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On-Shell Calculation of Low-Energy Photon–Photon Scattering

Barry R. Holstein

Department of Physics—LGRT, University of Massachusetts, Amherst, MA 01003, USA;

holstein@physics.umass.edu

Abstract: Although photon–photon scattering does not exist at the tree level, this is no

longer the case at loop order and was first calculated by Euler and Heisenberg. The

existence of this phenomenon has now been confirmed experimentally by the ATLAS

collaboration and plays a small but important role in the calculation of gµ-2. We show how

the low-energy form of the γγ scattering amplitude can be determined via causal (on-shell)

methods using Compton scattering helicity amplitudes as input for the case of charged

S = 0, S = 1/2, and S = 1 intermediate state fields.

Keywords: effective Lagrangian; Euler–Heisenberg; on-shell method

1. Introduction

As every physicist knows, there exists no tree-level photon–photon scattering since a

photon couples to charge but is itself uncharged. Nevertheless, at the loop level, there arises

a nonzero γγ→ γγ amplitude on account of diagrams such as those shown in Figure 1.

a) b) c) d)

Figure 1. Shown are the box (a), triangle (b), (c) and bubble (d) diagrams contributing to low-energy

photon–photon scattering. Here, the solid lines represent massive charged particles, while the wiggly

lines are photons.

From Lorentz, parity, and gauge invariance, it is clear that the general low-energy

form of an effective interaction describing such a phenomenon must be

Le f f = c1(FµνFµν)2 + c2(Fµν F̃µν)2 (1)

where Fµν = ∂µ Aν − ∂ν Aµ is the electromagnetic field tensor and F̃µν = 1
2 ϵµναβFαβ is

its dual. The existence of such a phenomenon was clear to Heisenberg soon after Dirac

published his hole theory for a spin 1
2 particle, and he assigned a student Hans Euler to this

problem, which became his PhD thesis [1] 1. The coefficients c1, c2 were found by Euler and

Heisenberg to be [5]

c1(S =
1

2
) =

4α2

360m4
and c2(S =

1

2
) =

7α2

360m4
(2)
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where α = e2/4π is the fine structure constant and m is the mass of the charged spin- 1
2

field. Since that time the Euler–Heisenberg coefficients have also been determined for the

case of a charged scalar—c1(S = 0) = 7α2

1440m4 , c2(S = 0) = α2

1440m4 [6] and a charged vector

system—c1(S = 1) = 29α2

160m4 , c2(S = 1) = 27α2

160m4 [7]. Photon–photon scattering has been

seen experimentally at the LHC by the ATLAS collaboration [8], and an off-shell extension

has been used by theorists in order to calculate a small but important contribution to the

anomalous magnetic dipole moment of the muon [9].

Various methods have been used to obtain these γγ → γγ results. The original Eu-

ler–Heisenberg paper was a tour-de-force evaluation using solutions of the Dirac equation,

though a later calculation by Weisskopf was able to obtain the result using only the spec-

trum [6]. Recently, a Czech masters thesis was able to obtain these forms from a direct

diagrammatic evaluation, although computer algebra was used to manipulate the many

hundreds of diagrams that were involved [10,11]. Because of its importance, a straight-

forward and simple derivation is clearly of interest, and below, we show how this can

be achieved by the use of forward scattering dispersion relations, the input to which are

on-shell Compton scattering helicity amplitudes. The advantage offered by such on-shell

techniques has been shown recently in the context of electromagnetic and gravitational

scattering [12,13], and the present work offers a further indication of the simplification that

such methods can provide.

In Section 2, then we establish our formalism and show how to connect with an

effective Lagrangian of the Euler–Heisenberg form. In Section 3, we perform the calculation

using Compton helicity amplitudes for targets with spin 0, 1
2 , and 1 and reproduce the

corresponding Euler–Heisenberg coefficients. We close with a summary in Section 6.

2. Calculation

The calculation of light by light scattering is performed by use of a forward scattering

dispersion relation. as done by Schwinger [14]. The analytic structure of the forward

amplitude is shown in Figure 2, which indicates the presence of s- and u-channel cuts from

s = 4m2 to s = ∞ and from s = −∞ to s = −4m2. Using the contour shown in the figure,

we can then reproduce the Euler–Heisenberg forms.

s

Figure 2. Shown is the contour used in generating the dispersion relation.
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Contact between the photon–photon scattering and the Euler–Heisenberg Lagrangian

can be made by noting that the very low-energy photon–photon forward scattering ampli-

tude must have the general form

〈

ab|Ampγγ(S)|cd
〉

∣

∣

∣

∣

θ=0

=
〈

ab|X
(S)
1 (s)O1 + X

(S)
2 (s)O2 + X

(S)
3 (s)O3|cd

〉

(3)

where

O1 = ϵ̂2 · ϵ̂1ϵ̂

′∗
2 · ϵ̂

′∗
1

O2 = ϵ̂2 · ϵ̂
′∗
1 ϵ̂1 · ϵ̂

′∗
2 (4)

O3 = ϵ̂1 · ϵ̂
′∗
1 ϵ̂

′∗
2 · ϵ̂2

Since, in terms of helicity amplitudes

++← ++ : O1 = 1; O2 = 0; O3 = 1

+− ← +− : O1 = 0; O2 = 1; O3 = 1 (5)

−− ← ++ : O1 = 1; O2 = 1; O3 = 0

we have

X
(S)
1 (s) + X

(S)
3 (s) =

〈

++ |Ampγγ(S)(s)|++
〉

∣

∣

∣

∣

θ=0

X
(S)
2 (s) + X

(S)
3 (s) =

〈

+− |Ampγγ(S)(s)|+−
〉

∣

∣

∣

∣

θ=0

(6)

X
(S)
1 (s) + X

(S)
2 (s) =

〈

−− |Ampγγ(S)(s)|++
〉

∣

∣

∣

∣

θ=0

so that

X
(S)
1 (s) =

1

2

[〈

++ |Ampγγ(S)|++
〉

+
〈

−− |Ampγγ(S)|++
〉

−
〈

+− |Ampγγ(S)|+−
〉]

∣

∣

∣

∣

θ=0

X
(S)
2 (s) =

1

2

[〈

−− |Ampγγ(S)|++
〉

+
〈

+− |Ampγγ(S)|+−
〉

−
〈

++ |Ampγγ(S)|++
〉]

∣

∣

∣

∣

θ=0

(7)

X
(S)
3 (s) =

1

2

[〈

++ |Ampγγ(S)|++
〉

+
〈

+− |Ampγγ(S)|+−
〉

−
〈

−− |Ampγγ(S)|++
〉]

∣

∣

∣

∣

θ=0

Using crossing symmetry and defining [15,16]

f
(S)
± (s) ≡

[〈

++ |Ampγγ(S)|++
〉

±
〈

+− |Ampγγ(S)|+−
〉]

∣

∣

∣

∣

θ=0

(8)

we require f
(S)
± (s) = ± f

(S)
± (−s), and we can take the remaining amplitude to be

g(S)(s) = g(S)(−s) ≡
〈

−− |Ampγγ(S)|++
〉

∣

∣

∣

∣

θ=0

(9)
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Defining the total helicity cross-sections σ
(S)
0,2 (s) in the center of mass frame as

σ
(S)
0 (s) =

v(s)

16πs ∑
s1,s2

∫

dΩ

4π

∣

∣

∣

∣

AmpA
++(s, θ)

∣

∣

∣

∣

2

σ
(S)
2 (s) =

v(s)

16πs ∑
s1,s2

∫

dΩ

4π

∣

∣

∣

∣

AmpA
+−(s, θ)

∣

∣

∣

∣

2

(10)

where v(s) =
√

1− 4m2

s is the relative velocity of the meson pair, then using unitarity, we

reproduce the optical theorem

Disc
〈

cd|Ampγγ(S)|cd
〉

∣

∣

∣

∣

θ=0

=
i

2! ∑
s1,s2

∫

d3 p1

2p10(2π)3

d3 p2

2p20(2π)3

×(2π)4δ4(k1 + k2 − p1 − p2)

∣

∣

∣

∣

AmpA
cd(S)

∣

∣

∣

∣

2

= isσcd(s) (11)

where AmpA
cd(S) is the annihilation-channel Compton amplitude for the reaction γc +

γd → p1, s1 + p2, s2 and σcd(s) is the total scattering cross section for the γc + γd process.

Considering first the amplitude f
(S)
+ (s) we see that along the right-hand cut, since

Disc
〈

++ |Ampγγ(S)|++
〉

∣

∣

∣

∣

θ=0

=
s

2
σ
(S)
0 (s)

Disc
〈

+− |Ampγγ(S)|+−
〉

∣

∣

∣

∣

θ=0

=
s

2
σ
(S)
2 (s) (12)

where σH(s) is the scattering cross section in the channel with total helicity H, we have

Disc f
(S)
+ (s) = is(σ0(s) + σ2(s)) s > 4m2 (13)

However, because of the condition f
(S)
+ (s) = f

(S)
+ (−s) there exists an identical discontinuity

across the left-hand cut

Disc f
(S)
+ (−s) = is

(

σ
(S)
0 (s) + σ

(S)
2 (s)

)

s > 4m2 (14)

The corresponding dispersion relation then reads

f
(S)
+ (s) =

1

2π

∫ ∞

4m2
ds′s′

(

σ
(S)
2 (s′) + σ

(S)
0 (s′)

)

(

1

s′ − s
+

1

s′ + s

)

=
1

π

∫ ∞

4m2

ds′s
′2
(

σ
(S)
2 (s′) + σ

(S)
0 (s′)

)

s
′2 − s2

(15)

In the case of f
(S)
− (s), because of the condition f

(S)
− (s) = − f

(S)
− (−s) the dispersion relation

becomes

f
(S)
− (s) =

1

2π

∫ ∞

4m2
ds′s′

(

σ
(S)
2 (s′)− σ

(S)
0 (s′)

)

(

1

s′ − s
−

1

s′ + s

)

=
s

π

∫ ∞

4m2

ds′s′
(

σ
(S)
2 (s′)− σ

(S)
0 (s′)

)

s
′2 − s2

(16)
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However, from the low-energy scattering form given in Equation (1), we see that the

scattering amplitude must begin atO(s2), meaning we must subtract the dispersion relation

for f+(s), yielding

f
(S)
+ (s) =

s2

π

∫ ∞

0

ds′
(

σ
(S)
2 (s′) + σ

(S)
0 (s′)

)

s
′2 − s2

(17)

Finally, in the case of g(S)(s) it is necessary to look at linearly polarized cross-sections

σ
(S)
∥

(s) =
v(s)

16πs ∑
s1,s2

∫

dΩ

4π

∣

∣

∣

∣

AmpA(S)
xx (s, θ)

∣

∣

∣

∣

2

=
v(s)

64πs ∑
s1,s2

∫

dΩ

4π

∣

∣

∣

∣

Amp
A(S)
++ (s, θ)−Amp

A(S)
+− (s, θ)−Amp

A(S)
−+ (s, θ) + Amp

A(S)
−− (s, θ)

∣

∣

∣

∣

2

σ
(S)
⊥ (s) =

v(s)

16πs ∑
s1,s2

∫

dΩ

4π

∣

∣

∣

∣

AmpA(S)
xy (s, θ)

∣

∣

∣

∣

2

(18)

=
v(s)

16πs ∑
s1,s2

∫

dΩ

4π

∣

∣

∣

∣

Amp
A(S)
++ (s, θ) + Amp

A(S)
+− (s, θ)−Amp

A(S)
−+ (s, θ)−Amp

A(S)
−− (s, θ)

∣

∣

∣

∣

2

Subtracting, we find

σ
(S)
∥

(s)− σ
(S)
⊥ (s) =

v(s)

16πs ∑
s1,s2

Re
∫

dΩ

4π

[

Amp
A(S)∗
−− (s, θ)Amp

A(S)
++ (s, θ)

+ Amp
A(S)∗
+− (s, θ)Amp

A(S)
−+ (s, θ)−Amp

A(S)∗
+− (s, θ)Amp

A(S)
++ (s, θ) (19)

− Amp
A(S)∗
−− (s, θ)Amp

A(S)
−+ (s, θ)

]

=
v(s)

16πs ∑
s1,s2

Re
∫

dΩ

4π
Amp

A(S)∗
−− (s, θ)Amp

A(S)
++ (s, θ) ,

i.e., after integration over a solid angle, only the first term survives since the other three

terms involve differing initial and final state helicity change. We have then

Disc g(S)(s) = Disc g(S)(−s) =
s

2

(

σ
(S)
∥

(s)− σ
(S)
⊥ (s)

)

s > 4m2 (20)

Again we must subtract, since the scattering amplitude begins at O(s2), so that the disper-

sion relation reads

g(S)(s) =
s2

π

∫ ∞

4m2

ds′
(

σ
(S)
∥

(s′)− σ
(S)
⊥ (s′)

)

s
′2 − s2

(21)

On the other hand, if we write the general effective Lagrangian for low-energy pho-

ton–photon scattering as in Equation (1)

Le f f = c1(FµνFµν)2 + c2(Fµν F̃µν)2 (22)

then the general low-energy photon–photon scattering amplitude has the center of mass

form [17]
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〈

cd|Amp(S)
γγ |ab

〉

= 16ω4
{

2c
(S)
1 ϵ̂

a
1 · k̂

′
ϵ̂

b
2 · k̂

′
ϵ̂

′c∗
1 · k̂ϵ̂

′d∗
2 · k̂

+ 2c
(S)
2

[

ϵ̂
a
1 · k̂

′
ϵ̂

b
2 · k̂

′
ϵ̂

′c∗
1 · ϵ̂

′d∗
2 + ϵ̂

′c∗
1 · k̂ϵ̂

′d∗
2 · k̂ϵ̂

a
1 · ϵ̂

b
2

]

+
[

(c
(S)
1 (1− cos θ)− 5c

(S)
2

][

ϵ̂
a
1 · k̂

′
ϵ̂

′c∗
1 · k̂ϵ̂

b
2 · ϵ̂

′d∗
2 + ϵ̂

b
2 · k̂

′
ϵ̂

′d∗
2 · k̂ϵ̂

a
1 · ϵ̂

′c∗
1

]

−
[

(c
(S)
1 (1 + cos θ)− 5c

(S)
2

][

ϵ̂
a
1 · k̂

′
ϵ̂

′d∗
2 · k̂ϵ̂

b
2 · ϵ̂

′c∗
1 + ϵ̂

b
2 · k̂

′
ϵ̂

′c∗
1 · k̂ϵ̂

a
1 · ϵ̂

′d∗
2

]

(23)

+
[

4(c
(S)
1 − c

(S)
2 )

]

ϵ̂
a
1 · ϵ̂

b
2ϵ̂

′c∗
1 · ϵ̂

′d∗
2

+
[

(c
(S)
1 (1 + cos θ)2 + c

(S)
2 (2− 6 cos θ)

]

ϵ̂
a
1 · ϵ̂

′d∗
2 ϵ̂

′∗
1 · ϵ̂

b
2

+
[

(c
(S)
1 (1− cos θ)2 + 4c

(S)
2 (1 + cos θ)

]

ϵ̂
a
1 · ϵ̂

′c∗
1 ϵ̂

′d∗
2 · ϵ̂

b
2

}

so that the forward scattering amplitude is

〈

cd|Amp(S)
γγ |ab

〉

∣

∣

∣

∣

θ=0

= 64ω4
[

(c
(S)
1 − c

(S)
2 )

(

ϵ̂
a
1 · ϵ̂

b
2ϵ̂

′c∗
1 · ϵ̂

′d∗
2

+ ϵ̂
a
1 · ϵ̂

′d∗
2 ϵ̂

′c∗
1 · ϵ̂

b
2

)

+ 2c
(S)
2 ϵ̂

a
1 · ϵ̂

′c∗
1 ϵ̂

′d∗
2 · ϵ̂

b
2

]

(24)

That is

〈

++ |Amp(S)
γγ |++

〉

∣

∣

∣

∣

θ=0

= 64ω4(c
(S)
1 + c

(S)
2 )

〈

+− |Amp(S)
γγ |+−

〉

∣

∣

∣

∣

θ=0

= 64ω4(c
(S)
1 + c

(S)
2 ) (25)

〈

−− |Amp(S)
γγ |++

〉

∣

∣

∣

∣

θ=0

= 128ω4(c
(S)
1 − c

(S)
2 )

or

f
(S)
+ (s) = 8s2(c

(S)
1 + c

(S)
2 ) +O(s4)

f
(S)
− (s) = O(s3) (26)

g(S)(s) = 8s2(c
(S)
1 − c

(S)
2 ) +O(s4)

Matching to the corresponding subtracted dispersive forms we have, then the identities

8s2(c
(S)
1 + c

(S)
2 ) =

s2

π

∫ ∞

0

ds′

s
′2

(

σ
(S)
∥

(s′) + σ
(S)
⊥ (s′)

)

0 =
∫ ∞

0

ds′

s′

(

σ
(S)
2 (s′)− σ

(S)
0 (s′)

)

(27)

8s2(c
(S)
1 − c

(S)
2 ) =

s2

π

∫ ∞

0

ds′

s
′2

(

σ
(S)
∥

(s′)− σ
(S)
⊥ (s′)

)

where we have used the feature that the total cross-section can be written either as the sum

of parallel/perpendicular or as the sum of total helicity 0/2 cross-sections—

σ
(S)
∥

(s) + σ
(S)
⊥ (s) = σ

(S)
2 (s′) + σ

(S)
0 (s′). (28)
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We find then the three sum rules [18]

c
(S)
1 =

1

8π

∫ ∞

0

ds′

s
′2

σ∥(s
′)

c
(S)
2 =

1

8π

∫ ∞

0

ds′

s
′2

σ⊥(s
′) (29)

0 =
∫ ∞

0

ds′

s′

(

σ
(S)
2 (s′)− σ

(S)
0 (s′)

)

The first two integrals represent a procedure by which to determine the Euler–Heisenberg

coefficients c
(S)
1 , c

(S)
2 . The third relation, derived previously by Gerasimov and Moulin [19]

and by Brodsky and Schmidt [20], can be considered to be simply the Gerasimov-Drell-

Hearn (GDH) sum rule in the case of Compton scattering on a photon target [21,22]. Indeed,

since the GDH sum rule relates a cross-section integral to the anomalous magnetic moment

of the target, the vanishing of the third integral implies that the photon has no anomalous

magnetic moment.

Equivalently, if we look at forward scattering with parallel linear polarization—ϵ1 =

ϵ2 = ϵ′1 = ϵ′2—we have

s2c
(S)
1 =

1

8
Amp∥γγ(S) =

1

8

(

X
(S)
1 (s) + X

(S)
2 (s) + X

(S)
3 (s)

)

=
1

16

[〈

++ |Ampγγ(S)|++
〉

+
〈

+− |Ampγγ(S)|+−
〉

(30)

+
〈

−− |Ampγγ(S)|++
〉]

∣

∣

∣

∣

θ=0

while if we look at the perpendicular case—ϵ1 = ϵ′1 ⊥ ϵ2 = ϵ′2—we have

s2c
(S)
2 =

1

8
Amp⊥γγ(S) =

1

8
X
(S)
3 =

1

16

[〈

++ |Ampγγ(S)|++
〉

+
〈

+− |Ampγγ(S)|+−
〉

−
〈

−− |Ampγγ(S)|++
〉]

∣

∣

∣

∣

θ=0

(31)

With this background in place, we can now proceed to determine the Euler–Heisenberg

coefficients for general spin.

3. Spin 0

We begin with the simple case of spin 0, wherein the annihilation-channel Compton

scattering helicity amplitudes are [23]

AmpA
00;+−(s, t, u; S = 0) = AmpA

00;−+(s, t, u; S = 0) = 2e2 m4 − tu

(t−m2)(m2 − u)

AmpA
00;++(s, t, u; S = 0) = AmpA

00;−−(s, t, u; S = 0) = −2e2 m2s

(t−m2)(m2 − u)
(32)

We have then, along the right-hand cut
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Disc
〈

++ |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

= Disc
〈

−− |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

= i
1

16π

√

1−

(

4m2

s

)

∫

dΩ1

4π

∣

∣

∣

∣

AmpA
00;++(s, t, u; S = 0)

∣

∣

∣

∣

2

θ(s− 4m2)

= i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

m4s2

(t−m2)2(u−m2)2
θ(s− 4m2) (33)

Disc
〈

+− |Ampγγ(S = 0)|+−
〉

= i
1

16π

√

1−

(

4m2

s

)

∫

dΩ1

4π
|

∣

∣

∣

∣

AmpA
00;+−(s, t, u; S = 0)

∣

∣

∣

∣

2

θ(s− 4m2)

= i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(m4 − tu)2

(t−m2)2(u−m2)2
θ(s− 4m2)

where we have defined the Mandelstam variables s = (k1 + k2)
2 , t = (k1 − p1)

2 , u =

(k1 − p2)
2. Working in the CM frame of the annihilation channel, these become s =

4E2 , t = m2 − 2E2(1− v cos θ) , u = m2 − 2E2(1 + v cos θ) where v(s) = p/E =
√

1− m2

E2

is the velocity and we find

Disc
〈

++ |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

= i
e4v

16π

[

I1(v)θ(s− 4m2) + I2(v)θ(−4m2 − s)
]

Disc
〈

+− |Ampγγ(S = 0)|+−
〉

∣

∣

∣

∣

θ=0

= i
e4v

16π

[

I2(v)θ(s− 4m2) + I1(v)θ(−4m2 − s)
]

(34)

Disc
〈

−− |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

= i
e4v

16π
I1(v)

[

θ(s− 4m2) + θ(−4m2 − s)
]

where

I1(v) = (1− v2)2
∫ 1

−1

dz

(1− v2z2)2
= 1− v2 +

(1− v2)2

2v
ln

1 + v

1− v

I2(v) = v4
∫ 1

−1
dz

(1− z2)2

(1− v2z2)2
= 3− v2 −

(3 + v2)(1− v2)

2v
ln

1 + v

1− v
(35)

We can now place these discontinuities into a doubly subtracted dispersion relation to yield

the threshold values of the photon–photon scattering amplitudes. Changing the variable of

integration from s′ to v(s′) we find [14] 2
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[〈

++ |Ampγγ(S = 0)|++
〉

+
〈

+− |Ampγγ(S = 0)|+−
〉]

∣

∣

∣

∣

θ=0

=
s2

π

∫ ∞

4m2

ds′Disc
[〈

++ |Ampγγ(S = 0)|++
〉

+
〈

+− |Ampγγ(S = 0)|+−
〉]

∣

∣

∣

∣

θ=0

s′3

=
e4s2

64π2m4

∫ 1

0
dvv2(1− v2)(I1(v) + I2(v)) =

α2s2

4m4

(

·
2

15
+

2

45

)

=
α2s2

4m4

8

45
(36)

〈

−− |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

=
s2

π

∫ ∞

4m2

ds′Disc
〈

−− |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

s′3

=
e4s2

64π2m4

∫ 1

0
dvv2(1− v2)I1(v) =

α2s2

4m4
·

2

15

For the Euler–Heisenberg coefficients, we have then

c
(0)
1 =

1

8s2
Amp∥γγ(S = 0) =

1

16s2

[〈

++ |Ampγγ(S = 0)|++
〉

+
〈

+− |Ampγγ(S = 0)|+−
〉

+
〈

−− |Ampγγ(S = 0)|++
〉]

∣

∣

∣

∣

θ=0

=
1

s2

(

f
(0)
+ (s) + g(0)(s)

)

=
α2

64m4

(

8

45
+

6

45

)

=
7α2

1440m4
(37)

c
(0)
2 =

1

8s2
Amp⊥γγ(S = 0) =

1

16s2

[〈

++ |Ampγγ(S = 0)|++
〉

+
〈

+− |Ampγγ(S = 0)|+−
〉

−
〈

−− |Ampγγ(S = 0)|++
〉]

∣

∣

∣

∣

θ=0

=
1

s2

(

f
(0)
+ (s)− g(0)(s)

)

=
α2

64m4

(

8

45
−

6

45

)

=
α2

1440m4

which agree with the well-known values [24].

We can also check the validity of the “GDH” sum rule, which, at this order, reads

0 =
∫ ∞

4m2

ds′

s
′2

Disc
[〈

++ |Ampγγ(S = 0)|++
〉

−
〈

+− |Ampγγ(S = 0)|+−
〉]

∣

∣

∣

∣

θ=0

(38)

Changing variables as above, the integral becomes

e4

64π2m4

∫ 1

0
dvv2(I1(v)− I2(v)) = −

e4

32π2m4

∫ 1

0
dvv2

(

1−
(1− v2)

v
ln

1 + v

1− v

)

= 0 (39)

so that this requirement is also satisfied.

4. Spin 1
2

We can similarly determine the Euler–Heisenberg coefficients for the case of spin- 1
2 .

We begin with the annihilation-channel Compton scattering helicity amplitudes, which are

found to be [25]
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AmpA
↑↓;+−(S =

1

2
) = AmpA

↓↑;−+(S =
1

2
) =

2e2(m4 − tu)
1
2

(m2 − u)(t−m2)2
((t−m2)2 + m2s)

AmpA
↑↓;−+(S =

1

2
) = AmpA

↓↑;+−(S =
1

2
) = −

2e2(m4 − tu)
3
2

(m2 − u)(t−m2)2

AmpA
↑↑;++(S =

1

2
) = AmpA

↓↓;−−(S =
1

2
) = −

2e2mt(−s)
3
2

(t−m2)2(m2 − u)

AmpA
↑↑;−−(S =

1

2
) = −AmpA

↓↓;++(S =
1

2
) = −

2e2m3(−s)
3
2

(t−m2)2(m2 − u)
(40)

AmpA↑↓;−−(S =
1

2
) = AmpA

↓↑;−−(S =
1

2
) = AmpA

↑↓;++(S =
1

2
) = AmpA

↓↑;++(S =
1

2
)

=
2e2m2s(m4 − tu)

1
2

(m2 − u)(t−m2)2

AmpA
↑↑;+−(S =

1

2
) = −AmpA

↓↓;−+(S =
1

2
) = AmpA

↓↓;+−(S =
1

2
) = AmpA

↑↑;−+(S =
1

2
)

= = −
2e2m(−s)

1
2 (m4 − tu)

(m2 − u)(t−m2)2

We have then

Disc

〈

ab|Ampγγ(S =
1

2
)|cd

〉∣

∣

∣

∣

θ=0

=
i

2!

∫

d3 p1

2p10(2π)3

d3 p2

2p20(2π)3

×(2π)4δ4(k1 + k2 − p1 − p2)∑
e f

〈

e f |AmpA(S =
1

2
)|ab

〉∗〈

e f |AmpA(S =
1

2
)|cd

〉

(41)

Specifically, along the right-hand cut

Disc

〈

++ |Ampγγ(S =
1

2
)|++

〉∣

∣

∣

∣

θ=0

= −i
1

16π

√

1−

(

4m2

s

)

×
∫

dΩ1

4π

↑

∑
e, f=↓

∣

∣

∣

∣

〈

e f |AmpA(S =
1

2
)|++

〉∣

∣

∣

∣

2

θ(s− 4m2)

= −i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

1

(m2 − u)(t−m2)

)2

×
[

2(m4 − tu)2 + s2(m4 − tu)
]

θ(s− 4m2)

Disc

〈

+− |Ampγγ(S =
1

2
)|+−

〉∣

∣

∣

∣

θ=0

= −i
1

16π

√

1−

(

4m2

s

)

×
∫

dΩ1

4π

↑

∑
e, f=↓

∣

∣

∣

∣

〈

e f |AmpA(S =
1

2
)|+−

〉∣

∣

∣

∣

2

θ(s− 4m2) (42)

= −i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

1

(m2 − u)(t−m2)

)2

× (2m4s2 −m2s3)θ(s− 4m2)

Disc

〈

−− |Ampγγ(S =
1

2
)|++

〉∣

∣

∣

∣

θ=0

= −i
1

16π

√

1−

(

4m2

s

)

×
∫

dΩ1

4π

↑

∑
e, f=↓

〈

e f |AmpA(S =
1

2
)| − −

〉∗〈

e f |AmpA(S =
1

2
)|++

〉

θ(s− 4m2)

= −i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

1

(m2 − u)(t−m2)

)2

×
2(m4 − tu)2

(t−m2)2(u−m2)2
θ(s− 4m2)
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Please note that Equation (43) can be written in the form

Disc

〈

++ |Ampγγ(S =
1

2
)|++

〉∣

∣

∣

∣

θ=0

= 2Disc
〈

++ |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

+ i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

s2(m4 − tu)

(u−m2)2(t−m2)2

)

θ(s− 4m2)

= −ie4 v

8π

[

(2I1(v)− 4I3(v))θ(s− 4m2) + (2I2(v)− 4I4(v))θ(−4m2 − s)
]

Disc

〈

+− |Ampγγ(S =
1

2
)|+−

〉∣

∣

∣

∣

θ=0

= −2Disc
〈

+− |Ampγγ(S = 0)|+−
〉

∣

∣

∣

∣

θ=0

(43)

+ i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

m2s3

(u−m2)2(t−m2)2

)

θ(s− 4m2)

= ie4 v

8π

[

(2I2(v)− 4I4(v))θ(s− 4m2) + (2I1(v)− 4I3(v))θ(−4m2 − s)
]

Disc

〈

−− |Ampγγ(S =
1

2
)|++

〉∣

∣

∣

∣

θ=0

= −2Disc
〈

−− |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

= −ie4 v

8π
2I1(v)

[

θ(s− 4m2) + θ(−4m2 − s)
]

where

I3(v) = (1− v2)
∫ 1

−1

dz

(1− v2z2)2
= 1 +

1− v2

2v
ln

1 + v

1− v

I4(v) = v2
∫ 1

−1
dz

(1− z2)

(1− v2z2)2
= −1 +

1 + v2

2v
ln

1 + v

1− v
(44)

We have then

[〈

++ |Ampγγ(S =
1

2
)|++

〉

+

〈

+− |Ampγγ(S =
1

2
)|+−

〉]∣

∣

∣

∣

θ=0

=
s2

π

∫ ∞

4m2

ds′Disc
[〈

++ |Ampγγ(S = 1
2 )|++

〉

+
〈

+− |Ampγγ(S = 1
2 )|+−

〉]

∣

∣

∣

∣

θ=0

s′3

=
e4s2

64π2m4

∫ 1

0
dvv2(1− v2)(2I1(v)− 4I3(v) + 2I2(v)− 4I4(v))

=
α2s2

4m4
·

(

2 ·
2

15
− 4 ·

10

45
+ 2 ·

2

45
− 4 ·

5

45

)

= −
α2

4m4

44

45
(45)

〈

−− |Ampγγ(S =
1

2
)|++

〉∣

∣

∣

∣

θ=0

=
s2

π

∫ ∞

4m2

ds′Disc
〈

++ |Ampγγ(S = 1
2 )|++

〉

∣

∣

∣

∣

θ=0

s′3

=
e4s2

64π2m4

∫ 1

0
dvv2(1− v2) = 2I1(v) =

α2s2

4m4
·

(

2 ·
2

15

)

=
12

45

α2s2

4m2
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For the Euler–Heisenberg coefficients, we have then

c
( 1

2 )
1 =

1

8s2
Amp∥γγ(S =

1

2
) =

1

16s2

[〈

++ |Ampγγ(S =
1

2
)|++

〉

+

〈

+− |Ampγγ(S =
1

2
)|+−

〉

+

〈

−− |Ampγγ(S =
1

2
)|++

〉]∣

∣

∣

∣

θ=0

=
1

s2

(

f
( 1

2 )
+ (s) + g(

1
2 )(s)

)

=
α2

64m4

(

−
44

45
+

12

45

)

= −
α2

90m4

c
( 1

2 )
2 =

1

8s2
Amp⊥γγ(S =

1

2
) =

1

16s2

[〈

++ |Ampγγ(S =
1

2
)|++

〉

(46)

+

〈

+− |Ampγγ(S =
1

2
)|+−

〉

−

〈

−− |Ampγγ(S =
1

2
)|++

〉]∣

∣

∣

∣

θ=0

=
1

s2

(

f
( 1

2 )
+ (s)− g(

1
2 )(s)

)

=
α2

64m4

(

−
44

45
−

12

45

)

= −
7α2

360m4

which agree with the well-known values [5].

Again, we can also check the validity of the “GDH” sum rule, which now reads

0 =
∫ ∞

4m2

ds′

s
′2

Disc

[〈

++ |Ampγγ(S =
1

2
)|++

〉

−

〈

+− |Ampγγ(S =
1

2
)|+−

〉]∣

∣

∣

∣

θ=0

(47)

Changing variables, the integral becomes

e4

64π2m4

∫ 1

0
dvv2(2(I1(v)− I2(v))− 4(I3(v)− I4(v)))

= −
e4

16π2m4

∫ 1

0
dvv2

[(

1−
(1− v2)

v
ln

1 + v

1− v

)

+

(

2− v ln
1 + v

1− v

)]

= 0 (48)

so that this requirement is also satisfied.

5. Spin 1

Finally, we find the Euler–Heisenberg coefficients for an ideal (with gyromagnetic

ratio g = 2) spin-1 system, for which the annihilation-channel Compton Scattering helicity

amplitudes are [26]
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AmpA
−+;1−1(S = 1) = AmpA

+−;−11(S = 1) = 2e2

(

(t−m2)2 + m2s
)2

(t−m2)3(u−m2)
,

AmpA
+−;1−1(S = 1) = AmpA

−+;−11(S = 1) = 2e2 (m4 − tu)2

(t−m2)3(u−m2)
,

AmpA
++;−1−1(S = 1) = AmpA

−−;11(S = 1) = 2e2 m4s2

(t−m2)3(u−m2)
,

AmpA
−−;−1−1(S = 1) = AmpA

++;11(S = 1) = 2e2 s2t2

(t−m2)3(u−m2)
,

AmpA
++;1−1(S = 1) = AmpA

−−;−11(S = 1) = AmpA
−−;1−1(S = 1) = AmpA

++;−11(S = 1) ,

= 2e2 m2s(m4 − tu)

(t−m2)3(u−m2)
,

AmpA
−+;−1−1(S = 1) = AmpA

+−;11(S = 1) = AmpA
−+;11(S = 1) = AmpA

+−;−1−1(S = 1) ,

= 2e2 m2s(m4 − tu)

(t−m2)3(u−m2)
.

AmpA
−+;10(S = 1) = AmpA

+−;−10(S = 1) = AmpA
−+;0−1(S = 1) = AmpA

+−;01(S = 1) , (49)

= 2e2 m
√

−2s(m4 − tu)
(

sm2 + (t−m2)2
)

(t−m2)3(u−m2)
,

AmpA
++;10(S = 1) = AmpA

−−;−10(S = 1) = AmpA
−−;0−1(S = 1) = AmpA

++;01(S = 1) ,

= 2e2 mt
√

−2s3(m4 − tu)

(t−m2)3(u−m2)
,

AmpA
−−;10(S = 1) = AmpA

++;−10(S = 1) = AmpA
++;0−1(S = 1) = AmpA

−−;01(S = 1) ,

= 2e2 m3
√

−2s3(m4 − tu)

(t−m2)3(u−m2)
,

AmpA
+−;10(S = 1) = AmpA

−+;−10(S = 1) = AmpA
+−;0−1(S = 1) = AmpA

−+;01(S = 1) ,

= 2e2 m
√

−2s(m4 − tu)3

(t−m2)3t(u−m2)
,

AmpA
−+;00(S = 1) = AmpA

+−;00(S = 1) = 2e2

(

2sm2 + (t−m2)2
)

(m4 − tu)

(t−m2)3(u−m2)
,

AmpA
++;00(S = 1) = AmpA

−−;00(S = 1) = 2e2 m2s
(

(t−m2)2 + 2st
)

(t−m2)3(u−m2)
.



Universe 2025, 11, 134 14 of 17

We have then, along the right-hand cut

Disc
〈

++ |Ampγγ(S = 1)|++
〉

∣

∣

∣

∣

θ=0

= −i
1

16π

√

1−

(

4m2

s

)

×
∫

dΩ1

4π

1

∑
e, f=−1

∣

∣

∣

∣

AmpA
e f ;++

∣

∣

∣

∣

2

θ(s− 4m2)

= −i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

2e2

(m2 − u)(t−m2)

)2

×
(

3(m4 − tu)2 + 4s2(m4 − tu) + s4
)

θ(s− 4m2)

Disc
〈

+− |Ampγγ(S = 1)|+−
〉

∣

∣

∣

∣

θ=0

= −i
1

16π

√

1−

(

4m2

s

)

×
∫

dΩ1

4π

↑

∑
e, f=↓

∣

∣

∣

∣

〈

e f |AmpA|+−
〉

∣

∣

∣

∣

2

θ(s− 4m2) (50)

= −i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

2e2

(m2 − u)(t−m2)

)2

× (3m4s2 − 4s3m2 + s4)θ(s− 4m2)

Disc
〈

−− |Ampγγ(S = 1)|++
〉

∣

∣

∣

∣

θ=0

= −i
1

16π

√

1−

(

4m2

s

)

×
∫

dΩ1

4π

↑

∑
e, f=↓

〈

e f |AmpA| − −
〉∗〈

e f |AmpA|++
〉

θ(s− 4m2)

= −i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

2e2

(t−m2)(u−m2)

)2

× 3(m4 − tu)2θ(s− 4m2)

Please note that Equation (51) can be written in the form

Disc
〈

++ |Ampγγ(S = 1)|++
〉

∣

∣

∣

∣

θ=0

= 3Disc
〈

++ |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

− i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

4s2(m4 − tu) + s4

(u−m2)2(t−m2)2

)

θ(s− 4m2)

= −ie4 v

8π

[

(3I1(v)− 16I3(v) + 16I5(v))θ(s− 4m2) + (3I2(v)− 16I4(v) + 16I5(v))θ(−4m2 − s)
]

Disc

〈

+− |Ampγγ(S =
1

2
)|+−

〉∣

∣

∣

∣

θ=0

= 3Disc
〈

+− |Ampγγ(S = 0)|+−
〉

∣

∣

∣

∣

θ=0

+ i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

4m2s3 − s4

(u−m2)2(t−m2)2

)

θ(s− 4m2) (51)

= ie4 v

8π

[

(3I2(v)− 16I4(v) + 16I5(v))θ(s− 4m2) + (3I1(v)− 16I3(v) + 16I5(v))θ(−4m2 − s)
]

Disc

〈

−− |Ampγγ(S =
1

2
)|++

〉∣

∣

∣

∣

θ=0

= 3Disc
〈

−− |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

− i
e4

4π

√

1−

(

4m2

s

)

∫

dΩ1

4π

(

3s2(m4 − tu)

(u−m2)2(t−m2)2

)

θ(s− 4m2)

= −ie4 v

8π
3I1(v)

[

θ(s− 4m2) + θ(−4m2 − s)
]
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where

I5(v) =
∫ 1

−1
dz

1

(1− v2z2)2
=

1

1− v2
+

1

2v
ln

1 + v

1− v
(52)

We have then

[〈

++ |Ampγγ(S = 1)|++
〉

+
〈

+− |Ampγγ(S = 1)|+−
〉]

∣

∣

∣

∣

θ=0

=
s2

π

∫ ∞

4m2

ds′Disc
[〈

++ |Ampγγ(S = 1)|++
〉

+
〈

+− |Ampγγ(S = 1)|+−
〉]

∣

∣

∣

∣

θ=0

s′3

=
e4s2

64π2m4

∫ 1

0
dvv2(1− v2)(3I1(v)− 16I3(v) + 16I5(v) + 3I2(v)− 16I4(v) + 16I5(v))

=
α2s2

4m4
·

(

3 ·
6

45
− 16 ·

10

45
+ 16 ·

1

2
+ 3 ·

2

45
− 16 ·

5

45
+ 16 ·

1

2

)

=
504α2s2

180m4
(53)

〈

−− |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

=
s2

π

∫ ∞

4m2

ds′Disc
〈

++ |Ampγγ(S = 0)|++
〉

∣

∣

∣

∣

θ=0

s′3

=
e4s2

64π2m4

∫ 1

0
dvv2(1− v2)3I1(v) =

α2s2

4m4
·

(

3 ·
2

15

)

=
18α2s2

180m4

so that for the Euler–Heisenberg coefficients, we find

c
(1)
1 =

1

8s2
Amp∥γγ(S = 1) =

1

16s2

[〈

++ |Ampγγ(S = 1)|++
〉

+
〈

+− |Ampγγ(S = 1)|+−
〉

+
〈

−− |Ampγγ(S = 1)|++
〉]

∣

∣

∣

∣

θ=0

=
1

s2

(

f
(1)
+ (s) + g(1)(s)

)

=
α2

64m4

(

504

180
+

18

180

)

=
29α2

160m4

c
(1)
2 =

1

8s2
Amp⊥γγ(S = 1) =

1

16s2

[〈

++ |Ampγγ(S = 1)|++
〉

(54)

+
〈

+− |Ampγγ(S = 1)|+−
〉

−
〈

−− |Ampγγ(S = 1)|++
〉]

∣

∣

∣

∣

θ=0

=
1

s2

(

f
(1)
+ (s)− g(1)(s)

)

=
α2

64m4

(

504

180
−

18

180

)

=
27α2

160m4

which agree with the well-known values [7].

Finally, we can also check the validity of the "GDH" sum rule, which now reads

0 =
∫ ∞

4m2

ds′

s
′2

Disc

[〈

++ |Ampγγ(S =
1

2
)|++

〉

−

〈

+− |Ampγγ(S =
1

2
)|+−

〉]∣

∣

∣

∣

θ=0

(55)

Changing variables, the integral becomes

e4

64π2m4

∫ 1

0
dvv2(3(I1(v)− I2(v))− 16(I3(v)− I4(v)))

= −
e4

32π2m4

∫ 1

0
dvv2

[

3

(

1−
(1− v2)

v
ln

1 + v

1− v

)

+ 8

(

2− v ln
1 + v

1− v

)]

= 0

(56)

so that this requirement is also satisfied.
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6. Conclusions

The use of on-shell methods, which exploit the stricture of unitarity combined with

dispersion relations, provides an interesting alternative to the conventional Feynman dia-

gram procedure for the calculation of loop effects in quantum field theory. Previous use of

such techniques in the case of electromagnetic [27] and gravitational scattering [12] have

been shown to be an efficacious way both to reproduce known results and to derive new

ones. The procedure is particularly useful in determining the long-range behavior of elec-

tromagnetic and/or gravitational scattering, where power-law dropoff in coordinate space

appears as a nonanalytic contribution to the momentum space amplitude [28]. An obvious

advantage of these methods is that only on-shell—physical—amplitudes are needed. Con-

sequently, gauge invariance is automatic, meaning that one need not deal with the many

Feynman diagrams that are required in order to guarantee gauge invariance. The price that

is paid is the need to know the unitarity discontinuity all the way from the threshold to the

highest energies in order to perform the dispersive integration. Above, we have demon-

strated an additional application—the evaluation of the Euler–Heisenberg coefficients for

fields of spin 0, 1
2 , and 1. These numbers characterize low-energy photon–photon scattering,

and the on-shell determination is simpler and more direct than a recent Feynman diagram

evaluation, which requires the manipulation of literally hundreds of diagrams [10]. In

principle, this technique can also be used to evaluate additional higher-order coefficients.

However, this is a subject for future work.
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Note

1 A very useful history and summary of applications of the Euler–Heisenberg relation is given by Dunne in [2]. Alternative

derivations are given in [3,4] among other sources.
2 A similar approach was taken by Schwinger in [14].
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