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Abstract We study the impact on the average rotational
dynamics and gravitational lensing of topological struc-
tures within fully general relativistic galaxy models. These
topological structures do not possess a Newtonian analogue
and, therefore, represent a purely general relativistic feature
which could a priori impact galactic observables. We charac-
terise these structures both for rigidly rotating and differen-
tially rotating solutions. By employing GAIA DR3 data, we
find that such topological defects can impact the transition
between the rising and flat regimes of the galaxy. Further-
more, we show that topological defects produce a noticeable
increase in the deflection angle produced by Milky Way-like
galaxies. Finally, we find that topological singularities can be
avoided within the class of differentially rotating solutions.

1 Introduction

General Relativity (GR) is the currently accepted theory of
gravity and a crowning achievement of theoretical physics
of the 20th century. GR has passed all the experimental and
observational tests the scientific community could devise [1].
Even its most outlandish predictions, such as neutron stars
[2,3], black holes [4–6] and gravitational waves [7,8], have
been confirmed by astrophysical observations. The picture of
reality emerging from GR has deeply changed our knowledge
of the local and far Universe, introducing novel elements with
no direct analogues in the Newtonian theory of gravity, e.g.,
a curved spacetime.

It is clear that in extreme astrophysical events, new phe-
nomena arise which do not possess any Newtonian analogue,
and yet can still drive the dynamics of the systems. Indeed,
this is precisely the case for the coalescence of black hole
binaries via gravitational wave emissions. However, even in
the case of weak-gravitational fields purely GR effects exist
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which do not possess a Newtonian counterpart, e.g., the grav-
itomagnetic effects related to mass currents and spacetime
rotation [9,10].

We note that it is generally false that GR effects are always
negligible w.r.t. the corresponding Newtonian ones, since the
latter at times might simply not exist. Moreover, even if New-
tonian analogues exist, the situation is not always straight-
forward. In fact, if we consider the gravitational lensing by a
point-like source, we find that the bending angle calculated
within the Newtonian framework differs by a factor of two
from the general relativistic one [11]. Hence, in this simple
case, the Newtonian and the GR effect are of the same order
of magnitude. It is then natural to wonder in which novel, and
perhaps unexpected, astrophysical setting GR effects could
significantly differ once more from Newtonian predictions.

In particular, the role of peculiar GR effects in the dynam-
ics of disc galaxies has become a contentious point and is
currently being discussed in various papers. Conventionally,
GR corrections to the Newtonian dynamic of disc galaxies are
considered to be negligible. This stance directly follows from
(i) the assumption that in a low-energy regime, GR reduces
to its linearised version, which can be effectively superim-
posed with Newtonian gravity, and (ii) the important result
that linearised GR does not produce significant corrections to
the predicted disc galaxies rotation curves from the baryonic
matter content alone [12,13].

However, some authors argue that the presence of non-
negligible off-diagonal components in the global galactic
metric – i.e., the presence of a strong dragging vortex sur-
rounding disc galaxies, with no Newtonian analogue – could
return important corrections on the crucial measures of disc
galaxy rotation curves, even in a low-energy regime. In other
words, GR would allow for disc galaxy rotation sustained
for a relevant fraction by the spacetime frame-dragging, cou-
pled to the usual centripetal attraction of the matter within
the galaxy [14–30].
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Within this framework, Cooperstock and Tieu [14,15]
and then Balasin and Grumiller [16] presented pressureless,
rigidly rotating full GR galaxy models. However, the Coop-
erstock and Tieu model was proven to contain highly non-
physical features, surpassed in the later Balasin and Gru-
miller model (BG).

Here, we stress that BG cannot be considered a valid,
global disc galaxy model. To wit, by its very design, BG can-
not model the galaxy bulge as close encounters of stars are
frequent enough to invalidate treating matter as a pressure-
less fluid, i.e., dust. Moreover, the modelling of the vertical
gravity in disc galaxies is, at the very least, dubious within
a model devoid of internal, effective pressure. Furthermore,
the rigid rotation assumption [16] directly leads to unphysi-
cal features, e.g., the null expected red-shift with respect to
the asymptotic Minkowskian observers [21,27,31] as well as
unreasonably large time delays in gravitational lensed images
on the equatorial plane [24]. Finally, as already pointed out
in [16] and studied further in [31], the BG model presents
two naked singularities along the rotation axis, outside the
galactic plane, i.e., two NUT rods linked by a cosmic string.

Nonetheless, as discussed in [17], and further clarified in
[26], the presence of curvature singularities can be neglected
whilst fitting data on the equatorial plane as “the solution was
found in the disc region in a different regime” [26]. That is,
BG must be considered exclusively as a local model for the
thin disc alone of a disc galaxy. Then, the presence of timelike
curvature singularities far away from the thin disc will not
influence the fit to observational data, given the local nature of
GR (see also the seminal paper by Neugebauer [32]). Indeed,
starting from this premise, Crosta and coworkers [17,26] pre-
sented a fit of BG to the Milky Way (MW) rotation curve
reconstructed from the GAIA satellite’s kinematic DR2 and
DR3 data. BG was shown to fit the data without need for
dark matter (DM) and was ultimately considered equivalent
to DM-driven galactic dynamics.

However, even if considered as only a local, thin disc
model, BG does not clear the criticism about the null red-
shift measurements by a distant observer [27,31,33]. This is
due to its unphysical rigid rotation, which we believe to ulti-
mately disqualify the model. Furthermore, even if BG were
employed exclusively as a rough approximation, important
topological issues have been overlooked in the previous liter-
ature, which need to be addressed to better inform the scien-
tific debate on the validity of full GR modelling of galaxies.
Indeed, in this paper we show the presence of non-isolated
topological defects [34,35] – with no Newtonian analogue
– within the whole class of pressureless, rigidly rotating
solutions to the Einstein field equations (EFE), i.e., the van
Stockum–Bonner (vSB) [36–38] class. For BG, we show that
the presence of such singularities directly impacts the fitting
of the GAIA DR3 data, as well as lensing calculations.

Finally, to bypass the deficiencies brought about by rigid
rotation, the field is shifting its focus to the full class of
stationary, axisymmetric, dust solutions of the EFE which
allow for differential rotation in the modelled galaxy [19,21–
23,27–29]. These models improve upon some of the prob-
lematic features of BG [31,33], e.g., the null red-shift prob-
lem. However, as these solutions do not yet include an effec-
tive internal pressure within the galaxy,1 they cannot yet
be reasonably employed in modelling the bulge regions of
disc galaxies or in precise studies of their vertical gravity.
Nonetheless, we stress that they could be employed to model
thin, bulgeless disc galaxies. However, a first step in further
developing these models to the non-zero pressure case has
been taken in [30], where an internal effective pressure has
been introduced at the first order. In this paper, we also inves-
tigate the wider class of differentially rotating solutions and
provide the necessary conditions that such models must meet
to avoid the presence of both curvature and topological sin-
gularities along the axis of rotation. Thus, we consider for
the first time the presence of topological structures – absent
within the Newtonian framework – also within the general
differentially rotating GR galaxy models.

The rest of the paper is structured as follows. In Sect. 2
we introduce the concept of quasi-regular singularities and
conical singularities; in Sect. 3 we define the general class
of stationary, axisymmetric, dust solutions of EFE, with a
particular focus to the vSB subclass; in Sect. 5 we prove the
existence of non-isolated quasi-regular singularities in the
vSB subclass; in Sect. 6 we specialise to the BG model, and
derive the topological defects impact on the rotation curve
fitting of GAIA DR3 data and in-plane gravitational lensing;
in Sect. 7 we derive the conditions for pressureless, differ-
entially rotating solutions to avoid such pathologies; Sect.
8 is dedicated to a brief overview of the results and future
perspectives.

2 Topological singularities

A point q of a spacetime (M, g) is defined as a quasi-
regular singularity – a topological singularity – if it is the
end point of an incomplete geodesic γ (λ), where λ is a gen-
eralised affine parameter, and it is not a curvature singularity
[34,35]. The curvature components Rμνρσ measured in an
orthonormal frame are bounded in q. However, these can still
present discontinuities related to the presence of delta-type
mass distributions, which can give rise to such singularities
[34,40]. Nonetheless, quasi-regular singularities are unde-
tectable from local considerations. The spacetime is locally

1 Disc galaxy, although collisionless systems outside the bulge, are not
pressureless [39]. For example, it is the effective internal pressure within
these systems which maintains the thickness of the disc.
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Minkowskian next to a topological singularity, yet their pres-
ence is imprinted on the global geometrical structure of the
spacetime via geodesic focusing [34,40].

In particular, we are interested in the quasi-regular singu-
larities named conical singularities, such as the one identified
by the tip of a cone. To understand their nature, let us consider
Minkowski spacetime in cylindrical coordinates

ds2 = −c2 dt2 + dr2 + r2 dφ2 + dz2, (1)

where t, z ∈ (−∞,∞), r ∈ [0,+∞) and φ ∈ [0, 2π ].
To obtain a conical singularity from this spacetime, we may
proceed by identifying points related by the translation [34,
40]

φ = φ + α, (2)

where α �= 2π . This results in a new spacetime with a
metric locally equivalent to (1) but globally different, for
which t, z ∈ (−∞,∞), r ∈ [0,+∞) and φ ∈ [0, α]. The
points on the z-axis in this new spacetime are conical sin-
gularities. To gauge their singular nature, we can compute
the circumference-to-radius ratio of any circle drawn around
the z-axis on a 2-surface {t = const, z = const} in the
limit r −→ 0. Doing so gives a ratio equal to α instead of
the Euclidean 2π . These singularities result in a focusing
(attractive) effect for α < 2π , and a defocusing (repulsive)
effect for α > 2π . The presence of conical singularities in
a spacetime can be directly inferred whenever the angular
coordinate satisfies φ ∈ [0, 2π ], and the line element can be
cast in the form

ds2 = −c2 dt2 + dr2 + f 2 r2 dφ2 + dz2. (3)

The line element in (3) is locally equivalent to the one of (1)
but with 0 < φ < 2 π f , as can be seen by the change of
coordinates φ′ = f φ. Therefore, the identification of con-
ical singularities is easily achieved, if it is possible to write
the line element in a form equivalent to (3), as in the case of
cosmic strings [40–42]. However, this is generally not pos-
sible and more complex procedures are required to identify
conical singularities, e.g., calculating the holonomy group
of the manifold for the suspected singular points [43]. In
our study, we make use of a well known result for station-
ary, axisymmetric spacetimes [44]. These geometries present
conical singularities whenever the regularity condition

X,μX ,μ

4 X
−→ 1, (4)

is violated, where X = ξμξμ with ξ as the Killing vector
associated to the axial symmetry, and the limit is taken at
the rotation axis. If (4) is satisfied by the spacetime then

Lorentzian geometry is ensured near the rotation axis, other-
wise, conical singularities are present along the axis. How-
ever, we must highlight that even if a spacetime does meet
the regularity condition (4), this does not preclude further
topological defects from being present outside the z axis.

3 Galaxy models

In full GR modelling of galaxies, we consider an idealised
version of the physical system that is in stationary motion,
with exact symmetry around its rotation axis. This neglects
the morphological evolution of the galaxy, and any structure
that breaks the axisymmetry (e.g., bars or spirals). Hence,
spacetime possesses two Killing vectors, generating the time
translation and the rotation around the axis, which allow a
clear definition of the two coordinates t and φ. The parametri-
sation of the spacetime is then completed by the distance z
from the galactic plane z = 0, and the distance r from the
z axis. The metric takes the Lewis–Papapetrou–Weyl form
[44]

ds2 = −c2e2�(r,z)/c2
(dt − A(r, z) dφ)2

+ e−2�(r,z)/c2
[
W (r, z)2 dφ2 + e2k(r,z)/c2

(dr2 + dz2)
]

= −c2e2ν(r,z)/c2
dt2 + gφφ(r, z)(dφ − χ(r, z) dt)2

+ eμ(r,z)/c2
(dr2 + dz2), (5)

where �(r, z) is the pseudo-Newtonian potential, A(r, z)
is related to frame-dragging, k(r, z) is a conformal fac-
tor on the two-dimensional space of orbits of the isome-
try group generated by the Killing vectors and W (r, z) fur-
ther specialises the angular geometry. In the second line
of (5), we have defined gφφ = W 2e−2�/c2 − c2A2e2�/c2

,

χ := −gtφ/gφφ = c2Ae2�/c2
/gφφ as the traditional frame

dragging rotational speed, e2ν/c2 = (gtt gφφ − g2
tφ)/g2

φφ =
W 2/g2

φφ , and μ = 2k − 2�.
The geometry is then coupled to a perfect, pressure-

less fluid which respects the symmetries of the spacetime
i.e., without velocity dispersion in the r and z directions.
The angular speed of rotation of the particles (namely,
the stars and galactic gas) is thus uniquely defined at any
point dφ/ dt = 
(r, z). The four-velocity of the matter is
expressed as

Uμ∂μ = ∂t + 
∂φ√−H
, (6)

where H(r, z) is a normalisation factor, so that UμUμ ≡
−c2, i.e.,

H = −e2�/c2
(1 − A
)2 + e−2�/c2

W 2 
2/c2, (7)
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and the energy–momentum tensor of the matter is given by

Tμν = c2ρ(r, z)UμUν . (8)

In particular, the function W (r, z) appearing in (5) and (7)
can be identified under the dust hypothesis as

W (r, z) = r. (9)

The full coupling between matter and geometry has been
worked out by Geroch and Winicour [45–47] (see [44,48]
for a review). EFE are solved by a hierarchy of quadratures,
and it is found that H = H(η) and 
 = 
(η), where η(r, z)
is a field defined over the whole spacetime (see Sect. 3.1 for
its physical interpretation) and

c2 dH = 2 η d
. (10)

Furthermore, the norm and inner product of the Killing vec-
tors of the spacetime, with the remaining EFE yield

gtt = c2 r
2 
2/c2 − (

H − η 
/c2
)2

−H
, (11)

gtφ = η2/c2 − r2

−H

 + η, (12)

gφφ = r2 − η2/c2

−H
, (13)

μ,r = gtt,r gφφ,r − gtt,z gφφ,z − g2
tφ,r + g2

tφ,z

2c2 r
, (14)

μ,z = gtt,z gφφ,r − gtt,r gφφ,z − 2 gtφ,z gtφ,r

2 c2r
. (15)

Moreover, the trace of the EFE gives

8πGeμ/c2
ρ = η2

,r + η2
,z

4η2r2

[
η2 (2 − η�(η))2 − c4r4�(η)2

]
,

(16)

where � = (dH/dη)/H . Finally, by requiring the integra-
bility of (14) and (15) (which is equivalent to requiring the
integrability of the equations of motion for the dust particle
in circular orbits) we find that the entire class of solutions
is fully determined by a choice of H , and a solution of the
homogeneous Grad–Shafranov equation [27–29]

η̃,rr − 1

r
η̃,r + η̃,zz = 0, (17)

where

η̃(r, z) := η + c2

2
r2

∫
1

η

dH

H
− 1

2

∫
η

H
dH. (18)

The linear partial differential equation (PDE) (17) can be put
explicitly in terms of the field η. This gives the nonlinear
PDE
(

η,rr − 1

r
η,r + η,zz

)
(2 − η�(η)) +

(
η2

,r − η2
,z

)

[
�′(η)

(
r2

η
+ η

)
− �(η)

(
1 + r2

η2

)]

+ r2 �(η)

η

(
η,rr + 3

r
η,r + η,zz

)
= 0. (19)

Thus, (19) uniquely determines η(r, z) once a strictly nega-
tive H(η) and η(r, 0) – or η(0, z) – are arbitrarily assigned.
From here on out, we refer to this class of solutions – whose
every realisation is entirely defined by the arbitrary choice of
two functions of one variable – as the (η, H) class.

The mathematical problem is then completely set by
imposing Minkowskian boundary conditions at spatial infin-
ity. Asymptotic Minkowskianity is a strong requirement to
impose on the EFE solutions. Only ten curvature compo-
nents, Rμν , enter into the EFE, whilst the imposed bound-
ary conditions furnish twenty independent conditions –
Rμνρσ −→ 0 at spatial infinity. However, prompted by the
results on vacuum spacetimes in linearised GR [49] – which
does provide a correct description of the asymptotic geom-
etry far away from the matter content – we hold the view
that imposing asymptotic Minkowskianity represents a valid
boundary condition for the mathematical problem. Hence, in
this work, we consider as physically relevant full GR galaxy
models those solutions which satisfy the condition of asymp-
totic Minkowskianity.

3.1 Relevant observers and observed speed

In the first line of (5), the metric is written in the Zero Angular
Momentum Observer (ZAMO) tetrad [19,21,27,29]

e0 = r√
gφφ

dt, e1 = √
gφφ (dφ − χ dt),

e2 = eμ/2c2
dr, e3 = eμ/2c2

dz. (20)

ZAMO is a natural observer for such spacetimes. Indeed, we
can calculate the speed of the matter content according to
ZAMO, which we call vZ. This is given by

(e0)μU
μ = 1√

1 − η2/r2c2

= γZ := 1√
1 − v2

Z/c2
⇒ η(r, z) = r vZ. (21)

Thus, ZAMOs allow for a physical interpretation of the η

field, namely, the product of the coordinate r by vZ. Nonethe-
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less, ZAMOs are just a realisation of the larger class of inter-
esting observers for such spacetimes, whose coordinate lines
are given by (t, φ), i.e., by the Killing vectors of the metric.
In particular, we label “Killing observers” those defined by
Uμ

K := e−�/c2
∂t . In general, Killing observers and ZAMOs

do not measure the same physical quantities. This difference,
arises from χ(r, z), the angular rotation speed of ZAMO with
respect to the Killing vectors. We will call χ the dragging
rotation speed from now on. This definition can be appreci-
ated by calculating

γZ vZ = (e1)μU
μ ⇒ −H γ 2

Z
vZ

r
= 
 − χ. (22)

Equation (22) naturally prompts us to define the angular
speed measured by ZAMOs, ωZ := vZ/r . As we consider a
low-velocity régime, the speed vZ is sub-relativistic, and the
Lorentz factor γZ = 1+O(v2

Z/c2) is negligible. The minus H
factor can be neglected as we read from (7) that it is essen-
tially the time-time component of the metric (plus a small
O(v2

Z/c2) term) and we expect the metrics under consider-
ations to not possess a strong pseudo-Newtonian potential
�.

In its approximated version, ωZ ≈ 
−χ , Eq. (22) shows
that the difference between physical quantities measured by
ZAMO or by the Killing observer, are directly proportional
to χ . Indeed, under the same hypothesis, we can define the
speedvK := r 
 as the one measured by the Killing observers
[21,27,29], as well as the dragging speed vD := rχ . These
are related by

vK − vD = −H γ 2
Z vZ ≈ vZ. (23)

Naturally, the question arises of which of the theoretically
measured velocity profiles – the one measured by ZAMOs,
by the Killing observers, or by another class altogether (such
as dust observers) – should be interpreted as the one measured
in astronomical observations.

This highly non-trivial question depends on the very
nature of the observed quantities by which the rotation curve
velocity is inferred. When the observational speed is derived
from a scan of the redshift z field of the matter in a distant
galaxy, then it is the predicted vK which should be compared
with the plotted rotation curves – as discussed in [21,27,29],
and contrary from what was supposed in [14–16]. In par-
ticular, we point out that this view is informed by a result
dependent on only two factors: (i) our identification as local
asymptotic Minkowskian observers for a distant galaxy; and
(ii) on the validity of (6) in locally describing the dust four-
velocity in the galaxy. However, the situation is starkly differ-
ent when considering measurements carried out for the MW
by the GAIA satellite, as in [17,26]. GAIA performs both
radial redshift and proper motion measurements for the stars

in the MW. Thus, the rotation speed inferred from the GAIA
data is obtained from a mix of redshift and geometrical mea-
surements. For this case, as discussed in [17,26] by Crosta
and colleagues, ZAMO represents a valid observer for such
data.

3.2 Rigidly rotating solutions

The general metric describing the subclass of vSB solutions
i.e., rigidly rotating solutions, is obtained by imposing


(η) := 0 ⇒ H(η) := −1. (24)

The line element is thus

ds2 = − c2 γ 2
Z dt2 +

(
r

γ 2
Z

dφ − vZ dt

)2

+ eμ/c2
(dr2 + dz2). (25)

Equations (11)–(16) become

gtt = −1, (26)

gtφ = η = r vZ, (27)

gφφ = r2 − η2/c2 = r2

γ 2
Z

, (28)

μ,r = −η2
,r − η2

,z

2c2r
, (29)

μ,z = −η,rη,z

2c2r
, (30)

8πGeμ/c2
ρ = η2

,r + η2
,z

r2 , (31)

and (19) turns into the linear PDE

η,rr − 1

r
η,r + η,zz = 0. (32)

In particular, the general solution to (32) that can satisfy the
chosen boundary conditions is given by

η(r, z) = ηc +
∫ +∞

0
λ dλr K1(rλ) [A(λ) cos(λz)

+B(λ) sin(λz)] = ηc + η̂(r, z), (33)

where K1(rλ) is the MacDonald function of the first order,
A(λ) and B(λ) are the spectral densities for the even and odd
modes of the solution, respectively, and ηc is the constant of
integration.
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4 Topological defects in Newtonian galaxy models

Before studying topological defects in full GR models of
galaxies, care should be taken to verify their possible impact
on Newtonian models. In the Newtonian limit of GR the line
element for a stationary, axisymmetric geometry takes the
form [50]

ds2 = − c2
(

1 + 2�

c2

)
dt2 +

(
1 − 2�

c2

)
r2 dφ2

+
(

1 − 2�

c2

) (
dr2 + dz2

)
, (34)

where � = �(r, z) is the Newtonian potential defined by the
matter distribution within the disc galaxy. For the geometry
depicted by (34) the condition (4) is equivalent to

lim
r→0

√
gφφ

r2grr
= 1. (35)

However, from (34) and (35) we can see that the condition to
avoid topological structures within Newtonian disc galaxy
models is automatically satisfied. Thus, we conclude that
the presence of topological defects within general relativistic
galaxy models would be a defining feature, without a direct
Newtonian analogue. It would then represent a novel example
of how GR and Newtonian gravity can develop important
differences even in the weak-field regime.

5 Topological defects in rigidly rotating galaxy models

To investigate the topological structure of physically relevant
solutions in the vSB subclass, we must start by enforcing
asymptotic Minkowskianity on metric (25). From (27) and
(33) we obtain the constraint

ηc = 0. (36)

Then, by use of (29) and (30) we can write

μ(r, z) = − 1

2c2 r

∫ z

0
ηr (r, z

′) ηz′(r, z
′) dz′ + F(r) + μc,

(37)

where F(r) must be chosen so that (29) is satisfied, and μc is
the integration constant. To satisfy asymptotic Minkowskian-
ity, and considering (33), we must then impose

μc = − lim
r−→∞ F(r). (38)

We point out that (36) and (38) fix all the degrees of freedom
of the solutions in terms of integration constants.

We are now in the position to investigate the presence of
topological singularities in physically sound vSB solutions.
By (5), we see that for the (η, H) class (4) becomes

lim
r−→0

r−1e(�−k)/c2
√
e−2 �/c2r2 − e2 �/c2c2A2 = 1. (39)

(39) can also be directly read in terms of metric components
as

lim
r−→0

(
gφφ

r2 grr

)1/2

= 1, (40)

which for the vSB subclass becomes

lim
r−→0

r−1e−μ/2 c2
√
r2 − η2/c2 = 1. (41)

We want to use (41) to study the presence of conical singu-
larities in vSB solutions. To begin, from (33), (36), and the
expansion formula for the modified Bessel function [51] we
get

η(r, z)∣∣r�1
=

∫ ∞
0

[A(λ) cos (λz) + B(λ) sin (λz)] dλ

+
[∫ ∞

0
[A(α) cos (αz) + B(α) sin (αz)] α2 dα

]

· r2 log(r) − γ

[∫ ∞
0

[A(β) cos (βz)

+B(β) sin (βz)] β2 dβ
]
r2 + O(r3)

=:
∞∑
n=0

anz
n +

( ∞∑
n=0

bnz
n

)
r2 log(r) − γ

×
( ∞∑
n=0

bnz
n

)
r2 + O(r3)

=: G(z) + H(z) r2 log(r) − γ H(z) r2 + O(r3),

(42)

where γ is the Euler–Mascheroni constant, and we have
defined

an :=
{[

(−1)n/n!] ∫ ∞
0 A(λ) λn dλ n = 2k, k ∈ N,[

(−1)n/n!] ∫ ∞
0 B(λ) λn dλ n = 2k + 1, k ∈ N,

(43)

and

bn :=
{[

(−1)n/n!] ∫ ∞
0 A(α) αn+2 dα n = 2k, k ∈ N,[

(−1)n/n!] ∫ ∞
0 B(α) αn+2 dα n = 2k + 1, k ∈ N.

(44)
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We notice that G(z) = const = k cannot be realised as it
would imply

0 = G(z) − k =
∞∑
n=0

anz
n − k

=
∞∑
n=0

(an − k)zn = 0 ⇒ an = k ∀n ∈ N, (45)

where the last condition cannot be achieved for any non-
trivial choice of A(λ) and B(λ), as can be seen from (43).
The same reasoning also shows that H(z) = const is not a
possibility. Therefore, gφφ is a function of z near the axis of
symmetry, namely

lim
r−→0

gφφ(r, z) = − [G(z)]2 . (46)

To understand if (41) can be satisfied, we also need to gauge
the behaviour of grr (r, z), and thus of μ(r, z) near the rotation
axis. From (42) we get

η,r (r, z)∣∣r�1
= H(z)

[
1 − 2 γ + 2 log(r)

]
r + O(r2),

(47)

η,z(r, z)∣∣r�1
= dG(z)

dz
+ dH(z)

dz

[
log(r) − γ

]
r2 +O(r3),

(48)

From (37), (47) and (48) we obtain

μ(r, z)∣∣r�1
= 1

c2

[
γ − 1

2
− log(r)

] ∫ z

0

dG(z′)
dz′

H(z′) dz′

+ F(r)∣∣r�1
+ μc + O(r)

=: M(z) + N (z) log(r) + F(r)∣∣r�1

+ μc + O(r), (49)

where M(z) and N (z) are forced to be non-constant – as
already discussed for G(z) and H(z). (49) shows that any
vSB metric, that is not pathological at spatial infinity, is bound
to become singular near the rotation axis. From the choice
of the spectral densities in (33), this pathological behaviour
can be avoided for specific sets of values of z – as in the orig-
inal BG model [16] – but cannot be completely removed.
Nonetheless, from (46) and (49) it is now clear that (40) can-
not be satisfied by the EFE solutions under study. Hence,
asymptotically Minkowskian vSB solutions necessarily dis-
play the presence of quasi-regular singularities.

As discussed in Sect. 1, we could sidestep the problematic
feature of curvature singularities in a galaxy model invok-
ing the local nature of GR, if these singularities are present
only in the would-be bulge region or far away from the thin

disc (see [17,26,32]). However, the presence of topological
defects directly impacts the global geometry of these space-
times. The very definition of the chosen physical coordinates
must be put under scrutiny, especially if these solutions are
to be compared to the standard Newtonian ones, and obser-
vational data. In GR, coordinates are a priori devoid of a
physical meaning. They acquire one only when a measure-
ment procedure is defined.

The impact of conical singularities on the definition of
the angle coordinate for physical observers inside a vSB dust
cloud must be correctly addressed when using such mod-
els. In particular, the topological singularity can always be
negated on a given plane – e.g., the equatorial one – by a
proper choice of the spectral densities and of μc. Indeed,
given A(λ) and B(λ) which allow for

lim
r−→0

μ(r, 0) = μ0 + μc = μ∞ + μc = lim
r−→0

μ(r, 0), (50)

it would be possible to define

μc = −μ∞ = −μ0. (51)

Thus eliminating on the equatorial plane the topological sin-
gularity, whilst maintaining the proper boundary conditions.
It is precisely this choice that a physical observer would take,
given a specific vSB realisation. However, such a choice,
which validates the angular coordinate’s common physical
meaning, fixes a degree of freedom of the model. Therefore,
any physical quantity calculated will be directly impacted by
this choice – i.e., density and any kind of rotation curve calcu-
lations, should only be carried out once the coordinate choice
has been defined in a physically sound way. For example, the
μc fixing procedure employed in [16] to estimate the amount
of DM which can be explained away by the BG model, would
need to be revised, since μc should be picked to eliminate
the topological defect otherwise present in the solution.

The presence of topological singularities cannot be avoided,
except in isolated planes. Therefore, any vSB model that
respects the chosen boundary conditions defines a spacetime
with a highly non-trivial topology. Non-isolated 2D space-
time slices of the type {t = const, z = const} harbour coni-
cal singularities in r = 0. However, unlike more well-known
cases, e.g., standard cosmic strings, the conical structure is
more complex, as can be seen by the z dependence in the Eqs.
(13) and (49). The resulting global geometrical structure of
vSB spacetimes can be obtained by slicing the solution near
the rotation axis along 2D surfaces of the type z = const , and
folding each one in a cone with a varying angle of identifica-
tion α. Indeed, the resulting topological structure can be seen
as generated by the presence of an exotic cosmic string with
a mass per unit length varying along its extension. Figure 1
shows a tentative visualisation of the resulting geometry.
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Fig. 1 Resulting geometry around the z-axis of a vSB asymptotically Minkowskian solution. The slicing and identification procedure is shown
for different constant values of z

6 Impact of topological defects in the
Balasin–Grumiller galaxy model

We have proven the presence of topological defects within
the vSB spacetimes. We can now further study their impact
in the special realisation of the BG model, defined by the
choice for η of

ηBG(r, z) = V0(R − r0) + V0

2

∑
±

(√
r2 + (z ± r0)2

−
√
r2 + (z ± R)2

)
, (52)

where V0 is the flat-regime velocity of the galaxy rotation
curve, R is the galaxy radius and r0 is the bulge radius.

6.1 The Milky Way rotation curve: fit to GAIA DR3 data

As discussed in Sect. 1, BG represents the first fully general
relativistic disc galaxy model to be empirically tested in the
fitting of data. Indeed, Crosta and colleagues [17,26] have
shown that the model provides accurate fits to the rotation
curve of the Milky Way extracted by the DR3 GAIA data.

By modelling the Galaxy via the BG model we neglect
the bugle contribution to the average dynamics. We are con-
sidering a disc approximation to its baryonic structure. This
approach cannot fully capture the rotation curve behaviour
near the galactic centre, in which the bulge and the central
galactic black hole play an important role [52–55]. Further-
more, we are not directly considering the spherical DM halo.
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A GR modelling of the disc, and of the halo itself, could
lead to fairly different properties of the halo w.r.t. the ones
inferred in the conventional Newtonian approach (see, e.g.,
[27,28,56]). As addressing such changes, and their influ-
ences on the galactic dynamics, goes beyond the scope of
this paper, we refer it to future work.

In the data fitting procedure of [17,26], the authors disre-
garded the coordinate dependence of the μ(r, z) field and
kept it as a constant, i.e., μ(r, z) ≈ μ̄, on account of
μ ∝ (V0/c)2 � 1. Although this choice might be justi-
fied by the expected small value of μ(r, z), the authors did
not consider the relevance of μ(r, z) in determining the pres-
ence of topological pathologies. Indeed, in [17,26] the value
of μ̄ is left as a free parameter. However, even if we were to
consider the BG as a viable solution exclusively for the thin
disc within the galactic plane (and for a limited radius, see
[24]), we still would need to exercise care in dealing with
topological defects.

Here, we perform data fitting over DR3 GAIA data whilst
accounting for the functional form of the field μ on the equa-
torial plane, and while removing any topological defect on
said plane. From, (29) and (52) we obtain (for r0 �= R, i.e.,
the only physical case)

μBG(r, 0) = μc − V 2
0

2c2

(
1

2
log(1 + r2

r2
0

) + 1

2
log(1 + r2

R2 )

− arcsinh

(
2r2 + R2 + r2

0

R2 − r2
0

))
. (53)

Thus, from (53) we see that to avoid topological defects on
the plane we must impose

μc = − V 2
0

2c2 arcsinh

(
R2 + r2

0

R2 − r2
0

)
. (54)

We employ the data set named “ALL” in [26] to con-
duct our analysis. This data set is constituted by 719143
stars including 241918 OBA stars, 475520 RGB giants, and
1705 Cepheides on near-circular orbits. These stars have been
selected to have a proper disc height below 1 kpc, thus within
the MW thin disc. All the stars in the sample have a distance
from the galactic centre, r , of 4.5 kpc < r < 19 kpc, where
the lower-end bound was selected to avoid the impact of the
spiral arms on the dynamic traced by the stars. The “ALL”
sample is then binned in cylindrical rings as a function of the
distance from the axis of rotation, using Knuth’s Rule [57]
for the optimal choice of the bin size (≈ 0.1 kpc in this case).
For a more in depth description of the data set, see Section 3
and Appendix A of [26].

To fit BG to the data, we employ a Monte Carlo Markov
Chain approach (MCMC) based on the Affine Invariant
Ensemble Sampler (AIES) implemented in the python library

emcee [58]. To explore the parameter space, we implement
the same log likelihood function as in [17,26], i.e.,

logL = − 1

2

N∑
i=1

⎡
⎢⎣

[
Vφ(ri ) − VBG

φ (ri |θ)
]2

σ 2
Vφ,i

+ log
(

2πσ 2
Vφ,i

)
⎤
⎥⎦

− 1

2

⎡
⎢⎣

[
ρbar (r�) − ρBG(r�|θ)

]2

σ 2
ρbar,�

+ log
(

2πσ 2
ρbar,�

)
⎤
⎥⎦ ,

(55)

where N is total number of bin in the data set (i.e., 128 in
this case), Vφ represents the median rotational velocity of the
stars in the i-th bin, σVφ,i are their respective errors, ρbar (r�)

is the measured baryons density at the Sun distance from
the galactic centre (r� ≈ 8.249 kpc) and σρbar,� is its esti-
mated error, which are taken to be 0.084 M�/kpc3 and 0.012
M�/kpc3, respectively [26,59]. The quantities with the suf-
fix BG indicate the expected value for the BG model defined
by the parameters θ = (V0, R, r0), at the given distance on
the galactic plane. Notice that our list of parameters does not
include μ̄ (indicated as ν0 in [17,26]), as we consider the
functional form of μ and μc is fixed to eliminate the topo-
logical singularity on the galactic plane. As priors over the
free parameters, V0, R, r0 we implement the same Normal
distributions used in [26], i.e.,

a.N (x̄ = 263, σ = 50) km/s for V0, (56)

b.N (x̄ = 48, σ = 50) km/s for R, (57)

c.N (x̄ = 0.2, σ = 4) kpc for r0. (58)

The MCMC has been run with 50 chains for a million steps
each, a burn-in phase of 5000 steps and a thinning parameter
of 10. In Fig. 2 we report the curve of best fit and the related

Fig. 2 Best fit curve to the GAIA DR3 sample and related one σ uncer-
tainty interval
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Fig. 3 Posterior distribution for the BG parameters, i.e., V0, R, and
r0

one σ uncertainty interval. In Fig. 3 we show the posterior
distribution obtained by the MCMC analysis.

In Table 1 we report the obtained values for the fit parame-
ters, and their uncertainties, as well as the respective density
at the sun distance. Moreover, we display the results obtained
by Beordo and colleagues in [26] for direct comparison.

The obtained results for V0, R and r0 are compatible with
the ones found in [26]. However, we notice that the value of
r0 still reduces significantly w.r.t. the previous value, and it
is compatible with the latter only due to its large error. More-
over, we note that the effective bulge radius of the topolog-
ically safe BG realisation in Table 1 is at odds with values
present in the literature and obtained via standard Newtonian
models, e.g., [52] with r0 = 0.12±0.01, and r0 = 0.87±0.07
in [53]. At the same time, it agrees with other recent results for
detailed mass modelling of the Galaxy [26], although with a
systematically lower value. Such a situation can be expected,
given the approximation employed in our study and the diffi-
culties in disc galaxies mass modelling [26,39,52,53,60,61].
On the other hand, we find that the overall extension of the
Galaxy, exemplified by R in BG, is in agreement with the
expectations [26,39,52,53]. However, once we have fixed
the BG realisation to be topologically safe, i.e., devoid of
conical singularities in the origin, the value of the estimated
density at r� drops drastically, remaining compatible with
the observed value only at a 3σ level. This would suggest
that a topologically safe BG model cannot represent a good
fit to both the GAIA DR3 rotation curve and the observed
local baryonic density at the Sun’s position [59]. However,

Table 1 Best fit parameters and related uncertain for the topologically
safe fit of BG to the GAIA DR3 sample ALL and the corresponding
values found in Beordo et al. [26]

Topological safe fit Fit Beordo et al. [26]

V0 [km/s] 246.2+0.7
−0.7 256+10

−7

R [kpc] 86+4
−3 71+13

−11

r0 [kpc] 0.006+0.009
−0.004 0.2+0.18

−0.12

Exp[μ̄] Fixed by topology 0.087+0.017
−0.012

ρBG� [M�/pc3] 0.027+0.005
−0.004 0.08+0.012

−0.012

it is still possible to modify the log likelihood in (55) to fur-
ther penalise divergences from the observed local baryonic
density and re-estimate the parameters. Nonetheless, such a
procedure would necessarily worsen the fit of the rotation
curve.

6.2 Gravitational lensing: angle of deflection

We have shown that eliminating the topological singularity
changes the values obtained for BG by fitting the same GAIA
DR3 sample as [26]. Unfortunately, we have found that the
impact of these changes is not statistical significant with the
current observational resolution. However, another observ-
able which can be used to gauge the impact of topological
singularities in BG is the angle of deflection expected for
strong gravitational lensing by the disc galaxy modelled.

Here, we follow [24] and reproduce the calculation of the
equatorial lensing of an edge-on spiral galaxy, i.e., the so-
called “disc configuration” [62], for the realisations of the BG
model presented in [26], and the one produced by our own
fit of the GAIA DR3 data, devoid of topological singularities
on the plane.

The deflection angle, α, for an observer-lens-source sys-
tem separated by cosmological distances (i.e., Gpc), and
aligned along the line of sight, is well-approximated away
from the bulge by (see Eqn. (69) of [24], and the paper for
an in-depth derivation.)

α = 1

2

(
V0

c

) (
R2

b2 − r2
0

b2

)∫ φO

φS

| cos φ| dφ+O
((

V0

2

)2
)

,

(59)

where b is the impact parameter of the light ray, and φS = 0
and φO = π are the angular coordinates of the source and of
the observer, respectively.

However, the identification φS = 0, and φO = π is only
valid if φ ∈ [0, 2π ]. If the spacetime presents a topological
singularity on the equatorial plane, as for the BG realisa-
tion reported in [26], we should take into account the angle
defect and adjust the value of φO accordingly. In particular,
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Fig. 4 Bending angle curves, as a function of the impact parameter,
for the BG realisations of the Milky Way obtained by fitting the GAIA
DR3 data and from the parameters reported in [26]

as ηBG(r, 0) ∝ r2 for r � 1, we see that the BG line element
on the equatorial plane can be approximated by

ds2
BG|r�1 ≈ − dt2 + r2 dφ2 + eμ0

(
dr2 + dz2

)
. (60)

Equation (60) can recast in the canonical form of (3) by the
coordinate transform r → r̂ = eμc/2r, z → ẑ = eμc/2z,
giving

ds2
BG|r�1 ≈ − dt2 + e−μ0 r̂2 dφ2 + dr̂2 + dẑ2, (61)

where in analogy to (3) we can identify f = e−μ0/2, so
that the range spanned by the angle φ is actually φ ∈[
0, 2πe−μ0/2

]
. Now, for the configuration of interest, we can

generalise Eq. (59) to account for the presence of a conical
singularity on the plane, i.e.,

α = 1

2

(
V0

c

) (
R2

b2 − r2
0

b2

) ∫ f π

0
| cos φ| dφ+O

((
V0

2

)2
)

.

(62)

We can now calculate α(b) from Eq. (62) for both the reali-
sations of BG with parameters reported in Table 1. In Fig. 4
we show the two curves obtained for the deflection angle
corresponding to the best fit parameters, whilst in Fig. 5 we
report the bending angle difference between the two curves.

The plots in Figs. 4 and 5 show that the presence of a topo-
logical singularity in the realisation of BG derived in [26]

Fig. 5 Differences between the bending angles derived for the two
realisations of the BG model of the Milky Way (previous fitting of [26]
and the obtained topologically safe model)

for the Milky Way leads to a larger bending angle than in the
case of the topologically safe BG model. The BG model has
been proven to produce physical bending angles for light rays
grazing the galaxy [24] where BG was considered devoid of
topological singularities a priori. As in [24] we find that the
bending angle magnitude grows to unphysical values when
we calculate it for light rays passing deep within the galactic
disc, signalling a further problematic feature of BG, if taken
as a global galaxy model. Moreover, we have shown that a dif-
ference of order unity in the bending angle can occur within
the galaxy radius in the presence of topological defects. This
shows once more that the correct consideration of the topo-
logical structure of such spacetimes directly impacts the cal-
culations of physical observables within these models.

7 Topological defects in differentially rotating,
pressureless galaxy models

We could question whether such topological pathologies, as
well as curvature singularities, may be avoided when con-
sidering a larger class of EFE solutions to model average
galaxy dynamics. In particular, we might ask whether drop-
ping the assumption of rigid rotation – thus working in the
(η, H) class – is sufficient to construct models devoid of such
pathologies, or if an effective internal pressure must be added
to the system to achieve this goal.

Let us then consider the (η, H) class. As discussed in
Sect. 3, the general solution for this class is entirely iden-
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tified by the choice of two one-variable functions: (i) H(η)

and η(r, 0) (or η(0, z)); or (ii) vK(r, 0) and vD(r, 0) (or the
respective on-axis quantities). This starkly contrasts with the
vSB subclass, in which only the choice of an “initial” pro-
file for η(r, z) would define the whole solution. Thus, the
differentially rotating solutions of the (η, H) class possess
infinitely more degrees of freedom than the vSB models.

We can use the freedom allowed by the differential rota-
tion to get rid of curvature singularities along the axis in the
solutions. As discussed in [27], once we impose the suffi-
cient, but not necessary, condition vD,r (0, z) = 0, the model
has no curvature singularities along the rotation axis.

On the other hand, to obtain models devoid of topological
singularities we require (see (13) and (40)) that

lim
r−→0

eμ/2c2

√
1 − η2/c2

−H(η)r2 = 1 ⇔ lim
r−→0

eμ/2c2

√−H(rvZ )γZ
= 1,

(63)

where in the second relation we have used (21). Let us then
assume that the field H is a regular function of η. We can
thus write

H(rvZ ) = −1 +
+∞∑
n=1

cn(rvZ )n, (64)

where cn are arbitrary coefficients. From (10) and (64) we
then have


(rvZ ) = 
0 + c2

2
c1 log(rvZ )+ c2

2

+∞∑
n=2

n

n − 1
cn(rvZ )n−1.

(65)

From (65) we find that to meet the requirement of zero rota-
tional velocity on the symmetry axis we must impose the
constraints c1 = 0 in (64) and 
0 = 0 in (65). Therefore,
we have

H(rvZ ) = −1 +
+∞∑
n=2

cn(rvZ )n, (66)


(rvZ ) = c2

2

+∞∑
n=2

n

n − 1
cn(rvZ )n−1 . (67)

If we are now assuming the selected model of the (η, H) class
to represent a physical galaxy, we have to require vZ/c � 1,
so that limr→0 rvZ (r, z) = 0. In particular, this certainly is
realised if we impose the condition vZ (0, z) = 0, which we
are free to do since we can arbitrarily pick the initial values
of two of the three relevant velocities – i.e., vZ , vK and vD

– on an axis for a (η, H) model. Then, from (11)–(15), (66)
and (67) it follows that

lim
r−→0

μ,r (r, z) = 0, (68)

lim
r−→0

μ,z(r, z) = 0. (69)

From (68) and (69) we can then fix μ(0, z) = 0, as we still
have the freedom to choose an integration constant in the
defining μ(r, z). Thus, for vZ(0, z) = 0, the model meets
the regularity condition (63) and is devoid of conical singu-
larities. Moreover, since we are still free to pick the profile
of either vK or vD on the symmetry axis. Therefore, we can
pick vD so that the condition vD,r (0, z) = 0 for the absence of
curvature singularities is also met. Thus, we find that the two
conditions, which ensure the absence of curvature and topo-
logical singularities on the rotation axis, can be consistently
enforced for the same solution of the (η, H) family.

We notice that recent work put forth a subclass of exact
solution for differentially rotating dust spacetimes which
results devoid of conical or curvature singularities along the
z-axis [29]. This subclass of solutions of the (η, H) class
displays asymptotic flatness at spatial infinity, in contrast
with rigidly rotating models. This is possible due to the non-
linearities of Eq. (19), which brings about a regularisation
of the solution at spatial infinity. However, these solutions
can display local effective negative energy density beyond a
fixed cylindrical radius – once more, a behaviour which has
no Newtonian analogue. In [29], the authors interpret such
behaviour as due to the gravitational binding energy of the
galaxy, which must be accounted for in bounded systems , and
it has to be negative. Nonetheless, an ulterior interpretation
might be that such models breakdown outside the transition
radius between positive and negative local energy density,
i.e., they loose any physical applicability to real systems. In
this case, as the subclass of solutions presented in [29] is the
only subclass of (η, H) consistent with a low-energy limit
description of a rotating dust system in GR, we should (i)
look for matching conditions within the viability region of
these solutions to an asymptotically flat vacuum metric, or
(ii) conclude that only with the addition of an effective inter-
nal pressure even a local, piece-wise description of a galaxy
is possible within GR. Both options represent monumental
mathematical tasks which go beyond the scope of the current
paper and are thus postponed to future work.

8 Conclusions and perspectives

In 1973 John Archibald Wheeler famously summarised Gen-
eral Relativity as: Space tells matter how tomove, matter tells
space how to curve [49], pointing to the geometrical nature
of GR. Whilst GR describes spacetime as a four-dimensional
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pseudo-Riemannian manifold where local geometry is every-
where defined by its matter-energy content through Einstein’s
Equations, it does not prescribe its global topological struc-
ture. Nonetheless, topological questions play a crucial role
in our understanding of the Universe [63–70], since topology
can limit possible matter content and plays a non-trivial role
in defining physical coordinates.

Here we have used spacetime topology in this limiting
fashion. Even at the level of modelling galaxies in full GR,
topological consideration must be thoroughly studied. They
can restrict the scale of viability of a model or rule it out
entirely. Furthermore, they inform the choice of the coordi-
nates used in the study of the spacetime.

In this paper, we have shown that asymptotically
Minkowskian van Stockum–Bonner spacetimes – i.e., sta-
tionary, axisymmetric, rigidly rotating, dust solutions of Ein-
stein’s equations – are studded with topological singularities
along the rotation axis. The presence of this network of non-
isolated topological defects (see Fig. 1) constitutes a further
pathological behaviour of such models, which impacts the
global geometrical structure of the spacetimes and possesses
no direct analogue in Newtnoian gravity.

In particular, the physical definition and interpretation of
the angular coordinate is highly non-trivial. These issues can
be avoided on isolated z = const surfaces, such as the equa-
torial plane. However, doing so reduces the degree of freedom
of the solutions. Hence, the estimation of physically relevant
quantities, e.g., rotation curves and gravitational lensing, is
affected by the conical singularities even though these are
concentrated on the symmetry axis.

We gauged the impact of such pathologies for the Balasin-
Grumiller model [16] on the fitting of the Milky Way rotation
curve, following the previous works by Crosta and colleagues
[17,26]. We showed that with the ulterior constraint given by
the topological defect, the model cannot provide a good fit to
both the GAIA DR3 rotation curve data and the local bary-
onic density. Thus, our results seem to disqualify the model
as valid even locally in the Milky Way. Furthermore, we have
proven the importance of considering the correct topologi-
cal structure by showing its imprint over the gravitational
lensing by the model. Indeed, we found that not considering
the possible presence of conical singularities on the equato-
rial plane leads to differences of order unity in the deflection
angle within the galaxy radius.

The (η, H) class investigated in [19–22,27–29] (which
generalises the van Stockum–Bonner class), may prove to
be a fruitful line of enquiry. By dropping the rigidity of the
dust and allowing for differential rotation, this class of mod-
els is physically realistic. Moreover, we have shown that a
solution devoid of both topological and curvature singulari-
ties can be selected within the class, with such an example
actually presented in [29]. However, the inclusion of an effec-
tive internal pressure is still necessary to properly model the

galactic bulge and vertical gravity within disc galaxies (see
[30] for a first-order implementation of the pressure).

Therefore, the introduction of internal effective pressure
in full GR galaxy modelling still remains a high priority.
Nonetheless, we have shown the potential for topological
considerations in model selection by further limiting the pos-
sible employment of van Stockum–Bonnor solutions in full
GR modelling of galaxies, as well as in determining viability
of models in the wider, differentially rotating class. We plan
to make full use of these considerations in future work.
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