arXiv:2111.02596v3 [quant-ph] 6 Jan 2023

Multipartite Intrinsic Non-Locality and Device-

Independent Conference Key Agreement

Aby Philip!®, Eneet Kaur®*, Peter Bierhorst3, and Mark M. Wilde!:°

'Hearne Institute for Theoretical Physics, Department of Physics and Astronomy, and Center for Computation

and Technology, Louisiana State University, Baton Rouge, Louisiana 70803, USA

2nstitute for Quantum Computing and Department of Physics and Astronomy, University of Waterloo, Waterloo,

Ontario N2L 3G1, Canada

3Department of Mathematics, University of New Orleans, Louisiana 70148, USA

*Wyant College of Optical Sciences, University of Arizona, Tucson, Arizona 85721, USA

®School of Applied and Engineering Physics, Cornell University, Ithaca, New York 14850, USA
®School of Electrical and Computer Engineering, Cornell University, Ithaca, New York 14850, USA

In this work, we introduce multipartite intrinsic non-locality as a method for
quantifying resources in the multipartite scenario of device-independent (DI)
conference key agreement. We prove that multipartite intrinsic non-locality is
additive, convex, and monotone under a class of free operations called local
operations and common randomness. As one of our technical contributions,
we establish a chain rule for two variants of multipartite mutual information,
which we then use to prove that multipartite intrinsic non-locality is addi-
tive. This chain rule may be of independent interest in other contexts. All of
these properties of multipartite intrinsic non-locality are helpful in establishing
the main result of our paper: multipartite intrinsic non-locality is an upper
bound on secret key rate in the general multipartite scenario of DI conference
key agreement. We discuss various examples of DI conference key protocols
and compare our upper bounds for these protocols with known lower bounds.
Finally, we calculate upper bounds on recent experimental realizations of DI

quantum key distribution.
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1 Introduction

In principle, quantum key distribution (QKD) can produce a secret key secured by the laws
of physics [1, 2, 3|. In the device-dependent setting of QKD, it is assumed that the devices
possessed by Alice and Bob are perfectly characterized and trusted; i.e., the measurements
applied and the states used are assumed to be known and certified. However, after several
experiments implementing QKD protocols, researchers have found this assumption to be
too restrictive.

To combat our reliance on some of these strong assumptions underpinning QKD, several
scenarios have been developed with varying degrees of trust in the measurements and states
used. In QKD, if the measurements, states, or devices possessed by one of the parties
are not trusted, the scenario is called one-sided device-independent QKD [4, 5]. If all
devices involved are deemed to be untrustworthy, the scenario is called device-independent
QKD [6, 7, 8, 9.

Researchers have established upper bounds on the secret key agreement capacity for
all the scenarios described above [10, 11] (see also [12]). The basic idea behind these upper
bounds comes from a classical information measure called intrinsic information [13|. In-
trinsic information inspired the squashed-entanglement upper bound for device-dependent
QKD [14, 10], and squashed entanglement in turn inspired the development of quantum in-
trinsic non-locality [11] and quantum intrinsic steerability [15]. These latter quantities serve
as upper bounds for device-independent QKD and one-sided device-independent QKD, re-
spectively, as shown in [11]. Along with being upper bounds on a certain cryptographic
task, these quantities are also resource quantifiers for Bell non-locality and steerability,
respectively.

Here, we go beyond device-independent QKD and Bell non-locality for two parties and
address device-independent (DI) conference key agreement [16, 17] and multipartite non-
locality. Conference key agreement is the task of distributing secret key among more than
two users, as encountered in the context of quantum networks. Part of the interest in this
task comes from the fact that a protocol based on genuinely multipartite entangled states
can achieve higher rates of conference key agreement than a protocol based on a combi-
nation of bipartite entangled states [18]. Just as Bell non-locality is the key resource for
DIQKD, one would expect multipartite non-locality to be the key resource in DI conference
key agreement.

Here, we propose a resource quantifier for multipartite non-locality called multipartite
intrinsic non-locality. We base instances of this resource quantifier on total correlation
and dual total correlation [19] (see also [20, 21]), which generalize mutual information to
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the multipartite case. Total correlation and dual total correlation have previously been
used to establish upper bounds on entanglement distillation and secret key agreement
capacities of quantum broadcast channels [22]; see [20] for its use in establishing an upper
bound on distillable secret key and distillable entanglement of a multipartite state. We
use multiparite intrinsic non-locality to derive upper bounds on the ultimate rate at which
device-independent (DI) conference key agreement is possible.

To show that our quantity is indeed a useful upper bound, it is necessary to prove that
it is additive. In order to prove additivity (and other useful properties) of multipartite
intrinsic non-localities, we establish a chain rule for total correlation and dual total cor-
relation of two rounds of the conference key agreement protocol in Section 4. The chain
rule for total correlation expresses the total correlation of two rounds of the conference key
agreement protocol as the sum of total correlation terms related to the individual rounds of
the conference key agreement protocol and other information theoretic quantities. These
additional information-theoretic quantities are expressed in terms of conditional mutual
information. For our paper, we derive a chain rule for total correlation and dual total cor-
relation that meets the aforementioned criteria and holds for all finite M. Such a broadly
applicable chain rule is not obtained in [11].

In what follows, we first discuss no-signaling and quantum correlation and then pro-
ceed to no-signaling and quantum extensions. After that, we define a quantum tripartite
intrinsic non-locality, which is based on tripartite total correlation, and prove that it is
indeed additive, convex, and monotone under local operations and common randomness.
We then define the multipartite intrinsic non-localities using total correlation and dual to-
tal correlation, starting by defining and discussing multipartite intrinsic non-locality based
on total correlation and then moving on to the one defined in terms of dual total corre-
lation. We establish important identities (our chain rule) for total correlation and dual
total correlation that allow us to use arguments similar to those presented for the tripartite
scenario to prove that the multipartite intrinsic non-localities, presented in this paper, are
additive, convex upper bounds on device-independent conference key agreement capacity
in the general M-partite case. Then, we give a general overview of device-independent
conference key agreement for the tripartite case and define the DI conference key agree-
ment capacity. Finally, we show that tripartite intrinsic no-locality is an upper bound on
DI conference key agreement capacity for the tripartite situation and provide arguments
to show that multipartite intrinsic non-locality upper bounds the M-partite DI conference
key agreement capacity, for all finite M.

As other contributions, we calculate upper bounds on both quantum tripartite intrin-
sic non-localities using eavesdropper attacks similar to those from [11] and [23], which
were used to calculate upper bounds on quantum intrinsic non-locality. We plot quan-
tum tripartite intrinsic non-locality versus parity-CHSH violation under these attacks, and
we compare these to previously calculated lower bounds from [16]. We also consider a
noise model in which each share of the tripartite state passes through a qubit depolar-
izing channel. We plot quantum tripartite intrinsic non-localities versus the depolarizing
parameter pqep for this noise model and compare them to the lower bound from [16].

The rest of this paper is structured as follows. Section 2 discusses no-signaling con-
straints, no-signaling extensions, and quantum extensions, focusing especially on the tri-
partite case. Section 3 contains the definition of tripartite intrinsic non-locality and proves
that it is additive using a chain rule, which we derive here. Sections 4 and 5 generalize
tripartite intrinsic non-locality and all of its properties to the multipartite case using total
correlation and dual total correlation, respectively, and generalizations of the aforemen-
tioned chain rule. Section 6 introduces a general form of a DI conference key agreement

Accepted in (Yuantum 2022-12-19, click title to verify. Published under CC-BY 4.0. 3



protocol and its associated capacity. Then, we show that tripartite intrinsic non-locality is
an upper bound on the tripartite device-independent conference key agreement capacity.
Section 7 contains some examples of our upper bound calculated under various attacks by
an eavesdropper. Additionally, in Section 8, we evaluate upper bounds for recent exper-
imental protocols implementing device-independent quantum key distribution (DIQKD)
[24, 25, 26]. Section 9 contains our conclusions and possible directions for future work.

2 Correlations, No-Signaling Conditions, and Quantum Extensions

First, let us define the types of correlations that we are concerned with in this paper: no-
signaling correlations and quantum correlations. Let us begin by discussing no-signaling
correlations.

No-signaling conditions impose constraints on correlations, which imply that parties
sharing the correlation cannot use it alone to communicate; i.e., no party can infer the
input choices of another party based solely on their own outputs [27]. On a technical level,
no-signaling conditions imply that tracing over subsets of outputs of a correlation results in
tracing over the corresponding inputs [28]. These conditions are relevant in our scenario as
it is necessary to verify that the correlations observed are from the state and measurement
choices shared by the participants and not from classical communication when the input
choices are made. Compliance with no-signaling conditions can be enforced by imposing
space-like separation between measuring parties or constructing other barriers to prevent
communication.

No-signaling conditions for the tripartite scenario are as follows:

> pla,b,clz,y,z) =Y pla,b,dz,y, 2) =plb,cly,z) Va,z,
> pla,b,clz,y,z) = pla,b,clx, i, 2) = pla, dz,z) Vy,7,
b b

Zp(a, b,clz,y,z) = Zp(a, b,clz,y,z) = p(a,blz,y) Vz,z. (1)

The set of all correlations that satisfy the above three conditions in (1) are called no-
signaling correlations. The no-signaling conditions above can also equivalently be expressed
in terms of conditional mutual information as follows:

I(X; BC|Y Z), = I(Y; AC|X Z), = I(Z; AB|XY), = 0, 2)
where
PABCXYZ = Z q(z,y, z)p(a, b, c|z,y, z) |abcxyz)abexyz| speoxy 7 - (3)
ab,c,x,y,z

p(a,b,clz,y, z) is a no-signaling correlation, and the conditional mutual information of
random variables K, L, and M is defined as

I(K;LIM) = H(KM) + H(LM) — H(M) — H(KLM), (4)

where H denotes the entropy. It suffices to take the input distribution g to be uniform.
Note that the conditions in (1) imply the following ones, by tracing over two of the outputs,
rather than just one:

I(YZ;AlX), = (XZ;B|Y), = [(XY;C|Z), = 0. (5)
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Now we move on to quantum correlations. Consider the following scenario: Alice, Bob
and Charlie are given a share of a tripartite quantum state p ;5 that is distributed to
them by a possibly unknown entity, and each party has access to a black box with which
they can interact classically. For each classical input, the corresponding black box applies
a positive operator-valued measure (POVM) on its respective share of the tripartite state.
After the application of the POVM, the box outputs a classical value that is recorded by
the corresponding participant. The correlation that is obtained using the aforementioned
process is of the following form:

p(a,b,clz,y,2) = Tr([0) @ Y @ TP p 450 (6)

where {H((lx)}a, {Hl()y)}b, and {ng)}c are POVMs. Correlations of the form described
in (6) are called quantum correlations. Quantum correlations are a subset of no-signaling
correlations. This fact can easily be seen in the example analysis below:

> plabyclr,y,2) = Y Tr(0P @ G © 1P]p 50 (7)
=TI e 1]ps40) 8)
= Tr([1” © 1o ) (9)
= p(b, cly, 2). (10)

Since we are looking at non-locality for the sake of a cryptographic task, it is neces-
sary that we delineate the power that the eavesdropper possesses. We do so by allow-
ing the eavesdropper to possess either a no-signaling extension or a quantum extension.
No-signaling extensions are extensions of a correlation that obey the above no-signaling
constraints and can be expressed as follows:

Z (a,b,clx,y, 2 abcmyz Zpabc\:n Y, 2 )abcz’yz v, T,
Zpa b, clz,y, 2)ph Y = Zpa b, clg, z, 2)pF V"V, g,

Zp (a,b,clx,y, = abcxyz Zp (a,b,c|z,y,z)pp GhEEUT vy (11)

A type of no-signaling extensions, in which we are interested, are quantum extensions.
Here, the eavesdropper is in possession of a system £ that extends the state p ;5~ shared
by Alice, Bob, and Charlie in the sense that the extension state p jz5p satisfies p ;55 =
Tre(pigegl- A quantum extension of a correlation is defined as follows:

PABCEXY Z
= > q(z,y,2)|abezyz)aberyz| spoxy 7z ® Trape [(Hff) oI @1 @ HE) F’ABC‘E]
a7b7c9x’y72
= Z Q(l'ayyz) ]abcxyzxabcxyz\ABCXYZ ®p(a‘7 bv C|$,Z/> )paEbcmyz (12>
a7b7c7x’y7z
Notation 1. Henceforth, we employ the shorthand
labcryzlaBoxyz = |abcxyz)Xabexyz| spoxy 7 » (13)

for the sake of brevity.
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The above no-signaling constraints and extensions, as well as quantum extensions, can
be generalized to any multipartite scenario using the basic principle behind the no-signaling
constraints. Appropriate no-signaling constraints apply when considering correlations in-
volving multiple parties. Only after we have considered the no-signaling constraints can
we begin to speak about what non-locality is and quantifying non-locality. To proceed, we
need to define a quantity that can serve as a quantifier for multipartite non-locality.

3 Tripartite Intrinsic Non-Locality and its Properties

3.1 Conditional Total Correlation

In this subsection, we review the conditional total correlation and its properties [19] (see
also |21, 20]), before defining our non-locality quantifier. We will discuss dual total corre-
lation and its related non-locality quantifier in Section 5.

Total correlation is an M-partite generalization of mutual information. Conditional
total correlation is the conditional version of total correlation, and it has previously been
used in various multipartite scenarios in quantum information [21, 20, 22, 29]. Conditional
total correlation of a multipartite state pa,...a,,£ is defined as

M
I(Ay;-+ s Ay|E) =Y H(A|E) — H(A; -+ Ay |E), (14)
i=1

where H(A|E) .= H(AFE) — H(E), and H(A) := —Tr[palog, pa]. The chain rule for the
bipartite conditional mutual information is as follows:

I(A; BC|E) = I(A; BICE) + I(A; C|E). (15)
There exist chain rules for conditional total correlation [19, 20, 29|, which are as follows:
M
I(BAy; Ag; -+ s Ay |E) = I(Ay; Ags -+ s Ay |BE) + Y 1(B; A|E), (16)
=2
M—-1
I(Av;-- ; Au|E) = Y I(Aj; Aje - - Au|B). (17)
j=1

Let pa,..ayE and 04,..4,,r be multipartite states, for which each of the subsystems A,
..., Ay are finite-dimensional. Suppose that [|p — o|l1 < &, where ¢ € [0,1]. Then the
following uniform continuity bound holds [30, Eq. (60)]:

‘I(Al; cee 7AM‘E)p — I(Al; cee ;AM’E)G‘ < 2810g2 dim'HAl...AM71 + Mg(€>, (18)
where
g(e) == (e+1)logy(e + 1) —elogye. (19)

Conditional total correlation obeys data processing under local channels [20]:

I(Ar;- 5 Au|E)p 2 I(Ay; -+ 5 Ay | B, (20)
where
o (N (M) I
wAl"'AME o (NA1—>A1 B ®NAM—>AM) (pAl'”AME> ’ (21)
and ./\ff(fv)_> ;i 1s a channel, for ¢ € {1,..., M}. We now define a first version of tripartite

intrinsic non-locality.
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Definition 1. Let p(a,b,c|z,y,z) be a no-signaling correlation. Tripartite intrinsic non-
locality (TINL) of p is defined as

N(A;B;C)p == - sup inf I(A;B;C|EXY Z),, (22)

1
5 q(:c,y,z) PABCXY ZE

where q(x,y, z) is a probability distribution for the inputs of Alice, Bob, and Charlie and
PABCXYZE 1S a mo-signaling extension of the state shared by Alice, Bob, and Charlie,
given by

b
papexyvze = . q(x,y,2)pla,b,clz,y, 2)[abczyzlapexyz @ p Y. (23)

a7b707x7y7z
Definition 2. Quantum tripartite intrinsic non-locality (QTINL) of a quantum correlation
pla,b,clz,y, z) is defined as

Ng(A; B;C), == = sup inf I(A;B;C|EXYZ),, (24)

1
2 a(z,y,z) PABCXY ZE

where q(x,y, z) is a probability distribution for the inputs of Alice, Bob, and Charlie and
PABCXYZE 18 a quantum extension, as in (12), of the state shared by Alice, Bob, and
Charlie, given by

abcxryz

papexyze =, q(z,y,2)p(a,b,clz,y, 2)abcryz]apoxyz © py; (25)

a7b7c7x7y7z

The rest of this section is structured as follows. In Section 3.2, we derive the chain
rule that will help us prove further theorems about tripartite intrinsic non-locality and
quantum tripartite intrinsic non-locality. In Section 3.3, we prove that tripartite intrin-
sic non-locality and quantum tripartite intrinsic non-locality are additive. Additionally,
we prove important properties of tripartite intrinsic non-locality and quantum tripartite
intrinsic non-locality, such as convexity and monotonicity under local operations and com-
mon randomness in Appendices A and B, respectively. We also prove in Appendix C that
tripartite intrinsic non-locality and quantum tripartite intrinsic non-locality vanish for local
tripartite correlations. These results are important from a resource-theoretic perspective.

3.2 Chain Rule for Tripartite Conditional Total Correlation

Before we can prove additivity and other important properties of tripartite intrinsic non-
locality, we need to establish a chain rule for the conditional total correlation of two rounds
of the conference key agreement protocol:

I(AlAQ;BlBQ;0102|E). (26)

We will resolve this quantity into a sum of conditional total correlation terms related to the
individual rounds of the protocol and other information theoretic quantities that depend
on both rounds. These extra information-theoretic quantities are expressed as conditional
mutual information quantities. Later in Theorem 4, we establish a general multipartite
version of this chain rule.

Theorem 1. For every state pa,B,C,A,B.CoE, the following equality holds:

I(AlAQ; Ble; 0102|E)p = I(Al; Bl; Cl|EA2.BQCQ)p + I(AQ; BQ; CQ‘E)/)
-+ I(Cl; AQBQ|ECQ)p -+ I(Al; BQCQ|EA2)p -+ I(Bl; AQCQ’EBQ)/). (27)
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Proof. Consider that, by applying definitions and the chain rule for conditional entropy,
I(A1Az; B1By; C1Co|E)

= H(A142|E) + H(B1B2|E) + H(C1C2|E) — H(A1A2B1B2C1Co|E) (28)
= H(A2|E) + H(A1|FAy) + H(B2|E) + H(B1|EB2) + H(C3|E) + H(C1|EC?)

— H(AQBQCQ’E) — H(AlBlCl|EAQBQCQ) (29)

— I(As; By: Cs|E) + H(A1|EAs) + H(By|EBs) + H(C1|ECs) — H(AlBlclyEAng(ZQ).)

30

Then consider that
H(A1|EA2) + H(Bl‘EBg) + H(Cl’ECQ) — H(AlBlCl‘EAQBQCQ)
= H(AllEAg) + H(BllEBQ) -+ H(Cl‘ECQ) — H(A13101|EAQBQCQ)
=+ H(A1|EA2BQOQ) — H(A1|EA2B202) + H(Bl|EAQB202) — H(Bl|EA2B202)

+ H(C1|EA3ByCy) — H(C1|EA3ByCy) (31)
= I(A1; B1;C1|[EA3ByCy) + H(A1|EAg) — H(A1|EA3ByCy)
+ H(B1|EB2) — H(B1|EA2B2C2) + H(C1|EC2) — H(C1|EA2ByCy) (32)
= I(Al; By, C]_‘EAQBQCQ) + I(Al; BQCQ|EA2) + I(Bl; A202|EBQ) + I(Cl; AQBQ’ECQ).
(33)
This concludes the proof. O
3.3 Additivity

In this section, we prove that tripartite intrinsic non-locality is additive. This is indeed
essential for the tripartite intrinsic non-locality to be a useful upper bound on DI conference
key agreement capacity.

Theorem 2 (Additivity of TINL). Let p(a1,as, b1, b, c1,c2lx1, 22, Y1, Y2, 21, 22) be a no-
signaling correlation for which no-signaling constraints hold for all parties. For example,
the no-signaling constraints for Alice are as follows:

> plai, az,bi, by, 1, colwr, xa, Y1, Yo, 21, 22)
al

= Zp(al, az, bl, bz, c1,C2|21, T2, Y1,Y2, 21, 22) V$1,.f’1, (34)

ai

> plar, az, bi, by, 1, calwr, w2, Y1, Yo, 21, 22)
a2

= plar,ag, by, ba, c1, colw1, Ta, Y1, Y2, 21, 22) Voo, Tz, (35)
az
Suppose that similar constraints hold for Bob and Charlie as well. Let t(ay,b1, c1]z1,y1,21)
and r(az, by, ca|T2, Y2, 22) be no-signaling correlations corresponding to the marginals of p.
Then the intrinsic non-locality is superadditive, in the sense that

N(A1Ay; B1By; C1Cy), > N(A1; By;Ch )i + N(Ag; Ba; Ca),. (36)
If
pla1, az, by, by, c1, C2lw1, T2, Y1, Y2, 21, 22) = ta1, by, c1|wy, g1, 21)r(az, ba, el w2, y2, 22),
then the intrinsic non-locality is additive in the following sense: 0
N(A1Ag; B1By; C1Ca)p = N(Ay; By; Cr) + N(Ag; Bo; Co),. (38)
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No-signaling constraints like (34)—(35) can in principle be enforced by a party performing
parallel measurements shielded from each other, such as Alice recording a; and as at
separate locations between which communication is not possible. The stronger product
assumption in (37) cannot be enforced in this way, but the condition will hold in the
natural setting of sequential experimental trials in which an i.i.d. assumption is made.

Proof. We first prove that tripartite intrinsic non-locality is superadditive in the sense
of (36), and then we prove it is subadditive when (37) holds. Additivity when (37) holds
then follows as a consequence.

First, let us prove superadditivity. To begin, let us consider states that arise from
embedding an arbitrary no-signaling extension of p(ay, ag, b1, ba, c1, ca|x1, 2, Y1, Y2, 21, 22)
into the following quantum state:

CALB1C1As BoCo EX1 X2Y1 Yo Z1 Zo =

> q(w1,y1, 21, T2, Y2, 22)p(a1, b1, c1, az, b, c2| 1, Y1, 21, T2, Y2, 22)

a1,b1,c1,a2,b2,c2,
T1,Y1,21,72,Y2,22

a1biciasbacor1yrz122y222
[a1b1c1a2bacor1y12122Y222] A, B C1 As BaCo X1 Xo Y1 Ya Z1 70 & P - (39)

We define the states 7 and v to be the following arbitrary no-signaling extensions of ¢
and r, respectively:

TABICYEX\ Y12y = > q(z1, 91, 21)t(a1, by, e1lwe, ya, 21)
a1,b1,¢1,21,y1,21

aibicix z
larbiciziyi21)a B xiviz @ Y, (40)

and

YAy BaCoEXoYaZy = > q(w2,y2, 22)7 (a2, ba, c2| 2, Y2, 22)
az,b2,c2,72,y2,22

agbacaroyaz
[a2b262x29222]A23202X2Y2Z2 ®pE2 Rz, (41)

Now, we use the chain rule from Theorem 1 to conclude that
I(AyAg; B1By; C1Co| EX1 XoY1 Y2 Z1 Zo) ¢
= I(Al; Bl; Cl|EX1X2Y1Y2Z122A2BQCQ)< —|— I(AQ; Bg; CQ‘EX1X2Y1Y2Z122)C

+ I(A2Bo; C1|EX1 XoY1Y2Z1Z5Co) ¢ + 1(B2C; AL |[EX1 X0 Y1Y2 2125 A9) ¢
+I(AQCQ;Bl|EX1X2YiYéZ1ZQB2)< (42)

Since conditional mutual information is always non-negative, we conclude that

I(A1Ag; B1By; C1Co| EX  Xo Y1 Yo Z Zo) ¢
Z I(Al; Bl; 01|EX1X2Y1Y22122A23202)C + I(AQ; B2; CQ’EX1X2Y1Y221Z2)C. (43)
The state (4, B, 45 ByCoEX1 XaY1Ya 71 7, 18 @ valid no-signaling extension of ¢ with extension
systems EX9Y2Z5A5B85C5, and the state Ca,B,0,EX, XoY1Y22,2, 18 @ valid no-signaling
extension of r with extension systems F£X1Y;Z;. So we conclude that
I(AlAQ; BlBg; Clcg‘EX1X2Y1Y2Z1Z2)C
> [(Al; Bl; Cl ’EX1X2Y1§/221Z2AQBQCQ)C -+ I(AQ; BQ; CQ|EX1X2}/1Y2Z122)C (44)
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2 inf I(Al;B1;01|EX1Y121)T + inf I(AQ;Bz;CQ‘EXQ)/QZQ)V. (45)
ext. in (40) ext. in (41)

Since the state (4, B, ¢, 4,B,Cy EX1 XoY1Ys 2, 2, 18 an arbitrary no-signaling extension of p, we

conclude that

. lnf(sg) I(AlAg; BlBQ; 0102|EX1X2§/11/22122)<

2 inf I(Al;B1;01|EX1Y1Z1)T + inf I(AQ;B2;CQ‘EX2)/2Z2)7. (46)
ext. in (40) ext. in (41)

By optimizing over product input probability distributions, we have that

sup inf  I(AyAg; By Ba; C1Co|EX1 XoY1 Y221 Z),
q(x1,y1,21)q(x2,y2,22) Xt In (39)

> sup inf )I(Al;B1;01|EX1Y121)T—|—

a(x1,y1,21) ext. in (40
sup inf I(AQ; BQ; CQ‘EXQ}@ZQ)V. (47)
q(xa,y2,22) €Xt- in (41)

Hence, by optimizing the left-hand side over all input probability distributions, we conclude
that

N(AlAQ; BlBg; Cng)p > N(Al; Bl; Cl)t + N(AQ; BQ; 02)7«. (48)

This concludes the proof of superadditivity (i.e., the proof of (36)).
Let us prove subadditivity when (37) holds; i.e., let us prove that

N(A1Az; B1By; C1Ca)p < N(Ay; Br; Cr) + N(Ag; Bo; Co),. (49)

Consider the following quantum embeddings:

CALB1CL AsBaCo EX1 X2Y1 Yo Z0 2o =

> q(z1, 91, 21, T2, Y2, 22)t(a1, by, c1|w1, y1, 21)r(az, be, calw2, Yo, 22)

a1,b1,c1,a2,b2,c2,
T1,Y1,21,T2,Y2,22

ai1biciziyiziazbacoxayzze
[a1b1cra2bacoz1y1 2172Y222) A, By C1 Ay By Co X1 Xa V1 YaZ1 22 @ Y Y (50)

> q(z1, Y1, 21, T2, Y2, 22)t(a1, by, c1|w1, y1, 21)r(az, be, calw2, Yo, 22)

a1,b1,c1,a2,b2,c2,
T1,Y1,21,72,Y2,22

airbiciziyizy azbacarayszo
[a1b1c1a2bacaz1y1212Y222] Ay By Cy A2 BaCr Xy Xo Y1 Ya 20 25 @ P, ® P, , (51)
TA B CYEX\ Y1 2y =
a1bicizi1yizl
Z q(z1,y1, 21)t(a1, by, cr|z1, y1, 21) [abrciviyiz1]a, B0y xavi 2, @ P, vz
a1,b1,c1,71,Y1,21
(52)
and
7A2B202EX2Y2Z2 =

Accepted in (Yuantum 2022-12-19, click title to verify. Published under CC-BY 4.0. 10



b
> q(x2,y2, 22)7 (a2, b2, calra, Y2, 22) [a2bacaoy220] Ay ByCo Xa Y22y @ PF, 221272

az,b2,c2,72,Y2,22

(53)

All the extensions above are no-signaling extensions. Consider that

inf [(AlAQ;BlBQ;Clc'Q’EXngyl}/QZlZQ)C

ext. in (50)

S I(AlAQ; BlBQ; C102|E1E2X1X2Y1Y22122)p. (54)
Using the chain rule from Theorem 1, we find that

I(A1Ag; B1By; C1Co| By B X1 XoY1Y2 21 Z5),
= I(A1; By; C1| BB X1 Xo Y1 Y2 Z1 Z5 A3 BoCa) , + 1(Ag; By Co|E1 Es X1 XoY1Y2Z173),
+ I(A2Bo; C1|E1Ex X1 XoY1Y2 21 Z5Cs) , + I(B2Co; A1 |E1 B X1 XoY1Y2 21 Z2 As),
+ I(A2Cy; B1|E1Ex X1 X2 Y1Y2 21 Z5B3) . (55)

We can write I(A2Cy; Bi|E1Ex X1 X2Y1Y22125B5), as follows:

I(A3Cy; B | BB X1 XoY1Y2Z1 Z2By)
= H(AQCQ’ElEQXlXQYlYQZlZQBQ)p — H(AQCQ‘ElEQXlXQYlYQZlZQBQBl)p (56)

= Z p(x1, y1, 21, T2, Y2, 22)[H (A2C3| E1 E2 By)ye1v12102v22

x1,Y1,%21,22,Y2,22
— H(AQCQ|E1E232B1)n11y121129222], (57)

where, due to the no-signaling constraints on p, ¢, and r, we can write

b b
M A ez, = 2ty @pp? @ 37 r(az, by, ealra, yo, 22)[asbaca] @ p, 2727,

b a2’b2702
(58)
and
77,:212%;&3;2512222 - Z r(a27 b27 CQ ’x27 y2, 22) [a2b202] ® paE?2b2C2$2y2z2 ® pEl’ (59)
a2,ba,c2
where
; b
pEllyl = Z t(al, bl, Cl‘l’l, Y1, Zl)p%ll 101x1y121’ (60)
ai,Ci
b
pEl = Z t(a17b1761|l’1’y1’z1)p%1 1Clm1ylzl (61)
al,b1,cl
From the above definitions, we can conclude that
H(A202’E1E2B2B1>n21y12112y222 = H(AQCQ’ElEQBQ)nmlmzmzszz . (62)

Hence,
I(A2Co; By |Ey Eo X1 XoY1Y2 21 Z2By),
= H(AQCQ|E1E2X1X2Y1Y2Z12232)p — H(AQCQ‘E1E2X1X2Y1Y221Z232)p =0. (63)

The quantities I(BQCQ; Al ‘E1E2X1X2Y71Y722122A2)p and I(AQCQ; Bl |E1E2X1X2Y1Y2Z12232)p
are equal to zero using similar arguments. This leads to the following conclusion:

inf I(AlAQ;3132;0102|EX1X2Y1}/2Z1Z2)C

ext. in (50)
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< I(A1Ag; B1By; C1Co|E1 Ex X1 XoY1Y2 21 Z3),
= I(A1; B1; C1|E1Ea X1 XoY1Y0 21 Z2 A2 BoCs) , + 1(Ag; By Co| By Ea X1 XoY1Y0Z1Z5),
= I(A1; B1; C1|E1 X1 Y121) 7 + 1(Ag; Bo; Ca| E2 X0Yo 7)., (64)

where the last line follows from the structure of the state in (51) and the fact that the ex-
tension is a no-signaling extension. Since the no-signaling extensions 7 and « are arbitrary,
we conclude that

inf I(A1Ag; B1Bo; C1Co|EX1 XoY1Y2 21 Zo) ¢
ext. in (50)
§ inf )I(Al;Bl;Cl|EX1Y1Z1)T—|— inf I(AZ;B2;02|EX2}/222)7. (65)

ext. in (52 ext. in (53)

Now optimizing over arbitrary input probability distributions, we find that

sup inf )I(AlAQ;BlBQ;CloglEXngyl)/QZlZQ)C

q ext.in (50

< sup inf )I(Al;Bl;Cl|EX1Y121)T -+ sup inf I(AQ;BQ;CQ‘EXQYQZQ)»Y. (66)

q ext.in (52 q ext. in (53)
Hence,
N (A1 Az; B1Bg; C1C2), < N(Ay; By; Ch)i + N(Ag; Ba; Ca), (67)
Putting together (48) and (67), we have established additivity (i.e., we have proven (38)).
O

Theorem 3 (Additivity of QTINL). Let p(ai,as,by,ba,c1,calz1, 22, Y1, Y2, 21, 22) be a
quantum correlation for which no-signaling constraints hold for all parties. For eram-
ple, the no-signaling constraints for Alice are as follows:

> plar, a2, b1, by, c1, a1, w2, Y1, Y2, 21, 22)
ai

=Y plar,az,b1,ba,c1, CalT1, w2, Y1, Y2, 21, 22) Va1, 71, (68)

al

Zp(al)a27 b17 b27 C1, 02’3317$27?/172U2a 21, 22)
a2z

= plar,ag, b1, b, c1, ol w1, To, Y1, Y2, 21, 22) Va2, . (69)

az

Suppose that similar constraints hold for Bob and Charlie as well. Let t(ay,b1,c1|z1,y1,21)
and r(ag, ba, calra, Y2, 22) be quantum correlations corresponding to the marginals of p.
Then the quantum intrinsic non-locality is superadditive, in the sense that

Ng(A1Ag; B1Bo; C1C3), > Ng(Ar; Br; Ch)e + Ng(Asz; Ba; Co),. (70)
If
p(ala az, bla b27 C1, CQ|]71, x2,Y1,Y2, 21, 2:2) - t(a17 bla C1 |fL'17 Y1, Zl)r(aza b2) 02‘1'2, Y2, 22)7
(71)
then the quantum intrinsic non-locality is additive in the following sense:

Ng(A1Ag; B1By; C1Ca), = Ng(Ay; Bi; C1)y + Ng(Asg; Ba; Ca),. (72)

Proof. The proof follows by using similar techniques as Theorem 2 and by taking appro-
priate quantum extensions. ]
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4 Multipartite Intrinsic Non-Locality

We now generalize the tripartite case to the multipartite case. Henceforth, we denote the
1th input to the measurement device by x;, and we denote the outcome of a measurement
by a;, where ¢ € {1,..., M} and M is the number of parties involved. Now, we can define
multipartite intrinsic non-locality, using conditional total correlation, for a no-signaling
correlation as follows:

Definition 3. Let p(ai,...,ap|z1,...,20) be a no-signaling correlation. Multipartite
intrinsic non-locality of p is defined as

N(Ay;--- A = su inf 1Ay Ay Xq - X , (73
(A1 Mp = T q(ml,...I,)mM)pAl P (A1 m|Xa M)ps (73)
where q(x1,...,zpr) is a probability distribution for the inputs of the Alices, and the state

PAL Ay XXy E 1S a no-signaling extension of the state shared by the Alices, given by

PA Ay Xy Xy = Z q(x1, ..., xpr)plar, ... ap|xe, .. x0p)
A1y s AN HT Ly T M
[al, e AN, Ty e 7xM]A1'“AMX1“'XM X p%‘l’m’aMJl’m’xM. (74)

We define quantum multipartite quantum intrinsic non-locality, based on conditional
total correlation, for a quantum correlation as follows:

Definition 4. Multipartite quantum intrinsic non-locality of p(ai,...,an|z1,...,20M), @
quantum correlation, is defined as

1

No(Ars-- 5 Aum)p = su inf I(Av;- Ayl Xy X)), (75
Q( ' )p M -1 Q(m,...I,)MM)pA1-“AMX1“‘XME ( ' | ' )p ( )
where q(x1, .. .,xpr) is a probability distribution for generating the inputs used by the Alices

and pA,..Ay XXy E 18 a quantum extension of the state shared by Alices, given by

PAL Ay X1 Xy = Z Q(3717~~-,95M)P(a1a~-aaM|$1a---733M)
A1,--sQN Ty T M
A1y s AN T 55T M

[al, RNV S AT ,xM]Al...AMxl...XM X pPE . (76)

We now derive a chain rule for the quantity I(A;1A12; - ;Ai14i2;- s Am1Am|E)
similar to that in Theorem 1. In doing so, we generalize (27) to every finite M such that
we can prove additivity and other relevant properties of multipartite (quantum) intrinsic

non-locality. Let us define [M] == {1,2,...,m} and Ay ;= Aij- - Anye

Theorem 4. For every multipartite state pa, y Ay 5-A; 1 A; 5 Ay Ay 2 E5 the following equal-
ity holds:

I(A1 1A ;- 5 A1 Aies - s A AmelE) =
M

I(Ay ;- Al E) + I(A1g; - 5 Av | E AR 2) + Z I(A; 15 A iy 2l EAi2). (T7)
i=1

Proof. By applying definitions and the chain rule for conditional entropy, we find that

I(A11A12; A2 1 A9+ s AnriAp2|E)

Accepted in (Yuantum 2022-12-19, click title to verify. Published under CC-BY 4.0. 13



e

-
Il
—

H(A;j1Aig|E) — H(A11A12A21A29 - A A2 | E) (78)

.

[H(Ai2|E) + H(Ai1|EA; 2)]

=1
— [H(A12A25- - Ap2|E) — H(A11 A2+ - Ay |[EA12A29 - A 2)] (79)
M
= I(ALQ; A272; s ;AMQ’E) + Z H(Ai71|EAi72) — H(A1,1A271 s AM71’EA[M}72). (80)
i=1

Continuing, we find that

M
Z H(Ai1|EAi2) — H(A1nA21 - Apa|[E A 2)

=1

.

[H(Ai,1|EAz',2) — H(A;1|EApg2) + H(Ai,1|EA[M],2)}

i=1

— H(A1’1A271 s AM,I’EA[M],Z) (81)
M

= Z I(Ai,l; A[M]\{z},2‘EAZ,2) + I(Al’l; A2’1; ety AMJ ’EA[M},Q) (82)
i=1

This concludes the proof. O

Now, let us note that if we consider the particular case when M = 3, we recover the
exact form obtained earlier in (27). Then, we can extend the arguments presented for the
tripartite case to obtain additivity, convexity, and monotonicity under LOCR for multipar-
tite intrinsic non-locality and multipartite quantum intrinsic non-locality, primarily due to
the structure of (77) producing similar terms for every finite M.

5 Dual Multipartite Intrinsic Non-Locality

Until now, we have defined multipartite intrinsic non-locality based on conditional total
correlation. As noted earlier, total correlation is just one possible generalization of mutual
information that has found uses in quantum information. Dual total correlation is another
M-partite generalization of mutual information, first introduced in [31, 32]. Both total
correlation and dual total correlation correspond to mutual information for the bipartite
scenario. Since a distinction between total correlation and dual total correlation would
only arise in the multipartite scenario, it is worthwhile to discuss the multipartite intrinsic
non-locality based on conditional dual total correlation to note the differences in quantities
that arise and compare the two quantities.

In this section, we discuss multipartite intrinsic non-locality based on dual total correla-
tion. Conditional dual total correlation is the conditional version of dual total correlation,
and it has been previously used in various multipartite scenarios in quantum information
[20, 33]. Conditional dual total correlation of a state pa,..a,,r is defined as

(A5 AulE) =3 H(Apg o |E) — (m — DH(Ay - AylE). (83)
i=1
The chain rule for conditional dual total correlation is as follows:

I(BAy; Ag;- -+ s Ay E) = I(A1; Az - ; A |BE) + I1(B; Az - - - Ay | E). (84)
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We now define the multipartite intrinsic non-locality based on conditional dual total cor-
relation, and we refer to it as dual multipartite intrinsic non-locality:

Definition 5. Dual multipartite intrinsic non-locality of a no-signaling correlation
play,...,ap|x1, ..., xpr) is defined as

N(Al;--- ;AM)p = sup inf I(Al, ;AM‘Xl'-'XM)p, (85)

q(z1,...,xpr) PAL A X1 X E

where q(x1,...,zpr) is a probability distribution for the inputs of the Alices, and the state
PA Ay XXy E 1S a no-signaling extension of the state shared by the Alices, given by

PAL Ay XXy = Z q(xlw")xM)p(ala”'7aM|'r17"'7wM)
A1, sQN 5TL -3 T M
[al, N S VS A T 7:'EM]A1"'AMX1"'XM ® p%l’“"aM’ml"“’xM. (86)

We define dual multipartite quantum intrinsic non-locality for a quantum correlation
as follows:

Definition 6. Dual multipartite quantum intrinsic non-locality of p(as, . .., ap|T1, ..., xpr),
a quantum correlation, is defined as

NQ(A1;~~ ;Ap)p = sup inf I(Av;-- 5 Ap| Xy X)) ps (87)

q(z1,..xpr) PAL A X1 X B

where q(x1, ..., xpr) is a probability distribution that generates the inputs used by the Alices
and pA,.. Ay XXy E 5 a quantum extension of the state shared by Alices, given by

PAL Ay X1 Xny = Z q(x1, ..., xp)plas, ... ap|xe, ..., x0r)
Q150 QM T L5 T M
[al, RN A T 7‘TM]A1“'AMX1'“XM & p%l""’aM’xl’m’xM. (88)

We now derive a chain rule for the quantity I(A;1A12; - ;A1 4i2;- 3 Am1Amp|E)
similar to that in Theorem 1. In doing so, we generalize (77) to conditional dual total cor-
relation and every finite M, such that we can prove additivity and other relevant properties
of dual multipartite (quantum) intrinsic non-locality.

Theorem 5. For every multipartite state pa, | Ay - A; 1 As o Apri Ay 2 E5 the following equal-
ity holds:
T(Ay1Aro;- - AinAia; - Ay Apo|E) = T(Avrg; -+ 5 Apra|E)
M

+I(Avgs s Aval EApn ) + 3 (A gy A2
i—1

EApmgiy2)- (89)

Proof. By applying definitions and the chain rule for conditional entropy, we find that

I(A11A12; A2 1A20; - s A1 A2 |E)

M
=Y H(App (i1 A iy 2l B) — (m — 1) H (A1 1 A1 2421 A2 -+ Api A 2| E) (90)
=1

M
= > [H (A iy 21B) + H(A iy 1| A iy 2)|
=1
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—(m—1)[H(A12A422 - Ap2|E) — H(A11A21 - - Ay |EA12A22 - - Ay 2)] (91)

=1(A12; A29;- - ; Ap2|E)

M
+ > H(Ap iy

i=1

EA[M]\{@},Q) — (m - 1)H(A171A2’1 ce AM’l‘EA[M]’Q). (92)

Continuing, we find that

M

> H(App i1 BAppiy.2) — (m — 1) H (A1 Ag - Apa | EApg 2)
=1

e

{H(A[M}\{i},l|EA[M]\{1'},2) — H(Apm\iya [ EAD2) + H(A[M]\{i},l‘EA[M]Q)}

=1
- (m - 1)H(A1’1A271 e AM,I’EA[MLQ) (93)
M
= I(Apa s Ai2l EAp iy .2) + 1(Ava; Ao+ 3 Ana [ EAp 2)- (94)
i=1
This concludes the proof. ]

For the particular case of M = 3, the expression in (89) reduces to

I(A1A2; BlBQ; 0102|E) = (Ag; BQ; 02|E) + I(Al; Bl; 01|EAQBQCQ)
+ I(BlCl; A2|EB202) + I(A101; B2|EA202) + I(BlAl; CQ|EBQA2) (95)

One can use the above equation to establish additivity of dual multipartite intrinsic non-
locality for the tripartite case. Then, we can extend the arguments presented for the
multipartite intrinsic non-locality to obtain additivity, convexity, and monotonicity under
LOCR for dual multipartite intrinsic non-locality and dual multipartite quantum intrin-
sic non-locality, primarily due to the structure of (89) producing similar terms for every
finite M.

6 Device-Independent Conference Key Agreement Capacity

In this section, we define a general form of a tripartite device-independent conference key
agreement protocol and its associated capacity. We shall then upper bound this capacity
using tripartite intrinsic non-locality. Here, we show details of the definition for the case
in which the eavesdropper possesses a no-signaling extension of the underlying correla-
tion, and then we remark how the definition can be modified to the case in which the
eavesdropper is restricted by quantum mechanics.

Let n € ZT, R >0, and ¢ € [0,1]. Let p(a,b,c|x,y, z) be the correlation of the device
shared by Alice, Bob, and Charlie. We define an (n, R, ) device-independent conference-
key-agreement protocol as follows:

e Alice, Bob, and Charlie generate the input sequences z, y”, and 2" to their devices
according to the probability distribution gxnynzn(z™,y™, 2"). The device is used n
times, and the distribution gxnynzn(z™,y™, z™) is independent of the eavesdropper.
For round j € {1,...,n}, Alice inputs z; and obtains the output a;; Bob inputs y;
and obtains the output b;; Charlie inputs z; and obtains the output ¢;. The distri-
bution for the inputs and outputs can be embedded in the state onpgnconxnyngn,
defined as
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OAnprOnXnynzn = > qxnynzn (2", y", 2")p" (", 0", " 2"y, 2")
an7bn7cn’m’n/’yn7zn

nbncnxnynzn><anbncnxnynzn‘AanCanYnZn bl (96)

X |a
where p™(a™,b", c"|x™, y", z™) is the n-fold independent and identically distributed
extension of p(a,b,c|z,y, z). The joint state held by Alice, Bob, Charlie, and Eve is
an arbitrary no-signaling extension o gngncnxnynzng Of 0 gnpgnon xnyn zn, as defined
in (11).

e Alice performs a local channel Eﬁn ~Mm4c, With Cy denoting a classical register
that is publicly communicated from Alice to Bob and Charlie, and M4 denotes
a classical local memory register that is not used for public communication. The
register C'4 is a classical register held by Eve, which is a copy of Cy4. Similarly,
Bob performs a local channel Egn ~Mpcoge With Cp denoting the classical register
that is publicly communicated from Bob to Alice and Charlie, and Mp denotes
a classical local memory register that is not used for public communication. The
register Cp is a classical register held by Eve, which is a copy of C'z. Charlie performs
a local channel Egn Moo With Co denoting the classical register that is publicly
communicated from Charlie to Bob and Alice, and Mo denotes a classical local
memory register, which is not used for public communication. The register C¢ is
a classical register held by Eve, which is a copy of C¢. The registers C'4, Cp, and
C¢ (public communication) are used for parameter estimation. If the parameters are
found to be outside of a predetermined range, the protocol is aborted and no secret
key is agreed upon.

e Alice then performs the decoding channel D]AWACACBCC —1, to obtain her final key
system L 4. Bob performs the decoding channel Df}BC \CpCo—Ly b0 obtain his final
key system Lp. Charlie performs the decoding channel D%CCACBCC L., to obtain
his final key system L¢. This protocol yields a state wy ;.7 gxnynzné,cpc,. that
satisfies

1
) H‘I’LALBLCEXnYnZnéACBCC - wLALBLcEX"Y”Z"C‘AC‘BC'(;Hl <e, (97)

where
2nR
“nR
P LpLeEXTYnZ0CACpCe = 2 Z XU g, @ D, @ [N ®w g xnyn 206, Ep o

=1
(98)

A general protocol of the above form is depicted in Figure 1. A rate R is achievable for
a device characterized by a correlation p if there exists an (n, R — 0, ¢) device-independent
conference key agreement protocol for all € € (0,1], 6 > 0, and sufficiently large n. The
maximum achievable rate is denoted by DI(p) and is called the DI conference key agreement
capacity.

These definitions can easily be modified to the case in which the eavesdropper is re-
stricted by quantum mechanics. The main modification is that the underlying correlation
is a quantum correlation and the eavesdropper is allowed to possess a quantum extension
of it. We denote the resulting capacity by DIg(p).

It is straightforward to generalize everything stated above to the case of a multipartite
correlation p(ay,...,ap|x1, ..., xar).

Accepted in (Yuantum 2022-12-19, click title to verify. Published under CC-BY 4.0. 17



il L
II% a
v || / Ly
: / g b LOPC
P \ b
dl \ Le
= \ Hz C

E

Figure 1: General schematic for device-independent conference key agreement. The POVMs {H((f)}a,

{Hl()y)}b, and {ng)}c are available to Alice, Bob, and Charlie, respectively. The eavesdropper is in
possession of the quantum and classical information in system F. LOPC stands for local operations
and public communication and is used by Alice, Bob, and Charlie to distill the final conference key.

In [16], a lower bound on conference key agreement rate was established for a particular
protocol. In this work, we are trying to address a different question that can be answered
regardless of any particular choice of protocol. We are concerned with the no-signaling
or quantum correlations that characterize the devices used for device-independent confer-
ence key agreement. The question we want to answer is as follows: given a correlation
p(a, b, clx,y, z), produced by a device, what is a non-trivial upper bound on the conference
key agreement rate that can be extracted from this device with any possible protocol?

We answer this question for independent and identically distributed (i.i.d.) devices,
which means, in each round of the protocol, the device is characterized by the correlation
p(a,b,clz,y,z). The inputs within each round of the protocol can be correlated but not
across rounds. This i.i.d. assumption is not a drawback as we are interested in calculating
upper bounds on conference key agreement rates: if we show that a correlation can certify
no more than a certain limit of key rate against an eavesdropper restricted to i.i.d. attacks,
then the correlation certainly cannot certify more than this limit against an eavesdropper
without such a restriction.

6.1 Upper Bound on DI Conference Key Agreement Capacity

Now, we prove that tripartite intrinsic non-locality is indeed an upper bound on the DI
conference key agreement capacity.

Theorem 6. The tripartite intrinsic non-locality N(A; B; C), is an upper bound on the
device-independent conference key agreement capacity of a device characterized by the no-
signaling correlation p(a,b, c|x,y,z) and sharing no-signaling correlations with an eaves-
dropper:

DI(p) < N(4; B; O)y. (99)
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Proof. The states ®, w, and o are given in the definition of device-independent conference
key agreement in Section 6. Using (97) and (18), we find that

2nR = I(La; Lp; Lo|EX"Y"Z"CACCo)e (100)
< I(La; Lp; Lo|EX"Y"Z"CaCsCe), + E. (101)

where & = 4enR + 3¢(e) and g(e) is defined in (19). Using data processing of condi-
tional total correlation for L4, Lp, and Lo under the local channels D]AWACACBCC L

B C
Dypcacncomts @4 Do cpon—r, We conclude that

2nR < I(La; Lp; Lo|EX"Y"Z"CaCBCec)w + & (102)
< I(MsCsCpCeo; MpCaCpCc MCCACBCC]EX”Y"Z”CACBCC)w +£. (103)

Now, since Cp is a copy of Cg and C¢ is a copy of C¢, we conclude that
H(MACACBCo|EX™Y"Z"CyCpCc) = H(MACA|EX"Y"Z"C4CpCe). (104)

A similar manipulation can be applied to H(MpCACCo|EX"Y"Z"CxCpCc) and
H(McCaCpCo|EX™Y"Z"CyCpCe), giving us

2nR < I(MACACBCC; MpCsCpCe; MCCACBCCIEX"Y"Z"C“A@BCC)W +é
< I(MACp; MpCh; McCo|EX"Y " Z"C A CpCe). + £. (105)

Using (16) and ignoring the negative terms that arise, we find that

2nR < I(MACy; MgCp; McCo|EX"Y"Z"CyCpCeo). + €
< I(MACAC_'A; MBCBC_'B; MCCCC‘C|EX”Y”Z”)W + £
=I(MACy; MpCp; MoCo|EX"Y " Z™), + €. (106)

Using data processing of conditional total correlation on M4C4, MpCpg, and McCgc,

2nR < I(MACA; MpChp; MCCC|EX”Y”Z”)w + &
< I(A™; B";C"|EX"Y"Z"), + &. (107)

Using the fact that the no-signaling extension applied in the protocol in Section 6 is
arbitrary,

2nR < (ieg(ltf.I(A"; B",C"EX"Y"Z")s + & (108)
Using € = 4enR + 3¢(e),
2(1-2e)nR < g(ltf I(A™; B";C"|EX"Y"Z")s + 3g(¢). (109)
Taking the supremum over all input distributions,

2(1 —2e)nR <supinf I(A"; B";C"|EX"Y"Z"), + 3g(¢). (110)

q ext.
Using additivity (see Theorem 2),

2(1 — 2¢)nR < sup intf I(A™, B";C"|[EX"Y"Z"), + 39(¢) (111)

q ext.
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:n-supinth(A;B;C|EXYZ)p—|—39(€) (112)

q ext.

= 2(1—-2)R < supinth(A;B;C]EXYZ)p—i—%g(e). (113)
q ext.

Taking the limit n — oo and then € — 0, we conclude that
DI(p) < N(A; B; C). (114)
This concludes the proof. O

Using similar techniques and taking appropriate quantum extensions establishes the
following:

Theorem 7. The quantum tripartite intrinsic non-locality No(A; B; C),, is an upper bound
on the device-independent conference key agreement capacity of a device characterized by
the quantum correlation p(a,b,c|z,y,z) and sharing quantum correlations with an eaves-
dropper:

Dlg(p) < No(4; B; O),. (115)

All the steps (i.e., data processing and additivity) in the proof of Theorem 6 can be
easily extended to apply to multipartite intrinsic non-locality, dual multipartite intrin-
sic non-locality, and their respective quantum counterparts. This leads to the following
theorems:

Theorem 8. The multipartite intrinsic non-locality N(Ay;--- ; Anr)p is an upper bound
on the device-independent conference key agreement capacity of a device characterized by
a no-signaling correlation p(ai,...,ap|z1,...,xr) and sharing no-signaling correlations
with an eavesdropper:

DI(p) < N(Al, 714]\4)2:, (116)

Theorem 9. The multipartite quantum intrinsic non-locality No(Aq;--- ; Anm)p is an up-
per bound on the device-independent conference key agreement capacity of a device char-
acterized by a quantum correlation p(ai,...,ap|x1,...,2p) and sharing quantum corre-
lations with an eavesdropper:

Dlg(p) < No(Ax;- -+ 5 Am)p- (117)

Theorem 10. Dual multipartite intrinsic non-locality ]\~/'(A1; -+ 3 Anr)p is an upper bound
on the device-independent conference key agreement capacity of a device characterized by
a no-signaling correlation p(ai,...,ap|z1,...,2r) and sharing no-signaling correlations
with an eavesdropper:

DI(p) < N(A1;--- 5 Apr)yp. (118)

Theorem 11. Dual multipartite quantum intrinsic non-locality NQ(Al; c 3 Am)p s an
upper bound on the device-independent conference key agreement capacity of a device char-
acterized by a quantum correlation p(ay,...,apn|x1,...,20) and sharing quantum corre-
lations with an eavesdropper:

DIg(p) < Ng(Ar;- -+ 5 Au)p- (119)
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7 Evaluating Quantum Tripartite Intrinsic Non-Locality

In this section, we evaluate quantum tripartite intrinsic non-locality for various examples.
While evaluating the quantum tripartite intrinsic non-locality, we should consider the ac-
tions of an eavesdropper, who is in possession of an extension of the underlying quantum
state shared by Alice, Bob, and Charlie. We note here that all source files needed to
generate the plots in this section are available with the arXiv posting of this paper.

An eavesdropper, Eve, of a DIQKD protocol is allowed access to the quantum exten-
sion system of the state shared between Alice and Bob prior to public communication of
measurement settings. Eve is also assumed to be in possession of copies of all classical
communication exchanged by Alice and Bob, as well as all local hidden variables that can
be attributed to the correlations that Alice and Bob share. We also assume that the state
and black boxes received by Alice and Bob are in fact supplied by Eve herself.

For DI conference key agreement protocols, we assume that Eve has access to all the
same quantum and classical information as in DIQKD but sourced from all the participants
of the DI conference key agreement protocol. Eve can then use this collected information
to reduce the key agreement rate. Any procedure employed by Eve to reduce the key
agreement rate is known as an attack.

The first attack that we consider is a modification of the attack for DIQKD used in [11],
which was helpful for calculating an upper bound on quantum intrinsic non-locality. We use
the RMW18 Protocol [16] for all further calculations. First, suppose that the underlying
state is as follows:

pipe = (1—p) |GHZYGHZ| 156 + pHAéSC, (120)
where |GHZ) = (]000) + |111)) //2. Alice’s measurement choice z = 0 corresponds
to oz, and z = 1 corresponds to ox. Bob’s measurement choice y = 0 corresponds
to (07 — ox)/v/2, the choice y = 1 corresponds to (o7 + ox)/v/2, and the choice y = 2
corresponds to oz. Charlie’s measurement choices are oz when z = 0 and cx when z = 1.
This leads to a quantum correlation ¢(a, b, c|z,y, 2).

Using the Bell inequality corresponding to the parity-CHSH game [16, 35|, the parity-
CHSH violation S is as follows:!

S =V2(1-p). (121)

We see that p ;s produces a local correlation when the parity-CHSH violation is less
than or equal to one or, equivalently, when p > 1 — 1/v/2. Let gs»(a, b, c|x,y, 2) denote a
quantum correlation with parity-CHSH violation SP. For e < p <1 — %, we can think
of the correlation ggr(a,b, c|z,y, z) as a convex combination of ggse(a, b, c|z,y, z), which is
non-local, and qSk% (a,b,c|z,y, z), which is local, in the following fashion:

L (a,b,clz,y, 2), (122)

V2

qse (aa b7 C’.CL‘, Y, Z) = (1 - 04(5))6155 (CL, ba C|J;, Y, Z) + a(€>qsl—
where

afe) = . (123)

'The calculations for all S, pwin, and plots are in the Mathematica files included with the arXiv posting
of our paper.
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Figure 2: Key rate versus parity-CHSH violation S. The orange line is an upper bound on quantum
tripartite intrinsic non-locality computed for the attack described in (125), the blue line is an upper
bound on quantum tripartite intrinsic non-locality for the correlation parameterized by S using a multi-
partite generalization of the attack in [34, 23], and the green solid line is the lower bound for the state
in (120) calculated from [16].

For local correlations, quantum tripartite intrinsic non-locality is equal to zero. Hence,
using Theorem 13, we conclude that

NQ(A; B; C)ggp < (1 — a(e))No(4; B; C)gge - (124)
By considering the trivial extension for ggr(a, b, c|z,y, z), we obtain
No(A;B; C)ggp < 0I<Ilil<l sup (1 —a(e))I(A4;B;C)gge - (125)

=p Q(ﬂ%y,z)

The lower bound is calculated using the probability of winning the parity-CHSH game,
given by

1 (-p)

len - 2 —"_ 2\/§ .
We then plot this quantity against the parity-CHSH violation S in Figure 2.
The second attack on the RMW18 Protocol [16] that we consider is a multipartite
generalization of the attack on DIQKD first proposed in [34], in the context of a lower
bound. It has also been used in [23| for evaluating an upper bound on DIQKD. It can
be thought of as a particular way of achieving a desired parity-CHSH violation S and
quantum bit error rate (QBER) @. In the multipartite generalization, we consider the

following state:
1-C 1+C
—5 (230250 Z)(IGHZXGHZ| 350)(Z5© 25 ® Z5) + —5— |GHZNGHZ| 5¢, (127)

which results from the action of collective dephasing on the GHZ state, and which is
purified by the following state vector:

1—C /1]000) — |111) 1+C /000y + |111)
. ( = )Agc®|0>E+‘/ s ( > ),43@@’1)’3' (128)
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Figure 3: The blue line is the plot of tripartite intrinsic non-locality as function of pqe, for the state
D®3(|GHZ)YGHZ|) using the attack leading to (125). The gold line indicates the lower bound calculated
from [16].

Alice’s measurement choice z = 0 corresponds to oz, and x = 1 corresponds to ox.
Bob’s measurement choice y = 0 corresponds to (07 + Cox)/v1+ C?, the choice y = 1
corresponds to (67 —Cox)/vV1+ C?, and y = 2 corresponds to . Charlie’s measurement
choices are oz when z = 0 and oz when z = 1. The parity-CHSH violation S' is given by
S = /1 + C2. To generate key, Alice and Charlie measure oz and Bob, with probability
1 — 2@Q), measures oz and, with probability 2Q), assigns a random bit. This gives us a
QBER of @. The post-measurement state is as follows:

1 _
TQ (1000)000] @ pf; + 111X111| @ p; ) + % (1001)001] & o + [110)110] @ pi5 ),
(129)
where
L 1 1+C  +/I-C? (130)
Pe=g\evi—c2 1-C |-

Note that for the state in (120), the parity-CHSH violation S and QBER @ are related
as follows: Q = %(1 — %) After we apply this relation between S and ), we get a
correlation that is parameterized by S. We then calculate an upper bound on quantum
tripartite intrinsic non-locality as a function of S and plot it versus S in Figure 2. It is
important to note that this parameterized correlation is not convex in the parameter S,
as required by (134); so if such a curve is not convex to begin with, Theorem 13 cannot
be invoked to produce a lower, convex curve that is also an upper bound on the quantum
tripartite non-locality for the parameterized correlations. We will encounter such a non-
convex upper bound curve in Figure 4 of the next section.
A common qubit noise model is the depolarizing channel, described as

I
D(p) = (1 = paep)p + paep ;- (131)
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We can then consider a more realistic noise model given by p ;55 = D®3(|GHZ)YGHZ|). For
this state, we can consider the attack leading to (125) using the parity-CHSH violation S,
given by

S — (1 - pdep)3 + (1 - pdep)2 )

V2 V2

The lower bound from [16] is calculated using the probability of winning the parity-CHSH
game, given by

(132)

(1 _pdep)3 p(l _pdep)2

1
len 2 2\/5 4\/§

We plot quantum tripartite intrinsic non-locality against pgep in Figure 3.

Here we note that tripartite intrinsic non-locality based on dual total correlation pro-
vides the exact same upper bounds when calculated using the attack in (125). For the
other examples we have studied, tripartite intrinsic non-locality based on conditional dual
total correlation gives worse upper bounds than multipartite intrinsic non-locality based
on conditional total correlation.

(133)

8 Upper Bound Evaluation for Experimental DIQKD

The primary focus of this paper has been DI conference key agreement. An experimental
implementation of DI conference key agreement beyond two parties is still in its infancy
as of the writing of this paper, though recent progress in multi-party quantum nonlocality
experiments is underway [36]. The main interest in conference key agreement is as a way to
quickly establish secret key among several parties, possibly linked by a quantum network.
Another, more currently accessible, method to achieve this is the development and use of
highly efficient DIQKD protocols between pairs of individual users, who can then use these
protocols to distribute a single key to all parties. While this method is not as efficient as
a genuine three party approach, [18|, exploring advances in the bipartite scenario of DI
conference key agreement or device-independent quantum key distribution (DIQKD) will
be relevant to DI conference key agreement.

Recently, there have been experimental works implementing DIQKD [24, 37, 26]. The
protocol used by [24] is of particular interest to us as it uses two key generation rounds,
unlike most others which have just one key generation setting. We calculate an upper
bound for this bipartite protocol. An upper bound on the DIQKD rate is given by quantum
intrinsic non-locality, as shown in [11]. For the experimental protocol in [24], we consider
the attack proposed by 23] and calculate quantum intrinsic non-locality [11].

In the protocol used in [24], Bob has two key generation settings that are picked
randomly with equal probability. This experimental protocol is based on the protocol
proposed by [25]. We set Alice’s measurement choice z = 0 to correspond to oz, and
x = 1 corresponds to ox. We set Bob’s measurement choice y = 0 to correspond to
(cz+Cox)/vV1+ C?, the choice y = 1 to correspond to (07 —Cox)/v1+ C? and y =2
corresponds to oz. Bob uses y € {0,1} for key generation, each with its own QBER.
We calculate quantum intrinsic non-locality as function of S using the attack described in

[23] while setting both QBERSs to @ = (1 — %), where S is the CHSH violation. This
relation between QBER and CHSH violation holds for the Werner state. We then get a
correlation that is parameterized by S. Figure 4 plots quantum intrinsic non-locality for

this protocol versus CHSH violation.
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Figure 4: The blue line is an upper bound on quantum intrinsic non-locality versus CHSH violation,
calculated for the correlation parameterized by S, which is described in the attack [23] for the protocol
proposed in [25]. The blue dots indicate the lower bound of the protocol proposed in [25]. The yellow
line is the lower bound from [34], which coincides with the lower bound of the protocol proposed in [25]
for certain values of S.

9 Conclusion

In this paper, we defined multipartite intrinsic non-localities using conditonal total cor-
relation and conditional dual total correlation, and we proved that these quantities are
indeed additive and convex upper bounds on the DI conference key agreement capacity.
These multipartite intrinsic non-localities are also monotone under local operations and
common randomness. A key technical contribution is our derivation of the chain rule for
conditional total correlation and conditional dual total correlation, which are applicable to
all correlations and may be of independent interest beyond their applications to conference
key agreement.

For future work, we are interested in pursuing more novel DI conference key agreement
protocols beyond the one presented in [16]. Specifically, one can look for protocols that
have more than one measurement setting in the key generation phase because such pro-
tocols require lower detector efficiency for DI quantum key distribution, as shown in [38].
We could also investigate other Bell inequalities presented in [35] in order to find better
protocols.

One may also be interested in determining if either multipartite intrinsic non-locality
is indeed a monotone of genuine multipartite Bell non-locality. It is also easy to see that
multipartite intrinsic non-locality is equal to zero for correlations that can be described
by a local hidden variable common to all parties involved. However, multipartite intrinsic
non-locality is not known to be equal to zero for correlations that fail to be genuinely
multipartite nonlocal as defined in [39], such as (for instance) tripartite correlations that
can be decomposed into a convex mixture of correlations that are each only bipartite
nonlocal.

We can also see from Figure 2 that there is a significant gap between the upper and lower
bounds on tripartite DI conference key agreement, so that there is room for improvement.
We also want to find new attacks specific to DI conference key agreement to improve
the upper bound further and bring it closer to the lower bound. One can also look at
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convex combinations of various attacks on DI conference key agreement, as shown for
DI quantum key distribution in [40]. Deriving a different multipartite intrinsic non-locality
using another information quantity may also be of interest to improve the upper bound.

Finally, we can also look at securing device-independent conference key agreement
using just computational assumptions. There have already been attempts at securing DI
quantum key distribution and self testing under computational assumptions based on the
learning with errors problem [41, 42|. It may be interesting to extend this analysis to the
multipartite scenario of DI conference key agreement.

Note Added—We uploaded the first version of our preprint [43] to the quant-ph arXiv
concurrently with the first version of [44], after being made aware of their independent
work. Ref. [44] has now been published as [45].

Acknowledgements—We acknowledge funding from Air Force Office of Scientific Re-
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A Convexity

Convexity of tripartite intrinsic non-locality is another important property because convex
combinations of no-signaling correlations are also valid no-signaling correlations. This is
also the case for quantum correlations [46].

Theorem 12 (Convexity of TINL). Let t(a,b,c|z,y,2) and r(a,b,c|lz,y,z) be two no-
signaling correlations, and let A € [0,1]. Let p(a,b,c|lx,y,c) be a mizture of the two
correlations, defined as

pla,b, clz,y,c) = At(a, b, c|z,y, 2) + (1 = N)r(a, b, clz, y, 2). (134)
Then,
N(A;B;C), < AN(A;B;C) 4+ (1 = A\)N(A; B; O),. (135)

Proof. Consider the quantum embeddings of arbitrary no-signaling extensions of ¢, r,
and p:

b
Tapcexyz = Y, pla,y,2)t(a,b,cz,y, 2)[aberyz]apexyz © T Y, (136)
a7b7c7x7y7z
vapcexyz = Y. p(xy,2)r(a,b,clz,y, 2)[aberyzlapexyz @ vy, (137)
a7b7c7x7y7z
and
b
Capcexyz =y, pla,y,2)pla,b,clz,y, z)[abcryz]apexyz @ py
a/7b7c7x7y7z
= Y pla,y, 2){(NHa, b, clz,y, 2) + (1= Ar(a, b, clz, y, 2)}
a7b7c7x?y7z
x [abcxyz]apoxyz @ PaEbcwyz- (138)

A particular no-signaling extension of (138) is as follows:

papcexvza =y, plx,y,2){(Nt(a,b,clz,y, 2)[a, b, c, z,y, 2 apoxy z@TR Y R[0])
a,b,c,x,y,z,\

abcxyz

—+ (1 - )\)7’(@, b7 C’JZ‘, Y, Z)[abcxyz]ABCXYZ & E & [1]/\} (139)
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Consider then

inf I(A;B;C|EXYZ),¢
ext. in (138)

< I(A; B;C|[EXY ZA), (140)
= (WI(A; B;C|EXY Z), + (1 — N)I(A; B;C|[EXY Z), (141)
< inf  I(A;B:C|EXYZ), + (1 — inf  I(A; B;C|EXYZ).,. (142
=) ext. 112(136) (4; B; C| Jr+(1=2) ext. 112(137) ( ¢l b (142)

The first inequality holds because we picked a particular no-signaling extension. The
second inequality holds due to the convexity of the individual terms in the definition of
conditional total correlation. Since T and y are arbitrary no-signaling extensions of t and 7,
and optimizing over arbitrary input probability distributions, we find that

inf I(A;B;C|EXY Z
Sl;pext. 112(138) (4; B; € o

< (AN)sup inf I(A;B;C|EXYZ);+ (1 —X)sup inf [I(A;B;C|EXYZ),.
q ext. in (136) q ext. in (137)
(143)
This concludes the proof. O

Theorem 13 (Convexity of QTINL). Let t(a,b,c|z,y, z) and r(a,b,c|z,y, z) be two quan-
tum correlations, and let A € [0,1]. Let p(a, b, c|x,y, c) be a mizture of the two correlations,

defined as
p(a,b,clz,y,c) = At(a, b, c|z,y,z) + (1 — N)r(a, b, c|z,y, 2). (144)
Then,
No(A;B;C), < AN@(A; B;C)¢ + (1 — A)Ng(A; B; C),. (145)

Proof. Consider the following quantum extensions of ¢, r, and p:

Tapcexyz = Y q(x,y,2)t(a,b,cx,y, z)[aberyzlapoxyz ® TR, (146)
a)b’c)m7y?z
b
vapcexyz =, q(x,y,2)r(a,b,clz,y, 2)[abcryz]apoxyz © V5, (147)
a,b,c,z,y,z
Capcexyz= Y. qlz,y.2)pla,b,clz,y, 2)|abezyzlapcxy z ® ppc™?. (148)
a7b7c7x7y7z

Let 7555 be a quantum state that, along with the POVMs characterized by {H((f)}a,

{H}()y)}b, and {ng)}c, yield the correlation t(a, b, c|z,y,c). Let Tj555 be a quantum ex-
tension of 7;55. Similarly, let 755~ be a quantum state that, along with the POVMs

characterized by {Agx)}a, {A,()y)}b, and {Agz)}c, yield the correlation r(a,b,c|z,y, z). Let
vigep be a quantum extension of v555. Then, a particular quantum state that realizes
the correlation p(a, b, c|z,y, z) is the following:

piscapcr = AMige @ [000X000] 4 pier + (1 = Mvige @ M)A ypier. (149)

Then,

pla,b,clz,y,z) =Tr [Hff) @ 1LY @ 1) © [000)(000] 4 g1 (pABC‘A’B’C’)} +

Accepted in (Yuantum 2022-12-19, click title to verify. Published under CC-BY 4.0. 30



TI'[A((lx) ® Al(ay) X Agz) X |111><111’A’B’C’ (pAB@A/B/(;/)} ) (150)

where it is understood that Alice is measuring oz on her system A’, Bob is measuring oz
on B’, and Charlie is measuring oz on C’, in addition to the other measurements on their
systems A, B, and C. Now, consider the following quantum extension of papca’pcr,

pABéA/B/C/ = ATABCVE ® ‘OOOO><OOOO|A’B’C’E’ + (1 — A)’YABCE ® |1111><1111’A’B’C’E’ .
(151)

Furthermore, consider the following particular quantum extension of (apcExy z:

PABCXY ZEE' = Z p(x,y,z){()\)t(a, ba C‘xvywz)[av b? Gy, Z] ®7_§bc:cyz ® [O]E’

a7b7c7$?y7z

+ (1 =Nr(a,b,clz,y, 2)[a,b,c,z,y,2] ® 'y?EbcxyZ ® [1)g}-
Then following similar arguments given in the proof of Theorem 12, we obtain
N@(A; B; O)p < ANQ(A; B; C)i + (1 = A)Ng(4; B; C);. (152)

This concludes the proof. O

B Monotonicity under Local Operations and Common Randomness

Local Operations and Common Randomness (LOCR) is the set of free operations within
the setup of conference key agreement. These free operations are chosen so that they
are consistent with the prerequisites of the parity-CHSH game [16], which are similar to
those of the CHSH game [47, 48]. By common randomness, we mean that all parties
have access to a common random variable and an instance that is made available to all
parties before each round of the protocol. Using this common randomness, all parties can
perform local operations and pre- and post-processing on their inputs and outputs. LOCR
can be applied to an input distribution p;(a, b, c|z, y, z) to arrive at an output distribution

prlag, by celzs,yy, z¢) as follows:
prlag, by celepypzp) = Y. OB(ag, by, erlag,yy, 2, 0,0, ¢, 3,9, 2)
a7b7c7x7y7z
pi(a,b,clz,y, 2) I (2, y, 2|z s, yp, 2¢), (153)
where

O(L) (afa bfa Cf|:l/1fa Yr, zf,Q, ba cx,Y, Z) = ZP(AQ)OA(CLH(I, Z, Ty, )‘2)
A2

X OB(bf|b, Y, Yf, )\Q)Oc(Cf|C, Z,Zf, )\2), (154)

and

I(L) (1"7 Y, Z|J;f7 Ys, Zf) = Zp()‘l)IA(:ﬂxfa Al)IB(y|yf7 )‘I)IC(Z‘Zf’ )‘1) (155)
A1

The bipartite case has been considered previously in [49]. In the above equations, O4,
Op, Oc¢, 14, I, and Io are the pre-agreed local operations, and A; and Ay represent the
common randomness shared between the parties before and after obtaining the outputs
from the initial correlation, respectively.
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Theorem 14 (Monotonicity under LOCR). Let p;(a,b,c|z,y, z) be a no-signaling correla-
tion, and let py(as, by, crlay, yr, z¢) result from the action of local operations and common
randomness on p;(a,b, clz,y, z), as described in (153). Then,

N (A Bi; Ci)p; = N(Ai; By; Cf)p; - (156)
Proof. Consider the following respective no-signaling extensions of ps(as, by, crlxys, ys, 2f)

and pi(a’ ba C|l’7 Y, Z):

CAfBiCyEX; Y Zp = Z q(xp,yp, zp)pp(ag, by celeg, yr, zf)
agby,Cr,TpYs,2f
7b’ b b
larbyerasyrzgla, By px vz, @ Gl T (157)

and

b
Tapcexyz = Y, q(x,y,2)pi(a,b,clz,y, z)[abexyzl apopxyz ® pg Y. (158)

a7b7c7aj7y7z

Let us embed pf(ayf, by, crlzs,yy, z¢) in the following quantum state:

PAfBfCyXyY;Zs = > a(zryrzp) > > p(A2)Oalapla, m,xy, Ag)
afvbfvcfvxf7yf7zf a7b7c7x7y7z )‘2
Op(bslb,y,ys, A2)Oc(cyle, 2, 25, Aa)pi(a, b, clz, y, 2) > p(A)La(|xr, M) (ylys, A1)
A1

Is(ylys, A)lc(zlzp, M)lagbpesapypzplas oy x vz, (159)
A particular no-signaling extension of this state is as follows:

PABCA;B;CyEXY ZX Y Z A1 A2

= > a(xrypzr) Y. Y p(A)Oalafla, z, 25, A2)Op(bslb, y, ys, A2) x
afbp.CrTyyyp 2y ab,c,x,y,z Ao

OC(Cf’C, Zy2f, >\2)pi<a7 b7 C’(E, Y, Z) Zp()q)IA(fL"xf, )‘I)IB(y’yfv )\I)IBQ/‘yf, )\1))(
A1

Io(2|zf, M)[abexyzarbpcrrpyrzplaBoa;Bros Xy 2Xv5 2 @ p‘,ﬁ;bc””yz ® [A1A2]A; A,
(160)

Now let us begin with the following inequality:

inf I(Af;Bf;Cf‘EXfoZf)C < I(Af;Bf;Cf‘EXfoZfAlAQ)p. (161)

ext. in (157)

The above inequality holds for a specific choice PABCA;ByCyEXY ZX ;Y Z A As of a no-
signaling extension of p¢(as, by, celxy, ys, 2z¢). Using data processing of conditional total
correlation under local channels, we find that

I(Ay; By; Cf|EX Yy Zp M Ng)p < I(AX XA BY Yy Ao; CZZpAo| EX Yy Zy A1 As)p.
(162)

Since X¢,Yy, Zy, and Ay are classical copies of themselves, it follows that

[(AXXAy; BYY;Ao; CZZ;A9|[EX Yy Z;A1As),
= I(AX; BY;CZ|EXY;Z;A1Ms),. (163)
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Since none of A, X, B, Y, C, and Z depend on Ay, we conclude that
I(AX;BY;CZ|EXY;ZiAMAo), = I(AX; BY ;CZ|EXY Z§M1),. (164)
Hence,

inf I(Ap; Bp; CEX Y Zy)e < I(AX; BY;CZ|EX ;Y1 Z A1), (165)
ext. in

Using (27), we find that

I(AX; BY;CZ|EX{Y;ZsA), = I(A; B; C|EX ;Y ZsM XY Z),,
+I(X;Y; ZIYEX Y ZM), + [(Y Z; AIXEX Y7 ZpA),
+ I(XZ; BIYEX Y Z;A1), + I(XY; C|ZEX Y Z;A1),.  (166)

The information-theoretic quantities I(Y Z; A|IXEX Y Z A1)y, (X Z; BlY EX$Y Z M),
and I(XY;C|ZEX;Y;ZyA1), are equal to zero due to the no-signaling constraints elu-
cidated in (5) and the structure in (155) of the local box Ir. The information-theoretic
quantity I[(X;Y; Z|YEXY;Z;A1), is equal to zero due to (155). The structure of p
implies that all the terms are equal to zero, except for the first term. So,

inf  I(Aj; By CflEX;Y;Z5)c < I(A; B;C|XY ZEX ;Y ZsA1),  (167)

ext. in (157)

— I(A; B;C|XY ZE),, (168)

where the equality is a consequence of the structure of papcExyYZXx SV Z A - Since 7 is an
arbitrary no-signaling extension of p;, we conclude that

inf  I(A; By Cf|EXY;Zp)c < inf  I(A; B;C|XY ZE),. 169
ext. 1ilr}(157) ( Stk f| ) f)c_ext. 112(1‘38) ( T | ) ( )

By optimizing over arbitrary input probability distributions, we conclude that

sup inf  I(Ap; By; Cp|EXyYyZg)y, <sup inf I(A;B;C|XYZE)y, (170)
q

q ext. in (157) ext. in (158)
which is the desired inequality in (156). O

Theorem 15 (Monotonicity under LOCR of QTINL). Let p;(a,b, c|x,y, z) be a quantum
correlation, and let ps(ayr,by,celxy,yy, z5) result from the action of local operations and
common randomness on p;(a,b,clx,y, z), as described in (153). Then

Nq(Ai; Bi; Ci)p, > No(Ai; By; Cp)p, - (171)

Proof. First, let us embed p¢(af,bs,crlay, ys, 2f) in a quantum state:

> q(xr,yr, zp)ps(ap, by, crler, yr, 2p)lagbrerrryrzpla o x, vz, (172)
apbp.crTrys,zy

where q(xf,ys,2f) is an arbitrary probability distribution for zf, yr, and z;. The set Q
of quantum correlations is closed under the action of local operations and common ran-
domness, implying that ps(ar,bg,crley, yr, z¢) € Q. Since pr(ayr, by, celrys, yy, z5) is also a
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quantum correlation, we know that there exists an underlying state ¢ A;Bs6; and POVMs

{H‘(lgj‘f)}afv {H[(f}lf)}bfa and {ngcf)}cf such that

pelag, by, crlag, ys, z5) = Tr[(H((zfcf) ® Hz(ff/f) ® ngf)) Ca,8,0,) - (173)

An arbitrary quantum extension of the state (4 1ByCy XY Zy is given by

CAfBfCEX Y2 = > a(zg,yy, zp)pslag, by, crley, vy, 2y)
afbfsCrsYss2f
7b7 9 b
larbrerasyrzgla;Brorex vz, ® Gyl T (174)

where
1

C%f»bfvcffvf:yf%f _
pilag, by, crley, yr, 2y

(z¢) (vy) (zf)
) Tr{(naff ® Hbff ol ® H) gAfoC'fE} '
(175)
and §AfocfE is an quantum extension of CAfo(Jf- Now, we know that

prlap,br.crlep,yp,zp) = > O ag, by cplr,yr, 2,a,b,c,2,y, 2)

a,b,c,x,y,z
pi(a7b70’$7y7Z)I<L)(x7y7z‘$f7yf>Zf)? (176)

as well as the facts that I(L)(a:,y,z\a:f,yf,z]c) and O(L)(af,bf,cf]a:f,yf,zf,a, b,c,x,y, 2)
are local correlations. Therefore, there exist separable states (xyz and p A;BiCpr along

with POVMs that result in the correlations I®) and O®), That is,

19 @y, 2log g, 2) = T (1577 @ 17 @ IE7) Car 2] (177)
and
Tf,a,x ,b, Zf,C2
O(L)(af’bf7cf’ij’yf7Zf,a,b7C7$7y,Z) :Tr{(ﬂg,ff )®Hl()z;f y)®Hgff )> pAfoéf} :
(178)

Furthermore, we know that the correlation p;(a, b, c|x, y, z) is a quantum correlation. Thus,
there exists an underlying state ( ; 5~ and POVMs {H,(f)}a, {Hl()y)}b, and {ng)}b such that

p(afa bf7 Cf|$f7 Yt Zf) =
Z TI'|: (H((]fcfvavx) ® Hl(f;fvbvy) ® ngﬁ(;z) ® H;xf) ® Héyf) ® ngf) ® ng) ® Hl()y) ® ng))

a7b7c7x7y7z

(pﬁfjéféf ®Cxyz ® ng(j) } (179)

Since (xyz is a separable state, we can write it as (xyz = Y.y, P (A1) ;‘(1 ® Cél ® Cgl. Let
Cxyza, = 2on P (A1) ;‘g ® C})}l ® Cgl ® [A1]a, be a particular quantum extension of (xyz.
Similarly, let p A;B;CrAs be a quantum extension of p A, By and (jpap an extension
of (56 A particular quantum extension of the state in (174) is given by

PA;ByCrEX Yy ZA Ay = > (g, yp zp)ar(ag, by, celze, yr, 25) x
apbpCrapypizf
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abcxyz

[a“fbfcfxfyfzf]AfoCfoYfo ®pg ® [MA2]a Ay, (180)

where

ab,c,ry,z 1 (z) (v) (2) L

which then gives

PABCA;B;CyEXY ZX Y Z ;A Ao

= Yo dlwpypz) Yo Y p(A)Oalagla,x,xp, A)Op(bslb,y, ys, A2) X
agbp,CryTp s,y ab,c,x,y,z Ao
OC(Cf|Cv ZyZf, )‘2)pi(aa ba C|CE, Y, Z) ZP()\l)IA(SU|93f7 Al)IB(y’yfa Al)IB(y|yf, )\1) X
A1

Ic(2|zy, M)aberyzarbperrpyrzplaBoa;Brop Xy 2X,vi 2, @ PR @ A A2) Ay Ay

(182)

Then, following arguments similar to that given in Theorem 14, we obtain the desired
inequality in (171). O

C Local Hidden-Variable Models

In this appendix, we show that tripartite intrinsic non-locality and quantum tripartite
intrinsic non-locality vanish for tripartite correlations that admit a local hidden-variable
model. A tripatite correlation admits a local hidden-variable model if it is of the following
form [28]:
p(a, b, C|$7 Y, Z) = ZPA()\)ZJ(G|$, )\)p(b|y, )\)p(c|z, )‘)7 (183)
A

where A is a local hidden variable. If a distribution admits such a model, then the model
can be reformulated so that all the factor distributions p(al|x, A), p(bly, A), and p(c|z, \) are
deterministic with probabilities equal to either zero or one. In this case, using the classical
information A and the input settings of x, y, and z, an eavesdropper can deduce the
outcomes a, b, and ¢ with certainty. Hence, tripartite intrinsic non-locality and quantum
tripartite intrinsic non-locality should vanish for local tripartite correlations.

Theorem 16 (TINL & QTINL for local correlations). Tripartite intrinsic non-locality
and quantum tripartite intrinsic non-locality vanish for every distribution p(a,b,c|x,y, z)
having a local hidden-variable model, i.e., N(A; B;C), =0 and Ng(A; B; C), = 0.

Proof. Consider the following no-signaling extension of p(a, b, c|z,y, 2):

Cacexyz= Y. alz.y,2)plab,cl,y, z)abezyzlapcxyz ® pi . (184)
a7b?c7m7y7z
A particular no-signaling extension of p(a, b, c|z,y, 2) is
pacexyz =, pa(Nalz,y, 2)p(alz, Np(bly, Np(clz, A)[abczyz] apexyz © [N
aibicix’yVZ)A
=> pa(Npdpoxyz ® Ne (185)
A
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where

Psoxyz= 3. a(z.y,2)plalz, \)p(bly, \)p(c|z, N)[aberyz] apcxy z- (186)

a’b7cﬁmiy’z

Then, it follows that
inf(]84) I(A;B;C|EXY Z): < I(A;B;C|EXY Z), = Z]DA()\)I(A;B;C’|XYZ),0A
ext. in A
(187)

From inspection of (186), we conclude that I(A; B;C|XY Z),, = 0. Therefore, we ob-
tain the first desired claim: N(A;B;C), = 0. One can see that Ng(A4;B;C), = 0 by
considering the appropriate quantum extensions. O
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