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Abstract This study presents a detailed investigation of the
dynamics of massless test particles (photons) to analyze the
stability of null circular geodesics around the Kerr–Sen black
hole (KSBH) spacetime. KSBH is a new solution arising in
the low-energy effective field theory of heterotic string the-
ory. The analysis proceeds by obtaining the radial effective
potential, which serves as the foundation for calculating the
Lyapunov exponent, a central quantity used to describe the
stability or instability of geodesic motion in dynamical sys-
tems. The study employs the Lyapunov exponent approach to
determine the stability or instability of circular orbits under
varying values of the charge parameter Q and Kerr parameter
a. Additionally, the analytical expressions for the radius of
circular photon orbits and the corresponding impact param-
eter, defined as the ratio of conserved angular momentum
to energy are also derived explicitly. To further analyze the
orbital behavior, techniques such as Poincaré maps, the Lya-
punov Exponent, and FLI are utilized to distinguish between
regular and chaotic trajectories. The sign and magnitude of
the Lyapunov exponent provide a rigorous criterion to dis-
tinguish between stable and unstable circular orbits. These
results contribute to a deeper understanding of the geodesic
structure and perturbative stability in string-inspired rotating
charged black hole backgrounds. The findings are also com-
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pared with those of the KBH case to highlight the impact
of the BH charge on the stability of null geodesics. This
study provides deeper insights into the dynamical properties
of null geodesics in charged rotating BH spacetimes in GR
and alternative theory of gravity.

1 Introduction

The string theory is known as one of the most popular can-
didate theories to unify all four fundamental forces in nature
[1]. Like the classical theory of gravity i.e. GR, string theory
also admits the BH solutions in general [2,3]. In GR, the first-
ever rotating BH solution was mathematically described by
Kerr in 1963 [4,5]. A few years later, Sen employed a certain
solution-generating technique on the KBH solution to derive
the metric for charge rotating BH solution in low energy limit
of the heterotic string theory and the obtained solution thus
named as Kerr–Sen BH (KSBH) [6–9]. The KSBH solution
is different from the KBH solution as it is characterized by
three parameters (mass, angular momentum and charge) and
arose from heterotic string theory while the KBH solution
is parameterized by only two parameters (mass and angular
momentum) which was formulated in GR [10–12].

The geodesics structure of massive and massless parti-
cles in the equatorial plane of the various spacetime back-
grounds have been extensively studied to understand the
gravity around the BH [13,14]. The stability of geodesics
plays an important role in explaining the nature of the trajec-
tories of particles around the BH. Basically, the geodesics in
KSBH spacetime are nonlinear differential equations, there-
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fore, we use here the Lyapunov exponent criteria to investi-
gate the stability of geodesics [15–20].

The Lyapunov exponent measures the average rate of sep-
aration between nearby trajectories in any classical phase
space and may have positive, negative or zero value [21–25].
The radial effective potential obtained from the geodesics
equation is a basic approach to understand the orbits of test
particles around any BH spacetime. Therefore, in order to
analyze the stability of geodesics, the Lyapunov exponent is
widely used whose formulation in terms of radial effective
potential is derived and discussed in Sect. 2 in detail [26,27].
The real value of the Lyapunov exponent indicates unsta-
ble circular geodesics, the imaginary value of the Lyapunov
exponent indicates stable circular geodesics and the vanish-
ing Lyapunov exponent implies marginally stable geodesics
[28].

The stability analysis of geodesics in the equatorial plane
around the various interesting BH spacetime geometry has
already been investigated by several authors [21,26,29–39].
The stability of geodesics and quasinormal modes of a dual
stringy BH, (2+1) dimensional charged BTZ BH spacetime
and non-commutative Schwarzschild BH (NCSBH) via Lya-
punov exponent are also examined in detail [29,40,41]. The
stability of circular geodesics around the RNBH, KNBH and
charged Myres–Perry BH spacetimes have been studied via
calculating the Lyapunov exponent (proper time and coordi-
nate time Lyapunov exponent) [26,27,42].

Lyapunov-based chaos indicators provide powerful tools
for characterizing the stability and chaotic nature of pho-
ton trajectories in curved spacetimes [43]. In particular, the
Largest Lyapunov Exponent (LLE) quantifies the average
exponential rate at which nearby trajectories in phase space
diverge, thereby serving as a direct measure of orbital insta-
bility and sensitivity to initial conditions [44]. A positive
value of the LLE indicates chaotic motion, while a van-
ishing or negative value corresponds to regular dynamics.
Complementarily, the fast Lyapunov indicator (FLI) offers an
efficient numerical diagnostic to distinguish between regular
and chaotic orbits over relatively short integration times by
monitoring the rapid growth of deviation vectors [45]. These
indicators have been widely employed in studies of dynam-
ical systems and BH spacetimes and are especially suitable
for investigating the stability of circular photon orbits [46–
50]. In the present work, we use both the LLE and FLI to
systematically analyze the onset of chaos and the stability
properties of photon motion around the KSBH, thereby pro-
viding a physically transparent and robust characterization of
strong-gravity chaos in this spacetime. The main objective of
this work is to compute the Lyapunov exponent explicitly to
investigate the stability of the null circular geodesics in the
equatorial plane for KSBH spacetime. Furthermore, to ana-
lyze the more complex behavior (regular or chaotic orbit) of
the KSBH, Poincare map and FLI are also investigated for the

null case. The present paper is organized as follows: In Sect.
2, we briefly review the basic concepts of the Lyapunov expo-
nent and the expression of the Lyapunov exponent in terms of
the radial effective potential. In Sect. 3, a brief introduction
of KSBH spacetime is presented and the expression of the
radial effective potential for the given spacetime is derived. In
Sect. 4, we explicitly derived the Lyapunov exponent for the
null circular geodesics and investigated its stability aspects.
To further examine the orbital behavior, techniques such as
Poincaré maps, the Lyapunov Exponent, and FLI are uti-
lized to distinguish between regular and chaotic trajectories.
Finally, in Sect. 5, we have summarised our results.

2 Lyapunov exponent in terms of Radial effective
potential

In classical phase space, the Lyapunov exponent of a dynam-
ical system is the quantity that measures the rate of con-
vergence and divergence between two nearby trajectories
(geodesics) [24].
Mathematically, two trajectories in any phase space with ini-
tial separation vector δZ(0) diverge at a rate given by

|δZ(t)| = eλt |δZ(0)|. (1)

The expression for the Lyapunov exponent comes out as,

λ = 1

t
ln

|δZ(t)|
|δZ(0)| . (2)

Here, λ denotes the Lyapunov exponent, t is the evolu-
tion time, δZ(t) represents the deviation (separation) vec-
tor between two neighboring trajectories in phase space, and
|δZ(0)| is the magnitude of the initial separation vector. The
Lyapunov exponent can be positive, negative, or zero. A pos-
itive value of λ indicates exponential divergence of nearby
geodesics and hence chaotic behavior, whereas a negative
value corresponds to convergence, and λ = 0 characterizes
marginally stable or regular motion [51,52].

To derive the expression of Lyapunov exponent in terms
of the radial effective potential, we consider the general sta-
tionary axi-symmetric spacetime geometry [21,26,27],

dS2 = gttdt
2 + 2gtφdtdφ + grrdr

2 + gθθdθ2 + gφφdφ2.

(3)

The Lagrangian for a test particle in the equatorial plane
around this spacetime is given as

L = 1

2
[gtt ṫ2 + 2gtφ ṫ φ̇ + grr ṙ

2 + gφφdφ̇2]. (4)

The conjugate momenta for r coordinate is then derived as,

pr = δL
δṙ

= ṙ grr , (5)
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and by applying Euler–Lagrange’s equation of motion for r
coordinate, we get,

dpr
dt

= δL
δr

. (6)

Using Eqs. (5) and (6), the system of nonlinear differen-
tial equation in two-dimensional phase space with variable
(pr , r) is obtained as,

{
ṗr = δL

δr ,

ṙ = pr
grr

.
(7)

Now by applying the linearization process to the above sys-
tem of differential equations, the evolution matrix is derived
as [51],

Mi j =
[

0 d
dr ṗr

1
grr

0

]
. (8)

The eigenvalues of this matrix provide information about the
stability of circular geodesics and are well known as principal
Lyapunov exponent which is obtained as,

λ2 = 1

grr

d

dr

(
δL
δr

)
. (9)

Now, after some simplification, Lagrange’s equation of

motion, d
dT

(
δL
δṙ

)
− δL

δr = 0 reduced as,

δL
δr

= 1

2grr

d

dr
(ṙ grr )

2 . (10)

Thus by using the above equation the principal Lyapunov
exponent obtained in Eq. (9) can be rewritten as,

λ2 = 1

2grr

d

dr

[
1

grr

d

dr
(ṙ grr )

2
]

. (11)

Further simplifying the above Eq. (11) and using the condi-
tion of circular orbits i.e. ṙ2 = 0, (ṙ2)′ = 0, the principal
Lyapunov exponent reduces to [52],

λ =
√(

ṙ2
)′′

2
. (12)

From Eq. (12), one can observe that, for the unstable circular
geodesics, λ should be real i.e. (ṙ2)′′ > 0, for the stable
circular geodesics, λ should be imaginary i.e. (ṙ2)′′ < 0 and
the circular geodesics are marginally stable when Lyapunov
exponent vanishes i.e. (ṙ2)′′ = 0.

3 Geodesics around Kerr–Sen black hole spacetime

The rotating charged black hole arising from heterotic string
theory was obtained by Sen using a solution-generating tech-
nique applied to the Kerr black hole solution and is com-
monly known as the KSBH spacetime [11,53–57]. In Boyer-
Lindquist coordinates, the line element of KSBH spacetime
reads as

dS2 = −
(

� − a2 sin2 θ

ρ2

)
dt2 −

(
4Mra sin2 θ

ρ2

)
dφdt

+ ρ2

�
dr2 + ρ2dθ2 +

(
ρ2 + a2 sin2 θ

+2Mra2 sin2 θ

ρ2

)
sin2 θdφ2, (13)

where, ρ2 = r (r + q) + a2 cos2 θ and � = r (r + q) −
2Mr +a2. Here, q stands for Q2

M ; where, Q and M represent
the charge and mass of the BH, respectively, and a = J/M
represent the specific angular momentum of the BH with
angular momentum (J ).

To analyze the stability of circular geodesics in the equa-
torial plane (i.e. θ = π/2) of KSBH spacetime the geometry
of KSBH spacetime is reduced as

dS2 = −
(

1 − 2M

r + q

)
dt2 −

(
4Ma

r + q

)
dtdφ + r (r + q)

�
dr2

+
(
r (r + q) + a2 + 2Ma2

r + q

)
dφ2, (14)

where, � = r (r + q)−2Mr+a2. To describe the geodesics
motion around KSBH spacetime, the Lagrangian can be writ-
ten as,

2L = −
(

1 − 2M

r + q

)
ṫ2 −

(
4Ma

r + q

)
ṫ φ̇ + r (r + q)

�
ṙ2

+
(
r (r + q) + a2 + 2Ma2

r + q

)
φ̇2. (15)

Here, dot (.) represents the differentiation with respect to
affine parameter τ .

The generalized momenta from the Lagrangian can be
obtained as,

pt = −
(

1 − 2M

r + q

)
ṫ −

(
2Ma

r + q

)
φ̇ = −E, (16)

pφ = −
(

2Ma

r + q

)
ṫ +

(
r (r + q) + a2 + 2Ma2

r + q

)
φ̇ = L ,

(17)

pr = r (r + q)

�
φ̇. (18)
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where, E and L are the energy and angular momentum of the
particle moving around the KSBH respectively. Since the
Lagrangian does not depend on ‘t’ and ‘φ’, so the quantities
pt and pφ are conserved. Now by solving the Eqs. (16) and
(17), the first integral of the geodesics for time and phase
component of the four-momentum of the particle with a con-
stant of motion E and L are obtained as,

ṫ = 1

�

[(
r (r + q) + a2 + 2Ma2

r + q

)
E −

(
2Ma

r + q

)
L

]
,

(19)

φ̇ = 1

�

[(
1 − 2M

r + q

)
L +

(
2Ma

r + q

)
E

]
. (20)

The Hamiltonian for the motion of particles around the space-
time is derived as,

2H = −
(

1 − 2M

r + q

)
ṫ2 −

(
4Ma

r + q

)
ṫ φ̇ + r (r + q)

�
ṙ2

+
(
r (r + q) + a2 + 2Ma2

r + q

)
φ̇2 = K , (21)

where, K = 0 and K = −1 correspond to null and timelike
geodesics respectively.

After substituting the value of ṫ and φ̇ from Eqs.
(19) and (20) in the Eq.(21), the radial equation of motion
for charged rotating KSBH spacetime is obtained as,

ṙ2 = E2 + K − 2KM

r + q
− L2 − a2

(
E2 + K

)
r (r + q)

+ 2M (L − aE)2

r (r + q)2 . (22)

By substituting the values of K in Eq. (22), one can obtain the
radial equation for timelike as well as null geodesics and also
can derive the effective potentials for both cases of geodesics.

4 Qualitative analysis

In this section, the qualitative investigation of Lyapunov sta-
bility is carried out by computing the Lyapunov exponent
for the null geodesics around the KSBH spacetime. Poincare
map, Lyapunov exponent and FLI are also analyzed for the
null circular geodesics.

4.1 Null circular geodesics

In the context of GR, null circular orbits describe the motion
of massless particles (photons) that maintain circular trajec-
tories around a gravitational source. These orbits play a crit-
ical role in BH studies, as they are fundamentally linked to

observable phenomena like BH shadows, gravitational lens-
ing, and the overall dynamical structure of spacetime.

By substituting K = 0 in Eq. (22) the radial equation
corresponding to null geodesics is reduced as,

ṙ2 = E2 − L2 − a2E2

r(r + q)
+ 2M (L − aE)2

r(r + q)2 . (23)

The first derivative of above equation with respect to r is
given as,

(ṙ2)′ = (L2 − a2E2)(2r + q)

r2(r + q)2 − 2M (L − aE)2 (3r + q)

r2(r + q)3 .

(24)

For the null circular geodesics, we equate ṙ2 = 0 and (ṙ2)′ =
0 and obtained two equations as,

E2
c − L2

c − a2E2
c

rc(rc + q)
+ 2M(Lc − aEc)

2

rc(rc + q)2 = 0, (25)

and

(L2
c − a2E2

c )(2rc + q)

r2
c (rc + q)2 − 2M(Lc − aEc)

2(3rc + q)

r2
c (rc + q)3 = 0.

(26)

Now, let us take Lc−aEc = x which provides L2
c −a2E2

c =
x2 + 2axEc. By substituting these two quantities into the
above equations and reduce to,

E2
c = x2 + 2axEc

rc(rc + q)
− 2Mx2

rc(rc + q)2 , (27)

and

(x2 + 2axEc)(2rc + q)

r2
c (rc + q)2 − 2Mx2(3rc + q)

r2
c (rc + q)3 = 0. (28)

From the Eq. (28), we can obtain,

x2 + 2axEc = 2Mx2(3rc + q)

(rc + q)(2rc + q)
. (29)

Now substituting the value of x2 + 2axE from Eq. (29) in
the Eq. (27) we get,

E2
c = 2Mx2

(rc + q)2(2rc + q)
. (30)

Then by eliminating E from the Eqs. (29) and (30), we have
obtained an equation follows as,
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(rc + q)2(2rc + q)2 − 4M(rc + q)(2rc + q)(3rc + q)

+ 4M2(3rc + q)2 − 8Ma2(2rc + q) = 0 (31)

From the above equation, one can calculate the radius of null
circular orbits around KSBH spacetime.

Further simplifying Eq. (30), one can obtain the expres-
sion for the impact parameterDc = Lc

Ec
as,

Dc = Lc

Ec
= a + (rc + q)

√
2rc + q

2M
. (32)

4.2 Lyapunov exponent

The Lyapunov exponent offers a precise and quantitative
framework for analyzing the stability of geodesic motion in
KSBH spacetimes. By evaluating the second derivative of the
effective potential, one can determine the dynamical nature
of orbits and identify transitions between stable, unstable,
and chaotic behavior. The second derivative of radial effec-
tive potential is obtained as,

(ṙ2)′′ = −2(L2 − a2E2)(3r2 + 3rq + q2)

r3(r + q)3

+ 4M (L − aE)2 (6r2 + 4rq + q2)

r3(r + q)4 . (33)

Now by using the formula λ =
√

(ṙ2)′′
2 , we have explicitly

derived the Lyapunov exponent for the null circular geodesics
as,

λnull =
√

2M (Lc − aEc)
2 (6r2

c + 4rcq + q2)

r3
c (rc + q)4 − λ1. (34)

where

λ1 = (L2
c − a2E2

c )(3r
2
c + 3rcq + q2)

r3
c (rc + q)3 .

For the stable circular orbits, the Lyapunov exponent λnull
should be imaginary for which

2M (Lc − aEc)
2 (

6r2
c + 4rcq + q2

)
r3
c (rc + q)4

<
(L2

c − a2E2
c )

(
3r2

c + 3rcq + q2)
)

r3
c (rc + q)3 . (35)

After further simplification of the above inequality, the con-
dition for the stable circular orbits is obtained as,

Lc
Ec

<

[
2M

(
6r2

c + 4rcq + q2
)

+ (rc + q)
(

3r2
c + 3rcq + q2

)]
a

2M
(

6r2
c + 4rcq + (q)2

)
− (rc + q)

(
3r2

c + 3rcq + q2
)

(36)

Similarly, for the unstable circular orbits, λnull should be
real, for which

2M (Lc − aEc)
2 (

6r2
c + 4rcq + q2

)
r3
c (rc + q)4

>
(L2

c − a2E2
c )

(
3r2

c + 3rcq + q2
)

r3
c (rc + q)3 . (37)

The above inequality can be simplified as below,

Lc
Ec

>

[
2M

(
6r2

c + 4rcq + q2
)

+ (rc + q)
(

3r2
c + 3rcq + q2

)]
a

2M
(

6r2
c + 4rcq + (q)2

)
− (rc + q)

(
3r2

c + 3rcq + q2
)

(38)

Therefore, the stable null circular orbits are found for
when Lc

Ec
<

(2MY+X)a
2MY−X , while the unstable null circular

orbits are found when Lc
Ec

>
(2MY+X)a

2MY−X , where, X =
(rc + q)

(
3r2

c + 3rcq + (q)2) and Y = (
6r2

c + 4rcq + (q)2).

4.3 Poincaré section and Lyapunov indicator

The Poincaré section and FLI are powerful and complemen-
tary diagnostic tools in the analysis of nonlinear dynami-
cal systems, especially in the study of orbital stability in
BH spacetimes. These methods are particularly effective in
revealing complex dynamical behavior that may not be eas-
ily discernible through direct integration of geodesic equa-
tions alone. In the context of GR, where the phase space can
become highly intricate due to the curvature and rotation of
spacetime, such tools are indispensable. The Poincaré sec-
tion reduces a continuous-time dynamical system to a dis-
crete map by recording the successive intersections of a par-
ticle’s trajectory with a predefined hypersurface transverse
to the flow. On the other hand, FLI offers a highly sensitive
and computationally efficient means of quantifying dynam-
ical stability. Unlike classical Lyapunov exponents, which
require long integration times to converge, the FLI measures
the exponential divergence of nearby trajectories over shorter
timescales.
In BH dynamics, such as those described by Kerr or Kerr–Sen
geometries, the Poincaré section plays a vital role in analyz-
ing how orbits evolve near critical regions like the ISCO
or within the ergosphere, where gravitational and rotational
effects are most intense. In our study of the KSBH spacetime,
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Fig. 1 Poincaré map of null geodesics in the KSBH for different energy
levels, with the angular coordinate fixed at θ = π/2 and pθ > 0. The
upper panel shows the full phase-space structure, while the lower-left
panel magnifies the leftmost island of the upper panel and the lower-right

panel magnifies the rightmost island. These islands represent distinct
regions of phase space in which the trajectories remain confined. The
fixed parameter values used in each case are indicated at the top of the
figure

the system’s behavior is analyzed by using the Poincare sec-
tion, Lyapunov exponent and FLI to investigate the chaotic
dynamics of geodesics (Fig. 1).

From left to right in the upper panel of Fig. 2, increasing
values of the spin and charge parameters lead to noticeable
changes in the structure of the Poincaré maps. The lower
panel of Fig. 2 compares the phase-space behavior of the
KBH, the RNBH, and the KSBH. The KBH exhibits predom-
inantly regular motion characterized by well-defined islands
of stability and periodic orbits, while the RNBH shows com-

paratively simpler dynamics with trajectories confined to
fewer regions of phase space. In contrast, the KSBH dis-
plays significantly more intricate and complex structures due
to the combined influence of both spin and charge, indi-
cating enhanced chaotic behavior. This comparison demon-
strates that while all three spacetimes share common fea-
tures of photon orbital dynamics, the inclusion of charge and
rotation in the KSBH introduces richer dynamical patterns
and stronger instability, emphasizing the important role of
additional physical parameters in shaping the stability and
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Fig. 2 Poincaré map of geodesics in the KSBH spacetime for different
energy levels, with θ = π/2 and pθ > 0, for various combinations of
the spin and charge parameters. The upper-left panel corresponds to
the low-charge, low-spin case, while the upper-right panel represents

the high-charge, high-spin case. The lower-left panel shows the Kerr
limit (Q = 0), and the lower-right panel corresponds to the Reissner–
Nordström black hole (a = 0). The fixed parameter values used in each
case are indicated at the top of the figure

chaotic nature of geodesic motion. The Poincaré sections
were constructed by numerically integrating the equations of
motion using an adaptive Runge–Kutta scheme implemented
in the solve_ivp routine. The integration was performed
over the interval t ∈ [0, 5000] with a maximum step size
�tmax = 0.5, and high numerical accuracy was ensured by
adopting rtol = atol = 10−9. The surface of section
was defined by the condition φ = π/2, and crossings with
positive direction were recorded. Initial transient points were
discarded to obtain reliable Poincaré maps. Using the proper
time τ and a proper distance d(τ ) between two nearby orbits
to define the largest Lyapunov exponent as follows [48],

λ = lim
τ→∞

1

τ
ln

d(τ )

d(0)
, (39)

where d(0) represents the initial separation between two
nearby orbits. Such a definition is independent of a choice of

spacetime coordinates. In the KSBH spacetime, the geometry
is more complex due to additional coupling between gravi-
tational, electromagnetic, and scalar fields. This richer struc-
ture gives rise to more intricate geodesic behavior, making
stability analysis both challenging and essential. To assess
the stability of a null circular geodesic, one can linearize
the radial geodesic equation around a reference orbit r0 and
analyze the evolution of a small perturbation δr .

The variation of the Lyapunov exponents for different val-
ues of r0 is depicted in Fig. 3. It is observed that the system
is non-chaotic when the initial separation of orbits is small.
Furthermore, the lowest value of r0 is identified that leads
to chaos, and as r0 increases, the system transitions to a
non-chaotic state. Additionally, as the values of the spin and
charge parameters increase, the chaotic behavior of the sys-
tem intensifies. This demonstrates that the spin and charge
parameters enhance the chaotic behavior, causing the tra-
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Fig. 3 Variation of Lyapunov exponents of the orbits for different values of r0 with θ = π/2 and pθ > 0. The fixed parameter values used in each
case are indicated at the top of the figure

jectories to diverge exponentially over time. Out of all three
cases it is graphically depicted that the largest observed value
of the Lyapunov exponent is 7.017, which corresponds to the
lowest value of r0 = 2.

Indeed, the Lyapunov exponent measures chaos much
clearer in view of both qualitative and quantitative aspects
but it is also observed that obtaining the desired stable value
of the Lyapunov exponent requires a longer time. In compar-
ison, the FLI is a more sensitive tool for distinguishing chaos
from order. Therefore, the FLI can be defined as follow [49],

FL I = log10
d(τ )

d(0)
. (40)

where, d(0) is initial separation between two nearby trajecto-
ries or orbits and d(τ ) is the separation between two nearby
trajectories after proper time τ . In the context of GR, partic-
ularly those involving BH spacetimes, the FLI serves as an
effective tool for analyzing the stability of geodesic motion.
It is especially valuable when examining perturbed trajecto-

ries, motion confined to the equatorial plane, or the effects of
additional fields such as scalar, electromagnetic, or dilaton
fields. Unlike conventional methods based on effective poten-
tials, the FLI provides a broader and more sensitive approach
for probing orbital dynamics, making it particularly adept at
revealing subtle instabilities and the onset of chaotic behav-
ior in complex spacetime geometries. The FLI quantifies the
divergence of nearby trajectories in phase space over time. In
contrast to the maximal Lyapunov exponent (MLE), which
involves computing the time-averaged growth rate, the FLI
looks at the instantaneous growth of deviation vectors and is
thus much faster and more sensitive for detecting chaos. The
motion of the particle will be regular, if FLI grows linearly
or slowly with time, while, the motion will be chaotic, if FLI
grows exponentially or rapidly with time. The FLI, due to its
time-resolved and non-averaged nature, is particularly effec-
tive at detecting local instabilities, intermittent chaos, and
transitions between regular and chaotic behavior. It is espe-
cially useful in systems with mixed-phase space structures,
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Fig. 4 Variation in FLI of the orbits for different values of r0 with θ = π/2 and pθ > 0. The fixed parameter values used in each case are indicated
at the top of the figure

such as those found near the ISCO or within the ergosphere
of rotating BHs.

In Fig. 4, the FLI represents the orbital chaotic behavior
of the orbits. One can observe that non-chaotic, chaotic, and
threshold behaviors depending on the initial separation of
the orbits. Beyond a specific value of the initial separation,
the FLI increases rapidly, indicating the chaotic behavior of
the orbits. The FLI is maximum for the smallest value of r0.
However, for larger values of the spin and charge parameters,
r0 does not affect the FLI symmetrically. This suggests that
the presence of the charge and spin parameters enhances the
chaotic behavior of the orbits.

5 Conclusions

In this work, we analyzed the motion of massless particles
in the Kerr–Sen black hole (KSBH) spacetime to investi-
gate the stability of null circular geodesics on the equatorial
plane. The results show that the combined presence of spin

and charge significantly modifies the dynamical structure of
photon orbits. The main results are summarized below

1. The study demonstrate that radial equation play key role
to compute Lyapunov exponent which is and important
tool to analyze the stability of circular orbits. Real Lya-
punov exponent is correspond to the unstable circular
orbits are while the imaginary value of Lyapunov expo-
nent indicates the stable circular orbit.

2. We find that the properties of the photon sphere and the
associated impact parameter are strongly influenced by
the BH mass, spin, and charge. In particular, the inclu-
sion of charge and rotation leads to appreciable deviations
from the Kerr and Reissner–Nordström limits, highlight-
ing the impact of string-inspired corrections in the KSBH
geometry.

3. The nonlinear and chaotic behavior of geodesic motion
was explored using Poincaré sections, the largest Lya-
punov exponent, and the fast Lyapunov indicator (FLI).
The Poincaré maps reveal the coexistence of regular and
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chaotic regions in phase space, with well-defined islands
corresponding to confined motion. The largest Lyapunov
exponent signals the onset of chaos for specific initial
conditions, while the FLI provides a more sensitive mea-
sure, detecting chaotic behavior at earlier stages of evo-
lution.

4. The results clearly demonstrate that both spin and charge
play a crucial role in enhancing the chaotic dynamics
of null geodesics in the KSBH spacetime. In compar-
ison with the KBH and RNBH, the KSBH exhibits a
richer and more intricate phase-space structure, charac-
terized by a greater diversity of unstable periodic orbits
and extended chaotic regions. This increased complex-
ity highlights the strong influence of additional physical
parameters on photon motion and underscores the impor-
tance of considering charged and rotating BHs geome-
tries when exploring nonlinear dynamics and chaos in
strong gravitational fields.

5. The chaotic behavior of photon motion around the
charged and rotating KSBH may have important astro-
physical and observational implications. The combined
effects of charge and rotation can modify photon trajec-
tories, leading to measurable changes in BHs shadows
and gravitational lensing patterns, as well as in the bright-
ness distribution of observed images. These features sug-
gest that observational signatures of chaos in the KSBH
spacetime could be explored with future high-resolution
observations of BHs environments.

6. Finally, the present analysis can be extended to the
study of timelike geodesics and applied to a wider class
of BH spacetimes arising in string theory and alterna-
tive theories of gravity. Such extensions would allow
a more comprehensive understanding of how different
geometric structures and additional physical parameters
influence nonlinear orbital dynamics and chaotic behav-
ior, thereby offering a broader framework for exploring
strong-gravity phenomena beyond the KSBH geometry.
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