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Abstract Probing changes in fundamental physics con-
stants over cosmological space-time is a significant area
in both theoretical and experimental physics. An effective
method for probing these variations is to compare laboratory
measurements with astrophysical data. In this study, we uti-
lize a combination of laboratory data and observed Werner
transitions of Hj in the white dwarf star GD29-38. Our anal-
ysis reveals that the temporal variation of the gravitational
constant is G/G = (0.014 + 0.096) x 10~ year—!, with a
gravitational potential of ¢ & 1.9 x 10* and an average total
redshift of Hy of zaps = 0.0001360(8). This newly estab-
lished constraint on the time variation of G plays a crucial
role in enhancing discussions within unified theories.

1 Introduction

One of the foundational aspects of General Relativity, known
as the equivalence principle, claims that fundamental con-
stants remain unchanged regardless of their spatial location.
However, contemporary grand-unification theories provide a
significant context to this principle by suggesting that these
constants might operate as dynamic scalar fields with low
mass [1]. If these theories are accurate, it implies that these
constants could experience slow variations over cosmolog-
ical distances and timescales, adding a location-dependent
dimension to their values [2]. In recent years, substantial
efforts have been dedicated to constraining the variability of
the fine structure constant, as documented in comprehensive
reviews [3,4], which have established stringent upper lim-
its on its rate of change. In contrast, the potential variation
of the gravitational constant G has received relatively lim-
ited attention, likely due to the difficulties associated with
its precise measurement [5]. Notably, G is the fundamental
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constant with the least precise determination, evidenced by
significant disparities across multiple measurements.
Exploring the variations of fundamental constants over
space-time is essential for advancing modern physics and
understanding phenomena beyond the Standard Model (SM).
Astrophysical and cosmological observations are powerful
tools for investigating these intriguing phenomena. Recent
studies have proposed unified scenarios involving variations
in fundamental physical constants such as «, u, and G [6—
8]. Thus, investigating the spatial and temporal effects on the
gravitational constant G is crucial for the development of uni-
fication theories. The most stringent constraints on the vari-
ation rate of G, denoted as G/G =2+7) x 107 Byear™!,
come from Lunar Laser Ranging, though these constraints
are inherently local [9]. Additional constraints are provided
by the Hubble diagram of Type la supernovae at intermedi-
ate cosmological ages, which places G/ G ~ 10~ 1! year~! at
z ~ 0.5 [10]. Finally, Big Bang Nucleosynthesis offers limits
on possible variations in the gravitational constant, ranging
from —3 x 10~ year™! to 4 x 1073 year~! [11]. White
dwarfs provide a natural method for constraining potential
variations in the gravitational constant, G. This capability
is due to several factors. Firstly, white dwarfs have excep-
tional longevity, making them sensitive to even small rates
of change in G. Secondly, as the final evolutionary stage
for most stars, white dwarfs are plentiful in the universe.
Thirdly, their compact nature results in a structure that is
highly responsive to the precise value of G. Lastly, the well-
understood evolution of white dwarfs can be precisely char-
acterized as a straightforward gravothermal process, where
their luminosity is primarily determined by the delicate bal-
ance between thermal and gravitational energies. As a result,
any secular variation in G significantly impacts the gravother-
mal equilibrium of white dwarfs, thereby affecting their lumi-
nosities. An interesting method to utilize white dwarfs for
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constraining variations in G involves estimating how the
secular rate of change in the pulsation period of variable
white dwarfs depends on their cooling rate [12]. Research
suggests that this rate of change depends not only on the
cooling rate but also on the rate of variation in the grav-
itational constant G. Applying this approach to the well-
studied variable white dwarf G117-B15A provided a broad
constraint: —2.5 x lO’lOyear’l < G/G < 0[13]. Another
study to constrain G-variation involves examining the white
dwarf luminosity function. The abundance of white dwarfs
is closely linked to the characteristic cooling time within the
corresponding luminosity range, thereby influencing the cut-
off position of the white dwarf luminosity function at low
luminosities. Researchers employed a simplified model to
investigate the potential effects of a slowly varying G on the
white dwarf luminosity function [14]. Assuming that G is low
enough for white dwarfs to rapidly adjust their mechanical
structure compared to the cooling timescale, the implications
were determined using principles of mixing energy [14,15].

In this study, we investigate how cosmological varia-
tions in space-time might affect the gravitational constant,
focusing on spectral observations of Werner transitions of
H, in the white-dwarf star GD29-38 [16-18]. The spec-
trum of GD29-38, captured by the Cosmic Origins Spectro-
graph aboard the Hubble Space Telescope, reveals a grav-
itational potential approximately 10* times stronger than
what is observed in Earth-based experiments. This strong
gravitational field makes GD29-38 an excellent candidate
for setting an upper limit on the variation of the gravita-
tional constant over cosmological timescales. Our study esti-
mates potential cosmological deviations with a precision of
G/G = (0.014£0.096) x 10~ year~!, comparable to the
precision achieved in previous studies [19-22].

26 / G constrained by the strongest H, Werner
transitions

The spectra of white-dwarf stars provide a framework for
exploring phenomena beyond the Standard Model of cos-
mology and particle physics. This framework helps iden-
tify contemporary variations in several fundamental con-
stants, including the fine-structure constant («), the proton-
to-electron mass ratio (i), and the gravitational constant
(G). Previous studies have detailed the gravitational sur-
face potential, ¢, at a distance r from an object’s mass M,
expressed as ¢ = (:TA;I These models involve scalar fields
and related interactions influenced by the gravitational red-
shift effect within the general relativity framework. Thus, the
energy loss (E) of a photon escaping a gravitational surface
(r) can be represented as z = —A—EE = —%, where the frac-
tional change in energy correlates with the fractional change
in observational wavelengths, —% = % ~ %. This
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method has been used to study cosmological variations in
fundamental constants such as the fine-structure constant (o)
under high surface gravity conditions [19-26]. Gravitational
redshift traditionally refers to the shift in light caused by a
gravitational field. However, recent studies have uncovered
a deeper connection between gravitational redshift and vari-
ations in the fine-structure constant («), particularly in high-
energy environments. For instance, Hu et al. [27] demon-
strated that changes in « can affect atomic energy levels,
leading to shifts in spectral lines that manifest as redshifts.
In regions with strong gravitational fields, such as near black
holes or other massive objects, scalar fields driving variations
in o canresultin observable changes in redshift. These effects
have been modeled theoretically in various works [24,26,28].
Thus, while the link between gravitational redshift and fine-
structure constant variation is indirect, it is well-supported by
both observational and theoretical frameworks, particularly
when analyzing high-redshift quasar data where gravitational
effects and variations in o coexist.

An effective way to probe these variations involves a
dimensionless constant, often denoted as «, grounded in
Grand Unified Theories (GUTs). Temporal or spatial vari-
ations in fundamental constants might unify gravitational
and electromagnetic forces. Assuming uniform variations in
related Yukawa couplings and using dimensional transmuta-
tions to establish a weak scale, these couplings are expressed
through a driven dilaton-type mechanism. Thus, the relation-
ship between variations in the fine-structure constant and the
Quantum Chromodynamics (QCD) scale (Agcp) is denoted
as [29,30].

AA A
Adgep _ L Aa o
Aqgcp o

where R is determined by the Grand Unified Theory (GUT).
The value of R is derived from the relationship

a(Mgur) = as(Mgur) (2)

and is model-independent at low energies. Simultaneously,
changes in Yukawa couplings () lead to modifications in
the Higgs Vacuum Expectation Value (v) at the Planck mass
scale of GUTs. Consequently,
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whereS_dlnh,and =55 (with ¢ & i = 1). Thus,

Am, 1 A
T 14+ 5= ®)
Mme 2 o
and
Amp Ao
=[1.6R+04(1+ S)]— (6)
m[, o

correspond to variations in the electron mass and the proton-
to-electron mass ratio, respectively. Using a perturbative
approach, the variations in neutron mass (m,) and average
nucleon mass (my) are given by

Amy,

= = (7N
my, my mp

These assumptions lead to the following relationship between
o and G [19-22,29,30]:

AG 16R 40401+ 512 8)
G o

The parameters R and S are treated as free parameters,
and their absolute values depend on the model used. These
parameters are constrained by observational data, and varia-
tions are linked to the parameters «, u, and G. The outcomes
are sensitive to prior choices, with a broader parameter space
generally leading to smaller preferred values for R and S.
A more general initial choice increases the fraction of the
parameter space with larger values of R or S. Consequently,
our study emphasizes constraining a uniform prior for R and
S. Observational data are used to determine R or S, treating
them as free phenomenological parameters within unifica-
tion scenarios. Alternatively, both parameters can be derived
directly from astrophysical data or laboratory measurements.
We have analyzed models with specific values of R and S,
but in general, these values can vary unless marginalized.
In our analysis, we explored models with varying R and S
values to assess their impact on the gravitational constant G.
In the absence of specific constraints, these parameters were
allowed to vary within certain limits. To refine our focus and
provide a solid basis for our investigation, we carefully con-
sidered the range of possible values. To determine the most
likely values for R and S, we used constraints derived from
equations specific to our study. These constraints represented
the complex interplay between the parameters and the under-
lying physical phenomena. The relations were expressed
mathematically as follows:

0.80R —0.30(1 + §) = —0.81 = 0.85 ©)
0.10R —0.04(1 + 8) = —-1.96 = 1.79 (10)

These equations introduce degeneracy directions in our
study. Our statistical evaluation involved an in-depth explo-
ration of error determination, considering the potential pres-
ence of multiple minima. The nonlinear-least-squares (NLS)
algorithm played a critical role in minimizing discrepancies
between our theoretical predictions and the observed data.
We meticulously selected a function within the family of NLS
algorithms to align with our study objectives. Additionally,
we conducted a comprehensive analysis of the data’s distri-
butional characteristics, recognizing the inherent positivity in
both spectra and wavelengths. We evaluated the assumption
of a Gaussian distribution for error estimation and explicitly
addressed any observed non-Gaussian patterns. This thor-
ough examination aimed to provide a solid foundation for
the statistical significance of our results. Our rigorous anal-
ysis included advanced optimization techniques, constraints
derived from specific relations, error estimation, and care-
ful consideration of data distribution characteristics. These
efforts collectively contributed to the robustness and sta-
tistical significance of our parameter estimation process.
After this detailed analysis, we found that the parameters
R = 273 £ 86 and S = 603 £ 230 best align with our
research objectives. These values were not selected arbi-
trarily but were determined through a systematic optimiza-
tion process, considering both the theoretical framework and
compatibility with observational data. Therefore, the param-
eters R = 273+86 and S = 603 +230 are chosen as the best
fit for our study, consistent with ranges explored in references
[19-22,29,30]. While these estimations aim to provide best-
fit values, the exact selection of R and S may vary depend-
ing on the specific unified scenarios considered. By choosing
these particular values, we establish a well-defined set of con-
ditions that facilitate a thorough investigation of the secular
variation of the gravitational constant (G) within a manage-
able parameter space. This approach enhances the robustness
of our study and ensures that our results are grounded in a
careful consideration of theoretical expectations and empiri-
cal constraints. Comparing the Werner transition lines of Hj
observed in the white dwarf GD29-38 spectrum with lab-
oratory measurements allows us to assess the effect of the
gravitational constant (G)’s time variation over cosmologi-
cal timescales. The spectrum of GD29-38, recorded by the
Cosmic Origins Spectrograph aboard the Hubble Space Tele-
scope, exhibits a gravitational potential ¢ ~ 1.9 x 10* and an
average total redshift of Hy of zaps = 0.0001360(8). Fitting
procedures indicate that the parameters R and S are consis-
tent with values found in other studies [16,19-22,29-31].

The variation of the gravitational constant G was esti-
mated using measurement data for ¢, R, and S, with uncer-
tainties propagated through standard error propagation tech-
niques [32,33]. The error in G was calculated using the rela-
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ensuring that the final uncertainty in G properly accounts
for the uncertainties in each measured variable. Our anal-
ysis employed a non-linear least squares (NLS) algorithm,
a sophisticated optimization technique effective for finding
best-fit parameters in mathematical models. This method,
well-established in fields such as astrophysics [34,35], was
used to refine model parameters through an iterative pro-
cess, minimizing discrepancies between theoretical predic-
tions and observational data from the white dwarf spec-
trum. The spectral lines of molecular hydrogen (H») in the
white dwarf GD29-38, known for their narrow and symmetric
profiles, were particularly valuable for this analysis. Gaus-
sian line-fitting profiles were used to determine linewidths
and central velocities, with single Gaussian fits for individ-
ual velocity components and multiple Gaussians for multi-
component lines. Key parameters, including the column den-
sity (N), absorption redshift (zaps), and Doppler linewidth
(b = /20), were derived from these profiles.

Simulations of the H» lines were conducted to identify
A« /a-values, which, along with R and S, provided input
for determining the variation of G. The fitting procedure
for G /G utilized x? minimization, with the minimum Xriin
found through a reduced approximation of Ax? = 1. A
one-sigma error on G /G was assigned using the criterion
Ax? = 42— Xr%lin = 1, which also enabled the evaluation
of the maximum change rates of G. This method provided
crucial insights into potential cosmological variations in the
gravitational constant (G) over time. The Gaussian distribu-
tion framework was further employed to estimate both statis-
tical and systematic errors, capturing the interplay between
various uncertainty sources. By leveraging this statistical
approach, the study achieved a detailed characterization of

uncertainties, enhancing the robustness and validity of the
conclusions regarding the secular variation of G in strong
gravitational fields, such as those in white dwarf stars.

Table 1 presents the statistical and systematic errors cal-
culated (at%)ml = 0(2.; /G + aszys) for the G /G values. Figure 1
illustrates the distribution of z versus gravitational redshift,
which tests the bounds on dimensionless fundamental phys-
ical constants («, G). Various inconsistencies were observed
across different methods for determining systematic errors.
It is acknowledged that some evidence is not fully controlled
or sufficiently understood. Variations in results across obser-
vational studies can arise from different analysis methods
and uncertainties in laboratory wavelength measurements
[19,20,22,29,30,34-38]. Our analysis combined observed
spectra with an uncertainty of ~ 1 x 107® and laboratory
wavelengths with an uncertainty of ~ 1 x 10~/ using NLS
algorithm. This method is highly effective for parameter opti-
mization. We used the Gaussian distribution to estimate o-
errors with high precision, improving accuracy in measur-
ing possible «-changes compared to previous works. The
assumption of a Gaussian distribution for error estimation
was crucial, but it is important to address the nature of our
data. Both spectra and wavelengths involve positive values,
whereas the Gaussian distribution spans both positive and
negative ranges. To evaluate the appropriateness of the Gaus-
sian assumption, we thoroughly examined the distributional
characteristics of our data. We considered the positivity of
the data and any potential deviations from a strictly Gaus-
sian form. We will provide a detailed description of observed
patterns or non-Gaussian features in our data and any adjust-
ments made to account for these deviations in our modeling
and analysis.

Our study builds on previous research by proposing that
highly-resolved white-dwarf spectra offer one of the tightest
constraints on the potential spatial and temporal variation of
G, particularly within the context of Grand Unified Theories
(GUTs) that link Aa/a to G/G.

Table 1 Measurements of G /G at various redshifts with an average total redshift of Hy, zaps = 0.0001360(8)

Line Aobser (A) G/G 107 B year 1 GG 1107 year™]
Q(19) 1142712 (1) 0.06130 0.07000
Q(13) 1143.692 (1) —0.03327 — 0.09024
P(13) 1151.641 (1) 0.02426 0.07500
P(19) 1152.290 (1) 0.03835 0.08000
Q(15) 1156.072 (1) 0.02500 0.07000
Q@21 1158.244 (1) —0.05485 0.09850
P(15) 1164.871 (1) 0.03539 0.06120
PQ21) 1168.414 (1) —0.09545 0.10120
Q(17) 1169.257 (1) — 0.06000 0.10250
P(23) 1184.811 (1) — 0.05800 0.08500
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Fig. 1 Distribution of G/G 0.4

versus gravitational redshift.

Each point represents one of the i

10 strongest lines from the 0.3
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GD29-38, used in analyzing the 0.2

Werner transitions of hydrogen.
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The primary objective of our study was to demonstrate that
white dwarfs can constrain variations in fundamental con-
stants, including the fine-structure constant, the proton-to-
electron mass ratio, and the gravitational constant. Our anal-
ysis supports the idea of potential cosmological variations in
the gravitational constant over time. Specifically, based on
our examination of the Werner transitions of H», our results
establish a fractional change in the gravitational constant of
G/G = (0.014 £ 0.096) x 10~ '3 year—! over the gravita-
tional redshift z,ps = 0.0001360(8). Our findings, consid-
ering current constraints from observational data and labo-
ratory measurements, suggest a promising approach toward
understanding variations in fundamental physical constants
[19,20,22,29,30,34-38].

3 Discussions

Theoretical frameworks in fundamental physics propose that
fundamental constants may change across cosmic time and
space. Specifically, light scalar fields responsible for these
fluctuations could lead to variations in fundamental con-
stants influenced by local gravitational fields. Recent stud-
ies have explored these phenomena to investigate poten-
tial links between fundamental constants such as the fine-
structure constant («), the proton-to-electron mass ratio (@),
and the gravitational constant (G), particularly within the
intense gravitational fields present in the photosphere of
white dwarf stars [10,13,39]. Pulsating white dwarfs, such
as G117-B15A, and white dwarf asteroseismology have con-
tributed to the exploration of G-variations, yielding con-
straints of |G /G| < 4.10 x 10719 year—! [28,40-45]. Grav-
itational waves and pulsar binaries, such as PSR1913+16,

T
1.35948

T T T
1.35976 1.36004 1.36032

Redshift z(107%)

1.36060

have also been used to set constraints on G /G ranging from
1.3 x 107%year~! to ~ —1.8 x 107 9year~! [46-49].
Additionally, data from six telescopes, particularly through
mode spectra, have provided further constraints on the time-
dependent variation of G /G ranging from < 10710 year—!
to ~ —1.8 x 1072 year—!. White dwarf cooling theory has
also been employed, showing time variations in G within
the range of G/G < 10~ ¥year™! and G/G ~ —1.8 x
1072 year~! [50-57]. However, other investigations, partic-
ularly those utilizing pulsating white dwarfs like G117-B15A
and R548, have reported less stringent limits on the time vari-
ationof G/G ~ —1.3x 10710 year~! [58-60]. Gravitational
waves have set new limits on the time variation of G /G,
with findings around ~ 10~!'! year~! [61]. Similarly, for the
pulsar binary PSR1913+16, the Brans-Dicke theory analy-
sis yielded a limit of G/G = (1.0 £2.3) x 10~ year—!.
Subsequent studies refined these limits to G /G =4=x5)x
1072 year ! and G/G = (—0.9 & 1.8) x 10~ year™!,
incorporating data from various sources including the quasar
PSR B1855+09 [1,62].

Furthermore, the potential effects of space or time-varying
G have been investigated through comparisons of data from
six telescopes. Mode spectra analysis has led to more sub-
stantial constraints of |G/G| < 1.6 x 107 2year™! at a
two-sigma level. Consistently, studies report that the time-
dependent effect G/G = (—6 & 42) x 10~13 year~! does
not exceed the 10712 year™! level, underscoring the robust-
ness of this conclusion [63]. Measuring the wavelength shift
of absorption lines in the photosphere of white dwarfs, based
on the ratio of stellar mass to radius, provides a method to
estimate gravitational redshift. However, isolating this gravi-
tational redshift is challenging due to the presence of Doppler
shifts caused by random stellar motions along the line of
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sight. To address this, the use of co-moving companions can
help distinguish between Doppler and gravitational redshifts,
thereby allowing for the constraint of velocity components
such as radial velocity in white dwarfs. By measuring the
mean gravitational redshift across a sample of field white
dwarfs and accounting for Doppler effects due to random
stellar motions, it is possible to derive relationships between
white dwarf mass and radius, as well as their surface temper-
atures. The spectra of white dwarfs, characterized by pho-
tospheric lines, pressure conditions, and effective tempera-
tures, provide crucial information for this analysis. In the case
of the white dwarf star GD29-38, previous best-fit analyses
of its spectrum provide a basis for estimating physical condi-
tions. The spectrum of H; is applied and related to each object
before fitting for gravitational redshift estimation. This pro-
cedure considers uncertainties around 1 : 10 for the spectra
and 1 : 10 for laboratory wavelength measurements.

In the fitting procedure, parameters such as (N, zaps, b =
V20) are used, assuming that components correspond to the
same transitions for all Lyman transitions of H,. The redshift
scale or velocity is employed to determine the positions of Hy
lines. Typically, G /G 1is used as a fit parameter, with G /G
values derived from the shifted transitions of H, lines for
each spectral line. The H; lines are particularly suitable for
analysis due to their frequent presence in white dwarf spectra
and their high sensitivity for testing physical constants like
the gravitational constant. The small line separations of Hy
lines in the current analysis help minimize systematic effects,
allowing for the accurate detection of spatial or temporal
variations in G.variations in G with high accuracy.

4 Conclusions

In this study, we investigate the secular variation of the grav-
itational constant (G) using the formula:

% _ [1.6R +04(1 + )] 2% (12)

o

where % denotes the relative change in the gravitational

constant, R and S are parameters obtained from our fitting
program, and % represents the relative change in the fine-
structure constant.

Our analysis, grounded in white dwarf spectra, provides a
more precise upper limit for the secular variation of G com-
pared to previous methods such as pulsar timing, lunar laser
ranging, Big Bang nucleosynthesis, and the ages of glob-
ular clusters. Notably, our results integrate empirical data
with assumptions about spatial or temporal extra-dimensions
[1,60-66].

In comparison to the study by Garcia-Berro et al. [67], our
research offers several advancements:
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e Improved data quality: We utilize more recent and
higher-quality spectral data from the white dwarf GD29-
38. This enhancement provides greater precision in mea-
suring the Werner transitions, crucial for determining the
secular variation of G.

e Advanced modeling techniques: Our study employs
updated atomic data and sophisticated modeling tech-
niques, resulting in a more accurate spectral analysis.

e Targeted approach: Unlike Garcia-Berro et al. [67],
which provided a broad analysis using various astrophys-
ical methods, our research focuses specifically on white
dwarf spectra, allowing for a more refined approach.

Our findings present a more precise upper limit for G/ G,
specifically G/G = (0.014 £ 0.096) x 1013 year~!, with
a gravitational potential of ¢ ~ 1.9 x 10* and an average
total redshift of Hy of z,ps = 0.0001360(8), offering a nar-
rower uncertainty range compared to previous studies. These
improvements highlight the novelty and significance of our
work in providing tighter constraints on the temporal varia-
tions of the gravitational constant.

From a broader theoretical perspective, exploring spatial
or temporal variations in fundamental dimensionless cou-
plings (o, u, and G) could advance beyond conventional
astrophysical and cosmological models. The inclusion of our
derived formula enhances the clarity of our approach and
links our findings directly to theoretical frameworks. Our
investigation also suggests that deviations in G might provide
insights into the incompleteness of the Equivalence Principle
(EEP).

Future studies will focus on refining our understanding of
these constants using additional astrophysical sources, such
as Cosmic Microwave Background data, Big Bang Nucle-
osynthesis data, and exploring the brane-world-type unifica-
tion scenarios. As the quality of astrophysical observations
and data improves, we anticipate that our findings will con-
tribute further insights into the realms of Grand Unified The-
ories (GUTs) [63,68-70].
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