
Eur. Phys. J. C          (2024) 84:855 
https://doi.org/10.1140/epjc/s10052-024-13165-y

Regular Article - Theoretical Physics

Z boson emission by an electron and the decays of Z boson into
fermions in a de Sitter universe

Cosmin Cruceana, Diana Dumitreleb
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Abstract In this paper we develop a method to obtain the
rates for the decay of a Z boson into fermions in de Sitter
geometry. Our general results obtained in de Sitter space-
time allow us to obtain the Minkowski limits for the transi-
tion rates when the expansion parameter vanishes. Another
important result reported in the present study is related to
the emission of Z bosons by electrons and positrons. All the
processes were studied by implementing perturbative meth-
ods that allow us to define the transition amplitudes in the
first order of perturbation theory. The variation of probabili-
ties and rates in terms of expansion parameter and particles
masses is also given, pointing out that the processes that gen-
erate particle production are possible only in the early uni-
verse. For computing the transition rates and probabilities we
use the dimensional regularization method and the minimal
substraction method.

1 Introduction

The problem of the Proca fields in Minkowski space-time
was studied in [1–4], while the Proca particles in the field
theory on curved space-times is less studied in literature, and
the most relevant studies can be found in [5,6]. The funda-
mental importance of the Proca equation in the electro-weak
Minkowski theory is well known [1–4,7,8] and in the present
paper we want to extend the study of the Proca fields on de
Sitter space-time. The problems related to the mechanisms
of matter–anti-matter generation in early universe can be
approached by using the perturbative methods that are close
to the formalism of the quantum field theory from Minkowski
space-time. The first results related to the problem of parti-
cle production due to the space expansion can be found in
[9–13]. Recently the problem of massive bosons production
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from vacuum in a de Sitter space-time was discussed [14–18],
and the results prove that these processes are possible only
in the early universe where the expansion parameter is sig-
nificantly larger than the particle mass. The Feynman propa-
gators for the Dirac and Proca fields on de Sitter space-time
were also obtained in [6,19–22]. The propagator of the Dirac
field on the de Sitter space-time was constructed by Cande-
las and Reine [21]. The propagator of the Dirac field was
also obtained as a mode sum in the Friedmann–Lemaître–
Robertson–Walker space-times of arbitrary dimensions [20].
Recently a integral representation in momentum space of the
Feynman propagator for Dirac field was obtained in [22].
One of the regularization methods that seems to work in
the de Sitter case is the dimensional regularization method,
which was used for obtaining the Proca propagator in coor-
dinate representation [6]. A fundamental problem of the field
theory in curved space-time is related to the regularization
methods that need to be used in order to obtain finite quan-
tities. Recently it was proven that a combination between
the dimensional regularization and the minimal substraction
method allows one to obtain further results in what concerns
the calculations of the total probabilities and transition rates
for the elementary processes in the first order of perturbation
theory [17,18].

It is a well established fact that the particle production
could occur in pure gravitational fields [9,13,23,24], as well
as in the case of field interactions where one considers the
electromagnetic interactions [10,14–18,25–28]. In the quan-
tum field theory on curved space-time one of the quanti-
ties of interest is the density number of particles, which can
be computed using perturbative and non-perturbative meth-
ods [23,24]. But with both methods the stringent issues are
related to the divergent results that are obtained in many cases
of interest. For these reasons it is important to use regular-
ization methods that give finite results for the transition rates
of elementary processes which generate particle production,
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and one may think to use the same methods as in Minkowski
theory [7,29–34]. The density number of particles could then,
in principle, be defined as the ratio between the production
rate and the decay rate, both obtained by using regularization
methods in de Sitter case.

In the present paper we approach the problem of comput-
ing the rates for the decay of the Z boson into fermions in
de Sitter space-time. The Z boson decay rates in de Sitter
space-time will be obtained by using the dimensional reg-
ularization together with the minimal substraction method
[31–33]. These results are fundamental, since they also have
Minkowski limits that need to be obtained from our general
results [8,35,36]. In order to complete our previous results
in what concerns the neutral currents interactions in de Sit-
ter space-time [15,17], we will study the process where a Z
boson is produced by an electron or positron.

The paper is organized as follows: in the second section
we discuss the transition amplitude for the process of Z boson
emission by an electron and we compute the total transition
rate and probability. In the third section the decay of a Z boson
into a neutrino–antineutrino pair is analysed and the decay
rate is established in de Sitter space-time. The Minkowski
limit is obtained by considering the ultra-relativistic case,
when we connect the de Sitter and Minkowski amplitudes,
and we obtain the transition rates from flat space-time. The
fourth section is dedicated to the decay of the Z boson into
an electron-positron pair. In this section the decay rates in de
Sitter space-time are computed and we obtain the Minkowski
limits by considering the ultra-relativistic case. In the fifth
section we present our conclusions and in the Appendix we
give the essential equations for our calculations. In this paper
we consider the natural units such that h̄ = c = 1.

2 Z boson emission by an electron

In this section we study the problem of the emission of a Z
boson by an electron in a de Sitter expanding universe. The
transition amplitude corresponding to the first order pertur-
bation theory is computed, and we prove that this is a quantity
dependant on the particles momenta and the ratio between the
particles masses and the expansion parameter. The process
that we present here is not allowed as a perturbative process
in Minkowski theory because of the energy and momentum
conservation. In the de Sitter case this restriction is no longer
valid, since the translational invariance with respect to time is
lost. We propose a new mechanism for Z bosons generation
in the emission processes by electrons and positrons.

2.1 Transition amplitude with transversal modes

This subsection is dedicated to the perturbative method for
investigating the production of Z bosons in the emission pro-

cesses by fermions in the early universe. We mention that the
production of Z bosons in emission processes by neutrinos
was studied in [37]. Our method uses the generalization of
the Minkowski transition amplitude to de Sitter geometry that
was investigated in [14–16,25–28]. This method allows one
to obtain the dependence of the transition rate on the expan-
sion parameter, and we mention that the transition amplitude
used here were defined in [15]. Let us begin with the de Sitter
line element [38]:

ds2 = dt2 − e2ωt d �x2 = 1

(ωtc)2 (dt2
c − d �x2), (1)

where we introduce the conformal time that is related to the
proper time by tc = −e−ωt

ω
, where ω is the expansion factor

or Hubble parameter (ω > 0). Our computations are done
in the conformal chart with conformal time tc ∈ (−∞, 0),
which covers the expanding portion of de Sitter space-time
[38]. For the line element (1) in the Cartesian gauge we have
the non-vanishing tetrad components:

e0
̂0

= −ωtc; ei
̂j

= −δi
̂j
ωtc. (2)

The three leg transition amplitude that corresponds to the
process of Z boson emission by an electron e− → e− + Z ,
is defined in the first order of perturbation theory as [15]:

AZeē(λ = ±1) =
∫

d4x
√−g

{(

e0 cos(2θW )

sin(2θW )

)

×U �p ′,σ ′(x)γ î e j
î

(

1 − γ 5

2

)

U �p,σ (x) f ∗
j �P,λ=±1

(x)

−e0 tan(θW )U �p ′,σ ′(x)γ î e j
î

(

1 + γ 5

2

)

U �p,σ (x) f ∗
j �P,λ=±1

(x)

}

(3)

The momentum-helicity solutions of the free field equations
in de Sitter geometry are well studied in literature. Then the
positive frequency solution for the Dirac equation with a well
defined momentum and helicity is [39]:

U �p,σ (t, �x) = i

√

πp′
ω

(

1

2π

)3/2

×
(

1
2e

πk/2H (1)
ν− (q e−ωt )ξσ ( �p )

σe−πk/2H (1)
ν+ (q e−ωt )ξσ ( �p )

)

ei �p·�x−2ωt , (4)

where H (1)
ν (z) are Hankel functions of first kind that contain

the time modulation, q = p
ω

, ν± = 1
2 ± i K , with K = m

ω
,

m is the electron mass and ξσ ( �p ) are helicity bispinors. The
negative frequency solutions can be obtained using the charge
conjugation V �p,σ (x) = iγ 2γ 0(Ū �p,σ (x))T , [39]. In the case
of Proca equation the transversal modes with a well defined
momentum and polarization λ = ±1 in de Sitter geometry,
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reads [5]:

�f �P,λ
(x)(λ = ±1) =

√
πe−πk/2

2(2π)3/2

√−tc H
(1)
ik (−Ptc)e

i �P·�x

�ε(�nP , λ). (5)

where k =
√

M
ω

− 1
4 and M is the Z boson mass. The tem-

poral part of the solution give no contribution if we consider
only the modes with λ = ±1, because f 0

�P,λ
(x)(λ = ±1) =

0, [5].
Computing the amplitude (3) with the help of the solu-

tions (4), (5) we obtain the momentum conservation from
spatial integral, while for the temporal integral we change
the variable to z = −tc

AZee(λ = ±1) = e0 π3/2
√

pp′ e−πk/2

8(2π)3/2 δ3( �p ′ + �P − �p )

×
{

cos(2θW )

sin(2θW )
eπK

∫ ∞

0
dz

×
[

z3/2H (1)
ν− (pz)H (2)

ν+ (p′z)H (2)
−ik (Pz)

]

+sgn(σσ ′) tan(θW )e−πK
∫ ∞

0
dz

×
[

z3/2H (1)
ν+ (pz)H (2)

ν− (p′z)H (2)
−ik (Pz)

]

}

×ξ+
σ ′( �p ′) �σ · �ε ∗ (�nP , λ = ±1)ξσ ( �p ).

(6)

The spatial integrals have the same result as in the flat space
case giving the momentum conservation, while the temporal
integrals contain the dependence of gravity with the expan-
sion parameter ω.

The amplitude can be rewritten as:

AZee(λ = ±1) = δ3( �p ′ + �P − �p ) Mi f Ii→ f (7)

where we introduce the notation

Mi f = e0 π3/2
√

pp′
8(2π)3/2 ξ+

σ ′( �p ′) �σ · �ε ∗ (�nP , λ = ±1) ξσ ( �p ),

(8)

and the temporal integrals were denoted by:

Ii→ f = e−πk/2
[

cos(2θW )

sin(2θW )
eπK

×
∫ ∞

0
dz · z3/2H (1)

ν− (pz)H (2)
ν+ (p′z)H (2)

−ik(Pz)

+sgn(σσ ′) tan(θW )e−πK

×
∫ ∞

0
dz · z3/2H (1)

ν+ (pz)H (2)
ν− (p′z)H (2)

−ik(Pz)

]

. (9)

For solving the integrals in z we use the relations between
Hankel functions and Bessel K functions [40,41]

H (1,2)
ν (z) = ∓2i

π
e∓iπν/2Kν(∓i z). (10)

and obtain the new form for Ii→ f

Ii→ f = 8i

π3

[

cos(2θW )

sin(2θW )

∫ ∞

0
dz · z3/2

Kν−(−i pz)Kν+(i p′z)K−ik(i Pz)

+sgn(σσ ′) tan(θW )

∫ ∞

0
dz · z3/2

Kν+(−i pz)Kν−(i p′z)K−ik(i Pz)

]

(11)

The above integrals can be rewritten by using the connection
between Bessel K functions and Bessel J functions as given
in Eq. (223) from Appendix [40,41]. Finally the temporal
integrals can be solved by using Eqs. (224), (225) and (82)
from Appendix and we obtain:

Ii→ f = 2i

π

(

cos(2θW )

sin(2θW )
A1 + sgn(σσ ′) tan(θW )A2

)

(12)

where the functions A1, A2 are defined bellow

A1 = −pBKk − B1Kk + B2Kk − p′B−Kk (13)

A2 = −p′BKk − B1−Kk + B2−Kk − pB−Kk (14)

The B functions are written in terms of Gamma Euler func-
tions and Appel functions F4 of double argument as follows:

BKk(pp
′P) = eπK

√
2 (−pp′)− 1

2 −i K (i P)− 5
2 +2i K

cosh2(πK )�
( 1

2 − i K
)

�
( 3

2 − i K
)

×�

(

5 − 4i K + 2ik

4

)

�

(

5 − 4i K − 2ik

4

)

×F4

(

5 − 4i K + 2ik

4
,

5 − 4i K − 2ik

4
,

3

2
− i K ,

1

2
− i K ;

( p

P

)2
,
( p′

P

)2
)

, (15)

B1Kk(pp
′P) = i

√
2 (−p)− 1

2 +i K (p′)− 1
2 −i K (i P)−3/2

cosh2(πK )�
( 1

2 − i K
)

�
( 1

2 + i K
)

×�

(

3 + 2ik

4

)

�

(

3 − 2ik

4

)

×F4

(

3 + 2ik

4
,

3 − 2ik

4
,

1

2
− i K ,

1

2
+ i K ;

( p

P

)2
,
( p′

P

)2
)

, (16)

B2Kk(pp
′P) = i

√
2 (−p)

1
2 −i K (p′) 1

2 +i K (i P)−7/2

cosh2(πK )�
( 3

2 + i K
)

�
( 3

2 − i K
)

×�

(

7 + 2ik

4

)

�

(

7 − 2ik

4

)

×F4

(

7 + 2ik

4
,

7 − 2ik

4
,

3

2
+ i K ,

3

2
− i K ;

( p

P

)2
,
( p′

P

)2
)

. (17)

123



  855 Page 4 of 28 Eur. Phys. J. C           (2024) 84:855 

The final result for the transition amplitude is obtained
by collecting all the results from the spatial and temporal
integrals:

AZee(λ = ±1) = δ3( �p ′ + �P − �p )
e0 i π1/2

√

pp′

4(2π)3/2 cosh2(πK )

×
(

cos(2θW )

sin(2θW )
A1 + sgn(σσ ′) tan(θW )A2

)

×ξ+
σ ′( �p ′) �σ · �ε ∗ (�nP , λ = ±1) ξσ ( �p ). (18)

In de Sitter geometry the translational invariance with respect
to time is lost and the first order processes that are forbidden
in Minkowski theory have nonvanishing probabilities and
rates. The important quantity that needs to be establish here
is the transition rate that allows one to define all fundamental
quantities of interest, like the density number of particles.

2.2 Amplitude obtained with longitudinal modes

For the case where λ = 0, the amplitude will have both a
temporal and a spacial part, since the temporal part of the
Proca equation for this polarization is no longer vanishing
[5]:

�f �P,λ
(x) = i

√
πωPe−πk/2

2MZ (2π)3/2

×
[(

1

2
+ ik

) √−tc
P

H (1)
ik (−Ptc)

−(−tc)
3/2H (1)

1+ik (−Ptc)
]

ei
�P �x �ε (�nP , λ);

f0 �P,λ
(x) =

√
πωPe−πk/2

2MZ (2π)3/2 (−tc)
3/2H (1)

ik (−Ptc) e
i �P �x .

(19)

The transition amplitude will therefore be defined with the
above longitudinal modes of the Proca equation [15,17]:

AZeē(λ = 0) =
∫

d4x · √−g

{(

e0 cos(2θW )

sin(2θW )

)

×Ū �p′,σ ′(x)γ 0̂e0
0̂

(

1 − γ 5

2

)

U �p,σ (x) f ∗
0, �P,λ=0

(x)

−e0 tan(θW )Ū �p ′,σ ′(x)γ 0̂e0
0̂

(

1 + γ 5

2

)

U �p,σ (x) f ∗
0, �P,λ=0

(x)

}

+
∫

d4x · √−g

{(

e0 cos(2θW )

sin(2θW )

)

×Ū �p ′,σ ′(x)γ î e j
î

(

1 − γ 5

2

)

U �p,σ (x) �f ∗
�P,λ=0

(x)

−e0 tan(θW )Ū �p′,σ ′(x)γ î e j
î

(

1 + γ 5

2

)

×U �p,σ (x) �f ∗
�P,λ=0

(x)

}

. (20)

The amplitude is a sum of terms that contain the temporal
and spacial parts of the solutions for Proca equations, which
can be computed separately. We shall start with the contri-
bution given by the temporal part of Proca equation, which
will be denoted by T1. Repeating the computations from the
case of λ = ±1, and keeping the same variable change of
z = −tc, we get the temporal integral of the amplitude which
includes the Hankel functions:

T1 (Zeē) =
∫

dz · z5/2 π3/2ωP
√

pp′e− πk
2 δ3( �p ′ + �P − �p)

8MZ (2π)3/2

×
[

e0 cos(2θW )

sin(2θW )
eπK H (2)

ν+ (p′z)H (1)

ν− (pz)H (2)
−ik(Pz)

+e0 tan(θW )sgn(σ )sgn(σ ′)e−πK H (2)

ν− (p′z)H (1)

ν+ (pz)

H (2)
−ik(Pz)

]

ξ+
σ ′( �p ′)�σ · �ε∗(�nP , λ)ξσ ( �p). (21)

Using the Eq. (229), which gives the connection between
the Hankel functions and the Bessel K functions [40,41], we
get the temporal integral containing Bessel K functions. This
change will help in getting rid of the terms eπK , e−πK , which
would otherwise cause problems in the computation process.

T1 (Zeē) =
∫

dz · z5/2δ3( �p ′ + �P − �p)π
3/2iωP

√

pp′
MZπ3(2π)3/2

×
[

e0 cos(2θW )

sin(2θW )
Kν+(i p′z)Kν−(−i pz)K−ik(i Pz)

+e0 tan(θW )sgn(σ )sgn(σ ′)Kν−(i p′z)

Kν+(−i pz)K−ik(i Pz)

]

ξ+
σ ′( �p ′)�σ · �ε∗(�nP , λ)ξσ ( �p). (22)

The integral containing three Bessel K functions can be
solved by further rewriting two of the functions into Bessel J
functions [41], using the Eq. (223), and then computing the
resulting integrals with the relations (230). Then the ampli-
tude obtained with the temporal part of Proca solutions is:

T1 (Zeē)=π3/2iωP
√

pp′
4MZπ(2π)3/2 δ3( �p ′+ �P− �p)

[

e0 cos(2θW )

sin(2θW )
D1

+e0 tan(θW )sgn(σ )sgn(σ ′)D2

]

ξ+
σ ′( �p ′)�σ ·

× �ε∗(�nP , λ)ξσ ( �p), (23)

where D1 and D2 represent:

D1 = −C1Kk −
(

− p

p′
) 1

2
CKk −

(

− p′

p

) 1
2
C−Kk

+C2Kk; (24)

D2 = −C1−Kk −
(

− p

p′
) 1

2
C−Kk −

(

− p′

p

) 1
2
CKk

+C2−Kk, (25)
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and the Gamma Euler functions, as well as the hyperbolic
functions F4 are contained within the functions:

CKk = eπK 2
3
2 (p′)−i K (−p)−i K (i P)− 7

2 +2i K

cosh2(πK )�
( 3

2 − i K
)

�
( 1

2 − i K
)

×�

(

7 − 4i K + 2ik

4

)

�

(

7 − 4i K − 2ik

4

)

×F4

(

7−4i K+2ik

4
,

7 − 4i K − 2ik

4
,

3

2
−i K ,

1

2
−i K ,

( p

P

)2
,
( p′

P

)2
)

; (26)

C1Kk = i2
3
2 (−p)− 1

2 +i K (p′)− 1
2 −i K (i P)− 5

2

cosh2(πK )�
( 1

2 − i K
)

�
( 1

2 + i K
)

×�

(

5 − 2ik

4

)

�

(

5 + 2ik

4

)

×F4

(

5 − 2ik

4
,

5 + 2ik

4
,

1

2
− i K ,

1

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

; (27)

C2Kk = i2
3
2 (−p)

1
2 −i K (p′) 1

2 +i K (i P)− 9
2

cosh2(πK )�
( 3

2 − i K
)

�
( 3

2 + i K
)

×�

(

9 − 2ik

4

)

�

(

9 + 2ik

4

)

×F4

(

9 − 2ik

4
,

9 + 2ik

4
,

3

2
− i K ,

3

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

. (28)

The amplitude obtained with the spacial part of the Proca
solutions will be denoted by T2, and have the following form:

T2 (Zeē) =
∫

dz · δ3( �p ′ + �P − �p) iπ
3/2ωP

√

pp′e− πk
2

8MZ (2π)3/2

×
{

e0 cos(2θW )

sin(2θW )
eπK H (2)

ν+ (p′z)H (1)

ν− (pz)

×
[(

1

2
− ik

)

z
3
2

P
H (2)

−ik(Pz) − z
5
2 H (2)

1−ik(Pz)

]

−e0 tan(θW )sgn(σ )sgn(σ ′)e−πK H (2)

ν− (p′z)H (1)

ν+ (pz)

×
[(

1

2
− ik

)

z
3
2

P
H (2)

−ik(Pz) − z
5
2 H (1)

1−ik(Pz)

]}

×ξ+
σ ′( �p ′)�σ · �ε∗(�nP , λ)ξσ ( �p). (29)

We shall repeat the computations done for T1, starting by
rewriting the Hankel functions in terms of Bessel K functions
[40,41], as per the relation (229).

T2 (Zeē) =
∫

dz · δ3( �p ′ + �P − �p) i
2π3/2ωP

√

pp′
MZπ3(2π)3/2

×
{

e0 cos(2θW )

sin(2θW )

[(

1

2
− ik

)

z
3
2

P
Kν+(i p′z)

×Kν−(−i pz)K−ik(i Pz) + z
5
2 Kν+(i p′z)

×Kν−(−i pz)K1−ik(i Pz)

]

− e0 tan(θW )sgn(σ )sgn(σ ′)

×
[(

1

2
− ik

)

z
3
2

P
Kν−(i p′z)Kν+(−i pz)K−ik(i Pz)

+z
5
2 Kν−(i p′z)Kν+(−i pz)K1−ik(i Pz)

]}

× ξ+
σ ′( �p ′)�σ · �ε∗(�nP , λ)ξσ ( �p). (30)

The temporal integrals contained within T2 can be solved
with the help of (230), for which we will need to write the
Bessel K functions into Bessel J functions with (223). Finally,
the spacial part of the amplitude T2 can be expressed as:

T2 (Zeē) = i2ωP
√

πpp′
4MZ (2π)3/2 δ3( �p ′ + �P − �p)

×
{

e0 cos(2θW )

sin(2θW )

[(

1

2
− ik

)

1

P
A1 + F1

]

−e0 tan(θW )sgn(σ )sgn(σ ′)
[(

1

2
− ik

)

1

P
A2 + F2

]}

ξ+
σ ′( �p ′)�σ · �ε∗(�nP , λ)ξσ ( �p), (31)

where A1 and A2 have already been defined in the case for
λ = ±1, (13)–(14), and will retain the same form in this case.
F1 and F2 will be denoted by:

F1 = −G1Kk −
(

− p

p′
) 1

2
GKk −

(

− p′

p

) 1
2
G−Kk

+G2Kk; (32)

F2 = −G1−Kk −
(−p

p′
) 1

2
G−Kk −

( p′

−p

) 1
2
GKk

+G2−Kk, (33)

and theG functions in this case will contain the Gamma Euler
and hyperbolic functions F4:

GKk = eπK 2
3
2 (p′)−i K (−p)−i K (i P)− 7

2 +2i K

cosh2(πK )�
( 3

2 − i K
)

�
( 1

2 − i K
)

×�

(

9 − 4i K − 2ik

4

)

�

(

5 − 4i K + 2ik

4

)

×F4

(

9 − 4i K − 2ik

4
,

5 − 4i K + 2ik

4
,

3

2
− i K ,

1

2
− i K ,

( p

P

)2
,
( p′

P

)2
)

; (34)

G1Kk = i2
3
2 (−p)− 1

2 −i K (p′)− 1
2 +i K (i P)− 5

2

cosh2(πK )�
( 1

2 − i K
)

�
( 1

2 + i K
)

×�

(

7 − 2ik

4

)

�

(

3 + 2ik

4

)
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×F4

(

7 − 2ik

4
,

3 + 2ik

4
,

1

2
− i K ,

1

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

; (35)

G2Kk = i2
3
2 (−p)

1
2 +i K (p′) 1

2 −i K (i P)− 9
2

cosh2(πK )�
( 3

2 − i K
)

�
( 3

2 + i K
)

×�

(

11 − 2ik

4

)

�

(

3 + 2ik

4

)

×F4

(

11 − 2ik

4
,

3 + 2ik

4
,

3

2
− i K ,

3

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

. (36)

Finally, the amplitude for λ = 0 for the emission process
of a Z boson from an electron will be written as AZeē(λ =
0) = T1 + T2:

AZeē(λ = 0) = iωP
√

πpp′
4MZ (2π)3/2

δ3( �p ′ + �P − �p)
cosh2(πK )

×
{

e0 cos(2θW )

sin(2θW )

[

D1 +
(

1

2
− ik

)

i

P
A1

+i F1

]

+ e0 tan(θW )sgn(σ )sgn(σ ′)
[

D2 −
(

1

2
− ik

)

i

P
A2 − i F2

]}

×ξ+
σ ′( �p ′)�σ · �ε∗(�nP , λ)ξσ ( �p). (37)

We observe that in the case of longitudinal modes the ampli-
tude expression is far more complicated and also observe the
presence of the factor ω

MZ
, that prove that in the Minkowski

limit this amplitude is vanishing.
In the end of this section we want to bring into attention

the Goldstone equivalence theorem that is well known in
Minkowski field theory. This is a very interesting issue and
the theorem states the amplitude for emission of a longitudi-
nally polarized Z boson is equal to the amplitude for emission
of the corresponding Goldstone boson at high energy. In our
case the solutions have a well determined momentum and
helicity and the energy is not specified, but still one may
think to adapt this theorem to the de Sitter case by consid-
ering the case of large momenta in our amplitudes. This is
an interesting issue and would require to study the behaviour
of our amplitudes of Z boson emission in the case of large
momenta, which has not been done so far. One of the prob-
lem that may appear is related to the amplitude complicated
dependence on momenta given in the Appel hypergeometric
functions and this is a problem that deserve further study and
debate.

2.3 Transition rate

In this section we will compute the transition rate in the gen-
eral case, meaning that the dependence on the parameters
k, K will enter in our final result. This will permit us to study
the influence of gravity in the transition rate. One impor-
tant aspect is related to the fact that the energy is no longer
conserved in de Sitter space-time, and we not longer have
the usual delta function of energy as in the Minkowski the-
ory. The energy and momentum operators do not commute,
and consequently they determine separate basis for solutions
such as the energy basis and the momentum basis. We use
here only the solutions with a defined momentum, so that
the energy is not specified. The rate of transition in de Sitter
geometry, cab be obtained as in [23]. Consider the transition
amplitude between the initial and final state in a de Sitter
geometry:

Ai f = δ3( �p f − �pi )Mi f Ii f , (38)

where the delta functions assure the momentum conservation
in the process. In the Eq. (38), the usual delta function of
energy δ(E f − Ei ) is missing, because the de Sitter ampli-
tudes are obtained using the momentum-helicity solutions.
This result comes from the temporal integrals denoted by
Ii f , which do not longer depend on energy:

Ii f =
∫ ∞

0
dtKi f , (39)

and do not give the usual δ(E f −Ei ) as in Minkowski space-
time. In Minkowski space-time the transition rates is defined
by using the fact that the squared four delta Dirac functions
|δ4(p)|2 give the usual δ(0)δ3(0) = 1

(2π)4 VT , where V is
the volume and T is the interaction time. Then, the rate is
obtained dividing the probability by VT , which is the rate
definition as the probability derivative with respect to time.
Since in de Sitter geometry these arguments are no longer
valid, we adopt the definition given in [23], where the deriva-
tive with respect to time is applied on the integrals Ii f . For
this reason we recall the fact that the de Sitter metric is con-
formal with the Minkowski metric, and one expects that in the
conformal chart the definition of the transition rate is similar
to the rate defined in the Minkowski theory [23]:

Ri f = lim
tc→0

1

2V

d

dtc
|Ai f |2 = lim

t→∞
eωt

2V

d

dt
|Ai f |2, (40)

that can be seen as the derivative of the probability with
respect to the conformal time. By making use of Eq. (7) the
rate of the transition for a Z boson emission by an electron
can be written in terms of the above quantities as:

Ri f = 1

4

∑

σ ′λ

1

(2π)3 δ3( �p ′ + �P − �p )|Mi→ f |2|Ii→ f |

× lim
t→∞ |eωtKi f |, (41)
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where we include the summation after the final helicities and
polarizations, and Ii→ f is defined in Eq. (12). For extracting
the limit from the definition of the transition rate we consider
that the transition from in to out state takes place after a
sufficiently large time denoted by t∞, and that the limits from
the rate equation (41) will be evaluated for this time. The
factor Ki→ f from the rate equation is defined bellow and
represents the integrand from the temporal integrals:

Ki→ f = e−ωt
(e−ωt

ω

)3/2

×
[

cos(2θW )

sin(2θW )
Kν−(−i pz)Kν+(i p′z)K−ik(i Pz)

+sgn(σσ ′) tan(θW )Kν+(−i pz)Kν−(i p′z)K−ik(i Pz)

]

(42)

To extract an analytical result one can use the expansion of
the Bessel K functions for small arguments, since for t → ∞
the argument z = e−ωt become very small:

Kν(z) 
 2ν−1�(ν)

zν
. (43)

Moreover, in the case of the Proca solutions we use the
approximation where MZ/ω << 1/2, and the index of
Bessel K functions becomes −ik → 1

2 . The limit that enters
in the definition of the transition rate then gives:

lim
t→t∞

∣

∣eωtKi→ f
∣

∣ = lim
t→t∞

∣

∣

∣

∣

cos(2θW )

sin(2θW )

(e−ωt

ω

)3/2

×2− 1
2 −i K�

( 1
2 − i K

)

(−i p e−ωt

ω

) 1
2 −i K

2− 1
2 +i K�

( 1
2 + i K

)

( i p′ e−ωt

ω

) 1
2 +i K

× 2− 1
2 �

( 1
2

)

( i Pe−ωt

ω

) 1
2 −i K

+ sgn(σσ ′) tan(θW )
(e−ωt

ω

)3/2

×2− 1
2 +i K�

( 1
2 + i K

)

(−i p e−ωt

ω

) 1
2 +i K

×2− 1
2 −i K�

( 1
2 − i K

)

( i p′ e−ωt

ω

) 1
2 −i K

2− 1
2 �

( 1
2

)

( i Pe−ωt

ω

) 1
2

∣

∣

∣

∣

= 8

π3

π3/2

23/2
√

pp′P cosh(πK )

[

cos2(2θW )

sin2(2θW )
+ tan2(θW )

+cos(2θW )

sin(2θW )
tan(θW )sgn(σσ ′)2 cos

(

2K ln
( p′

p

))

]1/2

(44)

The final result for the transition rate is obtained by collecting
the above results:

Ri f = δ3( �p ′ + �P − �p )

(2π)3

e2 pp′

64 · (2π)3
√

pp′P cosh(πK )

∑

σσ ′

∣

∣ξ+
σ ′( �p ′)�σ · �ε ∗ξσ ( �p)∣∣2

√

Ii→ f · I ∗
i→ f

×
[

cos2(2θW )

sin2(2θW )
+ tan2(θW ) + cos(2θW )

sin(2θW )
tan(θW )

×sgn(σσ ′)2 cos
(

2K ln
( p′

p

))

]1/2

, (45)

where we mention that the dependence in the parameters
k, K is also preserved in the expression for Ii→ f .

A graphical analysis of the transition rate in terms of the
parameters k, K reveals that the rate is nonvanishing only in
the inflationary regime of the early universe when the expan-
sion parameter was larger or approximatively to the same
order with the mass of the particles.

In our plots the momenta for the particles are fixed, and
their values can be found in the captions, so that the momenta
ratios are subunitary. We also mention that the definition of
the Appel hypergeometric functions is given in Eq. (226)
from Appendix, and we restrict to the first six terms from
the infinite sums in our plots. The infinite sums are very con-
vergent for subunitary arguments, so for that reason we keep
only the first relevant terms since the rest of them become
very small. We observe that the case where the helicity is not
conserved is also present in the right panel from Fig. 1, where
the helicities σ and σ ′ are of opposite signs. The breaking of
the helicity conservation can only happen for massive par-
ticles, so the mass breaks the helicity conservation. As the
ratio between the particles’ masses and expansion parameter
becomes larger, the rates are vanishing. Indeed we prove that
the result from Minkowski theory [10,35,36] is recovered
from our perturbative calculation. In this section we prove
the rate dependence on the expansion parameter, and that the
process of massive boson generation from fermions could
take place along the entire inflation (Fig. 2).

2.4 Total rate in the limit of large expansion

Integration after the final momenta in Eq. (45) defines the
total transition rate. In the general case, this is a complicated
task due to the momenta dependence in Appel hypergeomet-
ric functions, which are less studied in literature. A solution
for computing the total transition rate is to consider the limits
where the expansion factor is larger than the particles’ masses
so that m

ω

 M

ω
= 0 or ω >> m, MZ . This is also the rele-

vant case for study, since our graphical analysis reveals that
in this limit the transition rates are finite and do not vanish.
Because there are no relations between the Appel hypergeo-
metric functions and other well studied special functions we
will compute this limit beginning with the transition ampli-
tude, and then we will translate our result in transition rate
given in Eq. (41). Then the temporal integrals defined in rela-
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Fig. 1 Transition rate as a function of m/ω for λ = ±1 with MZ/ω = 0.9, σ and σ ′ having the same sign and opposite signs respectively. The
solid line is for p/P = 0.1, p′/P = 0.2, and the dotted line is for p/P = 0.3, p′/P = 0.4

Fig. 2 Transition rate as a function of MZ/ω for λ = ±1 with m/ω = 0.5, σ and σ ′ having the same sign and opposite signs respectively. The
solid line is for p/P = 0.1, p′/P = 0.2, and the dotted line is for p/P = 0.3, p′/P = 0.4

tion (9) for m
ω

= M
ω

= 0 give:

Ii→ f

(

m

ω
= M

ω
= 0

)

= e− iπ
4

×
[

cos(2θW )

sin(2θW )
+ sgn(σσ ′) tan(θW )

]

×
∫ ∞

0
dz · z3/2H (1)

1
2

(pz)H (2)
1
2

(p′z)H (2)
1
2

(Pz). (46)

By using the relation of Hankel functions for non-integer
index [40]

H (1,2)
1
2

(z) =
√

2

π z
· e

±i z

±i
, (47)

we arrive at the following equation for the transition ampli-
tude:

Ai→ f = e0 · e− iπ
4

8 π3/2

δ3( �p ′ + �P − �p )√
P(p′ + P − p)

×
[

cos(2θW )

sin(2θW )
+ sgn(σσ ′) tan(θW )

]

ξ+
σ ′( �p ′) �σ · �ε ∗ ξσ ( �p ).

(48)
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Then the integrand of the temporal integrals becomes:

Ki→ f = e−ωt z3/2H (1)
1
2

(pz)H (2)
1
2

(p′z)H (2)
1
2

(Pz)

×
[

cos(2θW )

sin(2θW )
+ sgn(σσ ′) tan(θW )

]

, (49)

and we use the expansion for the Hankel functions in the
case of small arguments H (1,2)

ν (x) 
 ∓i
( 2
x

)ν �(ν)
π

, [40,41].
Then the limit that needs to be computed for the rate equation
gives:

lim
t→t∞

∣

∣eωtKi→ f
∣

∣ = 23/2 �3(1/2)
√

pp′P π3

×
[

cos(2θW )

sin(2θW )
+ sgn(σσ ′) tan(θW )

]

, (50)

Remarkably, this is the limit obtained from Eq. (44) in the
case for m

ω
= M

ω
= 0. The final result for the transition rate

is defined in Eq. (41), and in the limit for large expansion
factors it becomes:

Ri f = e2
0 δ3( �p ′ + �P − �p )

64(2π)3P(p′ + P − p) (2π)3

1

2

∑

σ ′λ

×
[

cos(2θW )

sin(2θW )
+ sgn(σσ ′) tan(θW )

]2
∣

∣ξ+
σ ′( �p ′)

×�σ · �ε ∗ ξσ ( �p )
∣

∣

2
. (51)

The total rate is then defined by the final momenta integration:

Re−→e−+Z =
∫

Ri→ f d
3 p′ d3P. (52)

The computations of momenta integrals are done by consid-
ering that the electron momentum is aligned with the third
axis such that �p = p · �e3, �p ′ = p′�e3, and for the Z boson
moneta we consider �P = −P�e3, which will facilitate to per-
form the integral with delta Dirac function.

The sum with the bispinors is simple since the in/out elec-
trons are on the third axis and the sum is reduced to a numer-
ical factor. The helicity bispinors in this particular case are a
column matrix with elements 0,±1 i.e:

ξ− 1
2
( �p ) =

(

0
1

)

; ξ 1
2
( �p ) =

(

1
0

)

(53)

In the summation term the factors with same helicitiesσ = σ ′
will be cancelled due to the above structure of the bispinors,
and only the terms with the opposite helicities σ = −σ ′, will
give contribution. We also mention that we use the circular
polarizations for the Z boson, �ε±1 = 1√

2
(±�e1 + i �e2).

As expected, in the limit of large momenta the momenta
integrals are divergent, and after we perform the P integration
with delta function their form is:

I = 1

(2π)3

∫

d3 p′
∫

d3P
δ3( �p ′ + �P − �p )

P(p′ + P − p)

= 1

(2π)3

∫

d3 p′ 1

2(p′ − p)2 . (54)

To extract a finite result from the above integral we will apply
the dimensional regularization [29–33] and rewrite the inte-
gral in D dimensions:

I (D) = 1

(2π)D

∫

dD p′

(p′ − p)2 (55)

An exact and finite result can be obtained if we consider that
the momenta modulus are close in values, and approximate
(p′ − p)2 
 p′2 − p2. The p′ integral can be written as:

I (D) = 1

(2π)D

∫

dD p′

p′2 − p2
= 1

(2π)D

2πD/2

�(D/2)

×
∫ ∞

0
dp′ p′D−1

p′2 − p2
(56)

where the factors 2πD/2

�(D/2)
are the result of the angular integrals

in D dimensions. Performing the variable change p′ = i p
√
y

we arrive at the following integral:

I (D) = 1

(2π)D

πD/2

�(D/2)
(i p)D−2

×
∫ ∞

0

dy

(1 + y)
y

D
2 −1 (57)

which is just the integral that defines the Beta Euler function
[40,41]

B(a, b) = �(a)�(b)

�(a + b)
=

∫ ∞

0
dy

ya−1

(1 + y)a+b
, (58)

for a = D
2 , b = 1− D

2 . The final result for the D dimensional
integral can be written with the help of the above integral

I (D) = πD/2(i p)D−2

(2π)D �(D/2)

�(D/2)�
(

1 − D
2

)

�(1)

= (i p)D−2 �
(

1 − D
2

)

(4π)D/2 . (59)

In general, the poles of the gamma functions could be
extracted by introducing an arbitrary mass parameter denoted
by μ and an arbitrary coupling dimensionless constant
denoted by g so that our initial integral is replaced by the
regularized integral I (D)r = iλI (D) where,

g = λμD−3 = λμ−ε (60)

and we can write the result of the integral (59) in terms of g
and ε for D = 3 − ε.

I (D)r = igμε(i p)1−ε �
(

ε
2 − 1

2

)

(4π)
3−ε

2

= −g(i)−ε p

(4π)3/2

(

4πμ2

p2

)ε/2

�
(ε

2
− 1

2

)

. (61)
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In order to write down the final result we use the expansion
in powers of ε

(

4πμ2

M2
Z

)ε/2

= 1 + ε

2
ln

(

4πμ2

M2
Z

)

+ o(ε2) (62)

while the gamma Euler function expands as:

�

(

ε

2
− 1

2

)

= −2
√

π − ε
√

πψ(−1/2) + o(ε2), (63)

where ψ(x) is the digamma Euler function [40]. Replacing
the above expansions in Eq. (61) and by taking the limit
ε → 0 we obtain a finite result:

lim
ε→0

I (D)r = gp

4π
. (64)

We prove that the regularized integral is finite in the case
where the fermions momenta are on the same direction. Our
result proves that the perturbative results for the transition
rates can be regularized by using the same methods as in the
flat space field theory. However, for the regularization of the
momentum integrals for any momentum configuration it may
be necessary to introduce counter-terms in the lagrangian
density of the theory that describe the fermions interactions
with neutral massive bosons. It is also worth mentioning that
the dimensional regularization was also used to study propa-
gators in curved space [6,19], including the Proca propagator.

The final expression for the total transition rate is:

Re−→e−+Z = e2gp

64π(2π)3

[

cos(2θW )

sin(2θW )
− tan(θW )

]2

= pM2
W sin2(θW )GFg

8
√

2 π(2π)3

×
[

cos(2θW )

sin(2θW )
− tan(θW )

]2

. (65)

where the second equality is obtained after we introduce the
Fermi constant [42], GF = e2

4
√

2M2
W sin(2θW )

and MW is the

mass of the W boson. The transition rate computed is finite
and constant if we consider the case where the momenta of
the incident electron is fixed so that it is of the order of the
electron mass p 
 m.

The density number of Z bosons in the emission pro-
cesses by electrons is proportional with the ratio between
the rate computed perturbatively Re−→e−+Z , and the decay
rate Rdecay for the Z boson. In the Minkowski space-time the
decay rate for the Z boson is well established [24]:

Rdecay = αM

12 sin2(θW ) cos2(θW )

(

(

g f
ν

)2 + (

g f
A

)2
)

= 2.5 GeV, (66)

for various fermions f . In our computations it will be of
interest to use the decay rates computed in de Sitter geometry

to define the density numbers, which should have a correction
due to gravity influence.

The density number of Z bosons produced in emission
processes by electrons is the ratio between the production
rate and the decay rate multiplied by the density number of
electrons:

nZ = Re−→e−+Z

Rdecay
ne− , (67)

where ne− is the density number of electrons. The total
transition rate given in Eq. (65) can be estimated by tak-
ing p 
 m = 0.000511 GeV, the masses of Z and W
bosons MZ = 91.2 GeV, MW = 80.33 GeV and Fermi con-
stant GF = 1.16 · 10−5 GeV−2, together with the values

for the Weinberg angles sin2(θW ) = 1 − M2
W

M2 = 0.2229;

cos(θW ) = MW
M = 0.88 [24], and we obtain Re−→e−+Z =

1.64 ·10−11 GeV. By using the production rate and the decay
rate one can obtain the ratio between the density numbers of
electrons and Z bosons:

nZ

ne−
= Re−→e−+Z

Rdecay
. (68)

To establish the quantitative results in our equations for
the density number the total decay rates for Z bosons into
fermions must be computed in de Sitter geometry. This will
be the topic of the next two sections. We also must mention
that the results obtained here are valid for massive bosons
generation only due to space expansion, and we do not take
into account other effects.

3 Z boson decay into neutrino–antineutrino pair in de
Sitter universe

The decays of a Z boson into fermions is analysed, and the
Minkowski limits are discussed in this section. The decay of Z
bosons into neutrinos can be studied as a perturbative process
in a non-stationary background. To obtain the Minkowski
limit when the Hubble constant becomes equal with zero
we need to use only the transversal modes with λ = ±1,
since for the longitudinal modes the probabilities vanish in
this limit, ω = 0. Also we need to take into account that
the solutions in de Sitter background have just a determined
momentum and the energy is not specified for these modes
since the momentum operator and the Hamiltonian not longer
commute [5]. This situation could also pose a challenge when
we try to discuss the well known Minkowski limits where the
decay rates for the three families of neutrinos are equal.

3.1 Transition amplitude

In order to compute the transition amplitude for the decay
process on a Z boson into a neutrino and antineutrino, we
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will need to utilise the solutions for the Proca equations, as
well as the solutions for the Dirac equations for a zero mass
field. We will begin with the general form of the transition
amplitude, which reads as [15]:

AZ→νν̃ =
∫

d4x · √−g

{

e0

sin(2θW )

(

Ū �p,σ (x)
)

ν
γ μ̂eν

μ̂

×
(

1 − γ 5

2

)

(

V �p ′,σ ′(x)
)

ν
f �P,λ ν

(x)

−e0 tan(θW )
(

Ū �p,σ (x)
)

ν
γ μ̂eν

μ̂

×
(

1 + γ 5

2

)

(

V �p ′,σ ′(x)
)

ν
f �P,λ ν

(x)

}

, (69)

where
(

U �p ′,σ ′(x)
)

ν
; (

V �p ′,σ ′(x)
)

ν
stands for the Dirac spinors

for zero mass [39].
Similarly to the previous case, we will first start with the

evaluation of the amplitude for λ = ±1, which will only
include the spacial components of the solutions for Proca
equation. This will result in an easier computation process.

AZ→νν̃(λ = ±1) =
∫

d4x · √−g

×
{

e0

sin(2θW )

(

Ū �p,σ (x)
)

ν
γ î e j

î

×
(

1 − γ 5

2

)

(

V �p ′,σ ′(x)
)

ν
f �P,λ j (x)

−e0 tan(θW )
(

Ū �p,σ (x)
)

ν
γ î e j

î

×
(

1 + γ 5

2

)

(

V �p ′,σ ′(x)
)

ν
f �P,λ j (x)

}

.

(70)

The U, V solutions that define the amplitude describe a
neutrino and antineutrino field in a de Sitter geometry, and
have the forms [39]:

(

U �p,σ (x)
)

ν
=

(

−ωtc
2π

)3/2 (

( 1
2 − σ)ξσ ( �p )

0

)

ei �p·�x−i ptc

(71)

(

V �p,σ (x)
)

ν
=

(

−ωtc
2π

)3/2 (

( 1
2 + σ)ησ ( �p )

0

)

e−i �p·�x+i ptc .

(72)

The Proca solutions remain the same as in the previous com-
putations (5). Therefore, for λ = ±1, the amplitude takes the
form:

AZ→νν̃(λ = ±1) =
∫

dz · z1/2e−i z(p+p′)δ3( �P − �p − �p ′)

×
√

πe− πk
2

2(2π)3/2

e0

sin(2θW )

×H (1)
ik (Pz)

(1

2
− σ

)(1

2
+ σ ′)

×ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′), (73)

which is an integral dependant on the term z1/2, an expo-
nential function and a Hankel function. In order to solve it,
we will first need to transform the Hankel function into a
Bessel K function, using the expression (229). Afterwards,
we will be able to compute the integral which now contains
the exponential function e−i z(p+p′) and a Bessel K function
of the form Kik(−i Pz) using the formula (231) [40,41]. This
integral will be written as:
∫

dzz1/2e−i z(p+p′)Kik(i Pz) =
√

π(−2i P)ik

[i(p + p′) − i P] 3
2 +ik

×�
( 3

2 + ik
)

�
( 3

2 − ik
)

�(2)

× 2F1

(

3

2
+ ik,

1

2
+ ik; 2; p + p′ + P

p + p′ − P

)

(74)

With the solution to the integral, we can now write the
amplitude in a more comprehensive manner.

AZ→νν̃(λ = ±1) = −δ3( �P − �p − �p ′) e0

sin(2θW )

× i
√

π

(2π)3/2

(

1

2
− σ

)(

1

2
+ σ ′

)

×B′
k ξ+

σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′), (75)

where the function B′
k contains the Gauss hypergeometric

function 2F1, as well as the Gamma Euler functions:

B′
k = (−2i P)ik

[i(p + p′) − i P] 3
2 +ik

�

(

3

2
+ ik

)

�

(

3

2
− ik

)

× 2F1

(

3

2
+ ik,

1

2
+ ik; 2; p + p′ + P

p + p′ − P

)

(76)

We will calculate the probability of the decay process
using the form of the amplitude (75), by taking the square
modulus of the amplitude and sum after the helicities.

PZ→νν̃(λ = ±1) = 1

4

∑

σσ ′

∣

∣AZ→νν̃(λ = ±1)
∣

∣

2

= πe2
0 δ3( �P − �p − �p ′)
(2π)3 sin2(2θW )

1

4

∑

σσ ′

(

1

2
− σ

)2(1

2
+ σ ′

)2

×B′
k · B′∗

k

∣

∣ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′)

∣

∣

2 (77)

where B′∗
k represents the complex conjugate of the B′

k func-
tion.

Let us further study the properties of our temporal inte-
grals, since the Minkowski limit should be contained in our
result given in the Eqs. (75) and (76). The temporal integral
from the amplitude:
∫ ∞

0
dz

√
z e−i(p′+p)z Kik(i Pz), (78)
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can be transformed by using the following relations [40,41]:

e−i(p′+p)z =
√

2i(p′ + p)z

π
K 1

2
(i(p′ + p)z)

K 1
2
(i(p′ + p)z) = − iπ

2
e−iπ/4H 1

2
((p′ + p)z) (79)

Then we transform the Hankel function into two Bessel J
functions, and we obtain the following temporal integral [41]:

I = C(p, p′)
∫ ∞

0
dz zKik(i Pz)(J 1

2
((p′ + p)z)

+i J− 1
2
((p′ + p)z)) = I1 + I2. (80)

where we denote the constants from the integral with:

C(p, p′) =
√

2i(p′ + p)

π

π

2i
e−iπ/4 (81)

These integrals can be evaluated by using the formula [40,
41]:
∫ ∞

0
dzz−λ Jν(αz)Kμ(βz) = αν

2λ+1βν−λ+1

×
�

(

μ+ν−λ+1
2

)

�
(

ν−μ−λ+1
2

)

� (1 + ν)

× 2F1

(

μ + ν − λ + 1

2
,
ν − μ − λ + 1

2
; ν + 1;−α2

β2

)

,

Re(α ± iβ) > 0, |Re(ν − λ + 1)| > |Re(μ)|. (82)

In our case we add a small imaginary part to the Z boson
momenta in order to assure the convergence of our integral
P → P + iε, and at the end of our computations we will
take the limit ε → 0. The result for the first integral I1 from
Eq. (80) reads as:

I1(ε) = C(p, p′)

√

p + p′ �
(

5
4 + ik

2

)

�
(

5
4 − ik

2

)

�
( 3

2

)

(ε − i P)5/2

× 2F1

(

5

4
− ik

2
,

5

4
+ ik

2
; 3

2
; (p + p′)2

(P + iε)2

)

. (83)

The above result for the integral must contain the cases where
P = p+ p′ and P �= p+ p′. Let us first study the case where
P = p + p′, and we transform the Gauss hypergeometric
function according to the formula [41] 2F1(a, b; c; z) = (1−
z)c−a−b

2F1(c − a, c − b; c; z):

2F1

(

5

4
− ik

2
,

5

4
+ ik

2
; 3

2
; (p + p′)2

(P + iε)2

)

=
(

1 − (p + p′)2

(P + iε)2

)−1

×2F1

(

1

4
− ik

2
,

1

4
+ ik

2
; 3

2
; (p + p′)2

(P + iε)2

)

, (84)

We rewrite the factor in front of hypergeometric function as:

(

1 − (p + p′)2

(P + iε)2

)−1

= − (P + iε)2

P
(

(p+p′)2+ε2

P − P − 2iε
) ,

(ε − i P)−5/2 = −eiπ/4(iε + P)−5/2. (85)

The I1(ε) integral can be put into the final form:

I1(ε) =
√

π√
2i

(p + p′)

4P
(

(p+p′)2+ε2

2P − P
2 − iε

)

×
�

(

5
4 + ik

2

)

�
(

5
4 − ik

2

)

�
( 3

2

)

(iε + P)1/2

×2F1

(

1

4
− ik

2
,

1

4
+ ik

2
; 3

2
; (p + p′)2

(P + iε)2

)

(86)

To obtain the final result of the integral we will take the limit
ε = 0. This limit can be evaluated by using the well known
principal part prescription [41]:

lim
ε→0

1

x − x0 ± iε
= Pp

(

1

x − x0

)

∓ iπδ(x − x0), (87)

where the first part of the result is given in Eq. (83) in
terms of gamma Euler functions and hypergeometric func-
tion. The delta Dirac function is obtained for the case where
the momenta modulus are conserved in this process. In the
present case the limit that has as result the delta Dirac distri-
bution is:

lim
ε→0

1
(

(p+p′)2+ε2

2P − P2

2P − iε
) = iπδ

(

(p + p′)2 − P2

2P

)

+Pp

⎛

⎝

1
(

(p+p′)2

2P − P2

2P

)

⎞

⎠ . (88)

The final result for I1 in the limit ε = 0, and when P = p+ p′
is:

lim
ε→0

I1|P=p+p′ =
√

iπ3

2

(p + p′)
4P3/2

�
(

5
4 + ik

2

)

�
(

5
4 − ik

2

)

�
( 3

2

)

× 2F1

(

5

4
− ik

2
,

5

4
+ ik

2
; 3

2
; 1

)

δ

(

(p + p′)2 − P2

2P

)

=
√

iπ3

2

(p + p′)
4P3/2 δ(p + p′ − P), (89)

where we use 2F1(a, b; c; 1) = �(c)�(c−a−b)
�(c−a)�(c−b) [41].

Following the same steps, the final result for the second
integral I2 is:

I2 = C(p, p′)
�

( 3
4 + ik

2

)

�
( 3

4 − ik
2

)

√

p + p′�
( 1

2

)

(ε − i P)3/2
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× 2F1

(

3

4
− ik

2
,

3

4
+ ik

2
; 1

2
; (p + p′)2

(P + iε)2

)

(90)

Then in the limit ε = 0 we can obtain the result for P =
p + p′ in the form:

lim
ε→0

I2|P=p+p′ =
√

iπ3

2

(p + p′)
4P1/2 δ(p + p′ − P) (91)

By collecting all the above results we arrive at the final tran-
sition amplitude for the decay of Z bosons into neutrino–
antineutrino pairs:

AZ→νν̃(λ = ±1) = 2ie0

sin(2θW )
δ3( �P − �p ′ − �p )

( 1
2 − σ

) ( 1
2 + σ ′)

√
π(2π)3/2

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′)I (p, p′)

(92)

where

I (p, p′) =
√

iπ3

2

δ(p + p′ − P)

4
√
P

(

p + p′

P
+ 1

)

+θ(P − p + p′)
[

f1

(

p + p′

P

)

+ f2

(

p + p′

P

)]

+θ(p + p′ − P)

[

f ′
1

(

p

p + p′

)

+ f ′
2

(

P

p + p′

)]

(93)

where the functions f1
(

p+p′
P

)

, f2
(

p+p′
P

)

are defined as:

f1

(

p + p′

P

)

=
√

π

2i
e−iπ/4

(p + p′) �
(

5
4 + ik

2

)

�
(

5
4 − ik

2

)

�
( 3

2

)

P5/2

× 2F1

(

5

4
− ik

2
,

5

4
+ ik

2
; 3

2
; (p + p′)2

P2 − i0

)

;

f2

(

p + p′

P

)

=
√

π

2i
e−iπ/4 �

( 3
4 + ik

2

)

�
( 3

4 − ik
2

)

�
( 1

2

)

P3/2

× 2F1

(

3

4
− ik

2
,

3

4
+ ik

2
; 1

2
; (p + p′)2

P2 − i0

)

;

f ′
1

(

P

p + p′

)

=
√

π(p + p′)
2i

Pikeπk/2

cosh πk

�
(

5
4 + ik

2

)

�
( 3

4 + ik
2

)

� (1 + ik) (p + p′)ik+2

× 2F1

(

5

4
+ ik

2
,

3

4
+ ik

2
; 1 + ik; P2

(p + p′)2 − i0

)

;

f ′
2

(

P

p + p′

)

= −
√

π(p + p′)
2i

P−ik

cosh πk

�
(

5
4 − ik

2

)

�
( 3

4 − ik
2

)

� (1 − ik) (p + p′)−ik+2

× 2F1

(

5

4
− ik

2
,

3

4
− ik

2
; 1 − ik; P2

(p + p′)2 − i0

)

. (94)

The above results prove that our integrals contain a delta
Dirac of momenta module function. This result can be also
obtained in processes that generate particles from vacuum
and in emission processes studied in the first section of our
paper, with the observations that the delta Dirac terms get
cancelled between themselves in this cases. For the present

decay process that has a Minkowski limit the delta terms do
not cancel in the calculations, and we obtain a more general
result of our integral that contains the case with momentum
conservation and the case where the momentum is not con-
served.

3.2 Amplitude for Proca modes with λ = 0

We shall compute the amplitude of the decay process for λ =
0, which will include both spacial and temporal components
of the solutions for Proca equation, as given in Eq. (19), [5]:

AZ→νν̃(λ = 0) =
∫

d4x · √−g

×
{

e0

sin(2θW )
Ū �p,σ (x)γ 0̂e0

0̂

×
(

1 − γ 5

2

)

V �p ′,σ ′(x) f0, �P,λ=0(x) − e0 tan(θW )

×Ū �p,σ (x)γ 0̂e0
0̂

(

1 + γ 5

2

)

V �p ′,σ ′(x) f0, �P,λ=0(x)

}

+
∫

d4x · √−g

{

e0

sin(2θW )
Ū �p,σ (x)γ î e j

î

(

1 − γ 5

2

)

×V �p ′,σ ′(x) �f �P,λ=0(x) − e0 tan(θW )Ū �p,σ (x)γ î e j
î

×
(

1 + γ 5

2

)

V �p ′,σ ′(x) �f �P,λ=0(x)

}

(95)

As we have already done in the previous section, we will
split the amplitude for λ = 0 into two components, T1 which
will represent the amplitude obtained with temporal part
of Proca modes and T2 which will contain the amplitude
obtained with the spacial part of the Proca modes. Then for
λ = ±1, the term T1 will have the form:

T1 (Z→νν̃) =
∫

dz · z3/2e−i z(p+p′)δ3( �P − �p − �p ′)

×
√

πωPe− πk
2

2MZ (2π)3/2

e0

sin(2θW )

×H (1)
ik (Pz)

(

1

2
− σ

)(

1

2
+ σ ′

)

ξ+
σ ( �p)�σ ·

×�ε(�nP , λ)ησ ′( �p ′) (96)

By transforming the Hankel function into a Bessel K func-
tion, as dictated by the formula (229), we will obtain an inte-
gral containing z3/2, an exponential function e−i z(p+p′), and
the Bessel K function Kik(i Pz). The result of the integral,
as indicated by the formula (231), is:
∫

dz · z3/2e−i z(p+p′)Kik(i Pz)

=
√

π(−2i P)ik

[i(p + p′) − i P] 5
2 +ik

�
( 5

2 + ik
)

�
( 5

2 − ik
)

�(3)
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× 2F1

(

5

2
+ ik,

1

2
+ ik; 3; p + p′ + P

p + p′ − P

)

(97)

This allows us to evaluate the term T1, and write it under the
form:

T1 (Z→νν̃) = −δ3( �P − �p − �p ′)

× e0

sin(2θW )

iωP

MZ (2π)3/2

(

1

2
− σ

)(

1

2
+ σ ′

)

×C′
k ξ+

σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′), (98)

where C′
k is a function that encapsulates the Gamma Euler

functions, and the Gauss hypergeometric function:

C′
k = (−2i P)ik

[i(p + p′) − i P] 5
2 +ik

�
( 5

2 + ik
)

�
( 5

2 − ik
)

�(3)

× 2F1

(

5

2
+ ik,

1

2
+ ik; 3; p + p′ + P

p + p′ − P

)

. (99)

The second term that contribute to the amplitude, T2 will
be evaluated in the same manner. This one, however, will
consist of two integrals which contain Hankel functions:

T2 (Z→νν̃) = −
∫

dz · e−i z(p+p′)δ3( �P − �p − �p ′)

× i
√

πωPe− πk
2

2MZ (2π)3/2

(

1

2
− σ

)(

1

2
+ σ ′

)

e0

sin(2θW )

×
[(

1

2
+ ik

)

z1/2

P
H (1)
ik (Pz)

−z3/2H (1)
1+ik(Pz)

]

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′).

(100)

We observe that the integral containing H (1)
ik (Pz) has already

been evaluated for λ = ±1 in Eq. (74). We will transform
the second Hankel function using the same formula (229),

H (1)
1+ik(Pz) = − 2i

π
e− iπ

2 + πk
2 K1+ik(−i Pz) [40,41]. The tem-

poral integral containing this function can then be evaluated
using (231), and its result will be:
∫

dz · z3/2e−i z(p+p′)K1+ik(i Pz)

=
√

π(−2i P)1+ik

[i(p + p′) − i P] 7
2 +ik

�
( 7

2 + ik
)

�
( 3

2 − ik
)

�(3)

× 2F1

(

7

2
+ ik,

3

2
+ ik; 3; p + p′ + P

p + p′ − P

)

(101)

This will allow us to write the T2 under the form:

T2 (Z→νν̃) = −δ3( �P − �p − �p ′)
(

1

2
− σ

)(

1

2
+ σ ′

)

× e0

sin(2θW )

i2ωP

MZπ(2π)3/2

×
[(

1

2
+ ik

)

1

P
B′

k + iD′
k

]

×ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′), (102)

where B′
k is given by (76), and the notation D′

k represents:

D′
k = (−2i P)1+ik

[i(p + p′) − i P] 7
2 +ik

�
( 7

2 + ik
)

�
( 3

2 − ik
)

�(3)

× 2F1

(

7

2
+ ik,

3

2
+ ik; 3; p + p′ + P

p + p′ − P

)

. (103)

Finally, summing up both the T1 (98) and T2 (102), we
arrive at the definitive form of the transition amplitude for
the decay process of a Z boson into a neutrino–antineutrino
pair for λ = 0:

AZ→νν̃(λ = 0) = −δ3( �P − �p − �p ′)
(

1

2
− σ

)

×
(

1

2
+ σ ′

)

e0

sin(2θW )

iωP

MZ (2π)3/2

×
[

C′
k + i

π P

(

1

2
+ ik

)

B′
k − 1

π
D′

k

]

×ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′). (104)

3.3 Probability in the limit Mz
ω

→ 0

As we prove by graphical results it is important to analyze
the decay process in the limit where the expansion factor ω

is much larger than the Z boson mass MZ . We will therefore
consider the case where Mz

ω
→ 0. Looking at the amplitude

in both cases λ = ±1 and λ = 0, one can notice that the
computations in this limit can only be properly done for λ =
±1 (75), since for λ = 0 in (104) the amplitude contains the
term ω/MZ , which would result in an indetermination in the
limit Mz

ω
→ 0.

Analyzing the amplitude (75) in this limit, we get the
approximation ik = −1/2. The hypergeometric function

2F1 is reduced to 1, and we get:

AZ→νν̃

(

MZ

ω
→ 0

)

= − i1/2e0
√

π

(2π)3/2 sin(2θW )

δ3( �P − �p − �p ′)√
2P(p + p′ − P)

×
(

1

2
− σ

)(

1

2
+ σ ′

)

×ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′). (105)

The probability of transition in this limit will still be writ-
ten as the square modulus of the amplitude AZ→νν̃

(MZ
ω

→
0
)

:

P = δ3( �P − �p − �p ′)e2
0

∣

∣Sσσ ′
∣

∣

2

(2π)3 sin2(2θW )2P(p + p′ − P)2
, (106)
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where we have introduced the notation:

Sσσ ′ =
(

1

2
− σ

)(

1

2
+ σ ′

)

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′).

(107)

The total probability will be obtained from the integral
after the final momenta:

PZ→νν̃ =
∫

d3 p
∫

d3 p′

× δ3( �P − �p − �p ′)e2
0

∣

∣Sσσ ′
∣

∣

2

(2π)3 sin2(2θW )2P(p + p′ − P)2
.

(108)

In order to solve the integrals, we must first establish the
movement of the particles. We will use the same estimation as
for the decay process of a Z boson into an electron-positron
pair. Therefore, the Z boson, as well as the neutrino and
antineutrino will have their momenta on the third axis, as
such �P = P · �e3, �p = p · �e3, �p′ = −p′ · �p3. Then the spherical
coordinates of the neutrinos momenta are �p = (p, 0, 0) and
�p ′ = (p′, π, 0), and we deduce the form of the helicity
spinors for this particular case to be [8,36]:

ξ− 1
2
( �p ) =

(

0
1

)

; η 1
2
( �p ′) =

(

1
0

)

(109)

which helps to compute Sσσ ′ = −√
2 by also using the cir-

cular polarizations defined in the previous section.
With the help of the Delta function we will write the mod-

ulus of the antineutrino p′ in terms of the modulus of the
other two particles |p′| = p − P . The integrals containing
the momenta can now be written as:

I = 1

(2π)3

∫

d3 p
∫

d3 p′ δ3( �P − �p − �p ′)
P(p + p′ − P)2

= 1

(2π)3

∫

d3 p
1

4P(p − P)2 . (110)

Further we can use the dimensional regularization method
for solving the momenta integrals. The integral after the p
momenta can be solved by considering the D dimensional
integral [31–33]:

I (D) = 1

P(2π)D

∫

dD p

(p − P)2 = 2πD/2

P(2π)D�(D/2)

×
∫ ∞

0
dp

pD−1

(p − P)2 (111)

By performing the variable change p = −P · y → dp =
−P · dy, the integral will become:

I (D) = 2πD/2

(2π)D�(D/2)P

∫ ∞

0

(−P · dy)(−P)D−1yD−1

P2(1 + y)2 .

(112)

This change allows us to use the properties of the Beta Euler
function in order to further solve the integral.

I (D) = 2πD/2(−P)D

(2π)D�(D/2)P3

∫ ∞

0

yD−1

(1 + y)2 dy

= 2πD/2(−P)D�(D)�(2 − D)

(2π)D�(D/2)P3 . (113)

Since we cannot properly estimate the Gamma function
�(2 − D) if we consider D = 3, we will need to rewrite it
utilizing the formula �(z + 1) = z · �(z), [40,41].

�(2 − D) = �(3 − D)

2 − D
= �(4 − D)

(2 − D)(3 − D)
. (114)

With this, the D dimensional integral takes the form:

I (D) = 2πD/2(−P)D�(D)�(4 − D)

P3(2π)D(2 − D)(3 − D)�(D/2)
. (115)

The integral is still divergent in D = 3 and for removing all
the divergences we use the minimal substraction method [33].
Then we compute the residue of the dimensional integral in
the limit D = 3:

Res I (D) = lim
D→3

(3 − D)I (D) = 1

π2 . (116)

Finally, the regularized dimensional integral can be written
as [17,33]:

I (D)r = I (D) − μD−3

π2(3 − D)
; (117)

I (D)r = 1

3−D

(

2πD/2(−P)D�(D)�(4 − D)

P3(2π)D(2−D)�(D/2)
−μD−3

π2

)

.

(118)

If we expand the term contained between the parenthesis
around the values D = 3 we will get:

2πD/2(−P)D�(D)�(4 − D)

P3(2π)D(2 − D)�(D/2)
− μD−3

π2

= D − 3

2π3

[

ψ
(3

2

)

− 1 + ln
(4πμ2

p2

)

]

+ O(

(D − 3)2),

(119)

where O(

(D − 3)2
)

is a function that encapsulates all the
terms that contain (D − 3)2. In our computations we will
disregard these terms for the limit D = 3.

With this, the regularized D dimensional integral will have
the finite form:

I (D)r = 1

2π2

[

1 − ψ
(3

2

)

− ln
(4πμ2

p2

)

]

. (120)

The final equation for total probability of this decay pro-
cess will have the form:

PZ→νν̃ = e2
0

2π2 sin2(2θW )

[

1 − ψ
(3

2

)

− ln
(4πμ2

p2

)

]

.
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(121)

3.4 Transition rate in the limit Mz
ω

→ 0

For this particular decay process, we cannot accurately cal-
culate the transition rate in the general case, since we will end
up encountering an indetermination when trying to compute
the limit limt→∞ |eωt Ki f |. Therefore, we can only analyze
the case for the transition rate under the limit Mz

ω
→ 0. For

this, we will begin by writing the amplitude in this limit,
that require computing the integral containing the Bessel K
function:

AZ→νν̃

(

MZ

ω
→ 0

)

= ie0
√

πδ3( �P − �p − �p ′)
(2π)3/2 sin(2θW )

×
(

1

2
− σ

)(

1

2
+ σ ′

)

×
∫ ∞

0
dz · z1/2e−i(p+p′)z K− 1

2
(−i Pz) · ξ+

σ ( �p)�σ ·
×�ε(�nP , λ)ησ ′( �p ′). (122)

The transition rate will then be computed from the for-
mula:

R = δ3( �P − �p − �p ′)
(2π)3

∑

σσ ′
|Mσσ ′ |2|Ii f | lim

t→∞ |eωt Ki f | (123)

where we have introduced several notations. The term Mσσ ′
contains all the constants and the bispinors:

Mσσ ′ = e0
√

π

(2π)3/2 sin(2θW )

(

1

2
− σ

)(

1

2
+ σ ′

)

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′) (124)

The integral containing the Bessel K function, the exponen-
tial function e−i(p+p′)z , and the term z1/2 is denoted by Ii f .
We estimate the Bessel K function in this limit using the
expression:

K− 1
2
(−i Pz) = ei Pz

√

π

−2i Pz
(125)

With this, the integral will then have the result:

Ii f = i
∫ ∞

0
dz · z1/2e−i(p+p′)z K− 1

2
(−i Pz)

=
√

π√
(−2i P)(p + p′ − P)

(126)

Finally, the term Ki f represents the integrand of Ii f . After
computing its limit for t → ∞, we get:

lim
t→∞ |eωt Ki f | =

√

π

2P
(127)

Utilising all of these notations, we can write the transition
rate for the decay process as:

R = δ3( �P − �p − �p ′)e2
0π

2

(2π)6 sin2(2θW )2P(p + p′ − P)
, (128)

with the total transition rate being the integral after the final
momenta:

RZ→νν̃ =
∫

d3 p
∫

d3 p′ · R

=
∫

d3 p
∫

d3 p′ δ3( �P − �p − �p ′) e2
0π

2

(2π)6 sin2(2θW )2P(p + p′ − P)
.

(129)

We keep the same framework when setting the momenta of
the particles as we have when computing the total probability
in the limit. As such, the movement of all particles will be set
on the third axis, with �P = P · �e3, �p′ = −p′ �p3, and �p = p �e3.
We express the modulus of the antineutrino particle in terms
of the momentum of the other two particles, with the help of
Delta Dirac function, as previously done |p′| = p− P . This
will help us simplify the integrals that need computing:

I = 1

(2π)3

∫

d3 p
∫

d3 p′ δ3( �P − �p − �p ′)
P(p + p′ − P)

= 1

(2π)3

∫

d3 p
1

2P(p − P)
(130)

To solve the integral after the p momentum, we will use
the dimensional regularization [31,32]. The D dimensional
integral can then be written as:

I (D) = 1

(2π)3

∫

d3 p

2P(p − P)
= 1

2P(2π)D

∫

dD p

p − P

= 2πD/2

2P(2π)D�(D/2)

∫ ∞

0
dp

pD−1

p − P
(131)

By performing the following substitution p = −P · y,
dp = −p · dy, we can rewrite the integral to obtain the Beta
Euler function:

I (D) = 2πD/2

2P(2π)D�(D/2)

∫ ∞

0

dy(−P)D−1yD−1

1 + y
(132)

= 2πD/2(−P)D−1

2P(2π)D�(D/2)

∫ ∞

0

yD−1

1 + y
dy

= 2πD/2(−P)D−1�(D)�(1 − D)

(2π)D2P�(D/2)
(133)

For D = 3, the Gamma function �(1−D) cannot be prop-
erly estimated. As such, we will rewrite it using the formula
z · �(z) = �(z + 1):

�(1 − D) = �(2 − D)

1 − D
= �(3 − D)

(1 − D)(2 − D)

= �(4 − D)

(1 − D)(2 − D)(3 − D)
(134)
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By replacing the Gamma function with the new estima-
tion, the D dimensional integral now reads:

I (D) = 2πD/2(−P)D−1�(D)�(4 − D)

(2π)D2P(1 − D)(2 − D)(3 − D)�(D/2)

(135)

In order to obtain the result for the regularized integral, we
have to use the minimal substraction method and calculate
the residue for the dimensional integral (135) in the limit
D = 3:

Res I (D) = lim
D→3

(3 − D)I (D) = − P

4π2 (136)

This will leave us with the following form for the result
of the regularized integral:

I (D)r = I (D) − PμD−3

4π2(3 − D)
(137)

= 1

3 − D

(

2πD/2(−P)D−1�(D)�(4 − D)

2P(2π)D(1 − D)(2 − D)�(D/2)

− PμD−3

4π2

)

(138)

The terms contained between the parentheses can be
expanded around the value D = 3 as follows.

2πD/2(−P)D−1�(D)�(4 − D)

2P(2π)D(1 − D)(2 − D)�(D/2)
− PμD−3

4π2

= P(3 − D)

8π2

[

ln
(4πμ2

P2

)

+ ψ
(3

2

)

]

+O(

(D − 3)2) (139)

where O(

(D − 3)2
)

contains all the terms with (D − 3)2,
which can be disregarded when we consider the limit D =
3. With this, the final form for the result of the regularized
integral I (D)r will read as:

I (D)r = P

8π2

[

ln
(4πμ2

P2

)

+ ψ
(3

2

)

]

(140)

The total transition rate for Z boson decay into neutrinos
in de Sitter space-time will have the form:

RZ→νν̃ = e2
0 P

8(2π)3 sin2(2θW )

[

ln
(4πμ2

P2

)

+ ψ
(3

2

)

]

=
√

2GFM2
Z P

8(2π)3

[

ln
(4πμ2

P2

)

+ ψ
(3

2

)

]

. (141)

This result is finite and depend on the parameters of the initial
particle, P . Taking P = MZ one can obtain a numerical value
for the above decay rate into neutrinos in the limit ω >> MZ ,
RZ→νν̃ = 0.015598 GeV.

3.5 Transition rate in Minkowski limit

In the Minkowski theory the energy and momentum are con-
served, and because the neutrinos do not have mass then the
delta Dirac function of momenta modulus can be turned into
a delta of energy function. The terms that are not proportional
with the delta Dirac function vanish in the Minkowski limit
and the amplitude becomes:

AZ→νν̃(λ = ±1) = 2ie0

sin(2θW )
δ3( �P − �p − �p ′ )

×
( 1

2 − σ
) ( 1

2 + σ ′)
√

π(2π)3/2
ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′)

×
√

iπ3

2

δ(E − E − E ′)

4
√

| �P|

( | �p| + | �p ′|
| �P| + 1

)

(142)

where E, E ′ are the energies of the neutrinos, and E =
√

M2
Z + �P2 is the energy of the Z boson in Minkowski space

[8,9]. In addition we denote the momenta modulus by | �p|
as to not confuse it with the four momentum notations from
Minkowski space-time. We specify that the limit is taken in
the ultra-relativistic case where E = | �P|, because only in this
situation the delta function of momenta modulus transforms
into a delta function of energy conservation that permits us to
make the connection with the results from Minkowski theory.

The permitted transitions are only those with σ = − 1
2

and σ ′ = 1
2 , and we consider the case where the neutrino

and antineutrino are emitted on the same direction, but their
momenta are pointing opposite. In this case the momenta vec-
tors have the components �p(p, 0, 0), �p′(p′, π, 0). By taking
into account the circular polarizations �ε±1 = 1√

2
(±�e1 + i �e2)

and the helicity bispinors for this particular situation, ξ−1/2 =
(0, 1)T and η1/2 = (1, 0)T , we find that the bispinor term is
reduced to:

ξ+
−1/2( �p)�σ · �ε−1(�nP , λ)η1/2( �p ′) = −√

2;
ξ+
−1/2( �p)�σ · �ε1(�nP , λ)η1/2( �p ′) = 0. (143)

The decay rate will be defined as the probability derivative
with respect to time, and the total rate will be obtained by
an integration after the final momenta of the neutrinos. This
is the well known method for defining the transition rate in
Minkowski space-time, because of the delta Dirac of energy
term that is present in Eq. (216). The probability and decay
rate then are [8,35,36,42]:

PZ→νν̃ = |AZ→νν̃ |2;
R = dPZ→νν̃

dt
; RZ→νν̃ =

∫

d3 p
∫

d3 p′R. (144)

By making use of the well known equations |(2π)δ(E)|2 =
(2π)tδ(E) and |(2π)3δ3( �p)|2 = (2π)3V δ3( �p) we will
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define the total decay rate in volume unit:

RZ→νν̃ = e2

32(2π)2 sin2(2θW )

∫

d3 p
∫

d3 p′ 1

| �P|
×

( | �p| + | �p ′|
| �P| + 1

)2

δ(E + E ′ − E)δ3( �p ′ + �p − �P).

(145)

In order to solve the momenta integrals we take into account
the four delta function δ4(p + p′ − P) = δ(E + E ′ −
E)δ3( �p ′ + �p − �P) where p, p′, P are four momenta vec-
tors, and we restrict to write only the integrals of interest
[8,35,36,42]:

I (p, p′) = 1

| �P|
∫

d3 p
∫

d3 p′ E ′

E ′ δ
4(p + p′ − P)

×
( | �p| + | �p ′|

| �P| + 1

)2

= 1

| �P|
∫

d3 p
∫

d4 p′ E ′δ4(p + p′ − P)

×
( | �p| + | �p ′|

| �P| + 1

)2

δ(p′2)θ(p0′
)

= 1

| �P|
∫

d3 p(E − E)δ((P − p)2)θ(E − E)

×
(

| �p| + | �P − �p|
| �P| + 1

)2

. (146)

The factor of E ′−1 was introduced in the first row of the above
equation to facilitate the transformation of the three momenta
integral into a four momenta integral. Taking into account the
momenta conservation and the fact that the momenta of the Z
boson and neutrino are aligned on the third axis on the same
direction | �P − �p| = | �P| − | �p|, with p2 = pμ pμ = 0; | �p| =
E for neutrino, the delta term can be simplified to:

δ((P − p)2) = δ(P2 + p2 − 2pP)

= δ(2EE − 2 �p �P) = δ (E − | �p|)
2E . (147)

The momenta integral can then be reduced, if we take into
account that dpp2 = dEE2, to:

I (p, p′) = 2

E2

∫

d�p

∫ E

0
dE E2(E − E)δ (E − | �p|)

= 8π

E2 | �p|2(E − | �p|) = 8π

E2 E2(E − E). (148)

Let us recall the decay from Minkowski space where, for
example, one could take the Z boson at rest and in this par-
ticular situation E = 2E = MZ , then the result of the integral
becomes:

I (p, p′) = 4πE = 4πMZ . (149)

To establish the final formula for the decay rate we express
the constants in terms of the Fermi constant and the mass of
the Z boson, e2

sin2(2θW )
= √

2GFM2
Z [8,42]. The final result

is:

RZ→νν̃ = GFM3
Z

16π
√

2
. (150)

This result can now be turned in the well known result
from Minkowski space-time [42], RMinkowski = GFM3

Z

12π
√

2
=

R(Z → νμνμ) = R(Z → νeνe) = R(Z → ντ ντ ) =
165.9MeV [42], and knowing the fact that the decay rate for
all the three neutrino families are equal. Then the decay rate
for one of the neutrino families obtained in the limit ω = 0
from our computations in de Sitter geometry is:

R1 = 1

3
RZ→νν̃ = GFM3

Z

48π
√

2
= 1

4
RMinkowski (151)

This is precisely the decay rate from Minkowski field theory
up to a factor of 1

4 , which could be considered the result of the
fact that we work only in the expanding part of the de Sitter
space-time, or in other words that we integrate on a non-
compact domain. This result is confirmed by the Minkowski
limits of the transition amplitudes that are recovered up to a
factor of 1

2 [43]. Thus the remarkable result of this section
is related to the Minkowski limit of the decay rate, which is
recovered from our general result obtained in de Sitter metric.
An extended discussion about the Minkowski limits of the
modes and of the transition probabilities corresponding to
processes in which particles are produced can be also found
in [6,14–16,19,26].

4 Z boson decay into electron–positron pair in de Sitter
universe

In this section we will discuss the Z boson decay into an
electron-positron pair in de Sitter geometry. Our results will
complete the computations from the previous section where
we discuss the decay of a Z boson into neutrinos, and help
us establish the total decay rate in the conditions of the early
universe. At early stages of the universe one could expect that
a large number of Z bosons were produced due the various
mechanisms where one can also include the space expansion,
and for this reason it is important to establish a formula for the
decay rates in these conditions. The Z decay into an electron-
positron pair will complete the first order processes for the
Weinberg-Salam theory in de Sitter geometry.

4.1 Transition amplitude

We shall compute the transition amplitude for the decay pro-
cess of a Z boson into an electron and a positron, with the aid
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of the solutions of the Dirac and Proca equations. The form
of the amplitude reads as [17]:

AZ→e−e+ =
∫

d4x
√−g

{(

e0 cos(2θW )

sin(2θW )

)

×Ū �p,σ (x)γ μ̂eν
μ̂

(

1 − γ 5

2

)

V �p ′,σ ′(x) f �P,λ ν
(x)

−e0 tan(θW )Ū �p,σ (x)γ μ̂eν
μ̂

(

1+γ 5

2

)

V �p ′,σ ′(x) f �P,λ ν
(x)

}

.

(152)

We first evaluate the amplitude for λ = ±1, since in this
case the solution for the Proca equation f �P,λ

(x) only contains
spacial components. Our amplitude in this case is:

AZ→e−e+(λ = ±1) =
∫

d4x
√−g

×
{(

e0 cos(2θW )

sin(2θW )

)

Ū �p,σ (x)γ î e j
î

(

1 − γ 5

2

)

V �p ′,σ ′(x)

× f �P,λ j (x) − e0 tan(θW )Ū �p,σ (x)γ î e j
î

×
(

1 + γ 5

2

)

V �p ′,σ ′(x) f �P,λ j (x)

}

. (153)

By replacing the solutions of the Proca equation (5) and
the Dirac equations (4) in the amplitude, we get a version of
the transition amplitude that includes the Hankel functions.
We make the variable change z = −tc, and the amplitude
becomes:

AZ→e−e+(λ = ±1) = −
∫

dz · z3/2δ3( �P − �p − �p ′)

×π3/2
√

pp′e− πk
2

8(2π)3/2

[(

e0 cos(2θW )

sin(2θW )

)

sgn(σ ′)

×H (2)

ν+ (pz)H (2)

ν− (p′z)H (1)
ik (Pz)

−e0 tan(θW )sgn(σ )H (2)

ν− (pz)H (2)

ν+ (p′z)H (1)
ik (Pz)

]

×ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′). (154)

We will evaluate the products of the three Hankel functions
first. To do so, we will need to rewrite them into easier forms,
which will include Bessel functions J and modified Bessel
functions K, as shown in the formulas (228) and (229). After
doing the proper computations, the two products will now
read as [40,41]:

H (2)

ν+ (pz)H (2)

ν− (p′z)H (1)
ik (Pz) =

(

− 2i

π

)

e
πk
2

×
[

eiπ J 1
2 +i K (pz)J 1

2 −i K (p′z)

−eiπ( 1
2 +i K ) J 1

2 +i K (pz)J− 1
2 +i K (p′z)

−eiπ( 1
2 −i K ) J− 1

2 −i K (pz)J 1
2 −i K (p′z)

+J− 1
2 −i K (pz)J− 1

2 +i K (p′z)
]

Kik(−i Pz); (155)

H (2)

ν+ (p′z)H (2)

ν− (pz)H (1)
ik (Pz)

=
(

− 2i

π

)

e
πk
2

[

eiπ J 1
2 −i K (pz)J 1

2 +i K (p′z)

−eiπ( 1
2 −i K ) J 1

2 −i K (pz)J− 1
2 −i K (p′z)

−eiπ( 1
2 +i K ) J− 1

2 +i K (pz)J 1
2 +i K (p′z)

+J− 1
2 +i K (pz)J− 1

2 −i K (p′z)
]

Kik(−i Pz). (156)

With the new forms of the Hankel functions, we can cal-
culate the temporal integrals with the formula (230). After
more computations, the transition amplitude for λ = ±1 will
have the form:

AZ→e−e+(λ = ±1) = i
√

2πpp′
4(2π)3/2 δ3( �P − �p − �p ′)

×
[(

e0 cos(2θW )

sin(2θW )

)

sgn(σ ′)A1

−e0 tan(θW )sgn(σ )A2

]

×ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′). (157)

where the A1 and A2 functions are defined by:

A1 = B1Kk +
( p

p′
) 1

2 BKk +
( p′

p

) 1
2 B−Kk + B2Kk; (158)

A2 = B1−Kk +
( p

p′
) 1

2 B−Kk +
( p′

p

) 1
2 BKk + B2−Kk .

(159)

and the B functions are defined in terms of the Gamma Euler
functions and the hypergeometric functions F4:

BKk = −ie−πK (pp′)i K (−i P)− 5
2 −2i K

cosh2(πK )�
( 3

2 + i K
)

�
( 1

2 + i K
)

×�

(

5 + 4i K − 2ik

4

)

�

(

5 + 4i K + 2ik

4

)

×F4

(

5 + 4i K − 2ik

4
,

5 + 4i K + 2ik

4
,

3

2
+ i K ,

1

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

; (160)

B1Kk = − p
1
2 +i K (p′) 1

2 −i K (−i P)− 7
2

cosh2(πK )�
( 3

2 − i K
)

�
( 3

2 + i K
)

×�

(

7 − 2ik

4

)

�

(

7 + 2ik

4

)

×F4

(

7 − 2ik

4
,

7 + 2ik

4
,

3

2
− i K ,
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3

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

; (161)

B2Kk = p− 1
2 −i K (p′)− 1

2 +i K (−i P)− 3
2

cosh2(πK )�
( 1

2 − i K
)

�
( 1

2 + i K
)

×�

(

3 − 2ik

4

)

�

(

3 + 2ik

4

)

×F4

(

3 − 2ik

4
,

3 + 2ik

4
,

1

2
− i K ,

1

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

. (162)

We note that the functionsBKk,B1Kk , andB2Kk are different
form the previously defined functions BKk, B1Kk , and B2Kk .
Likewise for the functions A1 and A2, which are different
from A1 and A2 previously defined for the emission case.

The probability of the decay process of a Z boson into
an electron and a positron can be calculated and studied by
taking the square modulus of the amplitude, as well as the
sum after the helicities. Using the final form of the transition
amplitude (157), the probability of transition in volume unit
is given by:

Pi→ f (λ = ±1) = 1

4

∑

σσ ′

∣

∣AZ→e−e+(λ = ±1)
∣

∣

2

= pp′e2
0δ

3( �P − �p − �p ′)
64π2

1

4

∑

σσ ′

[

cos2(2θW )

sin2(2θW )

∣

∣A1
∣

∣

2

+ tan2(θW )
∣

∣A2
∣

∣

2 − cos(2θW )

sin(2θW )
tan(θW )sgn(σ )sgn(σ ′)

×
(

A1 · A∗
2 + A∗

1 · A2

)

]

×∣

∣ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′)

∣

∣

2
, (163)

where A∗
1 and A∗

2 represent the complex conjugate of the A1

and A2 functions respectively.
The electron charge found in the probability equation e2

0
can be expressed with the help of the Fermi constant GF ,
as well as the mass of the W boson MW as follows: e2

0 =
4
√

2GFM2
W sin2(2θW ).

The transition amplitude for the decay process in the case
of λ = 0 has a more complicated form because the temporal
part of the solution for the Proca equation is not vanishing
[5]. The transition amplitude in this case will be:

AZ→e−e+(λ = 0) =
∫

d4x · √−g

×
{(

e0 cos(2θW )

sin(2θW )

)

Ū �p,σ (x)γ 0̂e0
0̂

(

1 − γ 5

2

)

×V �p ′,σ ′(x) f0, �P,λ=0(x)

−e0 tan(θW )Ū �p,σ (x)γ 0̂e0
0̂

(

1 + γ 5

2

)

×V �p ′,σ ′(x) f0, �P,λ=0(x)

}

+
∫

d4x · √−g

{(

e0 cos(2θW )

sin(2θW )

)

×Ū �p,σ (x)γ î e j
î

(

1 − γ 5

2

)

V �p ′,σ ′(x) f �P,λ=0, j (x)

−e0 tan(θW )Ū �p,σ (x)γ î e j
î

(

1 + γ 5

2

)

×V �p ′,σ ′(x) f �P,λ=0, j (x)

}

.

(164)

In order to more easily compute the amplitude, we will
split it into two terms, T1 denoting the contribution with spa-
cial part of the Proca modes, and T2 denoting the contribution
of the temporal part of the Proca modes. Using the solutions
for the Proca and Dirac equations, as done in the previous
sections the first term T1, will read as:

T1 (Z→e−e+) = −
∫

dz · zπ3/2i
√

pp′Pe− πk
2

8(2π)3/2

ω · δ3( �P − �p − �p ′)
MZ

{

e0 cos(2θW )

sin(2θW )

×sgn(σ ′)H (2)

ν+ (pz)H (2)

ν− (p′z)

×
[(

1

2
+ ik

)

z
1
2

P
H (1)
ik (Pz) − z

3
2 H (1)

1+ik(Pz)

]

−e0 tan(θW )sgn(σ )H (2)

ν− (pz)H (2)

ν+ (p′z)

×
[(

1

2
+ ik

)

z
1
2

P
H (1)
ik (Pz) − z

3
2 H (1)

1+ik(Pz)

]}

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′), (165)

where we have kept the change of variable from the previous
cases of z = −tc.

Similarly to the case of λ = ±1, we will rewrite the Han-
kel functions into Bessel functions J and modified Bessel
functions K. The products of the three Hankel functions will
have the following forms:

H (2)

ν+ (pz)H (2)

ν− (p′z)H (1)
1+ik(Pz) =

(

− 2i

π

) e− iπ
2 e

πk
2

cosh2(πK )

×
[

eiπ J 1
2 +i K (pz)J 1

2 −i K (p′z)

−eiπ( 1
2 +i K ) J 1

2 +i K (pz)J− 1
2 +i K (p′z)

−eiπ( 1
2 −i K ) J− 1

2 −i K (pz)J 1
2 −i K (p′z)

+J− 1
2 −i K (pz)J− 1

2 +i K (p′z)
]

K1+ik(−i Pz); (166)
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H (2)

ν− (pz)H (2)

ν+ (p′z)H (1)
1+ik(Pz) =

(

− 2i

π

) e− iπ
2 e

πk
2

cosh2(πK )

×
[

eiπ J 1
2 +i K (p′z)J 1

2 −i K (pz)

−eiπ( 1
2 +i K ) J 1

2 +i K (p′z)J− 1
2 +i K (pz)

−eiπ( 1
2 −i K ) J− 1

2 −i K (p′z)J 1
2 −i K (pz)

+J− 1
2 −i K (p′z)J− 1

2 +i K (pz)

]

K1+ik(−i Pz). (167)

We will once again use the formula (230) to solve the
temporal integrals that include two Bessel J functions and one
Bessel K function. Doing the necessary computations will
result into the following form of the term T1 that contribute
to the amplitude:

T1 (Z→e−e+) = π3/2i
√

pp′P
8(2π)3/2

2i

π
δ3( �P − �p − �p ′) ω

MZ

×
{

e0 cos(2θW )

sin(2θW )
sgn(σ ′)

[(

1

2
+ ik

)
√

2

P
A1

−2
3
2 e− iπ

2 D1

]

− e0 tan(θW )sgn(σ )

×
[(

1

2
+ ik

)
√

2

P
A2 − 2

3
2 e− iπ

2 D2

]

ξ+
σ ( �p)�σ · �εησ ′( �p ′), (168)

where A1 and A2 are the same functions as stated in (158)–
(159), while the D1 and D2 functions are defined as:

D1 = C1Kk −
( p

p′
) 1

2 CKk −
( p′

p

) 1
2 C−Kk + C2Kk; (169)

D2 = C1−Kk −
( p

p′
) 1

2 C−Kk −
( p′

p

) 1
2 CKk + C2−Kk, (170)

with the remaining C functions being dependant on the
Gamma Euler functions, as well as the hypergeometric func-
tions:

CKk = ie−πK (pp′)i K (−i P)− 7
2 −2i K

cosh2(πK )�
( 3

2 + i K
)

�
( 1

2 + i K
)

�

(

5 + 4i K − 2ik

4

)

�

(

9 + 4i K + 2ik

4

)

×F4

(

5 + 4i K − 2ik

4
,

9 + 4i K + 2ik

4
,

3

2
+ i K ,

1

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

; (171)

C1Kk = − p
1
2 +i K (p′) 1

2 −i K (−i P)− 9
2

cosh2(πK )�
( 3

2 − i K
)

�
( 3

2 + i K
)

�

(

7 − 2ik

4

)

�

(

11 + 2ik

4

)

×F4

(

7 − 2ik

4
,

11 + 2ik

4
,

3

2
− i K ,

3

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

; (172)

C2Kk = p− 1
2 −i K (p′)− 1

2 +i K (−i P)− 5
2

cosh2(πK )�
( 1

2 − i K
)

�
( 1

2 + i K
)

�

(

3 − 2ik

4

)

�

(

7 + 2ik

4

)

×F4

(

3 − 2ik

4
,

7 + 2ik

4
,

1

2
− i K ,

1

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

. (173)

The second term T2 that contribute to the amplitude will
be:

T2 (Z→e−e+) = −
∫

dz · z 5
2
π3/2P

√

pp′ωe− πk
2

8MZ (2π)3/2

×
[

e0 cos(2θW )

sin(2θW )
sgn(σ ′)H (2)

ν+ (pz)H (2)

ν− (p′z)H (1)
ik (Pz)

−e0 tan(θW )sgn(σ )H (2)

ν− (pz)H (2)

ν+ (p′z)H (1)
ik (Pz)

]

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′)δ3( �P − �p − �p ′). (174)

As previously, we will analyze the products of the Han-
kel functions first, which will have a similar form as in the
case for λ = ±1, and then compute the resulting temporal
integrals. The final form of the term T2 is:

T2 (Z→e−e+) =
(2i

π

) P
√

pp′
8

δ3( �P − �p − �p ′) ω

MZ

×
[(

e0 cos(2θW )

sin(2θW )

)

sgn(σ ′)F1

−e0 tan(θW )sgn(σ )F2

]

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′) (175)

where F1 and F2 are functions denoted by:

F1 = G1Kk −
( p

p′
) 1

2 GKk −
( p′

p

) 1
2 G−Kk + G2Kk; (176)

F2 = G1−Kk −
( p

p′
) 1

2 G−Kk −
( p′

p

) 1
2 GKk + G2−Kk, (177)

and the G functions, which are dependant on the Gamma
Euler functions, as well as the hypergeometric functions, are:

GKk = ie−πK (pp′)i K (−i P)− 7
2 −2i K

cosh2(πK )�
( 3

2 + i K
)

�
( 1

2 + i K
)

×�

(

7 + 4i K − 2ik

4

)

�

(

7 + 4i K + 2ik

4

)

×F4

(

7+4i K−2ik

4
,

7 + 4i K + 2ik

4
,

3

2
+i K ,

1

2
+i K ,
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( p

P

)2
,
( p′

P

)2
)

; (178)

G1Kk = − p
1
2 +i K (p′) 1

2 −i K (−i P)− 9
2

cosh2(πK )�
( 3

2 − i K
)

�
( 3

2 + i K
)

×�

(

9 − 2ik

4

)

�

(

9 + 2ik

4

)

×F4

(

9 − 2ik

4
,

9 + 2ik

4
,

3

2
− i K ,

3

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

; (179)

G2Kk = p− 1
2 −i K (p′)− 1

2 +i K (−i P)− 5
2

cosh2(πK )�
( 1

2 − i K
)

�
( 1

2 + i K
)

×�

(

5 − 2ik

4

)

�

(

5 + 2ik

4

)

×F4

(

5 − ik

4
,

5 + 2ik

4
,

1

2
− i K ,

1

2
+ i K ,

( p

P

)2
,
( p′

P

)2
)

. (180)

We combine T1 (168) and T2 (175) in order to obtain the
complete form of the transition amplitude for λ = 0.

AZ→e−e+(λ = 0) = π3/2P
√

pp′
8(2π)3/2

2i

π
δ3( �P − �p − �p ′)

× ω

MZ

{(

e0 cos(2θW )

sin(2θW )

)

sgn(σ ′)
[(

1

2
+ ik

)

× i
√

2

P
A1 − 2

3
2 ie− iπ

2 D1 + 2
3
2 F1

]

−e0 tan(θW )sgn(σ )

[(

1

2
+ ik

)

i
√

2

P
A2 − 2

3
2 ie− iπ

2 D2

+2
3
2 F2

]}

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′). (181)

4.2 Probability in the limit MZ
ω

= m
ω

= 0

It is important to consider the case where the expansion factor
is much larger than the masses of the particles, and therefore
will give us the limit where MZ

ω
= m

ω
→ 0. To compute

the probability in such a limit, we will consider the case for
λ = ±1, since it has a much simpler form, and the amplitude
in the case of λ = 0 contains the term ω

MZ
(181), which makes

it impossible for us to determine the limit. In the Eq. (163)
for the transition probability we can see that in our chosen
limit, the functions A1 and A2 have the same form. This will
make it easier for us to calculate the probability of the decay
process in our chosen limit. The probability will have the
form:

Pi→ f = e2
0 δ3( �P − �p − �p ′)

16(2π)3P(P − p − p′)2

1

4

∑

σσ ′

(

cos(2θW )

sin(2θW )
sgn(σ ′) − tan(θW )sgn(σ )

)2

×∣

∣ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′)

∣

∣

2
. (182)

To obtain the total probability, we will need to integrate
after the final momenta:

PZ→e−e+ =
∫

d3 p
∫

d3 p′ Pi→ f (183)

To solve such integrals, we need to establish the momen-
tum of the particles. For a more general computation, we
will choose the momentum to be on the third axis for the Z
boson, as well as the positron and electron particles, as such
�P = P · �e3, �p = −p · �e3, �p′ = p′ · �e3. The Delta function

allows us to express the modulus of the positron particle p′
in relation to the other two, as |p′| = |P − p| = p− P . The
integrals after the momenta can now be written as:

I = 1

(2π)3

∫

d3 p
∫

d3 p′ δ3( �P − �p − �p ′)
P(p + p′ − P)2

= 1

(2π)3

∫

d3 p
1

4P(p − P)2 (184)

By using the dimensional regularization method [29–32], we
arrive to the same integrals as those discussed in the previous
section that can be found on equations (111)–(119).

By using these results from Eqs. (111)–(119) the form for
the total probability of the decay process become (183):

PZ→e−e+ = e2
0

32π2

[

1 − ψ
(3

2

)

− ln
(4πμ2

P2

)

]

×
(

cos(2θW )

sin(2θW )
+ tan(θW )

)2

=
√

2GFM2
Z sin2(2θW )

8π2

[

1 − ψ
(3

2

)

− ln
(4πμ2

P2

)

]

×
(

cos(2θW )

sin(2θW )
+ tan(θW )

)2

(185)

where we use the relation e2
0 = √

2GFM2
Z sin2(2θW ).

4.3 Transition rate

The transition rate for the decay process of a Z boson into an
electron-positron pair can be written as:

Ri→ f = 1

(2π)3

∑

σσ ′
δ3( �P − �p − �p ′)

∣

∣Mi→ f
∣

∣

2

×
√

Ii→ f · I ∗
i→ f lim

t→∞
∣

∣eωt Ki f
∣

∣ (186)

where the constants and the bispinors are included in the
term Mi→ f , while Ii→ f contains the temporal integrals:

Mi→ f = e0π
3/2

√

pp′
8(2π)3/2 |ξ+

σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′)| (187)
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Ii→ f = cos(2θW )

sin(2θW )
sgn(σ ′)

∫ ∞

0
dz · z3/2

×H (2)

ν+ (pz)H (2)

ν− (p′z)H (1)
ik (Pz)

− tan(θW )sgn(σ )

∫ ∞

0
dz · z3/2H (2)

ν− (pz)

×H (2)

ν+ (p′z)H (1)
ik (Pz) (188)

We can further write the temporal integrals as Ii→ f =
∫ ∞

0 Ki f dz = ∫ ∞
0 eωt Ki f dt , where Ki f denotes the inte-

grand:

Ki f = e−ωt
(eωt

ω

)3/2
[

cos(2θW )

sin(2θW )
sgn(σ ′)

×H (2)

ν+ (pz)H (2)

ν− (p′z)H (1)
ik (Pz)

− tan(θW )sgn(σ )H (2)

ν− (pz)H (2)

ν+ (p′z)H (1)
ik (Pz)

]

(189)

If we consider that the transition takes place after a suffi-
ciently long time, which will be denoted by t∞, then we will
need to evaluate the limit in Eq. (189) for that specific time.
In the limit of t → ∞, the argument of the Hankel functions
z = e−ωt/ω becomes very small, and therefore we will use
the expansion for Hankel functions:

H (2)

ν± (pz) 
 i
( 2

pz

)ν± �(ν±)

π
(190)

Our functions will then become:

H (2)
1
2 +i K

(pz) 
 i
( 2

pz

) 1
2 +i K �( 1

2 + i K )

π
(191)

H (2)
1
2 −i K

(pz) 
 i
( 2

pz

) 1
2 −i K �( 1

2 − i K )

π
(192)

For the Z boson, we consider the approximation when
MZ → 1/2, and therefore the index of the Hankel function
will become ik → −1/2:

H (1)

− 1
2
(Pz) = e

iπ
2

√

2

π Pz

ei Pz

i
(193)

By replacing the Hnakel functions with our expansions,
the limit from the rate transition (186), which contains the
integrand Ki f , will be:

lim
t→∞

∣

∣eωt Ki f
∣

∣ = lim
t→∞

∣

∣

∣

∣

cos(2θW )

sin(2θW )
sgn(σ ′)

(e−ωt

ω

)3/2

×
(

2

p e−ωt

ω

) 1
2 +i K(

2

p′ e−ωt

ω

) 1
2 −i K

×
(

2

π P e−ωt

ω

) 1
2 e

iπ
2 ei P

e−ωt
ω �( 1

2 − i K )�( 1
2 + i K )

iπ2

− tan(θW )sgn(σ )
(e−ωt

ω

)3/2

×
(

2

p e−ωt

ω

) 1
2 −i K(

2

p′ e−ωt

ω

) 1
2 +i K(

2

π P e−ωt

ω

) 1
2

×e
iπ
2 ei P

e−ωt
ω �( 1

2 − i K )�( 1
2 + i K )

iπ2

∣

∣

∣

∣

(194)

If we extract the modulus and rewrite the imaginary part,
we can obtain a more comprehensible expression for the
limit:

lim
t→∞

∣

∣eωt Ki f
∣

∣ = 23/2

π2 cosh(πK )
√

πpp′P

×
[

cos2(2θW )

sin2(2θW )
+ tan2(θW )

−sgn(σ )sgn(σ ′)cos(2θW )

sin(2θW )
tan(θW )2 cos

×
(

2K ln
( p′

p

))

]1/2

(195)

Finally, the transition rate gives:

Ri→ f =
∑

σσ ′

δ3( �P − �p − �p ′)
64(2π)6

e2
0π23/2 pp′
√

πpp′P

×
√

Ii→ f · I ∗
i→ f

∣

∣ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′)

∣

∣

2

×
[

cos2(2θW )

sin2(2θW )
+ tan2(θW ) − sgn(σ )sgn(σ ′)

×cos(2θW )

sin(2θW )
tan(θW )2 cos

(

2K ln
( p′

p

))

]1/2

(196)

This expression is to complicated to be integrated after the
final momenta, since the momenta dependence is contained
in hypergeometric functions. For this reason it is important
to discuss the limit omega >> MZ which is relevant for
our computations and corresponds to the conditions from the
early universe.

It is known from the Minkowski field theory that opti-
cal theorem have as consequence the fact that the imaginary
part of the Z boson self-energy diagram corresponds to the
width of the Z boson and give the decay rate. One may ask
if this result can be recovered in de Sitter case and in what
follows we will give the main points that need to be stud-
ied to obtain this result. The Z boson self-energy diagram
in de Sitter space-time need to be computed by using the
solutions of the Proca equation and the Dirac propagator for
fermions. The computations for the Z boson self-energy dia-
gram should use the Feynmann propagator representation in
momentum space for Dirac field, that was obtained in [22].
However there are technical difficulties in completing the
computations in the general case that depends on the ratio
between the particle mass and expansion parameter and we
hope to approach this matter in a future study. The fundamen-
tal result this kind of computation could bring is related to
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the presence of the expansion parameter (Hubble constant)
in the loop corrections, that may be one of the indications
that the gravitation may be quantized.

4.4 Transition rate in the limit MZ
ω

= m
ω

= 0

If we consider the case where the expansion factor is larger
than the masses of the particles ω � MZ , ω � m, then
we can calculate the transition rate in the limits MZ

ω
→ 0,

m
ω

→ 0. We will consider the case for λ = ±1, and the
Hankel functions will be reduced to a simpler form in this
particular case [40,41]. Then the transition amplitude written
in this limit will be:

Aλ=±1

(

MZ

ω
= m

ω
→ 0

)

= −
∫

dz · z3/2δ3( �P − �p − �p ′)
π3/2

√

pp′
8(2π)3/2

×
[(

e0 cos(2θW )

sin(2θW )

)

sgn(σ ′)

−e0 tan(θW )sgn(σ )

]

H (2)
1
2

(pz)H (2)
1
2

(p′z)

H (1)

− 1
2
(Pz)ξ+

σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′). (197)

We use the following expressions for the Hankel functions
[40,41]:

H (2)
1
2

(pz) = −
√

2

πpz

e−i pz

i
(198)

H (1)

− 1
2
(Pz) = e

iπ
2 H (1)

1
2

(Pz) = e
iπ
2

√

2

π Pz

ei Pz

i
. (199)

Therefore, the transition amplitude becomes:

Aλ=±1

(

MZ

ω
= m

ω
→ 0

)

= δ3( �P − �p − �p ′)√
P(P − p − p′)

i · 23/2

8(2π)3/2

×
[(

e0 cos(2θW )

sin(2θW )

)

sgn(σ ′)

−e0 tan(θW )sgn(σ )

]

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′). (200)

From this amplitude, we can calculate the transition rate
using the following expression:

Ri→ f = 1

(2π)3 δ3( �P − �p − �p ′)
∑

σσ ′
|Mi f |2|Ii f |

× lim
t→∞ |eωt Ki f |. (201)

Where the Mi f component contains the all constants:

Mi f = e0π
3/2

√

pp′
8(2π)3/2

(

cos(2θW )

sin(2θW )
sgn(σ ′)

− tan(θW )sgn(σ )

)

ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′), (202)

while Ii f and Ki f represent the integral and integrand respec-
tively, and have the following forms:

Ii f =
( 2

π

)3/2 1
√

pp′P(p + p′ − P)
; (203)

lim
t→∞ |eωt Ki f | =

( 2

π

)3/2 1
√

pp′P
. (204)

If we replace all the values in the expression (201) for the
transition rate, we get:

Ri→ f =
∑

σσ ′

e2
0

32(2π)6

δ3( �P − �p − �p ′)
P(p + p′ − P)

×
(

cos(2θW )

sin(2θW )
sgn(σ ′) − tan(θW )sgn(σ )

)2
∣

∣ξ+
σ ( �p)�σ ·

×�ε(�nP , λ)ησ ′( �p ′)
∣

∣

2
. (205)

In order to obtain the total transition rate for this process,
we need to integrate after the final momenta.

RZ→e−e+ =
∫

d3 p
∫

d3 p′ · Ri→ f . (206)

We choose the momentum for each of the particles to be
on the third axis, in such a way that �p = p · �e3, �p′ = p′ · �e3,
and �P = P · �e3. From the delta function δ3( �P − �p − �p′) we
can find out the modulus of the momenta of the positron p′,
which will be |p′| = p − P . With this, we can compute the
integrals after the positron momentum.

I = 1

(2π)3

∫

d3 p
∫

d3 p′ δ3( �P − �p − �p ′)
P(p + p′ − P)

= 1

(2π)3

×
∫

d3 p
1

2P(p − P)
(207)

We notice that this integral is identical to the one we obtained
when computing the transition rate in this limit for the decay
process of a Z boson into an neutrino–antineutrino pair (207).
Therefore, we can use the previous calculations from that
case (131)–(139).

Finally, the total transition rate in the limit MZ
ω

= m
ω

= 0
is:

RZ→e−e+ = e2
0

32(2π)3

P

8π2

[

ln
(4πμ2

P2

)

+ ψ
(3

2

)

]

×
(

cos(2θW )

sin(2θW )
+ tan(θW )

)2

=
√

2GFM2
Z sin2(2θW )

32(2π)3

P

8π2

[

ln
(4πμ2

P2

)

+ ψ
(3

2

)

]

×
(

cos(2θW )

sin(2θW )
+ tan(θW )

)2

. (208)
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An estimation of the density numbers of Z bosons pro-
duced by electrons can be now given considering Eqs. (65),
(68), (141) and (208) and obtain that the ratio of the rates

give
Re−→e−+Z

Rdecay

 10−9, then

nZ 
 10−9ne− , (209)

which proves that one need a large number of electrons for
obtaining a considerable amount of Z bosons by this pertur-
bative process. This is because one need 109 transitions for
one single Z boson to be produced.

4.5 Decay rate in Minkowski limit

In this section we study the problem of the Z boson decay
into an electron and positron in de Sitter geometry. Our scope
is to establish the decay rate in the general case on de Sitter
expanding patch, and then to discuss the Minkowski limit of
our computations. Since in the Minkowski limit the longitu-
dinal modes contribution vanish we will analyse the contri-
bution of the transversal modes to the transition amplitudes
i.e.

AZ→e−e+ =
∫

d4x · √−g

{(

e0 cos(2θW )

sin(2θW )

)

Ū �p,σ (x)γ î ek
î

×
(

1 − γ 5

2

)

V �p ′,σ ′(x) f �P,λk
(x)

−e0 tan(θW )Ū �p,σ (x)γ î ek
î

(

1 + γ 5

2

)

V �p ′,σ ′(x) f �P,λk
(x)

}

.

(210)

The amplitude can be brought to the following form by using
the free fields solutions on de Sitter space and by solving the
spatial integrals:

AZ→e−e+ = π3/2
√

pp′e− πk
2 δ3( �P − �p − �p ′)

8(2π)3/2

×
[(

e0 cos(2θW )

sin(2θW )

)

sgn(σ ′)
∫ ∞

0
dz · z3/2

×H (2)

ν+ (pz)H (2)

ν− (p′z)

·H (1)
ik (Pz) − e0 tan(θW )sgn(σ )

×
∫ ∞

0
dz · z3/2H (2)

ν− (pz)H (2)

ν+ (p′z)H (1)
ik (Pz)

]

×ξ+
σ ( �p)�σ · �ε ησ ′( �p ′). (211)

The above integrals cannot be brought to the integrals that
contain a power and two Bessel J functions as in the case
of Z boson decay into neutrinos. The present integrals con-
tain the product of three Bessel J functions and a power,
and their result is expressed in terms of Appel F4 functions.
Since the Appel functions are not very well studied in the
literature it is impossible to repeat the same steps as those

used in the case of the integrals with two Bessel functions
from section three. The integrals with three Bessel functions
and a power were studied in [44], where the indexes of the
Bessel functions are integer numbers. In this situation the
result of the integral is obtained as a semi-empirical approx-
imate formula in terms of the Dirac delta function [44]. In
our case it is impossible to repeat these arguments since the
index of the Hankel functions are imaginary. The only way
to study the Minkowski limit of our integrals is to consider
the case where the fermions’ masses are neglected directly in
the Hankel functions, corresponding to the ultra-relativistic
limit:
∫ ∞

0
dz · z3/2H (2)

1
2

(pz)H (2)
1
2

(p′z)H (1)
ik (Pz) = −2

π
√

pp′

×
∫ ∞

0
dz · √

z e−i(p+p′)z H (1)
ik (Pz) (212)

In this particular case the above integrals from Eq. (211)
become equal and their form is:

I = 2i

π
√

pp′

√

π(p + p′)
2

∫ ∞

0
dz · z

×H (2)
1
2

(

(p + p′)z
)

H (1)
ik (Pz), (213)

from where we can write:

I =
√

p + p′
pp′

(
√

2

π

)3

eπk/2
∫ ∞

0
dz · z

×
(

J 1
2

(

(p + p′)z
) + i J− 1

2

(

(p + p′)z
)

)

Kik(−i Pz)

(214)

The above integral can be solved using the method presented
in Eqs. (83), (86), (89) from section three, and the final result
for p + p′ = P is:

lim
ε→0

I =
(

2

π

)3/2 iπeπk/2

2

(

p + p′

P
√
P

δ(p + p′ − P)

+ 1√
P

δ(p + p′ − P)

)

, (215)

while for p + p′ �= P the result can be found in Eqs. (93),
(94).

When we take the Minkowski limit of the above result we
consider the ultrarelativistic situation where the momenta
modulus are equal to the particles energies, and we define
the rate as the derivative of the probability with respect to
time. The resulted transition amplitude in the Minkowski
limit reads as:

AZ→e−e+(λ = ±1) = iπe0
√

2

8(2π)3/2
√

| �P|
δ3( �P − �p − �p ′ )

×δ(E − E − E ′)
( | �p| + | �p ′|

| �P| + 1

)
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×
(

cos(2θW )

sin(2θW )
sgn(σ ′) − tan(θW )sgn(σ )

)

×ξ+
σ ( �p)�σ · �ε(�nP , λ)ησ ′( �p ′) (216)

Then the transition rate is:

RZ→e−e+=1

4

∑

σσ ′

e2
0

sin2(2θW )

∫

d3 p d3 p′ · δ3( �p+ �p ′− �P)

2πδ(E + E ′ − E)

64P(2π)3

(

p + p′

P
+ 1

)2
∣

∣ξ+
σ ( �p)�σ · �ε ησ ′( �p ′)

∣

∣

2

(

cos(2θW )sgn(σ ′)− tan(θW ) sin(2θW )sgn(σ )

)2

,

(217)

where E, E ′ are the electron and positron Minkowski ener-
gies, and E is the Z boson energy. The rate will be computed
by considering that the particles momenta are aligned on the
third axis where we take into account that the electron and
positron momenta could have the same orientation, or could
be oriented in opposite orientations. In this way the helicity
bispinor sum and the term that contains the Weinberg angles
are reduced to:
∑

σσ ′

∣

∣ξ+
σ ( �p)�σ · �ε ησ ′( �p ′)

∣

∣

2
(

cos(2θW )sgn(σ ′)

− tan(θW ) sin(2θW )sgn(σ )

)2

= 8
[

(1 − 2 sin2(θW ))2 + 4 sin4(θW )
]

(218)

The integrals that need to be solved are exactly the same
as those from section three, and we give only the final result:

I (p, p′) = 1

| �P|
∫

d3 p
∫

d3 p′ E ′

E ′ δ
4(p + p′ − P)

×
( | �p| + | �p ′|

| �P| + 1

)2

= 8π

E2 E2(E − E). (219)

In the Minkowski case one could take the Z boson at rest and
in this particular situation E = 2E = MZ [42], and the result
of the integral is:

I (p, p′) = 4πE = 4πMZ . (220)

Then the final equation for the transition rate give:

RZ→e−e+ = GF · M3
Z

16
√

2π

[

(1 − 2 sin2(θW ))2 + 4 sin4(θW )
]

.

(221)

It is known that the decay rates into charged lepton–antilepton
pairs e−e+, μ−μ+, τ−τ+, are approximatively equal [42],
and for that reason we will define the rate for the decay into
any lepton–antilepton pair as:

R′
1 = RZ→e−e+

3
= GF · M3

Z

48
√

2π

×[

(1 − 2 sin2(θW ))2 + 4 sin4(θW )
] = RMinkowski

4
(222)

We mention that in Minkowski theory the decay rate for a Z
boson into charged leptons is obtained in the lowest order and

neglecting the terms
m2
lepton

M2
Z

, which is just the limit obtained

above up to a factor of 1/4.

5 Conclusions

In this paper we investigate three elementary processes in
the first order of perturbation theory that imply the neutral
current interactions. We obtain the rates for the processes in
which the Z boson can be produced by a charged lepton, and
the decay rates of the Z bosons into neutrinos and charged
leptons in the conditions of the early universe. These results
are exact since in the limit of large expansion the Hubble
parameter becomes much larger than the particle masses, and
this facilitate our computations. In order to obtain the tran-
sition rates in the strong gravitational regime we employ the
dimensional regularization method combined with the min-
imal substraction method, which allows us to obtain finite
results for the final momenta integrals. Here we must point
out that the amplitudes in the general case depend on the
ratios between particles masses and the expansion parame-
ter, and when one try to perform the momenta integrals for
obtaining the probabilities the results seems also to be diver-
gent. This is the result of the fact that the algebraic arguments
of the hypergeometric functions depend on the momenta
ratios and the main contributions that give the form of the
momenta integrals come from the factors outside hypergeo-
metric functions. This can be seen very well in the case of Z
boson decay into neutrinos where the factor that determines
the amplitude [p + p′ − P]−3/2−ik , is also obtained in the
limit MZ/ω = 0. In the general case the momenta integrals
that will determine the total probabilities and transition rates
will contain ratios between sums of momenta at imaginary
powers and also products of two hypergeometric functions.
This kind of integrals are not well studied in the literature so
far and the fact that there are imaginary powers in momenta
could lead also to undetermined cases. As far as we know
there are no results that could help one to understand what
kind of regularization method to apply in these complicated
momenta integrals. Still only looking at the real powers from
the momenta integrals one can see the presence of a logarith-
mical divergence in these integrals that also was obtained in
the limit MZ/ω = 0. This seems to lead to the conclusion that
the limit MZ/ω = 0 does not induce the divergence since
it is already present in the general case with an additional
dependence of momenta at imaginary powers that further
complicate the problem. For these reasons we investigate the
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relevant physical case of the early universe, when the compu-
tations could be done by using well established regularization
methods.

We prove that the processes that generate spontaneous
emission of a Z boson by a charged lepton are possible only
in the early universe when the expansion parameter is con-
siderably larger than the particle mass, and their rates vanish
in the Minkowski limit. This result confirm the previously
results obtained by both perturbative [10,14–18,26] and non-
perturbative methods [13,23,24],that the particle generation
is possible only in the early universe. Other important lim-
its that we manage to study are the Minkowski limits of our
quantities of interest, like the transition rates. An important
result is related to the recovery of the Minkowski decay rates
of the Z boson up to some numerical factors that could be
explained because we work only on the expanding portion of
de Sitter space. To obtain a complete picture about the pro-
duction of massive bosons in the early universe one needs
to investigate the processes with the massive charged bosons
W± and their decays in strong gravitational fields of the early
universe.

In the end of our summary we want to comment on the
relevance of our result in the context of the actual effort to
understand the mechanisms that were responsible for parti-
cle generation in early universe. First the exact perturbative
computations give finite results when one apply regulariza-
tion methods, but as it is very well established in the literature
one need to take into account other mechanisms that could
also produce particle. One is related to the non-perturbative
production in pure gravitational field. However the literature
is poor in what concerns the production of Proca particles,
but recent studies could bring some new interesting ideas
related to what one may obtain by using different vacua states
between “in-out” transitions. In our study we use the Bunch-
Davies vacuum [5], but recently the rest frame vacuum was
defined [45], and this result was extended to the Proca field.
Then it may be possible to make a study in which the in
and out vacua are not the same and establish the Bogoliubov
coefficients for the Proca field in de Sitter space-time. Once
this study is completed, one could in principle compare the
non-perturbative results with our results obtained by using
the traditional perturbative mechanism that was employed in
Minkowski space-time. We hope to approach this problem
in a future study and also hope that our results to be the first
steps that would open a more detailed study of the massive
boson fields in the context of General Relativity.
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6 Appendix

To obtain the transition amplitude for Z bososn emission
by an electron we use the relation between the Bessel K
functions and Bessel J functions according to formula [40,
41]:

Kν(i z) = π

2 sin(πν)

[

i−ν J−ν(z) − iν Jν(z)
]

. (223)

The two integrands from Eq. (11) transform according to the
above equation as [40,41]:

Kν−(−i pz)Kν+(i p′z)K−ik(i Pz) = π2

4 cosh2(πK )

×
[

− i J− 1
2 +i K (−pz)J− 1

2 −i K (p′z)

−e−πk J− 1
2 +i K (−pz)J 1

2 +i K (p′z) − eπk

×J 1
2 −i K (−pz)J− 1

2 −i K (p′z)

+i J 1
2 −i K (−pz)J 1

2 +i K (p′z)
]

K−ik(i Pz), (224)

Kν+(−i pz)Kν−(i p′z)K−ik(i Pz) = π2

4 cosh2(πK )

×
[

− i J− 1
2 −i K (−pz)J− 1

2 +i K (p′z)

−eπk J− 1
2 −i K (−pz)J 1

2 −i K (p′z) − e−πk

×J 1
2 +i K (−pz)J− 1

2 +i K (p′z)

+i J 1
2 +i K (−pz)J 1

2 −i K (p′z)
]

K−ik(i Pz). (225)
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The definition of Appel hypergeometric function is given
bellow [41]:

F4(a, b, c, d; x, y) =
∞
∑

m,n=0

×�(a + m + n)�(b + m + n)�(c)�(d)xm · yn
�(a)�(b)�(c + m)�(d + n)m! · n! .

(226)

In our computation we use the following relations that con-
nect the Hankel functions with Bessel J, K functions:

H (1)
μ (z) = J−μ(z) − e−iπμ Jμ(z)

i sin(πμ)
(227)

H (2)
μ (z) = eiπμ Jμ(z) − J−μ(z)

i sin(πμ)
. (228)

H (1,2)
ν (z) = ∓

(

2i

π

)

e∓iπν/2Kν(∓i z), (229)

The integrals that help us to compute the transition ampli-
tudes are:

∫ ∞

0
dz · zλ−1 Jμ(az)Jν(bz)Kρ(cz) = 2λ−2aμb νc−λ−μ−ν

�(1 + μ)�(1 + ν)

×�

(

λ + μ + ν − ρ

2

)

�

(

λ + μ + ν + ρ

2

)

× F4

(

λ + μ + ν − ρ

2
,
λ + μ + ν + ρ

2
;

1 + μ, 1 + ν; −a2

c2 , −b2

c2

)

,

Re(λ + μ + ν) > Re(ρ), Re(c) > |Im(a)| + |Im(b)|. (230)
∫ ∞

0
dzzμ−1e−αz Kν(βz) =

√
π(2β)ν

(α + β)μ+ν

� (μ + ν) � (μ − ν)

�
(

μ + 1
2

)

× 2F1

(

μ + ν, ν + 1

2
; μ + 1

2
; α − β

α + β

)

,

Re(α + β) > 0, |Re(μ)| > |Re(ν)|. (231)
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