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In black hole thermodynamics, entropy is non-extensive. This entropy obeys the composition rule which
coincides with the composition rule in the non-extensive Tsallis–Cirto  statistics. Here we extend this
approach to the thermodynamics of white holes. The entropy of the white hole is negative as follows from the
rate of macroscopic quantum tunneling from black hole to white hole. The white hole entropy is with the
minus sign the entropy of the black hole with the same mass, SWH(M) = –SBH(M). This reflects the anti-sym-
metry with respect to time reversal, at which the shift vector in the Arnowitt–Deser–Misner formalism
changes sign. This symmetry allows one to extend the Tsallis–Cirto entropy by adding a minus sign to the
Tsallis–Cirto formula applied to white hole. As a result, the composition rule remains the same, with the only
difference being that instead of entropy it contains the entropy modulus. The same non-extensive composi-
tion rule is obtained for the entropy of the Reissner–Nordström black hole. This entropy is formed by the
positive entropy of the outer horizon and the negative entropy of the inner horizon. The model of the black
hole formed by black hole atoms with Planck-scale mass is also extended to include the negative entropy of
white holes.
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1. INTRODUCTION. COMPOSITION RULE 
FOR BLACK HOLE ENTROPY

The thermodynamics of black holes can be
obtained by studying quantum tunneling processes.
Quantum tunneling of particles from a black hole
determines the Hawking temperature [1]. On the
other hand, macroscopic quantum tunneling, which
controls the processes of dividing a black hole into
smaller parts, determines the black hole entropy [2].

The black hole entropy SBH(M) = 4πGM2 is non-
extensive with the special type of composition. In the
process of the splitting of the black hole with mass M
into two smaller black holes with masses  and ,
with , the entropy obeys the following
rule:

(1)

The entropy decreases after splitting,  +
 < . The process of splitting fol-

lowed by decrease of entropy occurs in the process of
macroscopic quantum tunneling with probability [2]:

(2)

Equation (2) demonstrates that the quantum process
of splitting is equivalent to a thermodynamic f luctua-
tion whose probability is expressed through the differ-
ence in entropy before and after the splitting. The

inverse process of merging of two black holes naturally
occurs with increase of the entropy and does not
require thermodynamic or quantum fluctuations.

As discussed in [3], the composition rule in Eq. (1)
is consistent with the non-extensive Tsallis–Cirto

 entropy [4, 5]:

(3)

which gives

(4)
Application of the Tsallis–Cirto  statistics to
black hole was also considered in [6].

The goal of this paper is to modify the Tsallis–
Cirto  statistics in order to incorporate the white
holes and also the black holes with two horizons. In
Section 2 the modified Tsallis–Cirto  entropy
appropriate for white hole is introduced. The general
composition rule for processes where both black and
white holes participate is in Section 3. Application to
the Reissner–Nordström (RN) black hole, in which
the inner horizon has negative entropy, is in Section 4.

Section 5 is devoted to a toy model which reflects
the modified Tsallis–Cirto  thermodynamics of
black and white holes. In this model, black and white
holes are formed from elementary building blocks—
elementary holes with Planck-scale mass. Section 6
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discusses the discontinuous transition of the RN black
hole to extremality as topological Lifshitz transition.

2. TSALLIS–CIRTO ENTROPY 
FOR A WHITE HOLE

The white holes are the configurations with the
opposite shift vector in Arnowitt–Deser–Misner for-
malism [7]. In the Painleve–Gullstrand coordinates
[8, 9] the metric has the following form

(5)

where for the Schwarzschild black and white holes the
shift function is

(6)

In condensed matter analogs, this vector corresponds
to the velocity of the “quantum vacuum” or, in Ellis’s
drainhole analogy [10], the velocity of the “ether.”
The minus sign in the equation (6) corresponds to the
black hole configuration (the velocity  is directed
toward the horizon), and the plus sign describes a
white hole (the “ether” f lows away from the horizon).

The entropy of the white hole can be found from
the calculated rate of the macroscopic quantum tun-
neling from the black hole with mass M to the white
hole with the same mass [2]. The obtained tunneling
exponent is

(7)

As in Eq. (2), we can consider the process of quantum
tunneling as thermodynamic f luctuation,

. Then one obtains
that entropy of the white hole with mass M is with
minus sign the entropy of the black hole with the same
mass

(8)

This equation reflects the antisymmetry between
black and white holes with respect to time reversal.
Negative entropy of a white hole confirms the state-
ment, that white hole is the extremely fine-tuned state
[11, 12].

Interestingly, in the condensed matter simulations
the situation can be exactly the opposite. The white-
hole horizon for the “relativistic” ripplons at the sur-
face of the shallow water is easily simulated using the
kitchen-bath hydraulic jump, see Fig. 4 in [13]. Here
the role of the shift function  is played by the f luid
flow. This white hole does not decay because the f low
of water through the horizon is compensated by the
influx from the central singularity formed by the verti-
cal jet of water. On the other hand, the reverse process
requires extremely fine-tuning, and the corresponding
black hole is highly unstable.
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Since the black and white hole entropies in Eq. (8)
differ only by sign, this antisymmetry suggests the
antisymmetric extension of the Tsallis–Cirto 
entropy for the white hole, i.e. it should be the Eq. (3)
with minus sign:

(9)

In the next section we show that such an extension
yields composition rules that properly include white
holes in the processes of fission and merging.

3. COMBINED COMPOSITION RULE
With Eq. (9), the composition rule in Eq. (1) can

be easily extended to describe processes that also
involve white holes with their negative entropy:

(10)
This includes in particular the composition rule,
which describes the process of quantum tunneling
from the black hole to white hole:

(11)
This equation is consistent with the anti-symmetry
between black and white holes in Eq. (8).

The macroscopic Schwarzschild hole cannot be
partially black and partially white. It is either black or
white. But in the processes of splitting, the black or
white hole can split into the holes of both types. The
black hole can split into two smaller black holes:

(12)

or into the black-white pair:

(13)

or into two white holes:

(14)

All the above processes of splitting of the black hole
are described by the composition rule in Eq. (10). This
composition rule shows that in all of these processes,
the entropy decreases, as it does in rare thermody-
namic f luctuations [14].

The process of macroscopic quantum tunneling, in
which a black hole transforms into a white hole, is a
thermodynamic f luctuation in which the entropy
decreases to its most negative value at a fixed mass M.
The further processes of the splitting of the white hole
are always accompanied by increase of entropy from
its most negative value. The increase of entropy is the
natural process in thermodynamics, which obeys the
second law of thermodynamics. This shows that it is

δ = 2

−
δ

 −  
 


2

=2
1= ln .i

i i

S p
p

+ +1 2 1 2| ( )| = | ( )| | ( )|.S M M S M S M

WH BH| ( )| = | ( )|.S M S M

+ → +
π + π

BH 1 2 BH 1 BH 2
2 2 2

1 2

( = ) ( ) ( )

= 4 ( ) < 4 ,

S M M M S M S M

G M M GM

+ → +
π − π

BH 1 2 BH 1 WH 2
2 2 2

1 2

( = ) ( ) ( )

= 4 ( ) < 4 ,

S M M M S M S M

G M M GM

+ → +
− π + π

BH 1 2 WH 1 WH 2
2 2 2

1 2

( = ) ( ) ( )

= 4 ( ) < 4 .

S M M M S M S M

G M M GM



278 VOLOVIK
the negative entropy which is responsible for the sec-
ond law of thermodynamics for the white hole.
Together with antisymmetry, the second law of ther-
modynamics of a white hole justifies the emergence of
negative entropy.

4. COMPOSITION RULE 
FOR RN BLACK HOLE

The modified composition rule in Eq. (10) can be
applied for the calculation of the entropy of RN black
hole. The entropy of the RN black hole can be consid-
ered as the composition of the entropies of the outer
and inner horizons. Entropy of the outer horizon is

(15)

where  is the fine structure constant and Q is the
integer valued electric charge with  for elec-
tron. The entropy of the inner horizon is negative:

(16)

The minus sign for the entropy of the inner horizon in
Eq. (16) is due to the fact that the inner horizon is
equivalent to the white hole horizon and therefore has
negative entropy. The negative entropy of the inner
horizon agrees with the negative temperature of the
inner horizon, , see Eq. (53)
in [2].

Application of the composition rule in Eq. (10)
suggests that the total entropy of the RN black hole has
the following value:

(17)

According to Eq. (17) the total entropy of the RN
black hole does not depend on the conserved electric
charge Q and is completely determined by the mass of
the black hole. Thus the RN black hole has the same
entropy as the Schwarzschild black hole with the same
mass . This is not surprizing, since the RN black
hole can be adiabatically converted into the
Schwarzschild black hole [2] by continuously decreas-
ing the fine structure constant  to zero at fixed 
and Q. Such adiabatic transformation does not change
the entropy of the black hole.

Note that in [2] we considered the entropy of the
inner horizon with the sign +. Although this is not cor-
rect, fortunately it does not affect the equation (17),
since the latter does not depend on the sign of the
entropy of the inner horizon.

The composition rule (17) can be generalized to the
arbitrary number of the horizons. Let us consider the
multi-horizon metric similar to that in [15]. For the
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black hole with  horizons in Minkowski background
we first choose the simplest metric with

(18)

The extension of the composition rule (17) gives the
following total entropy for this black hole with its
alternating black and white horizons with correspond-
ingly positive and negative entropies:

(19)

Entropy again depends only on the mass of the black
hole. Since this result is consistent with the adiabatic
transformation of a multi-horizon black hole into a
Schwarzschild black hole, it is valid for the general
multi-horizon metric in Minkowski background.

5. ATOMS OF BLACK AND WHITE HOLES
The Tsallis–Cirto  statistics inspires the toy

model, in which the mass spectrum of the black hole
is equidistant, , where  is an integer num-
ber and  is the reduce Planck mass. In
this model, the black hole can be considered as ensem-
ble of N black hole atoms with Planck mass scale [16].
The modified Tsallis–Cirto entropy allows us to
extend the consideration to the white hole. In the toy
model, the black hole atom has zero entropy. Thus
according to the anti-symmetry in Eq. (8), the white
hole atom also must have zero entropy. This is why we
can simply identify a white hole atom with a black hole
atom, assuming that these quanta are indistinguish-
able. Then according to [16] we have

(20)

This gives zero entropy for a single atom,  = 0.
On the other hand in the thermodynamics limit, i.e.,
when the number of atoms , the splitting of
black hole with  atoms to the smaller black holes and
the splitting of the white hole to the smaller white
holes obey the following composition rule:

(21)
The negative entropy of a white hole reflects the effort
expended in preparing such a state. The rate of split-
ting of the black hole with into  atoms is

. In this process the entropy
decreases from  to . The
formation of the white hole from  atoms is also
extremely unlikely, and can be achieved by quantum
fluctuation with the rate . That
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is why, in the process of constructing a white hole from
atoms, the entropy decreases even more, now from

 to the negative value .
As already discussed in Section 2, the equation

 reflects the anti-symmetry with
respect to time reversal, at which the shift vector v of
PG coordinates changes sign, , and the black
hole transforms to the white hole. The time reversal of
the process of formation of a black hole is equivalent to
the process of relaxation of a white hole. The decrease
in entropy of black hole in this inverse process corre-
sponds to the increase in entropy during the relaxation
of a white hole. As a white hole relaxes, its entropy
increases, starting from the most negative value, in
agreement with the second law of thermodynamics.

In the same manner the time reversal transforms
the expanding de Sitter with the positive Hubble
parameter, , to contracting de Sitter with

. Correspondingly, due to anti-symmetry of the
Hubble parameter, , the entropy of the
volume inside the cosmological horizon is negative
in the contracting Universe,  =
–A/4G, where  is the area of the cosmological hori-
zon [17].

6. EXTREMALITY AND NAKED 
SINGULARITY

In all the cases considered in previous sections,
negative entropy occurs in the presence of a horizon:
this is the horizon of a white hole, the horizon in a
contracting de Sitter, and the inner horizon of a black
hole (see also [15, 18]). A natural question arises: can
negative entropy take place in thermodynamic systems
without horizons?

When described in terms of an ensemble of
Planck-scale quanta (planckons [19, 20]), the entropy
of black and white holes depends only on the number
N of quanta. Therefore, one might expect that the
equation (20) for the entropy holds for the RN
black hole also in super-critical regime, where

. In this regime, there are no horizons,
but the entropy can be concentrated in a naked singu-
larity. This is consistent with the claim that all the
entropy of an ordinary Schwarzschild black hole is
concentrated in the black hole singularity [21]. The
naked singularity has been discussed in various con-
texts, e.g., particle production in a naked singularity
was considered in [22]; primordial naked singularities
were discussed in [23, 24]; whether naked singularities
can be distinguished from black holes by observations
was discussed in [25]; etc. Thus, it is not excluded that
the positive and negative entropies in Eq. (20) can be
obtained in the supercritical regime by an ensemble of
planckons concentrated in a naked singularity. Let us
consider the possible scenarios.
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The transition to a super-critical black hole by con-
tinuously changing the fine structure constant  is
non-adiabatic, as can be seen from the entropy  and

 of outer and inner horizons:

(22)

Although Eq. (20) can be obtained by continuously
(adiabatically) varying  to zero, one cannot be sure
that Eq. (20) will be valid in the supercritical regime,

. The approach to extremality is not con-
tinuous, [26] and the entropy may jump from

 to zero when two horizons merge and
annihilate. In the same manner the entropy of the RN
white hole will jump from its negative value

 to zero when horizons annihilate. This
brings us back to the situation where the composition
rule and negative entropy only hold in the presence of
horizons.

If the entropy of a black hole is concentrated at the
singularity, then it would be difficult to justify its jump
to zero when the two horizons merge. Instead, one can
assume that Eq. (22) can be extended to the supercrit-
ical regime, where the horizons are in the complex
plane. In this case, the composition rule in Eq. (17)
may suggest that the entropy of the horizonless black
and white holes, which is concentrated in the naked
singularity, is:

(23)

In this case, the super-extreme black hole is unstable
with respect to splitting into a pair: sub-extreme +
super-extreme black holes. Another problem with this
scenario is that in the supercritical regime the entropy
depends on , and thus the adiabatic principle does
not hold.

So we return to the scenario with zero entropy of a
supercritical black hole. The zero entropy can be justified
in the following way. In the absence of a horizon, the
thermodynamic temperature can be determined only by
the Planck scale singularity, and thus the temperature
may have the Planck energy scale, . Then the
entropy of the singularity is  = N,
which is much smaller than the entropy  of
a subcritical black hole with horizons. In the thermo-
dynamic limit, , this corresponds to a zero
entropy, S = 0. Moreover, in this scenario the adia-
batic principle also becomes valid: in the supercritical
regime the entropy S = 0 does not depend on the
parameter . The adiabatic principle is violated only
at the transition point between the two regimes at

, when the horizons are formed. The event
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horizon is the source of irreversibility, which provides
positive entropy for a black hole and negative entropy
for a white hole.

The discontinuous transition can be considered as
a type of topological quantum phase transitions, in
which topological invariants change discontinuously
[27]. In our case, horizons are formed, destroyed,
annihilated, or change their topology [28, 29]. The
corresponding topological invariant can be provided
by Euler characteristic [30]. The horizon can be con-
sidered as the space-time analogue of the Fermi sur-
face, which undergoes Lifshitz transitions [31], while
singularity is the analogue of the Weyl point in the
spectrum of fermionic quasiparticles. The Weyl point
can be isolated, corresponding to a naked singularity,
or enclosed by the Fermi surface [32, 33].

Because of antisymmetry, a supercritical white
hole should also have zero entropy. In the supercritical
regimes the black hole and its antisymmetric clone are
the same physical objects. This is in contrast to the
subcritical regime, where the coordinate transforma-
tion between the black and white hole PG metrics in
the Eq. (5) has singularities at the horizons. That is
why the general covariance does not apply, and the
subcritical black and white holes are different physical
objects with opposite entropies. The singular coordi-
nate transformation between these objects provides
another way to calculate the tunneling rate from a
black hole to a white hole [2].

Let us mention some papers from the recent con-
ference “Black Holes Inside and Out 2024,” which
have connection to this topic. These are: the paper on
possibility of the entropy concentrated in the black
hole singularity [34]; the paper on possible instability
of the extremal black hole and on the extremality as a
precursor to naked singularities [35]; and the paper by
Unruh, which concludes that the quantum mechanics
of black holes is still a far from finished topic [36].

7. CONCLUSIONS
We modified the non-extensive Tsallis–Cirto

 statistics to include into consideration the white
holes, which have negative entropy. We used the anti-
symmetry between the black and white hole, due to
which the entropy of white hole is with minus sign the
entropy of the black hole with the same mass,
SWH(M) = –SBH(M). This anti-symmetry takes place
because under the time reversal the shift vector  in
the Arnowitt–Deser–Misner formalism changes sign,

, thus transforming the black hole to white
hole. This anti-symmetry allows one to extend the
Tsallis–Cirto entropy by adding a minus sign to the
Tsallis–Cirto equation, when it is applied to white
hole. As a result, the modified composition rule con-
tains the entropy modulus instead of entropy.

The anti-symmetry provides the negative entropy
to all the white-type horizons, including the cosmo-

δ = 2

v

−=Tv v
logical horizon of the contracting de Sitter state and
the inner horizon of the RN black hole. For the RN
black hole, the modified composition rule combines
the positive entropy of the outer horizon and the neg-
ative entropy of the inner horizon. This rule shows that
the total entropy of an RN black hole is completely
determined by its mass  and does not depend on the
conserved (integer) charge . This is consistent with
the adiabatic transformation of the RN black hole into
a Schwarzschild black hole, where the parameter 
(the fine structure constant) adiabatically transforms
to zero for fixed  and . During this adiabatic
transformation, the entropy does not change. This
concerns also the multi-horizon black holes with
alternating black and white horizons in Minkowski
background.

The toy model, in which the black hole entropy is
formed by black hole atoms has been also extended to
include white holes. Modified Tsallis–Cirto 
statistics showed that the corresponding atom with
Planck-scale mass has zero entropy. These neutral ele-
mentary quanta serve as the building blocks of both
black holes with positive entropy and white holes with
negative entropy.
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