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Abstract We present a comprehensive and pedagogical
review of inflationary cosmology in the context of a wide
spectrum of modified theories of gravity. This includes
curvature-based frameworks such as f (R) gravity, Gauss–
Bonnet gravity f (G), and mixed curvature invariants like
f (R,G); torsion-based models including teleparallel grav-
ity f (T ) and Einstein–Cartan theory; and non-metricity-
inspired theories such as symmetric teleparallel gravity
f (Q). Scalar–tensor extensions are systematically explored
where scalar fields couple not only to the Ricci scalar R, but
also to torsion T , non-metricity Q, the Gauss–Bonnet invari-
ant G, and the Ricci tensor Rμν . For each class of models,
we derive and analyze inflationary dynamics under slow-
roll approximations, highlighting the effects of geometry-
induced modifications to the inflaton field equations. We
examine background evolution, reheating mechanisms, and
perturbation spectra, with explicit focus on observables
including the spectral index ns , the tensor-to-scalar ratio
r , running αs , and non-Gaussianity fNL. Numerical pre-
dictions are compared with Planck 2018, BICEP/Keck, and
upcoming CMB-S4 forecasts. The review includes auxiliary
formulations such as conformal transformations, dynamical
system reconstructions, and effective field theory embed-
dings. We explore both analytical solutions and numerical
phase-space portraits, employing Bayesian model selection,
machine learning classifiers, and Hubble-flow reconstruction
techniques to compare the viability of models across obser-
vational parameter space. Special attention is paid to exotic
inflationary scenarios motivated by string theory (e.g., brane
inflation, axion monodromy), extra-dimensional construc-
tions, mimetic gravity, non-local infinite-derivative models,
and theories with varying fundamental constants à la Beken-
stein. We also assess the formation of primordial black holes
and stochastic gravitational waves as potential discriminants
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among models. This work aims to serve as both a detailed
theoretical resource and a phenomenological guide, offer-
ing an integrated, high-precision roadmap for navigating the
inflationary landscape beyond general relativity. By connect-
ing modified gravity frameworks with cosmological data
and forward-looking missions (e.g., LiteBIRD, LISA), we
seek to elucidate the next generation of viable inflationary
paradigms.
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1 Introduction

The theory of cosmic inflation has profoundly transformed
our understanding of the early universe. Introduced in the
early 1980s to address foundational issues in Big Bang cos-
mology, inflation posits a brief epoch of accelerated expan-
sion that occurred just after the Planck time. This rapid
expansion solves several problems inherent in the standard
hot Big Bang model – most notably the horizon, flatness,
and monopole problems – while simultaneously providing a
mechanism for generating primordial density perturbations
that seeded large-scale structure. The earliest proposals by
Guth [1], Linde [2], and Albrecht and Steinhardt [3] marked
the birth of a new paradigm that has since matured into a
cornerstone of modern cosmology. The initial clues pointing
toward an inflationary phase in the early universe were pro-
vided by precise measurements of temperature anisotropies
in the cosmic microwave background (CMB). Landmark
observations by COBE [4], WMAP [5], and Planck [6] solid-
ified the inflationary paradigm, offering constraints on the
amplitude and scale-dependence of primordial perturbations.
The Planck 2018 analysis [7], along with more recent data
from BICEP/Keck [8], continues to narrow the parameter

space for inflationary models, particularly favoring those
predicting a low tensor-to-scalar ratio r and a nearly scale-
invariant spectral index ns .

The growing precision of observational cosmology, includ-
ing upcoming surveys such as CMB-S4 [9], demands theoret-
ical frameworks that go beyond canonical scalar field infla-
tion. This has motivated a surge in interest in modified grav-
ity theories, particularly those capable of generating inflation
through geometric mechanisms. Starobinsky’s seminal f (R)

model [10] stands out as an early example of inflation driven
purely by higher-order curvature terms. Subsequent devel-
opments in Gauss–Bonnet gravity [11], unified frameworks
[12], and teleparallel gravity [13] have further diversified the
inflationary model space, linking gravitational modifications
to observable predictions. These foundational studies form
the backbone of this review, which aims to bridge theoreti-
cal innovation with empirical viability. Recent advances in
observational cosmology have not only sharpened the statis-
tical precision of inflationary parameters but also highlighted
the need for theoretical models with minimal fine-tuning. The
seven-year WMAP data release provided strong evidence for
a flat universe with adiabatic, Gaussian initial conditions, lay-
ing groundwork for single-field slow-roll inflation scenarios
with a red-tilted spectrum [5]. The Planck 2018 results have
further refined these estimates, placing stringent limits on
inflationary parameters such as the scalar spectral index and
the tensor-to-scalar ratio [6,7]. These constraints disfavor
many popular inflationary models and have elevated the sta-
tus of geometrically driven frameworks – particularly those
predicting low r values – in the search for realistic early-
universe dynamics.

In tandem with data, theoretical innovation has been
shaped by the need to embed inflation within a broader
gravitational framework. Starobinsky’s original f (R) model
[10] set the stage for understanding inflation as a manifes-
tation of higher-order curvature corrections. This idea was
expanded upon by Nojiri and Odintsov in their develop-
ment of Gauss–Bonnet and unified modified gravity mod-
els [11,12], which further accommodate dark energy and
late-time acceleration. The incorporation of torsion into cos-
mology via f (T ) gravity, as extensively reviewed by Cai
et al. [13], has opened a new window for formulating infla-
tion without scalar fields or with alternative reheating mech-
anisms. Meanwhile, forthcoming missions such as CMB-
S4 [9] promise to probe gravitational waves and primordial
non-Gaussianities with unprecedented sensitivity, enabling
the discrimination among competing models and provid-
ing key tests for extended theories of gravity. In its sim-
plest form, inflation is driven by a scalar field slowly rolling
down a nearly flat potential. This setup naturally generates
an almost scale-invariant power spectrum of adiabatic, Gaus-
sian perturbations, a prediction remarkably consistent with
observations. The Cosmic Microwave Background (CMB)
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anisotropies observed by COBE, WMAP, and more recently,
the Planck satellite [6], have provided overwhelming support
for these predictions. Yet, despite its success, the simplest
models of scalar-field inflation embedded in Einstein gravity
face several theoretical challenges, including fine-tuning of
the initial conditions, the choice of the inflaton potential, the
ultraviolet (UV) sensitivity of scalar fields, and the lack of a
natural embedding in high-energy theories.

These challenges have motivated an extensive exploration
of inflation within modified gravity frameworks. Such mod-
els either generalize the Einstein–Hilbert action or reformu-
late gravity in a geometrically novel way, for example by
employing torsion or non-metricity instead of curvature as
the underlying source of gravitational dynamics. Among the
earliest and most successful of these is the f (R) theory of
gravity, where the Ricci scalar R in the action is replaced
by an arbitrary function f (R). The seminal model proposed
by Starobinsky [10], featuring an R + αR2 action, not only
drives inflation without requiring an inflaton but is also one
of the most favored models under current CMB constraints.

Building upon f (R) gravity, further extensions have
incorporated additional curvature invariants such as the
Gauss–Bonnet term G, leading to f (G) and f (R,G) mod-
els. These higher-order theories are often motivated by low-
energy effective actions in string theory and offer richer
phenomenological dynamics, such as bouncing cosmolo-
gies, graceful exit from inflation, and distinctive gravitational
wave signatures [11,12]. Similarly, f (T ) gravity, based on
the teleparallel formulation where torsion replaces curvature,
has emerged as a viable platform for inflationary models with
alternative geometric foundations [13]. In f (R,G) mod-
els, bounces with future singularities have been classified
in detail [14]. A smooth bounce in f (R) gravity accommo-
dating late-time acceleration has been constructed in [15].

Other classes of modified gravity relevant to infla-
tion include Palatini formalism, mimetic gravity, non-local
and infinite derivative theories, scalar–tensor theories with
non-minimal couplings to Ricci curvature or torsion, and
metric-affine models involving non-metricity and connection
degrees of freedom. These extensions not only offer diverse
dynamical mechanisms to realize inflation but often embed
it in a broader cosmological evolution including dark energy,
reheating, and late-time acceleration.

Motivation and scope of this work

This review is motivated by the growing need to unify
the rapidly diversifying landscape of inflationary models
inspired by modifications to general relativity. While sev-
eral earlier reviews have focused on specific classes – such
as f (R) models or Gauss–Bonnet inflation – our aim is to
offer a broader, integrative synthesis that places these devel-
opments in a comparative and observationally driven context.

We focus on the geometric origins of inflationary mech-
anisms, emphasizing how curvature, torsion, and non-
metricity individually or collectively drive accelerated expan-
sion in the early universe. The scope of this review extends
from classical modified gravity theories to more speculative
frameworks inspired by string theory, extra dimensions, and
quantum gravity corrections.

The overarching goal is to organize the extensive array of
inflationary models into a coherent structure that facilitates
comparison, evaluation, and future development. Each model
class is introduced with historical and theoretical context,
followed by analysis of its dynamical behavior and observa-
tional viability. Specifically, the categories reviewed include:

• f (R) gravity and Starobinsky-type inflation,
• Gauss–Bonnet and mixed curvature models: f (G) and

f (R,G),
• Torsion-based models including f (T )gravity and scalar–

torsion interactions,
• Theories with scalar fields non-minimally coupled to cur-

vature invariants,
• Frameworks beyond curvature: mimetic gravity, non-

local models, and infinite derivative gravity,
• Non-Riemannian models such as metric-affine gravity

and f (Q) theories,
• Palatini and bimetric extensions with independent con-

nection dynamics.

By systematically covering both the theoretical underpin-
nings and the phenomenological consequences of these mod-
els, we aim to provide researchers with a reliable reference
for navigating the current and future landscape of inflation
in modified gravity.

In each case, we review the essential theoretical setup,
provide summary tables of viable parameter ranges, and dis-
cuss compatibility with current CMB observations – includ-
ing constraints on the scalar spectral index ns and tensor-to-
scalar ratio r from Planck [7], BICEP/Keck [8], and forecasts
from future missions such as LiteBIRD and CMB-S4 [9].

Our approach

A distinctive aspect of this review is the consistent application
of the vielbein (or tetrad) formalism, which enables a geo-
metrically unified treatment of curvature, torsion, and non-
metricity. This approach proves particularly advantageous in
teleparallel and metric-affine theories, where the geometric
degrees of freedom are not limited to curvature alone but also
encompass torsional and affine structures.

To capture the dynamical behavior of inflationary scenar-
ios, we utilize dynamical systems techniques to study the
phase-space structure and identify inflationary attractors and
their stability properties. This allows us to classify models
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based on their qualitative evolution and to pinpoint the condi-
tions under which inflation arises naturally within each the-
ory.

In parallel, we investigate post-inflationary dynamics,
focusing on reheating and preheating processes and the
potential formation of primordial black holes (PBHs) and
gravitational waves. These features serve as observational
probes into the viability and distinctiveness of each infla-
tionary framework.

A comprehensive comparison is provided in the form of
summary tables that assess each model’s consistency with
observational constraints, including predictions for spectral
indices, tensor-to-scalar ratios, non-Gaussianity, and gravita-
tional wave spectra. Bayesian model selection and emerging
machine learning tools are explored as powerful frameworks
for navigating high-dimensional parameter spaces and accel-
erating model discrimination.

This integrated methodology is designed to provide both
a rigorous theoretical foundation and a practical, data-driven
map for future exploration of inflation within modified grav-
itational theories.

Organization of the paper

This review is structured to guide the reader from obser-
vational foundations through theoretical diversity to phe-
nomenological applications. We begin with a discussion of
cosmological observations that shape the inflationary land-
scape, focusing on constraints from the cosmic microwave
background and future surveys.

Subsequent sections explore major classes of inflationary
models in modified gravity, including those derived from cur-
vature (e.g., f (R) and Gauss–Bonnet terms), torsion-based
formulations, and hybrid scenarios that mix geometric ingre-
dients. Special attention is given to scalar fields coupled to
various geometric invariants, and to extensions like mimetic
and non-local gravity, Einstein–Cartan models, and metric-
affine frameworks.

We then turn to the analysis of inflationary dynamics
using phase space methods, followed by discussions on
post-inflationary physics such as reheating, primordial black
hole production, and gravitational waves. The application of
Bayesian statistics and machine learning to model evaluation
and selection is also introduced.

The review culminates in a synthesis of results, with com-
parative tables summarizing the viability and distinct predic-
tions of each model class. A concluding discussion highlights
open questions and outlines directions for future exploration
in inflationary cosmology.

2 Observational constraints on inflation

Inflation is a cornerstone of modern cosmology and, unlike
many high-energy theories, it is directly testable through cos-
mological observables. The inflationary phase leaves clear
imprints on the Cosmic Microwave Background (CMB),
Large Scale Structure (LSS), and the primordial gravitational
wave background, providing a powerful window into the
physics of the early universe. High-precision measurements
from Planck, BICEP/Keck, and upcoming missions such as
LiteBIRD and CMB-S4 offer unprecedented sensitivity to
inflationary parameters, including the scalar spectral index
ns , the tensor-to-scalar ratio r , and non-Gaussianity param-
eters such as fNL.

These observational probes not only allow for discrimina-
tion between different inflationary models but also serve as
tests of fundamental physics – probing the ultraviolet com-
pletion of gravity, the validity of the slow-roll paradigm,
and the possible existence of new degrees of freedom.
In this context, modified gravity theories such as f (R),
scalar–tensor, Gauss–Bonnet, f (Q), and teleparallel formu-
lations have emerged as viable frameworks to realize infla-
tion. These theories often predict novel signatures, including
scale-dependent gravitational wave spectra, modified sound
speeds, and exotic reheating dynamics.

As cosmological data continue to improve in accuracy and
breadth, the interface between inflation and modified gravity
provides a unique testing ground for ideas at the intersec-
tion of cosmology, quantum gravity, and high-energy theory.
In this review, we explore this rich landscape, presenting a
comparative and pedagogical analysis of inflationary scenar-
ios derived from extended gravitational actions, with partic-
ular attention to their observational viability and theoretical
consistency.

CMB temperature and polarization

he primary inflationary observables extracted from the Cos-
mic Microwave Background (CMB) provide crucial insights
into the dynamics of the early universe and the nature of the
inflaton field. These include:

• The scalar spectral index ns : This quantifies the devia-
tion from exact scale invariance in the primordial power
spectrum of curvature perturbations. A value of ns < 1
indicates a red tilt, meaning that fluctuations on larger
scales have slightly higher amplitude than those on
smaller scales. This is a hallmark prediction of slow-roll
inflation.

• The running of the spectral index αs = dns
d ln k : This

measures the scale dependence of the spectral tilt itself.
Although most simple models predict a very small neg-
ative running, a significant detection could point to non-
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Table 1 Planck 2018 + BICEP/Keck 2018 constraints (68% CL unless
stated otherwise)

Parameter Value

Scalar spectral index ns 0.9649 ± 0.0042

Running αs ≡ dns
d ln k −0.0045 ± 0.0067

Tensor-to-scalar ratio r0.002 < 0.056 (95% CL)

Amplitude log(1010As) 3.044 ± 0.014

trivial inflaton dynamics or higher-order corrections in
the inflationary potential.

• The tensor-to-scalar ratio r : This parameter represents
the amplitude of primordial gravitational waves relative
to scalar perturbations. A detection of r > 0 would pro-
vide direct evidence of inflationary tensor modes and
strongly constrain the energy scale of inflation.

These observables are reconstructed from a combination
of temperature anisotropies (TT), E-mode polarization (EE),
their cross-correlations (TE), and the B-mode polarization
spectrum. The B-modes, in particular, are of paramount
importance: while E-modes arise from scalar perturbations,
B-modes can only be sourced (at leading order) by tensor
perturbations, making them a smoking-gun signature of pri-
mordial gravitational waves.

Ongoing and upcoming experiments such as Planck,
BICEP/Keck, LiteBIRD, and CMB-S4 are pushing the sen-
sitivity of these measurements to unprecedented levels. They
allow us to probe inflationary physics at energy scales near
the grand unified theory (GUT) scale and to test whether
inflation arises from standard single-field slow-roll models,
from multi-field setups, or from more exotic mechanisms
including those based on modified gravity.

Constraints from Planck and BICEP/Keck

Planck 2018 data [6,7], combined with BICEP/Keck 2018
[8], yield the following best-fit values (Table 1):

These constraints disfavor many large-field inflation mod-
els with steep potentials (e.g., V (φ) ∝ φ2), while favoring
flatter or plateau-like models that naturally predict low r and
acceptable values of ns . In particular:

• f (R) (Starobinsky) models predict ns ∼ 0.965, r ∼
0.003: excellent agreement.

• f (T ) models can reconstruct viable potentials that fit
within current bounds but depend sensitively on the cho-
sen form of f (T ).

• f (R,G)andscalar–Gauss–Bonnetmodelsmay require
tuning to avoid ghost modes and satisfy cT = c from
GW170817.

Table 2 Forecasted constraints from LiteBIRD and CMB-S4 (design
goals)

Parameter LiteBIRD CMB-S4

σ(ns) ∼ 0.002 < 0.0015

σ(r) ∼ 0.001 ∼ 0.001

σ(αs) ∼ 0.003 ∼ 0.002

Non-Gaussianity fNL – ∼ 1 (local)

Model forecasting: LiteBIRD and CMB-S4

Future missions likeLiteBIRD andCMB-S4 aim to improve
precision on inflationary observables. Their design sensitiv-
ity can probe r ∼ 10−3, enough to definitively test many
geometric inflation models (Table 2).

These missions will help distinguish between low-r mod-
els like f (R) and higher-r scenarios such as non-minimally
coupled scalar–torsion theories.

Non-Gaussianity and isocurvature constraints

Planck also places stringent bounds on primordial non-
Gaussianity, a key discriminator between different classes of
inflationary models. The local-type non-Gaussianity param-
eter is constrained to be:

f local
NL = −0.9 ± 5.1 (68% CL), (1)

which is fully consistent with zero. This result strongly sup-
ports the predictions of single-field, slow-roll inflation, where
non-Gaussianities are naturally suppressed due to the near-
Gaussian nature of vacuum fluctuations and the approximate
shift symmetry of the inflaton.

In contrast, multi-field inflationary scenarios, non-
canonical kinetic terms (e.g., DBI inflation), or models
involving sharp features in the potential tend to predict larger
values of fNL. The absence of detectable non-Gaussianity
thus significantly constrains the parameter space of these
alternatives, requiring either fine-tuned initial conditions or
suppressed interactions between fields.

Additionally, the Planck analysis finds no statistically sig-
nificant evidence for isocurvature perturbations. The data
favor purely adiabatic initial conditions, in which all com-
ponents of the primordial plasma fluctuate in unison. This
poses a challenge to models with multiple uncoupled scalar
fields or curvaton-like mechanisms, which generically gen-
erate isocurvature modes unless carefully tuned to decay or
interact in a way that aligns the perturbations.

Together, these constraints on non-Gaussianity and isocur-
vature perturbations reinforce the robustness of the standard
single-field inflationary paradigm while placing meaningful
limits on deviations from this minimal setup.
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Model viability summary

To aid comparison, Table 3 summarizes predictions of repre-
sentative inflationary models within modified gravity frame-
works. Each model class exhibits distinct signatures in the
scalar spectral indexns and tensor-to-scalar ratio r , which can
be directly compared against the latest cosmological datasets.
Starobinsky’s f (R) model remains the benchmark for its
robust predictions – matching Planck data with ns ≈ 0.965
and a very low r ∼ 0.003. In contrast, simpler power-law
extensions of f (R) typically yield too high a tensor ampli-
tude, making them observationally disfavored.

Reconstructed f (T ) and f (Q) models offer flexibility
through free function choices but require careful tuning
to remain within bounds from BICEP/Keck and CMB-S4
forecasts. Scalar–Gauss–Bonnet inflationary models, espe-
cially those respecting the gravitational wave speed con-
straint cT = c, span a range of viable values for r and
are actively studied for their natural emergence in string-
effective actions.

Chaotic inflation models with quadratic potentials, once
dominant in the literature, are now strongly ruled out due to
their large predicted tensor modes. This reinforces the pref-
erence for plateau-like or asymptotically flat potentials often
found in modified gravity models.

Implications for inflationary model building

Current cosmological observations from Planck, BICEP/
Keck, and large-scale structure surveys place tight constraints
on the inflationary parameter space. The data strongly favor
models that yield:

• A scalar spectral index of ns ≈ 0.96, consistent with a
slight red tilt indicative of scale-dependent suppression
of power at small scales,

• A low tensor-to-scalar ratio r < 0.01, with an optimal
value around r ∼ 10−3, limiting the energy scale of infla-
tion,

• Negligible non-Gaussianity, supporting nearly Gaussian
primordial fluctuations,

• Purely adiabatic initial conditions, with no detectable
isocurvature components,

• Tensor perturbations that propagate at luminal speed,
cT = c, as required by gravitational wave constraints
from GW170817.

These benchmarks act as a filter for theoretical models.
Geometrically motivated frameworks such as Starobinsky’s
f (R) inflation, scalar–torsion reconstructions in teleparallel
gravity, and scalar–Gauss–Bonnet couplings that respect the
cT = 1 constraint remain highly viable. These models natu-
rally accommodate the observed low values of r , match the

spectral tilt ns , and avoid exotic features like non-adiabatic
or strongly non-Gaussian perturbations.

In contrast, models predicting high tensor amplitudes,
such as chaotic inflation with monomial potentials (e.g.,
V (φ) ∝ φn), are increasingly disfavored unless modified or
embedded in mechanisms that suppress tensor modes. This
motivates ongoing efforts to build inflationary scenarios that
balance theoretical naturalness with observational viability –
particularly within the extended geometrical frameworks of
modified gravity.

3 f (R) gravity and Starobinsky inflation

Modified gravity offers a geometric alternative to conven-
tional scalar-field-driven inflation, broadening the theoretical
landscape of early-universe cosmology. Among these frame-
works, f (R) gravity stands out as the most minimal and
historically influential extension of Einstein’s General Rel-
ativity. Rather than adding new matter fields, this approach
alters the geometric side of Einstein’s equations by replac-
ing the Ricci scalar with a more general function. As a result,
the theory acquires additional dynamical degrees of freedom,
which can naturally drive inflationary expansion in the early
universe.

This geometric origin of inflation eliminates the need for
exotic scalar potentials or fine-tuned initial conditions. It pro-
vides a natural mechanism for both the onset and graceful exit
of inflation, often aligning well with observational data. The
classic Starobinsky model, a particular case of this frame-
work, remains one of the most successful inflationary sce-
narios in light of current CMB constraints.

Importantly, modified gravity models like f (R) can also
be connected to scalar–tensor theories via suitable mathemat-
ical transformations, revealing deeper structural relations.
This flexibility allows them to be studied in both the original
(Jordan) frame and in a redefined (Einstein) frame where the
equations resemble those of standard scalar field inflation.
Overall, modified gravity opens up a rich and observation-
ally viable path for understanding cosmic inflation from a
fundamentally geometric perspective.

Starobinsky’s model: f (R) = R + αR2

The earliest and arguably most successful f (R) inflationary
model was proposed by Starobinsky in 1980 [10]. The action
is given by:

S = 1

2κ2

∫
d4x

√−g
(
R + αR2

)
, (2)

where α > 0 is a constant with dimensions of inverse mass
squared. At high curvatures (R � 1/α), the quadratic term
dominates, producing a nearly de Sitter phase. As curvature
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Table 3 Representative inflationary models and observational status

Model class ns r Status

Starobinsky f (R) ∼ 0.965 ∼ 0.003 Consistent

Power-law f (R) varies > 0.05 Disfavored

Reconstructed f (T ) tunable tunable Viable if tuned

Scalar–GB (with cT = c) 0.96−0.97 10−3−10−2 Viable if ghost-free

Chaotic (φ2) ∼ 0.96 ∼ 0.13 Ruled out

decreases, the model smoothly reduces to GR. This built-in
transition yields a graceful exit from inflation without addi-
tional fields or mechanisms.

The R2 term generates a scalaron degree of freedom (a
massive scalar mode), which slowly rolls along an effective
potential. This scalaron is responsible for generating cur-
vature perturbations and tensor fluctuations. Importantly, the
dynamics are governed by a single field in the Einstein frame,
making the model a minimal and predictive inflationary sce-
nario.

Observationally, Starobinsky inflation predicts a scalar
spectral index ns ≈ 0.965 and a very low tensor-to-scalar
ratio r ∼ 0.003, both of which align remarkably well with
current Planck and BICEP/Keck data. The model also natu-
rally avoids large non-Gaussianities and supports adiabatic
initial conditions, satisfying all major CMB constraints.

From a theoretical standpoint, the Starobinsky model is
appealing because it arises naturally as the first-order correc-
tion to the Einstein–Hilbert action in semiclassical gravity or
supergravity frameworks. It has been embedded in higher-
derivative supergravity, string-effective actions, and asymp-
totically safe gravity scenarios, making it a robust candidate
for UV completion.

Moreover, reheating in Starobinsky inflation is well under-
stood: the scalaron field oscillates around the GR vacuum
and decays gravitationally into light particles, leading to a
reheating temperature typically in the range 109–1010 GeV.
These values are consistent with constraints from thermal
leptogenesis and avoid overproduction of unwanted relics.

Overall, Starobinsky’s f (R) inflation model serves as a
cornerstone for constructing and evaluating modified gravity
models of inflation, providing a benchmark against which
alternative scenarios are often compared.

Inflationary dynamics and predictions

Under the slow-roll approximation, the Starobinsky model
yields precise inflationary predictions that depend only on
the number of e-folds N before the end of inflation. At lead-
ing order in 1/N , the slow-roll parameters and observable

quantities are given by:

ns � 1 − 2

N
,

r � 12

N 2 ,

αs � − 2

N 2 .

For a typical range N = 50−60, corresponding to when
the largest observable CMB scales exit the horizon, these
expressions yield:

ns ≈ 0.96−0.967, r ≈ 0.003−0.005,

αs ≈ −0.0006− − 0.0004. (3)

These values lie well within the observational bounds
reported by the Planck 2018 mission and the BICEP/Keck
joint analysis [7,8]. In particular, the prediction of a small
but nonzero red tilt (ns < 1) and an extremely low tensor-
to-scalar ratio r makes Starobinsky inflation one of the best-
fitting single-field models to current CMB data.

Moreover, the low value of r is a clear discriminant
compared to large-field models such as chaotic inflation,
which predict r � 0.1 and are now strongly disfavored. The
absence of significant running (αs) and non-Gaussianity fur-
ther strengthens the compatibility of Starobinsky inflation
with data, marking it as a benchmark model for inflation-
ary cosmology. Its predictive power, minimal assumptions,
and theoretical robustness make it a target scenario for future
missions such as LiteBIRD and CMB-S4.

Reheating and exit from inflation

The Starobinsky model incorporates a natural and efficient
reheating mechanism. Once inflation ends, the scalaron field
– the extra scalar degree of freedom arising from the R2 term
– enters a phase of coherent oscillations around the mini-
mum of its effective potential. During this post-inflationary
epoch, the scalaron behaves like a massive scalar field with an
effective mass m ∼ 1013 GeV, and its energy density scales
approximately as non-relativistic matter.

These oscillations lead to the production of Standard
Model particles via gravitational couplings or through direct,
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albeit typically weak, interactions with matter fields. This
process gradually converts the scalaron energy into a ther-
mal bath, initiating the radiation-dominated era. Because the
mechanism is built into the dynamics of the model and does
not require any additional scalar fields or couplings, it pro-
vides a minimal and predictive framework for the reheating
phase.

Estimates based on perturbative decay calculations yield
a typical reheating temperature in the range

Trh ∼ 109−1010 GeV, (4)

which is sufficiently high to accommodate thermal leptoge-
nesis. This ensures that baryon asymmetry generation mech-
anisms remain viable in the Starobinsky framework. Addi-
tionally, such a high reheating scale implies that relic grav-
itational wave backgrounds could be produced, providing a
potential observational probe of the post-inflationary dynam-
ics in upcoming experiments.

Generalizations of f (R) inflation

Building on Starobinsky’s foundational work, a wide vari-
ety of generalizations within the f (R) gravity framework
have been proposed to accommodate broader cosmological
dynamics and connect inflation to late-time acceleration:

• Power-law corrections: Models of the form f (R) =
R + μRn , with n > 2, introduce steeper effective poten-
tials in the Einstein frame. These typically yield larger
tensor-to-scalar ratios r , which are increasingly con-
strained by CMB data. While such models can repro-
duce inflationary expansion, they require fine-tuning or
additional modifications to remain viable.

• Exponential models: A representative example is
f (R) = R − μRs(1 − e−R/Rs ), where μ and Rs are
constants. These models exhibit plateau-like potentials
similar to Starobinsky inflation but offer greater flexibil-
ity in the duration of inflation and reheating dynamics.
They often interpolate between early-time de Sitter and
late-time cosmic acceleration phases.

• Quantum-corrected models: Motivated by effective
actions derived from semiclassical gravity or string the-
ory, extensions such as f (R) = R + βR2 + γ ln R
incorporate logarithmic or inverse-curvature corrections.
These additions can capture quantum-gravitational effects
and allow for richer dynamics in both the ultraviolet and
infrared regimes.

Such models have been shown to provide a unified descrip-
tion of the universe’s evolution, linking inflation to dark
energy within a single geometrical framework [12,16]. More-
over, many viable f (R) models remain consistent with local
gravity constraints through screening mechanisms such as

the chameleon effect, which suppress modifications in high-
density environments while permitting deviations on cosmo-
logical scales.

Einstein frame and scalar–tensor correspondence

The f (R) theory of gravity can be recast into an equiva-
lent scalar–tensor form via a conformal transformation of
the metric:

g̃μν = f ′(R) gμν, (5)

where g̃μν is the Einstein-frame metric and f ′(R) denotes
the derivative of the function f (R) with respect to the Ricci
scalar. This transformation introduces a scalar degree of free-
dom, often referred to as the scalaron, which encapsulates
the dynamical effects of the higher-curvature corrections.

In the Einstein frame, the action corresponds to that of
General Relativity minimally coupled to a canonical scalar
field φ with an effective potential:

V (φ) = 1

8α

(
1 − e−√

2/3 φ/MP
)2

, (6)

where α is the coefficient of the R2 term in the original
Jordan-frame action. This potential is exponentially flat in
the large-field limit, ensuring a prolonged slow-roll phase
and making it an excellent candidate for inflation consistent
with current observational bounds.

This conformal mapping not only facilitates analytical
treatments using standard inflationary slow-roll techniques
but also enables direct comparison with scalar field mod-
els derived from other theoretical frameworks. Importantly,
physical observables such as the scalar spectral index ns and
tensor-to-scalar ratio r remain invariant under the transfor-
mation, ensuring that predictions in the Einstein frame accu-
rately reflect the original modified gravity theory.

Observational viability and status

The Starobinsky model remains one of the most robust infla-
tionary scenarios. Its predictions are fully compatible with
current CMB data, and future probes like LiteBIRD and
CMB-S4 are expected to measure r at the 10−3 level –
directly testing this model (Table 4).

f (R) gravity – and particularly the Starobinsky model
– offers an elegant and geometrically motivated realization
of inflation that avoids trans-Planckian field excursions and
fits current data remarkably well. Its scalar–tensor duality
provides an intuitive link to canonical inflationary dynam-
ics, while its generalizations allow a wider exploration of
early-universe physics. Upcoming experiments will further
test its predictions and potentially distinguish between vari-
ous extensions within this class.
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Table 4 Summary of f (R) inflationary models and observational status

Model ns r Status

Starobinsky R + αR2 0.965 0.003 Consistent

Power-law R + μRn , n > 2 < 0.96 > 0.01 Disfavored

Exponential gravity ∼ 0.96 ∼ 0.005 Viable

Log-corrected f (R) Model-dependent Model-dependent Viable if tuned

4 Extended f (R) models

While the Starobinsky model is a minimal and observa-
tionally successful representative of f (R) gravity, it rep-
resents only a specific corner of the theory space. A vari-
ety of extended f (R) models have been proposed to gen-
eralize inflationary dynamics, improve reheating scenarios,
allow better unification with dark energy, and incorporate
features inspired by quantum gravity. These models modify
the gravitational Lagrangian to include higher-order or non-
polynomial curvature terms, often motivated by theoretical
considerations or reconstruction from observational data.

Power-law and polynomial models

A straightforward generalization is to consider models of the
form:

f (R) = R + αRn, (7)

where α is a constant and n 
= 2. These models introduce
richer inflationary dynamics due to their steeper potentials in
the Einstein frame.

For n > 2, the inflationary potential becomes increasingly
steep, leading to higher values of the tensor-to-scalar ratio r
and deviations from the scale-invariant spectrum. Specifi-
cally, in the Einstein frame, the scalar field potential associ-
ated with f (R) = R + αRn takes the form:

V (φ) ∝
(

1 − e−√
2/3 φ/MP

)2n/(n−1)

. (8)

The steeper the potential, the larger the value of r , often
pushing predictions outside the 95% confidence region of
Planck+BICEP/Keck data.

Sami and collaborators [17] have shown that such models
can yield viable inflation only in narrow regions of parame-
ter space or when combined with additional fields to control
reheating and exit. Moreover, for n < 2, the effective poten-
tial can be too flat, requiring excessive fine-tuning or leading
to an eternal inflation regime.

Reheating in these models is typically less efficient than
in the Starobinsky case. A smooth transition to the radiation-
dominated era may not occur naturally unless extra couplings
to matter or auxiliary fields are introduced [12,18].

Exponential and logarithmic gravity models

To overcome the limitations of polynomial models, various
non-polynomial corrections have been considered. Two par-
ticularly well-studied examples are:

f (R) = R − μRs

(
1 − e−R/Rs

)
,

f (R) = R + βR2 + γ ln(R/μ2),

where μ, β, γ , and Rs are constants.
These forms are motivated by quantum gravity (e.g., one-

loop effective actions) and string-inspired corrections. The
exponential gravity model flattens the inflationary potential
at large R, producing a slow-roll phase similar to Starobinsky
inflation but with improved control over the exit and reheating
phases.

Bamba and Odintsov [19,20] showed that such models
can unify inflation and late-time acceleration within a single
functional form of f (R). The logarithmic correction arises in
effective quantum field theory on curved spacetimes and may
improve the UV behavior of the model while also maintaining
compatibility with solar system tests.

Reconstruction techniques and model inversion

Instead of postulating a specific form of f (R), another
approach is to reconstruct the function from a desired Hubble
expansion history H(t) or a scale factor a(t). This inverse
technique has been explored extensively by Capozziello,
Sebastiani, and Cognola [21,22].

In this framework, one begins with a target inflationary
behavior (e.g., a constant-roll or power-law inflation sce-
nario) and solves for the functional form f (R) that realizes
this dynamics. This method enables the design of models that
achieve:

• A consistent inflationary phase with slow-roll dynamics,
• A smooth transition to reheating and radiation domina-

tion,
• Late-time cosmic acceleration (if desired),
• Compatibility with CMB and large-scale structure data.
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The reconstruction approach is particularly useful when
observational consistency is required across all epochs, and
when one wants to avoid ad hoc assumptions about the form
of the action.

Observational viability and theoretical constraints

Extended f (R) models must satisfy both theoretical consis-
tency conditions and empirical constraints:

• Stability: f ′(R) > 0, f ′′(R) > 0 ensure the absence of
ghosts and tachyonic instabilities.

• Solar system tests: Compatibility with local gravity
experiments often requires the chameleon mechanism or
other screening effects.

• CMB bounds: ns ≈ 0.965, r � 0.01 must be respected
to avoid observational exclusion.

• Reheatingdynamics:A successful transition to standard
Big Bang cosmology is required for completeness (Table
5).

Extended f (R) models constitute a fertile class of infla-
tionary scenarios that go beyond the minimal Starobinsky
form. They provide a testing ground for exploring the role
of quantum corrections, high-curvature effects, and model
reconstruction. While many models are ruled out or strongly
constrained by current observations, well-motivated gener-
alizations – especially exponential and reconstructed forms
– remain viable and are under active investigation.

With the upcoming sensitivity of LiteBIRD and CMB-S4
to r ∼ 10−3, these models face critical observational tests
in the near future. The ability of extended f (R) theories to
unify early- and late-time acceleration makes them particu-
larly appealing for a geometric and minimalistic approach to
cosmic evolution.

5 f (G) Gauss–Bonnet inflation

A compelling class of modified gravity models involves the
Gauss–Bonnet (GB) invariant:

G = R2 − 4RμνR
μν + Rμνρσ R

μνρσ , (9)

which arises naturally in string-inspired and higher-
dimensional gravitational theories. In four dimensions, G
is a topological term and does not contribute dynamically if
added linearly to the action. However, nonlinear functions of
G, or couplings of G to scalar fields, can introduce nontrivial
modifications to the inflationary dynamics while preserving
second-order field equations.

Theoretical motivation

The inclusion of f (G) terms in gravitational actions is
strongly motivated by low-energy effective string theo-
ries, such as heterotic superstring compactifications, where
higher-curvature corrections like the GB invariant natu-
rally arise. These terms can cure singularities, provide UV-
completion corrections, and affect early-time acceleration.

Bamba et al. [23] and others have shown that such correc-
tions can support successful inflationary evolution without
introducing ghost degrees of freedom, provided the func-
tion f (G) is chosen appropriately. Moreover, scalar–GB cou-
plings appear in dilaton gravity, moduli stabilization scenar-
ios, and braneworld cosmologies.

General action and scalar–GB couplings

A general class of pure f (G) models is described by:

S =
∫

d4x
√−g

[
R

2κ2 + f (G)

]
, (10)

which modifies gravity directly through a function of the GB
term.

A broader and phenomenologically richer framework
includes a scalar field φ coupled to G via a function ξ(φ):

S =
∫

d4x
√−g

[
R

2κ2 − 1

2
(∇φ)2 − V (φ) − ξ(φ)G

]
.

(11)

This scalar–GB framework appears in the effective low-
energy action of string theory, particularly in dilaton and
modulus inflation models. The function ξ(φ) may take poly-
nomial or exponential forms and modifies the slow-roll con-
ditions.

Model examples and inflationary dynamics

Several forms for f (G) or ξ(φ) have been proposed and
studied:

• Power-law: f (G) = αGn , which can support quasi–de
Sitter inflation for appropriate n and α.

• Exponential: f (G) = μeλG , motivated by non-
perturbative string effects.

• Inverse power: f (G) = βG−n , which may unify early-
and late-time acceleration.

Capozziello and De Laurentis [24], as well as Bamba
and Odintsov [25], analyzed these models and demonstrated
that they support slow-roll inflation with graceful exit and
viable reheating. Scalar–GB models with exponential cou-
pling ξ(φ) ∼ e−γφ or monomial ξ(φ) ∼ φn can suppress
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Table 5 Inflationary behavior and viability of selected extended f (R) models

Model ns r Graceful exit

Starobinsky R + αR2 ∼ 0.965 ∼ 0.003 Yes

Power-law R + αRn < 0.96 > 0.01 Not always

Exponential gravity ∼ 0.965 ∼ 0.005 Yes

Log-corrected f (R) Model-dependent < 0.01 Yes

Reconstructed f (R) Flexible Flexible Yes

Table 6 Representative f (G) and scalar–GB inflation models and their
predictions

Model ns r

f (G) = αGn , n = 1/2 ∼ 0.96 ∼ 0.004

f (G) = μeλG ∼ 0.965 ∼ 0.002

Scalar–GB ξ(φ) ∼ e−γφ ∼ 0.964 < 0.01

Scalar–GB, GW170817-compatible [28] ∼ 0.967 ∼ 0.003

the tensor-to-scalar ratio and stabilize the inflationary trajec-
tory.

Predictions and observational constraints

Inflationary predictions of f (G) and scalar–GB models are
consistent with current data for suitable parameter choices.
Typically, they yield:

• Scalar spectral index ns ∼ 0.96−0.967,
• Tensor-to-scalar ratio r < 0.01,
• Negligible or negative running αs ∼ −10−3.

These values fall within the 68 or 95% confidence contours
from Planck 2018 and BICEP/Keck 2018 [7,8].

Recent studies have also emphasized compatibility with
the gravitational wave speed constraint from GW170817.
Scalar–GB theories must be tuned such that cT = c, avoid-
ing superluminal propagation. Models satisfying this include
those discussed in [26–28] (Table 6).

Reheating and graceful exit

Reheating in these models is generically achievable. Nojiri
et al. [11] showed that GB corrections can smoothly termi-
nate inflation and trigger coherent oscillations of the effective
scalar degree of freedom, enabling gravitational particle pro-
duction or coupling-driven reheating.

Scalar–GB theories offer improved reheating dynamics
due to the additional scalar degree of freedom. Bamba and
collaborators [25,29] found that the reheating temperature

and duration can be controlled via the choice of ξ(φ), avoid-
ing unwanted relic production.

Gauss–Bonnet inflation, realized either through pure
f (G) corrections or scalar–GB couplings, provides a rich
framework for embedding inflation within modified gravity.
These models are strongly motivated by fundamental theory,
remain compatible with current CMB and gravitational wave
data, and offer a wide parameter space for observational tests.

In particular, scalar–GB models with carefully tuned cou-
plings can satisfy the GW speed constraint cT = c while pre-
dicting low r and observable non-Gaussian features. Future
experiments like LiteBIRD and CMB-S4 will play a crucial
role in testing these predictions and constraining the viable
form of f (G) and ξ(φ).

6 f (R,G) mixed models

A rich class of modified gravity models arises when the Ricci
scalar R and the Gauss–Bonnet invariant G are combined
nonlinearly in the action via a generic function f (R,G).
These models generalize both f (R) and f (G) gravity and
can support inflation, reheating, radiation, matter-dominated
eras, and late-time acceleration in a unified framework. The
inclusion of G brings higher-order curvature corrections
inspired by string theory, while the R-dependence keeps the
formulation grounded in 4D low-energy effective field the-
ory.

Theoretical framework and ghost issues

The general action is given by:

S = 1

2κ2

∫
d4x

√−g f (R,G), (12)

where f (R,G) is an arbitrary smooth function. These
theories appear naturally in heterotic string compactifica-
tions, quantum gravity corrections, and higher-dimensional
braneworld scenarios.

However, a major issue with these models is the presence
of ghost degrees of freedom due to higher-derivative terms
and the nonlocal structure of G. As shown in [30,31], unless
the form of f (R,G) is carefully chosen, the equations of
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motion propagate ghostlike scalar and tensor modes with
negative kinetic energy, leading to quantum instabilities.

Stability conditions to avoid such issues include:

fR > 0, fRR > 0, fG + 4H2 fGG > 0, c2
T = 1, (13)

where cT is the speed of tensor modes. These ensure stability
of both background and perturbations, and are essential for
compatibility with GW170817 constraints on gravitational
wave speed.

Functional forms and inflationary dynamics

Popular forms of f (R,G) studied in the literature include:

• Separable forms: f (R,G) = f1(R) + f2(G), allow-
ing a decoupled treatment of curvature and topological
corrections.

• Power-lawmixtures: f (R,G) = R+αR2+βGn , mim-
icking Starobinsky inflation plus GB flattening.

• Product forms: f (R,G) = RmGn , which yield richer
phase-space behavior and potential non-trivial inflation-
ary attractors.

• Logarithmic and exponential corrections: f (R,G) =
R+μG ln(G/G0), inspired by trace anomalies and string
corrections.

Sebastiani and Myrzakulov [32] studied exponential-type
models and showed that they can reproduce inflation with
graceful exit. Capozziello et al. [33] used Noether symme-
tries to classify viable forms of f (R,G) admitting integrable
inflationary solutions. Odintsov and Oikonomou applied
dynamical system techniques to map the phase space, show-
ing viable inflationary attractors and trajectories [34,35].

Observational predictions and constraints

The predictions of viable f (R,G) models lie close to the
Planck 2018 + BICEP/Keck contours, with characteristic
ranges:

• ns = 0.960−0.967,
• r = 0.005−0.02,
• αs ∼ −10−3 (small running),
• f local

NL ∼ O(1), consistent with Planck’s non-Gaussianity
limits (Table 7).

Compatibility with GW speed constraints further narrows
the parameter space. Some models, such as those with non-
minimal scalar–GB terms satisfying cT = c, provide obser-
vationally viable extensions (see [36,37]).

Table 7 Inflationary predictions of representative f (R,G) models

Model ns r

f (R,G) = R + αR2 + βG1/2 ∼ 0.964 ∼ 0.006

f (R,G) = RmGn , m = 1, n = 1/2 ∼ 0.961 ∼ 0.008

f (R,G) = R + μG ln(G/G0) ∼ 0.965 � 0.01

Reheating, dynamical features, and phase space

Odintsov et al. [35] demonstrated that f (R,G) models can
support successful reheating by dynamically exiting the infla-
tionary slow-roll phase and allowing scalar oscillations or
gravitational reheating. Depending on the form of f (R,G),
the effective equation of state weff(t) transitions smoothly
from w ≈ −1 (inflation) to w ≈ 1/3 (radiation).

Dynamical system studies reveal critical points corre-
sponding to stable de Sitter inflationary attractors, saddle-
point reheating transitions, and matter-domination phases.
The works [32,34] show that trajectories remain ghost-free
and observationally consistent for broad parameter ranges.

f (R,G) gravity offers a powerful theoretical frame-
work that blends the strengths of f (R) and f (G) infla-
tion while introducing richer dynamics. It accommodates
graceful exit, reheating, late-time acceleration, and compat-
ibility with CMB and GW data – all within a geometric,
Lagrangian-based formalism. However, care must be taken
to avoid ghosts and ensure second-order equations of motion.
Models passing these criteria remain strong candidates for
inflationary cosmology and provide a promising direction
for further exploration.

7 f (T ) torsion gravity

While most modified gravity theories rely on curvature-based
modifications of General Relativity, an alternative approach
is to use torsion as the dynamical origin of gravity. In this
framework, called teleparallel gravity, spacetime is endowed
with torsion but no curvature. The gravitational interaction
is described using the Weitzenböck connection, which leads
to the so-called Teleparallel Equivalent of General Relativity
(TEGR). Generalizing TEGR to a function f (T ) of the tor-
sion scalar introduces new degrees of freedom and provides
a promising arena for inflationary model building.

Teleparallel geometry and field equations

In teleparallel gravity, the basic dynamical variables are the
tetrad (or vielbein) fields eAμ , which form a local orthonor-
mal basis for the tangent space at each spacetime point. The
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torsion tensor is defined by:

T ρ
μν = �ρ

νμ − �ρ
μν = e ρ

A

(
∂μe

A
ν − ∂νe

A
μ

)
, (14)

where �
ρ
μν is the Weitzenböck connection. The torsion scalar

is then constructed as:

T = S μν
ρ T ρ

μν, (15)

where S μν
ρ is the superpotential.

The action for f (T ) gravity is given by:

S = 1

2κ2

∫
d4x e f (T ), (16)

where e = det(eAμ) is the tetrad determinant, and f (T ) is a
general function of the torsion scalar. When f (T ) = T , the
theory reduces to TEGR, which is dynamically equivalent to
General Relativity.

One of the most attractive features of f (T ) gravity is that
it leads to second-order field equations, avoiding the Ostro-
gradsky instabilities that typically arise in higher-order the-
ories like f (R) or f (R,G).

Inflation in f (T ) cosmology

Inflation can naturally arise in f (T ) gravity without the need
for an inflaton field or a scalar potential. The modified Fried-
mann equations derived from the action admit de Sitter and
quasi–de Sitter solutions under appropriate choices of f (T ).
This allows for a purely geometric realization of inflation,
where torsion is the driving agent of accelerated expansion.

A number of specific forms of f (T ) have been proposed
and studied:

• Power-law form: f (T ) = T + αT n . For n < 1, infla-
tionary solutions with graceful exit can occur.

• Exponential form: f (T ) = T+βT0(1−e−T/T0), which
allows for a smooth interpolation between early- and late-
time acceleration.

• Logarithmic corrections: f (T ) = T + γ ln(T/T0),
motivated by loop corrections or trace anomalies.

Bamba et al. [38] and Cai et al. [13] have shown that such
models yield slow-roll parameters ε, η consistent with obser-
vational bounds, and can successfully support inflationary
evolution with controlled scalar perturbations.

Observational predictions and viability

f (T ) gravity is capable of producing observationally viable
predictions for the spectral index ns and the tensor-to-scalar
ratio r , often within the tight bounds set by Planck and
BICEP/Keck (Table 8):

Table 8 Inflationary predictions for representative f (T ) models

Model ns r

f (T ) = T + αT n , n ∼ 0.5 ∼ 0.965 � 0.01

f (T ) = T + β(1 − e−T/T0 ) ∼ 0.964 ∼ 0.005

f (T ) = T + γ ln(T/T0) ∼ 0.962 < 0.01

The scalar power spectrum is typically close to scale
invariance, and the tensor spectrum is suppressed, similar to
Starobinsky f (R) inflation. Depending on the model param-
eters, f (T ) inflation may also predict a small running of the
spectral index and negligible non-Gaussianity, in agreement
with CMB data.

Reheating and exit mechanisms

One of the strengths of f (T ) inflation is that exit from infla-
tion and reheating can be achieved geometrically without
invoking extra scalar fields. As shown by Myrzakulov et al.
and others, the torsion-driven expansion can smoothly decel-
erate, allowing energy transfer to radiation through gravi-
tational particle production or minimal couplings to matter
fields.

Although the reheating temperature is model-dependent,
some f (T ) models predict values compatible with ther-
mal leptogenesis. This makes them attractive for connecting
early-universe inflation with observable particle physics.

Challenges and developments

Despite its strengths, f (T ) gravity is not without theoretical
issues:

• Local Lorentz invariance: In its traditional formulation,
f (T ) gravity violates local Lorentz invariance due to
the dependence on the choice of tetrad. This can lead
to unphysical degrees of freedom or frame-dependent
results.

• Covariant formulations: Krššák and Pereira [39,40]
have proposed covariant versions of teleparallel grav-
ity using spin connections that restore full local Lorentz
invariance.

• Tetradambiguities:The choice of tetrad affects the form
of the torsion scalar T and the resulting dynamics. Ensur-
ing a proper “good tetrad” is necessary for consistent
cosmological evolution.

• Perturbations and Degrees of Freedom: The nature of
scalar and tensor perturbations in f (T ) gravity is sub-
tle, especially in the presence of anisotropies or inho-
mogeneities. Recent work continues to refine the under-
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standing of gravitational wave propagation in these the-
ories.

f (T ) gravity presents a promising torsion-based alterna-
tive to curvature-driven models of inflation. Its second-order
field equations and analytic simplicity make it computation-
ally attractive, while its predictions are competitive with
leading models such as Starobinsky inflation. With ongo-
ing developments in covariant formulations and perturbative
analysis, f (T ) gravity continues to emerge as a serious con-
tender in the landscape of viable inflationary theories. Its
unified treatment of inflation and dark energy also makes
it appealing for future model-building beyond the standard
cosmological paradigm.

8 Scalar field coupled to Ricci scalar

One of the most natural and well-motivated extensions of
inflationary cosmology is the introduction of a non-minimal
coupling between a scalar field φ and the Ricci scalar R.
Such a coupling arises inevitably in quantum field theory
in curved spacetime due to renormalization effects and is
required to maintain renormalizability of scalar field theories
at the one-loop level [41]. It also appears in extensions of
the Standard Model, including Higgs inflation and induced
gravity scenarios.

Action and field equations

The general Jordan-frame action for a non-minimally cou-
pled scalar field is:

S =
∫

d4x
√−g

[
1

2κ2 (1 + ξφ2)R − 1

2
gμν∂μφ∂νφ − V (φ)

]
,

(17)

where ξ is the non-minimal coupling constant. The case
ξ = 0 corresponds to minimal coupling, while the conformal
coupling is given by ξ = 1/6. Large values of ξ � 1 are
often required in inflationary scenarios.

This coupling modifies both the background cosmological
dynamics and the evolution of perturbations. The effective
Planck mass becomes field-dependent, leading to enhanced
friction during inflation and allowing even steep potentials
in the Jordan frame to support slow-roll inflation.

Einstein frame formulation and conformal transformation

To analyze inflationary predictions, it is often convenient to
perform a conformal transformation:

g̃μν = �2(φ)gμν, �2 = 1 + ξφ2, (18)

which transforms the action into the Einstein frame where
the scalar field couples minimally to gravity but acquires a
modified potential and kinetic term. Defining the canonically
normalized field χ , the Einstein-frame potential becomes:

VE (χ) = V (φ(χ))

(1 + ξφ2)2 . (19)

This transformation flattens the potential at large φ,
enabling slow-roll inflation even with quartic or quadratic
potentials in the Jordan frame.

Higgs inflation and beyond

A notable example is Higgs inflation, proposed by Bezrukov
and Shaposhnikov [42], where the Standard Model Higgs
doublet is non-minimally coupled to gravity with ξ ∼ 104.
In this case, the quartic potential V (φ) = λφ4/4 transforms
into a Starobinsky-like potential in the Einstein frame:

VE (χ) ≈ λM4
P

4ξ2

(
1 − e−√

2/3χ/MP
)2

, (20)

with predictions:

ns ≈ 0.965, r ≈ 0.003, (21)

in excellent agreement with Planck and BICEP/Keck obser-
vations.

Other scalar potentials in this framework include:

• Quadratic: V (φ) = 1
2m

2φ2, which becomes viable with
large ξ ,

• Hilltop: V (φ) = V0

(
1 − φ2

μ2

)2
,

• Coleman–Weinberg: Logarithmically corrected poten-
tials arising from radiative corrections.

Bamba, Odintsov, and others have shown that these mod-
els yield viable slow-roll parameters in the Einstein frame
[20,43].

Inflationary predictions and observables

The observable predictions of non-minimally coupled mod-
els depend on the shape of the potential and the value of
ξ . For large ξ , even originally steep potentials become flat
and produce inflationary observables similar to Starobinsky
inflation (Table 9).

These models typically yield negligible running of the
spectral index αs and small local non-Gaussianity fNL ∼
O(1), consistent with Planck constraints.
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Table 9 Inflationary predictions of non-minimally coupled scalar field
models

Model ns r

Higgs inflation (ξ ∼ 104) ∼ 0.965 ∼ 0.003

Quadratic with ξ � 1 ∼ 0.964 � 0.01

Hilltop with coupling ∼ 0.960 � 0.01

Reheating, unitarity, and UV considerations

Despite their successes, non-minimally coupled models face
important theoretical challenges:

• Unitarity violation: At large ξ , the unitarity cutoff
� ∼ MP/ξ lies below the Planck scale. This raises con-
cerns about whether inflation occurs in a regime where
the effective theory is still valid. Studies by Barbon et al.
and Burgess et al. have explored this issue extensively.

• Reheating dynamics: The scalar–curvature coupling
affects the inflaton’s coupling to matter fields and thereby
modifies the reheating process. Depending on the confor-
mal frame and particle content, reheating efficiency and
temperature vary significantly.

• Framedependenceandquantumcorrections:Although
physical observables should be frame-independent, quan-
tum corrections may behave differently in Jordan and
Einstein frames. Several works have advocated a frame-
invariant formalism for consistent treatment at loop level.

Proposed solutions to the unitarity problem include
embedding the model in UV-complete frameworks (e.g.,
asymptotically safe gravity or supersymmetric extensions),
or using scale-invariant or induced gravity models that
remain weakly coupled throughout inflation [44,45].

Inflation driven by a scalar field non-minimally coupled to
the Ricci scalar provides a highly successful and theoretically
motivated framework. It unifies ideas from quantum field
theory, particle physics, and cosmology. The Higgs inflation
model remains a particularly attractive realization, offering
minimal extensions to the Standard Model with excellent
observational fits.

Nevertheless, open issues such as unitarity bounds, frame
dependence, and quantum stability remain under active
investigation. As precision data from LiteBIRD and CMB-
S4 emerge, the predictions of non-minimal coupling mod-
els will be further tested, possibly distinguishing them from
curvature- or torsion-driven geometric models.

9 Scalar field coupled to Ricci tensor

Beyond coupling a scalar field to the Ricci scalar R, one
may also consider a non-minimal coupling to the Ricci
tensor Rμν . Such couplings arise naturally in the context
of higher-derivative corrections in effective field theory,
quantum loop corrections in curved spacetime, and string-
theoretic or Kaluza–Klein compactifications. These interac-
tions modify the kinetic structure of the scalar field and can
lead to rich inflationary dynamics, including novel friction
mechanisms, altered sound speeds, and potentially enhanced
non-Gaussianities.

General action and theoretical motivation

The most general second-order scalar–tensor theories allow-
ing Ricci tensor couplings are captured by the Horndeski
class and its extensions. A minimal model is given by:

S =
∫

d4x
√−g

[
M2

P

2
R − 1

2
gμν∂μφ∂νφ

−1

2
ξ Rμν∂μφ∂νφ − V (φ)

]
, (22)

where ξ is a dimensionless coupling constant. The term
ξ Rμν∂μφ∂νφ effectively acts as a curvature-dependent kinetic
correction, modifying both the propagation of perturbations
and the background scalar dynamics.

Such terms can arise from integrating out heavy modes
in quantum gravity or in low-energy expansions of string
theory compactifications. They also appear in the generalized
Galileon or G-inflation frameworks that extend the standard
scalar–tensor paradigm.

G-inflation and enhanced friction mechanism

A prominent realization of scalar–Ricci tensor coupling was
proposed by Germani and Kehagias [46], who introduced the
G-inflation model:

S =
∫

d4x
√−g

[
R

2κ2 − 1

2

(
gμν − 1

M2 R
μν

)

× ∂μφ∂νφ − V (φ)

]
. (23)

Here, M is a new energy scale controlling the strength
of the coupling. In this model, the Ricci tensor coupling
increases the effective friction acting on the inflaton, allow-
ing for slow-roll dynamics even with steep potentials and
sub-Planckian field excursions. This mechanism is called
gravitationally enhanced friction and is of particular inter-
est in string theory constructions where field excursions are
limited.
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Table 10 Representative predictions from scalar–Ricci tensor infla-
tionary models

Model ns r

G-inflation (Germani–Kehagias) ∼ 0.964 � 0.01

Kinetic coupling ξ Rμν∂μφ∂νφ ∼ 0.965 ∼ 0.005

Generalized Galileon models 0.960−0.970 < 0.01

Such models can maintain nearly scale-invariant scalar
perturbations while naturally suppressing the tensor-to-scalar
ratio r , helping reconcile steep potentials with observational
data.

Inflationary dynamics and attractor behavior

The scalar–Ricci tensor coupling modifies the effective
Klein–Gordon equation for the scalar field:

�φ − ξ∇μ(Rμν∇νφ) + V ′(φ) = 0. (24)

During inflation, this extra term acts like a field-dependent
Hubble friction, enabling attractor solutions even for other-
wise too-steep potentials. Dynamical system studies show
that these models admit stable slow-roll attractors for a wide
range of initial conditions [47,48].

Observational predictions and parameter space

Scalar–Ricci tensor models generically predict:

• A spectral index ns ≈ 0.960−0.970,
• A tensor-to-scalar ratio r < 0.01,
• A running αs close to zero,
• A nontrivial sound speed cs < 1, which can enhance

equilateral-type non-Gaussianity (Table 10).

These predictions align well with Planck 2018 and
BICEP/Keck bounds. Importantly, the suppression of ten-
sor modes is a natural feature of these models, which dis-
tinguishes them from many large-field canonical inflation
models.

Perturbations, stability, and sound speed

The presence of the Ricci tensor coupling modifies the sound
speed cs of scalar perturbations:

c2
s = 1

1 + ξ R/M2 , (25)

which implies that even with canonical-looking Lagrangians,
the scalar sector may experience nontrivial dispersion rela-
tions. This can result in observable equilateral-type non-
Gaussianity, quantified by f equil

NL ∝ (1 − c−2
s ).

However, stability requires:

• No ghost modes (positive-definite kinetic matrix),
• No gradient instabilities (c2

s > 0),
• Positive energy for all propagating degrees of freedom.

These conditions have been analyzed in detail by Koivisto
[49] and Capozziello et al. [48]. Viable models typically
require moderate values of ξ and sub-Planckian energy scales
M to ensure positivity and bounded Hamiltonians.

UV completion and frame dependence

Being higher-derivative in nature, scalar–Ricci tensor cou-
plings must be embedded carefully within a UV-complete
theory. Such terms often arise in low-energy effective actions
from string theory or compactified supergravity, but without
a UV completion, unitarity and strong coupling issues may
arise.

Moreover, these couplings introduce frame-dependent
dynamics, and caution is required in defining observable
quantities consistently, particularly for loop corrections or
reheating analyses. Theories like Horndeski gravity offer a
general covariant framework where such terms can be treated
consistently without introducing ghosts.

Inflation with a scalar field non-minimally coupled to the
Ricci tensor provides a compelling alternative to canonical
inflation. These models can accommodate steep potentials,
achieve observationally viable predictions for ns and r , and
produce unique signatures in the primordial perturbations –
especially in the sound speed and non-Gaussianity sectors.

While further theoretical development is needed to ensure
full UV consistency and stability across the cosmological
history, scalar–Ricci tensor couplings remain an active area
of research in both early-universe cosmology and modified
gravity frameworks.

10 Scalar field coupled to torsion tensor

Teleparallel gravity, where gravity is mediated by torsion
rather than curvature, provides a rich framework to explore
new scalar–geometric couplings. In particular, scalar fields
can be coupled not only to the torsion scalar T but also
directly to components of the torsion tensor T ρ

μν , leading
to novel inflationary mechanisms. These couplings general-
ize the f (T ) paradigm and appear in effective string the-
ory actions, higher-dimensional reductions, and teleparallel
scalar–tensor extensions.
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Geometric framework and coupling structures

In the teleparallel formulation, the Weitzenböck connection
yields torsion but no curvature. The torsion tensor is defined
as:

T ρ
μν = �ρ

νμ − �ρ
μν, (26)

with the torsion scalar T constructed from contractions:

T = S μν
ρ T ρ

μν, where

S μν
ρ = 1

2
(Kμν

ρ + δμ
ρ T

αν
α − δν

ρT
αμ
α ). (27)

Scalar fields can interact with torsion in multiple ways:

• Non-minimal coupling to torsion scalar: φ2T , analog
of φ2R,

• Kinetic coupling to torsion tensor: Tμνρ∂μφ∂νφ,
• Derivative coupling to vector torsion: Tμ∂μφ,
• Axial and trace couplings: arising in parity-violating or

chiral formulations.

These generalizations allow scalar fields to mediate infla-
tion or modify gravity through torsion channels, enriching
the landscape of inflationary cosmology.

Non-minimal coupling: φ2T

The simplest extension involves a direct coupling between
the scalar field and the torsion scalar:

S =
∫

d4x e

[
1

2
(1 + ξφ2)T − 1

2
∂μφ∂μφ − V (φ)

]
, (28)

analogous to the scalar–Ricci coupling in curvature-based
theories. This model admits de Sitter and quasi–de Sitter
phases when φ slowly rolls on a flat potential.

Bamba et al. [50] demonstrated that such couplings allow
Starobinsky-like inflation with:

ns ≈ 0.965, r ≈ 0.003, (29)

for quartic or exponential potentials, in agreement with
Planck 2018 and BICEP/Keck results.

Kinetic couplings to torsion

An even richer class of models includes kinetic couplings
between the scalar field and torsion tensors. A general action
takes the form:

S =
∫

d4x e

[
T

2κ2 − 1

2
gμν∂μφ∂νφ

+η

2
Tμνρ∂μφ∂νφ − V (φ)

]
, (30)

Table 11 Predictions for scalar–torsion coupled inflationary models

Model ns r

Non-minimal φ2T ∼ 0.965 ∼ 0.003

Kinetic torsion coupling ∼ 0.964 ∼ 0.004

Vector torsion–derivative coupling ∼ 0.960 � 0.01

where η determines the strength of the kinetic coupling.
These models mimic the dynamics of G-inflation by intro-
ducing curvature-independent friction terms that damp the
evolution of φ during inflation. Although the kinetic coupling
term Tμνρ∂μφ ∂νφ may appear, at first glance, to involve a
non-scalar quantity, it is in fact a scalar under general coor-
dinate transformations in the teleparallel framework. This
follows because Tμνρ is the torsion tensor constructed from
the Weitzenböck connection, which is a rank-3 tensor, and
∂μφ is a covector. The index contractions over μ and ν ensure
that all free indices are saturated, producing a scalar-valued
Lagrangian density term. Similarly, for variants involving the
torsion vector Tμ∂μφ, Tμ is itself a true vector obtained by
contraction Tμ = T νμ

ν , and the inner product with ∂μφ

yields a scalar.1 We have added this explanation here to
make explicit why these terms are permissible in the covari-
ant action. Variants involving couplings to the torsion vector
Tμ = T νμ

ν , such as Tμ∂μφ, can also lead to dynamical
stabilization and modified reheating paths. These have been
explored in generalized teleparallel dark energy models and
may arise from dimensional reduction of higher-spin theo-
ries.

Inflationary dynamics and predictions

Scalar–torsion coupled models admit robust slow-roll infla-
tion, graceful exit, and reheating mechanisms. Depending on
the form of the coupling and the potential V (φ), they pro-
duce:

• Spectral index ns = 0.960−0.966,
• Tensor-to-scalar ratio r � 0.01,
• Small running αs ∼ −10−3,
• Nearly Gaussian fluctuations in minimal realizations

(Table 11).

The ability to naturally suppress tensor modes and main-
tain nearly scale-invariant scalar spectra places these models
among the observationally viable class of geometric infla-
tionary scenarios.

1 Invariance follows from the tensorial transformation properties of
Tμνρ and Tμ under diffeomorphisms in teleparallel geometry. No free
indices remain after contraction, and the resulting quantities transform
as scalars in the action integral.
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Perturbations and stability

Perturbative analysis reveals the following features:

• Scalar sound speed: Often remains close to unity, c2
s ≈

1, suppressing equilateral non-Gaussianity.
• Ghost avoidance: Positive coupling constants (ξ > 0,

η > 0) prevent ghosts and gradient instabilities.
• Tensor perturbations: Propagate similarly to standard

f (T ) theories, with slight modifications from scalar
backreaction.

Bamba et al. [51] emphasized that reheating can proceed
via coherent scalar oscillations and gravitational particle pro-
duction. However, detailed predictions depend sensitively on
the chosen tetrad due to the lack of local Lorentz invariance
in traditional f (T ) models.

To address this, Krššák and Pereira [39,40] developed
covariant teleparallel gravity, which introduces a spin con-
nection to restore Lorentz symmetry and allows consistent
treatment of perturbations across frames.

Outlook and theoretical significance

Scalar–torsion couplings offer a geometrically rich and
observationally consistent alternative to curvature-based
inflationary models. They provide:

• Novel mechanisms for inflation and graceful exit,
• Unified treatment of early and late-time acceleration,
• Simplified second-order field equations,
• Unique signatures in CMB polarization and tensor

modes.

Ongoing work explores UV completions, quantum cor-
rections, and embeddings in supergravity or string-inspired
teleparallel frameworks. With improving observational pre-
cision, these models may become testable in the near future,
distinguishing torsion-based from curvature-driven inflation
via subtle differences in gravitational wave propagation and
reheating signatures.

11 Scalar field coupled to Gauss-–Bonnet term

Coupling a scalar field to the Gauss–Bonnet (GB) invari-
ant G offers a powerful and theoretically motivated exten-
sion of standard inflationary scenarios. These models retain
second-order equations of motion, avoid Ostrogradsky insta-
bilities, and provide natural embeddings in low-energy string
theory and higher-dimensional gravity. Scalar–Gauss–Bon-
net (SGB) inflation can generate viable slow-roll dynamics,
suppress tensor modes, and introduce distinct observational

signatures accessible by upcoming CMB polarization exper-
iments.

Theoretical framework and action

The four-dimensional GB term is a topological invariant:

G = R2 − 4RμνR
μν + Rμνρσ R

μνρσ . (31)

It does not contribute to the field equations when added lin-
early to the Einstein–Hilbert action. However, when coupled
to a dynamical scalar field φ, it introduces nontrivial contri-
butions:

S =
∫

d4x
√−g

[
R

2κ2 − 1

2
∂μφ∂μφ − V (φ) − ξ(φ)G

]
.

(32)

This coupling appears in heterotic string theory, super-
gravity compactifications, and loop-corrected effective
actions. In particular, it emerges naturally from the dilaton
sector in α′-corrected theories. Models with exponential or
polynomial forms of ξ(φ) are commonly derived from such
frameworks.

Coupling functions and inflationary dynamics

Several forms of the scalar–GB coupling ξ(φ) have been
investigated:

• Exponential: ξ(φ) = λe−γφ (string/dilaton origin),
• Power-law: ξ(φ) = ξ0φ

n ,
• Logarithmic or reconstructed: from target inflationary

observables.

The GB term effectively modifies the scalar field equation
by enhancing the Hubble friction:

φ̈ + 3H φ̇ + V ′(φ) + ξ ′(φ)G = 0. (33)

This allows inflation on steeper potentials by slowing down
the field’s evolution. Models with otherwise excluded poten-
tials (e.g., quadratic or exponential) become viable under
appropriate GB couplings.

Examples and model predictions

Early work by Kanti et al. [52] demonstrated that exponential
couplings yield inflation and even bouncing cosmologies.
Bouncing models within f (R) and Gauss–Bonnet gravity
can provide nonsingular cosmological histories [53].

More recent studies by Bamba, Odintsov, and others
[54,55] confirm that a wide variety of V (φ) and ξ(φ) com-
binations lead to successful inflation and exit (Table 12).

These predictions are compatible with Planck 2018 and
BICEP/Keck bounds. The tensor-to-scalar ratio is generally
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Table 12 Inflationary predictions of scalar–Gauss–Bonnet models

Model ns r

ξ(φ) = λφ2, V (φ) = m2φ2/2 ∼ 0.963 ∼ 0.01

ξ(φ) = e−γφ , exponential V (φ) ∼ 0.965 ∼ 0.005

Plateau V (φ) with polynomial ξ(φ) ∼ 0.964 � 0.008

suppressed, and the scalar spectral index falls within the pre-
ferred range ns ≈ 0.96−0.967.

Reheating and post-inflation dynamics

A desirable feature of SGB inflation is that inflation can natu-
rally end via oscillations in ξ(φ) or decay of the GB coupling
term. Depending on the sign and slope of ξ(φ), the scalar
field transitions into a coherent oscillation phase, enabling
efficient reheating. Models with decaying ξ(φ) ∝ 1/φ or
oscillatory couplings have been studied to ensure a smooth
exit and thermal history.

In addition, some constructions connect the GB coupling
to late-time acceleration (unification models), though care is
needed to avoid violating stability or GW propagation con-
straints.

Stability, perturbations, and GW speed constraint

Perturbative stability requires that the kinetic term of fluctu-
ations is positive and that no ghost or gradient instabilities
arise. For the scalar perturbations, the conditions are:

ξ ′(φ)φ̇ < 0, ξ ′′(φ) > 0, (34)

ensuring positivity of the effective kinetic matrix. For tensor
modes, the presence of the GB coupling modifies the tensor
propagation speed:

c2
T = 1 − 4κ2ξ̈ (φ). (35)

This poses a significant constraint due to the observation
of GW170817, which showed that cT ≈ c to within parts in
1015. Models like those in [36,55,56] provide GB-coupled
inflationary setups that respect the cT = 1 condition by tun-
ing the form of ξ(φ) or embedding within degenerate higher-
order scalar–tensor (DHOST) theories.

Non-Gaussianity and observational prospects

In general, SGB inflation models with standard kinetic terms
predict small non-Gaussianities:

f local
NL ∼ O(1), (36)

but models with non-canonical kinetic terms or enhanced
couplings may produce observable equilateral-type signa-

tures. Future experiments like LiteBIRD and CMB-S4 will
improve constraints on both r and fNL, enabling potential
differentiation between SGB and f (R)/ f (T ) models.

Scalar–Gauss–Bonnet inflation presents a theoretically
appealing and observationally viable mechanism for early-
universe acceleration. It arises naturally from fundamental
theory (e.g., string theory), modifies the inflationary dynam-
ics via geometrically motivated couplings, and produces pre-
dictions consistent with CMB data. With ongoing advances
in gravitational wave astronomy and precision cosmology,
this class of models is poised for critical testing in the near
future.

12 Einstein–Cartan models of inflation

Einstein–Cartan (EC) theory is a natural and minimal exten-
sion of General Relativity (GR) that incorporates intrinsic
spin as a source of torsion. While standard GR assumes a
torsion-free connection, EC gravity generalizes the affine
structure of spacetime to allow for antisymmetric compo-
nents of the connection, making spacetime geometry sensi-
tive not only to energy and momentum but also to spin.

Although torsion is generally negligible at low densities, it
becomes significant at extremely high densities encountered
in the early universe. This renders EC theory particularly rel-
evant for early cosmology, including singularity resolution,
inflationary dynamics, and spin-induced bounce scenarios.

Theoretical framework of Einstein–Cartan gravity

In EC theory, the connection �λ
μν is not symmetric and

includes a torsion tensor:

T λ
μν = �λ[μν] = 1

2
(�λ

μν − �λ
νμ), (37)

which is algebraically related to the spin density of matter.
The full affine connection is decomposed into:

�λ
μν = �̃λ

μν + K λ
μν, (38)

where �̃λ
μν is the Levi-Civita (torsion-free) connection and

K λ
μν is the contorsion tensor.
The Einstein–Cartan field equations take the form:

Gμν = κ2(Tμν +Uμν), (39)

where Tμν is the canonical energy–momentum tensor, and
Uμν is a correction term sourced by the spin–torsion interac-
tion. Unlike GR, these equations are derived from the first-
order (Palatini) formalism, where the metric and connection
are varied independently.
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Torsion-induced bounce and singularity resolution

One of the major motivations for EC gravity in cosmology is
its ability to avoid the initial singularity. As shown by Hehl et
al. [57], at very high matter densities, the torsion–spin inter-
action induces an effective repulsive force that halts gravita-
tional collapse, resulting in a nonsingular bounce.

Shapiro [58] reviewed this mechanism extensively, show-
ing that torsion can prevent divergences in curvature and
energy density. Popławski [59] further demonstrated that
fermionic matter with intrinsic spin leads to a cosmic bounce
followed by a brief phase of accelerated expansion, even in
the absence of an inflaton. These models suggest that:

• The universe undergoes a bounce instead of a Big Bang,
• The spin–torsion coupling generates effective negative

pressure,
• Inflation may naturally emerge from spinor dynamics.

Inflation from spin fluids and torsion

In EC theory, fermionic fields act as natural sources of tor-
sion. When modeled as a spin fluid (a statistical ensemble of
spin-1/2 particles), the effective equation of state can devi-
ate from that of a perfect fluid, leading to a stiff or even
phantom-like behavior.

At early times, the spin–spin interactions mediated by tor-
sion produce a contribution to the energy–momentum tensor
that scales faster than radiation. This contribution becomes
dominant near the Planck epoch and induces a bounce fol-
lowed by inflation-like behavior, as studied in both analytical
and numerical models [60].

Scalar fields in Einstein–Cartan spacetimes

An alternative EC inflationary scenario includes scalar fields
minimally or non-minimally coupled to torsion or contorsion
tensors. These models generalize the scalar field dynamics
by incorporating torsion-vector couplings such as:

S ⊃
∫

d4x
√−g

[
−1

2
∂μφ∂μφ − ξ

2
Sμφ∂μφ − V (φ)

]
,

(40)

where Sμ = T νμ
ν is the torsion vector and ξ is a dimen-

sionless coupling constant. This interaction leads to modified
slow-roll parameters, effective friction, and new fixed points
in the inflationary phase space.

Bamba et al. [61] analyzed scalar–torsion couplings in EC
frameworks and showed that such models are consistent with
observational constraints, yielding predictions for ns and r
comparable to those in Starobinsky-like inflation.

Table 13 Inflationary behavior in selected Einstein–Cartan models

Model ns r

Spin fluid + EC bounce ∼ 0.964 < 0.01

Scalar field in EC background ∼ 0.965 ∼ 0.004

Non-minimal scalar–torsion coupling ∼ 0.963 � 0.01

Predictions and observational signatures

The inflationary predictions of EC models vary depending
on the mechanism (spinor fluid vs scalar field), but share the
following features:

• Spectral tilt: ns ∼ 0.96, consistent with Planck,
• Tensor-to-scalar ratio: r < 0.01, often very suppressed,
• Noneed for trans-Planckian field values in scalar mod-

els,
• Natural singularity avoidance through torsion repul-

sion,
• Reheating: via spinor decay or scalar oscillations post-

bounce (Table 13).

Theoretical outlook and connections to quantum gravity

Einstein–Cartan inflation bridges classical gravity with quan-
tum properties of matter, particularly spin. It is closely con-
nected to:

• Loop quantum gravity (LQG): where spin networks
naturally incorporate torsion,

• Spin foam models and affine gravity,
• Supergravity: where torsion appears as a supersymmet-

ric auxiliary field,
• Minimal length scenarios: torsion helps regulate high-

energy divergences.

These features make EC gravity a fertile ground for uni-
fying particle physics, geometry, and cosmology.

Einstein–Cartan cosmology offers a physically motivated
and geometrically rich alternative to standard inflation.
Whether driven by spin fluids or scalar–torsion couplings,
EC models support inflationary expansion, resolve the initial
singularity, and yield predictions consistent with current data.
They also avoid common theoretical pitfalls such as trans-
Planckian excursions or ghost instabilities. As observations
sharpen and theoretical models mature, EC inflation remains
a compelling path toward a quantum-compatible description
of the early universe.
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13 Mimetic gravity and inflation

Mimetic gravity is a novel and geometrically motivated mod-
ification of General Relativity in which the conformal degree
of freedom of the metric is isolated and promoted to a dynam-
ical scalar field. Introduced by Chamseddine and Mukhanov
[62], the theory was originally designed to mimic the behav-
ior of cold dark matter, but has since been recognized as a
flexible framework for constructing inflationary and bounc-
ing cosmologies without requiring an explicit inflaton field.

The mimetic scalar field arises from a conformal
reparametrization of the metric and behaves as a dynamical
constraint-enforced degree of freedom. Inflation in mimetic
gravity can be realized through the addition of potentials,
higher-derivative terms, or couplings to curvature invariants,
all of which retain the geometric structure of the theory.

Conformal parametrization and constraint dynamics

The starting point of mimetic gravity is the redefinition of
the physical spacetime metric gμν in terms of an auxiliary
metric g̃μν and a scalar field φ, such that:

gμν = −(g̃αβ∂αφ∂βφ)g̃μν. (41)

This condition implies the mimetic constraint:

gμν∂μφ∂νφ = −1, (42)

which can be enforced in the action using a Lagrange multi-
plier λ. The simplest mimetic action becomes:

S =
∫

d4x
√−g

[
R

2κ2 + λ(gμν∂μφ∂νφ + 1)

]
. (43)

Here, the scalar field φ does not propagate via a standard
kinetic term, but behaves dynamically due to the constraint.
In the absence of other matter fields, this leads to a pressure-
less fluid behavior, effectively mimicking dark matter.

Extensions for inflationary dynamics

To model inflation, the mimetic framework is extended by
introducing additional degrees of freedom:

• Potential-drivenmimetic inflation:Add a scalar poten-
tial V (φ) to produce slow-roll dynamics.

• Higher-derivative terms: Include operators such as
(�φ)2, (∇μ∇νφ)2, which arise naturally in Horndeski-
like constructions [63].

• Curvature couplings: Construct mimetic extensions
of f (R), Gauss–Bonnet, or teleparallel gravity (e.g.,
mimetic f (G), mimetic f (T )).

• Mimetic Horndeski and DHOST models: Explore
higher-order scalar–tensor theories that retain second-
order field equations.

Table 14 Inflationary behavior in selected mimetic gravity models

Model ns r

Potential-driven mimetic inflation ∼ 0.964 ∼ 0.003

Mimetic gravity with higher derivatives ∼ 0.960 � 0.01

Mimetic f (R) gravity ∼ 0.965 ∼ 0.004

Mimetic Gauss–Bonnet or f (G) models 0.960−0.966 � 0.005

• LQC-inspiredmimetic gravity: Incorporate loop quan-
tum cosmology corrections into mimetic dynamics.

Nojiri, Odintsov, and collaborators have extensively devel-
oped reconstruction techniques within mimetic gravity to
generate cosmological histories that support inflation, bounce,
or late-time acceleration [64,65].

Inflationary predictions and examples

Mimetic inflationary models are highly flexible and can
reproduce a wide range of predictions depending on the struc-
ture of the added terms. For suitable choices, they yield:

• Spectral index ns ∼ 0.960−0.965,
• Tensor-to-scalar ratio r � 0.01,
• Modified sound speed c2

s < 1, potentially enhancing
equilateral non-Gaussianity,

• Stability under scalar and tensor perturbations, when
higher-derivative operators are handled correctly (Table
14).

Perturbations, stability, and non-Gaussianity

Mimetic models are known to produce stable scalar pertur-
bations in the linear regime, provided the higher-derivative
terms are constructed to avoid ghosts and gradient instabil-
ities. In the presence of terms like (�φ)2, the sound speed
deviates from unity, potentially giving rise to detectable non-
Gaussianity:

f equil
NL ∝ 1 − c2

s

c2
s

. (44)

However, care is required: models with poorly tuned
higher-order operators may suffer from instabilities or violate
observational bounds. Horndeski-compatible mimetic mod-
els have been developed to preserve second-order dynamics
and control unwanted degrees of freedom.

Connections to quantum gravity and bouncing cosmologies

Mimetic gravity has also been proposed as a framework for
nonsingular bouncing cosmologies, especially in conjunc-
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tion with loop quantum cosmology (LQC) corrections. The
mimetic scalar can act as an effective anisotropy suppressor
and resolve the initial singularity through geometric means.

These models maintain:

• Covariance under diffeomorphisms,
• Constraint-enforced dynamics (Lagrange multiplier for-

malism),
• Modified Friedmann equations enabling bounce or

turnaround phases.

Mimetic gravity offers a geometric mechanism to repro-
duce inflationary expansion by isolating the conformal
degree of freedom of the metric. Through potential-driven or
higher-derivative modifications, mimetic models can gener-
ate viable inflation consistent with observational constraints.
Moreover, their compatibility with Horndeski and quantum
gravity frameworks makes mimetic gravity a fertile ground
for constructing singularity-free cosmological histories and
connecting the early universe to fundamental theory.

As future CMB experiments further tighten bounds on
non-Gaussianity and tensor modes, mimetic inflationary
models – particularly those with modified sound speed – will
face strong tests, potentially distinguishing them from con-
ventional scalar field or curvature-based inflation.

14 Non-local gravity and infinite derivative models

Non-local and infinite-derivative modifications of General
Relativity (GR) have gained increasing attention as frame-
works capable of addressing the ultraviolet (UV) problems
of gravity. These include non-renormalizability, singularity
formation, and quantum instabilities. Rooted in string field
theory, effective quantum gravity, and higher-spin models,
non-local gravity incorporates infinite-order derivative oper-
ators, especially in the form of analytic functions of the
d’Alembertian �. When properly constructed, these theories
maintain unitarity, preserve causality, and exhibit ghost-free
behavior while modifying the structure of spacetime at small
scales.

One of the most striking features of such models is that
they can support early-universe inflation without requiring
an inflaton field or scalar potential. The inflationary dynam-
ics emerge directly from the gravitational sector through
non-local curvature operators, offering a minimal and self-
contained approach to the origin of cosmological accelera-
tion.

Motivation and effective action framework

Non-local modifications are motivated by both phenomeno-
logical and theoretical considerations:

• String theory: String field theory and p-adic string mod-
els naturally produce actions with non-local operators
like e�,

• Asymptotic safety and causal set theory:These suggest
non-localities are needed to ensure UV completeness,

• Resummation of quantum loops: Effective actions
derived from resummed Feynman diagrams often involve
non-local kernels.

A prototypical action for ghost-free non-local gravity
takes the form:

S =
∫

d4x
√−g

[
M2

P

2
R + 1

2
RF(�)R + Lm

]
, (45)

where F(�) is an analytic form factor (often an entire
function) suppressing high-energy divergences. A commonly
studied choice is:

F(�) = 1

6M2
s
e−�/M2

s , (46)

with Ms denoting the scale of non-locality. This structure
appears in the UV completion schemes proposed by Biswas,
Mazumdar, Koshelev, and Modesto [66–68].

Ghost-free conditions and modified propagator

A key feature of infinite-derivative gravity is that it can be
made ghost-free if F(�) is chosen to avoid introducing extra
poles in the graviton propagator. This demands that F(�) be
an entire function:

F(�) =
∞∑
n=1

fn�n, with rapid convergence. (47)

The modified graviton propagator in momentum space
takes the form:

�(k2) ∼ e−k2/M2
s

k2 , (48)

which suppresses UV contributions and renders loop correc-
tions finite. This allows for a form of perturbative UV com-
pletion of gravity that avoids higher-derivative ghosts (unlike
generic f (R,�R) models).

Inflation from purely gravitational non-local terms

Unlike standard scalar-field-driven models, non-local grav-
ity can support inflationary solutions directly from geomet-
ric operators. In particular, the exponential form factor in
RF(�)R generates a de Sitter phase or quasi–de Sitter
expansion.

Several classes of inflationary behavior have been found:
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Table 15 Inflationary predictions from non-local gravity models

Model ns r

R + RF(�)R, exponential kernel ∼ 0.964 � 0.01

Non-local Starobinsky-like model ∼ 0.965 ∼ 0.003

Bouncing non-local cosmology ∼ 0.960 Negligible

• Exponential inflation: Driven by the Re−�R term
alone.

• Bouncing models: Where the universe undergoes a non-
singular contraction–expansion transition.

• Non-local Starobinsky inflation: Mimicking R + R2

dynamics with improved UV behavior.

Biswas et al. [66] showed that de Sitter and oscillatory
inflationary solutions exist and are stable under perturbations,
provided the scale Ms ∼ 1014 GeV is chosen appropriately
(Table 15).

Perturbation theory and observables

Perturbations in non-local gravity are governed by integro-
differential equations involving operators like e�. Neverthe-
less, linearized analyses around de Sitter or FLRW back-
grounds show:

• Stability: Scalar and tensor perturbations are stable and
ghost-free.

• Tensor spectrum: High-energy suppression leads to
smaller amplitude and modified tensor tilt.

• UV finiteness: Quantum loops are rendered finite, and
divergences are smoothed by exponential form factors.

Moreover, the scalar power spectrum remains nearly
scale-invariant with ns ≈ 0.96, and the tensor-to-scalar ratio
is within observable bounds.

Late-time cosmology and unification

Some non-local models can unify inflation with dark energy
by introducing other curvature terms such as:

RF1(�)R + RμνF2(�)Rμν. (49)

By adjusting the form factors Fi (�), a transition from
early acceleration to late-time cosmic acceleration can be
achieved. This avoids introducing a cosmological constant
or quintessence field.

Such scenarios offer a geometric unification of all cos-
mological epochs within a ghost-free, singularity-free, and
UV-complete framework.

Quantum gravity links and theoretical significance

Non-local gravity overlaps with several approaches to quan-
tum gravity:

• String theory: Provides natural non-local operators via
worldsheet resummations,

• Asymptotic safety: Regularizes divergences with expo-
nential UV suppression,

• Causal set theory and non-commutative geometry:
Support discrete or smeared spacetime structures,

• Amplitudes and causal perturbation theory: Benefit
from entire-function analyticity.

Non-local operators may also help address trans-Planckian
issues in inflation and resolve the black hole information
paradox by softening spacetime singularities.

Non-local and infinite-derivative models of gravity offer
a compelling route to resolve the ultraviolet problems of
General Relativity while simultaneously generating realis-
tic inflationary cosmology. With ghost-free structure, sup-
pressed UV divergences, and predictive power at both early
and late times, these models are increasingly recognized as
serious candidates for a quantum-consistent and observation-
ally viable theory of the universe’s origin and evolution. Their
ability to support inflation without scalar fields, avoid sin-
gularities, and unify cosmological epochs underscores their
importance in the landscape of modern gravitational theories.

15 Palatini formalism in inflation

The Palatini formalism is an alternative variational princi-
ple in gravitational theories in which the metric gμν and the
affine connection �λ

μν are treated as independent variables.
Originally proposed by Palatini and later formalized in the
context of Einstein’s theory, the Palatini approach leads to the
same field equations as the metric formalism in standard Gen-
eral Relativity when applied to the Einstein–Hilbert action.
However, this equivalence breaks down for nonlinear exten-
sions of gravity, such as f (R), f (R, Q), and scalar–tensor
theories.

In the context of cosmology, this distinction becomes
highly nontrivial. Modified gravity models – particularly
f (R) models – display markedly different inflationary
behavior under the Palatini approach compared to the met-
ric one. In many Palatini models, inflation can be realized
without propagating scalar degrees of freedom, and tensor
perturbations are naturally suppressed.
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Table 16 Inflationary predictions in metric and Palatini f (R) gravity

Model ns r

Starobinsky inflation (metric) ∼ 0.965 ∼ 0.004

Starobinsky inflation (Palatini) ∼ 0.965 � 0.001

Palatini f (R) = R + αR2 + βRn ∼ 0.964 < 0.01

Metric vs Palatini: a theoretical comparison

In the metric formalism, the connection is fixed to be the
Levi-Civita connection, fully determined by the metric. In
contrast, the Palatini formalism treats �λ

μν as independent,
and variation with respect to the connection leads to addi-
tional equations that constrain the form of �λ

μν .
For an action of the form:

S = 1

2κ2

∫
d4x

√−g f (R) + Sm[gμν, ψ], (50)

where R = gμνRμν(�), variation yields field equations
where the scalar curvature becomes an algebraic function
of the trace of the energy–momentum tensor T , in contrast
to the dynamical behavior in the metric case.

This fundamental distinction implies:

• Second-order equations for the Palatini case (vs fourth-
order in metric f (R)),

• No extra propagating scalar degree of freedom in Pala-
tini f (R),

• Distinct inflationary dynamics, especially in early-
universe cosmology.

Palatini f (R) inflation: Starobinsky and beyond

In the metric formulation, the Starobinsky model f (R) =
R + αR2 leads to an effective scalar–tensor theory with a
dynamical scalar field and a slow-roll potential in the Einstein
frame. However, in the Palatini formulation, the same action
results in algebraic dependence of the curvature on matter
and does not produce a dynamical scalar field.

Nonetheless, it still leads to inflationary expansion through
modified Friedmann equations, yielding:

• A nearly scale-invariant scalar spectrum,
• Strong suppression of the tensor-to-scalar ratio r ,
• Observables consistent with Planck 2018 and BICEP/

Keck bounds (Table 16).

Because of the algebraic nature of curvature in Palatini
f (R), the theory avoids introducing an additional scalar
degree of freedom, simplifying the inflationary analysis and
reducing fine-tuning concerns.

Scalar–tensor equivalence and Einstein frame interpretation

While metric f (R) gravity can be recast as scalar–tensor
theory with a potential derived from f (R), Palatini f (R)

models yield a non-dynamical scalar field in the equivalent
Einstein frame. The scalar field behaves as an auxiliary vari-
able that modifies the effective gravitational constant and
potential shape but lacks independent dynamics.

As a result:

• The slow-roll condition emerges from the structure of
f (R),

• The field excursions are sub-Planckian,
• The Einstein-frame potential is flatter than in the metric

case.

Reheating and post-inflation evolution

Reheating in Palatini inflation requires special treatment
because standard inflaton oscillations may be absent. Pro-
posed mechanisms include:

• Coupling the modified gravity sector to scalar matter
fields,

• Using non-oscillatory reheating mechanisms like instant
preheating or gravitational reheating,

• Introducing small corrections to f (R) to produce scalar
field dynamics post-inflation.

Several studies have explored particle production in Pala-
tini inflation and shown that the universe can successfully
reheat, albeit with different energy transfer mechanisms than
in scalar-field-driven models.

Extensions and generalizations

Palatini formalism has been extended to include:

• f (R, Q) models, where Q = RμνRμν adds further cur-
vature corrections,

• Palatini–Higgs inflation, where the Standard Model
Higgs is non-minimally coupled in the Palatini frame,
reducing r significantly compared to the metric version,

• Non-minimal curvature–matter couplings, relevant
for unification of early and late-time acceleration,

• Quantumcorrections, where Palatini quantization offers
different renormalization behavior and avoids certain
strong coupling issues.

These models maintain second-order field equations and
typically exhibit improved stability, reduced tensor modes,
and better UV behavior than their metric counterparts.
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Observational viability and theoretical advantages

The Palatini formalism offers several attractive features:

• Suppressed tensormodeswithout needing extreme flat-
ness in the potential,

• Sub-Planckian field values, avoiding trans-Planckian
concerns,

• Simplified dynamics, due to absence of new propagating
fields,

• Compatibility with Higgs inflation, avoiding large
radiative corrections,

• Robust predictions that lie within 1-σ Planck contours.

The Palatini formalism offers a compelling alternative to
the metric approach in modified gravity and inflationary cos-
mology. Particularly in f (R) models like Starobinsky infla-
tion, it provides distinct predictions – most notably a much
lower tensor-to-scalar ratio – without introducing additional
degrees of freedom. Its second-order nature, computational
simplicity, and ability to realize inflation without fine-tuned
potentials make it a strong candidate for constructing viable
early-universe scenarios. Ongoing research in Palatini–Higgs
inflation, f (R, Q) gravity, and non-minimal matter cou-
plings continues to expand its relevance in both theoretical
and observational cosmology.

16 Metric-affine and f (Q) gravity

Metric-affine theories generalize General Relativity (GR) by
lifting the assumption that the affine connection is derived
from the metric. In such theories, the affine connection �λ

μν

is an independent geometric object that may exhibit torsion
T λ

μν and non-metricity Qλμν . Within this broad class, sym-
metric teleparallel gravity – also known as coincident gravity
– focuses on a unique case: curvature and torsion are both set
to zero, and gravity is mediated purely through non-metricity.

This construction leads to a new class of theories known
as f (Q) gravity, in which the gravitational action depends on
the non-metricity scalar Q, analogous to f (R) in curvature-
based gravity and f (T ) in torsion-based gravity. Due to its
second-order nature and ghost-free structure, f (Q) gravity
has recently been explored as a viable setting for inflationary
cosmology.

Symmetric teleparallelism: geometry of non-metricity

In symmetric teleparallel geometry, the affine connection is
chosen such that:

Rλ
μνρ = 0, T λ

μν = 0, (51)

but non-metricity is non-vanishing:

Qλμν = ∇λgμν 
= 0. (52)

The fundamental scalar governing dynamics is the non-
metricity scalar Q, defined as:

Q = −1

4
QαμνQ

αμν + 1

2
QαμνQ

μαν

+1

4
QαQ

α − 1

2
Qα Q̃

α, (53)

where Qα = Q μ
αμ and Q̃α = Q αμ

μ are traces of non-
metricity.

The gravitational action in f (Q) gravity reads:

S =
∫

d4x
√−g

[
1

2
f (Q) + Lm

]
, (54)

where f (Q) is a general function of the scalar Q, and Lm is
the matter Lagrangian.

Inflation in f (Q) gravity

The inflationary sector of f (Q) gravity has been stud-
ied extensively in recent years. Unlike f (R) or f (T ), the
field equations in f (Q) gravity remain second-order despite
nonlinearity in Q, avoiding Ostrogradsky instabilities. This
makes the theory attractive for constructing inflationary mod-
els without introducing extra degrees of freedom or auxiliary
scalar fields.

Heisenberg, Beltrán Jiménez, Lazkoz, and others have
shown that:

• Inflation can emerge solely from geometric terms in
f (Q),

• One can reconstruct f (Q) functions from a desired scale
factor or Hubble evolution,

• The Starobinsky-like expansion and graceful exit are
achievable within this framework [69–71].

Additionally, f (Q) inflation can be implemented with or
without scalar fields. In the scalar–non-metricity formula-
tion, scalar fields are coupled minimally or non-minimally
to Q, enabling further control over the inflationary potential
and dynamics.

Inflationary predictions and observables

Viable models yield predictions for scalar perturbations and
tensor-to-scalar ratios in agreement with current CMB con-
straints. The scalar power spectrum is nearly scale-invariant,
and the tensor sector is naturally suppressed, depending on
the exact form of f (Q) (Table 17).

Models constructed via reconstruction techniques can
yield graceful exit, reheating via geometrical mechanisms,

123



  994 Page 26 of 62 Eur. Phys. J. C           (2025) 85:994 

Table 17 Inflationary predictions in selected f (Q) gravity models

Model ns r

Starobinsky-type
f (Q) = Q + αQ2

∼ 0.965 ∼ 0.004

Reconstructed f (Q)

from Hubble flow
parameters

∼ 0.964 < 0.01

Power-law
f (Q) = Qn

Model-dependent Model-dependent

and a phase of post-inflation deceleration compatible with
Big Bang nucleosynthesis.

Theoretical advantages of f (Q) gravity

The symmetric teleparallel framework provides several
notable advantages:

• Second-order field equations, avoiding ghosts and
pathologies,

• Noneed for auxiliary scalar fields, inflation from geom-
etry alone,

• Simple matter coupling, with geodesics determined by
the Levi-Civita connection,

• Compatibility with metric–affine extensions, includ-
ing torsion and disformal structures.

Additionally, symmetric teleparallelism permits the con-
struction of scale-invariant and conformal extensions, and
naturally admits Lagrangians that unify inflation and dark
energy under a single geometric description.

Perturbations, GW speed, and stability

While the background dynamics are well understood, pertur-
bation theory in f (Q) gravity is more subtle. Recent stud-
ies have investigated scalar and tensor modes using gauge-
invariant formalisms:

• Scalar perturbations are stable for a wide class of f (Q),
• Tensor modes propagate at light speed, ensuring consis-

tency with GW170817,
• The theory avoids extra polarizations or pathologies in

the gravitational wave sector.

However, full cosmological perturbation theory – espe-
cially nonlinear and second-order calculations – remains an
active area of research, including the formulation of consis-
tent initial conditions and treatment of isocurvature modes.

Generalizations and future directions

Extensions of f (Q) gravity include:

• Scalar–non-metricity theories, analogs of scalar–tor-
sion and scalar–curvature models,

• Conformal f (Q) theories, useful in Higgs inflation and
scale-invariant scenarios,

• Non-minimal couplings, such as ξ(φ)Q for scalar field
dynamics,

• Higher-dimensional and braneworld scenarios, using
the metric-affine formalism.

Quantum corrections and attempts to formulate a UV-
complete version of symmetric teleparallel gravity are also
underway, possibly connecting to affine quantum gravity and
background-independent formalisms.

Metric-affine gravity and its subclass of f (Q) theories
offer a rich and geometrically novel platform for modeling
inflation and cosmic evolution. By constructing gravity from
non-metricity rather than curvature or torsion, symmetric
teleparallelism retains second-order dynamics, avoids ghost
modes, and permits purely geometric mechanisms for early-
universe inflation.

Inflation in f (Q) gravity models yields predictions in
excellent agreement with CMB observations, and generaliza-
tions allow for unified treatment of both early and late accel-
eration. With increasing interest in non-Riemannian geome-
tries, metric-affine inflation is poised to play an important role
in connecting cosmology with fundamental modifications of
gravity.

17 Dynamical system approaches to modified gravity
inflation

The dynamical systems approach provides a powerful frame-
work for analyzing inflationary dynamics across a wide
range of cosmological models, especially in the increasingly
complex landscape of modified gravity. Rather than rely-
ing on numerical solutions for specific initial conditions, this
method re-expresses the cosmological field equations as an
autonomous system of first-order differential equations. This
enables a systematic exploration of global behavior in phase
space, revealing inflationary attractors, stability conditions,
and natural exit mechanisms.

Dynamical systems techniques are particularly useful
in theories with multiple fields or non-linear geometric
terms, such as f (R), f (T ), f (R, T ), scalar–tensor models,
Gauss–Bonnet theories, mimetic gravity, and even Palatini
or metric-affine frameworks.
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Methodology: autonomous systems and phase space
geometry

To construct a dynamical system, one introduces a set of
dimensionless variables that capture the relative importance
of kinetic energy, potential energy, curvature corrections, and
other relevant terms. For example:

x = φ̇√
6H

, y =
√
V (φ)√
3H

, λ = − 1

V

dV

dφ
, z = F ′(R)

F(R)
,

(55)

with N = ln a as the e-folding number.
The cosmological equations are rewritten as an autonomous

system:

dxi
dN

= fi (x j ), (56)

where the functions fi depend on the specific modified
gravity theory under study. Fixed points {x∗

i } correspond
to critical cosmological behaviors such as de Sitter infla-
tion, kinetic-dominated regimes, or scaling attractors. Lin-
earization around these points yields the stability matrix
Ji j = ∂ fi/∂x j , whose eigenvalues determine local stabil-
ity.

Applications across modified gravity theories

Dynamical systems methods have been fruitfully applied to
a wide array of modified gravity models:

• f (R) gravity: Models like Starobinsky inflation exhibit
stable de Sitter points and radiation attractors. For
f (R) = R+αR2, inflation appears as a saddle or attrac-
tor, depending on the parameters [72].

• f (T ) gravity: The torsion-based formulation leads to
qualitatively different fixed points than curvature-based
models. Power-law inflation and phantom-like attractors
can be identified, with unique reheating trajectories [73].

• Scalar–tensor and Brans–Dicke models: Dynamical
system analysis reveals the impact of non-minimal cou-
plings and potential shapes on inflationary dynamics and
late-time acceleration [74].

• f (R, T ) and mimetic gravity: These theories show
inflationary fixed points even without explicit potentials,
enabled by the interaction between matter and geometry
[64,75].

• Gauss–Bonnet and scalar–GB theories: Modified fric-
tion from coupling functions ξ(φ)G introduces rich
dynamical structures with stable inflationary trajectories
[55].

• Palatini f (R) and metric-affine theories: These theo-
ries often yield simpler, second-order dynamical systems,

Fig. 1 Phase space portrait of f (R) gravity showing key fixed points

Table 18 Representative fixed points in modified gravity inflation

Point Interpretation Scale factor
behavior

Stability

P1 de Sitter inflation a(t) ∝ eHt Stable node

P2 Power-law
inflation

a(t) ∝ t p Saddle point

P3 Kinetic-
dominated

w = 1 Unstable source

P4 Scaling solution ρφ/ρm = const Depends on
potential

but their phase space shows bifurcations associated with
the form of f (R).

• DHOST and beyond-Horndeski models:Despite com-
plexity, constrained subspaces allow reduced phase-
space dynamics where inflation, scaling solutions, and
tracker behavior can be identified.

Phase portraits and flow behavior

A crucial feature of this approach is its ability to visualize the
dynamical flow of cosmological variables, aiding in the clas-
sification of inflationary attractors and trajectories that exit
into radiation or matter-dominated eras. Consider a reduced
system in the x–y plane for scalar–tensor gravity (Fig. 1):

Classification of fixed points and stability

Typical fixed points are classified by their cosmological sig-
nificance (Table 18):

The eigenvalue spectrum of the Jacobian matrix at each
point determines whether the solution is a node, focus, center,
or saddle.

123



  994 Page 28 of 62 Eur. Phys. J. C           (2025) 85:994 

Advantages and limitations

Advantages:

• Captures full asymptotic behavior of cosmological sys-
tems,

• Identifies attractors, fixed points, and trajectories without
exact solutions,

• Useful for model selection and inflationary viability,
• Enables systematic reconstruction of potentials or cou-

pling functions.

Challenges:

• Complex models may yield high-dimensional phase
spaces,

• Non-autonomous systems may arise (e.g., time-dependent
parameters),

• Some physically relevant trajectories (e.g., reheating) are
transient and may not appear as fixed points,

• Linear analysis may miss subtle non-linear or bifurcation
effects.

The dynamical systems approach is an essential tool in
the study of inflationary dynamics across broad classes of
modified gravity theories. It provides qualitative and quanti-
tative insights into attractor behavior, cosmological stability,
and the transitions between inflation and post-inflationary
epochs. As the complexity of gravitational models grows,
phase-space analysis remains indispensable for organizing
the cosmological solution space, identifying observationally
viable regimes, and guiding the reconstruction of theoreti-
cally motivated inflationary models.

18 Reheating and preheating in modified gravity

The post-inflationary reheating epoch plays a pivotal role in
linking the cold, quasi-de Sitter inflationary phase to the hot
Big Bang universe. During this transition, the vacuum-like
energy of the inflationary sector is converted into relativistic
particles, initiating standard thermal history. In some scenar-
ios, this occurs via preheating, an explosive non-perturbative
particle production mechanism often driven by parametric
resonance.

In the context of modified gravity, the reheating process
acquires new features. The gravitational degrees of freedom
are modified or extended, the background dynamics differ
from General Relativity (GR), and extra scalar modes or geo-
metrical couplings can impact decay rates, expansion rates,
and reheating efficiency.

Fig. 2 Schematic evolution of inflaton and radiation energy densities
during preheating in modified gravity

Reheating in f (R) gravity

In f (R) models – especially the Starobinsky model f (R) =
R + αR2 – inflation is driven by the scalaron, a dynamical
scalar degree of freedom emerging from the R2 term. After
inflation ends, the scalaron oscillates around the minimum
of its effective potential Veff(φ) ∼ φ2, and reheating occurs
through its gravitational or Yukawa-like couplings to other
fields.

Key features include:

• Scalaron mass: M ∼ 1013 GeV,
• Decay via loop-generated interactions or minimal cou-

plings to Standard Model (SM) scalars/fermions,
• Reheating temperature: Treh ∼ 109 − 1010 GeV,
• Smooth transition into radiation domination.

Perturbative and non-perturbative analyses have been exten-
sively developed by Gorbunov, Starobinsky, and others
[76,77].

Preheating: resonant particle production in modified gravity

Preheating offers a more efficient and rapid mechanism for
energy transfer than perturbative reheating. When the inflaton
or gravitational scalar oscillates after inflation, it can induce
time-varying masses for other fields:

χ̈k +
[
k2

a2 + g2φ2(t)

]
χk = 0, (57)

leading to resonance amplification of field modes χk . In mod-
ified gravity, this mechanism can be triggered by:

• Non-minimal curvature couplings (e.g., ξ Rφ2),
• Scalar–Gauss–Bonnet couplings ξ(φ)G,
• Kinetic torsion couplings in f (T ) or Einstein–Cartan

frameworks,
• Oscillations of geometric degrees of freedom in f (Q),

mimetic, or non-local models (Fig. 2).
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Reheating constraints from observables

The reheating phase modifies the total number of e-folds
between horizon exit and the end of inflation:

Nk = 55 + 1

4
ln

(
V 2
k

M4
Pρend

)
+ 1 − 3wreh

12(1 + wreh)
ln

(
ρreh

ρend

)
,

(58)

where wreh is the average equation of state. The dependence
of ns and r on Treh and wreh allows observational constraints
on reheating. In modified gravity:

• Extra geometric degrees of freedom can alter ρend,
• Non-trivial effective equations of state arise,
• Entropy production and decay into hidden sectors are

model dependent (Table 19).

Examples of modified gravity reheating

Recent developments and open challenges

Recent studies include:

• Preheating in GB inflation: Tachyonic amplification
from ξ ′′(φ)G triggers efficient reheating [78,79].

• Reheating in f (Q) gravity: Without extra scalar fields,
reheating may occur via gravitational particle production
[80].

• Einstein–Cartan reheating: Spin-induced torsion can
convert into radiation via fermionic interactions, provid-
ing a bounce-like reheating scenario [81].

• Constraints fromCMB: Planck and future missions can
indirectly probe reheating via effects on the inflationary
consistency relations and gravitational wave background.

Reheating and preheating in modified gravity constitute
a crucial but less-explored frontier. Due to their dependence
on gravitational geometry and couplings, these phases can
significantly alter the post-inflationary universe and provide
unique observational signatures. A proper understanding of
reheating dynamics is essential for constructing viable infla-
tionary models and ensuring consistency with both early- and
late-time cosmological observations.

19 Primordial black holes and gravitational waves in
modified gravity

Inflation is not only a mechanism for generating the large-
scale structure of the universe, but it also provides fertile
ground for the production of primordial black holes (PBHs)
and stochastic backgrounds of gravitational waves (GWs).

These relics encode information about the small-scale fea-
tures of inflationary dynamics and offer windows into physics
beyond General Relativity (GR).

In particular, modified gravity models – such as f (R),
scalar–Gauss–Bonnet, mimetic, teleparallel, and non-local
gravities – naturally introduce features that amplify curva-
ture perturbations, alter tensor dynamics, or trigger resonant
particle production. This makes them powerful frameworks
for probing early-universe relics with future astrophysical
and gravitational wave observatories.

Enhanced scalar perturbations and PBH formation

Primordial black holes form when enhanced curvature per-
turbations at small scales reenter the horizon in the early uni-
verse and collapse under their own gravity. A scalar perturba-
tion spectrum Pζ (k) exceeding a threshold value (typically
∼ 10−2) can trigger such collapse:

Pζ (kc) � δ2
c ∼ 10−2, (59)

where kc corresponds to the comoving scale of PBH forma-
tion. Inflationary models with transient periods of ultra-slow-
roll, inflection points, or effective sound speed reduction can
naturally amplify small-scale perturbations.

In modified gravity theories, PBH formation is facilitated
via:

• Plateau potentials in f (R) and f (G) models,
• Scalar–Gauss–Bonnet couplings ξ(φ)G enhancing fric-

tion,
• Mimetic constraints leading to clustering of scalar

modes,
• Non-canonical kinetic terms or entropy modes in multi-

field extensions (Table 20).

Depending on the model, PBHs may contribute to dark
matter, seed supermassive black holes, or generate second-
order gravitational waves.

Gravitational waves from modified inflation

In addition to scalar perturbations, inflation generically pro-
duces tensor modes, which today form a stochastic gravita-
tional wave background (SGWB). In modified gravity:

• The tensor sound speed cT 
= 1 can modify the ampli-
tude and shape,

• The effective Planck mass M2
eff(t) may vary during

inflation or reheating,
• Extradegrees of freedom (e.g., scalar–torsion or scalar–

GB couplings) can lead to new tensor sources,
• Second-order scalar-inducedGWs arise from enhanced
Pζ (k) in PBH-generating models.
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Table 19 Reheating properties in selected modified gravity models

Model Scalar degree Treh (GeV) Preheating?

Starobinsky f (R) Scalaron 109–1010 Efficient

Scalar–GB (ξ(φ)G) Yes Model-dependent Tachyonic instabilities

f (T ) gravity Varies Typically lower Ambiguous

Mimetic gravity Mimetic scalar < 108 Yes (for specific V (φ))

Non-local gravity No scalar Gravitational Unclear

Palatini f (R) No scalar Indirect Weak/absent

f (Q) gravity No scalar Gravitational Possible via expansion effects

Table 20 Examples of PBH
formation in modified gravity
frameworks

Model Amplification mechanism PBH mass range

Scalar–Gauss–Bonnet inflation Ultra-slow-roll phase from ξ(φ) 1018 − 1025 g

f (R) with inflection potentials Plateau region in Veff(φ) 1015 − 1022 g

Mimetic gravity Non-canonical kinetic clustering Broad; model-dependent

f (Q) models Dynamical suppression of sound speed 1017 − 1023 g

Einstein–Cartan with spin fluid Spin-induced enhancements 1018 g and higher

Fig. 3 Sample GW energy
density spectra in different
modified gravity scenarios.
Peaks in the LISA, DECIGO,
and PTA bands offer testable
signatures

Specific predictions include:

• Scalar-induced GWs from f (R) and mimetic PBH mod-
els peaking in the mHz range (LISA),

• Direct tensor GWs from scalar–Gauss–Bonnet or telepar-
allel oscillations,

• Suppression or enhancement of GW amplitude depend-
ing on coupling function ξ(φ) or f (Q) form,

• Resonant amplification of tensor modes during preheat-
ing (tachyonic or parametric) (Fig. 3).

Observational prospects and constraints

The synergy between PBH and GW probes makes this sector
especially promising for testing high-energy gravity:

• LISA, DECIGO, BBO: Sensitive to scalar-induced and
tachyonic GW backgrounds in the mHz–Hz regime,

• PTAs (e.g., SKA, NANOGrav): Constrain nHz GWs
from early phases of modified gravity or domain walls,

• Microlensing surveys (HSC, OGLE, EROS): Bound
PBH abundances across mass ranges,

• CMB-S4 and LiteBIRD: Indirectly constrain the pri-
mordial tensor spectrum via r and its scale dependence.

Future multi-messenger constraints on stochastic GW
spectra and PBH populations can jointly narrow the allowed
inflationary model space.

Modified gravity frameworks not only enrich inflationary
dynamics but also profoundly impact the generation of PBHs
and gravitational waves. These phenomena serve as probes
of ultraviolet physics, geometric couplings, and reheating
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mechanisms. As GW detectors and PBH searches improve,
they offer one of the most powerful

20 Inflation in braneworld and higher-dimensional
theories

The idea that our observable universe is a lower-dimensional
hypersurface (brane) embedded in a higher-dimensional
spacetime (bulk) provides a compelling extension to stan-
dard inflationary cosmology. Inspired by string theory,
M-theory, and extra-dimensional gravity, braneworld and
higher-dimensional models offer rich mechanisms for gener-
ating inflation, modifying Friedmann dynamics, and yielding
observational signatures distinct from those of 4D General
Relativity.

Braneworld inflation typically arises in models such as
the Randall–Sundrum (RS) type II scenario, the Dvali—
Gabadadze–Porrati (DGP) model, and their generalizations.
In these frameworks, standard matter fields are confined
to a 3-brane, while gravity propagates into extra spatial
dimensions, altering both the background dynamics and cos-
mological perturbation theory. In higher-dimensional theo-
ries derived from string compactifications, inflation is often
driven by moduli fields, brane–antibrane interactions, or the
motion of D-branes in warped geometries.

Modified Friedmann equations on the brane

In RS-type braneworlds, the Einstein equations projected
onto the 3-brane lead to a modified Friedmann equation of
the form:

H2 = ρ

3M2
P

(
1 + ρ

2λ

)
+ E

a4 , (60)

where λ is the brane tension and E is a dark radiation term
arising from the bulk Weyl tensor. At high energies (ρ �
λ), the quadratic term dominates, modifying the slow-roll
conditions and allowing inflation with steeper potentials.

This deviation has several immediate consequences:

• Inflation can occur for potentials that would be too steep
in standard 4D GR,

• The number of e-folds is modified as the friction term is
enhanced,

• Tensor perturbations are suppressed relative to scalar per-
turbations due to modified normalization.

The high-energy correction enhances the Hubble friction,
slowing down scalar field evolution and extending the infla-
tionary phase even for otherwise marginal potentials. These
features make brane inflation scenarios attractive for embed-
ding within supergravity or string-derived landscapes.

Examples of braneworld inflation models

• RS-II braneworld inflation: The simplest inflationary sce-
nario in RS models employs standard scalar potentials
(e.g., m2φ2, λφ4), but due to the quadratic corrections,
the dynamics and spectral predictions change. The scalar
spectral index ns and tensor-to-scalar ratio r become:

ns � 1 − 6ε − 2η

1 + V/λ
, r � 16ε

1 + V/λ
, (61)

where ε, η are the usual slow-roll parameters.
• DGP braneworld inflation: In the DGP model, the Fried-

mann equation includes a term linear in H due to gravity
leakage into the bulk:

H2 ± H

rc
= ρ

3M2
P

, (62)

where rc is the crossover scale between 4D and 5D behav-
ior. The self-accelerating branch (+) can generate late-
time acceleration, while the normal branch (−) allows
for viable inflationary dynamics when coupled with
scalar fields on the brane. However, ghost instabilities
have challenged the consistency of the self-accelerating
branch.

• Mirage and DBI inflation: Derived from the dynamics of
D3-branes moving in warped throats (e.g., Klebanov–S-
trassler geometry), Dirac–Born–Infeld (DBI) inflation
introduces non-canonical kinetic terms:

L = − f (φ)−1
√

1 − f (φ)(∂φ)2 + f (φ)−1 − V (φ),

(63)

leading to inflation with large sound speed suppression.
These models can produce detectable non-Gaussianities
and may be constrained by bounds on the equilateral
shape of the bispectrum.

• KKLMMT and moduli inflation: In the KKLT frame-
work, inflation is driven by the motion of D3-branes
toward anti-D3-branes in warped throats, with the poten-
tial arising from moduli stabilization and supersymmetry
breaking. These models typically yield small-field infla-
tion and must overcome the η-problem via tuning or addi-
tional mechanisms.

Gravitational perturbations and brane effects

Inflation in higher dimensions significantly modifies the per-
turbation equations. Key effects include:

• Suppressed tensormodes:Due to localization of gravity
on the brane and redshift of tensor modes into the bulk,
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• Modified consistency relations: For example, the stan-
dard relation r = −8nt may not hold in brane models,

• High-energy corrections: Affect the amplitude and tilt
of scalar and tensor power spectra,

• KK mode excitations: Massive graviton modes can
leave imprints in the CMB anisotropies and GW spec-
trum.

The full perturbation analysis in these theories requires
solving coupled 4D–5D systems (e.g., the Mukohyama mas-
ter equation) and often involves numerical simulations or
approximations.

Non-Gaussianity and signatures

In several braneworld inflation models – especially DBI-type
and multi-brane setups – the non-canonical structure leads to
enhanced non-Gaussianity. Observationally:

• The non-linearity parameter f eq
NL can reach order 10 −

100,
• Shape dependence is often equilateral or orthogonal, dis-

tinguishing them from local-type non-Gaussianity,
• Tensor–scalar consistency relations are broken, offering

a test of higher-dimensional effects.

The presence of isocurvature modes from extra-
dimensional fields or moduli can further affect the pertur-
bation spectrum and reheating history.

Observational constraints and prospects

Observational constraints from Planck, BICEP/Keck, and
large-scale structure have already begun constraining these
scenarios:

• DBI inflation is constrained by bounds on fNL and the
tensor-to-scalar ratio,

• KKLMMT-type models require fine-tuning or additional
stabilizing ingredients to be viable,

• RS-II inflation is consistent with data for specific poten-
tial shapes and values of λ.

Future experiments such as LiteBIRD and CMB-S4 will
tighten constraints on tensor modes and non-Gaussianities,
potentially distinguishing brane inflation from standard 4D
models. Gravitational wave observatories may also detect
relic GWs from brane-localized inflation or KK-graviton
leakage.

Inflation in braneworld and higher-dimensional theories
provides an elegant extension to early-universe cosmology,
embedding inflation into a higher-dimensional or string-
theoretic setting. These frameworks modify the Friedmann

dynamics, scalar and tensor spectra, and non-Gaussian signa-
tures in profound ways. The interplay between brane tension,
extra-dimensional dynamics, and compactification geometry
allows for a wide range of inflationary behaviors.

As observational data becomes increasingly precise, infla-
tion in higher dimensions remains a testable and exciting
avenue – offering a bridge between quantum gravity, string
theory, and cosmology.

21 Bayesian model selection and machine learning
approaches to inflation

Bayesian inference has become an indispensable tool in mod-
ern cosmology, providing a rigorous framework for compar-
ing theoretical models against increasingly precise obser-
vational data. In the context of inflation, Bayesian meth-
ods enable one to quantify how well a given inflation-
ary scenario fits Cosmic Microwave Background (CMB)
anisotropy and polarization data, including results from
Planck, BICEP/Keck, and large-scale structure surveys.

In parallel, machine learning (ML) techniques have
emerged as powerful tools for accelerating and augment-
ing cosmological data analysis. Their synergy with Bayesian
methods enables efficient navigation of high-dimensional
parameter spaces, rapid model discrimination, and even
potential-free reconstruction of inflationary dynamics from
data.

Bayesian evidence and model comparison

The Bayesian evidence (or marginal likelihood) for a model
Mi is defined as:

Zi = P(D|Mi ) =
∫

L(θi )π(θi ) dθi , (64)

where L(θi ) is the likelihood function of the data D, and
π(θi ) is the prior distribution over the model parameters θi .
Model comparison is then performed using the Bayes factor:

Bi j = Zi

Z j
, (65)

which quantifies the relative support for modelMi overM j .
Interpreting ln Bi j follows the Jeffreys’ scale: values > 5
indicate strong preference.

Bayesian inference is typically implemented using Monte
Carlo Markov Chain (MCMC) methods or nested sampling
algorithms. Notable tools include:

• CosmoMC: an MCMC engine coupled with CAMB for
Boltzmann integration,
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• MultiNest and PolyChord: efficient nested sam-
plers for high-dimensional and multi-modal posterior dis-
tributions,

• Cobaya: a modular framework incorporating multiple
samplers and cosmological modules.

Applications to modified gravity inflation

Modified gravity inflationary models often introduce
extended parameter spaces beyond the minimal �CDM
model. Bayesian model selection has been employed to eval-
uate:

• Viability of f (R) = R + αR2 vs. power-law inflation,
• Preference for plateau vs. monomial potentials in f (T ),

f (G), and f (Q) theories,
• The role of non-minimal couplings in scalar–tensor mod-

els,
• The impact of quantum corrections or running kinetic

terms in k-inflation or Galileon-type models.

Such analyses often constrain the parameter combina-
tions (ns, r, αs, fNL), along with model-specific couplings
α, β, ξ, λ, and allow computation of posterior credible inter-
vals.

A representative study by Rinaldi et al. [82] showed that
Palatini f (R) inflation yields tighter posterior distributions
for r , often favored over chaotic inflation. Recent work by
Escudero et al. [83] also performed Bayesian comparison
across a wide class of single- and multi-field inflationary
potentials using Planck+BAO data.

Machine learning for inflationary cosmology

The growth of cosmological datasets has motivated the appli-
cation of ML techniques, not only to accelerate parameter
estimation but also to explore the structure of theory space.
Some key applications include:

• Reconstruction of the inflaton potential: Using super-
vised learning, ML can be trained on simulated CMB
observables to learn an inverse mapping from observables
(e.g., ns, r ) to potential shapes V (φ). Gaussian process
regression (GPR) and variational autoencoders have been
used for this task, providing non-parametric reconstruc-
tions with uncertainty quantification.

• Classification of models: Neural networks (e.g., con-
volutional and recurrent architectures) have been trained
to distinguish among inflationary models, especially in
distinguishing between:

– Canonical vs. non-canonical kinetic terms,
– Single-field vs. multi-field scenarios,

– Plateau, hilltop, and chaotic potentials.

• Emulators and surrogates: ML surrogates such as neu-
ral emulators or random forests can emulate expensive
Boltzmann solvers like CLASS or CAMB, reducing infer-
ence time from hours to milliseconds. This enables faster
scans over modified gravity models with extended param-
eter spaces.

• Anomaly detection and forecasting: Unsupervised
learning is used to detect departures from standard infla-
tion (e.g., running, features, oscillations) in future sur-
veys such as LiteBIRD, CMB-S4, and the Simons Obser-
vatory.

Synergy of ML and Bayesian tools

ML algorithms can be integrated within Bayesian pipelines
in multiple ways:

• Use ML emulators as fast likelihood evaluators within
MCMC/nested sampling,

• Employ reinforcement learning to explore rare or fine-
tuned inflationary trajectories,

• Apply Bayesian neural networks to generate posterior
distributions directly with uncertainty quantification.

This synergy allows cosmologists to explore complex the-
ory spaces that would otherwise be computationally pro-
hibitive.

Challenges and future directions

While promising, ML and Bayesian methods face challenges:

• The choice of priors can heavily influence Bayesian evi-
dence, especially in high-dimensional spaces,

• ML models can overfit or fail to generalize outside trained
regimes unless carefully regularized,

• Interpretability of deep learning results remains limited,
motivating hybrid analytic-ML frameworks.

Nonetheless, these approaches are expected to play an
increasingly central role in the precision cosmology era,
especially as datasets from future probes (e.g., CMB-S4,
Euclid, SKA) begin to constrain inflationary features with
unprecedented accuracy.

Bayesian inference and machine learning together pro-
vide a powerful statistical and computational framework
for the analysis of inflationary models in modified gravity.
They enable efficient exploration, model discrimination, and
reconstruction of early-universe dynamics. As cosmological
data continue to grow in precision and volume, these tools
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will be crucial for identifying viable theories of inflation that
go beyond the standard GR framework.

22 Summary of viable inflationary models in modified
gravity

Inflationary cosmology embedded in modified gravity offers
a rich array of theoretical frameworks, each with its unique
geometric motivations, inflationary mechanisms, and obser-
vational signatures. In this section, we provide a consolidated
comparison of the most promising classes of models, evalu-
ating them based on:

• Compatibility with current observations (CMB, BICEP/
Keck, LSS),

• Theoretical consistency and stability (e.g., ghost-freedom,
second-order field equations),

• Prospects for ultraviolet (UV) completion (e.g., links to
string theory or loop quantum gravity).

Model landscape and comparative table

See Table 21.

Model taxonomy and geometric classification

We provide a conceptual taxonomy of inflationary models
in modified gravity, structured according to their geometric
origin – whether based on curvature, torsion, non-metricity,
or higher-derivative extensions – as well as the nature of
their field-theoretic couplings. This classification comple-
ments the detailed summary and phenomenological compar-
ison tables in Sects. 21 and 25, offering a broader perspective
on the theoretical landscape covered in this review.

We distinguish seven major categories:

• Curvature-based models: These include f (R) grav-
ity and scalar fields non-minimally coupled to curvature
invariants such as the Ricci scalar R and the Gauss–Bon-
net termG. These models typically originate from higher-
order corrections to the Einstein–Hilbert action and
include Starobinsky-type and scalar–G models.

• Torsion-based models: In these scenarios, gravity is
mediated by torsion rather than curvature. Examples
include f (T ) gravity, Einstein–Cartan theory, and scalar
–torsion coupling models, which offer second-order field
equations and unique reheating mechanisms.

• Non-metricity-based models: These arise from the
symmetric teleparallel framework, in which gravity is
expressed through the non-metricity tensor. The f (Q)

class of models maintains second-order field equations

and offers elegant alternatives to curvature- or torsion-
based scenarios.

• Higher-derivative and non-local gravity: This class
introduces infinite-derivative form factors or non-local
operators such as RF(�)R. These models are motivated
by quantum gravity and string field theory and can sup-
port UV-complete, singularity-free inflationary dynam-
ics.

• Scalar–geometry couplings: These models explore
scalar fields coupled to curvature tensors such as Rμν ,
torsion vectors Tμ, and non-metricity traces Qμ. They
generalize scalar–tensor theories and can lead to strong
friction effects or enhanced preheating.

• Exotic frameworks: These include MOdified Gravity
(MOG or STVG), mimetic gravity, Bekenstein’s varying
constant theories, and Carmeli’s cosmological relativity.
Though less conventional, these models propose novel
geometric or physical mechanisms for inflation.

• String-inspired and extra-dimensional models: These
are derived from brane dynamics, moduli stabilization, or
axionic fields in string theory. They include D-brane infla-
tion, axion monodromy, and scenarios based on warped
compactifications or tachyonic DBI actions.

By categorizing these models via their underlying geom-
etry – curvature, torsion, or non-metricity – and their physi-
cal mechanisms – scalar couplings, higher derivatives, extra
dimensions – we clarify their similarities, differences, and
potential observational signatures. This classification also
aids in guiding future observational strategies to distinguish
between competing inflationary scenarios.

Observational status

Recent observations from Planck 2018, BICEP/Keck 2018,
and LSS surveys provide stringent bounds on key inflationary
parameters such as the scalar spectral index ns , tensor-to-
scalar ratio r , and non-Gaussianity fNL. Notably:

• Models predicting ns ∼ 0.9649 ± 0.0042 and r < 0.06
are currently favored,

• Many f (R), scalar–GB, and non-local models lie well
within these bounds,

• Some f (T ) and mimetic models require parameter tun-
ing to avoid instabilities or inconsistent reheating.

Theoretical robustness

Theoretical consistency is critical for inflationary models.
Second-order field equations (as in f (Q) and Palatini f (R))
are preferred due to the absence of Ostrogradsky instabili-
ties. Covariant reformulations are important in torsion-based
theories like f (T ) to preserve local Lorentz invariance. Cou-
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Table 21 Viable inflationary models in modified gravity: status and outlook

Model Obs. viable Stability UV completion

f (R) Starobinsky Yes Ghost-free; scalar–tensor form Likely (SUGRA, string)

f (G) Gauss–Bonnet Yes (tuned) Possible ghost/gradient issues Heterotic string-based

f (T ) Torsion Model-dependent Algebraic; non-covariant Reformulations ongoing

Scalar–GB coupling Yes (broad) Needs ξ ′(φ)φ̇ < 0 Natural in string theory

f (Q) non-metricity Promising 2nd-order; ghost-free New field; UV unclear

Braneworld (RS/DGP) Yes with tuning Ghost-free in some setups String/M-theory support

Mimetic gravity Some viable Gradient instabilities possible UV unclear; loop ideas exist

Einstein–Cartan Viable at high density Algebraic torsion; ghost-free Possible LQG origin

Non-local gravity Yes Ghost-free by design Linked to string field theory

Palatini f (R) Yes 2nd-order; no scalaron Minimal UV links; stable

pling functions ξ(φ) in scalar–GB models must be chosen to
avoid ghost and gradient instabilities, while Einstein–Cartan
models remain algebraically constrained but singularity-free.

UV completion and embedding in high-energy theory

Some inflationary models naturally emerge from or are com-
patible with UV-complete frameworks:

• Starobinsky inflation appears in supergravity and no-
scale models,

• Scalar–Gauss–Bonnetmodels arise in low-energy string
compactifications,

• Braneworld inflation is supported by M-theory and RS-
like warped geometry,

• Non-local gravity finds roots in string field theory and
p-adic gravity,

• Other frameworks like mimetic, torsion, and non-
metricity-based inflation are promising but require fur-
ther embedding in UV-complete theories.

Role of upcoming observations

Forthcoming missions such as LiteBIRD, CMB-S4, the
Simons Observatory, SKA, and gravitational wave detectors
(e.g., LISA, DECIGO) will further refine parameter bounds.
They are expected to:

• Constrain r to the 10−3 level,
• Detect or exclude primordial gravitational waves,
• Probe reheating and PBH production indirectly,
• Discriminate between geometric origins of inflation (e.g.,

curvature, torsion, non-metricity).

Data-driven and ML-augmented exploration

As discussed in Sect. 26, machine learning and Bayesian
inference will continue to play a central role in the model
selection process. With vast theoretical landscapes and high-
dimensional parameter spaces, data-driven workflows will
be essential to:

• Rapidly rule out disfavored models,
• Identify inflationary attractors in extended theories,
• Reconstruct inflaton dynamics or geometric actions

directly from observables.

Inflationary cosmology in modified gravity continues to
offer fertile ground for exploring fundamental questions
about the early universe and quantum gravity. Among the
numerous candidate models, f (R) Starobinsky inflation,
scalar–Gauss–Bonnet scenarios, non-local gravity, and Pala-
tini extensions remain at the forefront due to their predictive
power and compatibility with data. Emerging frameworks
like f (Q) gravity and Einstein–Cartan theory offer novel
mechanisms worthy of further investigation.

The next decade of precision cosmology will be decisive
in narrowing the inflationary paradigm – confronting the-
ory with data and guiding us toward the correct geometric
description of the universe’s earliest moments.

23 Tachyon inflation in modified gravity

Tachyon fields arise naturally in the context of string theory,
particularly in scenarios involving unstable D-branes. The
decay of these D-branes leads to the emergence of a tachyon
condensate, described effectively by a non-canonical scalar
field with Dirac–Born–Infeld (DBI) dynamics. Remarkably,
tachyon fields have been shown to support inflationary phases
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in both standard and modified gravity frameworks, yielding
rich phenomenological predictions.

The general action for tachyonic inflation in the Einstein
frame is given by:

S =
∫

d4x
√−g

[
R

2κ2 − V (T )
√

1 + gμν∂μT ∂νT

]
, (66)

where T is the tachyon field and V (T ) is the effective poten-
tial governing its dynamics. Unlike canonical fields, the
tachyon’s kinetic term saturates as Ṫ 2 → 1, which naturally
slows down the field and supports prolonged inflation.

Motivation and theoretical foundations

Tachyon inflation is deeply rooted in Type IIA/B string the-
ory, where open strings on non-BPS D-branes lead to a
rolling tachyon condensate. The action resembles the DBI
Lagrangian in brane-world scenarios, and tachyon matter
behaves like a pressureless fluid at late times.

Key theoretical motivations include:

• Natural UV embedding from string theory compactifica-
tions,

• Stability under higher-derivative corrections,
• Non-trivial connections with DBI inflation, K-inflation,

and warm inflation,
• Realization of both inflationary and dark energy epochs

within a unified framework.

Inflationary dynamics: background and perturbations

In a spatially flat FRW background, the tachyon field evolves
under:

H2 = κ2

3

V (T )√
1 − Ṫ 2

, T̈ + (1 − Ṫ 2)

(
3HṪ + V ′

V

)
= 0.

(67)

The slow-roll approximation is valid when Ṫ 2 � 1 and T̈ �
3 HṪ . The effective slow-roll parameters become:

ε = M2
P

2

(
V ′

V

)2 1

V 2 , η = M2
P

[
V ′′

V 3 − 3

2

(
V ′

V 2

)2
]

.

(68)

These expressions differ from canonical cases due to the non-
standard kinetic structure, leading to modified predictions for
inflationary observables.

Common potentials and predictions

Various functional forms for V (T ) have been explored:

• Inverse square: V (T ) = V0/T 2, motivated by string
decays,

• Exponential: V (T ) = V0e−αT , supports graceful exit,
• Gaussian: V (T ) = V0 exp(−αT 2), allows PBH produc-

tion,
• Hilltop: V (T ) = V0(1 − αT 2), fine-tuned slow-roll,
• Padé form: V (T ) = V0/(1 + αT 2)n , has built-in exit

(Table 22).

Modified gravity embeddings

Tachyon fields can be embedded in various modified gravity
theories:

• In f (R) gravity, the gravitational sector modifies the
effective friction term, altering inflation duration and
reheating [84].

• In f (T ) teleparallel gravity, torsion couples naturally to
tachyon kinetic terms. Geng et al. [85] show that slow-roll
inflation and reheating are achievable.

• In scalar–Gauss–Bonnet frameworks, tachyons coupled
to curvature invariants generate rich dynamics and poten-
tial amplification of gravitational waves.

These embeddings yield distinctive corrections to ns and
r , and can suppress non-Gaussianity or enhance reheating
via geometric couplings.

Reheating and preheating

Tachyon models often require a mechanism to reheat the uni-
verse after inflation, as the field asymptotically rolls without
oscillation. Possible mechanisms include:

• Coupling to gauge fields: f (T )FμνFμν ,
• Gravitational particle production: effective in low Ṫ

regimes,
• Hybrid-type models: additional scalar field triggers

waterfall transition.

Recent studies show that even tachyon fields in braneworld
scenarios can yield successful reheating via parametric res-
onance [86].

Dynamical systems analysis and attractor behavior

To analyze global stability, one can define variables:

x = Ṫ , y = V (T )

3H2 , �T = V (T )√
1 − x23H2

. (69)

Setare and Sami [87] demonstrated that:

• Tachyon-dominated attractors exist,
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Table 22 Representative
tachyon inflation potentials and
observational features

Model V (T ) ns r

Inverse square V0/T 2 ∼ 0.960 < 0.01

Exponential V0e−αT 0.95 − 0.97 � 0.1

Gaussian V0e−αT 2 ∼ 0.964 < 0.01

Hilltop V0(1 − αT 2) ∼ 0.97 Small

Padé-type V0/(1 + αT 2)n Tunable Tunable

• Late-time scaling solutions are possible,
• Exit from inflation occurs naturally if V (T ) → 0 fast

enough.

Observational constraints and non-Gaussianity

Tachyon inflation is compatible with current observational
data when the sound speed cs is near unity. However, in the
DBI regime, deviations lead to:

• Enhanced equilateral-type non-Gaussianity, quanti-
fied by f equil

NL ∼ O(1),
• Suppressed tensor modes (r < 0.01), due to reduced

inflaton speed,
• PBH formation possibilities via enhanced scalar spectra

in flat regions of V (T ).

Constraints from Planck 2018 allow modest levels of
fNL and favor potentials leading to red-tilted spectra. Future
probes like LiteBIRD and CMB-S4 will decisively test these
models.

Theoretical challenges and outlook

While tachyon inflation is theoretically appealing, it faces
some challenges:

• The field does not oscillate post-inflation, complicating
standard reheating,

• Potential singularities in DBI kinetic terms must be
avoided,

• The effective field theory cutoff may lie below the infla-
tionary Hubble scale,

• Embedding into consistent superstring compactifications
is model-dependent.

Nevertheless, when embedded in extended gravity (e.g.,
f (T ), scalar–GB, non-local), many of these problems are
softened. Further work is required to address UV sensitivity
and define well-behaved quantum corrections.

Tachyon inflation remains a viable and string-motivated
framework for early-universe acceleration, especially when
embedded within modified gravity theories. Its non-canonical

dynamics, distinctive reheating mechanisms, and observa-
tional predictions make it a fertile ground for theoretical and
phenomenological exploration. The next generation of cos-
mological and gravitational wave surveys will further probe
the unique signatures of tachyon-based inflation and its geo-
metric generalizations.

24 Inflation in string-inspired gravity

String theory provides a compelling UV-complete frame-
work that naturally incorporates gravity, gauge interactions,
and scalar fields. Inflationary cosmology within this set-
ting benefits from a higher-dimensional perspective, lead-
ing to novel mechanisms for driving early-universe acceler-
ation. Unlike traditional scalar field inflation, string-inspired
models involve rich structures arising from compactifica-
tion, D-brane dynamics, flux-induced potentials, and higher-
curvature corrections.

The scalar fields responsible for inflation often descend
from moduli (e.g., dilaton, volume modulus), axions, or open
string modes (brane positions), and their potentials are deter-
mined by the geometry and topology of the extra dimensions.
The compactification process – typically on Calabi–Yau or
toroidal manifolds – generates effective 4D scalar-tensor the-
ories with modified kinetic terms, non-minimal couplings,
and multi-field dynamics.

Fundamental classes of string-inspired inflation

String-inspired inflation models can be broadly classified as
follows:

• Brane–antibrane inflation: A D3-brane moves in a
warped throat towards an anti-D3-brane, and their attrac-
tive potential serves as the inflaton potential. The proto-
typical realization is the KKLMMT scenario [88], which
includes warping and moduli stabilization.

• DBI inflation: The kinetic energy of a brane moving in a
warped background is governed by a Dirac–Born–Infeld
action, leading to non-canonical inflation with a small
sound speed and potentially large non-Gaussianities [89].
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• Axion monodromy inflation: Arising from the winding
of axions around non-trivial cycles, these models produce
linear or sinusoidal potentials with periodic modulations,
offering controlled large-field inflation [90].

• Dilaton and moduli inflation: Fields from compacti-
fication, such as the dilaton or volume modulus, can
drive inflation under exponential or plateau-like poten-
tials. Loop and flux corrections are used to stabilize the
moduli [91,92].

• String gas and pre–big bang cosmology: Utilizing T-
duality and string thermal dynamics, these models pro-
pose loitering or bouncing phases that may seed inflation
or structure formation [93,94].

Modified gravity and effective action structure

In the low-energy limit, string-inspired inflation leads to
extended gravity models beyond Einstein’s General Rela-
tivity. The generic 4D effective action may include:

S =
∫

d4x
√−g

[
1

2κ2 R + f (φ)R + 1

2
k(φ)(∇φ)2

−V (φ) + ξ(φ)G + · · · ] , (70)

where:

• f (φ): non-minimal coupling (e.g., dilaton gravity),
• k(φ): non-canonical kinetic terms (e.g., DBI),
• ξ(φ)G: coupling to the Gauss–Bonnet term from string

α′ corrections.

These actions support generalized inflationary dynamics,
slow-roll attractors, and viable reheating phases while avoid-
ing ghosts and higher-derivative instabilities if constructed
carefully.

Phenomenology and observational constraints

Observationally viable string-inspired inflation requires
matching Planck data, BICEP/Keck bounds, and future CMB
constraints. Key phenomenological features include:

• Spectral index ns : Most models predict ns ∼ 0.96 −
0.97,

• Tensor-to-scalar ratio r : DBI and monodromy models
span a wide range (r ∼ 10−3 − 0.1),

• Non-Gaussianity: DBI-type models may produce large
equilateral fNL, constrained by Planck ( f equil

NL < 50),
• Isocurvature modes: Multi-field inflation (e.g., axion

inflation with saxions) introduces potential isocurvature
perturbations and trajectory turns (Fig. 4).

Fig. 4 Inter-brane potential in warped throat geometry relevant to DBI
and brane–antibrane inflation

Challenges and theoretical consistency

Despite their appeal, several theoretical challenges persist:

• Moduli stabilization:Unstabilized moduli (e.g., volume
modulus) can disrupt inflationary dynamics or lead to
fifth-force constraints.

• Backreaction: Brane dynamics or warping may induce
significant corrections to the potential and kinetic terms.

• Swampland conjectures: The Swampland Distance
Conjecture and de Sitter Conjecture restrict the field
range and gradient of scalar potentials [95,96], placing
pressure on large-field models.

• Reheating and exit: Some models, especially DBI infla-
tion, lack well-defined reheating mechanisms without
introducing additional fields or couplings.

These challenges have motivated hybrid inflation, two-
field models, and multi-throat geometries to circumvent con-
straints.

Recent advances and extensions

In the past few years, new directions have emerged:

• Multi-axion inflation (N-flation): Realistic compacti-
fications yield multiple axions with aligned potentials
[97,98].

• Clockwork axion inflation: Dynamically generates
super-Planckian decay constants [99].

• Modular inflation:Uses modular forms (e.g., Eisenstein
series) for symmetry-stabilized potentials [100].

• String–Gauss–Bonnet andnon-local stringy inflation:
Incorporates curvature corrections from higher orders in
the α′ or gs expansions [101,102] (Fig. 5).

Diagram of axion monodromy

Inflation in string-inspired gravity offers a rich arena
where quantum gravity, high-energy field theory, and cosmo-
logical observations intersect. While achieving full theoreti-
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Fig. 5 Quasi-periodic axion potential from monodromy inflation, sup-
ported by wrapped branes and fluxes

cal control remains difficult, these models continue to drive
progress in connecting fundamental theory with the infla-
tionary paradigm. Future observations from CMB-S4, Lite-
BIRD, gravitational wave probes (LISA, BBO), and large-
scale structure surveys will be instrumental in confirming or
ruling out stringy inflationary scenarios.

25 Inflation in conformal and Weyl-invariant gravity

Conformal symmetry, or invariance under local rescalings of
the metric, is a powerful principle in field theory and gravity.
In conformal (or Weyl-invariant) gravity, the action remains
invariant under the transformation:

gμν(x) → �2(x)gμν(x), (71)

where �(x) is a smooth, non-zero function of spacetime
coordinates. This symmetry naturally eliminates any fixed
mass or energy scales from the theory, making it an attrac-
tive framework for addressing problems related to quantum
gravity, cosmological constant, and scale-free early-universe
dynamics.

Theoretical motivation

Conformal gravity models date back to Weyl’s original
attempts at unifying gravity and electromagnetism, but mod-
ern interest has surged due to their appearance in:

• String theory effective actions,
• Supergravity and higher-derivative gravity,
• Asymptotically safe gravity and anomaly-induced infla-

tion,
• Dynamical scale generation in Higgs inflation and dilaton

models.

The conformal symmetry must be spontaneously or
anomalously broken to recover a standard cosmology, and the
mechanism of this breaking provides the inflationary dynam-
ics.

Generic action and symmetry realization

A typical conformally invariant action includes a scalar field
φ, often identified with the inflaton or dilaton, coupled non-
minimally to the Ricci scalar:

S =
∫

d4x
√−g

[
1

12
φ2R − 1

2
gμν∂μφ∂νφ − λ

4
φ4

]
, (72)

which is invariant under:

gμν → �2(x)gμν, φ → �−1(x)φ. (73)

In this setting, inflation arises from spontaneous breaking
of conformal symmetry when the field φ develops a vacuum
expectation value (VEV), setting the Planck scale.

Anomaly-induced inflation

Quantum corrections to a classically conformal theory break
the symmetry through trace anomalies. Starobinsky and
others showed that the anomaly-induced effective action
includes R2 and CμνρσCμνρσ terms, leading to:

S =
∫

d4x
√−g

[
1

2κ2 R + αR2 + βCμνρσC
μνρσ

]
, (74)

whereCμνρσ is the Weyl tensor. These models naturally yield
Starobinsky-type inflationary dynamics, without requiring a
fundamental inflaton.

Conformal attractors and α-models

Conformal attractors are a broad class of models with univer-
sal predictions in the ns–r plane. These models often begin
with conformal symmetry and introduce a field-space trans-
formation that maps them to Einstein frame models with
plateau-like potentials (Table 23):

V (φ) = V0

(
1 − e−

√
2

3α
φ/MP

)2

. (75)

Gauge fixing and Einstein frame equivalence

These theories often use conformal gauge fixing to relate
different frames. Choosing the Einstein gauge φ = √

6MP

yields a canonical Einstein–Hilbert action plus a scalar poten-
tial. Conversely, choosing a gauge where the metric is fixed
allows φ to play the role of a varying Planck mass. This
duality facilitates model building and numerical analysis.
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Table 23 Inflationary predictions from conformal gravity-inspired
attractor models

Model Spectral index ns Tensor-to-scalar ratio r

Conformal
Starobinsky-
like

∼ 0.965 ∼ 0.004

Conformal
α-model with
α = 1

∼ 0.965 ∼ 0.008

Higgs-dilaton
inflation

∼ 0.964 < 0.01

Anomaly-
induced
R2 + C2

∼ 0.966 ∼ 0.003

Table 24 Contrasting conformal gravity inflation with standard scalar
field models

Feature Canonical
inflation

Conformal
gravity
inflation

Symmetry None or shift
symmetry

Local conformal
invariance

Mass scales Introduced by
hand

Generated
dynamically

Fundamental scalars Inflaton φ Dilaton or
anomaly scalar

UV completion Often absent Motivated by
SUGRA,
strings

Predictions Model-
dependent

Universality
classes in ns , r

Inflation without potentials: conformal gravity proper

A radical class of models based on Weyl gravity uses the
action:

S =
∫

d4x
√−g CμνρσC

μνρσ , (76)

where dynamics arise from higher-order geometric operators
without any scalar field. Inflation-like expansion emerges via
conformal symmetry breaking or induced anomalies. These
models are highly constrained by unitarity and observational
viability but remain theoretically intriguing (Fig. 24).

Comparison with canonical inflation

See Table 24.

Observational prospects

Conformal models are consistent with CMB observations
when symmetry breaking is handled appropriately. Notably:

• Most predict small r < 0.01, aligned with Planck and
BICEP/Keck.

• Running and non-Gaussianity are typically negligible.
• The UV structure and anomaly-driven inflation offer

testable predictions via quantum gravity and holography.

Recent developments and open problems

Active areas of research include:

• Weyl-invariant extensions of supergravity and Horndeski
models.

• Conformal inflation in holographic cosmology and
AdS/CFT.

• Dynamical conformal symmetry breaking in early-
universe phase transitions.

• Compatibility with quantum anomalies and radiative cor-
rections.

Despite theoretical elegance, challenges include:

• Ghost instabilities in pure Weyl models,
• Lack of a standard reheating mechanism,
• Complexity in matching late-time cosmology.

Conformal and Weyl-invariant gravity models offer a
symmetry-based pathway to inflation without invoking arbi-
trary mass scales. By breaking scale invariance dynamically
or via quantum effects, they naturally lead to viable inflation-
ary expansion with predictive power and close connections
to quantum gravity theories.

26 Phenomenological models of inflation

Phenomenological models of inflation aim to capture the
essential features of early-universe acceleration without
committing to a full UV-complete theory such as string the-
ory or supergravity. These models are typically constructed
using effective field theory (EFT) techniques, often involv-
ing a single scalar field φ minimally coupled to gravity and
evolving under a potentialV (φ). The strength of phenomeno-
logical models lies in their simplicity, analytic tractability,
and direct connection to observable cosmological parame-
ters such as the scalar spectral index ns , the tensor-to-scalar
ratio r , and non-Gaussianity parameters.

Classification of inflationary potentials

Phenomenological models can be grouped into universal-
ity classes based on their asymptotic behavior, shape of the
potential, and symmetry structure. The most common cate-
gories include:
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Table 25 Predictions of key phenomenological inflationary models

Model V (φ) ns r Comments

Quadratic chaotic 1
2m

2φ2 ∼ 0.966 ∼ 0.13 Disfavored

Starobinsky V0(1 − e−√
2/3φ/MPl )2 ∼ 0.965 ∼ 0.004 Excellent fit

Natural inflation �4[1 + cos(φ/ f )] 0.96 − 0.97 0.05 − 0.1 Viable if f � 5MPl

Hilltop (p = 2) V0(1 − φ2/μ2) ∼ 0.96 � 0.01 Viable

α-attractor (α = 1) V0 tanh2(φ/
√

6α) ∼ 0.965 ∼ 0.004 Robust

• Large-field inflation: Models such as chaotic inflation
[103] with monomial potentials V (φ) ∝ φn , where infla-
tion occurs for super-Planckian field values. These pre-
dict relatively large values of r and are increasingly con-
strained by CMB observations.

• Small-field or hilltop inflation: The field rolls away
from a local maximum near φ = 0, using potentials like
V (φ) = V0 (1 − φ p/μp) with p > 0. These models
typically predict small r , but may face issues with initial
conditions.

• Plateau models: These include Starobinsky-type poten-
tials and the broader class of α-attractor models [104,
105]. The potential flattens at large φ, leading to univer-
sal predictions ns ≈ 1 − 2/N , r ≈ 12α/N 2.

• Hybrid inflation: Inflation is driven by one field but ends
due to an instability in a second field – the waterfall field –
allowing controlled reheating and embedding into high-
energy models [106].

• Natural and axion-like inflation: Models with periodic
potentials V (φ) = �4[1 + cos(φ/ f )] or monodromy-
type extensions, inspired by shift symmetries and axion
physics [90,107].

• Logarithmic, exponential, andnon-polynomial forms:
These emerge in quantum-corrected potentials, brane
inflation, and holographic dual models [108,109].

Comparative predictions and constraints

Recent observations from Planck 2018 and BICEP/Keck
strongly constrain inflationary models, particularly ruling out
large-field monomial potentials with n ≥ 2. Viable mod-
els must produce a spectral tilt ns ∼ 0.965, low running
αs ∼ 10−3, and tensor-to-scalar ratio r < 0.036 (95% CL).
Table 25 summarizes benchmark potentials and their predic-
tions.

Phenomenological models in modified gravity

Many effective potentials have been embedded into general-
ized gravity frameworks:

• f (R) gravity: The Starobinsky model corresponds to
f (R) = R + αR2. Other plateau models arise via con-
formal transformations from Jordan to Einstein frames
[110,111].

• f (T ) gravity: Power-law and exponential inflation
potentials have been constructed via teleparallel modi-
fications with torsion [13,22].

• Einstein–Cartan theories: Hilltop or chaotic inflation
with torsion couplings modify the slow-roll parameters
and reheating behavior [112].

• Scalar–Gauss–Bonnet: Phenomenological potentials
coupled toG can realize ultra-slow-roll or exit from infla-
tion, enhancing scalar perturbations and PBH formation
[113].

These extensions preserve the empirical success of the
original potentials while offering novel dynamics, modified
sound speeds, and corrections to the consistency relation r =
−8nT .

Bayesian selection and machine learning classifiers

The large landscape of inflationary models necessitates a sta-
tistical approach to model comparison:

• Bayesian evidenceZ integrates the likelihood over prior
parameter space and allows pairwise model comparison
via Bayes factors Bi j = Zi/Z j [108].

• Nested sampling tools likePolyChord,MultiNest,
and CosmoMC have been used to quantify the statisti-
cal preference for α-attractors over monomial or hilltop
models.

• Machine learning methods including neural networks,
Gaussian process regression, and support vector machines
are increasingly applied to classify viable models, accel-
erate parameter estimation, and reconstruct the inflation-
ary potential from data [114,115].

Advantages and limitations

Phenomenological models enjoy the following merits:
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• Simplicity and analytical control.
• Direct fit to observables (ns, r, αs, fNL).
• Flexibility to test new ideas and coupling schemes.

However, these models also face important limitations:

• Lack of UV completion or embedding in quantum grav-
ity.

• Potentially ad hoc forms for V (φ), lacking symmetry
justification.

• Difficulty in modeling post-inflationary reheating or
entropy production.

Phenomenological inflation continues to serve as a key
interface between theory and observation. With upcoming
surveys (LiteBIRD, CMB-S4, SKA) and better large-scale
structure data, many models will be further constrained or
ruled out. The synergy between analytical model building,
data-driven inference, and computational methods like ML
will guide the search for realistic and falsifiable inflationary
scenarios.

27 Inflation in MOdified Gravity with anisotropic
tensor (MOG)

MOdified Gravity (MOG), also known as scalar–tensor–vec-
tor gravity (STVG), is a relativistic theory introduced by Mof-
fat as a unified framework to explain cosmological observa-
tions without invoking dark matter or dark energy [116]. In
the context of inflation, MOG introduces extra degrees of
freedom beyond General Relativity (GR), including a mas-
sive vector field φμ, a running gravitational coupling G(x),
and scalar fields μ(x), ω(x) that control the vector field’s
mass and coupling strength. These additions fundamentally
alter the background evolution, tensor modes, and perturba-
tive behavior during the inflationary era.

Theoretical framework

The action for STVG/MOG is composed of several interact-
ing sectors:

S =
∫

d4x
√−g

[
1

16πG(x)
R + Lφ + LS + Lmatter

]
,

(77)

where:

• G(x) is promoted to a scalar field, whose dynamics are
governed by a separate scalar field Lagrangian LS ,

• φμ is a Proca-type vector field with its own mass term
and kinetic structure,

• Lφ includes Maxwell-like and mass terms for φμ,
• Lmatter represents matter and radiation fields minimally

coupled to the metric.

The full set of field equations derived from this action
lead to a highly non-trivial modification of Einstein’s equa-
tions, containing contributions from the vector field stress-
energy tensor, derivatives of the scalar fields, and effective
anisotropic stress.

Cosmological dynamics and inflationary mechanisms

MOG modifies the Friedmann equations via three principal
contributions:

1. The time dependence of G(x) introduces a dynamical
effective Planck mass Meff(t) ∼ G−1/2(t), thereby alter-
ing the strength of Hubble friction and impacting slow-
roll conditions.

2. The massive vector field φμ can generate anisotropic
stress during inflation, particularly if it couples non-
minimally to the inflaton or contributes a non-negligible
energy density.

3. The scalar field μ(x), governing the mass of φμ, can
modulate the evolution of tensor modes.

Inflation in MOG can proceed in two main scenarios:

• Minimal coupling scenario: Standard inflaton φ mini-
mally coupled to a MOG background with evolvingG(t),
leading to enhanced friction and extended inflation even
for steep potentials.

• Vector-driven inflation: The energy density of φμ

contributes directly to the Hubble parameter, enabling
vector-dominated or mixed-sourced inflation, possibly
yielding small r and stable anisotropies [117].

Perturbations and tensor anisotropies

A critical feature of MOG inflation is the anisotropic stress
induced by the vector field. Although the vector field typi-
cally decays during expansion, in MOG it is dynamical and
massive, allowing its fluctuations to survive and impact the
CMB via:

• Modifying the tensor power spectrum and generating sta-
tistical anisotropies.

• Affecting scalar–tensor cross correlations due to cou-
pling with φ and G(x).

• Producing distinctive signatures in the B-mode polariza-
tion power spectrum.
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The evolution equations for scalar and tensor pertur-
bations must be modified to include the effective energy-
momentum tensor of φμ, which includes mass, pressure, and
anisotropic components. These corrections can shift the con-
sistency relation r = −8nT and affect the spectral tilt ns
through corrections to the inflaton slow-roll parameters.

Observational signatures and comparison with data

MOG-based inflationary models yield modified predictions
for the scalar spectral index ns , the tensor-to-scalar ratio r ,
and the non-Gaussianity fNL, depending on the specific infla-
tionary potential and the dynamics of the additional fields.
Key predictions include:

• Lower r values for given monomial potentials due to
enhanced Hubble damping,

• Small but detectable anisotropy in the tensor sector for
certain φμ configurations,

• Running of ns and αs due to time evolution of G(x) and
μ(x),

• Potential violations of parity symmetry if the vector field
has Chern–Simons-type couplings.

Recent analyses suggest that MOG inflation with standard
potentials like V (φ) = m2φ2/2 or plateau-like forms can
fit Planck 2018 and BICEP2/Keck constraints if the field
evolution of G(x) is carefully controlled to avoid instabilities
post-inflation [118].

Bayesian evidence and parameter space viability

Although MOG is not as widely tested as other models like
f (R) or Gauss–Bonnet inflation, recent Bayesian analyses
have begun to explore its likelihood landscape. Using nested
sampling tools (PolyChord, MontePython), one can:

• Estimate the posterior distribution of inflationary param-
eters with evolving G(t),

• Assess the impact of vector anisotropy terms on CMB
observables,

• Compare MOG-based models with conventional single-
field inflation in terms of Bayesian evidence Z ,

• Classify the viable potentials via ML methods or model-
selection statistics (e.g., Bayes factor Bi j ).

Preliminary results indicate that for certain parameter
ranges (particularly sub-Planckian field excursions), MOG
inflation performs comparably to plateau-type models in
standard GR frameworks.

Challenges and theoretical issues

Despite its interesting features, inflation in MOG faces sev-
eral theoretical and phenomenological challenges:

• Stability of perturbations: Vector field fluctuations can
lead to ghost or gradient instabilities unless carefully
tuned.

• Fine-tuning of scalar field masses: To match observa-
tional constraints, μ(x) and G(x) must evolve slowly,
requiring tuning of the scalar field potentials.

• Reheating and entropy production: The end of infla-
tion must allow for efficient conversion of energy into
Standard Model particles while ensuring consistency
with late-time MOG cosmology.

MOG inflation opens new avenues to test gravity at high
energies via its unique coupling structure and dynamical field
content. Future directions include:

• Development of full gauge-invariant perturbation theory
for MOG inflation,

• Computation of non-Gaussianity and bispectra arising
from vector and scalar couplings,

• Embedding MOG in a broader EFT of inflation to assess
quantum corrections,

• Cross-checking inflationary predictions with MOG dark
matter fits at galactic and cluster scales.

Upcoming data from LiteBIRD, CMB-S4, and large-scale
structure surveys could provide key constraints on tensor
anisotropies and test the unique signatures of MOG infla-
tion.

28 Inflation in cosmological relativity: Carmeli’s theory

Cosmological relativity (CR), introduced by Moshe Carmeli
[119], is a five-dimensional extension of General Relativity
(GR) that incorporates a cosmic velocity dimension along-
side the usual four spacetime coordinates. In CR, the universe
is embedded in a phase space defined by spacetime and Hub-
ble flow velocity. This approach offers a radical departure
from traditional scalar-field-based inflationary theories by
proposing that the early universe’s rapid expansion is a direct
geometric consequence of the structure of space–velocity,
rather than being sourced by a vacuum energy or inflaton
potential.

Theoretical foundations of Carmeli’s 5D framework

Carmeli’s extension is based on the principle that the uni-
verse is best described in the five-dimensional manifold
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(x0 = ct, x1, x2, x3, x4 = τv), where v represents the radial
velocity of cosmological objects and τ is a universal con-
stant with units of time, corresponding to the Hubble time
τ ≈ H−1

0 . The fifth coordinate is not compactified but treated
on equal footing with spacetime variables.

The fundamental line element in CR (in the absence of
gravitational fields) is given by:

ds2 = τ 2dv2 − dx2 − dy2 − dz2. (78)

This geometric structure leads to a set of modified Einstein-
like field equations in five dimensions:

G(5)
μν + �(5)g(5)

μν = κT (5)
μν , (79)

where the energy–momentum tensor includes velocity con-
tributions, and �(5) may or may not be needed depending on
the cosmological regime.

The remarkable outcome is that cosmic acceleration arises
intrinsically due to the geometry of expanding space, elimi-
nating the need for a cosmological constant or dark energy.
The Hubble law is recovered naturally, and expansion history
equations are modified due to the velocity dimension.

Inflation as a geometric consequence

In CR, inflation is not postulated through a scalar field with
a slow-roll potential but is instead encoded in the initial con-
ditions and evolution of the scale–velocity geometry. During
the early phase of the universe, the relation between cosmic
time and velocity leads to an exponential-like expansion of
the form:

a(t) ∝ exp

(
t

τ

)
, (80)

without requiring vacuum energy. Key inflationary features
emerge:

• Accelerated expansion from first principles: The
geometry of the 5D line element leads directly to a scale
factor with de Sitter-like behavior.

• No scalar field dynamics: Inflation does not depend on
potential tuning, mass terms, or fine-tuned couplings.

• Graceful exit built-in: As the universe expands and the
relative velocity field saturates, the expansion rate slows,
transitioning naturally into a radiation-dominated uni-
verse.

Comparison with traditional inflation

Carmeli’s approach stands in sharp contrast with scalar field
inflation, as shown in Table 26.

While scalar field inflation is flexible and allows a vari-
ety of potential shapes, CR inflation is more constrained but
achieves acceleration without additional degrees of freedom.

Cosmological implications and observational fits

CR makes several quantitative and qualitative predictions:

• Flat Universe: The geometry requires spatial flatness, in
agreement with Planck results.

• Type Ia supernovae fit: Carmeli cosmology fits super-
nova data without the need for a cosmological constant
or dark energy [120,121].

• Age of the Universe: In CR, the age is determined by τ

and �m , yielding values consistent with current observa-
tions.

• No need for cold dark matter: Large-scale structure
formation can be explained geometrically, removing the
necessity for exotic cold dark matter.

However, it remains unclear how CR models match with
the observed tensor-to-scalar ratio or the CMB power spec-
trum in full detail. A rigorous treatment of linear perturba-
tions in 5D CR is still lacking in the literature.

Summary table of predictions and observations

The entries in Table 27 summarize the key differences
between Carmeli relativity (CR) and the standard general
relativistic (�CDM) cosmology. The first four rows address
broad cosmological features: spatial curvature, the need for
dark energy, the estimated age of the Universe, and the
role of dark matter. These are presented alongside observa-
tional benchmarks, such asPlanck constraints on flatness and
Type Ia supernova data. The final row replaces the schematic
expansion-rate diagram of the previous version (Fig. 6) with a
textual comparison: CR predicts a natural exponential growth
of the scale factor without invoking an inflationary scalar
field, while GR begins with a radiation-dominated era char-
acterized by a power-law expansion a(t) ∝ t1/2, followed –
under standard inflationary scenarios – by a rapid inflation-
ary phase. By presenting this information in tabular form, we
avoid potential ambiguities from graphical plots and provide
a concise, quantitative side-by-side reference that is easier to
verify against observational results.

Open questions and theoretical challenges

Carmeli’s theory, though elegant, faces open issues that must
be addressed to be fully competitive with standard inflation:

• Perturbation theory in 5D: The generation of density
fluctuations and tensor modes must be developed from
first principles in the 5D framework.

• No mechanism for quantum fluctuations: While clas-
sical expansion is geometrically driven, it is unclear how
primordial perturbations are seeded.
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Table 26 Key differences
between scalar field inflation
and CR-based inflation

Feature Scalar field inflation Carmeli theory (CR)

Inflation mechanism Potential V (φ) slow-roll 5D spacetime-velocity geometry

Source of acceleration Vacuum energy (or R2) Velocity expansion geometry

Graceful exit mechanism Reheating Saturation of v-expansion

Free parameters V (φ),mφ, ξ etc. Only τ and �m

Reheating required Yes Not explicitly required

Tensor modes r Model-dependent Suppressed naturally

Quantum fluctuations Sourced by inflaton Geometry-sourced (needs full treatment)

Table 27 Comparison of
Carmeli relativity (CR)
predictions with standard GR
cosmology

Feature Carmeli relativity (CR) Standard GR cosmology

Spatial curvature Predicts exact spatial flatness
without fine-tuning; naturally
consistent with Planck data.

Spatial flatness requires infla-
tionary mechanism or fine-
tuning of initial conditions.

Supernova type Ia fit Fits data without invoking dark
energy or �; expansion arises
from extra-velocity dimension.

Requires � or dark energy to fit
observed acceleration.

Age of Universe Age determined by (τ,�m);
typically in the range 13.7 ± 0.2
Gyr for best-fit values.

Age derived from H0, �m , and
��; standard �CDM gives 13.8
Gyr.

Dark matter requirement Explains large-scale structure
without cold dark matter; bary-
onic matter suffices in CR
framework.

Requires cold dark matter to
match galaxy rotation curves
and structure formation.

Early-time expansion Natural exponential expansion
in the Carmeli framework with-
out inflationary scalar fields.

Radiation-dominated era with
a(t) ∝ t1/2 followed by infla-
tionary expansion.

Fig. 6 Schematic evolution of
the equation of state w(t) during
reheating for different modified
gravity theories
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• Lack of reheating formalism: Unlike scalar-field infla-
tion, there is no established method for transferring
energy to Standard Model particles in CR.

• Integration with quantum gravity: CR is classically
formulated and has no known embedding in string theory
or loop quantum gravity.

Despite these challenges, the simplicity and predictive
nature of CR make it a valuable alternative framework worth
further investigation.

Carmeli’s cosmological relativity offers a compelling
paradigm where inflation is not a phase driven by an
exotic scalar field but a natural geometric feature of a five-
dimensional spacetime–velocity manifold. It reduces the
reliance on arbitrary parameters, avoids fine-tuned potentials,
and predicts acceleration from symmetry principles. Further
development of its perturbative structure, quantum fluctu-
ation mechanisms, and connections to standard cosmology
could make it a serious contender in explaining the earliest
moments of the universe.

29 Inflationary insights from Jacob Bekenstein’s
theoretical frameworks

Jacob Bekenstein is widely recognized for formulating the
foundational principles of black hole thermodynamics, par-
ticularly the concept of black hole entropy proportional to
horizon area. However, his lesser-known but equally pro-
found contributions to scalar field theories with varying fun-
damental constants offer insightful perspectives for infla-
tionary cosmology. Bekenstein’s frameworks bridge gravi-
tational thermodynamics, scalar–tensor dynamics, and cos-
mological evolution – laying conceptual groundwork that
influences modern varying-constant inflation models.

Varying fundamental constants as dynamical fields

In the early 1980s, Bekenstein proposed a model in which
the fine-structure constant α could evolve in time and space
due to the dynamics of a scalar field ψ [122]. Unlike fixed
constants in standard field theory, Bekenstein’s framework
promoted dimensionless couplings to dynamical variables
governed by an action principle.

The Bekenstein–Sandvik–Barrow–Magueijo (BSBM)
model later extended this idea to cosmology [123], treating
the variation of α = e2/(h̄c) via a scalar field coupled to the
electromagnetic Lagrangian:

S =
∫

d4x
√−g

[
R

16πG
− ω

2
∂μψ∂μψ − V (ψ)

−1

4
BF (ψ)FμνF

μν + Lmatter

]
, (81)

where BF (ψ) encodes how the electromagnetic field strength
depends on the scalar field ψ . This scalar field effectively
controls the evolution of α, and through its potential V (ψ),
it may induce a period of accelerated expansion akin to infla-
tion.

Inflation via scalar–coupling-driven dynamics

Although Bekenstein did not originally frame his theory in
the context of inflation, the scalar field ψ can naturally drive
inflation under suitable potentials:

• Effective inflaton: The varying α field acts analogously
to an inflaton, sourcing energy density via its potential
and kinetic terms.

• Coupling-induced damping: The interaction between
ψ and matter/radiation sectors induces frictional damp-
ing that enhances slow-roll conditions.

• Built-in exit mechanism: Inflation ends when ψ settles
into a vacuum expectation value (VEV), stabilizing α at
its current value.

This structure can be naturally embedded in scalar–tensor
theories and exhibits features of dilaton inflation, scalar–elec-
tromagnetic coupling, and even multifield assisted inflation
frameworks. Some models exhibit graceful exit via symme-
try restoration or coupling decoupling at late times.

Cosmological predictions and observables

Bekenstein-type inflationary models yield a range of predic-
tions:

• Scalar spectral index: Depending on the form of V (ψ),
models can match Planck data with ns ≈ 0.96.

• Tensor modes: Many scenarios suppress tensor modes
(r � 0.01) due to sub-Planckian field ranges or modified
gravity friction.

• Running and non-Gaussianity: Higher-order correc-
tions can arise from scalar–matter couplings and field-
space curvature.

• CMB signatures of α-variation: Shifts in recombination
redshift, baryon–photon sound speed, and fine-structure-
dependent spectra offer a complementary test of these
models.

Observational searches for spatial and temporal variation
in α using quasar absorption lines, Oklo natural reactors, and
atomic clock experiments place upper bounds of |�α/α| �
10−7, which constrain the dynamics of ψ today but allow
rich evolution in the early universe.
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Comparison with canonical models

Bekenstein-inspired inflation models provide an alternative
to traditional slow-roll models in GR. They possess the struc-
ture of non-minimally coupled or varying coupling models
and thus fit within a broader class of extended inflationary
frameworks. Table 28 highlights the key differences.

Extensions and embeddings in modified gravity

Bekenstein’s framework inspired many generalizations:

• Varying speed of light (VSL) theories: Bekenstein’s
model inspired VSL cosmologies where the dynamics
of fundamental constants alter horizon and flatness solu-
tions [124,125].

• Scalar–electromagnetic couplings: Modern
quintessence models and varying-α dark energy models
adopt similar Lagrangian couplings [126].

• Einstein–Aether and Horndeski extensions: Beken-
stein’s kinetic structure generalizes to higher-derivative
and vector-tensor theories with Lorentz-violating back-
grounds.

• String-theoretic and brane scenarios: In string com-
pactifications, dilaton–gauge field couplings take the
Bekenstein form, and moduli stabilization naturally mim-
ics scalar coupling inflation.

Legacy and contemporary relevance

Bekenstein’s theories, though not inflationary per se,
expanded the conceptual toolkit of early universe cosmol-
ogy:

• They anticipated the now common idea of scalar fields
modifying gravitational or gauge couplings.

• They introduced observational probes of inflationary
dynamics through fundamental constants rather than only
metric perturbations.

• They offered a physically motivated connection between
cosmology, thermodynamics, and quantum field theory
in curved spacetime.

Today, models of varying couplings are tested against
quasar observations, atomic clock constraints, and CMB
data. The philosophy behind Bekenstein’s approach – embed-
ding inflationary dynamics within fundamental variations of
the constants of nature – remains a viable and compelling
frontier in cosmology.

30 Inflation and extra dimensions

The idea that our universe may contain extra spatial dimen-
sions beyond the familiar three has profound implications for
both fundamental physics and cosmology. Rooted in Kaluza-
–Klein theory and refined through string theory and M-
theory, higher-dimensional models offer novel mechanisms
for realizing inflation, modifying cosmological dynamics,
and connecting the early universe with UV-complete quan-
tum gravity frameworks.

Inflation in extra-dimensional theories typically arises
either from geometric effects in braneworld scenarios or
from dynamical fields emerging through compactification
in string theory. These models provide alternative routes to
inflation that can yield distinctive predictions for cosmolog-
ical observables, such as the tensor-to-scalar ratio r , spectral
index ns , and primordial non-Gaussianities.

Braneworld inflation and high-energy corrections

In braneworld cosmology, our observable universe is envi-
sioned as a 3+1-dimensional brane embedded in a higher-
dimensional bulk spacetime. The most studied models
include the Randall–Sundrum type II scenario, where the
bulk is a five-dimensional Anti-de Sitter space (AdS5) with a
single positive-tension brane. The presence of extra dimen-
sions modifies the Einstein equations on the brane, leading
to a corrected Friedmann equation of the form:

H2 = 8πG

3
ρ

(
1 + ρ

2λ

)
+ C

a4 , (82)

where λ is the brane tension and C represents a dark radiation
term from the bulk Weyl tensor [127]. At high energies (ρ �
λ), the quadratic correction enhances the effective Hubble
friction, allowing inflation to proceed even with steep scalar
potentials that would be ruled out in standard 4D cosmology.

This framework supports inflationary models such as
chaotic, exponential, and hilltop potentials with modified
slow-roll conditions and reheating dynamics. The brane–bulk
energy exchange and the radion (interbrane distance) stabi-
lization play crucial roles in ensuring a graceful exit and a
transition to standard Big Bang cosmology.

String-theoretic realizations: moduli and brane inflation

In string theory, the existence of 6 or 7 extra compactified
dimensions gives rise to a rich set of scalar fields, known
as moduli, which control the shape, size, and flux configu-
ration of the compactification manifold (e.g., Calabi–Yau or
G2 holonomy spaces). Inflation can be driven by:
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Table 28 Comparison of
Bekenstein-type scalar variation
models with canonical
single-field inflation

Feature Bekenstein model Canonical inflation

Driving mechanism Varying α(ψ) scalar field Scalar inflaton with V (φ)

Coupling to matter Yes (via gauge sector) Minimal or none

Effective potential Electromagnetically induced Arbitrary (phenomenological or string-inspired)

Tensor modes r Typically small Model-dependent

Exit mechanism Stabilization of ψ Violation of slow-roll conditions

Additional signals Variation in fine-structure constant None

Table 29 Comparison of
higher-dimensional and 4D
inflationary scenarios

Feature Extra-dimensional inflation 4D canonical inflation

Dimensionality ≥ 5 bulk + brane 4D spacetime

Inflation driver Moduli, brane motion, warped throats Inflaton potential V (φ)

Hubble friction Enhanced at high energy densities GR-derived (standard)

Tensor modes r Typically suppressed Depends on slow-roll conditions

Non-Gaussianity Often large (e.g., DBI) Small unless specialized mechanisms

Reheating mechanism Tachyon decay, brane annihilation Inflaton decay, preheating

Field content Branes, moduli, axions, KK modes Single or multifield scalar fields

UV completion Naturally embedded in string theory Usually effective-field-theory based

• Volume modulus inflation: where the inflaton corre-
sponds to the logarithm of the internal volume [128],

• Axion inflation: from stringy generalizations of natural
inflation using compactified antisymmetric tensor fields
[90],

• Brane inflation: such as the KKLMMT scenario, where
a mobile D3-brane moves toward a static anti-D3-brane
in a warped throat, generating an inflationary potential
via the DBI action [88].

Inflation ends with brane annihilation, reheating is trig-
gered via tachyon condensation, and non-Gaussian signa-
tures may be enhanced due to the non-canonical kinetic
terms.

Phenomenological features and observables

Extra-dimensional inflationary models often lead to novel
observational predictions that can distinguish them from con-
ventional 4D theories:

• Suppressed tensor-to-scalar ratio: In RS2-like mod-
els, the enhancement of Hubble friction at high energies
reduces the amplitude of gravitational waves, leading to
r � 0.01.

• Modified consistency relations: Tensor tilt nT deviates
from standard slow-roll predictions, impacting the inter-
pretation of B-mode polarization.

• Isocurvature and entropy modes: Multiple moduli and
brane fields can source correlated isocurvature fluctua-
tions, depending on post-inflation dynamics.

• Resonant or oscillatory power spectrum features:
Induced by moduli oscillations, monodromy, or Kaluza-
–Klein excitations.

• High non-Gaussianity: DBI and multifield brane infla-
tion models generically produce equilateral-type non-
Gaussianities, constrained by Planck data.

These effects are subject to current and future constraints
from surveys such as Planck, CMB-S4, LiteBIRD, and the
Simons Observatory (Table 29).

Comparative landscape of inflation models

Challenges and future prospects

Despite their theoretical appeal, extra-dimensional inflation-
ary models face several challenges:

• Moduli stabilization: Ensuring the stability of volume
and shape moduli during and after inflation.

• Backreaction and loop corrections: Especially in
warped compactifications and brane inflation.

• UV sensitivity: Inflationary dynamics are often sensitive
to the details of string compactification, requiring careful
top-down construction.

Nonetheless, higher-dimensional models offer fertile
ground for unifying quantum gravity with cosmology. Future
data on primordial tensor modes, non-Gaussianity, and
reheating physics may provide decisive evidence supporting
(or falsifying) specific classes of extra-dimensional inflation.
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31 Comparative assessment and discriminators among
models

To respond to the constructive feedback of both referees, we
present a comparative assessment of all the modified grav-
ity models discussed in this review. This section emphasizes
the predictive power, observational compatibility, theoreti-
cal consistency, and potential discriminators that allow one
to distinguish among these frameworks.

Unified inflationary predictions

Inflationary models across modified gravity theories dif-
fer in their predictions for the scalar spectral index ns ,
tensor-to-scalar ratio r , running αs , and reheating proper-
ties. Table 30 synthesizes key inflationary predictions and
theoretical attributes of the primary models.

Model-discriminating observables

Several key observables can serve as discriminators between
modified gravity scenarios:

• Tensor-to-scalar ratio r : The value of r varies sig-
nificantly across models. f (R) and f (Q) models pre-
dict small r , while braneworld and tachyon models can
accommodate larger values depending on the energy
scale and brane tension.

• Non-Gaussianity fNL: Canonical single-field models
predict small fNL, whereas models involving DBI kinet-
ics, higher-derivative mimetic gravity, or multi-field
dynamics (e.g., moduli inflation) can produce large and
detectable non-Gaussianity.

• Gravitational waves (GWs): Modified propagation
speed, altered tensor spectrum shape, and amplitude sup-
pression/enhancement due to coupling (e.g., scalar—
Gauss–Bonnet or f (T ) models) can be probed via CMB
B-mode polarization or space-based GW interferometers
(LISA, BBO, DECIGO).

• Reheating signatures: Different reheating mechanisms
(scalaron decay, spin–torsion oscillation, brane collision,
or geometric dissipation) leave imprints on post-inflation
expansion history and can be tested via spectral distortion
or residual particle background.

• Primordial black holes (PBHs): Models with enhanced
scalar power spectra (e.g., Gauss–Bonnet, mimetic,
plateau+feature) can overproduce PBHs. Correlating
PBH mass spectrum with inflationary model class offers
another discriminator.

Future probes and prospects

Planned and ongoing missions offer critical tests to distin-
guish among these frameworks:

• CMB stage-IV (CMB-S4), LiteBIRD: Precision mea-
surements of ns , r , and possibly αs with uncertainties
< 10−3.

• Gravitational wave observatories: LISA, DECIGO,
and pulsar timing arrays (PTAs) will test early-universe
tensor spectra, scalar-induced GWs, and reheating sig-
nals.

• Large-scale structure and 21-cm surveys: Can probe
isocurvature modes and ultra-slow-roll features specific
to modified models.

• Bayesian inference and machine learning pipelines:
Allow model comparison in high-dimensional parameter
space and marginalization over theoretical priors.

Synthesis

From the accumulated evidence, it is clear that:

1. Several modified gravity inflation models remain obser-
vationally viable and can fit current Planck+BICEP data.

2. Certain classes, like f (R) Starobinsky, scalar–Gauss–
Bonnet, and f (Q) gravity, offer compelling minimalist
mechanisms with geometric origin and predictive power.

3. Models predicting larger r (e.g., tachyon, brane) may be
increasingly constrained by upcoming B-mode polariza-
tion measurements.

4. Theoretical consistency (e.g., avoidance of ghosts, sec-
ond
-order field equations) favors specific geometrically moti-
vated models (e.g., f (Q), non-local, Einstein–Cartan).

5. Future multi-messenger cosmology and precision GW
cosmology will be key in eliminating degeneracies
among different inflationary mechanisms.

This integrated summary sets the stage for a more
informed conclusion, identifying which models stand the best
chance of surviving future scrutiny and which are already on
the verge of exclusion.

32 Open problems and future directions in inflationary
modified gravity

Despite considerable progress in modeling inflation using
modified gravity frameworks, several unresolved issues
remain. These open questions highlight the current theoret-
ical limitations and guide future research directions at the
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Table 30 Inflationary features across modified gravity models

Model ns r αs Reheating UV completion Constraints

f (R) (Starobinsky) 0.965 ∼ 0.004 Small Scalaron decay Yes (QG) Favored by CMB

f (T ) gravity 0.962–0.965 < 0.01 Small Model-dependent Under study r , cs degeneracy

Scalar–GB 0.963–0.966 0.003–0.01 Small Coupling to G String-based GW limits apply

f (Q) gravity 0.964 < 0.01 Negligible Geometric or scalar Recent ideas Needs refinement

Einstein–Cartan 0.963–0.965 < 0.01 Negligible Spin effects Partial Sparse perturbation work

Mimetic gravity ∼ 0.964 0.003–0.01 Variable Scalar/derivative terms Needs UV Stability bounds

Non-local gravity 0.964–0.966 � 0.01 Small Geometry decay Ghost-free UV Model-dependent

Braneworld (RS-II) 0.963 < 0.07 Negligible Tachyon/brane decay Extra-dim. λ constraints

Tachyon DBI 0.96–0.97 < 0.01 Possible Tachyon decay String-based ns , fNL limits

Carmeli CR Matches �CDM – – Built-in geometry 5D relativistic No CMB predictions

MOG/STVG ∼ 0.964 < 0.01 Small Scalar-vector feedback Alt. to DM Vector stability issues

Table 31 Selected theoretical limitations in major modified gravity models

Model Ghost-free? Well-posed perturbations? Ambiguity/challenge

f (R) Yes (in metric) Yes Higher-order derivatives

f (T ) Often yes Frame-dependent Tetrad choice ambiguity

f (Q) Yes In development Non-metricity parametrization

Scalar–GB No (generically) Potential instabilities Coupling tuning needed

Einstein–Cartan Yes Underexplored Quantization of torsion

interface of cosmology, quantum gravity, and high-precision
observations.

1. Theoretical challenges and internal consistency

While many models fit existing cosmological data, their
deeper theoretical consistency often remains incomplete:

• Ghost and instability issues: Higher-derivative models
( f (R,G), non-local gravity) may introduce Ostrograd-
sky instabilities unless carefully constructed.

• Frame ambiguities: Scalar–tensor theories exhibit dif-
ferences between the Jordan and Einstein frames, com-
plicating the interpretation of observable quantities.

• Ambiguity ingeometric structure: In teleparallel ( f (T ))
and symmetric teleparallel ( f (Q)) gravity, the choice
of tetrads or affine connection is not unique, potentially
leading to spurious solutions (Table 31).

2. Incomplete understanding of reheating and preheating

One of the most pressing open problems is the absence of
a fully self-consistent reheating scenario in many modified
gravity models. Current issues include:

• Lack of a unique decay mechanism from geometric
degrees of freedom to radiation/matter.

• Model-dependent preheating dynamics in non-minimally
coupled or torsion-based theories.

• Sensitivity of CMB predictions to the assumed reheating
equation of state (Table 32).

3. Interface with quantum gravity and UV completion

Many inflationary models lack a robust embedding in quan-
tum gravity frameworks. Questions include:

• Which modified gravity models can be derived from
string theory or loop quantum gravity?

• Do these models respect swampland constraints (e.g.,
field range limits, no stable dS vacua)?

• Can UV-complete theories like asymptotically safe grav-
ity reproduce inflationary observables?

4. Perturbations and observables: what needs improvement

In modified gravity, scalar and tensor perturbation theory is
often underdeveloped. Some open questions:

• What are the sound speed and stability conditions for
scalar and tensor modes in f (Q), f (T ), and EC gravity?

• How do entropy and isocurvature modes behave in multi-
field or scalar–torsion models?
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Table 32 Status of reheating predictions in modified gravity theories

Model Reheating mechanism known? Preheating possible? Predictive Treh?

f (R) Yes (via scalaron decay) Yes ∼ 109 GeV

f (T ) Poorly understood Uncertain Model-dependent

Mimetic gravity Partially Yes (with potential) � 108 GeV

Scalar–GB Yes (for ξ(φ)G) Yes Variable

f (Q) Very limited Under study Unknown

• Can we compute B-mode polarization reliably in Gauss–
Bonnet and Einstein–Cartan backgrounds?

5. Opportunities with future observations

Upcoming experiments will impose much tighter constraints
on modified gravity inflation:

• LiteBIRD and CMB-S4: r < 10−3 will rule out many
high-r inflation models.

• LISA, DECIGO, and PTA: Gravitational wave back-
ground from inflation or preheating can distinguish
torsion- or non-metricity-induced models.

• 21cm cosmology: Potential sensitivity to primordial
non-Gaussianity and isocurvature (Table 33).

6. Toward a model selection framework

To move beyond individual case studies, the field needs
more global model-selection frameworks. Promising direc-
tions include:

• Bayesian evidence–based surveys across f (R), f (G),

f (Q) and scalar-tensor spaces.
• Machine learning–assisted classification and emulation

of Boltzmann codes.
• Unified datasets from CMB, large-scale structure, and

gravitational waves.

In sum, modified gravity models of inflation offer a rich
arena of ideas, but a full synthesis will require advances in
mathematical consistency, quantum gravity embeddings, and
high-precision cosmological tests. Addressing these chal-
lenges will clarify whether inflation is fundamentally geo-
metric, field-driven, or a hybrid of both.

33 Open questions and future directions

Despite the substantial progress in developing and analyz-
ing inflationary models within modified gravity frameworks,
several foundational questions remain open. These questions

are not only critical for theoretical consistency but also offer
promising directions for observational discrimination in the
upcoming decade. We highlight several key open problems:

1. Baryogenesis and leptogenesis mechanisms:
Can modified gravity frameworks – particularly those
involving torsion, non-metricity, or additional scalar/
vector fields – naturally support baryogenesis or leptoge-
nesis without the need for ad hoc extensions? For exam-
ple, can Einstein–Cartan theories or scalar–Gauss–Bon-
net couplings generate the CP-violating conditions nec-
essary for matter–antimatter asymmetry?

2. Primordial black hole (PBH) discriminants:
Are the statistical and mass distribution properties of
PBHs formed in different model classes (e.g., f (R),
f (T ), f (Q), mimetic gravity) distinguishable through
gravitational wave signatures or microlensing observa-
tions? Can scalar-induced GWs from PBH-generating
inflation be used as unique fingerprints?

3. UV completion pathways:
What are the ultraviolet completions for torsion-based
( f (T ), Einstein–Cartan) and non-metricity-based ( f (Q))
inflationary theories? Can these theories be embedded
consistently in a string-theoretic, supergravity, or asymp-
totically safe quantum gravity framework?

4. Reheating in quantum gravity:
Can the reheating phase – often treated phenomenolog-
ically – be embedded within a fully quantized theory of
spacetime? For example, how does gravitational reheat-
ing operate in loop quantum cosmology, string field the-
ory, or under asymptotic safety constraints?

5. Degeneracy resolution via Next-Gen observations:
How will future missions such as LiteBIRD, CMB-S4,
and LISA break degeneracies between different modified
gravity inflationary models? Can tensor tilt nt , isocurva-
ture modes, or precision measurements of r distinguish
among models that are currently statistically equivalent?

These open problems highlight the intersection between
cosmological model-building, high-energy theoretical
physics, and precision astrophysical observations. Their
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Table 33 Future observational prospects for constraining modified gravity inflation

Experiment Observable Target sensitivity Relevant models

LiteBIRD r (tensor modes) r < 10−3 f (R), GB, f (Q)

LISA/PTA �GW 10−12 Preheating, PBH GWs

CMB-S4 ns , αs , fNL High-precision All models

SKA/21cm Non-Gaussianity, isocurvature fNL < 1 Multi-field, torsion

resolution may ultimately determine which inflationary
paradigm best describes the early universe.

34 Discussion and outlook

The inflationary paradigm has undergone a profound trans-
formation over the last two decades, evolving from a simple
scalar-field-driven acceleration to a multi-faceted landscape
of geometrical, string-inspired, and effective field theories.
Modified gravity frameworks provide a vast extension to
the standard lore of inflation, offering alternative geomet-
ric origins, enriched particle content, and novel phenomeno-
logical signatures. This work has systematically reviewed
and extended a broad array of these models – including
f (R), f (T ), f (G), f (Q), scalar–curvature, scalar–torsion,
mimetic, Einstein–Cartan, non-local, and extra-dimensional
theories.

Our comparative analysis finds that certain models –
such as Starobinsky’s f (R) inflation, scalar–Gauss–Bon-
net frameworks, and symmetric teleparallel f (Q) theories
– provide predictions in remarkable agreement with cur-
rent CMB constraints. These models typically yield spectral
indices in the range ns ∼ 0.96 and tensor-to-scalar ratios
r < 0.01, compatible with both Planck and BICEP/Keck
bounds. The geometric nature of these constructions often
reduces the need for trans-Planckian field excursions and
minimizes radiative instability problems common in canon-
ical inflation.

Other classes, such as torsion-based theories ( f (T ),
scalar–torsion couplings), Ricci-tensor inflation, and Ein-
stein–Cartan models, offer elegant extensions of spacetime
structure. These approaches enable inflation to arise not from
an ad hoc inflaton field but from intrinsic geometric prop-
erties of spacetime itself, such as torsion, non-metricity, or
spin-coupled degrees of freedom. However, they also raise
concerns regarding the stability of perturbations, the ambigu-
ity of tetrad choices, or the consistency of their UV behavior.

String-inspired models – including brane–antibrane infla-
tion, axion monodromy, and DBI inflation – leverage the
geometry of extra dimensions and flux compactifications to
generate inflaton potentials that are naturally flat and radia-
tively stable. These models, especially those arising from

Type IIB string theory, provide a UV-complete perspec-
tive but often require intricate moduli stabilization and con-
trol over higher-order corrections. The predictions for non-
Gaussianities, reheating mechanisms, and cosmic string rem-
nants make them rich targets for upcoming observations.

Further contributions from less conventional frameworks
– such as Carmeli’s cosmological relativity, Moffat’s Scalar–
Tensor–Vector Gravity (MOG), and Bekenstein-type varying
constant models – suggest that inflationary dynamics can be
embedded in broader theories of spacetime, where velocity,
coupling constants, or gravitational strength evolve with cos-
mic time. These theories challenge traditional assumptions
and demand new formalisms for perturbations, background
solutions, and observational predictions.

From a methodological standpoint, this study has high-
lighted the importance of dynamical systems, phase-space
portraits, and Bayesian model selection in classifying and
constraining inflationary theories. Tools such as CosmoMC,
PolyChord, and neural emulators of Boltzmann codes
(e.g., for CAMB and CLASS) are now indispensable for
high-dimensional inference. Machine learning algorithms,
including decision trees, Gaussian processes, and varia-
tional autoencoders, are being increasingly employed to scan
large classes of inflationary models, detect degeneracies, and
reconstruct potential landscapes from data.

We also stress that while most inflationary models can
reproduce the observed ns and r , they often diverge signifi-
cantly in other testable quantities such as:

• Non-Gaussianities ( fNL): Especially in multi-field, non-
canonical, and DBI scenarios.

• Tensor spectral index (nt ): Modified dispersion rela-
tions in non-local and higher-order theories can affect
this.

• Reheating and preheating: Diverse mechanisms exist
across theories – some relying on scalaron decay, others
on tachyonic instabilities or geometric transitions.

• Stochastic gravitational waves: Second-order sources
tied to PBH formation or preheating can help distinguish
between models in future experiments like LISA and
SKA.
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One notable development is the emergence of tachyon
inflation as a bridge between effective field theory and string
cosmology. Tachyonic DBI-type actions, motivated by D-
brane decay, naturally lead to inflationary trajectories without
requiring fine-tuned potentials and support a graceful exit to
reheating. Their embedding in modified gravity (e.g., f (T ),
Einstein–Cartan) deserves further exploration, especially in
light of their distinctive kinetic structure.

An important epistemological reflection is also warranted:
modern inflationary cosmology challenges long-held philo-
sophical and even metaphysical notions of origin. Far from
closing doors, it has stimulated renewed dialogues across
fields – connecting cosmology with foundational questions
about time, causality, and the structure of physical law.
In conclusion, three parallel thrusts now define the future of
inflation in modified gravity:

1. Observational precision: Upcoming missions (Lite-
BIRD, CMB-S4, LISA, DECIGO, SKA) will place
strong constraints on r , fNL, and gravitational wave back-
grounds, thereby excluding large swaths of parameter
space.

2. Computational acceleration: Bayesian model compar-
ison and machine learning will allow rapid navigation of
high-dimensional theory space, enabling real-time filter-
ing of viable inflationary scenarios.

3. Theoretical innovation:Continued development of UV-
complete models – via string theory, non-local operators,
geometric unification, and emergent gravity – will enrich
the conceptual landscape.

Whether inflation is fundamentally a manifestation of cur-
vature, torsion, non-metricity, scalar dynamics, or emergent
geometry remains an open and compelling question. This
work affirms that modified gravity is not merely a theoretical
embellishment but a legitimate contender in explaining the
early universe, with diverse signatures awaiting discovery.
The pursuit of inflationary cosmology in such frameworks
promises not only to elucidate the past but also to expand the
future frontiers of gravitational physics.
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Appendix

Appendix A: Reheating and preheating inmodified grav-
ity

Reheating and preheating constitute a critical phase bridging
the end of inflation and the onset of the standard hot Big
Bang evolution. In the context of modified gravity theories,
this transition can deviate significantly from the canonical
scalar field scenario due to modifications in the gravitational
action, the presence of extra degrees of freedom, or geometric
couplings that affect the inflaton’s decay channels and the
universe’s thermal history.

This appendix expands upon Sect. 18 by providing quan-
titative estimates, equations-of-state evolution, particle pro-
duction mechanisms, and comparative analyses of reheating
scenarios across a range of modified gravity models.

A.1 Reheating temperature estimates

Table 34 presents typical reheating temperature ranges Treh

derived from representative models. These are obtained
through semi-analytic or numerical evaluations of inflaton
decay widths, oscillation dynamics, and energy transfer effi-
ciency.

A.2 Evolution of the equation of state

The post-inflationary equation of state parameter w(t) =
p/ρ governs the expansion history and thermalization effi-
ciency. Modified gravity scenarios often produce non-trivial
w(t) profiles:

• f (R) gravity: Scalaron oscillations lead to an effective
matter-like phase (w ≈ 0), though deviations may arise
from higher-order terms.

• Scalar–Gauss–Bonnet: Due to non-minimal couplings,
w may transiently exceed 1 before settling.

• f (Q) gravity: Non-metricity contributions can induce
w < 0 transitions or stiff behavior depending on the
coupling scheme.
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Table 34 Estimated reheating temperatures in selected modified gravity frameworks

Model Reheating mechanism Treh [GeV] References

f (R) Starobinsky Scalaron decay (gravitational) 109 – 1010 [76]

Scalar–Gauss–Bonnet Coupled scalar–curvature terms 107 – 109 [54]

f (Q) gravity Non-metric-induced reheating 106 – 108 [80]

Mimetic inflation Lagrange multiplier-mediated decay � 108 [63]

f (T ) teleparallel Direct inflaton–matter couplings Model-dependent [129]

A.3 Particle production channels

Inflaton decay governs the particle content and thermaliza-
tion dynamics. Channels include:

• Fermionic decay: φ → ψ̄ψ via Yukawa interactions,
L ⊃ yφψ̄ψ .

• Bosonic decay: φ → χχ through L ⊃ gφ2χ2 or gravi-
tational particle production.

• Gravitational reheating:Particle production from oscil-
lating curvature backgrounds, especially in f (R) or
f (Q).

• Non-minimal couplings: Scalar–curvature couplings in
f (R, φ), φR, or ξ(φ)G models open new decay modes.

The decay rate and subsequent thermalization depend on
coupling constants g, y, the inflaton mass mφ , and the back-
ground geometry.

A.4 Gravitational vs direct reheating mechanisms

We now compare the general properties of gravitational
reheating (e.g., scalaron decay in f (R)) and direct coupling-
induced reheating in models like f (T ) or Gauss–Bonnet
(Table 35):

A.5 Remarks and future directions

The reheating and preheating processes in modified grav-
ity models represent a unique probe into the non-standard
inflationary exit and thermalization dynamics. They encode
crucial signatures in the CMB and gravitational wave back-
ground, which may serve to distinguish models observation-
ally. Future studies should explore:

• Non-perturbative lattice simulations in f (Q) and mimetic
scenarios.

• Gravitational wave signatures from preheating in torsion-
based models.

• Reheating consistency relations linking Treh to (ns, r) in
non-canonical models.

Appendix B: Conformal transformations in modified
gravity

In the study of modified gravity theories – especially f (R),
scalar–tensor, and dilaton-based frameworks – conformal
transformations provide a powerful mathematical tool to
reframe the theory into a more tractable form. These trans-
formations relate the so-called Jordan frame, in which matter
is minimally coupled and gravity is modified, to the Einstein
frame, in which gravity takes the standard Einstein–Hilbert
form but the matter sector acquires additional couplings.

The conformal transformation is defined as:

g̃μν = �2(x)gμν, (83)

where �(x) is a smooth, strictly positive function of space-
time coordinates – often taken to be a function of a scalar
field φ. The choice of �(x) is model-dependent and crucial
in determining the structure of the resulting Einstein-frame
action.

For instance, in f (R) gravity, one typically defines the
conformal factor via:

�2(x) = f ′(R), (84)

where f ′(R) = d f
dR , assuming f ′′(R) > 0 to ensure a ghost-

free transformation. By introducing an auxiliary scalar field
φ, the action can be recast as:

S =
∫

d4x
√−g̃

[
1

2κ2 R̃ − 1

2
g̃μν∂μφ∂νφ −U (φ)

]

+Sm[�−2 g̃μν, ψ], (85)

whereU (φ) is the potential derived from the functional form
of f (R), and Sm is the matter action, which is now non-
minimally coupled to the metric in the Einstein frame. The
scalar field φ is canonically normalized via:

dφ

dR
=

√
3

2κ2

f ′′(R)

f ′(R)
. (86)

This procedure allows one to interpret f (R) gravity as a
scalar–tensor theory with a specific potential and coupling
structure. The Einstein frame is particularly useful for ana-
lyzing inflationary dynamics, deriving slow-roll parameters,
and computing cosmological observables such as ns and r .
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Table 35 Comparison of
reheating mechanisms across
different gravity theories

Feature Gravitational reheating Direct coupling reheating

Universality Generic (minimal assumptions) Model-dependent

Efficiency Generally suppressed High with strong couplings

Thermalization scale Delayed Prompt

Dependence on inflaton potential Moderate High

Robustness to UV completion Strong May require tuning

Table 36 Comparison between
Jordan and Einstein frame in
conformally transformed gravity

Feature Jordan frame Einstein frame

Gravitational sector Modified ( f (R), R2, etc.) Einstein–Hilbert

Scalar field Auxiliary or non-canonical Canonically normalized

Matter coupling Minimal Non-minimal (via �)

Observables (ns , r ) Model-dependent Simplified via potential

Interpretation Modified gravity Scalar–tensor theory

Transformation of geometric quantities. Under the con-
formal transformation:

g̃μν = �2gμν, � = eσ(x), (87)

the Ricci scalar transforms as:

R = �2
(
R̃ + 6�̃ ln � − 6g̃μν∂μ ln �∂ν ln �

)
. (88)

This identity ensures that the higher-order terms in f (R) or
scalar-curvature actions are absorbed into kinetic and poten-
tial terms of a scalar field, thereby simplifying the dynamics.
Physical interpretation. While mathematically equivalent,
the Jordan and Einstein frames offer different physical inter-
pretations. In the Jordan frame, gravitational effects are mod-
ified directly, and matter follows standard geodesics. In con-
trast, in the Einstein frame, gravity is described by the Ein-
stein tensor, but matter feels an additional coupling via the
scalar field.
Applications in inflation. Conformal transformations are
widely used to analyze inflation in Starobinsky models,
non-minimally coupled Higgs inflation, scalar–Gauss–Bon-
net inflation, and dilaton gravity. In many cases, potentials
that appear too steep for inflation in the Jordan frame are
flattened in the Einstein frame, enabling slow-roll evolution.
For example, in Higgs inflation, the non-minimal coupling
ξφ2R in the Jordan frame becomes a plateau-like potential
in the Einstein frame:

VE (χ) ∝
(

1 − e−√
2/3χ/MP

)2
, (89)

mimicking the form of Starobinsky inflation.
Limitations andopenquestions.Although conformal trans-
formations are mathematically robust, debates continue
regarding the physical equivalence of the two frames, espe-
cially in quantum contexts. Additionally, care must be taken

when transforming perturbations and observables, as these
may not be invariant under frame transformations.
Summary table: Einstein vs Jordan frame In conclu-
sion, conformal transformations serve as a unifying bridge
between different formulations of modified gravity, allowing
for analytic tractability and clearer physical interpretation –
particularly in inflationary model-building and cosmological
perturbation theory (Table 36).

Appendix C: Perturbation equations in modified gravity

Cosmological perturbation theory plays a central role in con-
necting inflationary models to observable quantities such as
the cosmic microwave background (CMB) anisotropies and
the large-scale structure (LSS) of the universe. In modified
gravity theories, scalar perturbations are especially important
because they dominate the formation of structure and encode
information about the early universe dynamics.
Metric perturbations in Newtonian gauge. In the con-
formal Newtonian gauge, the scalar perturbations to the
flat Friedmann–Lemaître–Robertson–Walker (FLRW) met-
ric are given by:

ds2 = −(1 + 2�)dt2 + a(t)2(1 − 2�)δi j dx
i dx j , (90)

where � and � are the Bardeen potentials, which represent
the scalar degrees of freedom in the metric. These quantities
are gauge-invariant under linear coordinate transformations.

In General Relativity (GR), for minimally coupled matter
and no anisotropic stress, one finds � = �. However, in
modified gravity theories, this equality is often broken, and
their evolution must be analyzed separately.
Modified field equations. In a general class of modi-
fied gravity models, including scalar–tensor, f (R), f (T ),
Gauss–Bonnet, and f (Q) theories, the linearized field equa-
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tions for scalar perturbations are modified due to additional
degrees of freedom or non-standard couplings. The perturbed
Einstein equations take the schematic form:

∇2� = 4πGeff(k, t) a
2δρ, (91)

� − � = �aniso(k, t), (92)

where:

• Geff(k, t) is the effective gravitational coupling, which
may depend on scale k and time t ,

• �aniso is the anisotropic stress potential, often sourced
by extra scalar, vector, or tensor fields,

• δρ is the comoving matter density perturbation.

These equations generalize the Poisson equation and grav-
itational slip in GR, allowing for a scale- and time-dependent
description of structure growth.
Model-specific effects.

• In f (R) gravity, the extra scalar degree of freedom
(scalaron) mediates an additional force, modifying Geff

as:

Geff = G

f ′(R)

(
1 + 4k2 f ′′(R)/a2

1 + 3k2 f ′′(R)/a2

)
, (93)

which leads to enhanced growth of structures on sub-
horizon scales if f ′′(R) > 0.

• In scalar–tensor theories with Brans–Dicke-type cou-
plings, one finds:

Geff = 1

8πφ

(
2ω(φ) + 4

2ω(φ) + 3

)
, (94)

where φ is the scalar field and ω(φ) its kinetic function.
• In f (T ) gravity, torsional degrees of freedom contribute

to the anisotropic stress and modify the evolution of scalar
modes:

�aniso ∝ fT T δT, (95)

with fT T ≡ d2 f/dT 2 and δT the torsion perturbation.
• In mimetic gravity or models with disformal couplings,

the relation between � and � is governed by the dynam-
ics of a mimetic or hidden scalar mode that can source
anisotropic stress even in the absence of anisotropic mat-
ter.

Gauge-invariant variables and evolution equations. One
commonly introduces the comoving curvature perturbation

R and the Mukhanov–Sasaki variable v, related via:

v = zR, z = a
φ̇

H
, (96)

for canonical scalar fields, or appropriately generalized
in non-minimally coupled models. The mode equation in
Fourier space becomes:

v′′
k +

(
k2 − z′′

z

)
vk = 0, (97)

where primes denote derivatives with respect to conformal
time η. The power spectrum of scalar perturbations is then:

PR(k) = k3

2π2 |Rk |2. (98)

Effective gravitational coupling table
See Table 37.

Observational implications. Modifications in Geff and �−
� lead to observable signatures:

• Growth rate of structure: Modified gravity affects the evo-
lution of the density contrast δ and redshift-space distor-
tions.

• Lensing potential: The lensing convergence depends on
� + �, thus any difference introduces measurable devi-
ations.

• ISW effect: The late-time Integrated Sachs–Wolfe signal
is sensitive to time variation in � + �.

In summary, scalar perturbation theory in modified grav-
ity offers a versatile diagnostic for probing the inflationary
and post-inflationary universe. Models can be distinguished
not only by their background evolution but by the scale-
dependence of Geff, the presence of anisotropic stress, and
the evolution of metric potentials – all of which are observ-
able with current and upcoming cosmological surveys.

Appendix D: Inflationary observables

Inflationary cosmology makes concrete predictions that
can be tested via cosmic microwave background (CMB)
anisotropies, large-scale structure, and primordial gravita-
tional waves. The key observables include:

• Scalar spectral index ns
• Tensor-to-scalar ratio r
• Running of the spectral index αs

• Non-Gaussianity parameters fNL

These quantities are computed either from the slow-roll
approximation or directly from the correlation functions of
curvature perturbations in a specific inflationary model.
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Table 37 Effective gravitational
couplings and anisotropic stress
in selected models

Model Geff(k, t) � 
= �?

General Relativity G No

f (R) gravity scale-dependent Yes

Scalar–Tensor ∝ 1/φ Yes

f (T ) torsion gravity constant or mild scale-dependence Yes

Mimetic gravity variable, via Lagrange multipliers Yes

Einstein–Cartan theory G, but extra spin-torsion contributions Possibly

Slow-roll formalism. In canonical single-field slow-roll
inflation, the key slow-roll parameters are defined as:

ε ≡ − Ḣ

H2 = 1

2
M2

P

(
V ′

V

)2

,

η ≡ M2
P

(
V ′′

V

)
,

ξ2 ≡ M4
P

(
V ′V ′′′

V 2

)
,

where V (φ) is the inflaton potential and primes denote
derivatives with respect to the scalar field φ.
Scalar spectral index ns . The spectral index ns describes
the deviation of the scalar power spectrum from exact scale
invariance:

PR(k) = As

(
k

k∗

)ns−1

. (99)

In slow-roll approximation:

ns = 1 − 6ε + 2η. (100)

Tensor-to-scalar ratio r . The ratio r quantifies the ampli-
tude of primordial tensor (gravitational wave) perturbations
relative to scalars:

r = PT

PR
= 16ε. (101)

This directly determines the energy scale of inflation:

V 1/4 �
(

3π2Asr

2

)1/4

MP ∼ 1016 GeV
( r

0.01

)1/4
.

(102)

Running of the spectral index αs . The running is the loga-
rithmic scale dependence of ns :

αs ≡ dns
d ln k

= −24ε2 + 16εη − 2ξ2. (103)

It can become significant in models with multiple stages of
inflation or strong deviations from slow-roll.
Non-Gaussianity fNL. Non-Gaussianities are encoded in the
bispectrum of curvature perturbations:

〈ζ�k1
ζ�k2

ζ�k3
〉 = (2π)3δ(3)(�k1 + �k2 + �k3)B(k1, k2, k3). (104)

The amplitude and shape are characterized by fNL:

• f local
NL : peak in squeezed configurations, typical of multi-

field models,
• f equil

NL : peak in equilateral triangles, common in DBI/k-
inflation,

• f orth
NL : orthogonal shape with mixed-sign contributions.

In standard slow-roll inflation:

f local
NL ∼ O(ε, η) � 1. (105)

Observational constraints (Planck 2018):
See Table 38.

Table 38 Representative inflationary observables from Planck 2018
data

Observable Planck 2018 value

Amplitude As (at k = 0.05 Mpc−1) 2.1 × 10−9

Spectral index ns 0.9649 ± 0.0042

Tensor-to-scalar ratio r (95% CL) < 0.056

Running αs −0.0045 ± 0.0067

f local
NL −0.9 ± 5.1

Extensions in modified gravity. In theories beyond General
Relativity – such as f (R), f (T ), f (Q), and scalar–tensor
theories – these expressions are modified:

• The effective field may live in the Einstein frame with a
different potential and kinetic term,

• Sound speed cs < 1 may suppress tensor modes and
enhance f equil

NL ,
• Non-minimal couplings alter ε, η and their mapping to

observables,
• Modified dispersion relations can affect power spectrum

tilt.
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For example, in f (R) gravity, upon conformal transfor-
mation:

f (R) = R + αR2 → V (φ) = 1

8α

(
1 − e−√

2/3φ/MP
)2

,

(106)

where φ is the scalaron field in the Einstein frame. Inflation-
ary observables are then computed using standard slow-roll
but with this potential.

Inflationary observables offer a window into the physics
of the early universe. Their derivation – from first princi-
ples or from effective field theory – links theory with exper-
iment. Future missions like LiteBIRD, CMB-S4, and LISA
will refine constraints on r , αs , and fNL, helping discriminate
between competing modified gravity models.

Appendix E: Dynamical system formulation

In cosmology, the dynamical systems approach provides a
powerful method for analyzing the qualitative behavior of
cosmological models without solving the full system explic-
itly. This is especially useful in modified gravity theories
where the equations of motion become highly nonlinear.

Autonomous system formulation. We begin by defining
suitable dimensionless variables, such as:

x = φ̇√
6HMP

, y =
√
V (φ)√

3HMP
, z = f ′(R)

f (R)
,

λ = −V ′

V
, � = VV ′′

(V ′)2 , (107)

depending on the model under study.
The evolution equations for these variables can then be

written as an autonomous system of first-order differential
equations:

dxi
dN

= fi (x j ), (108)

where N = ln a is the number of e-folds and xi are the
dynamical variables.
Fixed points and stability. Critical (or fixed) points x (c)

i
satisfy:

dxi
dN

∣∣∣∣
x j=x (c)

j

= 0 ∀i. (109)

To assess stability, we linearize around the critical point:

dδxi
dN

=
∑
j

∂ fi
∂x j

∣∣∣∣
x (c)

δx j = Ji jδx j , (110)

where Ji j is the Jacobian matrix. The eigenvalues of J deter-
mine stability:

• All eigenvalues with Re(λi ) < 0: stable (attractor),

• At least one Re(λi ) > 0: unstable (repeller),
• Mixed signs: saddle point.

Applications to modified gravity. Example 1: f (R) grav-
ity. In f (R) gravity, the scalar degree of freedom introduced
by the function f (R) can be cast as a scalar field φ, with
effective dynamics given by:

x = − f ′(R)R − f (R)

6H2 f ′(R)
, y = R

6H2 . (111)

The dynamical system then reads:

dx

dN
= −4x + y − 3x2 + (matter terms),

dy

dN
= −2y(1 + q),

where q is the deceleration parameter.
Example 2: teleparallel f (T ) gravity. Here, the field

equations are second-order, and the autonomous system typ-
ically includes:

x = ρm

3H2 , y = f (T )

6H2 , z = fT T

6H2 , (112)

with modified Friedmann equations rewritten accordingly.
Example 3: symmetric teleparallel f (Q) gravity. For

f (Q) models, dimensionless variables might include:

x = f (Q)

6H2 , y = Q fQ
6H2 , (113)

yielding a closed dynamical system that respects second-
order equations of motion.
Phase space behavior. Each fixed point corresponds to a
specific cosmological era:

• de Sitter (inflation): x ≈ 0, y ≈ 1,
• Matter-dominated: x ≈ 1, y ≈ 0,
• Scaling solutions: x + y = 1.

Dynamical system techniques allow classification of
asymptotic regimes in modified gravity inflation models.
They are particularly effective for identifying inflationary
attractors, transient reheating dynamics, and transitions to
late-time acceleration. These methods complement numeri-
cal integration and provide robust tools for phase space explo-
ration.

Appendix F: Auxiliary function reconstructions

Auxiliary function reconstruction techniques offer a versatile
method for designing inflationary models in modified grav-
ity. These methods aim to reverse-engineer a gravitational
Lagrangian or scalar potential that gives rise to a desired
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cosmic evolution, particularly the Hubble parameter H(t) or
the scale factor a(t).
Reconstructing scalar potentials. In canonical single-field
inflation, if one assumes a desired Hubble parameter as a
function of the scalar field H(φ), one can reconstruct the
corresponding scalar potential via the Hamilton–Jacobi for-
malism. The inflaton’s velocity satisfies:

φ̇ = −2M2
P H

′(φ), (114)

and the potential becomes:

V (φ) = 3M2
P H

2(φ) − 2M4
P [H ′(φ)]2. (115)

Alternatively, if H(t) is specified, one first computes φ(t)
from:

φ̇ = −2M2
P
dH

dt
, (116)

then inverts to find t (φ) and substitutes back to obtain:

V (φ) = 3M2
P H

2(t (φ)) − 1

2
φ̇2(t (φ)). (117)

Reconstructing f (R) gravity. Given a target scale factor
a(t), the Ricci scalar in a flat FLRW universe is:

R = 6
(

2H2 + Ḣ
)

. (118)

Inverting t (R) allows expressing H(t) and hence a(t) as
functions of R, yielding a differential equation for f (R):

d2 f (R)

dR2 R̈ + d f (R)

dR
Ṙ + terms involving H, Ḣ , R = ρeff.

(119)

This reconstruction approach is known as the inverse method
and has been used to match late-time acceleration or emulate
Starobinsky-like inflation.
Reconstructing f (T ) gravity. In teleparallel gravity, the
torsion scalar is given by T = −6H2. A similar method
applies: choose a scale factor a(t), compute T (t), and solve
an algebraic differential equation to obtain f (T ) such that
the Friedmann equations are satisfied:

12H2 fT + f = 2ρ. (120)

Reconstructing f (Q) gravity. In symmetric teleparallel
gravity, where Q = 6H2, one can reconstruct f (Q) func-
tions by assuming a cosmological history H(t) or a(t) and
solving the generalized Friedmann equation:

f (Q) − 6H2 fQ = 2ρ. (121)

Reconstruction from observational H(z) data. In obser-
vational cosmology, H(z) data from supernovae, BAO, and
CMB allow one to numerically reconstruct V (φ) or f (R):

• Convert z → t (z) via dt = −dz/[(1 + z)H(z)],
• Use numerical integrals to estimate φ(z) or R(z),

• Fit a parametric form to obtain V (φ) or f (R).

Auxiliary function reconstructions provide model-
independent methods to study inflationary dynamics con-
sistent with data. They offer flexibility in recovering viable
potentials or gravity functions that match CMB and H(z)
observations, and are particularly valuable in modified grav-
ity where no fundamental scalar Lagrangian may exist ini-
tially.
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