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Abstract 

Starting from the triplet equations of Fra11cia au<l Sagnotti, we introrlnce an 
auxiliary field and find gauge invariant constraints that sint;le out the spin- s mode 
and allow one to construct. simple unconstrained Lagrangian formulations for higher 
spin fields. 

Recently, the issue of conHtructing an unconstrained Lagrangian formulation for mass­
less higher spin fields in flat space and on (anti) de Sitter background was intensively 
studied. By the term "unconstrained" one means a Lagrangian formulation such that 
off- ·shell higher spin gauge fields and gauge parameters are not subject to any trace con­
ditions. All the necessary constraints intrinsic to the conventional approach of Fang and 
Fronsdal [1, 2] arise as equations of motion, possibly after partial gang<~ fixing, and follow 
directly from a Lagrangian. 

By now there are two approaches leading to consistent unconstrained Lagrangirm for­
mulations for massless higher spin fields. The first approach, known as the BRST ap­
proach (see [3]- [5] and references therein), automatically yields Lagrangian formulations 
in terms of completely unconstrained fields. However, the number of auxiliary fields, i.e. 
the fields which should be either gauged away or eliminated with the use of their (alge­
braic) (1qual.io 11s of motion i11 nrd<!r r.o r produce the constrained formulations of Fang and 
F'rcmsclal [1, 2], growt> with Llw va lue of spin. The s .coud npproa ·It , .ul lcd Lhe geometric 
apprnnd1, relies upon a n10<.l ilicaticm of the original Fa11g Ji'rnul'idal uquaLious [6]- [9]. Here 
I.Ii ~: Lra ., coustrnfols on Lhc gau~cJ parnrnet, r i11l,ri nsk L Llw ('Onventional formulations 
of [1, 2]' are forgone at the price of allowing 1w11loca l l. r.rms Ln the equal.ions of motion. A 
local version of the geometric approach was proposed in [8] which incorporates the trace 
condition on the higher spin gauge field as the constraint. However, the minimal local 
Lagrangians of [8]. [9] involve higher derivative terms. 

The purpose of this work is to construct a modified formulation, which is local, free 
from higher derivative terms and uses equal number of auxiliary fields for an unconstrained 
description of any value of spin. 

We shall use the notation, which suppresses the vector indices and automatically takes 
care of symmetrizations. Conventionally, this is done by introducing an auxiliary variable 
yµ such that 

(1) 

Denoting Pµ = 8~,., 7fµ = ai"' one has 7f
2 for the trace, (p7r) for the divergence and (yp) 

for the derivative of a field followed by symmetriiation of indices. In this notation the 
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Fronsdal equations [l] which describe a massless spin-s boson read 

(2) 

These are invariant under the gauge transformation 

(3) 

In order to put the equation of motion and the gauge transformation in an uncon­
strained form let us introduce an auxiliary field aC•-3

) whose gauge transformation law is 
related to the Fronsclal constraint on the gauge parameter (in this respect see also [6]- [8]) 

2 
ba(s - 3) = :'.1:.._c{s-l) 

2 
(4) 

Then we consider two more auxiliary fields C(•- 1>, nt•-2l and impose the equations of 
motion, which reproduce the Fronsdal formulation, when the compensator aC•-3) is gauged 
away 

c<s-1) _ (p7r)¢C•l + (yp)D(s-2) = o, 
2 

:'.1:.._D(s-2) _ (p7r)a(s-3) = 0 2 . (5) 

One can easily verify that the system holds invariant under the gauge transformation 
accompanying (4) 

(6) 

with an unconstrained c(•- 1l. For our subsequent discussion it proves convenient to display 
the differential consequence of eqs. (5) 

p2D(s-2) _ (P1f)c<•-I) = O. (7) 

Let us take a closer look at the system (5), (7). An important observation is that 
omitting the second line in (5), i.e. the trace conditions, one gets precisely the bosonic 
triplet of [7, 10). As is well known, the triplet describes a chain of spins s, s - 2, . .. , 0 
or 1 depending on whether s is even or odd. Thus, the restrictions that comprise the 
second line in (5) can be viewed as gauge invariant constraints that single out the spin­
s mode from the chain of fields described by the triplet. Notice that the first of the 
constraints appeared previously in [7, 10] . The observation suggests that in order to build 
an unconstrained Lagrangian formulation for a massless spin-s boson it suffices to start 
with the Lagrangian density corresponding to the triplet (see e.g. [10]) and enforce the 
second line in (5) by introducing two Lagrange multipliers >.<•-2l, >,{•-4). In component 
form the action reads 

S=-(-1)'/dNx{l.i. o.i.µ, ... ,,,_s,i. aµ 1CM···µ,_!sC cµ,.µ ,_,_ 
21.Pµ1 .. µs Y" Y-'µ1 ... µ,, 2 µ1 . . µ,,-1 

-s(s - l)Cµ, .. µ,_,aµ, Dµ, ... µ,_, - ~s(s - l)Dµ, . . µ,_
2
DDµ 1 µ,_, + 

+>.µ' .. µ,_, O<Pvvµ, .. µ,_, - Dµ, ... µ,_, - Hs - 2)8µ,aµ, ... µ,_2) + 

+>.µ, ... µ,_, (Dv 8" a ) } vµ1 .. ,.,_, - vµ, ... µ,_4 · 
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II i~ HL rni~l!l.l'orward tn v'rif,v l, l1 <tl tla1· ! .. 1,grn 11 gc· multipliers vanish on--shell. It should 
he 11pp1·1•(· int1••cl I li 11t , in 1·0t1I rn:-;1, lo 0L l1tr a pproad1es, this formulation is local, free from 
higlit•r dcri1•ativl' IC' rms 1111d 111-il 'ii 1:q1111 l 11 11111IH•r ol' auxiliary fields for any value of spin. A 
,., 111pli11 µ; ol' l hii; I .agl'M nJ.\i111 1 l.11 a l\11 cl<' Si l I t:r l.1urkgro11nd was constructed in [11 j. 

An !l ll( 'O ll ~lrn i 11nd d1~('1'ip1 . i o11 11r rc•nnirmir higher spin fields is conHtructed iu a similar 
wn_I'. 01w s l,1 rt::; wil Ii a 1·11mpP11:-iator !ield ,.,(•• 1l whose transformation law is related to 
1 li1• 1·11 11 ~lrnl11l nu p.augn 1u11·m1wtN wil,hi u 1 IH• Fang--Fronsdal approach [2] 

(9) 

Then one introduces two auxiliary Hpin- tensors C(u-l), D(n-l) and imposes the equations 
of motion, which are designed so as to reproduce the Fang -Fronsdal equations [2] when 
the compensator a(n-2J is gauged away 

('yp)w(n) - (yp)C(n-1) = o, c<11-1) - ('yn)w(n) + (yp)a(n-2) = o, 
1 1 D(n-2) - 2bn)C(n-1) - 2(/'p)a(n- 2) = 0, ('Yn)D(n-2) - (pn)a(n - 2) = 0. (10) 

Accompanying the transformation law (9) by 

with an unconstrained gauge parameter l(n-I), one can demonstrate that the system (10) 
is invariant. 

In order to construct a Lagrangian formulation reproducing equations (10), we first 
consider their differential consequences 

('yp)C(n-1) - (pn)w(n) + (yp)D(n-2) = 0, ('Yp)D(n-2) - (pn)C(n-1) = 0. (12) 

A 11 i mport,ani uhservation is that, being combined wi I.Ii llH fi rst cq 1mtio.11 iu ( l(J) , 1,lar,sti 

giw pre ·isoly lhn fermionic triplet considered in [7]. As lh<:l triplcl dm;c·ribcs 11 C' lia i11 or 
l rnJl:...i11l. !~gcr spins (7], the last three equations in ( 10) cm1 be vj\!wc<l as ga11g1• iuvarii111t 
consLrai uts extracting the spin-s mode. 

The discussion above also makes clear how to 1;oustr11ct flu 1111co11sl.rri.i11ecl l1af:raughw 
formulation for a massless spin-s fermion. One has to take the Lagrangian density de­
scribing the triplet (see e.g. [7]) and enforce the last three equations in (10) by introducing 
the Lagrange multipliers .>,(n-l), .>,(n-2), .>,(n-3) 

-avw ,,11.i ... µn-1 + (n - 1)aµ1 Dl''· ··l'n-1 - ).1'1 . i'n-1 + Hn - l)'Yl't).1'2 .. IJn-1) + 
+in(n - l)Dµ1 .µ"_,(-fl D''1 ... µ,, _, + avcvµ1 .. l'n-2 - .>.µ, ... µ,,_, - (n - 2)"!µ1.>.µ, ... IJn-2) + 
+in(n - l)a ' (-l2l .>.µ 1 .. µ,,_ 2 +av.>. l'l ··i'n- 2 - (n - 2)al'1 ).µ,_ . ,.,, _,) + 

µJ .. . µn-2 2Y" V 

+in.Aµ, . . µ,,_
1 

(Cµ' . µ,,_, - "fvW vµ' .. µn-' + (n - l)aµ1 aµ'· l'u-1) + 
+in(n - l).A . (Dµ1. ·i'n-2 - l"'vc µ1 ... 1• .. -2 - l2l al'i·· µn-2) + 

µl· ··ILn-'l. 2 I l.J 2¥-' 

+in(n - l)(n - 2)~ ("'v D µi .. µ,,_, - av a µ, ... µ,,_ 3 )}. 
JLJ ... µ,._3 I I/ V (13) 
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The Lagrange multipliers prove to vanish on- shell. The coupling of this model to anti de 
Sitter background was constructed in [11] . 

Tn s u11m1arizr 1 in I.his Wurl< 11•<· hnv1• 1·0 11 1-1 ~nl!'L~·d si111 pk 1111c·oJ1sLmincd Lagrangiau 
li 1rn11 d1tl imu; l'or l'rpo 1nassless high1:1 spi 11 (i1•lds i11 fl at, spill'•:. T lw [nmmlations nrr local , 
i'r'C'l: frll l l! Jij g )11•1· <il'ri vn ~ i VC tcm1H ;\li d USC• ('(\ llll l llllllilH' I' of il li XlJlftl'y fi r lrJs fol' 1111 llf\C'Oll­

s l.rnll 11l<I df'.~c ·r i pl. i u11 of any vain of spi 11 . 111 this sc~ tlmp, nn irrf'd11 rili l1· n·pr<-!.~rnL11tion nf 
1.lw l'ui 11rnn'· grn11p is de:wri i><•d iu l«rms of n qunrtl't of fir.Ids. T ia• 111 ude ls 1H'<'11py <1.11 
iuicn11<•di n11• p oi:! i ~in 11 hdwr1•11 I li t> ~1 ·on11~ Lri r forrrnil a tions 1Jf [GI [OJ 11nc.I Lil(! OB.ST t111J1IPls 
nf [:11 [li j aml c' nJcw ;di t,1111 Sl,;(11 lflrd f'1•11L 11 rr.s or II l'Cl l'I V~rn lio11n l d111>sicol litild Llmiry. O ur 
c·o11s.idPrnl.io11s a lso hii;ldig!it lli 1• i11 1p11 rLa11I 1·11h• of l llf·' IJ O~O lli (' a11cl r1 •r111ilJnic l,ripfot s [7,8 j 
i fl Ii i1.dll'r spill gauge Lhcury. 
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