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Abstract
Quantum Machine Learning (QML) holds the promise of improving conventional
machine learning, but the conditions under which an advantage can be obtained are
still unclear. Although many studies have been conducted in the literature, there is no
conclusive evidence that allows us to determine which types of classical datasets or
which problem complexities benefit from the use of quantum techniques. Moreover,
there have been contradicting findingswhen dealingwith small or unbalanced datasets.
In order to systematically approach this challenge and clarify the need for quantum
properties in specific tasks, we propose the adoption of a framework capable of explor-
ing the solution space of quantum feature maps and providing solid evidence of their
potential advantages. Our framework comprises three main components: (a) the con-
struction of datasets designed to highlight the specific characteristics that are expected
to be relevant in quantum machine learning tasks; (b) the definition of metrics that
serve as proxies for quantumkernelswith desirable properties; and (c) an evolutionary-
guided search for quantum feature maps maximizing those metrics. When using this
framework with sensible parameter choices, we obtain results suggesting that some
previous studies may have reported overfitted outcomes. This shows that justifying
the need for quantum mechanical properties might be beyond the actual scope of con-
ventional classical tasks, since there is no clear quantum feature that contributes to the
gain shown by some of the QML techniques most commonly applied in the literature.
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1 Introduction

Quantum Machine Learning (QML) has emerged as a promising frontier at the inter-
sectionof quantumcomputing andmachine learning [1].Byexploiting theprinciples of
quantum mechanics—such as superposition and entanglement—QML aims to extend
the representational power and computational efficiency of classical learning algo-
rithms. Early studies have demonstrated potential advantages in specific contexts [2],
yet the fundamental conditions under which QML truly outperforms classical meth-
ods remain an open question [3]. Despite significant theoretical and experimental
progress, conclusive evidence on whether quantum models provide intrinsic learning
benefits—beyond those achievable by classical counterparts—remains elusive.

One of the most discussed aspects of this debate lies in the role of quantum opti-
mization and the extent to which it can enhance existing machine learning workflows.
Quantum algorithms have shown competitive performance in optimization tasks [4],
which are central to model training, feature selection [5], and hyperparameter tun-
ing. However, these approaches often face scrutiny regarding scalability, stability,
and robustness against noise. The hybridization of quantum and classical paradigms
has thus become a pragmatic path forward, particularly in regimes where classical
computational bottlenecks dominate [6].

A more fundamental question, however, concerns the representational advantage
of quantum systems. Quantum feature maps and kernels define how classical data are
embedded into high-dimensional Hilbert spaces, potentially enabling linear separabil-
ity for data that are inseparable in the original space [2]. The inclusion of entanglement
as a computational resource is often cited as a driver of this advantage, yet empiri-
cal evidence has been inconsistent [7, 8]. While some results indicate measurable
improvements in classification accuracy when entangled embeddings are used, others
find negligible or even detrimental effects. This variability highlights the need for sys-
tematic frameworks capable of isolating and quantifying the contribution of quantum
characteristics—such as expressivity and entanglement—to learning performance.

Addressing this need, we propose a comprehensive framework designed to analyze
the relationship between classical data complexity and quantum feature map char-
acteristics. By engineering controlled datasets of tunable complexity and employing
an evolutionary search over parametrized quantum circuits, our approach enables a
structured investigation of how quantum embeddings adapt to and exploit classical
data structures. The framework combines proxy metrics such as the Centered Kernel
Alignment (CKA) with expressivity and entanglement measures to assess how quan-
tum mechanical properties influence generalization and separability in classification
tasks.

The remainder of this paper is structured as follows: Sect. 2 presents the theoret-
ical background, introducing kernel-based learning and the role of quantum feature
maps in data embedding. Section3 details the proposed framework, including dataset
construction, the Pauli-Genetic Embedding (PGE) mechanism that is central to our
evolutionary search, and the theoretical bounds linking circuit depth to data complex-
ity. Section4 reports experimental results comparing classical and quantum kernels
across datasets of varying complexity, highlighting the relationship between overfit-
ting and quantum circuit expressivity. Finally, Sect. 5 summarizes the main findings
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and outlines directions for future research, particularly regarding the conditions under
which QML can yield verifiable and reproducible advantages over classical methods.

2 Related work

The fundamental capability ofmachine learning algorithms lies in their capacity to dis-
tinguish between distinct samples and establish mappings to target outputs—whether
discrete class labels in classification or continuous values in regression. While the
taxonomy of machine learning encompasses diverse methodological paradigms, the
efficacy ofmost approaches fundamentally reduces to the separability of the datamani-
fold, characterized by the existence and complexity of decision boundaries partitioning
the feature space.

Consider the spectrum of separability complexity. At one extreme, linearly separa-
ble data admit a hyperplane H = {x ∈ R

n : w�x + b = 0} that perfectly partitions
samples belonging to different classes—a configuration readily addressed by classi-
cal linear models. At the opposite extreme lies the pathological case where samples
from distinct classes occupy identical positions in feature space, i.e., ∃xi , x j such that
xi = x j but do not belong to the same class (yi �= y j ). This represents an inherently
ill-posed problem admitting no deterministic solution, as any classifier must neces-
sarily resort to probabilistic assignment. Between these boundary cases, there exists a
continuum of intermediate complexities, the characterization of which is essential for
assessing problem tractability.

The efficacy of kernel methods stems precisely from their ability to address this
challenge through implicit feature space transformations. By employing a mapping
φ : X → H to a (potentially infinite-dimensional) reproducing kernel Hilbert space,
these methods project data into domains where linear separability may be achieved—
effectively reducing complex nonlinear problems to linear ones in the transformed
space.

To establish a rigorous framework for analyzing quantum machine learning tech-
niques, we must therefore develop a bidirectional understanding: (1) quantitative
assessment of intrinsic data complexity, including the geometry of class boundaries and
the distribution of samples relative to decision surfaces, and (2) precise characteriza-
tion of the representational capacity of feature maps—both classical and quantum—to
induce favorable separability in their respective embedding spaces. This dual per-
spective provides the necessary foundation for systematic investigation of quantum
embeddings prior to engaging with the additional technical complexities inherent to
quantum computational models.

2.1 Mapping data into states

Kernel methods [9] have been widely used in traditional machine learning. This tech-
nique fundamentally embeds the original data into more expressive feature spaces,
where complex dependencies with target variables become linearly separable. In this
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representation, a suitable distance metric is required to define decision boundaries for
classification.

The ability to represent data in a different dimensional space motivated the research
line of quantum kernels for machine learning tasks [2, 10] tackling one of the first chal-
lengeswhen it comes to quantummodels: classical data embedding. This approachwas
further explored by eminent researchers who empirically tested some of the potential
advantages of these techniques.Works such as [8] even highlight, as a conclusion of the
study, how kernels without entangling gates may behave better than those that include
them. This is somewhat surprising, for it seems to remove part of the "quantumness"
of the embedding process.

How classical data will be represented in the quantum space to ensure that the
original learning objective is preserved is a challenging task on its own [11]. As
mentioned in the discussion of [7], finding the right classical candidate problem and
quantum embedding that demonstrate a benefit attributable solely to the quantum
representation itself remains an open challenge. The latest advances approach the
task of finding good quantum embedding techniques using heuristic methods and
evolutionary algorithms that perform better than brute-force approaches but cannot
guarantee the global optimality of the found embedding [12, 13].

To leverage quantummachine learning models, whether kernel-based or otherwise,
the main task still resides in faithfully representing the original data from a classical
feature space into a Hilbert feature space. The goal of this transformation between the
two spaces is to maximize the separability between samples corresponding to various
classes. The non-trivial task of finding the best quantum feature map is a complex
optimization problem. It requires to find an encoding mechanism (or embedding)
such that

|ψ(x)〉 = U (x)|0〉⊗n

where U is the unitary transformation applied to x , a data sample. Variational
parameters can be added to the U transformation so that U (x, θ) is also a common
representation for these approaches.

Most approaches follow a pragmatic path, where quantum circuit composition is
either determined using genetic algorithms [14, 15] or by selecting afixed parametrized
quantum circuit, which then requires fine-tuning to optimize free parameters and
increase the separability between the samples [11]. This second option might be a
better approach when a particular a priori knowledge exists on how to map the clas-
sical information using a specific quantum feature map configuration [8, 12]. In the
absence of such knowledge and focusing on a theoretical machine that could execute
any circuit without loss, an expressive representation is required to conduct a vast
global search of all potential embeddings.

Once the embedding is obtained, a kernel can be created by evaluating the fidelity
between two potential mapping states, such as in

K (xi , x j ) = tr[ρ(xi )ρ(x j )],

where ρ(x) = |ψ(x)〉〈ψ(x)|. This motivates the use of the “fidelity kernel” name for
this function. Even though projected quantum kernels [7] have been proposed as a
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better-performing alternative, we have prioritized the fidelity kernel in this study as a
direct path to understand the characteristics of the embeddings obtained, regardless of
the final kernel composition technique.

Given that no a priori knowledge exists for the encoding in the general case, during
this search we can provide a proxy so that the final classification task is not required to
be solved each time in order to determine a suitable embedding. Previous works have
leveraged this intermediatemechanism [13] that guides the search for the configuration
that better splits samples belonging to different classes inside the Hilbert space. A
commonmetric used in many of these previous studies is the Kernel Target Alignment
(KTA) proposed in [11]. KTA is defined by

KT A(K ,Y ) = 〈K ,Y 〉F√〈K , K 〉F 〈Y ,Y 〉F , (1)

where 〈·, ·〉F represents the Frobenius inner product, K represents the kernel function
over the X dataset, and Y = yyT , where the components of y are the labels yn ∈
{−1, 1} representing the binary class for each X sample. Since the original metric did
not correlate well with the actual generalization error of the model, a centered version
of this metric was proposed in [16]. This second option was shown to be closer to the
actual final performance obtained. Its expression is given by

CK A(K ,Y ) = KT A(HK H , HY H), (2)

where H = I − (1/n)1 · 1T performs the mean subtraction of the matrix. Thus, the
centering action focuses on the structural relationships between data points instead of
magnitude and scaling effects, making this metric more robust for the iterative process
described above.

2.2 Expressivity and entanglement

A key aspect that justifies this transition from classical to quantum data representation
is that the complexity of the relationships in the classical feature space is potentially
better expressed in the quantum domain. Therefore, for quantum kernels to offer an
improvement, they must capture something that classical kernels do not. Thus, this
ability to capture highly complex relationships present in the data should be linked to
the expressivity of the embedding circuit and to how it can exploit entanglement as a
resource. Quantifying entanglement for particular states using entanglement witnesses
[17] or geometric metrics [18] may not be tractable when facing real hardware, as it
requires full knowledge of the states being encoded. As an alternative, previous works
have dealt with the measurement of this expressivity by relying on a finite set of
samples [19, 20].

The ensemble of Haar random states has been previously used to evaluate the
upper bound of expressivity for a given Parametrized Quantum Circuit (PQC). Such
a quantum circuit can yield different binary strings upon measurement, depending on
the values assigned to its parameters. Expressing the dissonance between the potential
Haar-state measurement distribution and the outcome of a sufficiently large set of
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randomly distributed parameters renders a metric that allows quantification of how
fixed or flexible a particular quantum embeddingmight be. This relationship expressed
in [20] is based on the KL divergence expressed

Expr = DKL

(
P̂PQC (F; θ) ‖PHaar (F)

)
, (3)

where P̂PQC is the estimated probability distribution of the fidelities resulting from the
sampling statistics of the embedding circuit. Thus, a divergence of zerowouldmean the
embedding can render any of the potential fidelity measures in the associated Hilbert
space. It is important to notice that the lower this value, the higher the expressivity of
the quantum embedding is as it poses the ability to represent any state in the target
space.

For the entanglement capacity, similarly, the discrete sample-based version from
[20] is defined by

Ent = 1

‖S‖
∑
θi∈S

Q(|ψθi 〉) (4)

where S = {θi } is the set of sampled circuit parameter vectors and Q stands for the
Meyer and Wallach measure [21]. This gives a value of 0 when all measured states
are product states and 1 when maximally entangled states are obtained. Alternative
metrics like the Schmidt number can lead to more precise estimation, but they require
a fully formed density matrix which for a parametrized circuit only accounts for one
of the data points to be evaluated. For the sake of simplicity, in this work we have
chosen theMeyer andWallach approach to represent the entanglement capacity, using
a subset of potential data points to estimate for the entanglement.

3 Proposed framework

In order to systematically study the effect of quantum properties when used for clas-
sical data classification tasks, we must be able to tweak and modify one potentially
relevant aspect at a time and assess its impact. This requires a well-defined set of input
datasets covering a broad range of cases, along with a systematic approach to generate
sufficiently diverse feature maps and kernel instances, so that the evaluation of the
metrics reveals the extent to which quantum mechanical characteristics are needed to
solve the problem efficiently. Moreover, we need to define an effective and efficient
process to perform the search for a (nearly) optimal quantum embedding, and this
search process must be guided by the proxy metrics that we are trying to maximize.

Themethodological workflow, illustrated in Fig. 1, formalizes the successive stages
of this investigation, from dataset generation and quantum circuit parametrization
to the evaluation of expressivity and entanglement metrics. This structured proto-
col ensures the controlled modulation of both data and model complexity, enabling
reproducible experimentation and meaningful interpretation of observed effects. The
results derived from this framework, presented in Sect. 4 constitute the foundation to
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Fig. 1 Phases for each experiment: 1. dataset generation, 2. best feature map finding for a given proxy
metric, and 3. task performance comparison

build strong evidence supporting the proposed quantitative relationship between data
separability and the quantum mechanical characteristics of embedding circuits.

The current implementation allows for variations considering custom datasets or
metric extensions for future works, making it composable and expandable with respect
to the evolution of the field and knowledge gathered, but its end-to-end nature is
described as follows:

1. Data preparation. This phase defines the input data used in the workflow. It
involves selecting the dataset type, specifying the desired sample size, and gener-
ating the corresponding dataset that will serve as the basis for later encoding and
evaluation.

(a) Select dataset type: Choose the data distribution to be analyzed from available
options.

(b) Specify dataset configuration:Define the number of samples per class or overall
dataset size, which can also control the level of class imbalance tunable by a
ratio between classes.

(c) Generate dataset: Create the dataset according to the specified parameters,
ensuring reproducibility and consistency across experiments.
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2. Encoding search. This phase focuses on identifying effective quantum embeddings
through a genetic algorithm that evolves Pauli-based embeddings according to their
separability performance.

(a) Initialize Pauli-Genetic embedding: Generate an initial population of candidate
embeddings represented as Pauli operator sequences.

(b) Choose separability metric: Select a quantitative proxy metric to evaluate how
well the embedding separates data classes in Hilbert space between KTA or
CKA options.

(c) Genetic iteration:
(i) Evaluate with separability: Assess each embedding’s fitness according to

the chosen metric.
(ii) Update Population: Apply genetic operators (mutation, crossover, selec-

tion) to evolve the population toward better-performing embeddings.
(d) Select best encoding: Identify the optimal embedding configuration that will,

expectedly, maximize separability on a tournament based strategy.

3. Evaluation and reporting. In the final phase, the selected encoding is analyzed in
terms of its quantum properties and downstream task performance, with the results
summarized in a comprehensive report benchmarking against strong classical
candidates in the same regime.

(a) Compute quantum features: Extract quantum feature representations generated
by the selected embedding including quantummechanical characteristics such
as embedding entangling capacity or expressivity.

(b) Compute task metrics: Evaluate the performance of these features on the target
task (mainly through AUC of the classifier).

(c) Compile final report: Summarize the findings, including best-performing
embeddings and their metric values.

In the rest of this section, we discuss in detail how we have constructed suitable
datasets and how we have designed the evolutionary search that we use to select ade-
quate quantum embeddings. We also study the relationship between task complexity,
circuit expressivity, and the sample size required for proper training.

All these details crystallize into the framework that can be used to systematically
explore, evaluate, and compare quantum embeddings across different tasks.

3.1 Creating the datasets

To control the amount of complexity added to the dataset and incrementally check
the contribution that a quantum embedding can provide, we opted for engineering the
dataset to ensure full control over it. We build upon the proposal presented in [19]
and we expanded it to a 3D version that allows us to explore states beyond the sepa-
rable and maximally entangled regime that would be limited by the 2D nature of the
original datasets. The datasets present 9 different situations with data points overlap-
ping between different classes in an increasing complexity spectrum. From two simple
blobs in the 1a category, periodically overlapping recurrent blobs in 2c, to blobs of one
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Fig. 2 Three-dimensional datasets increasing number of blobs and complexity by proximity of the blobs
and embedding one class into another

category inside the cloud of points of the second category in datasets of type 3. These
blobs can be modified in density of samples, proximity between blobs of different
classes and radius for each of them.

The aim of manufacturing these datasets instead of using existing ones as raw
entries is to be able to tweak the task complexity incrementally while avoiding any
preprocessing that might remove nonlinear relationships existing among the features.
Three-dimensional setups allow for the evaluation of multipartite entanglement and
diverse mixtures of entangled states that are not present in two-body systems without
incurring the complexity of scaling to higher-order datasets that may be harder to
quantify in terms of complexity, either globally with respect to the task or locally with
respect to the class overlap between blobs.

By modulating the proximity between the blobs and the density of each subclass,
as shown in Fig. 2, we can tune the complexity required to create a hyperplane that
separates both classes (depicted in blue and red in the figures). This ability to tweak and
customize the task complexity is key to understanding how feature maps evolve during
the search for an optimal embedding and the characteristics they present. In addition,
by allowing control over the number of samples in each case, we can deliberately

123



  234 Page 10 of 21 I. Montalbán et al.

adjust the degree of class imbalance—a characteristic that quantum machine learning
is believed to address more effectively than classical methods.

While these datasets still lie within the regime of classically simulatable sys-
tems, they serve as a foundation for investigating the initial conditions that shape
how particular data attributes may influence quantum embeddings, offering a path-
way for systematic exploration in higher-dimensional feature space setups. The
three-dimensional design of this initial dataset facilitates the study of multipartite
relationships extending beyond maximally entangled states, offering an interpretable
intermediary stepbefore addressinghigher-dimensional data spaces that require formal
definitions of local complexity and periodic structures.

3.2 Evolutionary search through Pauli-Genetic Embedding

Once we have defined a way to create datasets with different complexities and rela-
tionship profiles as shown in Sect. 3.1, the next piece requires searching for optimal
embeddings. Without any a priori knowledge, one needs to search the solution space
trying to be as efficient as possible.

When exploringquantumembeddings through evolutionary algorithms, the absence
of analytical gradients and the prohibitive cost of full model training for each candi-
date circuit require the definition of a proxy metric that can efficiently guide the
search. Insteadof computing classification accuracy for every possible embedding—an
intractable process due to the exponential expansion of the quantum feature space—
it is preferable to rely on an intrinsic measure that reflects how well a particular
encoding structures the data in Hilbert space [11]. Such a proxy metric serves as a
surrogate fitness function, enabling the evolutionary process to identify promising
circuit configurations without solving the downstream learning task. To make this
exploration feasible, each individual in the population must also be represented in
a systematic and compact manner. Having a general enough formulation for each
quantum embedding individually is key to fulfilling this requirement, encoding each
embedding candidate as a composition of k-local Pauli interactions, thereby spanning
all possible correlation orders among qubits while remaining interpretable and genet-
ically manipulable. However, because the number of k-local interaction terms grows
according to

∑n
k=1

(n
k

) = 2n − 1, the embedding space expands significantly with the
number of qubits but also the number of layers or repetitions allowed for each embed-
ding [2]. This combinatorial explosion renders exhaustive search infeasible even for
moderate system sizes. Consequently, the evolutionary algorithmprovides a principled
stochastic mechanism to sample this high-dimensional landscape guided by the proxy
metric, balancing exploration of newmulti-qubit correlation patterns with exploitation
of the most promising embeddings discovered throughout the search process.

Evolutionary search requires finding the right set of parameters not to perform
a narrow solution space search, enabling both local optimization as well as global
exploration. Looking into enabling this balance as per use case, our framework allows
defining the search according to:

• Preprocessing stages for feature scaling or dimensionality reduction
• Maximum number of generations for the algorithm to run

123



A framework to study the relationship between classical data… Page 11 of 21   234 

• Population size for each generation
• Gene sequence identifying the feature map that allows for cross-breeding and
mutation options

• Population selection based on tournament of maximally performing individuals at
each generation

In order to enable manufacturing embeddings so that they can represent all
sorts of classical-to-quantum state mapping strategies, a generic approach termed
Pauli-GeneticEmbedding (PGE) is proposed. It encompasses all possible k-qubit inter-
actions, where k ranges from 1 to n for an n-qubit system encoding m samples with
n-features each. The quantum circuit implementing this comprehensive embedding is
expressed by

|ψ(X)〉 =
⎡
⎢⎣

1∏
k=n

∏

S∈([n]
k )

Us

⎤
⎥⎦ |0〉⊗n (5)

where
([n]
k

)
represents all possible k-element subsets of the set [n] = 1,2,...,n, S =

{i1, i2, ..., ik} is a specific subset of k qubit indices, and US is the k-local unitary
operation acting on qubits identified by indices in S. The k-local operations are defined
by

US = exp

⎛
⎝−i ·

⊗
j∈S

Pj · �k({x j } j∈S)
⎞
⎠ ,

where
⊗

j∈S Pj represents the tensor product of Pauli operators defined by the
genetic encoding {I , X ,Y , Z} for an index instance in set S and �k({x j } j∈S) is the
parametrization function for k-local interactions.

The key to our generalized formulation is the parametrization function �k that
determines the rotation angle for k-local interactions. For example:

• Single-qubit operations (k=1):

�1(xi ) = 2(π − xi )

• Two-qubit operations (k=2):

�2(xi , x j ) = 2 · (π − xi ) · (π − x j )

• Three-qubit operations (k=3):

�3(xi , x j , xl) = 2 · (π − xi ) · (π − x j ) · (π − xl)

• k-qubit operations (general case):

�k({x j } j∈S) = 2 ·
∏
j∈S

(π − x j )
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Fig. 3 Fidelity kernels for each gene chain on a 3-qubit circuit splits. Both examples show how each
sequence is transformed into different combinations of k-local operations

This parametrization ensures that single-qubit operations directly encode individual
sample values, and higher-order operations encode the joint influence of multiple
samples. The factor of 2 normalizes the rotation angles below the [0, 2π) range, and
the (π−xn) factor creates a distinction between low and high values in the interactions.
These k-local interactions when aiming for hardware implementations would require
further transpilation even though for the time being all operations are assumed to be
run on a perfect device with the ability to render those k-local gates.

This generalized embedding exhibits several important mathematical characteris-
tics:

• Completeness, by including all possible k-local interactions up to k = n, the
embedding captures the complete correlation structure of the dataset.

• Hierarchical information encoding involves lower-order interactions that encode
fundamental sample properties, while higher-order interactions capture complex
relationships.

• Parameter scaling, given that the total number of parameters scales as
∑n

k=1

(n
k

) =
2n − 1, matching the exponential expressivity of the n-qubit Hilbert space.

The implementation is also relatively straightforward: for each gene sequence, one
only needs to specify the corresponding Pauli chain that is then converted into the
circuit. This representation allows cross-breeding and mutations required by genetic
algorithms to be performed through simple string manipulations, enabling system-
atic exploration of all possible configurations in the worst-case scenario. New gene
sequences can be set by cross-breeding the best-performing individuals, andmutations
simply require a specific operator to change Pauli words to explore new embeddings.
Thus, we can readily understand how data complexity affects the embedding in terms
of the expressivity or capacity of entanglement requirements.

An example of the Pauli gates used on each qubit is shown in Fig. 3. Taking into
consideration the example on Fig. 3a

3.3 Complexity and dataset size

The main motivation for creating a custom set of datasets is that the challenge they
pose and the samples introduced can be tuned so that a fine-grained control over when
quantum mechanical characteristics emerge depending on the characteristics of the
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Fig. 4 Qiskit available encoding plotted according to their entanglement capacity and expressivity

challenge can be established, linking both quantum mechanical features to dataset
complexity.

The PGE description of the embeddings, even though general enough, comes with
some considerations that need to be highlighted for the proper use of the framework.
It defines a function class FPGE mapping input features xi ∈ [−π

2 , π
2 ]n to kernel eval-

uations K (xi , x j ) = |〈ψ(xi )||ψ(x j 〉|2 whose complexity is bounded by Rademacher
complexity theory principles [22]. For a PGE circuit with depth L , we establish that
the Rademacher complexity of PGE circuits satisfies

Rn(FPGE) ≤
√
2L

n
(6)

where FPGE is the function describing the data encoding circuit obtained for each
individual. This bound reveals a fundamental trade-off. The compositional nature of
PGEcircuits leads toLipschitz constants that growwith depth.Deeper circuits increase
expressivity but hurt generalization unless the training set size scales appropriately.

For a PGE chain whose sequence gets translated to n×L , with L being the effective
circuit depth, with k-local interactions we get

Lip( fL) ≤ L · max
k

2πk−1 (7)

which implies a sample complexity requirement of

m ≥ O(L2π2(kmax−1)/ε2) (8)

for generalization error ε. Thus, deeper circuits during the evolutionary search require
exponentially more data. Thus, Rademacher complexity in worst-scenario cases of the
search (Lipschitz constant L · 	k) satisfies

Rm(FPGE) ≤ 2Lπkmax−1
√
2n√

m
. (9)
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The above-expressed PGE encoding defines an upper bound on the encoding layer
described by the maximum chain size allowed during the evolutionary search, being
the result of the gene length decomposition matching the number of available qubits
to the effective L layers of independent k-local operations representing the circuit
depth. Filling some of the terms with identity gates would decrease the number of
layers, potentially being an empty operator if all gates are selected to be the Identity
operation. But this is up to the evolution itself, requiring the maximum complexity to
be matched with the dataset size m provided.

When it comes to generating custom datasets, width as well as the depth of the
dataset needs to accommodate the defined upper ceiling learning requirements. This
should also help understand some of the claims that establish QML as a better choice
when facing scarcity of data, whichmay come from a combination of overfittedmodels
and testing subset balance benefiting the summary metrics.

Through a systematic examination of circuit depth, expressivity, and entanglement
capacity, we constructed a unified analytical framework designed to elucidate the bidi-
rectional relationship between classical data complexity and the structural properties of
quantum feature maps. This framework enables a principled exploration of how varia-
tions in circuit architecture and quantum resources—such as entanglement—affect the
representational capacity of quantum embeddings when confronted with datasets of
increasing intrinsic complexity. By quantitatively assessing these inter-dependencies,
our approach establishes a methodological foundation for understanding when and
how quantum feature maps can effectively capture nonlinear data relationships that
challenge classical models due to the absence of quantum characteristics.

4 Experiments

4.1 Synthetic datasets

Given the cost of exploring the whole search space for embeddings allowing for all
potential mappings into three-dimensional datasets (according to the PGE formula-
tion in 5) three layer embeddings (to allow for independent gate contributions) were
explored. Since the number of configurations grows exponentially as NPGE = 4L for
L layers, a heuristic approach to perform the search must be adopted. We aim to inves-
tigate feature maps that maximize the separability between samples in a classification
task, without the need to train a complete model each time or to perform an exhaustive
search over the entire set of possible feature maps. Hence the selection of a proxy
metric such as CKA.

Considering Eq.7 with a basic setup for 1- and 2-local terms which would be the
gates to be used for a generalist hardware setup, we could fix kmax=2. PGE encoding
would allow for higher-order terms but in practice, all configuration will end translated
into 1- and 2-qubit gates due to current hardware limitations. In a three-dimensional
setup like the one in this work, where 3-local interactions are possible the 9-position
gene sequence could cover three 3-local gate operations in the resulting feature map
(L = 3). Thus, following Eq.9 to achieve a complexity of Rm � 1 approximately
m ≥ 11, 364 sampleswould be needed.Not a feasible scenario for common computing
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resources. In order to make the experiment trackable we challenge the framework to
a poor generalization scenario of m = 200 which throws a complexity of R200 ≈
53.3√
200

= 3.77 which would be in the memorization regime for any given model. This
would also mean a good value in proxy metric during evolutionary search should fail
when the classification metric is evaluated with test data.

Following the formulation introduced in Eq.5, an evolutionary search was con-
ducted independently over each dataset to identify quantum featuremap configurations
exhibiting the most favorable alignment between encoded data and target labels. This
stochastic optimization strategy was designed to balance global exploration of the
circuit search space with local refinement of promising candidates, avoiding the com-
putational intractability of exhaustive enumerationwhile still covering a representative
portion of the high-dimensional embedding landscape. The parameters used in this
exploration were:

• No preprocessing done, just scaled features ∈ [−π
2 , π

2 ]
• Maximum generations set to 100, with 10 iteration repetition of average perfor-
mance for early stopping

• Population size of 100
• Pauli embedding capped to 3 layer depth feature maps
• Tournament selection on top 10 performant individuals
• Cross-breeding using 50% of the selected individuals
• Mutation probability of 5%

To contextualize the obtained results, the best-performing individuals from the evo-
lutionary search were afterward benchmarked against standard classical and quantum
baselines with some known fixed kernel options to compare against:

• Support Vector Classifiers (SVC)with linear, polynomial, and radial basis function
kernels, using default hyperparameter configurations from the scikit-learn
library [23].

• Quantum Support Vector Classifiers (QSVC) employing fixed non-optimized
options implemented as single-repetition circuits, evaluated using precomputed
kernel matrices available in the Qiskit framework [24].

The use of fixed embeddings in the latter quantum-classical benchmark ensured
that the expressivity and entanglement capacity of the quantum feature maps remained
dataset independent, allowing for direct comparison against the dynamically optimized
embeddings generated by the evolutionary search even though layer structuremay vary
between evolved and fixed feature maps. Measuring the entanglement capacity and
expressivity of each feature map shows a different profile in those axes as shown in
Fig. 4.

Expressivity and entanglement capacity in Fig. 4 were discretely estimated to
quantify the structural properties of the resulting quantum embeddings:

• Expressivity: evaluated using 120 bins, 4,000 randomly sampled parameter
configurations, and 10,000 measurement shots.

• Entanglement capacity: computed over 4,000 samples per circuit.
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Fig. 5 Metric heatmap per dataset and kernel type including the best found quantum kernel via evolutionary
search and CKA proxy metric. Each cell represents the average metric value over 5 test sets in 80–20
(train-test) data splits

Fig. 6 Attribute stability for the 2c dataset scaled from 200 to 2000 samples after evolutionary search is
performed extracting the average entanglement capacity and expressivity from top performing feature maps

This configuration provides a practical compromise between computational fea-
sibility and measurement precision, allowing the evolutionary process to explore
meaningful differences in circuit behavior while avoiding the exponential cost of full
state-space characterization.

A critical aspect when using evolutionary approaches is to guarantee enough capac-
ity for locally optimizing the sampled space, but to allocate for exploratory processes
looking for good spots far enough from the focal point. Comparing different kernels,
including the best candidate obtained from the evolutionary search, Fig. 5 shows a
comparison using classical and quantum kernels alongside Support Vector Classifier
model average performance as the mean of 5 train–test data splits with different seeds.

Radial Basis Function (RBF) as well as Z kernel demonstrate their ability to encode
diverse feature relationship while remaining generalist, but interestingly enough,
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Fig. 7 Iris dataset evaluation focusing on separability between Virginica and Versicolor samples

dataset 2c—that has a complex local pattern between data points of different classes—
showsmuch better performance in the cases of Z Z feature mapwith full entanglement
scheme (L = 5). The evolutionary search, focusing on higher CKA, did not corre-
late with better AUCs or F1 scores when considering different splits in this low-data
scenario. Even though some low level correlation exists between proxy and perfor-
mance metric, as pointed out by previous works, when tested against different splits
the performance decays. This fact also allows us to highlight how easily overfitting
may happen even for shallow quantum circuits due to their expressive nature.

Scaling up the analysis for the 2c case from the initial 200 samples up to 2000
samples where the Rademacher complexity starts reaching the point where general-
ization should occur, the CKA was maintained in a similar regime but the quantum
characteristics seem to consolidate over a particular value, as seen in Fig. 6. Although
larger sample sizes would need to be tested to confirm such hypothesis, which poses
a computational effort worth revisiting in future works. The 2000 sample scenario
with 100 individuals and 100 generations in the evolutionary setup already poses the
challenge of simulating close to 400 billion independent circuits.

This periodic shape of the data seems to pose a complex enough pattern where
entanglement and expressivity may offer a potential benefit over simpler approaches
in the quantum regime or classical counterparts. It is worth further working on this
case at higher scales as there might be an evident benefit coming not solely from the
periodic nature of the data when it comes to generalization capabilities, but also the
role of entanglement.

A closer examination of the feature-mapping circuits used to generate the kernels
for the various datasets reveals that increasing circuit depth and gate count in pursuit of
higher centered kernel alignment (CKA) does not necessarily translate into improved
task performance. On the contrary, overly complex quantum embeddings tend to over-
fit the limited training data, capturing spurious correlations rather than task-relevant
structures. This observation suggests that, within the regime of small or moderately
sized datasets, highly expressive circuits may hinder rather than enhance general-
ization. Consequently, circuit parsimony maintaining a balanced trade-off between
expressivity and model simplicity emerges as a more desirable design principle than
unbounded growth in the number of quantum operations.
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4.2 Iris dataset

Looking into datasets that might show similar characteristics but still fall in the range
of simulatable experiments, we considered the Iris dataset, with 4 features and 50
samples per species. Particularly, we focused on the separability between Virginica
and Versicolor labeled samples as a binary classification task. Larger datasets may not
be suitable for the kind of study we are interested in, as one should either reduce the
dimensionality potentially reducing the nonlinear relationships to linear mappings—
as it often happens with PCA—or encode the data as it is, which for datasets like
the Wine dataset (13 features) already needs a 13 qubit feature map requiring a depth
exploration of several layers not to face the same Rademacher complexity boundaries.
That is a task that would require distributed execution.

Given the non-exhaustive nature of the cases we have covered, no definitive conclu-
sion can be derived from the relationship between expressivity, entanglement capacity
and CKA. But it looks apparent from Fig. 7 that even though feature maps with entan-
glement capacity and expressivity may be used, a more simplistic approach may often
lead to similar results in cases where memorization is the name of the game.

Interestingly enough, certain configurations, like the ZY , ended up being counter-
productive despite their capacity of entanglement and expressivity surpasses the ones
in simpler configurations (Z or Z Z mappings in particular).

Thus, in these particular situations, our results suggest that only a limited relation-
ship between those characteristics exists in the scarce samples regime, providing a
stronger case for periodical data embedding and overfitting scenarios than a quantum
advantage via quantum characteristics. Therefore, a minimum sample size to data
complexity ratio needs to be met. This seems to contradict the belief in the potential
quantum machine learning advantage on scarce data scenarios, as it is equally likely
that a pattern able to memorize the data has emerged.

5 Conclusions & future work

This work introduced the Pauli-Genetic Embedding (PGE) framework to system-
atically examine how quantum properties such as entanglement and expressivity
influence learning performance in quantum machine learning (QML) classification
tasks. Our empirical results show that quantum advantages in those scenarios are con-
ditional rather than intrinsic—they depend strongly on data characteristics and sample
complexity rather than on the presence of quantum correlations alone.

Despite achieving embeddings with high entanglement capacity (∼ 0.72) and
increased expressivity, quantum kernels generally matched or underperformed clas-
sical methods across our controlled three-dimensional datasets when it comes to
generalization. The weak correspondence observed between quantum circuit metrics
(e.g., CKA, expressivity, entanglement) during feature map search and classification
accuracy on random splits indicates that current proxies may not capture task-relevant
representational benefits or that sample sizes do actually matter for models aiming
to generalize. Moreover, the evolutionary optimization process—while effective in
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exploring the quantum feature space—frequently produced overfitted circuits, espe-
cially under data scarcity conditions. These findings challenge common claims that
QML thrives under limited data regimes, suggesting instead that the apparent “quan-
tum advantage” reported in such settings may stem from periodic or locally structured
kernel behaviors rather than genuinely quantum representational power.

The proposed framework thus exposes a critical gap between theoretical quantum
advantages and their empirical realization in practical learning scenarios. In particu-
lar, our results emphasize that intermediate alignment metrics such as CKA, though
valuable for circuit search, do not reliably predict downstream generalization if min-
imum sample requirements are not met, underscoring the need for better measures
linking quantum structure to learning efficacy and dataset characteristics. Addition-
ally, the high expressivity of shallow circuits calls for explicit regularization and
sample complexity-aware design to prevent spurious correlations from dominating
optimization.

Future research should focus on identifying problem classes—such as our 2c
instance—where quantum embeddings demonstrate consistent, empirical advantages.
This requires both theoretical characterization of the conditions under which quantum
feature maps can outperform classical kernels, and task-specific entanglement metrics
that correlate directly with learning performance. Extending the framework to higher-
dimensional feature spaces with adequate data and incorporating realistic noise and
hardware topology models will be essential to assess near-term quantum feasibility.

Similarly, finding theway inwhich the frameworkwould be able to scale up to cover
datasets in the literature that may allow to drive stronger conclusions is required. Given
the nature of the evolutionary search, naive task distribution can be performed but the
scaling related to circuit simulation per process will need to be addressed within the
field of distributable circuit simulation.

Finally, the field urgently needs standardized statistical evaluation protocols for
QML, encompassing rigorous baselines, effect-size analysis, and reproducible bench-
marks. Establishing these methodological foundations will enable the community to
distinguish true quantum computational benefits from artifacts of data scarcity or
circuit overfitting, moving QML from conceptual promise to empirically validated
capability.
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