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Abstract
Recent technical and conceptual advancements in the asymptotic safety
approach to quantum gravity have enabled studies of the UV completion
of Lorentzian Einstein gravity, emphasizing the role of the state dependence.
We present here the first complete investigation of the flow equations of the
Einstein–Hilbert action within a cosmological spacetime, namely de Sitter
spacetime. Using the newly derived graviton propagator for general gauges
and masses in de Sitter spacetime, we analyze the dependence on the gauge
and on finite renormalization parameters. Our results provide evidence of a UV
fixed point for the most commonly used gauges.
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1. Introduction

Models of quantum gravity in de Sitter spacetime have a well-established history [1–3], as
this spacetime plays an essential role in understanding the Universe across various epochs. In
the context of early cosmology, de Sitter spacetime provides a robust framework for describ-
ing an inflationary Universe, a scenario supported by evidence from the cosmic microwave
background radiation (CMBR) [4]. At late times, observations of distant supernovae indicate
an accelerated expansion of the Universe [5, 6], which can also be modeled using de Sitter
spacetime. Within general relativity, this spacetime is uniquely characterized as a solution to
Einstein’s field equations with constant curvature and a positive cosmological constant.

The standard cosmological model fundamentally depends on the de Sitter solution of
general relativity. Crucially, theoretical evidence strongly suggests the necessity for a UV-
complete theory of gravity, one that unifies Einstein gravity with the quantum nature of the
Universe’s fundamental constituents. Such a unification would provide a full-fledged theory
of quantum gravity, but as is well-known the union of those two theories by means of standard
perturbative quantum field theory (QFT) methods leads to a non-renormalizable theory with
infinitely many parameters (or coupling constants) that need to be determined experimentally
[7–9].

In the past decades there have been several attempts to tackle the problem of quantum grav-
ity. The asymptotic safety quantum gravity program, in a continuum-based approach, is based
on the realization of the UV completion of quantum gravity through a non-trivial fixed point
of the renormalization group (RG) flow [10–13]. In the language of the functional renormaliz-
ation group (FRG), the asymptotic safety conjecture can be expressed as follows [14]: a theory
is non-perturbatively renormalizable if there exists a RG trajectory that reaches a non-trivial
fixed point of the RG flow in the UV, the critical surface is finite-dimensional, and there is a
complete trajectory connecting the UV to an IR fixed point. In this case, only finitely many
parameters need to be determined experimentally.
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The majority of the computations in this program have used methods from the RG toolbox,
namely the ones usually applied to critical phenomena in Euclidean signature [15–18]. In the
FRG approach, the RG governs the flow of an effective action Γk, depending on an RG scale
k, under changes of this scale. The flow of this effective action is described by a functional
flow equation, and the most widely used flow equations are the Polchinski equation [19] (for
which k is a UV cutoff), the proper time equation [20] and, particularly in quantum gravity,
the Wetterich equation [14, 21, 22] (for which k is an IR cutoff).

In Lorentzian signature, several issues arise within the FRG framework. Most prominent
is the fact that the effective action must break Lorentz invariance if k is a true momentum
cutoff, since momenta can be spacelike, timelike or null. Even if one considers the RG tra-
jectories obtained from the Euclidean approach without insisting on k as a cutoff, there is no
clear prescription for integrating out the momentum eigenmodes of kinetic operators derived
from Lorentzian metrics [23]. Moreover, properties inherently related to Lorentzian space-
times, such as ambiguities related to the choice of a state, or of the observer, could not be
addressed. Only recently, approaches to evaluate the RG flow in Lorentzian signature have
been developed. These include the algebraic framework for QFT in curved spacetime [24–
26], the use of Lorentzian heat kernel methods [27–29], the flow of only spatial degrees of
freedom [30–33], the reconstruction of the graviton propagator by means of a double regu-
larization [34] and analytic continuation via Wick rotation [35] in an Arnowitt-Deser-Misner
(ADM) formalism [36–38].

In this paper we will exploit the techniques developed in [24, 25], where the FRG form-
alism has been adapted to the algebraic approach to QFT in curved spacetimes. In this fully
covariant approach, instead of employing a momentum cutoff which would break covariance,
a mass-like term quadratic in the fields and local in position space is chosen as regulator. Such
terms are also known as Callan–Symanzik cutoffs [39], and they have been used in the study of
the RG flow of the graviton spectral function [40]. While they regulate the IR, they do not act
as a UV cutoff and therefore an additional UV renormalization is required. In [24, 25], the UV
renormalization is performed using the Epstein–Glaser inductive procedure [41], which has
two main advantages: it works in position space, so it can be applied to arbitrary curved space-
times in which Fourier space methods are not available, and, while it is perturbative in nature, it
can be applied to theories that are power-counting non-renormalizable, namely effective field
theories [42, 43]. On a general curved spacetime, to ensure covariance under diffeomorph-
isms the Epstein–Glaser procedure is tightly constrained and implies the subtraction of UV
divergences in the FRG equation in the form of a Hadamard parametrix [44, 45], as we will
explain in section 2. Thus, we obtain a locally covariant RG flow, independent of the choice
of a coordinate system on the spacetime.

Strictly speaking, the flow equation derived in this context is the flow of renormalized theor-
ies under changes in the mass parameter, with no Wilsonian interpretation. In fact, the running
scale k is a physical mass scale, since correlation functions (or scattering amplitudes in flat
space) depend on the RG scale k through an additional mass term. Thus, this approach sug-
gests an alternative point of view to the controversy on whether the RG scale in the Wetterich
equation describes the running under an artificial, unphysical cutoff scale, or the running under
a physical variable described by the measurement of a scattering amplitude at some energy
scale, see for example the recent works [17, 18, 46, 47].

Despite the fact that the regulator term acts as an IR cutoff only, it is still possible to prove

that the effective average action Γk reduces to the classical action S in the UV limit Γk
k→∞−−−→ S,

while it reduces to the full quantum effective action in the IR limit of vanishing regulator,

Γk
k→0−−→ Γ. Therefore, in this sense, solutions to the flow equation describe an RGflow between

the UV and the IR limits, and we can talk of a RG flow equation in Lorentzian spacetimes.
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The RG flow equation in Lorentzian spacetimes exhibits an explicit state dependence, so
that the same theory (for example a scalar field on some fixed background) has different
phase diagrams depending on the choice of a reference state (such as a vacuum or a thermal
state [24]). This state dependence is often overlooked in the Euclidean context, where there
is usually a unique choice of vacuum state, but it becomes an important physical effect in
Lorentzian, curved spacetimes, where no unique vacuum may exist and different choices of
ground states are possible. These Lorentzian RG techniques have been first applied to the
case of quantum gravity in [26]. In that first investigation, only state- (that is, present in any
Hadamard state) and background-independent contributions were considered in the RG flow.
These universal contributions give raise to a non-trivial fixed point in the flow, but state-
dependent, non-universal contributions may significantly alter the phase diagram, even des-
troying the fixed point. Thus, taking into account the full state dependence of the RG flow is
essential to understand if asymptotic safety is realized in specific examples and in particular
states.

De Sitter spacetime is the ideal background to evaluate the RG flow, both for its relative
theoretical simplicity and its relevance for the physical Universe. The investigation of the func-
tional RG flow for quantum gravity in de Sitter space is the topic of this paper. In particular,
we will construct an effective description of a quantum gravitational theory on de Sitter space-
time. The analysis of the RG flow in this background will relate the UV theory to the effective,
IR description of the Universe we need in cosmology. In light of this, we will also discuss the
dependence of our results on the gauge choice.

Before addressing the computation, let us emphasize that several theoretical challenges
appear for de Sitter spacetime, including the choice of the vacuum, gauge-fixing, issues related
to analytic continuation, IR divergences and secular effects, and the absence of asymptotic
states. In particular, while for massive fields there is a unique de Sitter invariant vacuum
state of Hadamard form [48–52], the massless limit of the corresponding propagators either
diverges or does not agree with the corresponding strictly massless propagator [53], which
breaks de Sitter invariance. Moreover, while fundamental solutions of the equations of motion
for massive vector and tensor fields have been obtained recently [54], these are not propagators
because they do not satisfy the Hadamard condition. In this work we therefore also introduce
a missing ingredient, namely the propagators in de Sitter spacetime for massive scalars, vector
and tensors.

This paper is structured as follows: in section 2 we review the recently developed approach
to asymptotic safety in Lorentzian signature. In section 3 we supply the missing piece to the
use of regularized propagators in de Sitter space: we present the Hadamard expansion of the
Feynman propagator of massive scalars, vectors and tensors. Section 4 is dedicated to a review
of the important gauge choices done in the literature and to a discussion about renormalization
in de Sitter. Sections 4.3 and 4.4 contain the main results of this paper, showing the RG flow,
its fixed point structure, and its gauge and parameter dependence. Finally, in section 5 we
conclude and give an outlook.

Our conventions are the ‘+++’ ones of MTW, which are a mostly plus metric,∇µ∇νvρ −
∇ν∇µvρ = Rµνρσvσ, and Rµν = Rρ

µρν .

2. Flow equation in Lorentzian signature

We start by setting up the functional renormalization group equation (FRGE) in Lorentzian
signature in the algebraic approach to QFT on curved backgrounds [24, 26], which are based
on the first derivation of the Wetterich equation [21] for quantum gravity by Reuter [14].
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We consider an arbitrary globally hyperbolic spacetime (M, ḡ) as our background, with a
fixed background metric ḡ. We will later restrict to the case in which ḡ is the de Sitter met-
ric. The dynamical quantum fields are the metric fluctuations ĥ, together with the standard
(Faddeev–Popov) ghost and antighost fields ĉ and ˆ̄c that arise in the standard BRST approach
to gauge theories. We collectively denote the quantum fields by φA = {ĥµν , ĉµ, ˆ̄cµ}, where the
index A includes field species as well as Lorentz indices. The dynamics is governed by the
action

S(φ) := Sgrav
(
ḡ+ ĥ

)
+ Sgf

(
ḡ, ĥ
)
+ Sgh

(
ḡ, ĥ, ĉ, ˆ̄c

)
, (2.1)

where Sgrav is the gravitational action as a function of the full metric γ := ḡ+ ĥ, invariant under
diffeomorphisms δvγµν = Lvγµν =∇γ

µvν +∇γ
νvµ, where L is the Lie derivative and ∇γ the

Levi-Civita covariant derivative associated to γ. Sgf is the gauge-fixing term defined by

Sgf
(
ḡ, ĥ
)
:=− 1

2ξ

ˆ
M
ḡµνFµ

[
ḡ, ĥ, ζ

]
Fν
[
ḡ, ĥ, ζ

]
, (2.2)

where Fµ is a functional of the metric fluctuation ĥ, and we employ the notation
ˆ
M
f :=
ˆ
f
√
−det ḡddx . (2.3)

While in general Fµ can be chosen quite arbitrarily, subject only to the condition that the part
of the action S (2.1) quadratic in the metric fluctuation ĥ is invertible, here we choose a linear
functional corresponding to generalized harmonic gauge:

Fν = ∇̄µh
µν − 1

2ζ
∇̄νhµµ . (2.4)

The gauge-fixing term then depends on the two gauge parameters ξ and ζ. It breaks the
quantum gauge symmetry of the metric fluctuation given by δQv ĥ= Lv(ḡ+ ĥ), δQv ḡ= 0, but
preserves the background gauge symmetry δBv ĥ= Lvĥ, δBv ḡ= Lvḡ. This can be achieved in
general if Fµ depends separately on the background metric ḡ and the fluctuations ĥ and not
just on the full metric γ = ḡ+ ĥ, thus breaking the split symmetry of the gravitational action.

Lastly, Sgh is the ghost term, obtained as usual by a gauge transformation of the gauge-fixing
term in which the parameters v are substituted by the ghost field ĉ:

Sgh
(
ḡ, ĥ, ĉ, ˆ̄c

)
:=−

ˆ
M

ˆ̄cµḡµν δ
Q
ĉ F

ν . (2.5)

The classical action S is now invariant under BRST transformations, sS= 0, where the BRST
differential is defined by

sĥµν = Lĉ

(
ḡµν + ĥµν

)
=∇ḡ

µĉν +∇ḡ
ν ĉµ + ĉρ∇ḡ

ρĥµν + ĥµρ∇ḡ
ν ĉ

ρ + ĥνρ∇ḡ
µĉ

ρ , (2.6a)

sĉµ = ĉρ∇ḡ
ρĉ

µ , (2.6b)

sˆ̄cµ = Fµ . (2.6c)

To construct the quantum theory, we split the action in a quadratic and an interacting part,
S= S0 +V. Thanks to the gauge fixing, the free Euler–Lagrange equations derived from S0
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admit unique retarded and advanced propagators, and choosing a state we can construct the
corresponding Feynman propagator ∆F. Using this propagator, we define the time-ordering

operator T := exp
[
i
´
M⊗2⟨ δ

δφ ,∆F
δ
δφ ⟩
]
, which is a priori well-defined on regular functionals

only, since on local functionals the loops appearing as the coincidence limit of products of
Feynman propagators are UV divergent. Time-ordering can be extended to local functionals
using the Epstein–Glaser renormalization procedure, andwe refer to [44, 45, 55–59] for further
details.

To define the generating functionals we supplement the action with sources for both the
fields (J) and their BRST transformations (Σ)

J+Σ :=

ˆ
M
jA (x)φ

A (x)+
ˆ
M
σA (x)sφA (x) , (2.7)

and with the regulator action for fields (Qk) and their BRST transformations (H)

Qk+H :=−
ˆ
M
φ∗
A (x)q

AB
k (x)φB (x)+

1
2

ˆ
M
ηAB (x)s [φ∗

A (x)φB (x)]

=−1
2

ˆ
M
ĥρσq

ρσµν
k (ḡ) ĥµν −

ˆ
M

ˆ̄cµq̃
µν
k (ḡ)cν +

1
2

ˆ
M
ηAB (x)s [φ∗

A (x)φB (x)] .

(2.8)

Here we take j, qk, σ and η to be smooth functions with compact support such that the integrals
are IR finite. For the same reason, a cutoff function is introduced in the interaction V, which
we will keep implicit. Of course, at the end the adiabatic limit where all these functions tend
to a (spacetime) constant needs to be taken.

The addition of sources for the BRST variations of the fields and their squares allows to
extend the BRST differential into a k-dependent BRST differential [25]

sk = s+
ˆ
M
qABk (x)

δ

δηAB (x)
−
ˆ
M
jA (x)

δ

δσA (x)
, (2.9)

encoding the extended symmetry of the extended action Sext = S+ J+Σ+Qk+H:

skSext = 0 . (2.10)

Furthermore, since (qk,η) and ( j,σ) form contractible pairs, the cohomology of the scale-
dependent differential sk coincides with the cohomology of the BRST differential s. In par-
ticular, observables (which are elements of the cohomology at ghost number 0) are the same
for all k.

We can now define the regularized generating functional of time-ordered correlation func-
tions as

Zk (ḡ; j,σ,η) := ω
(
T
(
e−iT −1(V)

)
T
(
eiT

−1(V+Σ+J+Qk+H)
))

, (2.11)

where ω is the expectation value in the state that we chose; in a quasifree (Gaussian) state it
simply corresponds to the evaluation on the vanishing field configuration φ= 0. As usual, the
regularized generating functional for connected, time-ordered correlation functions is Wk =
i lnZk, and the effective average action Γk is defined as the modified Legendre transform

Γk (ḡ,ϕ) :=Wk
(
jϕ
)
−
ˆ
M
jϕA (x)ϕ

A (x)−Qk (ϕ) with ϕA (x) :=
δWk ( j)
δjA (x)

∣∣∣∣
j=jϕ

. (2.12)

6
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The second relation defines the source jϕ as the source associated to the classical field ϕ, which
is the independent variable on which Γk depends.

The extended symmetry (2.10) gets translated into an extended Slavnov–Taylor identity for
the Legendre effective action Γ̃k = Γk+Qk, which takes the form of a standard, unregularized
Zinn–Justin equation with an additional gauge-fixing term:

ˆ
M

[
δΓ̃k (ϕ)

δσA (x)
δΓ̃k (ϕ)

δϕA (x)
+ qABk (x)

δΓ̃k (ϕ)

δηAB (x)

]
= 0 . (2.13)

The FRGE can now be derived by standard methods [14, 21] and reads [24, 26]

∂kΓk (ḡ;ϕ) =
i
2

ˆ
M
∂kq

AB
k (x) :GBA

k (x,x): , (2.14a)

ˆ
M

δ2 (Γk+Qk)

δϕA (x)δϕB (z)
GBC
k (z,y) = δ (x,y)δCA , (2.14b)

where GAB
k is the scale-dependent full propagator defined by the second line, and :: denotes

Hadamard normal ordering, i.e. subtraction of the Hadamard parametrix which contains the
universal singular terms of the propagator.

2.1. Differences from the Euclidean case

The FRGE in Lorentzian spacetimes takes the same form as the well-known Wetterich
equation with local regulator, also known as the functional Callan–Symanzik equation [39].
In Lorentzian spacetimes, however, there are two additional subtleties arising from the non-
positivity of the wave operator.

The first issue is that, since the wave operator δ2(Γk+Qk)
δϕA(x)δϕB(z) is, in general, a hyperbolic oper-

ator, it admits an infinite family of fundamental solutions whose difference is a smooth func-
tion. This corresponds directly to the non-uniqueness of the quantum state, and means that the
FRGE must be supplemented by some additional condition to fix the choice of the interacting
propagator Gk. In [24], this ambiguity is resolved by choosing a reference Hadamard state for
the free theory and imposing that Gk reduces to the free Feynman propagator in the regions
of spacetime where the interaction is turned off, which uniquely fixes Gk. The Hadamard
condition [60–63, and references therein] on the state ensures that the UV behavior is the
same as in Minkowski spacetime, and guarantees the existence of a well-defined renormal-
ized stress-energy tensor [63]. Since the UV behavior is the same for all Hadamard states, the
UV divergences in the FRGE can be removed by subtracting the universal singular terms (the
Hadamard parametrix), and employing the Hadamard normal ordering in the FRGE (2.14).
Once a Hadamard state for the free theory is chosen, it is possible to construct the interact-
ing propagator Gk. In particular, in the local potential approximation (LPA), the interacting
propagator coincides with the free Feynman propagator, with a mass shifted by the regulator
function qk and a field dependent contribution coming from the effective potential.

We emphasize again that we deviate from the Wilsonian spirit of integrating out degrees
of freedom, since all degrees of freedom contribute to the FRGE (2.14). Instead, we consider
how the theory reacts to a change in an auxiliary mass term, which can be chosen to pre-
serve local covariance (and thus Lorentz invariance). This represents a complementary analysis
to [23].

The second issue is the choice of the regulator, which must satisfy the requirements of UV
and IR finiteness of the FRGE, causality, unitarity, and local covariance (Lorentz invariance

7
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in flat space). In our formalism, since the time-ordered products are renormalized through
the Epstein–Glaser procedure, the regulator function qk does not need to regulate UV diver-
gences [24]. We are thus free to choose a mass-like (also known as Callan–Symanzik [40,
64]) regulator in the form qABk (x) = χAB(ξ,ζ)k2f(x) for a smooth compactly supported func-
tion f, preserving causality and Lorentz invariance in the adiabatic limit f → const. The matrix
χAB(ξ,ζ) will be fixed in the next section and is adapted to the choice of gauge parameters ξ
and ζ. Since the integrand on the right-hand side of the FRGE (2.14) is proportional to ∂kqk,
the compact support of f guarantees that the spacetime integral is finite for any field configur-
ation; in this sense qk acts as an IR regulator. UV finiteness on the other hand is guaranteed by
the Hadamard normal ordering of the interacting propagator Gk, which subtracts the universal
short-distance divergences from the interacting propagator and results in the finite coincidence
limit :Gk(x,x):.

The subtraction of the Hadamard parametrix, containing the universal singular terms com-
mon to any Hadamard state, introduces a new arbitrary constant, the Hadamard scale ℓ. This
scale results from logarithmic terms in the parametrix that appear for even spacetime dimen-
sions (and are ultimately responsible, for example, for the trace anomaly of the stress tensor),
and parametrizes the freedom that one has in the normal-ordered two-point function :Gk:. In
other applications of the Callan–Symanzik regulator to the FRG, it is often the case that the
necessary additional UV regularization also introduces a further scale related to the UV cutoff,
which can be dimensionful or dimensionless depending on the UV regularization scheme [64].
This additional parameter can be fixed to some convenient value, to be chosen at the end of
the RG flow; for example, this is the choice made in the investigation of the graviton spec-
tral function [40]. Here, in order to investigate the parametric dependence of the flow on the
Hadamard scale ℓ, we keep it arbitrary.

In practice, in the Einstein–Hilbert truncation, the FRGE in Lorentzian spacetimes requires
two steps. First, one needs to compute the Feynman propagator (in Hadamard form) of the
chosen state for massive tensor and vector fields, corresponding to gravitons and ghosts. The
Hadamard condition guarantees that the short-distance singularity of the propagator has a
universal structure. The interacting propagator in the LPA then simply corresponds to the
free Feynman propagator, with a field- and regulator-dependent mass. Since the LPA mod-
ifies the mass term only, the interacting propagator still has the Hadamard form. Subtracting
the Hadamard parametrix then allows to compute the finite coincidence limit of the normal-
ordered interacting propagator.

In the following sections, we specialize this general framework to the case of the Einstein–
Hilbert truncation on a de Sitter background. The choice of a background allows to com-
pletely evaluate the interacting propagator, providing also terms that were missing in the
background independent investigation in [26]. The de Sitter background corresponds to the
widely used spherical backgrounds used in previous investigations of asymptotic safety in
Euclidean spaces (see for example [65–68], especially for applications to higher order trunca-
tions). Imposing invariance under the de Sitter symmetries together with the Hadamard condi-
tion selects a unique vacuum state known as Bunch–Davies vacuum [48, 50]. The presence of
a regulator- and field-dependent mass does not spoil unicity. Moreover, we can now study the
gauge dependence and the Hadamard scale dependence of the RG flow. Therefore, we have a
three-parameter space, determined by the gauge parameters ξ and ζ and the Hadamard scale
ℓ. We will study different flows for specific values of the parameters, choosing in particular
the subspaces determined by the gauges with ζ = 1

2 and the harmonic gauges with ζ = 1 to
investigate the corresponding two-dimensional parameter subspace.

8
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3. Massive propagators in de Sitter: scalars, vectors and tensors

The first task that has been thrust upon us is thus to compute the propagators for massive fields
in de Sitter spacetime. For massive scalar and vector fields (including a linear gauge-fixing
term), the propagators are well-known and have been constructed using a variety of methods,
and we refer the reader to [69] and references therein. A recent work [54] presents solutions
of the equations of motion for massive vector and tensor fields, which, however, fail to satisfy
the Hadamard condition [60–63, and references therein]. The Hadamard condition ensures that
the high-energy behavior of the state is the same as in Minkowski spacetime. Since curvature
is negligible at very high energies (compared to a typical curvature scale of the background
spacetime), this is a physically reasonable condition, and in fact it is necessary to have finite
correlation functions of composite operators such as the stress tensor [70]. Canonical quant-
ization of fields in the unique de Sitter-invariant (Bunch–Davies) vacuum state [69, 71–73]
shows that this state is Hadamard, and the solutions presented in [54] disagree with the canon-
ical quantization of massive vector fields [69]. For a full resolution of the issue and the determ-
ination of the correct massive propagators we refer the reader to our work [74]; we give here
only an overview, to fix ideas and notations and to provide the expressions for the propagators
relevant for the FRG.

3.1. Scalar propagator

The scalar propagator GF
m2 of mass m solves the inhomogeneous Klein–Gordon equation(

∇2 −m2
)
GF
m2 (x,x ′) = δ (x,x ′) , (3.1)

where δ(x,x ′)≡ δ4(x− x ′)/
√
−g is the covariant Dirac δ distribution in four dimensions.

Since de Sitter spacetime is maximally symmetric, the propagators in the unique de Sitter-
invariant Hadamard state (the Bunch–Davies vacuum) only depend on the geodesic distance
between the two points, with the tensor structure given by invariant bitensors [51]. For practical
computations it is convenient to introduce Z= cos(Hµ), where H is the Hubble constant, the
inverse de Sitter radius, and µ is the geodesic distance.

Making the ansatz iGF
m2(x,x ′) = f(Z(x,x ′)), and using the identities

∇µ∇νZ=−ZH2gµν , ∇µZ∇µZ= H2
(
1−Z2

)
, (3.2)

outside of the coincidence limit equation (3.1) reduces to

H2
(
1−Z2

)
f ′ ′ (Z)− 4ZH2f ′ (Z)−m2f(Z) = 0 . (3.3)

This is a hypergeometric equation, whose general solution reads

f(Z) = c 2F1

(
3
2
+ ν,

3
2
− ν;2;

1+Z
2

)
+ d 2F1

(
3
2
+ ν,

3
2
− ν;2;

1−Z
2

)
(3.4)

with two constants c and d and the parameter

ν ≡
√

9
4
− m2

H2
. (3.5)

9
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We now need to impose the Hadamard condition. In 4 dimensions, whenever x and x′ lie in a
convex geodesic neighborhood, such that they can be connected by a geodesic, the Hadamard
condition requires that the propagator has the short-distance expression [60–63]

iGF
m2 (x,x ′) =

1
8π2

[
U(x,x ′)

σ (x,x ′)+ iϵ
+V(x,x ′) ln

[
ℓ−2σ (x,x ′)+ iϵ

]
+W(x,x ′)

]
. (3.6)

In this expression, σ = 1
2µ

2 is the Synge world function, equal to one half of the geodesic
distance squared; U, V and W are smooth symmetric biscalars [62, 75, 76], of which U and
V are state-independent and determined by the geometry, while W encodes the state; ℓ is a
scale needed to make the argument of the logarithm dimensionless, and the distributional limit
ϵ→ 0 is understood. In particular, the propagator for a Hadamard state is divergent only when
σ= 0, i.e. when x and x′ are light-like related4.

The hypergeometric equation (3.3) has the regular singular points 0, 1 and∞, which trans-
lates into Z=±1 and Z=∞. From the relation Z= cos(Hµ), we see that Z= 1 corresponds
to µ= 0, which is the singularity of the Hadamard form (3.6) that we want to keep. However,
Z=−1 corresponds to Hµ= π, which is the geodesic distance between two antipodal points
on the de Sitter hyperboloid (or more generally, whenever the antipodal point of x′ lies on
the light-cone of x). Since a Hadamard state must be regular in this case, we must discard the
solution in equation (3.4) which diverges for Z=−1. Finally, the limit Z→±∞ corresponds
to infinite timelike or spacelike separation, for which the relation between Z and the geodesic
distance µ is more complicated [51, 79], and where the Hadamard form (3.6) does not impose
a restriction on f 5. Since the hypergeometric function becomes singular when its argument
becomes 1, we see that we have to set d= 0 to exclude a singularity at Z=−1. Using the
known expansion of the hypergeometric function near 1, we then obtain

f(Z)≈ 2c

Γ
(
3
2 + ν

)
Γ
(
3
2 − ν

) (1−Z)−1
, (3.7)

and since 1−Z= 1− cos(Hµ)≈ H2σ andU(x,x ′) = 1 for σ= 0, we canmatch the Hadamard
form (3.6) by choosing

c=
Γ
(
3
2 + ν

)
Γ
(
3
2 − ν

)
(4π)2

H2 =
m2 − 2H2

16π cos(πν)
. (3.8)

The logarithmic singularity is matched by subleading terms in the expansion of the hypergeo-
metric function near Z= 1. The logarithmic terms arise because the singularity at argument 1
is confluent, since the difference 3

2 + ν+ 3
2 − ν− 2= 1 between the parameters is an integer.

We have thus determined the unique de Sitter-invariant Hadamard state for massive scalar
fields, whose propagator is given by

iGF
m2 (x,x ′) = Fν (Z− iϵ) , (3.9)

4 In a mathematically precise formulation, we say that the singular support of the distribution GF
m2 (x,x ′) is the set

{(x,x ′) ∈M2 : σ(x,x ′) = 0}. The Hadamard form (3.6) can then be shown to be equivalent to a microlocal spectrum
condition [77, 78], a refinement of the singular support taking into account also in which directions in momentum
space the distribution is singular. For our computations, the Hadamard form (3.6) is sufficient.
5 In fact, any two points x and x′ with Z(x,x ′)<−1 cannot be connected by a geodesic, not even a spacelike one.
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with the function

Fν (Z)≡
H2Γ

(
3
2 + ν

)
Γ
(
3
2 − ν

)
(4π)2

2F1

(
3
2
+ ν,

3
2
− ν;2;

1+Z
2

)
. (3.10)

The iϵ prescription imposes that we need the value of the hypergeometric function from below
the branch cut at Z ∈ [1,∞), and coincides with the prescription of the Hadamard form (3.6)
of the Feynman propagator. As m→ 0 such that ν→ 3

2 , Fν is divergent due to the Γ functions
in front, which is the well-known IR divergence of the massless and minimally coupled scalar
in de Sitter spacetime [80]. However, the divergent part is only a constant independent of Z,
and for later use we define

F̂ν (Z)≡ Fν (Z)−
9H4

24π2m2
+

51H2

160π2
→ H2

8π2

(
1

1−Z
+ ln

2
1−Z

+
13
60

)
(m→ 0) . (3.11)

The Bunch–Davies scalar propagator is of course well-known, but serves as a simple example
of the procedure that needs to be followed. In the next subsections, we use the same method
to determine the propagators of massive vector and tensor fields.

3.2. Vector propagator

The equation for the vector propagator GF
m2,χ,µρ ′ with mass parameter m and a generic gauge-

fixing parameter χ reads

(
∇2 −m2 − 3H2

)
GF
m2,χ,µρ ′ (x,x ′)−

(
1− 1

χ

)
∇µ∇νGF

m2,χ,νρ ′ (x,x ′) = gµρ ′δ (x,x ′) ,

(3.12)

where gµρ ′ is the parallel propagator [51, 81]. Taking a derivative of this equation and com-
muting covariant derivatives, we obtain(

1
χ
∇2 −m2

)
∇µGF

m2,χ,µρ ′ (x,x ′) =−∇ρ ′δ (x,x ′) , (3.13)

where we used that [60]

∇µ [gµρ ′δ (x,x ′)] =−∇ρ ′δ (x,x ′) . (3.14)

The solution of equation (3.13) is given by

∇µGF
m2,χ,µρ ′ (x,x ′) =−χ∇ρ ′GF

χm2 (x,x ′) , (3.15)

where we used the equation of motion (3.1) of the scalar propagator. We thus have to solve
equation (3.12) together with the constraint (3.15).

The vector propagator is a bitensor, transforming like the vector Aµ at x and like Aρ ′ at x′,
and in a de Sitter-invariant state the tensor structure of the propagator must be given by de
Sitter-invariant bitensors. A basis of such bitensors is given by the unit tangent vectors to the
geodesic at x and x′, which are given by the covariant derivatives of the geodesic distance µ,

11
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and the parallel propagator [51]. For our purposes, it is more practical to work with covariant
derivatives of Z instead, and so we make the ansatz6

iGF
m2,χ,µρ ′ (x,x ′) = GA (Z(x,x

′))∇µ∇ρ ′Z(x,x ′)

+∇µZ(x,x
′)∇ρ ′ [GA (Z(x,x

′))+GB (Z(x,x
′))] , (3.16)

where GA and GB are scalar functions that need to be determined. Let us first consider
the case χ= 1, which corresponds to Feynman gauge. We insert the ansatz (3.16) into the
equation (3.12) for x ̸= x ′, commute covariant derivatives and use the identities (3.2). Since
the two tensor structures in (3.16) are independent, the coefficient of each must vanish, and
taking suitable linear combinations we obtain

H2
(
1−Z2

)
G ′ ′

A (Z)− 6H2ZG ′
A (Z)−

(
m2 + 4H2

)
GA (Z) = 2H2ZG ′

B (Z) , (3.17a)

∂Z
[
H2
(
1−Z2

)
G ′ ′

B (Z)− 4H2ZG ′
B (Z)−

(
m2 + 2H2

)
GB (Z)

]
= 0 . (3.17b)

Moreover, the divergence constraint (3.15) results for Feynman gauge χ= 1 in

−
(
1−Z2

)
G ′ ′

A (Z)−
(
1−Z2

)
G ′ ′

B (Z)+ 6ZG ′
A (Z)+ 5ZG ′

B (Z)+ 4GA (Z) = H−2F ′
ν (Z− iϵ) ,

(3.18)

where we used again the identities (3.2) and the solution (3.9) for the scalar propagator. Note
that the second equation of motion (3.17) forGB is solved by solving the second-order equation
in brackets and adding an arbitrary constant, which is consistent with the fact that both in the
ansatz (3.16) and the constraint (3.18) only the derivative of GB enters. Taking into account
the equations (3.17) for GA and GB, the constraint results in a unique solution for GA:

GA (Z) =− 1
m2

[
H2ZG ′

B (Z)+
(
m2 + 2H2

)
GB (Z)+F ′

ν (Z− iϵ)
]
. (3.19)

As in the case of the scalar propagator, to obtain a Hadamard state we have to impose that
the solution remains regular at Z=−1 and that the branch cut starting from the singularity at
Z= 1 has the correct iϵ prescription for a Feynman propagator. This gives the solution for GB,
which reads

GB (Z) = cFρ (Z− iϵ)+ c ′ (3.20)

with constants c and c′ and the parameter

ρ≡
√

1
4
− m2

H2
(3.21)

in addition to ν (3.5). The constant c is determined by requiring that the propagator has the
Hadamard form. For χ= 1, where the vector propagator is in Feynman gauge, this means
that [60, 61]

iGF
m2,1,µρ ′ (x,x ′) =

1
8π2

[
Uµρ ′ (x,x ′)
σ (x,x ′)+ iϵ

+Vµρ ′ (x,x ′) ln
[
ℓ−2σ (x,x ′)+ iϵ

]
+Wµρ ′ (x,x ′)

]
,

(3.22)

6 This form of the ansatz results from decoupling the resulting equations, see [74] for more details.
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which as in the scalar case is valid for x and x′ lying in a convex geodesic neighborhood. In
particular, since Uµρ ′(x,x) = gµρ ′ , the propagator does not diverge faster than 1/(1−Z) near
coincidence. Since limx′→x∇µZ= 0 and limx′→x∇µ∇ρ ′Z= H2gµρ ′ , with the ansatz (3.16)
we need to impose that

GA (Z)≈
1

8π2

1
1−Z

(3.23)

where we used again that 1−Z= 1− cos(Hµ)≈ H2σ close to coincidence. Using the known
expansion of the hypergeometric function near 1, this holds for c=−H−2.

Putting all these considerations together, we obtain the unique de Sitter-invariant, Hadamard
vector propagator in Feynman gauge:

iGF
m2,1,µρ ′ (x,x ′) =

[
Hm2 (Z− iϵ)+

1
H2

Fρ (Z− iϵ)

]
∇µ∇ρ ′Z+H ′

m2 (Z− iϵ)∇µZ∇ρ ′Z

=
1
H2

Fρ (Z− iϵ)∇µ∇ρ ′Z+∇µ [Hm2 (Z− iϵ)∇ρ ′Z] . (3.24)

Here we defined the linear combination

Hm2 (Z)≡ 1
m2

[
ZF ′

ρ (Z)−F ′
ν (Z)+ 2Fρ (Z)

]
, (3.25)

which is logarithmically divergent in the coincidence limit, and has a finite limit as m→ 0.
Furthermore, we chose c ′ = 0 for simplicity.

To derive the propagator in a general gauge, we add a longitudinal term to the Feynman
gauge propagator, such that

GF
m2,χ,µρ ′ (x,x ′) = GF

m2,1,µρ ′ (x,x ′)+∇µ∇ρ ′GC (x,x
′) . (3.26)

Taking a divergence of this equation and using the result (3.15), we obtain

∇2GC (x,x
′) = GF

m2 (x,x ′)−χGF
χm2 (x,x ′) . (3.27)

The solution to this is easily seen to be

GC (x,x
′) =

1
m2

[
GF
m2 (x,x ′)−GF

χm2 (x,x ′)
]
, (3.28)

such that the unique de Sitter-invariant vector propagator in a general linear gauge reads

iGF
m2,χ,µρ ′ (x,x ′) =

[
Hm2 (Z− iϵ)+

1
H2

Fρ (Z− iϵ)

]
∇µ∇ρ ′Z+H ′

m2 (Z− iϵ)∇µZ∇ρ ′Z

+
1
m2

∇µ∇ρ ′ [Fν (Z− iϵ)−Fνχ (Z− iϵ)] (3.29)

with the new parameter

νχ ≡
√

9
4
−χm2 . (3.30)

As a check on the computation, one verifies that this propagator agrees with the one derived
in [69] via canonical quantization.
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3.3. Tensor propagator

For the tensor propagator, an additional difficulty as compared to the vector propagator is that
we have to separate the spin-0 (scalar) sector from the spin-2 (tensor) one. Moreover, the spin-
2 sector depends on two gauge-fixing parameters ξ and ζ, and needs to be rescaled to have a
Hadamard expansion. The equation that we need to solve reads

Pµναβ
ξ,ζ GF

m2,M2,ζ,ξ,αβρ ′σ ′ (x,x ′) = gµ(ρ ′gνσ ′)δ (x,x
′) (3.31)

with the differential operator

Pρσµν
ξ,ζ ≡ 1

2

[
gρ(µgν)σ − 1

2

(
2− 1

ξ ζ2

)
gρσgµν

]
∇2

−
(
1− 1

ξ

)
∇(ρgσ)(µ∇ν) +

1
2

(
1− 1

ξ ζ

)
(gµν∇ρ∇σ + gρσ∇µ∇ν)

− m2 + 2H2

2
gρ(µgν)σ +

M2 +m2 − 4H2

8
gρσgµν , (3.32)

which also depends on two masses m and M. As in the vector case, we obtain a constraint by
taking two derivatives of this equation and commuting covariant derivatives, and another by
taking its trace. This gives[

1− 2ζ
4ξ ζ2

∇2 +
ξ ζ
(
m2 +M2

)
− 12H2

8ξ ζ

]
∇2GF

m2,M2,ζ,ξ
α
αρ ′σ ′ (x,x ′)

=−∇ρ ′∇σ ′δ (x,x ′)−
[
1− 2ζ
2ξ ζ

∇2 − 6H2 − ξm2

2ξ

]
∇α∇βGF

m2,M2,ζ,ξ,αβρ ′σ ′ (x,x ′)

(3.33)

and[(
2+

1
ξ ζ

− 2
ξ ζ2

)
∇2 −

(
M2 − 6H2

)]
GF
m2,M2,ζ,ξ

α
αρ ′σ ′ (x,x ′)

=−2gρ ′σ ′δ (x,x ′)+ 2

(
1+

1
ξ
− 2
ξ ζ

)
∇α∇βGF

m2,M2,ζ,ξ,αβρ ′σ ′ (x,x ′) , (3.34)

and taking a single derivative of the equation of motion (3.31) and using the above results we
also obtain the constraint(
∇2 − ξm2 + 3H2

)
∇αGF

m2,M2,ζ,ξ,ανρ ′σ ′
(
x,x ′

)
=−2ξgν(ρ ′∇σ ′)δ

(
x,x ′

)
+

ξ (1− ζ)

ζ − 2+ ξ ζ
gρ ′σ ′∇νδ

(
x,x ′

)
− 2+ ξ − ζ + 2ξ ζ (ζ − 2)

2ζ (ζ − 2+ ξ ζ)
∇ν∇2GF

m2,M2,ζ,ξ
α
αρ ′σ ′

(
x,x ′

)
− 12H2 (ζ − 2)(ξ ζ − 1)+M2 (ξ − 1)ξ ζ2 +m2ξ ζ (ζ − 2+ ξ ζ)

4ζ (ζ − 2+ ξ ζ)
∇νG

F
m2,M2,ζ,ξ

α
αρ ′σ ′

(
x,x ′

)
.

(3.35)

14



Class. Quantum Grav. 42 (2025) 125008 E D’Angelo et al

As for the vector propagator we first consider the case ξ = ζ = 1, which corresponds to
the Feynman gauge (also known as de Donder gauge in the classical theory). In this case, the
constraint (3.34) reduces to(

∇2 −M2 + 6H2
)
GF
m2,M2,1,1

α
αρ ′σ ′ (x,x ′) =−2gρ ′σ ′δ (x,x ′) , (3.36)

with solution

GF
m2,M2,1,1

α
αρ ′σ ′ (x,x ′) =−2gρ ′σ ′GF

M2−6H2 (x,x ′) . (3.37)

Thus, we have separated the spin-0 propagator, which is proportional to a scalar propagator.
The other constraint (3.35) is singular in this gauge, but the singular part actually vanishes
using the solution (3.37). After some rearrangements and the use of the vector equation of
motion (3.12), we obtain

(
∇2 −m2 + 3H2

)[
∇α

[
GF
m2,M2,1,1,ανρ ′σ ′ (x,x ′)−

1
4
gανG

F
m2,M2,1,1

β
βρ ′σ ′ (x,x ′)

]
+2∇(ρ ′GF

m2−6H2,1,|µ|σ ′) (x,x
′)+

1
2
gρ ′σ ′∇νG

F
m2−6H2 (x,x ′)

]
= 0 .

(3.38)

We therefore make the decomposition

GF
m2,M2,1,1,µνρ ′σ ′ (x,x ′) = 2GF

m2,µνρ ′σ ′ (x,x ′)−
1
2
gµνgρ ′σ ′GF

M2−6H2 (x,x ′) , (3.39)

where GF
m2,µνρ ′σ ′(x,x ′) is the traceless spin-2 propagator, satisfying the equation of motion

(
∇2 −m2 − 2H2

)
GF
m2,µνρ ′σ ′ (x,x ′) =

(
gµ(ρ ′gσ ′)ν −

1
4
gµνgρ ′σ ′

)
δ (x,x ′) , (3.40)

obtained by inserting this decomposition into equation (3.31) for ξ = ζ = 1, and the constraint

∇µGF
m2,µνρ ′σ ′ (x,x ′) =−∇(ρ ′GF

m2−6H2,1,|µ|σ ′) (x,x
′)− 1

4
gρ ′σ ′∇νG

F
m2−6H2 (x,x ′) , (3.41)

obtained from equation (3.38).
The most general de Sitter-invariant ansatz is given by7

iGF
m2,µνρ ′σ ′ (x,x ′) = GA (Z(x,x

′))T(1)µνρ ′σ ′ + [G ′
B (Z(x,x

′))+ 2G ′
A (Z(x,x

′))]T(2)µνρ ′σ ′

+

[
G ′ ′

C (Z(x,x ′))+
1
2
G ′ ′

B (Z(x,x ′))+
1
2
G ′ ′

A (Z(x,x ′))

]
T(3)µνρ ′σ ′ (3.42)

7 This form of the ansatz results again from decoupling the resulting equations, see [74] for more details.
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with

T(1)µνρ ′σ ′ =∇µ∇(ρ ′Z∇σ ′)∇νZ+
H2

4
gµν∇ρ ′Z∇σ ′Z

+
H2

4
gρ ′σ ′∇µZ∇νZ−

(
5−Z2

)
H4

16
gµνgρ ′σ ′ ,

(3.43a)

T(2)µνρ ′σ ′ =∇(µZ∇ν)∇(ρ ′Z∇σ ′)Z+
H2Z
4
gµν∇ρ ′Z∇σ ′Z

+
H2Z
4
gρ ′σ ′∇µZ∇νZ−

H4Z
16

(
1−Z2

)
gµνgρ ′σ ′ ,

(3.43b)

T(3)µνρ ′σ ′ =

[
∇µZ∇νZ−

1
4
gµνH

2
(
1−Z2

)][
∇ρ ′Z∇σ ′Z− 1

4
gρ ′σ ′H2

(
1−Z2

)]
, (3.43c)

where the condition of tracelessness has reduced the a priori five independent tensor structures
to three.

Plugging the ansatz (3.42) into the equation of motion (3.40), we obtain

H2
(
1−Z2

)
G ′ ′

A (Z)− 8H2ZG ′
A (Z)−

(
m2 + 4H2

)
GA (Z) = 2H2ZG ′

B (Z) , (3.44a)

∂Z
[
H2
(
1−Z2

)
G ′ ′

B (Z)− 6H2ZG ′
B (Z)−m2GB (Z)

]
= 8H2ZG ′ ′

C (Z) , (3.44b)

∂2
Z

[
H2
(
1−Z2

)
G ′ ′

C (Z)− 4H2ZG ′
C (Z)−m2GC (Z)

]
= 0 , (3.44c)

and as in the vector case the latter two equations are solved by solving the second-order
equations in brackets, and adding an arbitrary constant to GB or an arbitrary linear function of
Z toGC. Contrary to the vector case, they must be non-vanishing to obtain a finite limitm→ 0.
Again, we also have further constraints, given by equation (3.41), which as in the vector case
give us a unique solution for GA and GB after employing the equations of motion (3.44). This
solution reads

GA (Z) =− 2
3(m2 − 2H2)

[
4K ′

m2 (Z− iϵ)+
2
m2

ZF ′ ′
σ (Z− iϵ)+

1
H2

F ′
σ (Z− iϵ)

]
+

4H2

m2 − 2H2

[
2H2

3m2
G ′ ′

C (Z)+ ZG ′
C (Z)+

m2 + 2H2

2H2
GC (Z)

]
, (3.45)

GB (Z) =
2

H2m2

[
F ′
σ (Z− iϵ)− 2H4ZG ′

C (Z)− 2H2
(
m2 + 3H2

)
GC (Z)

]
+ c (3.46)

with a constant c, and where we have defined the new parameters

σ ≡
√

25
4

− m2

H2
, τ ≡

√
33
4

− m2

H2
(3.47)

and the linear combination

Km2 (Z) =
1

m2 − 6H2

[
ZF ′

σ (Z)−F ′
τ (Z)−

(
1− m2

2H2

)
Fσ (Z)

]
. (3.48)

Km2(Z) is finite as m→ 0, and it diverges like 1/(1−Z) in the coincidence limit.
The remaining equation of motion (3.44) for GC is easily solved, namely

GC (Z) = c ′Fν (Z− iϵ)+ c ′ ′Z+ c ′ ′ ′ , (3.49)
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with constants c′, c′′, c ′ ′ ′, and the appropriate iϵ prescription for a Feynman propagator. The
constant c′ is again determined by requiring that the propagator has the Hadamard form. In
Feynman harmonic gauge ξ = ζ = 1, this is a simple generalization of the vector one (3.22)

iGF
m2,µνρ ′σ ′ (x,x ′) =

1
8π2

[
Uµνρ ′σ ′ (x,x ′)
σ (x,x ′)+ iϵ

+Vµνρ ′σ ′ (x,x ′) ln
[
ℓ−2σ (x,x ′)+ iϵ

]
+Wµνρ ′σ ′ (x,x ′)

]
, (3.50)

which again is valid for x and x′ lying in a convex geodesic neighborhood. Because we consider
the traceless propagator, we have Uµνρ ′σ ′(x,x) = gµ(ρ ′gσ ′)ν − 1

4gµνgρ ′σ ′ and the propag-
ator does not diverge faster than 1/(1−Z) near coincidence. Using as in the vector case that
limx′→x∇µZ= 0 and limx′→x∇µ∇ρ ′Z= H2gµρ ′ and that 1−Z= 1− cos(Hµ)≈ H2σ close
to coincidence, with the ansatz (3.42) we need to impose that

GA (Z)≈
1

8π2H2

1
1−Z

. (3.51)

Using the known expansion of the hypergeometric function near 1 [82, equation (15.4.23)],
this holds for c ′ = 1/(2H4).

Putting all together, we obtain the unique de Sitter-invariant, Hadamard, traceless spin-2
tensor propagator in Feynman gauge:

iGF
m2,µνρ ′σ ′ (x,x ′)

=− 2
3(m2 − 2H2)

[
4K ′

m2 (Z− iϵ)+ 2H2ZL ′
m2 (Z− iϵ)

+m2Lm2 (Z− iϵ)−
(
2+

m2

2H2

)
F̂ν (Z− iϵ)

]
T(1)µνρ ′σ ′

− 4
3(m2 − 2H2)

[
4K ′ ′

m2 (Z− iϵ)+ 2H2ZL ′ ′
m2 (Z− iϵ)

+
(
5H2 −m2

)
L ′
m2 (Z− iϵ)−

(
2+

m2

2H2

)
F ′
ν (Z− iϵ)

]
T(2)µνρ ′σ ′

− 1
3(m2 − 2H2)

[
4K ′ ′ ′

m2 (Z− iϵ)+ 2H2ZL ′ ′ ′
m2 (Z− iϵ)

+2
(
5H2 −m2

)
L ′ ′
m2 (Z− iϵ)+

(
1− 2m2

H2

)
F ′ ′
ν (Z− iϵ)

]
T(3)µνρ ′σ ′ (3.52)

where the tensor factors T(k)µνρ ′σ ′ are given in equations (3.43), F̂ν(Z) is defined by (3.11), we
made the choice c ′ ′ ′ ̸= 0 in such a way that the limit m→ 0 is finite, and we defined the linear
combination

Lm2 (Z) =
1

m2H2

[
F ′
σ (Z)−ZF ′

ν (Z)−
m2 + 3H2

H2
Fν (Z)−

3H4

4π2m2
+

9H2

20π2
+

51m2

320π2

]
,

(3.53)

which is finite as m→ 0 and diverges like 1/(1−Z) in the coincidence limit.
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In a generic gauge, analogously to the vector case we add longitudinal and trace terms to
the traceless spin-2 propagator, and make the ansatz

GF
m2,M2,ζ,ξ,µνρ ′σ ′ (x,x ′) = 2GF

m2,µνρ ′σ ′ (x,x ′)+∇(ρ ′∇|(µG
A
ν)|σ ′) (x,x

′)+ gµνgρ ′σ ′GB (x,x ′)

+ (gµν∇ρ ′∇σ ′ + gρ ′σ ′∇µ∇ν)G
C (x,x ′)+ gµ(ρ ′gσ ′)νG

D (x,x ′) ,
(3.54)

which is the most general form compatible with the symmetries. Here, GA
µρ ′(x,x ′) is a spin-

1 contribution and GB, GC and GD are spin-0 contributions, all of which can depend on the
masses m and M and the gauge parameters ζ and ξ. Substituting this ansatz into the equation
of motion (3.31) and the constraints (3.33)–(3.35), there exists a unique solution for all these
contributions, but in a generic gauge they are very involved. We obtain a relatively simple
result for ζ = 1

2 , which reads

GF
m2,M2, 12 ,ξ,µνρ

′σ ′(x,x
′)

= 2GF
m2,µνρ ′σ ′(x,x ′)+

4
m2

∇(ρ ′∇|(µ

[
GF
m2−6H2,1,ν)|σ ′)(x,x

′)−GF
ξm2−6H2,1,ν)|σ ′)(x,x

′)
]

+
2

3(m2 − 2H2)
(gµν∇ρ ′∇σ ′ + gρ ′σ ′∇µ∇ν)

(
GF
m2−6H2(x,x ′)−GF

m̂2(x,x ′)
)

− 1
6(m2 − 2H2)

gµνgρ ′σ ′

[
(m2 − 6H2)GF

m2−6H2(x,x ′)− 2
ξm2 − 6H2

3− ξ
GF
m̂2(x,x ′)

]
+

4
3m2(m2 − 2H2)

∇µ∇ν∇ρ ′∇σ ′

[
GF
m2−6H2(x,x ′)−

3(m2 − 2H2)

(ξm2 − 6H2)
GF

ξm2−6H2(x,x ′)

+
m2(3− ξ)

(ξm2 − 6H2)
GF
m̂2(x,x ′)

]
(3.55)

with the Feynman gauge vector propagator (3.24), the scalar propagator (3.9) and the mass

m̂2 =
2
(
M2 − 6H2

)(
ξm2 − 6H2

)
(M2 − 3m2)(3− ξ)

. (3.56)

The full expressions for the propagator in a general gauge can be found in [74].

3.4. Hadamard expansion

The quantity that enters on the right-hand side of the Lorentzian flow equation (2.14) is the
coincidence value of the Hadamard-subtracted propagator. In our case, this concerns both the
tensor propagator for the metric perturbations and the corresponding vector ghost propagator,
and since in a general gauge both of these also depend on derivatives of lower-spin propagator,
we need to compute the coincidence value for the scalar propagator as well. Concretely, we
need the limit x ′ → x of the normal-ordered scalar propagator

:GF
m2 (x,x ′): = GF

m2 (x,x ′)+
i

8π2

[
U(x,x ′)

σ (x,x ′)+ iϵ
+V(x,x ′) ln

[
ℓ−2σ (x,x ′)+ iϵ

]]
(3.57)

following from the scalar Hadamard expansion (3.6), as well as the limit after taking two or
four covariant derivatives. For the vector, we need the limit x ′ → x of
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:GF
m2,1,µρ ′ (x,x ′):

= GF
m2,1,µρ ′ (x,x ′)+

i
8π2

[
Uµρ ′ (x,x ′)
σ (x,x ′)+ iϵ

+Vµρ ′ (x,x ′) ln
[
ℓ−2σ (x,x ′)+ iϵ

]]
(3.58)

following from the vector Hadamard expansion (3.22) as well as the limit after taking two
covariant derivatives, while for the tensor the limit x ′ → x of

:GF
m2,µνρ ′σ ′ (x,x ′):

= GF
m2,µνρ ′σ ′ (x,x ′)+

i
8π2

[
Uµνρ ′σ ′ (x,x ′)
σ (x,x ′)+ iϵ

+Vµνρ ′σ ′ (x,x ′) ln
[
ℓ−2σ (x,x ′)+ iϵ

]]
(3.59)

following from the tensor Hadamard expansion (3.50) is sufficient. For the vector propagator
in a general gauge, we then use the formulae (3.26) and (3.28) and perform the Hadamard
subtraction on each propagator separately, such that

:GF
m2,χ,µρ ′ (x,x): = :GF

m2,1,µρ ′ (x,x):+
1
m2

∇µ∇ρ ′

[
:GF

m2 (x,x):− :GF
χm2 (x,x):

]
. (3.60)

We follow the same procedure for the tensor propagator in a general gauge.
Let us start with the scalar case. To actually compute the limit (3.57), we need to know the

bitensors U(x,x ′) and V(x,x ′), at least up to some finite order in the separation of the points.
For this, we use the known result [60, 81]

U(x,x ′) =
√
∆(x,x ′) (3.61)

with the van-Vleck–Morette determinant ∆. In de Sitter spacetime, we have the explicit
expression [51]

∆=

(
Hµ

sin(Hµ)

)3

=

(
arccosZ√
1−Z2

)3

, (3.62)

where we used the relation Z= cos(Hµ). In a generic spacetime, the second biscalar V(x,x ′)
can be expanded near coincidence limit in a series whose coefficients are obtained by well-
known recursion relations [61, 83], which in principle would also be enough for the above
limits. However, in de Sitter spacetime, where we know the explicit expression for the propag-
ator, we can even determine V exactly. For this, we use a hypergeometric transformation [82,
equation (15.8.10)] to rewrite Fν(Z) (3.10) as

Fν (Z) =
H2

(4π)2
2

1−Z
+
m2 − 2H2

(4π)2
2F1

(
3
2
+ ν,

3
2
− ν;2;

1−Z
2

)
ln

(
1−Z
2

)
− m2 − 2H2

(4π)2

∞∑
k=0

Γ
(
3
2 + ν+ k

)
Γ
(
3
2 − ν+ k

)
Γ
(
3
2 + ν

)
Γ
(
3
2 − ν

)
k! (k+ 1)!

[ψ (k+ 1)+ψ (k+ 2)

−ψ
(
3
2
+ ν+ k

)
−ψ

(
3
2
− ν+ k

)](
1−Z
2

)k

, (3.63)

which exhibits explicitly the logarithmic singularity near coincidence Z≈ 1. Using that
1−Z= 1

4H
2σ+O

(
σ2
)
, which follows from Z= cos(Hµ) and σ = 1

2µ
2 and comparing with
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the Hadamard expansion (3.6), we can thus identify V (up to a constant factor) with the term
in front of the logarithm, namely

V(x,x ′) =
m2 − 2H2

2 2F1

(
3
2
+ ν,

3
2
− ν;2;

1−Z
2

)
. (3.64)

Note that V vanishes for a conformal scalar, which (in de Sitter spacetime) is obtained by
replacing m2 → ξR2 with ξ = 1

6 and using that R= 12H2. This is in agreement with the fact
that the two-point function is a pure power law for conformal fields.

Thus, it follows that the normal-ordered scalar propagator (3.57) is given by

i:GF
m2 (x,x ′): = iGF

m2 (x,x ′)−
1

8π2

[
U(x,x ′)

σ (x,x ′)+ iϵ
+V(x,x ′) ln

[
ℓ−2σ (x,x ′)+ iϵ

]]
= Fν (Z− iϵ)− 1

8π2

(
arccosZ√
1−Z2

) 3
2 2H2

[arccosZ]2 + iϵ

− 1
8π2

m2 − 2H2

2 2F1

(
3
2
+ ν,

3
2
− ν;2;

1−Z
2

)
ln

[
(arccosZ)2

2H2ℓ2
+ iϵ

]

=
H2

8π2

[
1

1−Z
− 2
(
1−Z2

)− 3
4 (arccosZ)−

1
2

]
+
m2 − 2H2

(4π)2
2F1

(
3
2
+ ν,

3
2
− ν;2;

1−Z
2

)
ln

(
H2ℓ2

(arccosZ)2
(1−Z)

)

− m2 − 2H2

(4π)2

∞∑
k=0

Γ
(
3
2 + ν+ k

)
Γ
(
3
2 − ν+ k

)
Γ
(
3
2 + ν

)
Γ
(
3
2 − ν

)
k! (k+ 1)!

[
ψ (k+ 1)+ψ(k+ 2)

−ψ
(
3
2
+ ν+ k

)
−ψ

(
3
2
− ν+ k

)](
1−Z
2

)k

, (3.65)

where we used the expression for the scalar propagator itself (3.9) in terms of Fν , the relation

σ = 1
2H

−2
(
arccosZ

)2
, and finally inserted the expression (3.63) for Fν . Note that we could

take the limit ϵ→ 0 because we have subtracted all divergent terms. While this is not com-
pletely obvious from the expression (3.65), we can easily perform an expansion near coincid-
ence Z= 1 and obtain

i:GF
m2 (x,x ′): =

4H2 − 3m2

48π2
− 174H4 − 220H2m2 + 75m4

1920π2H2
(1−Z)

− 4286H6 − 3969H4m2 + 105H2m4 + 525m6

120960π2H4
(1−Z)2

+
m2 − 2H2

16π2

[
1+

m2

4H2
(1−Z)+

m2
(
m2 + 4H2

)
48H4

(1−Z)2
]
Lν

+O
(
(1−Z)3

)
(3.66)

with the combination

Lν ≡ ln

(
H2ℓ2

2

)
+ψ

(
3
2
− ν

)
+ψ

(
3
2
+ ν

)
+ 2γ . (3.67)
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We remark that using the definition of ν (3.5), it follows that for m→ 0 we have

Lν ∼−3H2

m2
+O

(
m0
)
, (3.68)

which reflects thewell-known IR divergence of themassless andminimally coupled scalar field
in de Sitter spacetime. However, this only affects the leading term in (3.66), and all derivatives
have a finite coincidence limit even in the massless case.

The coincidence limit now follows by taking Z= 1, and the normal-ordered scalar propag-
ator (3.66) remains finite, as it should. For the coincidence limit of covariant derivatives we
need to use in addition that

lim
x′→x

∇µZ= 0= lim
x′→x

∇ρ ′Z , lim
x′→x

∇µ∇ρ ′Z= H2gµρ ′ . (3.69)

With these limits, it is easily seen that terms of order (1−Z)3 do not make a contribution to
the coincidence limit of up to four covariant derivatives acting on (3.66), which is all that we
need.

For the vector case, we follow the same steps, using in addition that

Uµρ ′ (x,x ′) =
√
∆(x,x ′)gµρ ′ (3.70)

and that

gµρ ′ = H−2

(
∇µ∇ρ ′Z− ∇µZ∇ρ ′Z

1+Z

)
. (3.71)

We refer to [74] for the details of the computation, and only give the end result

i:GF
m2,1,µρ ′ (x,x ′): =

(
m2 + 2H2

)
48H2π2

Lρ

[
1+

5m2 + 12H2

18H2
(1−Z)

]
∇µ∇ρ ′Z

+

(
m2 − 2H2

)
64H2π2

(
Lν +

3H2

m2

)[
1+

m2 + 4H2

6H2
(1−Z)

]
∇µ∇ρ ′Z

− 1
32π2

[
11H2 + 12m2

6H2
+

242H4 + 615H2m2 + 225m4

180H4
(1−Z)

+O
(
(1−Z)2

)]
∇µ∇ρ ′Z

−
(
m2 + 2H2

)
32π2

Lρ

[
m2 − 12H2

12H4
+O (1−Z)

]
∇µZ∇ρ ′Z

−
(
m2 − 2H2

)
32π2

(
Lν +

3H2

m2

)[
m2 + 4H2

12H4
+O (1−Z)

]
∇µZ∇ρ ′Z

+
1

16π2

[
28H2 + 39m2

72H2
+O (1−Z)

]
∇µZ∇ρ ′Z , (3.72)

where Lν was defined in (3.67). Again, using the limits (3.69) it is easily seen that this expres-
sion is all we need for the coincidence limit of up to two covariant derivatives acting on it.
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Moreover, using the small-mass expansion of Lν (3.68), we see that the vector propagator has
a finite coincidence limit even in the massless limit (using also that Lρ remains finite)8.

Lastly, for the tensor case in the Feynman gauge, the same procedure is straightforward but
lengthy, using that for the traceless spin-2 propagator we have

Uµνρ ′σ ′ (x,x ′) =
√

∆(x,x ′)

(
gµ(ρ ′gσ ′)ν −

1
4
gµνgρ ′σ ′

)
. (3.73)

Since in this casewe do not need to consider any derivatives acting on theHadamard-subtracted
propagator, we can take directly the coincidence limit and obtain

i lim
x′→x

:Gm2

µνρ ′σ ′ (x,x ′): =

[
5
(
4H2 +m2

)
144π2

Lν −
4H2 −m2

48π2
Lσ −

8H2 −m2

144π2
Lτ

+
184H6 − 128H4m2 + 34H2m4 − 3m6

48π2 (2H2 −m2)(6H2 −m2)

][
gµ(ρ ′gσ ′)ν −

1
4
gµνgρ ′σ ′

]
.

(3.74)

For details of the computation, we refer again to [74]. Since also Lσ is divergent in the massless
limit, namely we have

Lσ ∼−5H2

m2
+O

(
m0
)
, (3.75)

we see that in the limitm→ 0 also the coincidence value of the normal-ordered tensor propag-
ator (3.74) remains finite due to cancellation with the divergent part of Lν9.

3.5. Coincidence limit to order H2

Since we consider the flow in the Einstein–Hilbert truncation, we only need the coincidence
values to order R= 12H2. This is a regular limit because the coincidence values of the biscalars
U(x,x ′) and V(x,x ′) and their covariant derivatives (as well as the ones of Uµρ ′ and Vµρ ′

for vectors and Uµνρ ′σ ′ and Vµνρ ′σ ′ for tensors) that we subtracted from the propagator are
polynomials in the curvature tensors and their derivatives.

For the coincidence limit of the scalar propagator (3.66) and its covariant derivatives, a
straightforward computation yields

i:GF
m2 (x,x): =

m2 − 2H2

16π2

[
2γ+ ln

(
m2ℓ2

2

)
− 1

]
− H2

8π2
+O

(
H4
)
, (3.76a)

lim
x′→x

[
i∇µ∇ν :G

F
m2 (x,x ′):

]
=

m2

64π2

{(
m2 − 2H2

)[
2γ+ ln

(
m2ℓ2

2

)
− 5

2

]
+H2

}
gµν +O

(
H4
)
,

(3.76b)

8 To avoid confusion, we note that the massless limit is discontinuous, and Ward identities that connect the vector and
scalar propagators force the strictly massless vector field to also have an IR divergence in most covariant gauges [84].
Whether this influences physical observables or can be circumvented by a construction analogous to [85, 86] remains
to be seen.
9 As for the vector, this limit may differ from the strictly massless case depending on the gauge. However, a compre-
hensive study including all relevant Ward identities has not been done yet to our knowledge.
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lim
x′→x

[
i∇ρ ′∇σ ′ :GF

m2 (x,x ′):
]

=
m2

64π2

{(
m2 − 2H2

)[
2γ+ ln

(
m2ℓ2

2

)
− 5

2

]
+H2

}
gρ ′σ ′ +O

(
H4
)
,

(3.76c)

lim
x′→x

[
i∇µ∇ν∇ρ ′∇σ ′ :GF

m2 (x,x ′):
]

=
m4

192π2

{(
m2 + 2H2

)[
2γ+ ln

(
m2ℓ2

2

)
− 10

3

]
+

14H2

3

}
gµ(ρ ′gσ ′)ν

− m4

384π2

{(
m2 − 4H2

)[
2γ+ ln

(
m2ℓ2

2

)
− 10

3

]
− H2

3

}
gµνgρ ′σ ′ +O

(
H4
)
,

(3.76d)

where we used that for Lν (3.67) we have the expansion

Lν = 2γ+ ln

(
m2ℓ2

2

)
− 4H2

3m2
+O

(
H4
)
. (3.77)

For the coincidence limit of the Feynman-gauge vector propagator (3.72) and its covariant
derivatives, we obtain analogously

i:GF
m2,1,µρ ′ (x,x): =

1
16π2

{(
m2 +H2

)[
2γ+ ln

(
m2ℓ2

2

)
− 1

]
+H2

}
gµρ ′ +O

(
H4
)
(3.78)

and

lim
x′→x

[
i∇(ρ ′∇|(µ:G

F
m2,1,ν)|σ ′) (x,x

′):
]

=− m2

64π2

{(
m2 + 6H2

)[
2γ+ ln

(
m2ℓ2

2

)
− 5

2

]
+ 7H2

}
gµ(ρ ′gσ ′)ν

+
m2H2

32π2

[
2γ+ ln

(
m2ℓ2

2

)
− 1

]
gµνgρ ′σ ′ +O

(
H4
)
, (3.79)

where we also used that

Lρ = 2γ+ ln

(
m2ℓ2

2

)
+

2H2

3m2
+O

(
H4
)
. (3.80)

Lastly, for the coincidence limit of the tensor propagator in the Feynman gauge (3.74), we
obtain

i:Gm2

µνρ ′σ ′ (x,x): =
m2

16π2

[
2γ+ ln

(
m2ℓ2

2

)
− 1

][
gµ(ρ ′gσ ′)ν −

1
4
gµνgρ ′σ ′

]
+O

(
H4
)
,

(3.81)

using also that

Lσ = 2γ+ ln

(
m2ℓ2

2

)
− 16H2

3m2
+O

(
H4
)
, (3.82a)

Lτ = 2γ+ ln

(
m2ℓ2

2

)
− 22H2

3m2
+O

(
H4
)
. (3.82b)
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We can now combine these results to obtain the coincidence limit of the graviton and ghost
propagators in a general gauge. In general, the expressions are very complicated, and only for
special choices of gauge we obtain a presentable expression, which we display in the later
sections.

4. The flow in de Sitter space

4.1. Gauge and parameter dependence

It is well known that the off-shell effective action in quantum gravity typically depends on both
the gauge choice and the field parametrization [87–91]. However, these unphysical depend-
encies vanish when going on-shell, which has been explicitly shown in scalar-tensor theories
formulated in both the Jordan and Einstein frames [89, 92]. Instead, when working off-shell,
as in the formalism we are using here, the cancellations of the unphysical degrees of freedom
are not guaranteed. In particular for what concerns the FRGE, in a general parametrization and
for a generic gauge fixing, terms proportional to the equation of motion appear in the propag-
ators, and the cancellations will not take place [91, 93, 94]. We note that many computations
in quantum gravity have been (and continue to be) performed within the class of harmonic
gauges with ζ = 1, often specialized to the Feynman gauge ζ = ξ = 1. This choice is favored
because it offers several technical simplifications, such as the straightforward diagonalization
of scalar modes. Another popular gauge is the Landau limit ξ→ 0, which enforces the gauge-
fixing condition exactly, even inside time-ordered correlation functions. However, this limit
only exists for the correlation functions and not (for example) for the differential operator
Pρσµν
ξ,ζ (3.32), so one has to be careful when taking it.
In our work, we will deal with the dependence on the gauge fixing in a pragmatic manner,

analyzing the sensitivity and stability of the UV behavior of quantum gravity with respect
to variations of the gauge fixing parameters. We will focus on the question of the existence
and the properties of a non-Gaussian UV fixed point, which implies that quantum gravity can
be asymptotically safe. Furthermore, we will analyze the gauge-dependence of the critical
exponents at the UV fixed points, which furnish information on the universality class of the
theory. In particular, we study in detail the dependence of the flow on the gauge parameter ξ
for ζ = 1 (the class of harmonic gauges) and ζ = 1

2 . We also pay special attention to avoid the
exceptional gauges, first introduced in [50, 51], which harbor unphysical IR divergences. We
refer to these references for details, and only note that for any given ξ there exists a series of
values for ζ for which the two-point-function turns out to be divergent in the coincidence limit.

Furthermore, as explained in section 2.1, and as we have seen explicitly in section 3, the
removal of the UV divergences using Hadamard subtraction introduces a new arbitrary length
scale ℓ in the coincidence limit of the interacting propagator. This scale encodes the ambi-
guity of finite renormalizations, and can be fixed at some convenient value. Here, we study
the dependence of the RG flow on this scale parameter as well. More precisely, we study the
dependence of the UV fixed point and of its critical exponent on the dimensionless Hadamard
parameter α := ℓk.

Finally, we briefly remark that the right-hand side of the flow equation (2.14) diverges in
the Landau gauge limit ξ→ 0 due to our choice (4.6) of the regulator qAB. The choice we
made is the same as the one usually taken in the Euclidean setting, which amounts to the
replacement ∇2 →∇2 − k2. However, in Landau-type gauges, this is not a sensible choice
since the differential operator (3.32) is divergent in this limit. We leave the analysis of the RG
flow in the Landau gauge for future works.
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4.2. Effective average action, regulator, and physical masses

We can now specialize the general framework of section 2 to de Sitter space, choose the specific
form of regulator function alluded to above, and write the FRGE using the coincidence limit
of propagators computed in section 3.

As gravitational action Sgrav, we take the Einstein–Hilbert action

Sgrav (ḡ+ h) =
1

16πGN

ˆ
M

(R− 2Λ) , (4.1)

where GN is Newton’s constant, Λ is the cosmological constant, and all quantities depend on
the full metric γ = ḡ+ ĥ. The effective average action in the Einstein–Hilbert truncation then
takes the form

Γk (ḡ,h,c, c̄,σ,η) = ΓEH
k (ḡ+ h)+Γgf

k +Γgh
k +Qk+Σ+H , (4.2)

where Qk, Σ and H are defined in equations (2.7) and (2.8), the Einstein–Hilbert term is

ΓEH
k (ḡ+ h) =

1
16πGN,k

ˆ
M

[R(ḡ+ h)− 2Λk] , (4.3)

GN,k is the running Newton constant and Λk is the running cosmological constant. That is, it is
identical to the gravitational action (4.1) with Newton’s constant and the cosmological constant
replaced by their running equivalents and the quantum fluctuation ĥ replaced by the average
fluctuation h. In the same way, the gauge-fixing and ghost terms are given by (2.2) and (2.5)
withFν = ∇̄µhµν − 1

2ζ ∇̄
νhµµ, the Newton’s constant replaced byGN,k, and the quantum fields

replaced by the average fields. Concretely, the ghost term takes the form

Γgh
k =

1
32πGN,k

ˆ
M
c̄µ

(
ḡµν∇2 + R̄µν +

ζ − 1
ζ

∇µ∇ν

)
cν . (4.4)

Since we only need second functional derivatives to determine the scale-dependent propagator
in the flow equation (2.14), it is enough to expand ΓEH

k to second order in hµν . Recalling the
regulator term in equation (2.8), the parts quadratic in hµν read

Γ
(2)
k =

1
32πGN,k

ˆ
M
hρσ
(
P̄ρσµν
ξ,ζ − 16πGN,kq

ρσµν
k

)
hµν , (4.5)

where the differential operator P̄ is given by (3.32) evaluated on the de Sitter background g= ḡ
(such that R̄µν = 3H2ḡµν) and with the choice m2 =M2 = 2(3H2 −Λk).

We now choose the regulator functions in such a way that they act as artificial masses for
the fields h, c̄ and c, dressing the d’Alembertian operator ∇2 →∇2 − k2. We see from the
expression (3.32) for Pξ,ζ that this entails the choice

qρσµνk =
1

32πGN,k

[
ḡρ(µḡν)σ − 1

2

(
2− 1

ξ ζ2

)
ḡρσḡµν

]
k2 . (4.6)

It follows that the combination P̄ρσµν
ξ,ζ − 16πGN,kq

ρσµν
k appearing in the quadratic part (4.5)

of Γk is again given by (3.32) evaluated on the background g= ḡ, but now with the choice
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m2 = k2 + 2
(
3H2 −Λk

)
, (4.7a)

M2 = k2
(
3− 2

ξ ζ2

)
+ 2
(
3H2 −Λk

)
. (4.7b)

The scale-dependent graviton propagator is thus given by the tensor propagator GF
m2,M2,ζ,ξ

determined in section 3 with the choice (4.7) of masses.
For the ghost sector, we see that the coefficient of the minimal kinetic operator∇2 does not

depend on the gauge parameter, such that we can choose

qµνk = gµνk2 . (4.8)

Comparing the equation of motion for the ghost derived from Γgh
k (4.4) with the vector

one (3.12), we see that the scale-dependent ghost propagator is (minus) the vector propag-
ator GF

m2,χ (3.29) with mass m2 = k2 and gauge parameter χ = ζ/(2ζ − 1).
Finally, we compute the coincidence limit of the Hadamard normal-ordered propagators

:Gk(x,x): using the expressions from section 3.5, and substitute them in the FRGE (2.14).
Since we restrict to the Einstein–Hilbert truncation (4.3) for the effective average action Γk, it
is enough to work to order R̄= 12H2. Comparing the terms of orders H0 and H2 on both sides
of the FRGE (which corresponds to deriving it with respect to the volume form and the Ricci
scalar), we obtain the β functions of the dimensionless Newton and cosmological constants

gk = GN,kk
2 , λk =

Λk

k2
, (4.9)

which then can be solved for the flow.

4.3. The flow for ζ = 1
2

Wefirst consider the flow fixing ζ = 1
2 and ξ= 1, but studying different values of the Hadamard

scale α. In this case, the coincidence limit of the graviton propagator (3.55) that enters the
right-hand side of the flow equation (2.14) reads

iqρσµνk :GF
6H2+k2(1−2λk),6H2−k2(5+2λk),

1
2 ,1,µνρσ

(x,x):

=
k4 (1− 2λk)

256π2 (2−λk)
3

[
(1− 2λk)

(
212+ 31λk+ 26λ2

k

)
+ 2(5+ 2λk)

(
5− 5λk+ 8λ2

k

)
ln

(
5+ 2λk

4(2−λk)

)
+6
(
179− 261λk+ 138λ2

k − 16λ3
k

)[
ln

(
1− 2λk
2α2

)
+ 2γ− 1

]]
+

H2k2

128π2 (2−λk)4

[
5974− 10838λk+ 8781λ2

k − 4652λ3
k + 292λ4

k

+ 3
(
2311− 4622λk+ 3336λ2

k − 944λ3
k + 208λk4

)[
ln

(
1− 2λk
2α2

)
+ 2γ− 1

]
+
(
−235+ 470λk− 744λ2

k + 752λ3
k + 176λ4

k

)
ln

(
5+ 2λk

4(2−λk)

)]
+O

(
H4
)
, (4.10)
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Figure 1. Flow diagram with ζ = 1
2 and ξ= 1 for different values of α.

Figure 2. UV fixed points with ζ = 1
2 and ξ= 1 for different values of α.

while the coincidence limit of the ghost propagator (3.29) reads

iqρµk :−GF
k2,ζ/(2ζ−1),µρ (x,x):

=
3k4

32π2

[
2ln
(
2α2
)
− 4γ+ 1

]
+

3H2k2

8π2

[
ln
(
2α2
)
− 2γ+ 1

]
. (4.11)

Substituting these expressions into the FRGE (2.14), we obtain the explicit expressions for the
β functions. We see that they are long and unwieldy, and become even more so in a general
gauge, such that we do not report them explicitly. We note that while the β functions in the
Einstein–Hilbert truncation can be written down analytically in any gauge, as in the Euclidean
case their solution for a general gauge unfortunately can only be found numerically.

The results are shown in figure 1, and we see that generically a UV fixed point (g∗k ,λ
∗
k )

exists. However, the position of the UV fixed point depends quite strongly on α. We can
determine this dependence numerically by converting the fixed point equation βi(g∗k ,λ

∗
k ) = 0

into a system of PDEs, taking the derivative with respect to α, and then numerically integ-
rating the PDEs with initial values given by a fixed point at a small value of α. We consider
in particular the dependence on α in the gauge ξ= 1, which is one of the most common in
the literature. The results are shown in figure 2. We see that the existence of a non-trivial UV
fixed point is compatible only with a small range of values of the Hadamard parameter α.
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Figure 3. Critical exponents with ζ = 1
2 and ξ= 1 for different values of α.

Figure 4. Flow diagram with ζ = 1
2 and α= 2

5 , for different values of ξ.

As α approaches 0, the UV fixed point approaches the vertical asymptote λk = 1
2 , which can

also be seen in the flow diagram figure 1. This asymptote corresponds to a divergence of the
flow, which arises from the vanishing of the argument of the logarithms present in the coin-
cidence limit of the propagators. In the FRGE context, this is the manifestation of the Higuchi
bound [72, 95], which states that a massive spin-2 field with mass below a certain multiple of
the cosmological constant must have negative-norm states, i.e. that the theory is not unitary. In
our case, since we are working off-shell and with the scale-dependent mass (4.7), the Higuchi
bound translates into the statement that

m2 = k2 (1− 2λk)+ 6H2 ⩾ 2H2 , (4.12)

which for large RG scale k≫ H gives the condition λk ⩽ 1
2

The numerical evaluation of the flow breaks down atα≈ 0.77, where the anomalous dimen-
sion η = ∂k lngk− 2 diverges. The critical exponents θ of the UV fixed point in the gauge
ζ = 1

2 , ξ= 1 are complex conjugates for the entire range of admissible α, with the real part
monotonically increasing in α from Reθ ≈ 1.5 to Reθ ≈ 3, see figure 3.

We now turn our attention to the ξ dependence of the phase diagram for a fixed value of
the Hadamard parameter α= 2

5 . The flow diagram is shown in figure 4, and the dependence
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Figure 5. UV fixed point with ζ = 1
2 and α= 2

5 for different values of ξ.

Figure 6. Critical exponents with ζ = 1
2 and α= 2

5 for different values of ξ.

of the fixed point (g∗k ,λk∗) on ξ is shown in figure 5. We note that the UV fixed point lies in
close proximity of the vertical asymptote λk = 1

2 , which makes the numerical evaluation of the
critical exponents difficult and restricts the range of admissible values for α and ξ. The critical
exponents θ are again complex conjugates and are shown in figure 6. In the limit ξ→ 310

the flow diverges, and the β functions become complex for higher values of ξ. Again, this is
due to the vanishing of the argument of the logarithms present in the coincidence limit of the
propagators. From figure 6, we see that the real part of the critical exponent Reθ is positive
for 0.5≲ ξ ≲ 2, which includes the previous case ξ= 1.

Finally, we investigate the dependence of the RGflow in the full two-dimensional parameter
space with coordinates α and ξ, for the fixed value of ζ = 1

2 . We numerically evaluate the
surfaces determined by the fixed-point equation and by the critical exponents as functions of
α and ξ, and the results are given in figure 7 and figure 8. We see that the UV fixed points and
critical exponents are smooth functions of α and ξ (in the considered range of values), and

10 The corresponding gauge in QED is known as the Fried–Yennie gauge [96], which makes individual Feynman
diagrams IR-finite (as opposed to only their sum), and is extremely useful in bound-state calculations [97].
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Figure 7. UV fixed points for ζ = 1
2 and with varying ξ and α.

Figure 8. Critical exponents for ζ = 1
2 and with varying ξ and α.

in particular the critical exponents show only a mild dependence on the Hadamard parameter
α. Given this smooth dependence, it would be interesting to see if it is possible to choose
the Hadamard parameter α as a function of the gauge parameter ξ in such a way that the UV
fixed points and the critical exponents become independent of it. While this seems possible for
any single parameter (for example g∗k , which is approximately constant if we decrease α with
increasing ξ), eliminating (or minimizing) the parametrization dependence of the FRGE in this
way would be possible only if all fixed points and critical exponents become (approximately)
ξ-independent for a given α= α(ξ). Since the β functions are very complicated, we leave a
detailed study of this issue for future work.

4.4. The flow for ζ=1

We perform a similar analysis for the harmonic gauge ζ = 1, investigating the parameter
dependence onα and ξ of the β-functions, the fixed points and the critical exponents. Although
the harmonic gauge is widely used in the literature for its simplicity, since the propagators are
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Figure 9. Flow diagram with ζ= 1 and ξ= 1, for different values of α.

Figure 10. UV fixed point with ζ= 1 and ξ= 1, for different values of α.

more complicated for ζ = 1 than for ζ = 1
2 , we find also more complicated expressions for the

β functions.
As for the previous gauge ζ = 1

2 , we find a non-trivial UV fixed point also in harmonic
gauge whose exact location depends on the other parameters ξ and α, and which is shown
in figure 9. The α dependence of the UV fixed point is very similar to the case ζ = 1

2 , and
shown in figure 10, fixing ξ= 1. In this case, the range of admissible values for the Hadamard
parameter is 0.1≲ α≲ 0.64; for smaller values the critical point crosses the asymptote λk = 1

2
[the Higuchi bound (4.12)], while for greater values the numerical evaluation breaks down. The
critical exponents shown in figure 11 are complex conjugates for all admissible values of α.
However, for α≳ 0.56, the real part of the critical exponents becomes negative. While the
scaling solution appears reliable, the numerical values of the critical exponents are deformed
by the asymptote.

The ξ dependence of the flow (shown in figure 12) is complicated by the interplay with the
asymptote as well. Indeed, for ξ < 1 the vertical asymptote at fixed value λk = λA gets closer to
the origin, effectively reducing the values of positive λk (the ones compatible with a de Sitter
background) for which we have a real-valued flow. Similar to the Higuchi bound, this asymp-
tote results from negative-norm gauge modes, which contribute to the off-shell flow. For this
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Figure 11. Critical exponents with ζ= 1 and ξ= 1, for different values of α.

Figure 12. Flow diagram with ζ= 1 and α= 1
2 , for different values of ξ. The dashed

red line indicates the locus of divergence of the anomalous dimension.

reason, we only study the range 1⩽ ξ ⩽ 3. The UV fixed points shown in figure 13 are remark-
ably stable in this case, while the real part of the critical exponents increases monotonically in
ξ (figure 14).

Finally, we can study the dependence of the fixed point and critical exponents on the full
parameter space spanned by ξ and α, shown in figures 15 and 16. The overall picture is similar
to the case ζ = 1

2 , except that the dependence of the fixed points on ξ is very weak.

5. Discussion

We have derived the non-perturbative RG flow for Lorentzian quantum gravity in de Sitter
space in the Einstein–Hilbert truncation. As the main result, we showed evidence for the real-
ization of the UV completion of gravity in de Sitter space, the positively curved cosmological
Einstein spacetime in accordance with cosmological observations in the early and late time
Universe. Notably, our findings in the functional framework could be compared to the discrete
counterpart of the Lorentzian version of asymptotic safety, namely causal dynamical triangula-
tions (CDTs) [98]. In CDT, a macroscopic de Sitter Universe with small quantum fluctuations
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Figure 13. UV fixed point with ζ= 1 and α= 2
5 , for different values of ξ.

Figure 14. Critical exponents with ζ= 1 and α= 2
5 , for different values of ξ.

emerges from the complete gravitational path integral, and the effective action governing its
dynamics can be reconstructed using Monte Carlo data [99–101].

As an important technical advancement, for the first time we used a fully covariant
Lorentzian RG flow [26], which explicitly displays a dependence on the quantum state. As the
analogue of the Minkowski vacuum, we used the unique de Sitter invariant Hadamard state for
the graviton and ghost fields, for which we needed to determine the graviton and ghost propag-
ators for massive gravity in de Sitter space in a general gauge with two parameters ξ and ζ [74].
We choose a regulator adapted to the gauge in such a way that the d’Alembertian is dressed
as ∇2 →∇2 − k2, and k2 acts as an effective mass. While this results in IR-finite propagat-
ors in contrast to the IR divergences typical for massless fields in de Sitter [69, 102–108], the
Higuchi bound [72, 95] for massive spin-2 fields restricts the flow to a small cosmological con-
stant λk ⩽ 1

2 . Moreover, a new parameter α appears due to the removal of the UV divergences
via the covariant Hadamard normal ordering and which parametrizes finite renormalizations.
A typical flow diagram is shown in figure 17, which despite all the technical differences is
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Figure 15. UV fixed points varying ξ and α for ζ= 1.

Figure 16. Critical exponents varying ξ and α for ζ= 1.

qualitatively very similar to the well-known Euclidean results for the Einstein–Hilbert trunca-
tion [10, 14]. Unfortunately, the UV fixed point is often in close proximity to the asymptote
λk =

1
2 , which introduces spurious effects in the numerical analysis.

We have investigated the dependence of the phase diagram, non-trivial fixed points and crit-
ical exponents on the gauge parameters ξ and ζ and on the Hadamard parameter α. We have
shown the existence of non-trivial UV fixed points and scaling solutions for a wide range of
parameters, corroborating the asymptotic safety scenario also in Lorentzian signature. As one
would expect, the numerical values for the non-trivial fixed point exhibit gauge and scheme
dependence. In turn, it is interesting to notice that the critical exponents, and in particular their
real part, appear remarkably close to the Euclidean results [10, 14] for the most common gauge
choices. In fact, it might even be possible to adjust the Hadamard parameter α in such a way
(depending on the gauge parameters ξ and ζ) that the critical exponents become at least approx-
imately scheme- and gauge-independent. Clearly, a scheme- and gauge-independent RG flow
would provide a powerful tool to investigate the asymptotic safety scenario in Lorentzian
quantum gravity. As a step in this direction, in future works we would like to incorporate
ideas of the essential RG scheme, restricting the flow to essential couplings and imposing the
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Figure 17. Phase diagram in gauge ξ = ζ = 1 and with α= 1
2 , with the separatrix in

orange, the locus of divergences of the anomalous dimension in a dashed line, and the
UV fixed point in red.

quantum equations of motion δΓk
δϕ = 0 [91, 93, 94, 109–111]. This on-shell flow is then in prin-

ciple gauge-independent (although truncations inevitably introduce such a dependence), and
we could compare our results with those derived from other Lorentzian flow equations [27–29,
33, 40, 112].

The main issue in our analysis is the lack of IR-complete RG trajectories. Complete tra-
jectories would be a fundamental step both from a conceptual and a pragmatic point of view.
Unfortunately, trajectories emanating from the UV fixed point are often interrupted by the
asymptote at λk = 1

2 (due to the Higuchi bound that is effective for large RG scale k), which
heavily influences the numerical analysis. However, since Higuchi’s analysis applies to a single
non-interacting spin-2 field derived from the Einstein–Hilbert action with Fierz–Pauli mass
term, it is possible that including more degrees of freedom in the form of matter fields could
change this bound and thus the asymptote. Global flows with IR and UV non-trivial fixed
points have been found in the Euclidean context, particularly in the presence of matter sys-
tems [113, 114]. Another possibility is to work with a higher truncation of the effective average
action, which also would change the effective dynamics of the spin-2 graviton such that the
Higuchi bound could be overcome. One could furthermore consider different background such
as anti-de Sitter space (whose Euclidean analogue is hyperbolic space [115]) or more general
cosmological backgrounds, which apart from a cosmological constant necessarily involve a
scalar field to source their evolution. It is also natural to ask whether the choice of a differ-
ent state would improve the numerical evaluation of the flow. Here, we worked in the unique
Hadamard de Sitter-invariant state, the Bunch–Davies vacuum. Indeed, while the UV struc-
ture of the propagator is fixed by the Hadamard condition, the choice of the state influences
its long-distance properties, due to the modification of its smooth part, and this could improve
the IR sector of the FRGE.

Our work paves the way for a number of investigations in a cosmological setting. First,
embedding this analysis into a gauge-invariant framework by means of relational observables
would enable the study of the scaling behavior of the Mukhanov–Sasaki variable and other
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gauge-invariant observables [28, 116–127]. Second, if in future works it will be possible to
identify an IR fixed point, it could be compared with cosmological correlators, and in particular
with the statistical properties of the CMBR distribution or, at later times, of the large scale
structures [128, 129].
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