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A simple method of relativistic partial wave analysis
of general many-particle amplitudes is proposed.
The expansions thus obtained are used to analyse
the asymptotic behaviour of the amplitudes of inelastic
processes on the basis of the Regge » and Gribov »
method.

I. — Jacob and Wick * have obtained a very
elegant form of the partial wave expansion for the
amplitude shown in Fig. 1 of the transition of
particles 1, f§ into 2, o:
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I'ym" and ", m" being the spins and the projections
of spin of particles « and f on the direction n, and
n, of their momenta p,, p; in the c.m. system of the
reaction. The spin of particles 1,2 (as well as of all
others unless otherwise specified) is assumed to be
zero. fi ) e is the partial amplitude with definite
helicity, it depends on s" = p?, s" = p; and on the
energy = (Pp+P1)2 = (&+ 81)2_(P/3+P1)2- The
notations are similar to those used by Jacob and
Wick * and by Rose *. In particular,

D () = € T MdiD), (cos B,),

where difo(cos3,) = Ppy(cos,) is the associated
Legendre polynomial.

If the particle « or both the particles « and f are
considered as composite ones > ®—each consisting

of two particles being in a state with definite values
of the angular momenta in their c.m. system (x—as
consisting of the particles 3 and 4 in a state with
definite I', m'; f—of the particles 5 and 6 with definite
I",m")—then (1) may be considered as the 5 or
6-line vertex shown in Fig. 2 and 3. The 5 and 6-line
vertices (Figs. 2, 3), Ms= M, .0, Mg = M.,
corresponding to definite values of momenta p, of
all the particles, will be obviously *) a linear com-
bination of quantites My,

Mk' s ,m” = Zl’m’(2l,+ 1)Dr(rf:,)’l(;(n’)Ml'm’; "m” (2)
'Mk’ s k7 = Zl"m”(zl” + 1)D5vlln? O(n//)Mk’ s 'm” (3)
where k' = p; = —p, is the momentum of the relative

motion of particles 3 and 4 in their c.m. system (all
the quantities related to such a c.m. system of a
group of particles will be marked by one or two
primes), n’ is its direction; k” = p5 = —pg and n” are
just the same for the particles 5 and 6.

From (1), (2) and (3) we obtain the following partial
wave expansions for the n-line vertex M,:
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(*) Just as the wave function vy, of particles 3,4 moving with definite k is the linear combination ® of the wave functions ;s of

states with definite /', m’: py =y, 20+ 1)DS Yy e -
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where forn =4, n=5and n =16
(4)

K = O, 0O, 0P (1) 5
Kiwme = O, 08" Y U+ Py (2308 et 5 87)
K= €O TN QU DL+ DPy e (23) X

X Pr Z ) Sim? (155, 8") . (5)

Figs. 4, 5 show the configurations of momenta of
particles for 5 and 6-lines vertices of Figs. 3 and 4
in the c.m. system of the reaction, the axis OZ being
parallel ton,. z, zj, z5 are the cosines of the angles
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The unitarity conditions for the partial amplitudes with definite helicity have a fairly simple form.

indicated in Figs. 4, 5; ¢ is the angle between the
plane of the vectors p, , ps and that of p, , p; (Fig. 3);
¢’ and ¢" in (5) are the angles between the plane
P, > Py and the planes p, , p; and p; , p5 correspondingly
(Fig. 4). The partial amplitude f\">2%(t; s, m3) is
denoted by (p(' ) (t;s) for the case of the 5-line vertex
of Fig. 2; Ay (f) is the partial amplitude of elastic
scattering of the particles 5 and 1 (Fig. 6).

Note that the invariant s = (p, —p,)? is related in
all the cases to the cosine z by the equation
s = mi+mi—2e6,+2p, p,z where ¢, , ¢, (and py , p,)
are determined by the quantities ¢, or ¢, s’ or ¢, 5, s".

The expansions (1)-(5) may be simply generalized
to the case when the spins of all the particles differ
from zero. Then considering one of the particles as
a system of two or more particles (and its spin as the
total angular momentum of this system) one can
easily obtain the expansions of the type (4)-(5) for
the amplitude with any number of lines.

If, in

particular, the energy ¢ is below the threshold of the production of three particles (i.e. is in the non-physical

region) we shall have " ®:
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2pys(1)

p(1) = NG

'—"\/t —2i(m}+m3)+(mi—m3)*,

=t +it, >0, 7>0, tisreal, s" and s” may be any complex numbers.

I1. — Expansions (4)-(5) and unitarity conditions (6)
provide the basis for analysis of the high energy
behaviour of the many particle amplitudes of Figs. 2, 3
in the physical region of the channel in which the
incident particles are 1, 2 and the produced ones are
3,4, 5 (in Fig. 2) or 3, 4, 5, 6 (in Fig. 3). The case
will be considered when the energy of this channel
is very high (s—o0), the value of s', s” and ¢ being

fixed. This corresponds to z~ Note

-0 .
2pip,
that for z—oo the functions d{),.(z) have a simple

asymptotic form: d\\)(z) ~ Cp v Cp, —w(z/2)", where

c \/ rQL+1)
L =N T m + DI (L—m+1)

and that they possess the property

d(L) ('—Z+) — exin(L—m"),d(l’z) ”(x) ,

m’, m’ m, —m

where z, = x4it, x real positive. By taking into
account these properties of d{’ .~ and using Regge D
and Gribov ® method we find the asymptotic behav-
iour of the sum (4) for z,—oo to be

T
Mn R/’ (Z/z)a(L—Ctg_E) ’ Z Ca m’ C Rs::) m” (7)
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where R _ . is the residue of the pole furthest to

the right of the function x{") - e in L:

(n)

m, —m” ) g
I (8)

. T (m)
L-o > '2_(2L+ 1)XL; m’, m” ~

The function x}f’) o, e Was introduced as an analytic
continuation into the complex L-plane of the function
X(va) . m defined by (5) for even integer values of

= 2v (the part of the sum (4), corresponding to odd

values of L is not essential in the high energy limit as

in the case 2’ of elastic scattering). In obtaining (7)-(8)
it was assumed that the part of the function X(L",)m', "
which is essential for the asymptotic form of M,:
(a) is an analytic function of L in the right half plane
of L, (b) decreases rapidly when L—oo. It is fairly
probable that the anomalous terms in the dispersion
relation for M,(s) (being not analytic in region L—c0)
do not influence the asymptotic behaviour because
they are determined by integrals in s (or in z)
over contours which are not of infinite but finite
length.

As an analysis of the equations (6) shows (being quite similar to that made by Gribov and Pomeran-

chuk ?) the partial amplitudes 4, , % , f00)

L—a(t),

Here u(f) is a real quantity and vp,.(t,s") = v, _,.(t,s') (as a consequence ¥

(7/2)- 2L+ D@L,

(7/2) QLA DS ol 5 8", ")~

L, m, w40 have the poles of the type (8), the residues being factorized:

u’(t)
L—o(t)’
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of space reflection invariance).

Using (5) and (7)-(8) we obtain then the following asymptotic values of M,:

§— 00

where g(f) = [2p,(]~*C,, ou(t) and
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The amplitudes (9) have the form of contributions
from the pole graphs (Fig. 7) the factor <L—ctg 2) 520

corresponding to the virtual particle—a “ reggeon "—,
g(?) to the three-line vertex and G(¢, k') to the four-line
vertex. Eq. (9) does not exhaust all information
about the asymptotic behaviour of many-particle
amplitudes at s—oo. There is a very interesting
case when the energy s is distributed among all the

M, ~ g% t)<i—ctg?>s“(”
M; ~ g(1)G(t, k’)(, —ctg— 2) alr) o)

M, ~ G(t,K)G(, k”)<i - ctg%“>s“(')

(10)

particles, i.e. when s" and s” increase as s—co. In
this case the expansions of the type (10) (written down
for the case when the fixed invariants are s,; =1’
and ¢ instead of s’ and ) can also be transformed
into an integral of Sommerfield-Watson type and the
asymptotic value of G(¢, k') for s'—oco turns out to be
gy, )™, For the 5-line vertex (Fig. 2) we
obtain in this case

M~ g(i' (', Hg()s™ 53,
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which corresponds to the pole graph of Fig. 8 with
two “reggeons”. Such true non-elastic processes will
be considered in detail elsewhere. Here we will deal
with “ quasi-elastic ” processes by which we mean
those where final states consist of two well-defined
groups of particles having small total c.m. energies
s' and s".

There are a series of results following from (9)
which may be checked by the experiment:

1. The dependence of differential cross-sections
of “ quasi-elastic ” processes on s and ¢ is controlled
by the same Regge pole as in the case of elastic
scattering

doy(12-34) = g*(H)s** 04t
dos(12-345) ~ g*()|G(t, k)| *s* O~ Hdrde’
do¢(12-3456)
~ |G(t,K)||G(t, k")|*s* O™ Ndrdr'dr”
(1n

di" is defined similarly.

§— 00

2k’ dn’
where dt' = —ds'*—,

NCA

For fixed s’ and s” at s—oco the value of —¢ is always
2

determined by —t =~ —;(1 —co0s9,) ~ s'f , where 3,

is the angle of deviation of the total moment p, of the
produced group of particles from the original direction.
Therefore, the factor

(s/M?*O 1 5 exp[ - (92/2)ags In (s/M7)]

and the cross-sections (1) decrease rapidly with
increase of 9,; only the values 3, of the order
M/\/mm being probable (M is a quantity of
the order of mass of particles; af = (du/df),—, is of
the order of 1/M?).

2. The differential cross-section of the production
of one or two groups of particles with given s’ and s”
integrated over 9, (i.e. over —t) decrease as 1/In (s/M?)
when s—oco .

3. The k' distribution of the groups of particles
produced and, in particular, their mass spectrum is
independent of the way the group was produced and
in particular does not depend on the nature of the
incoming particle.

4. Between the cross-sections of the * quasi-
elastic ” processes of the type considered here, in the
region s—oo there exists a number of relations anal-
oguous to those established by Gribov and Pomeran-
chuk® and Gell-Mann'?®, (some of them have been
mentioned in the paper by Gribov, Ioffe, Rudik
and Pomeranchuk 'V’). For the case of non-elastic
processes all the cross-sections which will be dealt
with can be measured directly.

Let us consider for example the process of produc-
tion of m-mesons on a nucleon under the action of
n-mesons or nucleons. The corresponding cross-
sections (Fig. 9 a, b) will be denoted by o,(z, k') and
on(t, K').  Let a,5(f) and ayy(¢) be differential cross-
sections of 7N and NN scattering (Fig. 9d,e) and
oy(t; k', K”) the cross-section of the process
N+ N—>(N-+n)'4+(N+n)". Writing down all these
cross-sections according to Fig. 9 in the form (11)
we obtain the following relations between them:

anN( t)
ann(t)

Gn(ta k/) = .O'N(tﬁ kl) >

onn(Doy(t s K, K") = an(t ; K)oy(1,k")

(the dependence of o; on s is not indicated, the value
of s being the same for all the processes). These
relations like many similar ones (for other particles)
can be directly checked experimentally.
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THEORY OF HIGH-ENERGY SCATTERING AND MULTIPLE

D. Amati, S. Fubini, and A. Stanghellini
CERN, Geneve

(Invited paper presented by D. Amati)

We wish to report about the different consequences
of a model for high-energy interactions» in the
investigation of which Bertocchi, Ceolin, Duimio
and Tonin collaborated with us. This model has
been suggested to us by the structure of the strip
approximation to the Mandelstam representation
and can be simply understood as a generalization
to very high energy of the peripheral model. The
basic idea is that the main contributions to multiple
production are given by a combination of a large
number of low-energy processes. The graphs we
are considering are shown in Fig. 1.
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Each bubble represents a low-energy two-body
process. The number of multiperipheral graphs
does, of course, increase with increasing energy.
We wish to show that the sum of all multiperipheral
effects exhibits, in the high-energy limit, particularly
simple features, both for elastic scattering and for
multiple production.

It is clear that the knowledge of the production
amplitude allows to compute not only the production
cross-section, but also the imaginary part of the elastic
scattering amplitude through the unitarity relation

A(p1pyp2p3) = <pipa| Im T|pp,>
= Y <pip5| T |n><n|Tpyp,> (1)

In fig. 2 are shown the multiperipheral diagrams
that give the elastic amplitude. They represent the
shadow scattering of the multiple production as
given by the multiperipheral model.



