT

In CPT one uses the adiabatic switching of the interaction
[20], which means that its coupling constant is multiplied
by a function g € .#(R*) : R* — R. The scattering
operator S(g) is now a functional of the switching func-
tion and must respect Bogoliubov—Medvedev—Polivanov’s
axioms [20-22]: (i) translation invariance, (ii) causality —
now referred to the x™ null-plane time —, (iii) unitarity, (iv)
Lorentz’s invariance and (v) stability of vacuum and one-
particle sectors. Only axioms (i) and (ii) are used for the con-
struction of null-plane CPT; the remaining ones are physical
conditions used for normalization. CPT constructs the S(g)
operator as a formal series:

~+00 1
S@=1+) — / dXT,(X)g(X), ()

n=1

with X := {x; e M| j = 1,...,n} asetof points in space-
time, 7, (X) stands for T,,(x1;--- ; x,) € 5”(R4"), which
is the n-point transition distribution, g(X) = g(x1) - - - g(xn)
and dX = d*x; - --d*x,.

The inverse operator S(g)~! is given as a perturbation
series as well:

+00 1 N
ST =143~ / dXT,(X)g(X);
n=1

@ Springer

Ty (X1) -+ T, (Xr). (2)

Loo=) " )
r=1

The causality axiom implies that the transition dis-
tributions are chronologically ordered, in that 7,,(X) =
Ty (X2) Ty (X1) for X1 < X and [1;,(X1); T (X2)] =0
for X1 ~ X». To construct them inductively, Stepanov [23]
invented a procedure, then refined by Epstein and Glaser
[24], based on the axiom of causality: Define the advanced
distribution of order n as the following distribution:

AnYixg) = Y Tu(OTm (X' Ufx,)), 3)

XuX'=Y
XNX'=p

and the retarded distribution of order n as

Ru(Yixg)= Y Tum(X Ul DT (X). )
Xux'=y
XNX'=¢
In these sums, the n-point distribution appears once. Sepa-
rating it from the other terms:

An(Y;x,) =T, (Y U {x,}) + A;,(Y§ Xn), (5)
Ry(Y; xp) = T,(Y U {x,}) + R;;(Y§ Xp). (6)

The remaining terms A, and R}, are called the advanced sub-
sidiary distribution and the retarded subsidiary distribution,
respectively. They do not contain 7},, but only the transition
distributions 7, with m < n — 1. The transition distribution
of order n can then be obtained as

T,(Y Ulxp)) = Au(Y; x,) — A;,(Y’ Xn)
= R,(Y; x,) — R;;(Y; Xn). @)

Thus, the n-point distribution can be found if we know the
distributions T, withm < n—1 and the advanced or retarded
distribution of order n, which can be found by splitting the
causal distribution of order n,

Dy (Y; x) : = Ry(Y; x) — Ap(Y5 xp)
= R,(Y;x,) — Ay (Y xp). ®)

To obtain this causal distribution, therefore, only requires
to know the subsidiary distributions. Suppose, then, that the
causal distribution of order n was already constructed by
means of the inductive procedure. In general, it will have the
following form:

Dy(xis - 5x) = Y dy(xis -+ 5 x0) Gz, (9)
k
withd,’f(xl; -+ ; x,) anumerical distribution and : Cy(u?):

a Wick’s monomial of the different quantized free operator
fields u*. These operator fields do not restrict the support of
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the distribution, hence it is sufficient to consider the split-
ting of the numerical distribution d,’:, that has causal support.
The advanced and retarded distributions will maintain the
structure of the causal distribution:

An(xisx) = Y an(ers oo 1x) 1Ce®) . (10)
k
Ry(xis-5x0) = Y rn(xis -5 x) :Cew™)s, (1)

k

with a,’j and r,’,‘ the advanced and retarded parts, respectively,
of the numerical distribution d,’f. Using translation invariance,
define the numerical distribution d € .&"(R*'~%) as:

d(x) = dN(x1 — x5+ 5 Xnm1 — X3 0); (12)
supp(d) C I, (0) U T, (0). (13)

which will be split as:
d =r —a; supp(r) € I}, (0), supp(a) € I,,_;(0). (14)

We are using Schwartz’s multi-index notation and denoting:

;) :={(x1;-~~ xy) € M" ‘Vje{l,...,n}:

xfz0n (Elxk eVFO)k # j):xj € V+(xk)) }

with V*(x) the interior of the future or past, respectively,
light-cone with vertex at the point x, F(x) its closure and
y* (x) the union of its closure and the x ~ axis. An analogous
definition holds for I, (0).

In order to perform the splitting, it is very important to
know how the distribution behaves near the splitting region.
In null-plane dynamics, since the planes of constant x* inter-
sect the light-cone along the entire x ~-axis, it is the behaviour
of the distribution d(x) near the x ~-axis that is essential for
the splitting procedure.

Definition 1 Letd € .’(R™) be a distribution, and let o be
a continuous positive function. If the limit

lim p(s)s>"/*d (sx+; sxt; xf) =d_(x) (15)
s—07F

exists in .’ (R™) and is non-null, then the distribution d_ is
called the quasi-asymptotics of d at the x ™ -axis, with regard
to the function p.

The function p (s) can be shown to be an auto-model func-
tion [25]: Ya > 0: lim,_, g+ p(as)/p(s) = a®—, for some
w_ € R, called the singular order of the distribution d at the
x~-axis. It determines the space of test functions on which
the retarded distribution can be defined in principle: (1) For
w— < 0, itis the entire Schwartz’s space .¥, and the retarded
distribution can be obtained, in momentum space, as

+00 A
F(p) = *+ f d(p+——.k;p)dk. (16)

(2) For w_ > 0, the retarded distribution can only be defined
(in principle) on the space of test functions for which the first
w_ derivatives at the x ~-axis vanish. It can then be extended
to the whole ., resulting in the retarded distribution with
normalization line (¢+; g1 ; p—):

T dk
~ l ~
”q(P)=Z/W{d(P+—k;P)

—00

L]
-y 1 (Pra = d+a) Dy od(q+ —kiqus p—)}-
le]=0 "~
(17)

Finally, if (71, a;) and (72, a2) are two solutions of the
splitting problem, then by Eq. (8) we have that r| — a; =
ry —ap, sothat ry —rp = ay — ap. Since the left-hand side of
this equation has supporton I'' ", while its right-hand side has
support in 1", the difference r; — r» can only have support
on I't N ', which is the x ~-axis. Hence, r; and r» can
differ only by normalization terms of the form

M
Flp) —Fa(p) = Y Co(p) P, (18)
|b|=0

with C, » (p—) some distributions of the variable p_. The pro-
cedure of determining these unknown distributions by the
imposition of physical requirements is called the normaliza-
tion process.

3 Construction of local dynamical variables in
light-front dynamics

In this section we will follow the path of Ref. [1], adapt-
ing it to light-front dynamics. We denote by B(x) a generic
dynamical variable (Wick’s monomial) of the quantized free
fields, and by B(x; g) its interacting version. The axioms that
define it are:

Axiom 1 (Initial condition) The dynamical variable B(x; g)
satisfies the initial condition

B(x;0) = B(x). (19)

Axiom 2 (Locality) The retarded dynamical variable,
Brei(x; g) and the advanced dynamical variable, By, (x; g),
are local functionals, in that

Yo OBret(x; 8)

20
~ sg(y) 0)

@ Springer
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3By (x; 8) x 05(g)
ySx — = eh  xzy = S ——]=0. (26)
58(») 500 "% 5g(y)

The names “advanced” and “retarded” are justified as the
“current” g(x) only affects them in the future or in the past,
respectively. The necessity to distinguish these two cases
arises because the free dynamical variable can be consid-
ered as the one before the interaction or the one after it, since
in both cases the free fields generate the asymptotic Fock’s
spaces.

The expression for the interacting dynamical variables in
function of the scattering operator S(g) can be understood
by casting the causality condition in (functional) differen-
tial form. Following Scharf [25] — see also Ref. [1] —, let
g1, 2, fi, e (R4) be two switching functions such
that:

supp(g1), supp(fi) C ]—oo; x" [,
supp(g2), supp(f2) C Jx™; 400 .

The causality axiom and the pseudo-unitarity' of S(g) imply
that — we denote g := g1 + g2 —:

S(g+eifi+ef)Sg+ S]f])K
= S(g2 + 28 (g1 + &1 f1)S(g1 +e1 /)X S(g)F
= S(g2 +&2)S(g2)¥ (22)

does not depend on ¢1, from which it follows that:

il

d
|:8S(g+81f1+82f2) =0.
&

81:0

e

S(g+€1f1)K:|

e0=0

(23)

In functional differential language this is written as:

s (55(8)
d*xd* — (—S K) =0, 24
/ xd"yfi(x) f2(y) 52 \52() (8) (24)

which implies, since the functions f; and f> are arbitrary
(within their established domain) and by the fundamental
lemma of variational calculus [26], that:
8 88
xSy = — (ﬂS(g)K) =0. (25)
6g(x) \dg(y)

Similarly, starting with the product S(g+&> )X S(g+e1 f1+
&2 f») it can be shown that the causality axiom and the con-
dition of pseudo-unitarity of the scattering operator imply
that:

I Tn these equations, the involution K is the one according to which, in
the most general case, S(g) is pseudo-unitary. This condition allows to
maintain the generality and the possibility of using the technique in the
covariant gauge theory [18]. On the other hand, since the K involution
is equal to the usual T in the physical subspace, to consider that instead
of this has no physical consequences.

@ Springer

Extrapolating this idea to the construction of general
dynamical variables [20,27], we define the “extended scat-
tering operator”, S(g; gp), as the operator, constructed via
the causal method, from the first-order term:

Si(g: gp) == /d4x (T1(x)g(x) —iB(x)gp(x)), 27)

with gp an auxiliary switching function belonging to some
appropriate Schwartz’s space, also called “classical current
for the interacting dynamical variable B”. It must have the
necessary characteristics such that the product B(x)gp(x) is
a scalar, commutative and anti-pseudo-self-adjoint distribu-
tion. On the other hand, in order that the causal construc-
tion to be possible, the operator S(g; gp) must satisfy an
extended causality axiom, that we state in differential form
—see Egs. (25) and (26) —

Axiom 3 (Extended causality) The extended scattering oper-
ator S(g; gp) is causal in the extended sense, in that the fol-
lowing relations hold for all g;, gx € {g; gB}:

) 8S(g; gB) K)
< S(g: =0: (28
TRy 6g,-(x)< Serly) o8 88) %)
) 8S(g; gB))
> S(g; gp)k—2222") — . 29
TRy = 6g,-(x)< & 88) ) 29

Accordingly, Stepanov proposed that in the general case
the interacting dynamical variables are given by the formulae

8S(g;
Bu(x: g) = i o8 8B g K|
(SgB(x) gp=0
8S(g;
Bra(x: g) = i S(g)K o888 (30)
SgB(x) gB:O

that immediately satisfy the locality axiom. Additionally,
using that S(0; 0) = 1, from Egs. (27) and (30) it follows
that Bawt (x; g) satisfies the initial condition:

re

Bay (x; 0) = B(x). 31)

These interacting dynamical variables satisfy the following
properties, whose proof in light-front dynamics is identical
to the one in instant dynamics [1].

Theorem 4 The dynamical variable .Bavt(x; g) defined by
re
Eqgs. (30) verifies the micro-causality condition:

x~y = B9 Ba(ie)] =0, (32)
ret ret F

in which the commutator holds if Bavt(x; g) is of boson
re.

character, while the anti-commutator holds if it is of fermion
character.
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Theorem 5 The dynamical variable Bavt(x; g), defined by
re

Eq. (30), once applied to a test function belonging to the

same space as gg, defines a pseudo-self-adjoint operator:

Bav(f:9)" = Bav(f:g):
Bav (f: ) = / d*xf (x)Bay (x: g). (33)

These two properties mean that the Bavt( f; g) operators
are well-qualified to describe physical observables.

Now we turn to the perturbative construction of the inter-
acting dynamical variables. They will be obtained as a formal
series:

av
By (9) = B+ 3 o [ B gdy,. 34
neN
with Y, := {y1; iy lVjel,yj € M}asetofnpoints
in space-time. Here we also use, as for the S(g) series,

the following notations: Bre‘(x Y, = Bret(x VIl V),
g(n) = g(v)---gn), dYy =d*y1---d*y,.

Note that the initial condition for the dynamic variable is
respected by the formal series in Eq. (34), since by putting
g = 0 we obtain directly that B?evt (x; 0) = B(x).On the other
hand, the locality axiom [Egs. (20) and (21)] requires the
first functional derivative of the dynamical variable, which
according to Eq. (34) is:

SBav (x; 8)

) =2 fBZeil(X:y;Yn)g(Yn)dYn. (35)

EN()

Substituting this expression into Eqs. (20) and (21), we find
that the locality axiom translates into the conditions:

JyjeY,:yiSx = BY(x:;Y,) =0,

Iy €Yy ¥ 2x = B(x;Y,) =0. (36)

Or, in other words:

supp (BSY (x; Yn)) € 1,7 (x),
supp (B,r,et(x; Y,,)) cr, (x). (37)

This is to say, the distributions B2V (x; ¥,) and B)'(x; Y,)
are, respectively, advanced and retarded with respect to the
set V.

In order to perform explicit calculations, it will be neces-
sa‘g to obtain a general practical formula for the distributions

B (x; Y,,). Because of Eq. (30), to calculate the dynamical
variables we only need the linear dependence of S(g; gp) on
gB- Accordingly, we have that

S@ep =Y — Z/ 7P (Xa)g (X \ (1) 88()

nENO =0

+0(gh)) dXo, (38)

with

Tn—iB,l(Xn) = ff_i_ {T] (X]) e

< Ti(g—1) (=i B(xp)) Ty (xp41) - -~ T (xn)}

(39)

the chronological product of n — 1 T} distributions and one
—i B distribution at the point x;. The required functional
derivative is then

. 8S(g; gB)
dgp(x)

Z / n+1(Yn§x)g(Yn)dYn.

¢3=0 nEN()

(40)

We have used here the equality of all the distributions
T,fiB’l(Xn), | € I, which holds because of the symmetry
of the transition distributions. Moreover, since there is only
one —i B distribution, the —i factor multiplies the i factor
that appears in the definition of the dynamical variable; this
is equivalent to have a B term in the chronological product,
as is manifest in our notation: T8 w1 (Yns x). Multiplying by
S(g; 0k = S(g)~ 'and grouping the terms:

Bu(x;9) = ) — /dYngm

HENQ

x )
Y;UYr=Y,
YiNY=0

TE (Vi ) Te(Yp), (41)

Brei(X; ) = ) — / dY,g(Yy)

n€No

x Y TTE (Vs x). 42)
Y;UY=Y,
Y_/ﬂYk=@

From these relations we can conclude that:

B;W(X; Y,) =
B;et(X; Y,) =

Ry (Yo ), 43)
ABL (Y x), (44)

in accordance with Eq. (37).

It is worth noting that the above equations are also valid
for n = 0 if we define RP (x) := B(x) and A8 (x) := B(x),
hence Df(x) = 0. We convey in defining R’f;(x) := 0 and
A’ f (x) := 0 and to extend the regime of validity of the
relation D, = R, — A, = R}, — A/, ton = 1. In summary,
we adopt by convention the following equalities:

@ Springer
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AL R =T =-T), A|,R|:=0, D := R —A; =0.

(45)

Equations (43) and (44) inductively determine all the terms
in the interacting dynamical variable once the distributions
T1(x) and B(x) are known. Such construction is unique mod-
ulo normalization terms which arise in the obtaining of the
retarded distributions by splitting, similarly as in Sect. 2;
those normalization terms have support on the x ~-axis.

4 Covariant interacting electromagnetic field

From now on we will focus our attention on those dynami-
cal variables defined by the initial condition of being equal
to the free quantized field, B(x) = u(x). They are called
“interacting fields”. In the case of quantum electrodynam-
ics, however, we met a duplicity in its description, as it can
be non-covariant, if Fock’s space consists only of physical
states when the electromagnetic field is subjected to the null-
plane gauge condition [17], or covariant, if Fock’s space is
extended, by the quantum gauge invariance technique, to con-
tain non-physical states as well (non-physical polarizations
and ghost field states) [18]. In both cases, however, the tran-
sition distribution of the first order is

Ti(x) = ija(x)Aa(x),

with j,(x) the free current of the material fields. Note that
we are not writing the coupling constant (electric charge)
here; it will be absorbed, to lighten the notation, into the adi-
abatic switching function: e(x) := eg(x). The second order
causal distribution for the construction of the interacting field
A%, (x;e)is

ret

D (y;x) = [T1(); A“(0)] = js(MD(x —y),  (46)

and its retarded and advanced parts, with respect to the point
X, are

R (y; x) = — j(M(D)™ (x — y),
AR (y; x) = — (MDY (x — y). (47)

From this it follows that the interacting electromagnetic field,
up to first order corrections, will be given by:

AL (x; ¢) = A%(x) — / () j(N(D)(x — y)dy

ret

+0(e%). (48)

The difference between the covariant and non-covariant treat-
ments lies in the different advanced and retarded distributions
of those two formulations. Hence the interacting field in them
will be different, and therefore it is expected that they satisfy
different equations of motion. This obliges us to study the two

@ Springer

formulations separately. In the present section we will treat
the covariant formulation, which is simpler because of its
similarity with the instant dynamics case, studied in Ref. [1].
The non-covariant theory will be exposed in the next section.

4.1 Equations of motion

We establish first that Theorem 8 in Ref. [1] is also valid in
light-front dynamics. The proof of this fact can be found in
Appendix A.

Theorem 6 Let Uavl(x; g) be an interacting field defined by
re

the initial condition of being equal to the quantized free field

operator u(x) satisfying the free equation of motion

Ayu(x) =0, 49)

with A, a differential operator. Let j,(x) be the free cur-
rent for the field u(x), in that the first-order transition dis-
tribution is T\ (x) =1 : j,(x)u(x): . If the advanced and
retarded parts of the (anti-)commutation distribution of the
free field u(x), day rer, are normalized in such a way that
Axday ret(x) = 8(x), and if VF € {R; A; T}:

AcFY(yix) = F"(0)8(y — x) = ju(0)8(y — x), (50)

av
then the dynamical variables Uavt(x; g) and JF'(x; g), this
re

ayv
last one defined by the initial condition Jg'(x; 0) = j,(x),
satisfy the interacting equation of motion

ArUa (x: 8) = g(0)JG' (x: g). G

This theorem will be applicable to the covariant formula-
tion of quantum electrodynamics. Note, in first place, that the
free electromagnetic field operator, A%(x), satisfies Klein—
Gordon—Fock’s equation,

OA%(x) =0, (52)

and by no means the equation (g, — 9,0p) A%(x) = 0,
which is the equation for the classical electromagnetic field
when it is not submitted to Lorenz’s gauge condition. This is
the case even though the mentioned condition, 3, A% (x) = 0,
is not an identity for the quantized free field, but only for its
matrix elements between elements of the physical Fock’s
space, Fphys. We then expect that the interacting electromag-
netic field satisfy the equation?:

2 Note also that it is this equation the one solved by Kéllén [28] in his
perturbation theory in Heisenberg’s picture. However, as emphasized
in Ref. [1], Kéllén’s currents are not well defined, as they are defined
by products of interacting fields, which are also divergent. In CPT, the
(finite) current is a dynamical variable on its own, defined by the initial
condition of being equal to the free current, and it is constructed by the
already explained causal method.



Eur. Phys. J. C (2025) 85:977

Page 7of 15 977

Oagy (x; e) =
ret

—e(X)Tay (x;€) ,  Tav(x;0) == j(x).
ret ret
(53)
That expectation is satisfied as a consequence of Theorem 6,
because for the covariant theory 1t holds that (D )ret(x —

y) = g“bDret(x — y), and O, Dret(x —y) = 8(x — V).
Together with Eq. (47) this yields:
O RS (y: %) = —jb(1)8“"8 (x — )

= =3 —y)Jj‘L)

= —8(x — Y)R]"(x), (54)

and the same is true for the advanced distribution. Such equa-
tions and Eq. (52) are sufficient to establish Eq. (53) at all
orders of perturbation theory.

Consider now, for definiteness, that the matter current is
due to a Dirac’s field v:

Y Ya¥ (X)) 2 (55)

The equation of motion for the corresponding interacting
field V., is

ret

Ja(x) =

id — m)lP?evt(x; e) = —e(x) ( )av (x; e). (56)

To show this requires, by Theorem 6, to show only that

(i —m)RY (yi x) = —8(x — y)RI 7Y (y) (57)

and a similar formula for the advanced distributions. The
validity of this equation is obtained by direct construction:
The required causal distribution is

[T1(0): Y ()] = =S — A D) va¥ ().
(58)

D;”(y; x) =

Its retarded and advanced parts with respect to the point x
are

RY (y; x) = S™(x — YA D)ya¥ (),
AY (v x) = S — A D) Ya ¥ (7). (59)

However, as we have seen in Ref. [17], they are not unique,
but admit a normalization term of singular order w_ = 0,
because the splitting formula leads to the appearance of an
instantaneous term of that singular order in the retarded distri-
bution — and, consequently, also in the advanced one, in order
that the equation S™' — §%¥ = § remains valid —. Here it is
crucial to take, as required by the hypothesis of Theorem 6,

§3¥ and S™' 50 as to satisfy the equations (i —m)S - -4,
i.e., to choose the normalization term to cancel the instanta-
neous one. We have seen that it is precisely this choice of
the normalized solution the one that establishes the equiv-
alence with instant dynamics. Being that way, Eq. (57) is

satisfied and the equation of motion [Eq. (56)] is established.
The expression of Dirac’s field at first order in the coupling
constant is

Wy (x: 8) = () + / Stet(x — ) A" () ya¥ Me(y)d*y
+ 0(?). (60)

In summary, the interacting fields satisfy the equations of
motion if and only if the normalization used is the one in
which there are no instantaneous terms in the retarded (and
advanced) distributions of the fermion field.

The equations of motion in the light-front literature,
nonetheless, are customarily expressed separately for the so-
called dynamical variables and for the non-dynamical ones —
see Refs. [7,29] for their definition —. To obtain them in our
theory, multiply Eq. (56) by the left by A(+)y0. Thus:

av
V2, U (v e) = 3 (m1 - i)/J‘BJ_) wret (x: e)
av

— )y’ @y W)E) (x;e), (6D

with the definitions:

W(rit) (x5 €) 1= A Yay (x; @),
Vv

al
(Aaya!lf)zi) (x;e) == A (Aa]/a‘ll)la_lg/t (x;e). (62)
Similarly, multiplying Eq. (56) by the left by A(_)yoz

iv/20_ wre)(x e)=° <m1 —iyJ‘BJ_) wre)(x e)

—e(x)y’ (a%y, )ret (x;e). (63)

(G

Our Egs. (61) and (63) differ from those present in the lit-
erature — see, for example, Refs. [19,30] — in that here all
quantities are well-defined fields by construction. Indeed, the
passage from the description by W?gt (x; e) to the description

by lI/(rit) (x; e) is merely algebraic; using Eq. (60), we obtain

the interacting fields 'Ilre)(x e) to first order in the electric
charge:

av
W et €) = Uy () + [ dtve {ia;wst(x )
x [24F 0 ) + V2 AT 0y LY )]
av
+ (iytaL +m) DY =)

x [V2r 0 4E () ) + AT 0k 0] | + .
(64)
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It is clear in this expression that the interacting field  with
av av
W(rit) (x, e) has a.S lnltla] condition q/(rj::t) (.x, O) : I//(:t) (x) = R,‘lAfl(Yn, x) — Z TAa(I, )C)T(J) (68)
A(4)¥ (x), and similarly the other dynamical variable defined 107=Y,
in Eq. (62) is exactly the one that one would obtain by ini- InJ=g

tializing with A% (x)y, ¥r(+) (x).

On the other hand, the current (A yallf)?evt(x; e) is the
well-defined version of the point-wise product of interact-
ing fields Ag, (x)yallfggt(x) of the conventional treatments,
which is divrgtrgent. In order to construct the first correction

to A%(x)y,¥ (x), we need the second order causal distribu-
tion

DY (v x) = [T1(3): A%(x)yatr ()]
=D(x — V)ya Y OTM VY () :
— YaS(x — V) A% ()AP(y):

— i, | DY = S (x = )

—DP =S = | By . (63

We recognize in the last two lines of the above equation the
numerical causal distribution of the electron’s self-energy,
calculated in Ref. [18]. Therefore, the retarded and advanced
(with respect to the point x) distributions can be immediately
written, and the required interacting dynamical variable up
to first order in the electric charge is

Ay W) xs €) = Ay (x)
-/ (D) = 0 T 20y
+ [ At = A o vty
- / Zav (x = YNty + 0. (66)

av
If, in particular, one needs the projections (A% y, d/)ﬁ) (x; e),
one must simply multiply by A+, as specified in Eq. (62).

4.2 Lorenz’s gauge condition

We shall study now the validity of Lorenz’s gauge condition
for the interacting electromagnetic field. We will expose the
argument using the advanced interacting field, although it is
evident that the same reasoning — by exchanging only the
retarded distributions by the advanced ones — can be applied
to the retarded one. Taking the divergence of the interacting
field:

1
B (x: €) = 9 A% (x) + Y o / I RAL (Vs )e(Yn)d Yo,
neN
(67)
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As always, the distribution R;‘f_l (Yy; x) is normally ordered
by Wick’s theorem. But, since supp (R;L“_ﬁ (Y x)) must be
a subset of I"n+(x), while at the point x there is one field
operator only, A%(x), it is necessary that it be contracted.
Hence, the retarded distribution must have the form

R (Vi x) = D Ry \ {yj}: y) (D) (y; — 1)

J€ln
(69)

supp (Ry (Y, \ {y;}: v))) € I," 1 (y))-

Substituting into Eq. (67) and performing an integration by
parts, we obtain:

1
BaAZV(x; e) = 9, A% (x) + Z i Z /(Dah)ret(yj %)

neN = jel,
x [0 Ry (Y \ (373 ¥)eG) + Ry (i \ (373 900 ey |

x (Y \ {y; Dd Y.
(70)

But for the covariant theory the following identity holds:
(D) (yj = x) = g D' (yj — x), s0

1
BaAgV(x; e) = BaA“(x) =+ Z ; Z /D{)et(YJ _ )C)

neN " jel,
x [0 R0 \ 1y v e ) + R\ 1yj): ¥ )0de(vp) ]

x e(Yu \ {yjDdYn.
(71)

Since the distribution at the point x is the only one which
is different from 77, while at the other points the distribu-
tion is always Ti(y;), the distribution R*(Y, \ {y;}; ¥;),
which is independent of x, is a retarded distribution from
the principal theory (for the construction of the physical
scattering operator). It is equal to the sum of those terms
in —iR, (Y, \ {y;}; y;) that have an external field A,(y;),
but with that field removed. More clearly, if we write

Ry(Yu\{yj}; ¥j)) = Ri(Yu \ {y;}; yj))Aa(y}), then
RYYu \{yjliyj) = —iRy(Yu \ {y}; v)). (72)

On the other hand, for the terms in R, (Y, \ {y;}; y;) with
external field A, (y;) it holds the Cg-identity — see Ref. [18]
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AR\ {yj}y)) =0 = 8JR(Y, \ {yj}:y;) =0,

(73)
and Eq. (71) reduces to
1
8QA§V()C; e) = aaAa(x) =+ Z - Z / D(T)Ct(yj —x)
neN n: eI,
X R(Ya \ (ys}: y))de(ve(¥u \ {y;Dd Y.
(74)

Therefore, if it were possible to take the adiabatic limit
e(x) — e constant, all terms in the sum would be null. In
that case — we write the result also valid for the retarded
interacting field —,

w- lim 9,A% (x;e) = 3,A%(x). (75)

e(x)—e ret

Here the adiabatic limit is weak because, presumably, it only
exists as matrix elements between certain elements of Fock’s
space, for example, the vacuum state. In any case, between
general elements of Fphys, the matrix elements of the diver-
gence of the interacting field reduces to terms that can be
made arbitrarily small, by extending more and more the
region in which the adiabatic switching function is constant.
Finally, note that we need to take the adiabatic limit in order
to make the gauge condition to hold; this is not a surprise,
since in the very formulation of the covariant theory the con-
dition of perturbative gauge invariance was established under
the same condition [18].

5 Non-covariant interacting electromagnetic field

This case contains an additional difficulty, since now the
retarded and advanced parts of the commutation distribu-
tion of the electromagnetic field cannot be normalized so as
to satisfy the hypothesis of Theorem 6. We need to approach
this problem from a different perspective.

As was shown in Ref. [17] — see also Ref. [29] —, the quan-
tized free electromagnetic field under the null-plane gauge
condition contains in its expression the transverse polariza-
tion vectors only, which implies that Lorenz’s gauge condi-
tion holds simultaneously. In a word, we have in this situa-
tion:

AT(x)=0 A 9,A%x) =0. (76)

We want to see if these two conditions are also valid for the
interacting field. Firstly, from the perturbative expansion of
the interacting field, for example the advanced one,

1
A o) = ' + 30 L / RA, (Y, De(¥)dY,, (77)
neN '

we observe that, since the distributions R,;‘jfl (Y,; x) are con-

structed with n distributions 77(y;) at the points y; € Y,
and one distribution A“(x) at the point x, the index a of the
interacting field comes from the index a of the free field oper-
ator A%(x). However, since the null-plane gauge condition
is in use, AT (x) = 0, we will have that R,frl(Y,,; x) =0
for all n € N. In Eq. (77), this implies that the abovemen-
tioned gauge condition also holds for the interacting field,
independently of what the adiabatic switching function e(x)
is:
Al (x;e) =0. (78)
ret

With regard to Lorenz’s gauge condition, it is clear that
Eqs. (67)—(70) are still valid. However, since now (D)™ is
not proportional to g?® but has additional terms, the passage
to Eq. (71) is not possible. If, instead, we undo the integration
by parts that lead us to the final result in Eq. (70), we will have
that — using already that for the free field it is 9, A%(x) = 0 —

1 .
i == 3 3 [ -

neN " jel,
X Rp(Yn \ {yj}; yj)e(Yn)dY,. (79)

Remembering that in momentum space it is

P _(27.[)—2
Dabyret — -z
(DY) = =
a. b a b 2
+
x{g“h—p UL Y R
_ p-

(80)

with the vector (7%) = (0; 0%; 1) and C € R a normalization
coefficient, we will have that 9} (DPyret(y i —x) =0if and
only if we use the doubly-transversal retarded distribution,
i.e.,if we take C = 1;in those circumstances, Lorenz’s gauge
condition would be an identity for the interacting electromag-
netic field. Although such an alternative seems to be attrac-
tive, the theory developed with that chose is not equivalent
to the covariant one (and to the instant dynamics one), since
it was a condition for that equivalence to normalize the dis-
tributions to not contain instantaneous terms — see Ref. [17].
For this reason, we abandon the possibility of having C = 1
and take C = 0 from now on.
Applying a derivative with respect to x~ to Eq. (79):

1 . .
aiauA’;V(x; e) = Z ; Z / aiaé (D”b)ret(yj —x)

neN " jel,
X Rp(Yn \ {yj}; yj)e(¥Yn)dYy. (1)

From Eq. (80) with C = 0:
L8] (D) (y; — x) = —8(y; — )", (82)
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and, therefore,

9_8,A%,(x; €) = — Z% > /S(y,- —x)

neN " jel,
X RY (Y \ {yj}: yp)e(Yn)dY,

=—e(x) Y l‘fR+(Yn;x)e(Y,l)dYn.
nENo n

(83)

We have said — see the commentaries after Eq. (71) — that
R%(Yy; x) is equal to the sum of the terms of the distribution
—i R,,(Y,; x) with an external field A, (x) with this last field
removed. See, however, that to maintain the field A, (x) as
an external field to be removed at the end is equivalent to
construct the distribution with ij*(x) only, at the point x. In
other words,

RO(Yns x) = =i R (Vs 1) = RIL (Y ). (84)

Substituting this into Eq. (83):

1 .
- 0B%, (x;€) = —e(x) Y ;/Riil(Yn;x)e(Yn)dYn.

neNy

(85)

Identifying the right hand side of this equation with the per-
turbation series for the temporal component of the interact-
ing current, we can establish that (we write the result for the
retarded interacting field also):

d_0,Aly (x5 €) = —e(X)Tqy (x; €). (86)
ret ret

Or, by considering Eq. (78) — the indices from the begin-
ning of the Greek alphabet denote transversal components,
avﬁv"' 612_:

ret ret

0 <3aA%'v (x5 €) + 0-Rqy (x; e)) = —e(x)T3 (x;e). (87)
ret

This is one of the commonly written equations for the inter-
acting field in the Lagrangian approach — see, for example,
Ref. [31] —, used for obtaining A,y (x; e) as a function of the

transverse (dynamical) compongl}{ts of the interacting field
and of the temporal component of the current. We have shown
here that such equation holds at all orders of perturbation the-
ory, even before taking the adiabatic limit, establishing also
the well-known result that the null-plane gauge condition
and the Lorenz’s one are incompatible in the interacting the-
ory. It is very important to stress, nonetheless, that this is
not a problem for the treatment of gauge theory in light-front
dynamics in perturbation theory, in which the quantized field
operators are the free ones and satisfy both gauge conditions
simultaneously.
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We want to obtain also the equations of motion for the
transversal (dynamical) components of the interacting elec-
tromagnetic field. We start by writing, using already Eq. (84),

1
B0 = A%+ 3 3 [0y -

neN " kel,
x (RDp(Yo \ (k) yoe(Ya)d Y. (33)

From Eq. (80) with C = 0, on the other hand,
LD (D*") (i — x) = (8705 — 3”8k — %), (89)

so that, replacing this into Eq. (88) and using that for the free
field it holds JA%(x) = 0,

9_0AZ (x; e)

-y % ) / (6550 = R \ s w0

neN kel

38O =XV (RD* (X \ (e ) | eV (90)

Integrating by parts to eliminate the derivatives that act into
Dirac’s delta distribution:

9_0OAZ (x;e) = Z % Z / S(yk — x)

neN " kel,
x| [95 RO \ {3 y0e )
+ (R (Y \ ks y0)0e () |
+ [ RDT 00\ (): y0e )
+ R\ ks 3000 Je i \ DY, OD)

Finally, integrating in the variables y; and recognizing the
series for the interacting current,

1 .
e = 3 [ R s oeydr, o

neNy

we obtain:

0_0A%, (x; &) = —e(x) [0-T%, (x; ) + 0T, (x; €)]
— d_e(x)T% (x; €) — 3%e(x) TS (x; e).
(93)

In this way, the dynamical equation that governs the evolution
of the transversal components of the interacting electromag-
netic field reduces to its (Lagrangian-derived) known form
only in the adiabatic limit, in which the last two terms of
Eq. (93) vanish:
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w- lim (8_ Oag, (x; e)

e(x)—e ret

+e(x) [8 J‘é‘v(x e) + %I (x; e)]) 94)

ret

The results that we have presented in this section point to
the following generalization of Theorem 6, that includes the
case in which the retarded and advanced parts of the (anti-
)commutation distribution of the free field operator contain
instantaneous terms that can be cancelled by the application
of a sufficient (finite) number of derivatives with respect to
the coordinate x ™, as in the studied case. Indeed, Eq. (93)
can be considered as a dynamical equation for d_A$, (x; €)

t
better than for A%, (x; e) —. *
ret
Theorem 7 Let Uavl(x; g) be an interacting field defined by
re

the initial condition of being equal to the free field operator
u(x)satisfying the free equation of motion

Ayu(x) =0, (95)

with Ay a differential operator. Let j,(x) be a free current
for u(x), in that the one-point distribution of the theory is
Ti(x) =i c:ju(x)ulx): . If the advanced and retarded
distributions, dgy rer, Of the free field u are normalized in
such a way that Axdgy ree(y — x) = P(0x)8(y — x), with
P (0x) some polynomial of the derivatives with respect to x,
and if VF € {R; A; T}:

A FY (y; x) = FI"(x) P(0,)8(y — x)
= ju ()P B)8(y — x), (96)

then the dynamical variables Uav (x g) and Jg vet (x; g), this

one defined by the initial condition Jg et (x; 0) = ju(x), satisfy
the equation of motion

AUav (x; g) = P(3x) (g(x)J’ci’(x; g)> , 97)

so that the following “weak equation of motion” holds in the
adiabatic limit:

w- lim
g(x)—g

(Ax Uy (x; 8) — g (x) P(0:) T (x; g)) =0.(98)

The proof of this theorem is shown in Appendix B.

Equations (93) and (94) can now be considered as con-
sequences of Theorem 7, with A, = 9*[], and P(3) =
g“ba_ — 3% [see Eq. (89)]. It could be even possible to
write some weak equations of motion for the covariant theory
with the doubly transverse gauge field propagator; however,
we will not pursue this direction since we want to maintain
the equivalence with instant dynamics. Finally, Theorem 6
corresponds to the case P(d) = 1 of Theorem 7, and can
hence be regarded as a corollary of it.

6 Light-front finite Killlén—Yang-Feldman’s equations

The differential equations of motion that we have found
in the previous sections can be made into a set of integral
equations that can be considered a rigorous version of the
ones encountered by Killén [32] and by Yang and Feldman
[33] in instant dynamics. They will be a generalization of
the so-called “modified Kallén—Yang—Feldman’s equations”
that have been formulated for instant dynamics CPT [1]. The
result that we want to establish is the following — the proof
is presented in Appendix C —.

Theorem 8 Let Uavt(x; g) be the interacting field corre-
re

sponding to the quantized free field operator u(x), which

satisfies the equation of motion

Axu(x) =0, 99)

and let j,(x) be the free current for this field, in that
Ti(x) =1 :j,(x)u(x): , originating the interacting cur-
ayv
rent Jg'(x; g). Let davt be the advanced and retarded parts
re.

of the (anti-)commutation distribution of the free field u(x),
normalized in such a way that

Arday (y = %) = P(2)8(y — %), (100)

with P(d) a polynomial of the derivative operator. The

interacting field Uavt(x; g) satisfies the “finite Kdllén—Yang—
re

Feldman’s equation”

Uav (x; g) = u(x) + / dzevz(y — ) TE(y: g)g(d*y.
(101)

Note that we have supposed that the (anti-)commutation
distribution of the free field is defined in such a manner that
[u(x); u(y)lx = —id(x — y). This is valid for the scalar
and fermionic fields, but, conventionally, the commutation
distribution of the gauge field is defined with an extra minus
sign; evidently, this has as a consequence the appearance
of a minus sign in the second term at the right hand side
of the finite Kéllén—Yang—Feldman’s equation [Eq. (101)].
On the other hand, for the fermionic fields it is not true that
dret(x) = day(—x); the argument leading to Eq. (124), how-
ever, remains valid with d,,(x — y;) instead of dret(y; — x).

It is a remarkable fact that these finite Kéllén—Yang—
Feldman’s equations do not depend on what normalization of
the retarded distribution of the free field is used, id est, it says
nothing about what the polynomial P (9) in Eq. (100) is. Such
polynomial has importance only on the establishment of the
differential equation of motion. It is easy to see, moreover,
that Eq. (101) is in fact a solution for Eq. (97): Applying the
differential operator A, to Eq. (101), then substituting into
Eq. (100) and performing an integration by parts, one obtains
the mentioned equation.
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With the results so obtained, we turn to the finite Kallén—
Yang—-Feldman’s equations for light-front quantum electro-
dynamics.

Kdllén—Yang—Feldman’s equations for light-front QED. As
already stressed, these equations do not depend on the
polynomial P(d) in Eq. (100), hence there is no distinc-
tion between the covariant and non-covariant formulations,
except for the explicit expression of the retarded part of the
commutation distribution of the free radiation field. Being
that way, we obtain that Killén—Yang—Feldman’s equations
for light-front QED are the following:

Ady (x;e) = A%(x)

ret

- [0 o -0t os ety (102)
Way (x; €) = ¥ (x)

+ f SFUr = ) Bay War (v Oe(dty,  (103)
Py (x1e) = (x)

~ / @y By (75 €SN (y = D)e(n)dy. (104)

Note in particular that Eq. (102) does not conflict with
Eq. (48), since for the electromagnetic field it holds that
(Dyret(x) = (D) (—x), both in the covariant and non-
covariant formulations.

7 Conclusions

The construction of interacting dynamical variables in light-
front dynamics was established axiomatically and then the
perturbative construction of them was explored. The princi-
pal difficulty of this, with regard to the analogous formula-
tion in instant dynamics, is that the additional normalization
freedom that exists in light-front dynamics, by virtue of the
possibility of having instantaneous terms, must be taken into
account very carefully. Such a care turns out to be especially
important in non-covariant formulations like quantum elec-
trodynamics subjected to the null-plane gauge condition.
Of particular interest was the study of the interacting
fields, defined by the initial condition of being equal to the
quantized free field operator. We showed that, generically,
they satisfy, in the adiabatic limit, weak equations of motion
similar to the classical ones, in which the coupling constant
has been substituted by an adiabatic switching function. The
condition of the adiabatic limit can only be relaxed for such
fields whose retarded and advanced distributions are nor-
malized in order to not contain instantaneous terms (covari-
ant theories); in the general case, terms involving derivatives
of the adiabatic switching function appear. This means that
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one must be very careful in simply extrapolating the classi-
cal equations of motion to the quantum regime. In all cases,
the currents for the fields are defined by their initial condi-
tion, and are not equal to the formal product of interacting
fields, which leads to divergent quantities. This is particu-
larly important in the writing of the equations of motion of
the fermion field in terms of its dynamical and non-dynamical
components: the current must be constructed first, and only
then the projectors A+) must be applied.

In the covariant formulation of null-plane QED, the equa-
tion of motion for the electromagnetic field holds indepen-
dently of what the switching function is, while Lorenz’s
gauge condition is satisfied by the interacting field only
weakly (in the adiabatic limit). In the non-covariant formula-
tion in which the radiation field is subjected to the null-plane
gauge condition, on the other hand, it is this gauge condition
which is satisfied by the interacting field for every switching
function, as well as the equations of motion (constraints) of
the non-dynamical components of the interacting field. The
equations of motion for the dynamical components, finally,
are satisfied weakly.

These interacting fields are subjected to some finite
Kéllén—Yang—Feldman’s equations, which have the interest-
ing property of being (formally) equal independently of the
formulation being covariant or non-covariant, a difference
that only enters in the explicit expression of the distributions
under the integral sign.
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Appendix A: Proof of Theorem 6

The proof of Theorem 6 is similar from that given in instant
dynamics in Ref. [1], but differs from it in that now the split-
ting of the causal distribution requires normalization on the
entire x ~-axis. In order to make precise this notion, we intro-
duce the notation

E; ={(x1: ix—1ix0) € T |

Vj € lio1:xj € {x, +Re}}. (105)

We proceed by complete mathematical induction. By sub-
av

stituting the formal series of Uavt and J5" into Eq. (51), we
Iel
see that what we need to show is that Vimm € N:

AcFS G ix) = Y B (Y \ {ysh 1)8(y; —x) (106)
J€EIn

for F € {R; A}. Thisisthecasefor F € {R; A; T}form =1
by hypothesis of the theorem [Eq. (50)]. Suppose then that
Eq. (106) is valid for all m € I,,_1; we need to show that it is
also valid for m = n. We start by constructing the subsidiary
distributions

R (Y= Y T'U;0T ), (107)

1UJ=Y,

INJ=0
J#£D

Apx)= Y T(HT"U:x). (108)

Since J # {, all the transition distributions 7" appearing
here are of less than n+1 points, hence the inductive hypothe-
sis can be applied to them. Applying the differential operator
to R’ (Yns x):

ARy (Yix) = Y AT )T ()

uJ=Y,
INJ=y
T£0
= > TNy 0 - 0T W)
1UJ=Y, y;el
INJ=%
J#£0
=Y 8(y—x Y  THIOTW)
vi€Yy 1UI=Y,\(y;)
INJ=y
T#0
= 3" R (Y \ k%) 8 — ). (109)
J€ln

The same holds for the A’); distribution. One then con-

cludes that D)y | = R, ;| — A’} satisfies

ADY L (Yasx) = Y Dy (Y \ {yj}: x) 8(y; — x). (110)
J€ln

If this equation also holds for R}, obtained from D;

by distribution splitting, then the proof will be complete, as
it would be automatically valid for A} .| = R} | — Dy,
andfor T, | = Rl | — R’} | [see Eq. (109)]. Note also that
Ry, =D, inl, n':l (O\ E, | |- Consequently, the problem
is reduced to show that a normalization for which Eq. (110)
is satisfied by the retarded distribution do exists.

From Egs. (107), the causal distribution is given by

Dy (Yasx)= Y [T"U;x): T())]. (111)

The numerical causal distributions are obtained by normally
ordering the above expression. Additionally, since the dis-
tribution at point x is u(x), it must be contracted; other-
wise D, | (¥y; x) could not have causal support. Moreover,
being again a free field, in the terms in which u (x) is already
contracted inside 7" (I; x), necessarily it must be a Feyn-
man’s propagator, d©, because no “loop distribution” can
be closed at x having this point one free field operator only.
On the other hand, in the terms in which u(x) is contracted
with f(] ), the positive- and negative-frequency parts of the
(anti-)commutation distribution of u(x), d4, will appear. If
we finally write

dF = :|:(d+ +dw) , d-=dret — day — dJrv (112)

with the % sign in the first relation depending on the bosonic
or fermionic character of the field u, respectively, then the
dependence of the causal distribution with the point x can be
explicitly written as

DYy (Vs x) = Y [dy(x — y) Dy (Yo \ {yj}: ¥))
J€ln
— dret(x — Yj)DaV(Yn \ {Yj}; Yj)
tday(x — yj) Dre(Yu \ {yj}: y))].  (113)

Now, since dy has its support not contained in the light-
cone, its presence in the causal distribution is contradictory,
from which it follows that D, (¥, \ {y;}; y;) = 0. Also,
DZH (Yy; x) can be non-null only if ¥, € Fn+(x) orY, €
I, (x)[7]. Sifl@, on the other hand, supp (dret) S \F/\:L while
supp (dyy) € V—, itis also necessary that

supp (Dret (Y \ {y;}: /) € I,7, (b)),

supp (Day (Yo \ {y;}: v))) € T (v))- (114)
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It is essential to note, for the consistency of the proof, that in
spite of the possibility that dier ay can contain instantaneous
terms, Eq. (114) is perfectly valid, since our definitions of
I+ contain the set E;, . In summary,

supp | Y dret(x — y) Doy (Ya \ {yj}: y)) | € I (),
J€Eln
(115)

supp | Y day(x — y)) Dree(Ya \ {yj}: yj) | € I (),
J€l

(116)

and Eq. (113) — with D4 = 0 —is a solution for the splitting
problem for Dy 11 (Fns x). If we apply to it the differential
operator Ay, and using that, by hypothesis, Aydret,av(x —
yj) =8(x — y;), we obtain:

AcDY L (Vi) =) 8(x = y))
J€ln

X [Dret(Yn \{)’j}Qx)_Dav(Yn\{yj};x)]- (117)
By comparison with Eq. (110), this establishes that
Dy (Yo \ Ay} %) = Drer(¥n \ {3} %)
—Day (Y \ {yj}; x). (118)

Simultaneously considering the supports of the involved dis-
tributions [see Eq. (114)], this equation is a solution for the
splitting problem of D" (Y, \ {y 7}; x). Therefore, there are

solutions R, ; and R;ﬁ"‘ such that
AxRy g (Ynsx) = Z S(x — yDRY (Yo \ {yj}:x), (119)
J€ly

which completes the proof.

Appendix B: Proof of Theorem 7

We want to show, firstly, that VF € {R; A; T}: Vm € N:

AFl Vi) = 0 B (Y \ 1y} y/) P30S (yj — x).
jelﬂ‘l
(120)

The case m = 1 is hypothesis of the theorem [Eq. (96)], so
the proof of Eq. (120) can be made by complete mathematical
induction; the procedure is identical to the shown for prov-
ing Theorem 6, substituting, when necessary, §(y; — x) by
P(95)3(y; — x). Due to Eq. (95), on the other hand, we have
that — we argue for the advanced interacting field; similar

@ Springer

arguments prove the result for the retarded one —

1
AyUay(x; 8) = Z al / AXRZJr](Yn; x)g(Yn)dY,

neN
1 .
=> =2 f R (Y \ {3} ¥))
neN " jel,

X P(ax)(s(yj - x)g(Yn)dYn

M
=) = §(yj —x)
% n! ]%;1 J
x P@)) (R \ 1 v ) 80 \ {3 DY,
(121)

where we have used that P (9,)d(y; —x) = P(—0;)d(y; —x)
and made an integration by parts. Integrating the variable y;
in each term of the sum:

AUy (x; g)

- Z nl!fp(ax) (R,{gl(yn;x)g(x)) g(Yn)dY,

neNp

1 .
=P {g(x) Y - f R (Yus x)g(Yn)dYy ¢

nENo

(122)

which is exactly Eq. (97), and from which it immediately
follows Eq. (98).

Appendix C: Proof of Theorem 8

We start with the perturbative expansion of the interaction
field — again, we make the proof for the advanced interacting
field —

1
U (6 9) = @) + ) — / R (Vs X)g(Ya)dY,. (123)
neN
As previously argued [see Eq. (69) and the paragraph above
it], once the normal ordering is realized, the retarded distri-

bution R} 1 (Y,,; x) must have the form

RY (Y x) =D R(YVu \ ;)i y))drer(yj — ).
jEIIl

(124)
Substituting into Eq. (123),

1
U (:9) =u() + Y - 3 /dm(y, —x)

neN " jel,
X R(Yy \ {y;}; yj)g(¥)dY,

1
=t + 0 = 3 [ a0ty -0

neN jel,
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x /R(Yn \ O )8\ (DAY \ ()

—u(x) + f drex(y — )

1
<[ D= / R(Yy: )8 (Y)Y, | g(y)d*y.

nGNo

(125)

The next step stands over the hypothesis that the one-point
distribution is T1(x) =i : j,(x)u(x): . Indeed, the term
inside the parenthesis in Eq. (125) represents a dynamical
variable with initial condition R(#; y). From Eq. (124), we
see that it is defined such that

Ry (y; x) = R(; y)dret(y — X). (126)

But, by construction, Ry (y; x) is the retarded part of the
causal distribution D5 (y; x) = [T1(y); u(x)] = ju(Md(y —
x), hence R(¥;y) = j,(y). This also holds at higher

orders: To construct R;/ 11 (Y,; x) with the field u(x) at the

point x, with it necessarily contracted, is equivalent to con-
struct the same distribution letting the field iu(y;), with-
out contraction, in order to be contracted with u(x) later,
in order to obtain dye(y; — x). Therefore, the distribution
R(Y, \ {y;}; y;j) in Eq. (124) is constructed only with the
current j, (y;) at the point y;. This allows us to write

R, \ {yj}: yj) = R \ 1y} yi), (127)

and the expression inside the parentheses in Eq. (125) is iden-
tified with the interacting current I3y’ (y; g).
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