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Abstract. The Hubble law, for which the radial expansion velocity is linear in the distance r,
implies a visible Universe limited to a horizon at r = c/H . No information beyond this horizon
can reach us.

Here we suggest a modified Hubble law for the measured radial expansion velocity that
does not put a limit on the radius of the visible Universe. The modified Hubble law is based
on Einstein’s well known addition of relativistic velocities, and differs from the (conventional
linear) Hubble law in orders of Hr/c that are higher than the first order. The modified Hubble
law solves the Olbers’s paradox (as the linear Hubble law does), and the existence of dark energy
becomes unnecessary for explaining existing astronomical data on dependence of luminosity as
a function of redshift for type Ia supernovas.

1. Introduction
The linear Hubble law (in some references referred to as the Hubble-Humason law) implies a
horizon. See, for example, Rindler [1] and others [2-6]. Ellis and Rothman [5] named their paper
on the subject of cosmological horizons: ”Lost horizon.”

Here we present a modified Hubble’s law so that no horizon exists or is necessary.
Our formulas indicate that Perlmutter’s interpretation of data of luminosity versus redshift of

type Ia supernovas as demanding an accelerating expanding Universe is not correct. Analyzing
the data with the modified Hubble law, shows that no cosmic acceleration is present, so that
invoking Dark Energy is superfluous.

2. Horizon in radial expansion

In an expanding Universe with the linear Hubble law

v = Hr (1)

we get a velocity greater than the speed of light when

r >
c

H
(2)

We may interpret c
H

as the horizon of the Universe, because if Hubble’s law (1) is accurate,
no communication is possible between us and regions beyond this limiting radius. This horizon
is referred as the ”Hubble radius.”
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3. Integration
Special relativity gives the formula for adding relativistic velocities

v =
v1 + v2

1 + v1v2/c2
(3)

where v2 is the velocity of a point 2 in an inertial system moving with a velocity v1 relative to
another inertial system. Velocity v is the velocity of the point 2 relative to the other system.
This formula is symmetric in v1, v2 and is valid also if v2 is the velocity of a point in an inertial
system moving with a velocity v1 relative to the other system.

This formula ensures that the velocity does not exceed the speed of light c, and is derived
from this assumption.

Equation (3) may be written as

v2 =
v − v1

1− v v1/c2
(4)

where v2 is again the relative velocity between two systems 2 and 1 as defined above.
Using (4) and the radial expansion v = Hr as in (5), the relative velocity between a point at

a distance r +∆r from us, and a point at a distance r from us on the same line of sight is:

H∆r =
v(r +∆r)− v(r)

1− v(r +∆r)v(r)/c2
(5)

Going to infinitesimal ∆r → dr

H dr =
dv

1− v2/c2
(6)

that on integration leads to
v

c
= tanh

Hr

c
(7)

or

v(r) = c tanh
Hr

c
(8)

which we suggest as a modified Hubble law for the measured radial expansion velocity.
Equation (8) can be written:

r(v) =
c

H
arctanh

v

c
(9)

4. Radial expansion
To enable r > c/H, without exceeding the speed of light, we present modified non-linear
possibility for the linear Hubble law:

We showed above that applying the relativistic addition of velocities (3) on the linear radial
expansion (1) leads to the relativistic formula of relative velocity between distant parts of the
Universe (8).

Expansion of (8) results in:

v=Hr

[

1−
1

3

(

Hr

c

)2

+
2

15

(

Hr

c

)4

−...

]

(10)

Keeping the first term, we receive for equation (8) the linear Hubble law (1), which is valid in
the view only for relatively small distances, before the correction terms in (10) become significant.
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Yet for (8) when r approaches infinity, the measured velocity v approaches the velocity of
light c, without exceeding it.

For (8) we can write a corresponding no-horizon line element:

ds2=
c2dt2

cosh2 Hr
c

− dr2 cosh2
Hr

c
− r2(dθ2+ dφ2 sin2 θ) (11)

5. Distances and redshift
The formula for the redshift of special relativity is

z =

√

c+ v

c− v
− 1 (12)

or

v = c
z + 1

2
z2

1 + z + 1

2
z2

(13)

We see that each of the equations (12) and (13) imply that v < c for any z.
Hubble’s law (1) can be joined with (13) and we receive for the conventional linear Hubble

law

r =
c

H

z + 1

2
z2

1 + z + 1

2
z2

(14)

that is, r < c
H

for any z.
We can substitute (13) in the modified Hubble’s law (8) and obtain

r =
c

H
arctanh

(

z + 1

2
z2

1 + z + 1

2
z2

)

(15)

in which r is greater than in (14), thus for each z, each z star is further away from us
compared with the distance given by the linear Hubble law (1). If the linear Hubble law (1)
is an approximation of the modified Hubble law (8), then the conventional distance (14) is an
approximation to our distance (15).

Substituting the linear Hubble law (1) in (12) gives:

z =

√

c+Hr

c−Hr
− 1 (16)

Substituting the modified Hubble law (8) in (12) gives:

z =

√

1 + tanh Hr
c

1− tanh Hr
c

− 1 (17)

or:

z = exp

(

Hr

c

)

− 1 (18)

from which one gets:

r =
c

H
ln(z + 1) (19)

which is a simpler expression for (15).
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6. Olbers’s paradox
Halley [7-8], Cheseaux [9] and Olbers [10] asked why the night sky is dark, although the light
of the stars and galaxies should accumulate to a very bright sky even at night. This question is
called Olbers’s paradox [11-20].

Citing Weinberg [12] pp. 611-612:

”... if the absorption is neglected, the apparent luminosity of a star of absolute
luminosity B at a distance r in a naive cosmological model will be B

4πr2
. If the number

density of such stars is a constant n, then the number of stars at distances between r
and r + dr is 4πnr2dr, so the total radiant energy density due to all stars is

∫

∞

0

B

4πr2
4πnr2dr = Bn

∫

∞

0

dr = Bnr|∞0

Weinberg number :(16.1.1) our number : (20)

The integral diverges, leading to an infinite energy density of starlight!”

Supposing that the universe is homogenous having a constant density n of stars of absolute
luminosity B, the light reaching us from a spherical layer of the universe of thickness dr at a
distance r from us is

4πr2n
B

4πr2
dr (21)

When integrated for an infinite universe, that is infinite r, the integral of (21) diverges, meaning
infinitely bright sky, which is not observed. This is the well known Olbers’s paradox.

Today two accepted answers try to solve this paradox:
A. The age of the Universe is finite, so that light from distant parts of the Universe more remote
than a certain horizon has not yet reached us. Thus the light that we see is an integral of the
light we see up to a certain distance.
B. The Universe is expanding according to Hubble’s law, so that the light of distant galaxies is
red-shifted. The integrated luminosity of the shifted light up to an infinite distance is finite.

We derive the following proof for the resolution of Olbers’s paradox based on B above only.
The relativistic formula for the shift of frequencies is

f ′

f
=

√

c− v

c+ v
(22)

Substituting the linear Hubble law (1) in (22) we obtain:

f ′

f
=

√

c−Hr

c+Hr
(23)

Checking for Olbers’s paradox integrated radiant energy density we receive the integral

∫ c

H

0

Bn

√

c−Hr

c+Hr
dr (24)

which is finite.
Now we do the same for the modified Hubble law above. Substituting the modified Hubble

law (8) in (22) we obtain

f ′

f
=

√

1− tanh (Hr/c)

1 + tanh (Hr/c)
(25)
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or
f ′

f
= exp

(

−Hr

c

)

(26)

The above energy density integral for this case is:

∫

∞

0

Bn exp

(

−Hr

c

)

dr =
c

H
Bn (27)

The integrals (24), (27), are finite. Thus the amount of light in the sky is finite for the
modified Hubble law, so the night sky is not infinitely bright, and Olbers’s paradox is solved for
both the linear Hubble law (1), and for the modified Hubble law (8).

7. The ”dark energy” hypothesis

Observations using Perlmutter et al.’s and Riess et al.’s method to measure type Ia supernova
distances (Perlmutter et al. [21], and Riess et al. [22]) were interpreted as if the expansion of
the universe is accelerating. See refs. 22-26.

An acceleration in the expansion of the universe came as a big surprise. It was interpreted
as if some repelling force is acting against the gravitational attraction. This assumed force was
associated with a further assumed ”dark energy.”

Perlmutter et al. [21] estimated distance according to the observed luminosity of remote type
Ia supernovas, whose absolute peak luminosity is known. The corresponding redshift was the
redshift of the galaxies that host these supernovas. Remote type Ia supernovas were found fainter
than expected according to the value calculated with the linear Hubble’s Law (1), using the
corresponding redshift, thus Perlmutter et al. and others assumed that there is an acceleration
in the universe expansion.

To explain the force necessary to accelerate the expansion of space dragging all the galaxies
in the Universe, a ”dark energy” in the Universe causing this acceleration was assumed.

Here we give a different interpretation to the observations, showing that if the observed
redshift of remote galaxies is indeed originated in Doppler effect of radial velocity of
expansion, then the acceleration of the expansion of the universe does not exist and is only
a misinterpretation of data.

According to the modified Hubble law (Equation (8)), the measured expansion velocity
deduced from z at a certain distance r is less than expansion velocity Hr according to the
linear Hubble’s Law (1). So, the distance r calculated from our equation (8) is larger than the
distance r calculated from the linear Hubble law (1). This larger distance explains the observed
fainter luminosity of type Ia supernovas. Thus, the expanding universe did not accelerate, and
no dark energy is necessary to explain the observations.

We conclude that the expanding universe is not accelerated, hence there is no accelerating
force, and no ”dark energy” is needed to explain the (non existing) acceleration of the expansion.

7. Observed luminosity and magnitude
The observed luminosity L of a celestial object is proportional to the reciprocal of its distance
r from us:

L =
kB

r2
(28)

Substituting r of (14) (derived from the linear Hubble Law (1)) in Eq. (28) results in observed
luminosity:

L = kB

(

H

c

)2
(

1 + z + 1

2
z2

z + 1

2
z2

)2

(29)
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or:

L = kB

(

H

c

)2
(

1 +
1

z + 1

2
z2

)2

(30)

Substituting r of (19) (derived from the modified Hubble Law (8)) in (28) results in observed
luminosity:

L = kB

(

H

c ln(1 + z)

)2

(31)

that is fainter than the luminosity according (29) (or (30)).
The defined astronomical magnitude of a celestial body is larger when its luminosity is smaller.

The magnitude of a celestial body whose luminosity is smaller hundred times than the luminosity
of another celestial body, is defined to be larger by five.

In our case the relevant measurements are all of explosions of type Ia supernovas, which have
the same absolute peak luminosity, thus the observed luminosity depends solely on their distance
r from us. So, for a type Ia supernova distant ten times from another type Ia supernova, the
observed luminosity will be hundred times weaker, or its magnitude will be larger by five:

µ = µ0 + 5 log10
r

r0
(32)

where µ0 and r0 are the magnitude and the distance to a certain supernova of the type Ia, while
µ and r are the magnitude and the distance to another supernova of type Ia.

The results of measurements are given by graphs plotting µ(z) of several type Ia supernovas.
Substituting (14) in (32) gives the expected µlinear(z) for the linear Hubble law (1) as:

µlinear = µ0 + 5 log10

(

c

H r0

z + 1

2
z2

1 + z + 1

2
z2

)

(33)

Substituting (19) in (32) gives the expected µ(z) for the modified Hubble law (8) as:

µmodified = µ0 + 5 log10

[

c

H r0
ln(z + 1)

]

(34)

Substituting (15) in (32) gives the expected µmodified(z) for the modified Hubble law (8) as:

µmodified = µ0 + 5 log10

[

c

H r0
arctanh

(

z + 1

2
z2

1 + z + 1

2
z2

)]

(35)

which is equivalent to (34).
Comparing equation (35) with (33) we see that µmodified(z) of (35) is larger than µlinear(z)

of (33) for any z >0. Similarly, the accelerating expansion graph in Figure 1 of Perlmutter et
al. [21] is higher than the non-accelerating expansion graph in Figure 1 of Perlmutter et al. [21].
Both Perlmutter’s µ of accelerating expansion graph in his Figure 1, and our µmodified(z) in our
Figure 1 here, give better fitting to data being higher than non-accelerating expansion graph in
Figure 1 of Perlmutter et al. [21].

Figures 1 and 2 present the expected magnitude µ of supernovas of type Ia versus Log10 of the
redshift z, according the linear and the modified Hubble laws. Figure 1 presents the expected
magnitude µ for redshift z in the range z=0.01 to z=1 (the range covered by refs. 21-22, 26),
while Figure 2 shows the expected magnitude µ in the range z=0.01 to z=10 (covered partially
by observations up to z ≈2 in refs. 27-29). In both figures, the lower graph is the function

µ = 25 + 5 log10

(

z + 1

2
z2

1 + z + 1

2
z2

)

(36)
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Figure 1: Magnitude µ versus log10 of redshift z for z between 0.01 and 1
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Figure 2: Magnitude µ versus log10 of redshift z for z between 0.01 and 10
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representing the expected magnitude according to the linear Hubble law (1), while the upper
graph is the function

µ = 25 + 5 log10 [ ln(z + 1)] (37)

representing the expected magnitude according to the modified Hubble law (8).
Comparing our Figure 1 to the graphs of µ(z) in Figure 1 by Perlmutter et al. [21] in their

Figure 1 shows that the difference between our upper graph (µ for modified Hubble law (8)) and
the lower graph (µ for linear Hubble law (1)) in Figure 1 here, is similar to the difference between
the upper (µ for accelerating expansion) and the lower (µ for expansion without acceleration)
graphs in Figure 1 of Perlmutter et al. [21].

Figure 2 shows significant difference of the predicted magnitude according the modified
Hubble law (8) (the upper graph), comparing to the expected magnitude according to the
linear Hubble law (1) (the lower graph), in the redshift range z=0.01 to z=10.

The modified Hubble law (8) implies that measurements of redshifts of z=0.01 to z=10 of
galaxies hosting type Ia supernovas will fit the upper graph of Figure 2, which significantly goes
downwards for large z compared to the lower graph calculated for the case of no-acceleration
linear Hubble law (1). Bertram Schwarzschild [27] and Riess et al. [28] pointed out that apparent
magnitude of supernova SN1997ff whose host galaxy (HDF 4-403.0) redshift z was measured
as 1.7, is significantly downwards compared to the extrapolation of the graph of accelerating
universe up to z=1. See their graphs in Figure 2 of Schwarzschild [27] and figures 11 and 12
by Riess et al. [28]. Later Riess et al. [29] observed downwards trend for experimental data
curves for more type Ia supernovas at larger z. They explained [27-29] the downward trend by
assuming that once the Universe decelerated, then started to accelerate. Yet our Figure 2 shows
that this significant downwards departure is part of the solution for both the linear Hubble law
(1) and the modified Hubble law (8), without needing decelerating and accelerating Universe.
The reason for this downwards departure is that according to (12) the redshift z is not linearly
proportional to the expansion velocity v.

Just in case that our considerations above are not able to explain the experimental
measurements sufficiently accurate, so that acceleration of the expansion is still necessary for an
explanation, below in Section 9 we derive formulas that consider constant acceleration and the
modified Hubble law (8).

8. Radial acceleration
As can be shown (See for example Adler and Brehme [30]), for linear motion with constant
acceleration a:

v

c
= tanh

aT

c
(38)

where T is the proper time of the accelerated body in linear motion.
Integration gives (Adler and Brehme [30]:

X(t) =
c2

a

[

cosh

(

aT

c

)

− 1

]

(39)

In (39) the velocity v is measured with the proper time T of a ”traveler,” yet X represents
”our” measured distance.

Applying a similar method for constant acceleration a and expansion Hr similarly gives

v

c
= tanh

aT +Hr

c
(40)

that represents modified Hubble Law that also considers possible constant linear acceleration a
in the ~v direction.
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Formula (40) incorporates possible constant acceleration a as a free parameter.
Substituting (19) in (40) gives:

v(z) = c tanh

[

aT

c
+ ln(z + 1)

]

(41)

Formulas (38)-(41) are not for variable acceleration.
Taking advantage of these formulas that consider constant radial acceleration a, we may

compare them to observations’ results (Perlmutter et al. [21], Riess et al. [22, 28-29],
Schwarzschild [27]) for finding the constant acceleration a that best fits the observations.

9. Summary
The linear Hubble law leads to a visible Universe limited in radius.

Here we suggested a modified Hubble law that does not limit the visible radius of the Universe,
thus enabling a Universe without an horizon. The linear Hubble law may be viewed as an
approximation of the modified Hubble law for small expansion velocity of relatively close galaxies.

We showed that the modified Hubble law, like the linear Hubble law, solves Olbers’s paradox.
This paper shows that if the origin of Hubble’s redshift of galaxies is the Doppler effect,

(caused by the receding velocity of the galaxies), there exists a modified Hubble law that fits the
present observations for small Hr/c – yet without exhibiting a horizon at large Hr/c. Further,
we suggested explanation for Perlmutter et al.’s [21] and others’ observations by the non-linear,
modified Hubble’s law (8), without needing dark energy.

The originally suggested Hubble law (1) is arbitrary, while the modified Hubble law (8)
suggested above obeys the correct relativistic addition formula (3):

v =
v1 + v2

1 + v1v2/c2
(3)

Thus we derived a new formula for the Hubble law, which contains the existing as a special
case for small expansion velocity of relatively close galaxies.

So, using our formula (8)
a) No horizon is needed,
b) Olbers’s paradox is explained by both Hubble formulas.
c) We find that Perlmutter et al.’s and others’ interpretation of accelerating expanding

universe may be incorrect. We suggest that analyzing the phenomenon with the modified
Hubble law, will find that no cosmic acceleration is present, so that also Dark Energy may
be superfluous.
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