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/', m' and /", m" being the spins and the projections 

of spin of particles a and /? on the direction n a and 

ify of their momenta p a , p^ in the c m . system of the 

reaction. The spin of particles 1,2 (as well as of all 

others unless otherwise specified) is assumed to be 

zero. /LJ m'U" i s ^ e partial amplitude with definite 

helicity, it depends on s' — pi, s" = pj and on the 

energy t - (Pp+Px)2 = Ov+ £ i ) 2 - ( P / ? + P i ) 2 - The 

notations are similar to those used by Jacob and 

Wick 3 ) and by Rose 4 ) . In particular, 

of two particles being in a state with definite values 

of the angular momenta in their c m . system (a—as 

consisting of the particles 3 and 4 in a state with 

definite /', mr; of the particles 5 and 6 with definite 

l\m")— then (1) may be considered as the 5 or 

6-line vertex shown in Fig. 2 and 3. The 5 and 6-line 

vertices (Figs. 2, 3), M5 - M k ; 0 > 0 , M6 - MWik», 

corresponding to definite values of momenta p ( of 

all the particles, will be obviously ( * } a linear com

bination of quantités MVm,.v,m„: 

Fig. 1 Fig. 2 Fig. 3 

(*) Just as the wave function °f particles 3,4 moving with definite k is the linear combination 3 ) of the wave functions \\)\>m* of 

states with definite l\m'\ Vk = 2 ,^ (2 / ' + l J ^ ^ ^ C n O v / ' , • 

where k' = p ;

3 = — P 4 is the momentum of the relative 

motion of particles 3 and 4 in their c m . system (all 

the quantities related to such a c m . system of a 

group of particles will be marked by one or two 

primes), n' is its direction; k" = p'5' = — p£ and n" are 

just the same for the particles 5 and 6. 

From (1), (2) and (3) we obtain the following partial 

wave expansions for the /2-line vertex Mn: 

where 0(œs $J = P L M ( c o s S a ) is the associated 

Legendre polynomial. 

If the particle a or both the particles a and j8 are 

considered as composite o n e s 5 ' 6 ) — e a c h consisting 

A simple method of relativistic partial wave analysis 

of general many-particle amplitudes is proposed. 

The expansions thus obtained are used to analyse 

the asymptotic behaviour of the amplitudes of inelastic 

processes on the basis of the Regge X ) and Gribov 2 ) 

method. 

I. — Jacob and Wick 3 ) have obtained a very 

elegant form of the partial wave expansion for the 

amplitude shown in Fig. 1 of the transition of 

particles 1, /? into 2, a: 
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Figs. 4, 5 show the configurations of momenta of 
particles for 5 and 6-lines vertices of Figs. 3 and 4 
in the c m . system of the reaction, the axis OZ being 
parallel to n a . z , zf

3 , z's' are the cosines of the angles 

Fig. 4 Fig. 5 Fig. 6 

indicated in Figs. 4, 5; <j> is the angle between the 
plane of the vectors p a , p 5 and that of p a , p 3 (Fig. 3) ; 
(j)' and 4>" in (5) are the angles between the plane 
p a , p^ and the planes p a , p 3 and p^, p 5 correspondingly 
(Fig. 4). The partial amplitude f[l'^)0(t ; s\ m2

5) is 
denoted by cpi[}

m'(t ; sr) for the case of the 5-line vertex 
of Fig. 2; kL(t) is the partial amplitude of elastic 
scattering of the particles 5 and 1 (Fig. 6). 

Note that the invariant s = (px —p2)2 is related in 
all the cases to the cosine z by the equation 

where s1, z2(andpx ,p2) 
are determined by the quantities t, or /, s' or t9 sr, s". 

The expansions (l)-(5) may be simply generalized 
to the case when the spins of all the particles differ 
from zero. Then considering one of the particles as 
a system of two or more particles (and its spin as the 
total angular momentum of this system) one can 
easily obtain the expansions of the type (4)-(5) for 
the amplitude with any number of lines. 

The unitarity conditions for the partial amplitudes with definite helicity have a fairly simple form. If, in 
particular, the energy t is below the threshold of the production of three particles (i.e. is in the non-physical 
region) we shall have 7 ' 8 ) : 

where 

fis real, sf and f may be any complex numbers. 

II. — Expansions (4)-(5) and unitarity conditions (6) 
provide the basis for analysis of the high energy 
behaviour of the many particle amplitudes of Figs. 2, 3 
in the physical region of the channel in which the 
incident particles are 1, 2 and the produced ones are 
3, 4, 5 (in Fig. 2) or 3, 4, 5, 6 (in Fig. 3). The case 
will be considered when the energy of this channel 
is very high (s-^oo), the value of s\ s" and t being 

fixed. This corresponds to z ->oo Note 

that for z - > o o the functions dffitAz) have a simple 
asymptotic form: d^?m.{z) « C L > m , C L , »m"(z/2) L , where 

where for 

and that they possess the property 

where z± = x±h, x real positive. By taking into 
account these properties of dffltTn» and using Regge 1 } 

and Gribov 2 ) method we find the asymptotic behav
iour of the sum (4) for z + - ^ o o to be 
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The function XL] m\m" w a s introduced as an analytic 
continuation into the complex L-plane of the function 
X2v;m',m" defined by (5) for even integer values of 
L = 2v (the part of the sum (4), corresponding to odd 
values of L is not essential in the high energy limit as 

in the case 2 ) of elastic scattering). In obtaining (7)-(8) 
it was assumed that the part of the function x{L,m', m" 

which is essential for the asymptotic form of Mn: 
(a) is an analytic function of L in the right half plane 
of L, (b) decreases rapidly when L - > c o . It is fairly 
probable that the anomalous terms in the dispersion 
relation for Mn(s) (being not analytic in region L - ^ o o ) 
do not influence the asymptotic behaviour because 
they are determined by integrals in s (or in z) 
over contours which are not of infinite but finite 
length. 

As an analysis of the equations (6) shows (being quite similar to that made by Gribov and Pomeran-
chuk 9 ) ) the partial amplitudes XL , cp^ ? /ifm',™" do have the poles of the type (8), the residues being factorized: 

Here u(t) is a real quantity and vVm,{t,s) = vVt _m>(M') (as a consequence 3 ) of space reflection invariance). 
Using (5) and (7)-(8) we obtain then the following asymptotic values of Mn\ 

The amplitudes (9) have the form of contributions 

/ — c t e ~ Js 

corresponding to the virtual particle—a " reggeon "—, 
g(t) to the three-line vertex and G(t, k') to the four-line 
vertex. Eq. (9) does not exhaust all information 
about the asymptotic behaviour of many-particle 
amplitudes at s - ^ o o . There is a very interesting 
case when the energy s is distributed among all the 

particles, i.e. when s' and s" increase as s -^oo . In 
this case the expansions of the type (10) (written down 
for the case when the fixed invariants are s23 = t' 
and t instead of s' and i) can also be transformed 
into an integral of Sommerfield-Watson type and the 
asymptotic value of G(t, k r) for s'-+oo turns out to be 
g{tr)y{t\i)s'a{n. For the 5-line vertex (Fig. 2) we 
obtain in this case 

where 

where R{£\ _TO» is the residue of the pole furthest to 
the right of the function XL] mr,m" m L: 
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Fig. 7 Fig. 8 

2. The differential cross-section of the production 
of one or two groups of particles with given s' and s" 
integrated over S a (i.e. over —t) decrease as 1/ln (s/M2) 
when s-^oo. 

3. The k' distribution of the groups of particles 
produced and, in particular, their mass spectrum is 
independent of the way the group was produced and 
in particular does not depend on the nature of the 
incoming particle. 

4. Between the cross-sections of the " quasi-
elastic " processes of the type considered here, in the 
region s-+oo there exists a number of relations anal-
oguous to those established by Gribov and Pomeran-
c h u k 9 ) and Ge l l -Mann 1 0 ) , (some of them have been 
mentioned in the paper by Gribov, Ioffe, Rudik 
and Pomeranchuk 1 1 } ) . For the case of non-elastic 
processes all the cross-sections which will be dealt 
with can be measured directly. 

Let us consider for example the process of produc
tion of 7c-mesons on a nucléon under the action of 
7i-mesons or nucléons. The corresponding cross-
sections (Fig. 9 a, b) will be denoted by <rn(t, k ) and 
aN(t9 k'). Let anN(i) and <JNN(t) be differential cross-
sections of nN and NN scattering (Fig. 9 d, e) and 
(j'N(t; k', k") the cross-section of the process 
N+N->(N+ny+(N+n)". Writing down all these 
cross-sections according to Fig. 9 in the form (11) 
we obtain the following relations between them: 

and the cross-sections (1) decrease rapidly with 
increase of # a ; only the values 3 a of the order 
M/y/s In (s/M2) being probable (M is a quantity of 
the order of mass of particles; ocq = (da/dt)t=0 is of 
the order of 1/M 2). 

which corresponds to the pole graph of Fig. 8 with 
two "reggeons ". Such true non-elastic processes will 
be considered in detail elsewhere. Here we will deal 
with " quasi-elastic " processes by which we mean 
those where final states consist of two well-defined 
groups of particles having small total c m . energies 
s' and s". 

There are a series of results following from (9) 
which may be checked by the experiment: 

1. The dependence of differential cross-sections 
of " quasi-elastic " processes on s and / is controlled 
by the same Regge pole as in the case of elastic 
scattering 

(the dependence of at on s is not indicated, the value 
of s being the same for all the processes). These 
relations like many similar ones (for other particles) 
can be directly checked experimentally. 

Fig. 9 

2kr dur 

where dTf = ~7=dsf'—, dx" is defined similarly. 

For fixed s' and s" at ^ - > o o the value of — t is always 

determined by 

is the angle of deviation of the total moment p a of the 
produced group of particles from the original direction. 
Therefore, the factor 

where 
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(Invited paper presented by D. Amati) 

We wish to report about the different consequences 

of a model for high-energy interactions 1 } in the 

investigation of which Bertocchi, Ceolin, Duimio 

and Tonin collaborated with us. This model has 

been suggested to us by the structure of the strip 

approximation to the Mandelstam representation 2 ) 

and can be simply understood as a generalization 

to very high energy of the peripheral model. The 

basic idea is that the main contributions to multiple 

production are given by a combination of a large 

number of low-energy processes. The graphs we 

are considering are shown in Fig. 1. 

Each bubble represents a low-energy two-body 

process. The number of multiperipheral graphs 

does, of course, increase with increasing energy. 

We wish to show that the sum of all multiperipheral 

effects exhibits, in the high-energy limit, particularly 

simple features, both for elastic scattering and for 

multiple production. 

It is clear that the knowledge of the production 

amplitude allows to compute not only the production 

cross-section, but also the imaginary part of the elastic 

scattering amplitude through the unitarity relation 

Fig. 1 

In fig. 2 are shown the multiperipheral diagrams 

that give the elastic amplitude. They represent the 

shadow scattering of the multiple production as 

given by the multiperipheral model. 


