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Abstract: In space gravitational wave detection, the phase information of interfering signals
is read out by a phasemeter, typically output sampling at a MHz frequency. To transmit
the phase information between space and ground, it must be downsampled; however,
spectral aliasing during downsampling will affect the performance of the phasemeter.This
paper presents a four-module cascaded downsampling filter (FCDF) with detailed mod-
ule parameter design. On-board experiments conducted in a phasemeter environment
demonstrate that the FCDF achieves a passband attenuation of less than 8.68 x 107° dB
and a stopband attenuation exceeding 160 dB, enabling downsampling from 80 MHz to
3.4 Hz. Additionally, the FCDF offers improved low-frequency noise suppression, which
can enhance phasemeter performance.

Keywords: space gravitational wave detection; laser interferometry; phasemeter;

downsampling filter

1. Introduction

Gravitational wave detection in space is one of the top scientific studies in modern
physics and astronomy, offering new insights into the universe. Current domestic and
international missions include the European and American Laser Interferometer Space
Antenna (LISA) [1], China’s Taiji [2,3], and Tiangin [4,5]. The core principle involves using
a laser interferometer to translate displacement changes between test masses into phase
variations in the interference signal [6], which are measured by a phasemeter. The phaseme-
ter must achieve a phase measurement sensitivity of 27t yrad/+/Hz in the frequency band
of 0.1 mHz to 1 Hz [7] for successful space gravitational wave detection.

The frequency range of the interference signal in space gravitational wave detection
spans from 2 MHz to 25 MHz due to Doppler shifts [8], while the commonly used clock
frequency for the phasemeter is 80 MHz [9], with output phase information sampling
frequency in the MHz order. However, low-frequency gravitational wave signals must
be continuously observed over long periods, which requires downsampling of phase
information to meet data transmission constraints, such as the final frequency of 3.4 Hz
to store and a higher sampling frequency of 102 Hz~10 Hz for the drag-free and attitude
control system in LISA [10].
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High-frequency noise aliasing during downsampling can affect the phasemeter’s
performance in the 0.1 mHz to 1 Hz frequency band. To mitigate this, phase information
must be anti-aliased during downsampling. This paper introduces a four-module cas-
caded downsampling filter (FCDF) to meet the downsampling requirements for phase
information. Experimental results have shown that it can improve the performance of
phasemeter. This paper is organized as follows: The principles of phase measurement
and spectral aliasing noise are explained in Section 2; the FCDF is presented and designed
with parameters in Section 3; on-board experimental tests are conducted in an electronic
environment in Section 4; and the experimental results are summarized and discussed in
Section 5.

2. Downsampling of the Phase Information
2.1. Digital Phase-Locked Loop-Based Phase Measurement

In order to track the interference signal with dynamic characteristics, the phasemeter
system utilizes the Digital Phase Lock Loop (DPLL) method [11]. This makes the out-
put signal of the local oscillator consistent with the frequency of the measured signal
through feedback control, enabling the extraction of phase information from the measured
signal [12,13]. The principle is illustrated in Figure 1.
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Figure 1. Digital phase-locked loop schematic. LUT: Look-Up Table, PA: Phase Accumulator,
NCO: Numerically Controlled Oscillator, PIR: Phase Increment Register, PI: Proportional Integral,
LPF: Low-Pass Filter.

The DPLL comprises a digital mixer (multiplier), a low-pass filter (LPF), a proportional-
integral (PI) controller, a phase increment register (PIR), a phase accumulator (PA), and a
sine look-up table (LUT). The section consisting of the LUT, the PA, and the PIR is referred
to as the numerically controlled oscillator (NCO) [14]. When the measured signal enters the
DPLL, it is mixed with the signal output from the NCO and low-pass filtered to produce a
phase error signal. The PI controller uses this error signal to adjust the output frequency
of the NCO, aligning it in both frequency and phase with the measured signal, ultimately
achieving loop locking.

The DPLL features two readout methods: frequency readout (frequency value )
and PA readout (phase value u,), which represent the measured signal’s frequency and
phase information, respectively. Both methods can reconstruct the desired phase variations;
however, u,, is integrating by u ¢, so the phase value u, tends to rise indefinitely. Therefore,
a direct readout of u, is not practical, since this value will overflow very quickly. In con-
trast, the u; value varies within a defined range, and integrating the frequency variations
represents the phase variations. The conversion equation is as follows:

n

$n = 271; Y (fi—fo) (1)
S =1
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where f; represents a set of frequency values [f1, f2... fu], fs is the sampling frequency,
and fy is the initial frequency of the measured signal. Consequently, the frequency readout
in a single loop is the preferred method, with frequency variations serving as the phase
information to be downsampled in this study.

2.2. Spectral Aliasing Impact Analysis

The DPLL outputs phase information at a sampling frequency of up to 80 MHz of
the system clock frequency, but the evaluation band for phasemeter sensitivity is only
0.1 mHz~1 Hz, rendering most of the bandwidth signal ineffective. According to signal
and system theory, downsampling causes the high-frequency noise to alias into the low-
frequency band, as illustrated in Figure 2: when the sampling frequency of the decimated
signal is f;, the frequency domain will exhibit multiples of f; to unfold the aliasing region
shown as the green triangle in the figure. Any original signal exceeding the Nyquist
frequency will ultimately fold into region-1, represented by the following spectral aliasing
equation [9]:

S(nlklfs + f), nlk] = % when k is even
_ kg1 @)

®(f) =
S (f) S(n[k]fs 7](),”[](] =5 when k is odd

In Equation (2), S%)(f) represents the amplitude of the k-th alias at frequency f and
0 < f < fs/2. Since the sensitive frequency band for the phasemeter is only 0.1 mHz~1 Hz, it
is crucial to avoid aliasing within this range. The aliasing region map shows that only noise
sources near the sampling frequency fs and its multiples f; ... f; will alias into the sensitive
frequency band [15]. Therefore, to prevent spectral aliasing, it is essential to filter out noise
before downsampling to eliminate any potential aliasing within the frequency band.
A
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Figure 2. Spectral aliasing area map. The triangles correspond to areas of spectral aliasing, while red
lines indicate noise close to the sampling frequency.

3. Downsampling Filter Design
3.1. Structural Design of Downsampling Filter

Downsampling of phase information requires filtering and decimation, which can be
accomplished through digital decimation filters classified as Finite Impulse Response (FIR)
and Infinite Impulse Response (IIR) filters. The downsampling filter must be phase stable
and linear in the passband; otherwise, it will distort the phase information [16], making
FIR filters the preferred choice.

Various FIR filters can be used for downsampling, including multirate FIR filters, Cas-
cade Integrator Comb (CIC) filters, and Half Band (HB) filters. The CIC filter, in particular,
has a simple structure, excellent stability, and linear phase characteristics, making it ideal
for significant decimation at high sampling frequencies [17,18]. Additionally, as analyzed
in Section 2.2, only noise near the sampling frequency and its multiples will alias into the
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sensitive frequency band. The CIC filter’s amplitude—frequency response generates trap
waves at the frequency, as shown in Figure 3, which has a large amplitude attenuating at
the trap waves; thus, it can effectively suppress noise aliasing into the sensitive band.

Amplitude Response(dB)
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Figure 3. Schematic of the trap generated by the CIC filter.

However, the amplitude attenuation of the CIC filter in the main flap increases with
frequency, negatively impacting the accuracy of phase measurements in the sensitive
band [19]. To mitigate this attenuation, it is necessary to cascade an amplitude-raising
compensated FIR (CFIR) filter [20,21]. The CFIR filter compensates by exhibiting an upward
rise in its spectral characteristic curve within the passband range shown in Figure 4,
allowing the passband attenuation of the CIC filter to be offset by appropriately setting
its parameters.
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Figure 4. CIFR filter amplitude response plot.

In addition, the phasemeter requires outputs with low and medium sampling fre-
quencies, specifically 102 Hz, 10 Hz, and 3.4 Hz. Due to the low sampling frequencies,
the CIC filter is unsuitable; instead, the multirate FIR filter and HB filter are applicable.
The HB filter features a smooth passband, zero even-order coefficients, and symmetry of
the passband cut-off frequency and stopband cut-off frequency of about one-quarter of
sampling frequency, making it ideal for 2-fold downsampling [22]. When combined with a
multirate FIR filter, it can realize the output of the multilevel sampling frequency.
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Therefore, downsampling of phase information is achieved by cascading multiple

filters; specifically, a four-module cascade downsampling filter (FCDF) including a CIC

filter, compensation filter, multirate FIR filter, and HB filter, as shown in Figure 5.

80MHz~2.5MHz
Sampling frequency
EE—

Variable Fixed Multi-rate » 102HzSampling frequency
decimation decimation - - .
factor CIC factor CIC CFIR filter FIR and. ™ 10HzSampling frequency
filter bank filter bank HE filter 3.4HzSampling frequency
First Module Second Module Third Module Fourth Module

Figure 5. Four-module cascade downsampling filter.

The first module features a variable decimation factor filter bank, including 8x, 4%,
and 2x decimation CIC filters that allow for multipliers of 1~32 by cascading different
decimation factors. The second module includes a fixed decimation factor CIC filter
bank with three cascaded 16 x CIC filters, enabling 16> times downsampling. The third
module consists of a CFIR filter to reduce passband attenuation. The fourth module
includes multirate FIR and HB filters for 2x , 3x, and 5x downsampling. This FCDF can
effectively reduce high-frequency sampling frequency from 80 MHz~2.5 MHz, ultimately
downsampling to 102 Hz, 10 Hz, and 3.4 Hz.

3.2. Parameter Design of Downsampling Filter

To achieve sampling frequency reduction and prevent high-frequency noise aliasing,
it is essential to utilize a downsampling filter with a stopband suppression level of at
least 108 times [16], corresponding to stopband attenuation of at least 160 dB. Additionally,
to ensure accuracy of the phase measurement, the relative error in the passband must be less
than 107° [19], which corresponds to a maximum passband attenuation of 8.68 x 107 dB.
The FCDF parameters at all modules should be designed according to these two criteria.

3.2.1. CIC Filter Bank Parameter Design
The first two modules of the FCDF are composed of CIC filters, so the CIC filters are

parameterized uniformly. The transfer functions of the CIC filter are as follows:

_ .—MD\N
11—z ) 3)

H(z) = <M1_z—1

From Equation (3), three parameters can be determined: the decimation multiplier
D, differential delay M, and order N. The decimation multiplier is already established,
so the other two parameters will be designed. In engineering, the differential delay M is
typically set to 1 or 2, indicating an output data delay of one or two clock cycles. Figure 6
illustrates the amplitude response of the CIC filter for different values of M. A differential
delay of 2 results in a flatter frequency response with a narrower transition bandwidth,
providing better filtering, although it also increases amplitude attenuation within the main
passband. Given that the first module operates at a sampling frequency in the MHz range,
the delay effect is minimal, allowing us to set M to 2. Conversely, for the second module,
which operates at a lower clock frequency, in order to reduce the time delay of the output,
the differential delay M is taken as 1.

The value of order N is determined next. The order significantly influences the overall
amplitude attenuation of the CIC filter; a higher order leads to greater stopband attenuation
but also consumes more system resources. To achieve 160 dB amplitude attenuation with
minimal resource usage, order N is set to 3. Its amplitude response is shown in Figure 7.
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Figure 6. Comparison of amplitude response of CIC filter with M taken as 1 and M taken as 2.
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Figure 7. Comparison of amplitude attenuation at the trap when CIC filter order is taken as 2 and 3.
The red line represents the 160 dB stopband attenuation index, with N set to 3 at the trap to achieve
over 160 dB.

The final design parameters of the CIC filter in the first two modules of FCDF are
obtained in the following Table 1:

Table 1. Design parameters of CIC filters in the first and second module.

Variable Decimation Factor Filter Bank Fixed Decimation Factor Filter Bank

Decimation multiplier: 2/4/8
Diffierential delay: 2
Order: 3

Decimation multiplier: 16
Diffierential delay: 1
Order: 3

3.2.2. Compensation Filter Parameter Design

The passband attenuation near the input in the first two modules of the FCDF is
negligible. However, as the sampling frequency decreases, the passband attenuation of the
last CIC filter in the sensitive frequency band fails to meet the requirement of 8.68 x 107¢ dB,
so it is necessary to compensate the attenuation.
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The compensation filter acts as a low-pass FIR filter, with parameters including pass-
band cutoff frequency fpass, stopband cutoff frequency fstop, passband maximum attenua-
tion Ay, and stopband minimum attenuation A; [19]. Given the sensitive frequency band
of 0.1 mHz to 1 Hz, the passband cutoff frequency fp,ss should be slightly above 1 Hz
but below 1.7 Hz (half of 3.4 Hz), so it is set to 1.2 Hz. The maximum ftop is limited to
half of the sampling frequency for this module, which is 305.17 Hz. To minimize resource
consumption, the transition bandwidth will be maximized, allowing the setting of fstop
at 150 Hz. The amplitude response of the completed design of the compensation filter is
shown in Figure 8.

%107 Amplitude Response(dB)
T T T T T T
— Compensated
sl —— Uncompensated | |
Frequency: 1.199
Magnitude: -4.07 x10*-6
o —— 1 7
o %
5 :
o s T
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& x.“'\
= Frequency: 1.199 |
Magnitude: -0.000658583 e
10+ \\ 4
B i 5 Il | ! L L L !
0.2 0.4 0.6 0.8 1 1.2 L4
Frequency(Hz)

Figure 8. The amplitude response of the compensation filter: Passband attenuation before and
after compensation.

From Figure 8, it can be seen that the maximum passband attenuation is reduced
from 6.5 x 10~* dB to 4.07 x 10~° dB after compensating, which meets the requirement
of less than 8.68 x 10~° dB. The rejection band attenuation reaches 170 dB, meeting the
requirement of more than 160 dB, as shown in Figure 9. The specific parameter design of
CFIR filter is finally obtained as shown in Table 2.

Amplitude Response(dB)
_l [}0 T T ==y T T T T

170 b U A
Frequency: 150.0174 |\ [\ / 5

-180 Magnitude: -171.0624 '|| \ f
|
-190 - \ \ 1

=200

142 143 144 145 146 147 148 149 150 151 152
Frequency(Hz)

Figure 9. The amplitude response of the compensation filter: Stopband attenuation of compensation.
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Table 2. Design parameters in the third-stage compensation filter bank.

Passband cutoff frequency 12 Hz
Stopband cutoff frequency 150 Hz
Passband maximum attenuation 4.04 x 107°dB

Stopband minimum attenuation 170 dB

3.2.3. Multi-Rate FIR, HB Filter Bank Parameter Design

The fourth module of the FCDF consists of four filters, as shown in Figure 10. Each
filter has a maximum passband attenuation of less than 8.68 x 10~° dB and a minimum
stopband attenuation of over 160 dB, tailored to specific design parameters. Each filter’s
passband cutoff frequency fpuss aligns with the overall 1.2 Hz, while the stopband cutoff
frequency fstop must be below the output sampling frequency of 1 Hz (size of the sensitive
frequency band of the phasemeter). Consequently, the three FIR filters have stopband
cutoff frequencies of 100 Hz, 19 Hz, and 2.4 Hz. Additionally, for the HB filter, determining
the passband cutoff frequency allows for the calculation of the stopband cutoff frequency.

101Hz sampling 10Hz sampling 3.4Hz sampling
frequency output frequency output frequency output
Ix 5x 2x 3x
decimation P decimation | decimation decimation
FIR filter FIR filter HB filter FIR filter

Figure 10. Schematic diagram of the structure of the fourth module downsampling filter.

According to the multistage filter design requirements, each filter in this module
must have a passband attenuation equal to 1/4 of the overall passband attenuation and a
stopband attenuation equal to the overall stopband attenuation, which is as follows:

A,
A= i=1234 4)
Aq="% i=1234 5)

i in the above equation denotes the ith digital filter from left to right in Figure 10,
respectively, which ultimately results in the following Table 3 of specific parameter design
for the fourth filter module:

Table 3. Design parameters of FIR and HB filters in the fourth filter module.

Multi-Rate FIR Filter HB Fliter
Passband cutoff frequency: 1.2 Hz Passband cutoff frequency: 1.2 Hz
Stopband cutoff frequency: 100/19/2.4 Hz Stopband cutoff frequency: 8.8 Hz
Decimation factor: 3/5/3 Decimation factor: 2
Passband max attenuation:

. -6
Passband max attenuation: 2.17 x 107° dB 217 x 10-6 dB

Stopband minimum attenuation: 160 dB Stopband minimum attenuation: 160 dB

In summary, the design of the FCDF parameters is complete, and the next step is to
locally implement and embed it into the phasemeter and conduct experimental tests in an
electronics laboratory environment.
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4. Experimental Testing of Downsampling Filter

The downsampling of phase information occurs in the back-end of the digital phase-
locked loop, where spectral aliasing initially impacts the noise level of phase measurements
within a single loop. To assess the noise rejection performance of the FCDF, experimental
tests were conducted under full-link phasemeter conditions. Therefore, it is necessary to
embed the downsampling filter module into the phasemeter, as shown in Figure 11.

Channel 1

DPLL - ) 2 203407 : communication
or | Channel 2

FPGA

———| Digital

Figure 11. Schematic of embedding a downsampling filter module into a phasemeter.

The FCDF model designed in the previous section is implemented as a VHDL program
and integrated into the phasemeter system. It is compared with the conventional CIC anti-
aliasing filter bank composed solely of CIC filters to evaluate performance improvements.
The hardware setup includes a K7 series FPGA, a signal generator, a rubidium clock,
a DC power supply, and a PC, as shown in Figure 12. The software for the phasemeter
system operates with an 80 MHz drive clock, while the signal generator produces the
measurement signal. The measurement signal is the laser interference signal that simulates
the actual situation and inputs it into the phasemeter. Within the phasemeter, the measured
signal is locked by the phase-locked loop to produce frequency variation data with a
sampling frequency of 80 MHz, which serves as the input for the decimation filter module.
After being downsampled to a sufficiently low frequency, it is then transmitted to the PC
via the communication module for data analysis shown in Figure 11.

We set the measured signal to a 5 MHz sinusoidal frequency with an output sampling
frequency of approximately 20.34 Hz for amplitude spectral density analysis. Smoothing
was applied using the LTPDA (LISA Technology Package Data Analysis) Toolbox developed
by the German Albert Einstein Institute. The results are shown in Figure 13.

The curves in Figure 13 illustrate the phasemeter’s noise levels of the two channels
and the results of two-channel phase common-mode reject after processing through two
downsampling filters. The single-channel noise levels for both filters are quite similar,
which is represented in the figure as the four blue, green, red, and yellow curves nearly
overlapping, suggesting that the performance advantage of the FCDF in this study may be
masked by loop noise. However, after phase common-mode rejecting, the noise level of the
FCDF is significantly lower than that of the conventional CIC filter bank in the frequency
range of 0.1 mHz to 0.1 Hz, as the black dashed line is lower than the pink dotted line in
the figure. This indicates that the the FCDF offers improved anti-aliasing effects, enhancing
the measurement sensitivity of the phasemeter system.
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Figure 12. Experimental test environment for electronics.
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Figure 13. Noise test of phasemeter with two downsampling filters.

5. Conclusions

This paper investigates a low-noise downsampling method for phase information
in a phasemeter set against the background of gravitational wave detection in space.
The method employs a four-module cascade of different downsampling filters. Initially, we
analyzed how data downsampling affects phase measurement sensitivity and establishes
performance indices for the downsampling system, guiding the overall structure of the
FCDF. It incorporates a multistage filter module structure, including CIC filters, a compen-
sation filter, an HB filter, and multirate FIR filters, with specific designs for each module’s
parameters. The FCDF effectively downsamples phase information from an 80 MHz sam-
pling frequency to 102 Hz, 10 Hz, and 3.4 Hz, achieving a passband attenuation of less than
8.68 x 10~° dB and a stopband attenuation exceeding 160 dB.

Compared to conventional CIC anti-aliasing filter groups, the FCDF can achieve a
larger downsampling range, making it adaptable to a wider variety of scenarios. Addi-
tionally, an experimental test of the electronics in the phasemeter link compares the noise
levels of the current anti-alisasing filter bank with the FCDF. The results demonstrate that
the FCDF exhibits superior aliasing noise suppression in the low-frequency range, thereby
enhancing the performance of the phasemeter. However, the introduction of the FIR filter
significantly increased the resource usage of the FCDEF, necessitating optimization to meet
the requirements of the phasemeter system in future research. Finally, the research in this
paper has reference significance for future space gravitational wave detection missions.
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Abbreviations

The following abbreviations are used in this manuscript:

LISA Laser Interferometer Space Antenna

DPLL  Digital Phase-Locked Loop

NCO  Numerically Controlled Oscillator

FIR Finite Impulse Response

IIR Infinite Impulse Response

CIC Cascade Intergrator Comb

HB Half Band

VHDL  Very-High-Speed Integrated Circuit Hardware Description Language
FPGA  Field-Programmable Gate Array

FCDF  Four-module Cascaded Downsampling Filter
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