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Abstract: In this paper, we study a proposal put forward recently by Bodendorfer, Mele and Miinch
and Garcia-Quismondo and Marugan, in which the two polymerization parameters of spherically
symmetric black hole spacetimes are the Dirac observables of the four-dimensional Ashtekar’s
variables. In this model, black and white hole horizons in general exist and naturally divide the
spacetime into the external and internal regions. In the external region, the spacetime can be made
asymptotically flat by properly choosing the dependence of the two polymerization parameters on the
Ashtekar variables. Then, we find that the asymptotical behavior of the spacetime is universal, and, to
the leading order, the curvature invariants are independent of the mass parameter . For example, the
Kretschmann scalar approaches zero as K ~ Agr~* asymptotically, where Ay is generally a non-zero
constant and independent of m, and r the geometric radius of the two-spheres. In the internal region,
all the physical quantities are finite, and the Schwarzschild black hole singularity is replaced by a
transition surface whose radius is always finite and non-zero. The quantum gravitational effects
are negligible near the black hole horizon for very massive black holes. However, the behavior of
the spacetime across the transition surface is significantly different from all loop quantum black
holes studied so far. In particular, the location of the maximum amplitude of the curvature scalars
is displaced from the transition surface and depends on m; so does the maximum amplitude. In
addition, the radius of the white hole is much smaller than that of the black hole, and its exact value
sensitively depends on m, too.

Keywords: quantum black holes; singularity resolution; asymptotical behavior

1. Introduction

Loop quantum gravity (LQG) has burgeoned in an effort to quantize gravity. It is a non-
perturbative and background independent approach to canonically quantizing Einstein’s
general relativity (GR) [1-5]. Loop quantum cosmology (LQC) is an application of the
LQG techniques by first performing the symmetry reduction of the homogeneous and
isotropic spacetimes at the classical level, and then quantizing it by using the canonical
Dirac quantization for systems with constraints, the so-called minisuperspace approach [6].
Singularities are one of the major predictions by GR, which appear (classically) in the very
early cosmological epoch and the interior regions of black holes. Classical GR becomes
invalid when such singularities appear. One usually expects that in such high curvature
regimes quantum gravitational effects will take over and become dominant, whereby
the singularities are smoothed out and finally replaced by regions with the Planck scale
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curvatures. Because of the quantum nature of geometry in LQG, cosmological singularities
can be naturally resolved in LQC models, without any additional constraints on matter
fields [6]. Although the full theory is still under construction, symmetry reduced models
constructed from LQG have received great attention.

Since the Schwarzschild interior is isometric to the homogeneous but anisotropic
(vacuum) Kantowski-Sachs cosmological model, techniques of LQC can be used to study
black hole(BH) singularities in the spherically symmetric spacetimes. In the treatment of
LQC, the full quantum evolution is well approximated by quantum corrected effective
equations. Similar treatment is applied to the interior of the Schwarzschild spacetime
to obtain the quantum corrected Schwarzschild spacetime, which cures the black hole
singularity. Recently, such works have received lot of attention [7-52].

A particular model proposed recently is the Ashtekar-Olmedo-Singh (AOS) loop
quantum black hole (LQBH) [53-55], in which AOS constructed the effective Hamiltonian
that governs the dynamics of spherically symmetric loop quantum black holes in the semi-
classical limit. This effective Hamiltonian contains two polymerization parameters (p, dc),
characterizing the quantum gravitational effects. In some of the previous approaches, they
were simply taken as constants [7,11,31,33], similar to the yg scheme first introduced in
LQC [6]. However, in LQC it was found [56] that the y scheme leads to large quantum
geometric effects even in regions much lower than the Planck curvatures. To remand this
problem, Ashtekar, Pawlowski and Singh (APS) [56] proposed that the polymerization
parameter should depend on phase variables, the so-called ji scheme . It turns out that so
far this is the only scheme that leads to consistent results in LQC [6].

On the other hand, in the AOS model [53-55], instead of treating (dp, d.) as arbitrary
functions of the phase variables, they consider them as Dirac observables, that is, they
are particular functions of the phase variables, such that along the trajectories of the
effective Hamiltonian equations they become constants. Similar treatments have also been
adopted in [9,14,15,23,24]. However, the AOS approach is different as they considered
(6p, dc) as Dirac observables in the 8-dimensional extended phase space I'ext of the variables
(b, C, Pvs Pe; O, Ocs Ps,s P(sc), instead of the 4-dimensional phase space I' of the variables
(b,c, pp, pc). Another key feature that differentiates the AOS approach is the imposition of
the minimum area condition of LQG on the plaquettes that tesselate the transition surface.
This treatment helped resolve the long standing problems in LQBH such as the dependence
of the system on the fiducial structure and non-negligible quantum corrections at low
curvatures, to name a few.

Despite the success of the AOS model, some questions have been raised [57,58]. In
particular, Bodendorfer, Mele and Miinch (BMM) [59] argued that the polymerization
parameters can be treated canonically as Dirac observables directly in the 4-dimensional
phase space I, so that §; = f;(O;), (i = b,c), where O;’s are the two independent Dirac
observables that can be constructed in the spherically symmetric spacetimes, and are
given explicitly by Equation (10) below in terms of the four Ashtekar variables (b, ¢, pp, pc).
Then, the corresponding dynamics of the effective Hamiltonian is different from that of
AOS. More recently, Garcfa-Quismondo and Marugédn (GM) [60] argued that in the BMM
approach, the two polymerization parameters in general should depend on both O, and
O, thatis, ; = f;(Op, O,), and the BMM choice can be realized as a special case. GM also
derived the corresponding dynamical equations.

In this paper, we shall study the main properties of the LQOBH spacetimes resulting
from the BMM/GM proposal. In particular, the paper will be organized as follows: in
Section 2 we will briefly review the AOS model, so readers can clearly see the difference
between the AOS and BMM/GM approaches. In Section 3, we first introduce the BMM/GM
model and then restrict ourselves to the external region of the BMM/GM LQBH spacetime.
By requiring that the spacetime in this region be asymptotically flat, we find that the
parameter (), [= wyy + wp| must be non-negative (), > 0, where wij = 9f;/d0; [cf.
Equation (60)]. This excludes the BMM choice d; = f;(O;) [59], which is also the choice
made by AOS [53-55], but it must be noted that AOS did it in the extended phase space.
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With this condition, we find that the asymptotical behavior of the spacetime is universal
and independent of the mass parameter m for the curvature invariants [cf. Equations (72)
and (88)]. In particular, the Kretschmann scalar behaves as K — Agr—*asr — oo, where Ay
is a constant and independent of m, and r the geometric radius of the two-spheres. Similar
behavior is also found in the AOS model.

In Section 4, we analyze the properties of the BMM/GM model in the internal region
and find that all the physical quantities are finite, and the Schwarzschild black hole singular-
ity is replaced by a transition surface whose radius is always finite and non-zero. However,
the behavior of the spacetime across the transition surface is significantly different from all
LQBHs studied previously. In particular, the curvature invariants, such as the Kretschmann
scalar, achieve their maxima not at the transition surface but right after or before crossing
it. Detailed investigations of the metric components reveal that this is because of the fact
that now d;s are the Dirac observables in the 4D phase space, which considerably modify
the structure of the spacetime. Due to such modifications, the location of the white hole
horizon is also very near to the transition surface, and the ratio of the white and black hole
horizon radii is much smaller than one, and sensitively depends on the mass parameter .
Finally, in Section 5, we summarize our main conclusions.

To distinguish the AOS and BMM/GM approaches, in this paper, we shall refer them
as to the extended and canonical phase space approaches, respectively.

Before proceeding further, we would also like to note that parts of the results presented
in this paper had been reported in the APS April meeting, 9-12 April 2022, New York, as
well as in the 23rd International Conference on General Relativity and Gravitation (GR23),
Liyang, China, 3-8 July 2022.

2. Extended Phase Space Approach

The starting point of LQG is the introduction of the Ashtekar variables. In the spheri-
cally symmetric spacetimes, they are the metric components p;, and p. and their moment
conjugates b and ¢ with the canonical relations

{b,pv} =Gv, {c,pc} =2Gy, ¢))

where 7 is the Barbero-Immirzi parameter and G is the Newtonian gravitational constant.
In terms of p, and p,, the four-dimensional spacetime line element takes the form,

v
|PC|L%

where N is the lapse function, and L, is a constant, denoting the length of the fiducial cell
in the x-direction with x € (0, L,), and dQ? = d6? + sin” 8d¢? with 6 and ¢ being the two
angular coordinates defined on the two spheres T, x = Constant.

In the internal region of a classical black hole, (N, py, pc) are all functions of T only (so
are b and c), and the corresponding spacetimes are of the Kantowski-Sachs cosmological
model, which allows one to apply LQC techniques to such homogeneous but anisotropic
spacetimes. As a result, the internal region of the Schwarzschild has been extensively
studied in the framework of LQC.

On the other hand, in the external region, the coordinates T and x exchange their
rules, and the spacetime becomes static. However, such changes can be also carried out
by the replacement N — iN and p, — ip;, as shown explicitly below, while keeping the
dependence of the Ashtekar variables still only on T.

With the above in mind, we can see that in general the metric (2) has the gauge freedom,

ds? = —N2dT? + dx? + |pc|dOY?, )

T =T(T), x =ax+x, 3)
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in both external and internal regions, where T’(T) is an arbitrary function of T only, and «
and tg are real constants. To see the AOS approach more clearly, let us consider the AOS
effective Hamiltonian inside and outside the LQBH, separately.

2.1. AOS Internal Solution
With the gauge freedom of (3), AOS chose T'(T) so that:

_ 7% sgn(pe) v/ |pel
N= sin (dyb) ' @

Then, the effective Hamiltonian in the interior of LQBHs reads [53-55]:

(6c¢) opb
= st | 2+ (20 20 ). g

where ¢, and J. are two Dirac observables, appearing in the polymerizations,

. sin(d,b) . sm(écc)'

5, 5 (6)

That is, replacing b and c by Equation (6) in the classical Hamiltonian,

2elpel + b+ f)ph], 7)

whereby the effective Hamiltonian (5) is obtained, provided that the classical lapse function
is chosen as:

1
H =

sgn \/
Ny = %f)‘m ®)
To fix 8, and J., AOS first noticed that the above effective Hamiltonian can be written as:
Lo
Hege = E(Ob -0.), 9)
where
_ pp_ (sin(épb) )
pu— - 1
O 29L, ( Jp + sin(d,b) )’ (10)
|pc| sin(dcc)
= —— 11
O yLo  6c ’ (11)

are two Dirac observables. Then, AOS proceeded as follows:

e  First extend the 4-dimensional (4D) phase space I' spanned by (b, c; pp, pc) to 8-
dimensional (8D) phase space I'ext spanned by (b, C,0p,90¢; Po, Pes p,;b,p5c). In Text
the variables 6, and J, are independent, so they are in particular not functions of
(b, ¢, pp, pc) and instead Poisson commute with all of them;

*  Lift Hy given by Equation (5) to I'ext, and then consider its Hamiltonian flow. Since
Oy and O, are the Dirac observables of this flow, the following choice can be made

(Sb = 5b(ob)r O = 5C(Oc)/ (12)

so that (Jp, d¢) are also the Dirac observables;
*  Introduce these dependences as two new first-class constraints:

cDb = Ob - Fb(éb) ~0,
O, =0, —F:(6:) =0, (13)
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so that the four-dimensional reduced I corresponding to these constraints is symplec-
tomorphic to the original phase space I'. Since O, and O, are the Dirac observables,
Equation (13) implies:

& =F,'(0p), 6 =F.1(Oc), (14)

are also constants on the trajectories of the effective Hamiltonian H given by Equation (5).

e To fix 6, and d., AOS assumed that at the transition surface, (where T = T), the
physical areas of the (x, 6)- and (6, ¢)-planes are respectively equal to the minimal area
A [53]

2n555h|pb(7-)| = A, (15)
47d2pe(T) = A. (16)

With all the above, AOS found that the corresponding Hamilton equations are given by:

o1 sin(d,b) Y26,
b= 2 ( 5 + sin(dyb) )’ 17
; Ly cos(@b)(1- 1% (18)
= —ppcos -,
Po 2Pt b sin?(d,b)
and
¢ = fzw, (19)
dc

Pc = 2pccos(dcc). (20)

It is remarkable to note that, in the above equations, no cross terms exists between
the equations for (b, pp) and the ones for (c, pc). As a result, we can solve the two sets of
equations independently, and the corresponding solutions are given by [52,53]:

1+b, tanh(b"TT> byeteT —p_

cos(dpb) = b = /
" bt tanh(BT) bt T b
_ mLo b, T
po= g <b+ +he )A, 21)
. ZaOeZT
Pc = 4m? (a% + 64T) e 2T, (22)
where
1/2
A = [2(173 + 1>eb"T . bieZboT} ,
ocL 1/2
ap = 78;110’ b, = (1 +725§> ’
b+ = b,£1, (23)
with
dpbe (0,m), d.c€(0,m), pp<0, p.>0, —oo<T<O. (24)

The parameter m is an integration constant, related to the mass parameter of the AOS
solution. From the above solution, it can be shown that the two Dirac observables on-shell
are given by:

Op = m = O,. (25)
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In the large mass limit, m > m,,, from Equations (15) and (16) AOS found that

1 1

3 2\ 3

P G/ L05C=1<7A ) , (26)
V2my?m 2

where m, denotes the Planck mass.
It should be noted that in [53] two solutions for c were given, and here in this paper
we only consider the one with “+” sign, as physically they describe the same spacetime.
From Equation (22), it can be seen that the transition surface is located at dp(T) /9T |;_ =

0, which yields:
1 Y:Lo
T—21n< & ) <0. (27)
There also exist two horizons, located respectively at:
2 by +1
Tey = Twy = ——1 2
BH =0, Twn b, n(bo—l)’ (28)

at which we have A(T) = 0, where T = Ty is the location of the black hole horizon, while
T = Twpy is the location of the white hole. In the region 7 < T < 0, the 2-spheres are all
trapped, while in the one Twy < T < T, they are all anti-trapped. Therefore, the region
T < T < 0behaves like the BH interior, while the one Twy < T < T behaves like the WH
interior, denoted, respectively, by Region B and Region W in Figure 1. This explains the
reason why we call them the black hole and white hole regions, although the geometric
radius /p. of the two-sphere (T, x = Const) is always finite and non-zero, so spacetime
singularities never appear.

Figure 1. The Penrose diagram for the AOS LQBH. The dashed horizontal lines ab and cd represent
the transition surfaces (throats), and the regions marked with B is the BH interior, and the regions
marked with W is the WH interior, but there are no spacetime singularities, so the extensions are
infinite along the vertical line in both directions. Regions marked with I, I, IL, IT’, III, and III" are
asymptotically flat regions but with a falling rate slower than that of the Schwarzschild black hole [55].
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Finally, we note that in this region the lapse function reads:
v o T e R
sin(6,b) AT VAN ’

where A is given in Equation (23).

2.2. AOS External Solution

At the two horizons (28), we have A(T) = 0, and the metric becomes singular, so
extensions beyond these surfaces are needed in order to obtain a geodesically complete
spacetime. AOS showed that such extensions can be obtained from (5) by the following
replacements:

b—ib, py,—ipy, c—c,  Pc— P (30)
for which the canonical relations (1) now become:

{b,pp} = —Gv, {c,pc} =2Gr, (31)

while the effective Hamiltonian in the external space of the LQBH is given by:

1 sin(écc) sinh(dyb) Y25, L,
ext c
—_— — — = — —_ 2
Het T ( 5 smn(ap) )| = GOm0 G2
but now with:

_ Py (sinh(éb) 1?0
= - 33
O 27L0( 5 sinh(&yb) )’ (33)

_ pe sin(dcc)

= —_— 4
O L 6 (34)

which can be obtained directly from Equations (10) and (11) with the replacement (30).
Then, the corresponding Hamilton equations for (c, p.) are still given by Equations (19)
and (20), while the ones for (b, p,) now are replaced by:

P 1 Sil’lh(&bb) _ '725b
b= _z( S sinh(0yb) )’ (55)
. 1 726
= = h(opb) 1+ ———]. 36
Py 5Py cosh(dy )( Sinh2(6,D) (36)

Then, the corresponding solutions of the Hamilton equations are given by:

1+ b, tanh(b"TT)
’ b —l—tanh(b"TT) '
sinh(6,b) _ mlL,

cosh(oyb) = b

= —2myLd =— by +b e T)A, (37
|27 YLo b'yzél%fsinhz(ébb) Zbg ( + ) ( )
, 2a,e?T
sin(d.c) = o j_ AT
[
pe = 4m? (EZT + a%eiZT) , (38)

but now with
/2

A= [b2_ + bieZhOT — Z(bg + 1)eb”T} ' , (39)
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which can be obtained from Equation (23) by the replacement A — iA (or A% — —.A4?), so
that gy — —gxx, and the coordinate x now becomes timelike in the external region (T > 0)
of the black hole horizon, located at T = 0. It can be shown that for the above solution, we
have Oy = m = O, which shows clearly that O, and O, defined by Equations (33) and (34)
are two Dirac observables.

We also note that the replacement of Equation (30) leads to:

252 2
2 VOulpel  4m boT 2( 5 _oT | oT
N- = T 260 2((5bb) =—— (b+e —i—bf) (uoe +e ), (40)

so that, in terms of N, p;, and p., the metric now takes the form [53]:

2
ds? = —N2T2— PL_g:2 4 |p|d0?
|pC|L0
2 252
Py 2 70| pel 2 2
= - dx” + dT* + aQ”, 41
|pe|L3 sinh?(8,b) e )

which shows clearly that now T is spacelike, while x becomes timelike, so the spacetime
outside of the LQBH is static.

In addition, AOS showed that the two metrics (2) and (41) are analytically connected
to each other across the two horizons, and as a result, the extensions are unique. The global
structure of the spacetime is given by the Penrose diagram of Figure 1, from which we
can see that the extensions along the vertical direction are infinite, quite similar to the
charged spherically symmetric Reissner-Nordstrom solutions [61], but without spacetime
singularities, as now the geometric radius ,/pc never becomes zero.

Before proceeding to the next section, we also note that technically the AOS extended
space approach can be realized directly by taking d; and ¢, to be constants in the phase space
of (b,c, pp, pc), and then impose the conditions (15) and (16), as by definition, constants
over the whole phase space are also Dirac observables.

3. Canonical Phase Space Approach

Instead of extending the 4D physical phase space to 8D phase space, and then consid-
ering J; and J, as the Dirac observables of the extended phase space, Bodendorfer, Mele,
and Miinch (BMM) pointed out [59] that they can be considered directly as the Dirac observ-
ables in the 4D physical phase space of (b, ¢, py, pc), as those given by Equation (12). Lately,
Garcia-Quismondo and Marugan argued [60] that J;, and J. should in general depend on
both of the two Dirac observables O;, and O,

5,’ = fi(Ob, OC>, (Z = b, C), (42)

while Equation (12) only represents a particular choice of the general case. Equation (42)
shows clearly that now ¢;, and ¢, all depend on the four variables, (b, c, py, pc), through
Equations (10) and (11) [or Equations (33) and (34) when outside of the LQBH]. Then, the
corresponding Hamilton equations are given by [60]:

. Lo .. 20;
E)Tz = CZ] |:Sié){l, pz} ap; :| , (43)
Lo . 00;
drpi = GCjj [—SiGO{LPi} ail}’ (44)
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wherei,j=b,c,i #],s5 =1,5. = —1,and
Cj = gt , (45)
(1= 2i) (1= Ajj) — Ay
00; df;
A; = 2L, 4
g dé; 00; (46)

It is interesting to note that, introducing two new variables, t;, (i = b, c¢), via the relations:
dt; = C;;dT, (i #7), 47)

Equations (43) and (44) take the forms,

. ‘Lo . aoz
atil - Sl G {l/ pl} apl 7 (48)
Lo .. 20;
Wpi = —siglipit—r (49)

which will lead to the same Hamilton equations as those given by AOS, if we replace T
by tp in the equations for b and p;, and T by ¢, in the equations for ¢ and p,, as first noted
in [60]. This observation will significantly simplify our following discussions.

To proceed further, in the rest of this section, let us consider the above equations
only in the external region, while the ones in the internal region will be considered in the
next section.

3.1. Dynamics of the external LQBH Spacetimes

In the external region, the Hamilton equations take the form

db 1 /[sinh(b) Y26, (50)
dtb N 2 (Sb sinh(ébb) !
de 1 ’)/25%
= —ppcosh(oyb)| 1+ —5+"— |, 51
dt, 2Pb cosh(d )< sinh? (3, b) D
for (b, pp), and
dc sin(dcc)
E - 2 5C 7 (52)
P _ oy cos(dec), (53)
dtc

for (c, pc). Then, the corresponding solutions for b and p;, will be given by Equations (37)
and (39) by simply replacing T by tp, that is,

1+ b, tanh(b“ztb>
by + tanh (%)

cosh(8,b) = b,

mL,

P=—5 (b + bt 4,

A= [b% + b2 2oty 2(b§ + 1)e"vfb] vz (54)

while the solutions for ¢ and p. will be given by Equation (38) with the replacement T by
tc, i.e.,

2q,¢%te

Sin(5CC> — 4&1% + e4tc 7

Pe = 4m? (eZtC + age_th). (55)
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The relation between t;, and ¢, is given by Equation (47), from which we find that

dt, = @dtb. (56)
Cbc

To study the above relation, let us first note that Equations (33) and (34) lead to:

90y Po V28 :
— = 1+ opb) cosh(d,b) — sinh(,b) |,
96, zmaﬁ( sinh(ggp) ) |20 cosh(@t) (@b)]
20, Pe o
%, = AL [(6cc) cos(bcc) — sin(dec)]. (57)
Then, we find that:
o 1 aOC
Coe = D(lﬂcaz;c>
1 Qcpe .
= D{l T L, [((SCC) cos(d¢cc) — sm((SCc)] },
1 90,
o = p(1-m3)
1 Oypp 7’5, ~
= —q1- opb) cosh(dyb) — sinh(dyb)| p, (58
D{ 2%0(5%( k2 (60) {(b) (D) (b)} (58)
where
20 0 00, 00
D = 1- wCCWCC - wbbﬁ: + (wbbwcc - wbcwcb)W:WCc
_ _ WecPe ey
=1 L2 [(6c¢) cos(bcc) — sin(dcc)]
_ CubPy g 4 i [(0pb) cosh(dyb) — sinh(yD)]
29Lo, sinh?(6,b) b b b
252
WppWee — WheWep 7%
+ 1+ ——"—
ez NP C( sinh2((5bb)>
x [(0cc) cos(8cc) — sin(bcc)] [(8pb) cosh(dpb) — sinh(8,b)], (59)
of
wjj = i, O = wee +wep,  Qp = Wypy + Wpe (60)
00,

It should be noted that the numerator of Cy, is a function of f. and the one of C,, is
a function of t,, where t;, and t. are related one to the other through Equation (56). In
particular, for ¢y, t. > 1, from Equation (56), we find:

te = 2pmPal + O(e74) = (L m)ty + et 4+ 224 0(e7), (bt > 1), (6D)
o o
where
_ m(by+1)? -1
K = Tgég (bo cosh bo — 'Yé‘b) Qh,
2
my“op

ny = —————0), 62
2 ()/255 +1 b ( )

B and a3 are other constants, and their explicit expressions will not be given here, as they
will not affect our following discussions.
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It is interesting to note that for the BMM choice, f; = f;(O;) [cf. Equation (13)], and
é; given by Equation (26) together with the fact that on-shell we have O, = m = O,, we
find that:

1) 1)
WM = =g @@= -z W™= g™ =0,
1) 1)
OBMM _ %  BMM _ _ % 63
b Sm, ¢ 3711 ( )

To study the external spacetimes further, in the following let us consider the two cases,
a1 = 0 and a1 # 0, separately.

3.2. External Spacetimes with a1 # 0
If &1 # 0, from Equation (61) we find that:

te ~ %eb"tb. (64)

[

Then, from Equation (47) we find that dT = dt;,/Cy., and in terms of ¢, the metric (41)
becomes:

ds? P gty AP (62 + sin® 0dg?) (65)
¢ = — X sin ,
|pelL3 sinh?(6,b)C2, b IPe
where Cy, is given by Equation (58), and
2
_ P ( oty bot ) ( 20 ht>
= >~ (1e7 + et + 3+ ) exp| ———e°h ),
xx |PC|L§ 1 2 3 p bo
2 2
7 |peldy ( 2ot bot 201 ¢
= - Y  ~ d olp d olp d . ) — —pYlb ,
gtbtb Slnhz(ébb)cic 1€ + € + 3 + exp bo e
2061
g0 = |pe| ~4m? exp(beb"tb>, (66)
o
where (c;, d;) are constants defined as:
(oo Dt ) PR
- 1663 - 4p% - 8v2 ’
(4]2 2m4 4w mS
d = fybgi;lb‘l (bo + 1)4, dr = ,),zhbbi:;ﬁl (bo + 1)2{71735% — mwyy (7352 — bgf) },
b 0%
A = 2m2<$;b;’4 (mwbh<2'}’6(52+ f2(746§+4725§<b3+1)
b-o
2 3453 2 214 455,2
1812 +z) 42y fsz(l —4b0>) +8yf52b% — 4y ‘Sbb0> +z), (67)
with

f(v8) = bycosh™ by — 48, = b, In(by + ¥84) — 70,
_ 133 55
= 379 +0(7 5;;)/ (68)

which is always non-zero for d, > 0, as shown in Figure 2. The function f(J}) defined
above must not be confused with the Dirac observables f;(Op, O.) (i = b, ¢) introduced in
Equation (42).

From the above expressions, it is clear that ay must be positive in order to have the
spacetime asymptotically flat as ¢, > 1. This is also consistent with Equation (64), as we
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assumed that t,, . > 1 asymptotically. Therefore, in the rest of this subsection we assume
«1 > 0, which requires:
Q, > 0. (69)

It is interesting to note that, corresponding to the BMM choices of f; = f;(O;) and ¢;
given by Equation (26), we have:

OBPMM — —3‘5—]’7’1 <0, (70)
as given in Equation (63). Therefore, the BMM choices cannot be realized in this case.

It is also interesting to note that the spacetimes described by Equations (65)—(68)
actually have similar asymptotic behavior as the AOS solution does, although the two
metrics, given respectively by Equations (65) and (41), look quite different. To show this
claim, let us first introduce a new spacelike coordinate ¢ via the relation, ¢ = ety and then
we find that the metric (65) becomes

dy d de?
2 2 2 2 3
ds® o~ —(Clé +cz§+c3+~~~)e G4 +(d1+:+;2+~~~>e“0§bg

+ 4m2eto? (d92 1 sin? 9d¢2), 71)

where T = x and a9 = 201 /b, > 0. Then, the corresponding curvature invariants of the
above metric are given by:

GMR,, ~ (2m>2 11 bgog by (241 + daao)
e 2\m2 4y 2437
1
(z))
am\*[1 (1 = 2bkad
”“/ ~ - — I 0 0
e () (e 25
_ bjag(df + 3b3dym*ag + bydam*ag) Lo ( 1 )
2(dim?)¢ &)
RIVEBR N 211 4 d%—2b§d1m2a3+7b§m4o¢3
b =\ 4d2m*
bzlkz(dldz — b2m2a0(16d1 + 7d20€0)) 1
+-20 L +(9(2) ,
2d7m?¢ ¢
4 2..,2,2\2
dy — 4b
CHBC s = <2m> (y — A )"
r 12dim
20200 (2dy + dowg) (dy — 4b2m>a3) ( 1 >
Ol= || 72
" 3d3m2¢ Ula (72)

where r (E 2meoé/ 2) is the geometric radius of the two spheres ¢, T = constant. Comparing

the above with the ones presented in [55], we can see that now the metric approaches asymp-
totically to the Minkowski spacetime as »~#, which is the same as that of the AOS solution.

It is also remarkable to note that for the AOS choices of §, and 6. given by Equation (26),
we find that a7 o m?/3 and d; « m1%/3. Then, the above expressions show that they are all
independent of m asymptotically. In particular, we have:

A 1
RIVPR 0 = 740 +0 (r4€> (73)



Universe 2022, 8, 543 13 of 31
where § = 5—0 In(5%), and A is independent of m given by:
280 80)7
Ag=—F7 —— +4 (74)
Yop  “p

This is sharply in contrast to the relativistic case, in which the Kretschmann scalar is given by:

_ 48m?

(75)

It is also very interesting to note that the leading order of the Kretschmann scalar of the
AOS solution also behaves like ¥~* as r — oo [57]. In the current case, even the Dirac
observables f; are chosen so that Ay given by Equation (74) is zero, the next leading order

isO (%) , which approaches zero still not as fast as . In fact, it is even slower than r—>.

0.0025

0.0020 - ]

0.0015}

0.00105 — f(x)

0.0005 |

0.0000 - 1
0.00 0.05 0.10 0.15 0.20

Figure 2. The function f(x) defined by Equation (68) vs. x = 7.

To understand the solutions further, we first note that to the leading order the metric
takes the form:

2
2 (2L
PESSICL Y LIC ) R I BRIy (76)
o2 ~— 4m2a?

for r > 2m. On the other hand, the AOS solution takes the asymptotic form [57]:
dsaog =~ —r? e VdT? + dr? 4+ 24072, (77)

which is identical to the global monopole solution found in a completely different con-
tent [62]. Then, the corresponding effective energy-momentum tensor is given by:

Ty = UyUyP + Priutv + P2 (9;1491/ + ‘nypv)/ (78)

where u;, denotes the unit timelike vector along T-direction, and r;, 6, and ¢, are the
spacelike unity vectors along, respectively, r—, 0—, and ¢—directions, and p, p, and p, are
the energy density and pressures along the radial and tangential directions. To the leading
order, they are given by:

N 4&%7112 —dq N _d1 + 40&%1712 N 40(%7112

dlrz 7 pr — d11’2 7 pL — W/ (79)
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which all approach zero as r~2. This is also consistent with the asymptotical behaviors of
the quantities given in Equation (72).

It should be also noted that, despite these differences, the spacetimes of the current
solutions are also asymptotically flat and the corresponding ADM masses are as well
defined as that of the AOS solution [55].

3.3. External Spacetimes with a1 = 0

When a7 = 0, from Equation (62) and Figure 2 we find that this can be the case
only when

Oy = wpp + wpe = 0. (80)

It is clear that the BMM choices of f; and ¢;, given by Equations (13) and (26), are not
compatible with this case, too.
Then, to the leading order, Equation (61) yields:

ty =t =t, (81)
as t, — oo. With Equations (80) and (81) we find that:
gux =~ e A (cleZhot + cpe! 4 o3+ - )
89 = 4m2€2t, (82)

where c;,’s are still given by Equation (67). Finding the asymptotic limit of g is not so
straightforward, and this is mainly because of the term C;, seen in the expression:

2 52
St = "5 ’72|Pc\ : > (83)
sinh®(5,b)Cj.

The numerator of Cy. in Equation (59) is equal to 1 with the choice of wy, + wp. = 0
and the remainder of g is evaluated with the help of Mathematica, and is given by:

g = e* (d1€2b”t + dyet +dy + - - ) (84)

where d;;s are also given by Equation (67). Introducing the new coordinates,

r=2me, x= iT (85)
= ’ - (b0+1)2 7
we find
ds? = —grcdT? + gppdr® + 12dQ2, (86)
where
7 \2(b—1) ¢ (2m bo c3 (2m 2bo
o= Gl (3) 2 ()7,
dl 7\ 2bo dz 7 \Do dg
o = galam) TaeGa) ae &
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Then, we find:

SRy ~

2_thiz(%"_l) +(9<1>],

| 2m? d18?

(r)

2m ol 1 b (C1d2*C2d1) 1
nv ~ - - o\me  ~ePl) —
Rk = () |q 03 )

om\*[ 1 2 1
R R~ () | g 70 () )
om\*[ 1 4(b,—2) 1
nvap ~ < Y il .
CHPChyep ( p ) Tond T 3, +O<€3)], (88)

here, & = (r/2m)t. Interestingly, the spacetime is again asymptotically flat, and to the
leading order has the same asymptotic behavior as that in the case a1 # 0. In particular,
all these scalars are asymptotically independent of the mass parameter m, and approach
zero as r~*, sharply in contrast to the relativistic case given by Equation (75). However,
different from the case a1 # 0, to the next leader order the Kretschmann scalar behaves like
O (1/r2(2+b0)) .

To study this case in more details, let us first note that to the leading order the metric
takes the form:

2 o T z(bl’_l) 2 dl r 2b, 2
ds >~ Cl(%) dT +m(%) dr
AR, (59)

for r > 2m. Clearly, this is still different from Equation (77) for the AOS solution, despite the
fact that, to the leading order, the Kretschmann scalar approaches zero like r~# in both cases.
However, because the r—dependence of the g,, component, to the next leading order, the
Kretschmann scalar approaches zero like O (1 / r2(2+h0)). Recall that b, = /1 + 9262 > 1.

This can be further understood by the analysis of the corresponding effective energy-
momentum tensor, which can be also cast in the form of Equation (78), but now with,

1 4m?(2b, — 1) 1 4m?(2b, — 1)
p=—5|1+—m—"), r=5|"1+——5" |
7-2< d ( >2h0 r 7’2 ( r )Zbo

1(25 a1 (5
4m?(2b, — 1
pl = - 2( : 250)’ (90)
d1r?(7;)

which are consistent with the behaviors of the quantities given in Equation (88). Fol-
lowing [55], it is not difficult to see that the spacetimes of the current solutions are also
asymptotically flat and the corresponding ADM masses are as well defined as that of the
AOS solution.

4. Canonical Phase Space Approach: Internal Spacetimes
In the internal region of the LQBH, the dynamical Equations (43) and (44) take the form

db 1 (sin(ébb) 70 ) (91)

dty 2\ 4 sin(&,b)

dpy 1 725;3
. _ 1 sy [1—— % 92
i, 2Pbcos(d )< sin?(3,b) ©2)
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for the variables (b, p;), and
dc sin(d.c)
2 9
dt. 6 ®3)
d
e _ 2p. cos(dcc), (94)
dt,

for (¢, pc). Equations (91) and (92) are identical to Equations (17) and (18), if we replace
T by tp, while Equations (93) and (94) are identical with Equations (19) and (20), if we
replace T by t.. Then, the corresponding solutions can be obtained directly from Equations
(21)-(24) by the above replacements, which lead to:

1+ b, tanh(b"ztb) b+ebutb _b

cos(dpb) = bo bo+tanh(b02tb) - b"b+ebofb +b '
Py = —T;Zi;(bJFer_ebﬂtb)Ql, (95)
21,
sin(d.c) = aéaiee‘”c'
pe = 4m? (a§+e4tc>e_2tc, (96)
but now with
A = [2(b§+1)ebo%—b%—bieﬂw]m, 97)

where g, and b are still given by Equation (23), and the range of the variables is given
by Equation (24). Then, it can be seen that the two Dirac observables O, and O, are also
given by Equation (25) along the dynamical trajectories. However, instead of imposing
the conditions (26), now we shall leave the choice of J;, and J. open, as we did in the last
section. Thus, the corresponding internal spacetimes are described by the metric:

i = NAT? 4 Ph e g
, |pelL3 ,
- (CI\ch) dt?+‘pf|bLgdx2+|pc|dQ2, (98)
where
N = Y3y Sgn(PC)|PC|1/2 _ 2—m(b+eboth+b_> (aze*ZtC—ﬁ—eZtC)lﬂ. (99)
sin(épb) A ¢

In the following, let us study the above spacetimes near the horizons (2 = 0) and
throat (dp./dt. = 0), separately.

4.1. Spacetimes near the Horizons
The horizons now are located at 2 = 0, which yields two solutions:

B, mH__;m<ij. (100)
0

Now to find the relation between t;, and . the following expression has to be integrated:

dt, = Sgp, (101)
Cbc
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where the expressions of Cp, and C,, in the interior are:
6 = H(1-0%)
Cp = % (1 o %?: ) (102)
but now with
D = 1- w“% — wbb%(;: + (Wppwee — wbcwch)%?:%?;,
%(;: = —Z’Y}Z(sg ( - smﬁiﬁb)) [6pb cos(8pb) — sin(&yb)],
%—?j = ,Y%:(SCZ [6cc cos(dec) — sin(dec)]. (103)

Similar to the previous subsection, in the following section we consider the cases
x1 = 0and a; # 0, separately.

411. a1 =0
In this case, it is remarkable to note that by integrating Equation (56) we find the

following explicit solution,

mQ¢

ty =)+t + 5
c

{cosh(ZT) tan ! (€2T> — cosh[2(te — T)] tan ! [e*Z(tC*T)} }, (104)

which holds for any ¢, including the region ¢, > 0, outside the black hole horizon, where
tc = T is the location of the transition surface, defined by Equation (27). Additionally, £) is
an integration constant which will be set to zero in the following discussions. When t. = 0
the second term in the right-hand side of the above expression vanishes identically, and as
tc — oo it goes to zero as O (e~ 2¢). This is consistent with Equation (61).

In Figure 3, we plot the curves of t, vs t. of Equation (104) for different choices of
parameters involved. In particular, we find that the properties of t;, across the transition
surface sensitively depend on the signs of (). More specifically, when Q). > 0, t; decreases
exponentially right after crossing the transition surface, as t. becomes more and more
negative, as shown by Curves b, c and d with the choice (), = 0.5, where the dots on the
curves mark the locations of the transition surfaces. On the other hand, when ), < 0, t;,
increases exponentially right after crossing the transition surface, as shown by Curves V', ¢’
and d’ with O, = —0.5. However, the locations of the transition surface indeed depend on
the choices of the parameters (m, Lyd.), as shown by Equation (27). In particular, Curves b,
c and d respectively correspond to:

(,Z Lfﬁ) = {(10°,1077), (10°,0.1), (1,01)},
14 P

while Curves V/, ¢’ and d’ are all for the same choices of (m, ), as that of the unprimed
curves in respective order. Curves b and c share the same mass, i.e., m/m, = 10°, but
with different J.’s. Meanwhile, the locations of the throats (the gray dots) move from the
left-hand side to the right-hand side in the direction closer to the horizon, which means
that the quantum effects increase as ¢, increases. Curves c and d share the same 6. = 0.1,
but different masses. Comparing their throat positions, we find that the smaller mass also
means the more significant quantum effects. On the other hand, outside the horizon, no
matter what the parameters are, f;, o~ t., which is consistent with our previous conclusion
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for large t, and ¢t., as shown by Equation (81). To understand this point further, let us
expand the above expression around the horizon, for which we find:

b = Pute+ Pat2+ patl + O(t), (105)
where

. mQ)e ' 1
g1 = 1+ 220, [ﬂa + (“a 1) tan (‘10)}'

_ mQe 2 2 z
ﬁZ = m [{10 (ao 1) + (ao + ].) tan (110) ’
By = _ 2mQe [ao +6a° +a2+ (a2 — 1) (a2 + 1)2 tanl(ao)} . (106)

3a,(a2 +1)%5, R )

For macroscopic black holes, we have m/m p = Mg ~ 10%8, while the semi-classical
limit requires Lod, < 1. Then, expanding B, in terms: of a,, we find that

- med 2 _ g ] e q g Y L% 1) ~
g1 = 1+a05c [ao—i—(ao 1>tan (ao)]_l—k 5 +O<uo)_1,
2125.0
br =~ +O(w) =0,
2125.0
By = %—I—O(uﬁ)zo. (107)

Therefore, for macroscopic black holes, the relation f;, =~ t. near the horizon is well
justified. Then, we find that the metric components take the form:

R TIN—
ot = 4mPe e (a2 4 e¥) ﬁg(g;f {1 - wcc?%
N =
[0t~ tup-(t0) s (B )| }2, (108)
() = [2( 1) — (b 17 — (b + 122,
Bi(te) = (bp+1)eb & (b, —1). (109)

To quantify the quantum effects near the horizon, let us compute the Hawking tem-
perature at the horizon. Given a metric of the form:

ds? = —gudt? + guxdx® + pedQ?, (110)

the Hawking temperature of the black hole is given by [55]:

Nl=

_ h T 4ﬂ(gttgxx)
TH - kBi,P/ P - ]t-l_l;% atgxx ’ (111)

where kp is the Boltzmann constant. Then, for the metric coefficients given by Equation (108)
we find:
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GR
TH

Ty = i,
B 0¥a)(d+er)

(112)

where TSR = 71/ (8kpm) denotes the Hawking temperature of the Schwarzschild black
hole calculated in GR, and

ay0¢

[ao + (ag - 1) tan—l(ao)] (113)

oM
~
1l

For a BH of mass 10°, we find that:

2
a = <75€L0> ~107%,

8m

and A )
M,
er = ( 356CC> (1 - 5113) a’ + O(ag).
to
b. ) C‘ dl 60 -
| [
| 40
20F i
i _—
| . . . . | . e . . | . . . . | t
~20 -0} 10 20 ©
- | 20}
_aok
b “ c d i
_60 -

Figure 3. Plots of t; vs t, for a; = 0 defined by Equation (104). Depending on the signs of ()., the
dependence of t;, on t. is different. Curves b, ¢ and d are all for Q) = 0.5 but with different choices
of (m,d;). In particular, they correspond to (m,d.) = {(10°,1077), (10°,0.1), (1,0.1)}, respectively.
Curves b, ¢’ and d’ are all for Q. = —0.5 but with the same choice of (m,d.) as that of the unprimed
curves in the respective order.

For the AOS choice of Equation (13), we find that 4mwc./(36;) ~ O(1), so that
et < 107#, that is, for macroscopic black holes, the quantum effects are negligible. This is
consistent with what was concluded by AOS [54,55].

The above conclusion can be further verified by comparing the Kretschmann scalars
K with its relativistic counterpart Kgr = 48m?/p2. In particular, in Figure 4 we plot the
relative difference of K and Kgg for m = 106mp1 and m = lOlzmpl, which indicate negligible
quantum corrections near the horizon for massive LQBHs.
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| K-Kar |

| Kar |

0.00001 |

9.x1078

— e e e te
-1.0 -0.8 -0.6 -0.4 -0.2

@)
| K-Kar |

| Kar |

te

(b)

Figure 4. Plots of the relative difference between the Kretschmann scalars K and KgR in the a7 = 0
case, for (a) m = 10°, and (b) m = 10'2. Here Kgg(= 48 m?/ pg) is the corresponding Kretschmann
scalar given by GR.

412. 01 #0
When aq # 0, we find that:

mQy\ | 2mQy  mQy 1 <boﬁ— (tb))
tp 1 — °tb t t —_—
b< + Jbbg> + 5hb% 2')/551738 .B-‘r( b)g( h) cos ﬁ+(tb)

me
25,b3

= t.+ méQc (cosh(ZT) tan~! (eZT) —cosh(2(tc = T)) tan ! (672(&77))), (114)

c

((bo —1)2ebols — (B, +1)%ebots — zbgtb) + £
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where tg is an integration constant and will be set to zero as done previously in the
a1 = 0 case.

Notice that the ¢, part of the above expression is precisely the right-hand side of
Equation (104), and we showed explicitly in the last subsection that near the horizon t, = 0
the right-hand side can be well approximated by t.. Now, expanding the t; part of the
above expression around the horizon, we find:

ty+ ot} +vath + O (1), (115)
where
1 2 1. .2 252
vy = gm'y 6y, vz = @m'y o (10 - 5b). (116)

The above coefficients v; are negligibly small for large black holes. For example,
for a BH of mass 10°, they are of the order ~ 10~?. Hence, for macroscopic black holes
Equation (114) can also be well approximated by:

b~ t, (117)

near the black hole horizon, similar to the case #; = 0. This linear relation can be confirmed
by the plot of Equation (114) for various values, as seen in Figure 5. For plotting the curves
b, ¢, and d corresponding to positive ()., the parameters are chosen respectively as:

MmN _ (106 108 1010 (% O
(m,,> = (10°,10%,10"°),  (wee, wep ) = <3m,o,3m>,

(Wb, Wpe, Vp) = (;2 0, ;L) , (118)
where §;’s are given by Equation (26).

Since in the current case, (x1 # 0) f, ~ t also holds near the horizon for macroscopic
black holes, the thermodynamics of the black hole horizon is quite similar to the case a1 = 0. In
particular, its temperature is also given by Equations (112) and (113), and the difference to that
of the Schwarzschild black hole calculated in GR is negligibly small for macroscopic black holes.

Again, a plot of the relative difference between the Kretschmann scalar K and Kgr is
given in Figure 6 for the &1 # 0 case, which also shows the negligible quantum effects near
the horizons for massive LQBHs.

S+

throat
-10

throat

throat ’ -15

-25

Figure 5. Plots of Equation (114) for various choices as given by Equation (118).
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Figure 6. Plots of the relative difference between the Kretschmann scalars K and Kgg in the a7 # 0

case, for (a) m = 10°, and (b) m = 1012

4.2. Spacetimes near Transition Surfaces

It is evident from Figures 3 and 5 that the above approximation, f;, >~ t., is no longer
valid once we start to probe the spacetime near and to the other side of the transition
surface. We break this analysis again into two cases, #; = 0 and a7 # 0.

421,09 =0

In this case, the relation between ¢}, and ¢, is given by Equation (104), which is valid
everywhere in the interior. Combining this equation with the metric (98), we can calculate
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the curvature invariants to analyze the spacetime near the transition surface. We find that
this can be performed by xAct [63], a package for tensor computations in Mathematica,
although the exact expressions are too complicated to be written down here. For this
reason, we only plot out the Kretschmann scalar here for illustration, as other scalars such
as the Ricci scalar, Ricci tensor squared, have similar features. In particular, in Figures 7
and 8 we plot the Kretschmann scalar, respectively, for Q. < 0 and (). > 0, but all with
) = 0. In addition, we also provide Table 1, in which we show the explicit dependence
of the maximal amplitude K;; of the Kretschmann scalar on the mass m, the location of
the maximal amplitude of the Kretschmann scalar, denoted by T, and the location of the
transition surface denoted by 7. To compare with the AOS solution, we also provide the
maximal amplitudes of the Kretschmann scalar for the AOS solution.

A

-12 -10 -8 -6 -4 -2
Figure 7. The Kretschmann scalar near the transition surface 7t ~ —11.6201 denoted by the vertical
line for the case a; = 0. Here m = 10°, (wee, wep) = (—06:/3m,0), and (wyy, wye) = (—8y,/3m, 8, /3m),
so that (Qy, Q) = (0, —d./3m < 0), where §;s are given by Equation (26).

T

-12 -10 -8 -6 -4 -2
Figure 8. The Kretschmann scalar near the transition surface denoted by the vertical line for the
case &y = 0. Here m = 10°, (wee, wep) = (3c/3m,0), and (wpp, wpe) = (65/3m, —6,/3m), so that
(Y, Q) = (0,6./3m > 0), where §;’s are given by Equation (26).



Universe 2022, 8, 543

24 of 31

From Figures 7 and 8 and Table 1 we can see that the Kretschmann scalar remains
finite across the transition surfaces, but the maximal amplitude of the Kretschmann scalar
sensitively depends on the mass m, which is in sharp contrast to the AOS solution in which
the maximal amplitude K,ﬂos of the Kretschmann scalar remains the same [53-55].

Table 1. The maximal amplitude K, of the Kretschmann scalar K for the case 1 = 0 with different
choices of the mass parameter m. Here 7, denotes the location of the maximal point of K, and
Ty the location of the corresponding transition surface (throat). To compare it with that given by
the AOS solution, we also give the maximal values of KA9%. Here we choose wy, = —&,/3m,
Wpe = 6p/3m, wee = —¢/3m, and wg, = 0, so that (Qp, Q) = (0, —6./3m < 0), where §;’s are given

by Equation (26).

mim, T K Tts K208

10° —12.0147 2.46 x 10%8 —11.6201 82,188.3628
108 —15.0848 1.56 x 10°2 —14.6902 82,188.3642
1010 —18.1549 3.60 x 107° —17.7603 82,188.3642
1012 —21.225 221 x 107° —20.8304 82,188.3642
1014 —24.2951 2.87 x 1070 —23.9005 82,188.3642
1016 —27.3653 2.82 x 109 —26.9706 82,188.3641
1018 —30.4354 9.59 x 1077 —30.0408 82,188.3618

Another unexpected feature is that the maximal point of the Kretschmann scalar usually
is not precisely at the transition surface, T, # Tis. Although this looks strange, a closer
examination shows that this is due to two main facts: (1) the appearance of the factor 1/Cp,
in the lapse function of the metric (98), and (2) the dependence of t; on ., which will lead
to the modifications of gyx(fy, tc), in comparison to the corresponding AOS component
9295(t,,t.) in which we have t, = t. = T.

In particular, when a#; = 0, we have 1/C;,. = D, as can be seen from Equation
(102), where D is defined by Equation (103). In Figure 9 we plot out the function D? for
the same choices of the parameters as given in Figure 7, from which we can see that it
changes dramatically near the maximal point 7, >~ —12.0147 of the Kretschmann scalar. In
Figures 10 and 11, we plot out the metric components g; ;. and gyx given in Equation (98) vs.
tc, where g1t = |gt.+. |- From these figures we can see clearly that both of these components
change dramatically near the maximal point 7, of the Kretschmann scalar. To compare
it with the AOS solution, in each of these two figures, we also plot the corresponding
quantities for the AOS solution, from which it can be seen that no such behavior appears in
the AOS solution.

We also study the location of the white horizon and find that it is very near the
transition surface. In particular, the ratio between WH and BH horizon radii now is much
smaller than 1 and sensitively depends on the mass parameter m, as shown explicitly in
Table 2. Whereas in the AOS model this ratio is very close to 1.

Table 2. The ratio of the WH and BH horizon radii for the case a1 = 0 with different choices of the
mass parameter 1. Here we use the same choices as those in Figure 8, except for m.

mlm,, ’r‘,’;—l’;
106 55872 x 107>
108 2.9462 x 1076
1010 1.5148 x 107
1012 7.6577 x 1072
1014 3.8242 x 10~10
1016 1.8923 x 1011

1018 9.2972 x 10~ 13
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Figure 9. The function D? defined by Equation (103) for the case #; = 0, for which we have

Cpe = 1/D. The vertical (green) line marks the position of the transition surface. When plotting this

curve, we have chosen the relevant parameters exactly as those given in Figure 7.
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Figure 10. The metric component g¢ ; given in Equation (98), where gy = |gt+.|- The inserting is

the plot of the same quantity for the AOS solution. When plotting this curve, we have chosen the

relevant parameters exactly as those given in Figure 7.
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Figure 11. The metric component gy, given in Equation (98). The inserting is the plot of the same
quantity for the AOS solution. When plotting this curve, we have chosen the relevant parameters
exactly as those given in Figure 7.

422 01 #0

In this case, the explicit relation between t;, and ¢, is given by Equation (114). This
relation allows us to write down the metric and calculate the curvature invariants. Similar
to the a1 = 0 case, the exact expressions of them are too complicated to be written down
explicitly here, and instead we find that it sufficient to simply plot them out. Since they
all have similar behavior, we plot out only the Kretschmann scalar. In particular, we plot
it for Q. < 0 and Q. > 0, respectively in Figures 12 and 13. The vertical line in each
of these figures represents the location of the transition surface, and is usually different
from the maximal point of the Kretschmann scalar, quite similar to the case #; = 0 and for
similar reasons.

1011 -

107

1000.0 |-

10°

S T T I T T S S T T T S S SR S B tc

-13.0 -12.5 -12.0 -11.5 -11.0 -10.5

Figure 12. The Kretschmann scalar for the case &1 # 0 with Q¢ < 0. In particular, the parameters are

chosen as m = 10°, (wee, wep, Q) = (—35711,0, —35—,;), (Wpp, Wpe, W) = (—3’5—51,0, —3‘5—7’;1), where 6;’s are

given by Equation (26).
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Figure 13. The Kretschmann scalar for the case a7 # 0 with (); > 0. In particular, the parameters

b O 20, o Oy 20

are chosen as m = 10°, (wee, Wep, Q) = (55, 55, 505 ), (Wops Wpe, Qp) = (5%, 55, 52 ), Where §;’s are

given by Equation (26).

5. Conclusions

In this paper, we studied the 4-dimensional canonical phase space approach, explored
respectively by BMM [59] and GM [60] recently, in which the two parameters d; (i = b, c)
appearing in the polymerization quantization [35],

b sin(d,b) el sin(d.c) , 119)
‘Sb ¢
are considered functions of the two Dirac variables Oy, and O, [60],
6 = fi(Op, Oc), (i,=b,c), (120)

where Oy and O, are given by Equations (10) and (11). Note that BMM only considered the
particular case d; = f;(O;) [59], the same as the AOS choice given in Equation (14), although
AOS considered them in the extended 8-dimensional phase space T'ext. The corresponding
dynamical equations are given by Equations (48) and (49), which allow analytical solutions
in terms of ¢, and t., where t, and t. are all functions of T only, given by Equation (47).

To compare the AOS and BMM/GM approaches, in Section 2 we first presented the
AOS model, and discuss how to uniquely fix the two Dirac observables J;’s [cf. Equations
(15) and (16)] in the extended phase space. In the large mass limit, these conditions lead to
6;’s given explicitly by Equation (26).

In the BMM/GM model, the black and white horizons, in general, all exist, and
naturally divide the whole spacetime into the external and internal regions, where T is
timelike in the internal region and spacelike in the external region. In Section 3, we briefly
introduce the BMM/GM approach and focused on studies of the external region of the
spacetime. We found that the asymptotical flatness condition of the spacetime requires

0, >0, (121)

where ), is defined in Equation (60), which excludes the BMM choice §; = f;(O;) [59],
for which we always have QEMM < 0, as shown explicitly by Equation (63). Despite
the significant difference of the metrics of the AOS and BMM/GM models, we found
that, to the leading order, the asymptotical behavior of the spacetime in the two models
is universal and independent of the mass parameter m for the curvature invariants [cf.
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Equations (72) and (88)]. However, to the next leading order, they are different. In particular,
the Kretschmann scalar behaves as:

A
K ~ °+(9<r4§> (122)

as r — oo, where Ay is a constant and independent of m, and r the geometric radius of
the two- spheres For the case a1 # 0, we have ¢ = 2 ln( "), and for a1 = 0, we have

¢ = (2m> . Here a4 is defined in Equation (62). The dlfferences from the next leading order
can be understood more clearly from the metric and the effective energy-momentum tensor,
given, respectively, by Equations (76), (79), (89) and (90). On the other hand, asymptotically,
the AOS solution takes the global monopole form (77), found previously in a completely
different content [62]. Nevertheless, the leading behavior of the Kretschmann scalar in both
cases is in sharp contrast to the classical case [55,57], for which we have Kgr = 48 m?/1°.

In Section 4, we conducted our studies on the internal region of the spacetime. We first
showed that the quantum gravitational effects near the black hole horizon are negligible
for massive black holes, and both the Kretschmann scalar and Hawking temperature are
indistinguishable from those of GR, as shown explicitly by Figures 4 and 6, and Equa-
tion (112). However, despite the fact that all the physical quantities are finite, and the
Schwarzschild black hole singularity is replaced by a transition surface whose radius is
always finite and non-zero, the internal region near the transition surface is dramatically
different from that of the AOS model in several respects: (1) First, the location of the maxima
of the curvature invariants, such as the Kretschmann scalar is displaced from the transition
surface as shown explicitly by Figures 7, 8, 12 and 13. Detailed investigations of the metric
components reveal that this is because of the dependence of the two Dirac observables 4;’s
on the 4D phase space of the Ashtekar variables (b, ¢, pp, pc), which considerably modifies
the structure of the spacetime. In particular, we plotted the metric components g; ;. and
Qxx, respectively in Figures 10 and 11, and then compared them with those given in the
AOS model, where the maxima are always located at the transition surface [53-55]; (2) The
maxima of these curvature invariants depend on the choice of the mass parameter m. In
particular, Table 1 shows such dependence for the Kretschmann scalar, which also shows
that such dependence is absent in the AOS model; (3) The location of the white hole horizon
is very near to the transition surface, and the ratio of the two horizon radii is much smaller
than 1, and depends sensitively on m as shown in Table 2. All these results are significantly
different from those obtained in the AOS model.

In review of the results presented in this paper, it is clear that further investigations
are highly demanded for LQBH models, in which the two polymerization parameters J;
and ¢, appearing in Equation (119) are considered Dirac observables of the 4-dimensional
phase space, spanned by (b, pp; c, pc), before accepting them as viable LQBH models in LQG.
In particular, in [49] the consistent gauge-fixing conditions in polymerized gravitational
systems were studied, and it would be very interesting to check how these conditions affect
the results presented in this paper as well as results obtained in other LQBH models.

Notes-in-addition: When we were finalizing our manuscript, we came across three
very interesting and relevant articles [64-66]. We will briefly comment on them here. First,
in [64] the authors studied the physical meaning of the three integration constants, C1, Cp
and p?, obtained from the integration of the three dynamical equations for the variables c, b
and p,, respectively, and found that C; is related to the location of the transition surface, C;
can be gauged away by the redefinition of time t — t 4 ty, where t( is a constant, while
p? is related to the mass parameter. A similar consideration was also carried out in [38]
but for the BMM polymer black hole solution [31] Second, in [65], the authors studied

the integrability of Gy (t;) ft o (ty)dt), = ft Epe(th)dt. = Ge(t.), the invertibility of
ti =G, [Gj( t;)], and the overlap of the images of G;’s. It was shown that F;’s are always

integrable so that G;’s always exist. The images of G;’s can be always made overlapped
by using the redefinitions of the two time-variables t/ = t; + #). In addition, t; = G !
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always invertible except at the zero points G;(#*') = 0. Moreover, these zero points never
correspond to the same moment T, so at least one of the two G;s is invertible at any given
moment T. It must be noted that all the studies carried out in [65] were restricted to the
internal region. When restricting our studies to this region, our results are consistent with
theirs whenever the problems of the integrability, invertibility and overlap of the images, all
studied in [65], are concerned. Finally, in [66], the authors considered the quantization of the
AOS extended phase space model, and found the conditions that guarantee the existence
of physical states in the regime of large black hole masses, among other interesting results.
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Note

1

It should be noted that in LQC, there exists only one parameter ji corresponding to the area operator p, and APS set it to
ﬁ2|P| = <4\@7r’y> K% = A [56], where ¢, denotes the Planck scale.
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