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Abstract

Setting up a relativistic lunar reference frame is of a prime importance in the context of future
exploration missions to the Moon. If the procedure for building a consistent reference frame
within the framework of the general theory of relativity is well established (see resolutions B.3 of
International Astronomical Union 2000), there is still some freedom in the choice of the coordin-
ate timescale to be adopted as reference in the lunar region. In this paper, we review the orders of
magnitude of the relativistic effects resulting from (i) the gravitational redshift of a clock on the
lunar surface and (ii) the time transformations between a clock on the surface of the Moon and a
clock on the surface of the Earth. We then discuss possible options for a lunar reference timescale
with their advantages and drawbacks, taking note that the solution which is adopted for the Moon
shall then be reemployed for Mars and other planets. Finally, we propose possible realizations of

the lunar reference timescale as well as its traceability to UTC.

Introduction

The interest in Moon exploration has substantially
grown in the latest years. With the gradual launches
of large-scale lunar exploration missions, the demand
for high-precision navigation and positioning of
lunar probes has become increasingly urgent. To sup-
port the next generation of institutional and private
lunar exploration missions, space agencies are devel-
oping lunar communications and navigation services
that would allow positioning accuracy during the
final descent of landers on the Moon surface. In
particular, NASA is proposing the LunaNET (Israel
et al 2020), and ESA is proposing the moonlight pro-
gram (Giordano et al 2022), both aiming to provide
communication and position navigation and tim-
ing (PNT) services to institutional and commercial
lunar missions. China has also proposed its own
‘Quegiao comprehensive constellation for commu-
nications, navigation and remote sensing’ (Ma et al
2019), which is planned to be completed in three
phases to provide relay communications, navigation,
positioning and timing services for operation in the
vicinity of the Moon, and for lunar surface explora-
tion activities. The lunar constellation composed of
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Moon orbiters can achieve continuous coverage of
specific areas of the lunar surface or even the entire
lunar surface, and can provide necessary relay com-
munication, navigation, positioning and other ser-
vices for robotic landers first, then manned missions,
to fully carry out lunar exploration in the future.
Future scientific or more industrial applications
on the lunar surface, as well as communication in
the lunar environment, will require a standard ref-
erence timescale. One particular application requir-
ing a reference timescale is certainly the position-
ing, navigation and timing as envisaged by the satel-
lite navigation systems like moonlight, LunaNET or
Quegiao. As in classical Earth Global Navigation
Satellite System (GNSS), the different satellite clocks
should be synchronized between them, or more pre-
cisely, their offset with respect to a common ref-
erence should be known at user level (Teunissen
and Montenbruck 2017). Furthermore, the lunar
explorers should be able to coordinate their activities
with Earth-based control centers, meaning that real-
izations of their timescales need to have a known and
predictable difference to realizations of UTC on the
Earth—at least up to a certain level of accuracy. This
implies the urgent need to define a theoretical scale to
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be used in the lunar environment, as well as to pro-
pose some solutions for its realization.

The requirement that future localization on the
lunar surface is expected within a meter precision,
which translates to the nanosecond precision for time
keeping, implies that general relativity cannot be neg-
lected. Let us remind that on the Earth, the GNSS
relativistic transformations imply corrections at the
level of several tens of microsecond per day (Ashby
2003) which can of course not be ignored when a nav-
igation precision of one meter is targeted. The Moon
is orbiting the Earth in its annual revolution around
the Sun, and the respective gravitational and relative
velocity differences suggest that a common reference
timescale cannot be used for activities both on the
Moon and on the Earth, and that a new definition and
anew terminology should be fixed and adopted by the
whole scientific and industrial communities.

The terminology for astronomical reference sys-
tems and timescales in the Solar System, with the
associated relativistic framework, have been provided
by the International Astronomical Union (IAU)
(IAU 1991). They defined two different barycentric
coordinate systems: a global one ‘with spatial ori-
gin at the center of mass of the Solar System’, and a
local one ‘with spatial origin at the center or mass
of the Earth) together with their associated times-
cales: the barycentric coordinate time (TCB) and the
geocentric coordinate time (TCG), respectively. IAU
(1991) also provided the coordinate transformations
between global and local coordinates. These defin-
itions were then refined in the resolution B1.3 of
the 24th TAU General Assembly (IAU 2000), which
adopted the terms barycentric celestial reference sys-
tem (BCRS) and geocentric celestial reference system
(GCRS) to designate them.

The TAU 2024 resolution II (IAU 2024) recom-
mends constructing a lunar celestial reference system
(LCRS), with its coordinate time designated as lunar
coordinate time (TCL), using the same techniques as
for constructing the GCRS and TCG from BCRS and
TCB, and keeping the unit of measurement of TCL
consistent with the SI second. It has been adopted
during the IAU General Assembly and provides the
explicit definitions needed to designate this lunar ref-
erence frame, in direct continuity to previous recom-
mendations. Recently, studies of the relations between
lunar and terrestrial timescales have been proposed by
Ashby and Patla (2024), Kopeikin and Kaplan (2024),
and Turyshev et al (2025). We propose here a more
comprehensive development of the time rate at the
surface of the Moon, and from there we discuss pos-
sible options for the future reference timescale on the
Moon.

Section 1 of this paper proposes a review of the
timing system in the Earth environment, summar-
izing the transformation between the proper time
of clocks and the coordinate time of the geocentric
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reference system. The definition of the different
coordinate times, as recommended by the IAU and
adopted by the metrological community, are presen-
ted. Section 2 describes the relation between the
proper time of a clock in lunar environment and the
coordinate time of the lunar reference system. The
details of the mathematical developments used in this
section are presented in appendix A. Section 3 details
the relation between the time on Earth and on the
Moon, including proper and coordinate time differ-
ences, and their link to the light travel time in the
context of a one-way time transfer. We then present
in section 4 some features of possible scaled versions
of TCL that can be used as lunar reference timescale,
discussing their possible advantages and drawbacks,
and acknowledging that whichever option is eventu-
ally adopted for the Moon will likely be applied for
Mars and other planets in the near future. Finally, we
discuss the realization of the lunar timescale as well as
its traceability to UTC in section 5.

Notations

Throughout the paper, we use different coordinate
systems with, sometimes, different timescales associ-
ated with the same coordinate system. Although the
notations are explained when introduced in the text,
they are also resumed in table 1.

1. Timescales in the geocentric reference
system

Time and frequency comparisons at the level of
current atomic clock performances should be for-
mulated within the post-Newtonian theory of ref-
erence systems. This formalism, which is the out-
come of decades of intensive research and collabor-
ation, was rigorously established in the early 90s (see,
e.g. Kovalevsky et al (1989), Brumberg and Kopeikin
(1990), Brumberg (1991), Klioner and Voinov (1993);
see also Damour et al (1991, 1992, 1993, 1994) and
references therein) and was subsequently adopted
by the IAU in 2000 (Soffel et al 2003). This form-
alism provides a comprehensive description, at the
first post-Newtonian level, of (i) the global dynamics
(‘external problem’) of N spinning extended bodies
arbitrarily composed and shaped, (ii) the local grav-
itational structure of each body (‘internal problen’),
and (iil) the mutual consistency of these descriptions
(‘relativistic theory of reference systems’).

The treatment of the external problem requires a
global reference system (i.e. the BCRS) whereas the
local gravitational structure of each body is more
conveniently represented in its own local reference
system (e.g. the GCRS for the Earth or the LCRS
for the Moon). In local frames, the influence of the
external gravitational field is largely ‘effaced’, in the
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Table 1. Table of the notations and definitions used in this paper.

Abbreviations

BCRS Barycentric celestial reference system IAU (1991, 2000)

GCRS Geocentric celestial reference system IAU (1991, 2000)

LCRS Lunar celestial reference system IAU (2024)

TCB Barycentric coordinate time associated with BCRS IAU (1991)

TDB Barycentric dynamical time associated with BCRS; linear scaling of TCB using
constant Lg (see equation (31)) IAU (2006)

TCG Geocentric coordinate time associated with GCRS TAU (1991)

TT Terrestrial time associated with GCRS; linear scaling of TCG using constant
Lg (see equation (5)) IAU (1991, 2000)

TCL Lunocentric coordinate time associated with LCRS TAU (2024)

TL Lunocentric time associated with LCRS; linear scaling of TCL using constant

Af (see equation (47)). Three options are considered in this paper for Af
(see options i, ii, iii in section 4) [this paper]

Coordinate reference systems

TDB-compatible BCRS coordinates; linear scaling w.r.t. TCB-compatible
coordinates using constant Lg (see equation (31))

TT-compatible GCRS coordinates; linear scaling w.r.t. TCG-compatible
coordinates using constant Lg (see equation (5))

TL-compatible (in the sense of option ii) LCRS coordinates; linear scaling
w.r.t. TCL-compatible coordinates using constant L;, (see equation (22)) so
that, on average, T is close to the proper time of a clock on a given selenoid

(t,x) TCB-compatible BCRS coordinates
(t** , x** )
(T,X) TCG-compatible GCRS coordinates
(T°,X7)
(T, ) TCL-compatible LCRS coordinates
(77,1

(see option ii in section 4)
(T, %)

TL-compatible (options i, ii, iii) LCRS coordinates; linear scaling w.r.t.
TCL-compatible coordinates using constant Af (see equation (47)). Three
options are considered in this paper for Af (see options i, i, iii in section 4)

Coordinate velocities

v BCRS coordinate velocity; both TCB- and TDB-compatible
\% GCRS coordinate velocity; both TCG- and TT-compatible
\Z LCRS coordinate velocity; both TCL- and TL-compatible
Subscripts

E Label for the Earth

L Label for the Moon (‘L as in Lunar)

S Label for the Sun

e Label for the clock at rest on the surface of the Earth

1 Label for the clock at rest on the surface of the Moon

sense that the effective external potential acting loc-
ally on the body and its environment reduces primar-
ily to tidal terms. Owing to this ‘effacement’ prop-
erty, local reference frames are particularly suitable
for describing the space-time geometry in the vicin-
ity of each body. However, because non-inertial and
tidal terms respectively increase linearly and quadrat-
ically with distance from the body’s center of mass, the
local space-time metric becomes increasingly com-
plex as the spatial domain of interest extends out-
ward. Maintaining a given level of precision therefore
requires including higher-order terms in the expan-
sion of the tidal and non-inertial potentials.
Consequently, in order to preserve simplicity in
the experimental modeling, one should employ a

local frame that will ensure that the spatial extent of
the experiment will remain limited to a region where
only first-order terms in the expansion of the tidal
and non-inertial potentials are actually needed. The
GCRS fulfills this condition for experiments conduc-
ted in the vicinity of the Earth, typically up to geosta-
tionary orbits.

1.1. Geocentric celestial reference system

Within the Solar System, the global frame is the BCRS
and its associated coordinate time is TCB; the ori-
gin is at the center of mass of the Solar System (IAU
2000). When neglecting the influence of the gravit-
ational field of the Galaxy, the axes of the BCRS are
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kinematically and dynamically non-rotating (see e.g.
Klioner (1993)) with respect to distant extra-galactic
sources. The global frame is used for constructing the-
ories of motion of the Solar System bodies and for
constructing catalogs of distant objects (outside the
Solar System). In the Earth environment, the local
frame is the GCRS and its associated coordinate time
is TCG; the origin is at the center of mass of the Earth
(IAU 2000). The axes of GCRS are kinematically non-
rotating with respect to the BCRS ones, namely the
GCRS undergoes a relativistic precession with regard
to the BCRS. The Earth local frame is used for describ-
ing local physical processes such as the rotation of the
Earth or its local gravitational field.

The components of the metric tensor in GCRS
coordinates (X*) = (cT,X) was recommended by the
IAU (2000), with ¢ the speed of light in a vacuum, T
the coordinate time TCG, and X the GCRS position
of any event. Detailed description of the relativistic
theory for time and frequency comparisons around
the Earth can be found for instance in Wolf and Petit
(1995) or Petit and Wolf (2005). Only a brief sum-
mary will be given hereafter.

Now let us consider a clock ‘e’ staying in the
immediate region around the Earth so that its motion
is conveniently regarded in GCRS. According to gen-
eral relativity, a clock can be seen as a physical device
that follows a timelike worldline .# in space-time
and provides a sequence of measurable events (&,
Vi € Z) sampling .Z . The clock’s proper time between
two events &; and &,y is KN, where K is a con-
stant affine factor fixing the unit of time measure-
ment and where N is an integer. Note that once K
is fixed, the proper time becomes independent of the
parameterization of the clock trajectory .Z. In other
words, one is free to describe, in a given reference
system, the evolution of the spatial coordinates of a
clock as a function of the associated coordinate time.
For instance, in the GCRS, the position of clock ‘€’
might be expressed as a function of TCG, namely
X. = X.(T); its coordinate velocity is thus V. = V.(T)
with V. = dX./dT. Hence, within the IAU recom-
mended framework, the proper time of that clock is
given by

dr. —dT 1 _
(1)
where V. = |V,| and where the effective potential W
is given by
W(T,X.) = Wg (T, X.)

+ Wtidal (T,Xe) + ‘/Viner (T;Xe) . (2)

WE is the Newtonian potential of the Earth, W4, is
the tidal contribution from the Moon, the Sun, and
the other planets, and Wiy, is the inertial potential
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caused by the non-geodesic acceleration of the Earth
center of mass (namely the couplings between the
Earth non-spherical part of the gravitational poten-
tial to external gravitational fields from other bodies).
All potentials are evaluated at the clock geocentric
position X..

Note that for most of the applications, only ¢ 2
terms need to be taken into account when considering
a precision at the level of 107 !¢ (see e.g. Wolf and Petit
(1995), Blanchet et al (2001), Soffel et al (2003)). This
justifies that only scalar potentials are considered in
equation (1), as the vector potentials contribute at the
¢ *level.

The three components of the effective potential
W should be characterized separately. The inertial
potential is scaling such as Q- X, with Q being the
non-geodesic acceleration of the Earth. According
to Blanchet et al (2001), |Q| is of the order of
107"'ms™2, with the main contribution coming
from the monopole of the Moon interacting with the
quadrupole moment of the Earth. For a clock at rest
on the surface of the Earth, the inertial potential shall
therefore generate a relative frequency variation of the
order of 10722 which can safely be ignored at the level
of performances of existing atomic clocks. Note, how-
ever, that the inertial potential grows linearly with the
distance to the center of mass of the Earth. We thus
expect it to contribute at the level of 107! for radial
distances corresponding to several astronomical units
which is far from being restrictive in practice.

The tidal potential is due to the gravitational
attraction of the Solar System bodies (limited here to
their monopole term) and reads such as

thdal T X

ZGmAZ(|X|> N NA)
o Xl | X4l

3)
where G is the gravitational constant, m, is the mass
of the body A, P; are the Legendre polynomials of
degree j, and N, = X./|X.|. The GCRS position of
body A is seen as a function of TCG: X = X (T) and
s0 is Nao = X4 /|Xa|. For a clock at the Earth surface,
the impact of the Moon and Sun (i.e. A=Land A=S
in equation (3)) tidal quadrupole term (i.e. j=2 in
equation (3)) is periodic with a magnitude at the level
of 107 in the relative frequency difference between
the proper time and TCG (see e.g. Wolf and Petit
(1995), Klioner (2008)). Note that the tidal potential
grows quadratically with the distance to the center of
mass of the Earth. We thus expect the next-to-leading
order term (i.e. j=3 and A = L in equation (3)) to be
at the level of 10~ for that clock on the Earth sur-
face. The j = 3 tidal term would therefore contribute
at the level of 1071 for clocks situated at altitudes
around 28000km, which roughly corresponds to
geostationary orbits.
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Finally, for a clock in the vicinity of the Earth, ata
distance |X.| from the center of mass of the Earth, the
Newtonian potential of the Earth is given by

{”fé(x)

£=2 m=0

GmE

Wi (T.X) = o

X Pyy; (sin 6, [Cgm cos (mee)

+S},sin (mpe) | } : (4)

where mg is the mass of the Earth, Rg is its (mean)
equatorial radius, 6. and ¢, are the latitude and lon-
gitude of the clock (measured from Earth’s equator
and Greenwich prime meridian, respectively), Py, are
the associated Legendre polynomials of degree ¢ and
order m, and where C, and S}, are the Stokes coef-
ficients depending on the mass distribution inside
Earth. The most important term in this potential
is of course the monopole. When introduced into
equation (1) its contribution to the clock rate with
respect to TCG, is about 7 x 10710 for a clock on the
surface of the Earth. The second most important term
corresponds to the Earth flattening, /5 (with J§ =
—C%)), and gives a contribution of about 8 x 10~ 13
All other coefficients of the Farth gravitational field
are at least three orders of magnitude smaller than
J3’s. Note however that for high precision clocks on
the Earth surface, the series expansion in equation (4)
is not adapted; local gravimetric measurements must
be favored instead (see discussion below).

For a clock at rest on the Earth surface, the term
proportional to the square of the GCRS velocity of
the clock in equation (1) corresponds to the cent-
rifugal potential caused by Earth’s proper rotation.
Considering a clock on Earth’s equator, this returns
a contribution to the clock rate of about 10~!? with
respect to TCG.

1.2. Terrestrial time

The sum of the averaged centrifugal and effective
potentials gives the mean equipotential at any pos-
ition in the rigidly rotating frame of the Earth. All
ideal clocks located at rest on a mean equipotential
surface in the Earth vicinity, will tick at the same rate
in the GCRS (up to small periodic terms of order
10717), namely they will nearly beat the same rate
with respect to TCG. Note that of course real clocks
will have rate differences due to their own limited
accuracies.

One particular equipotential surface is originally
the geoid, which coincides with the mean sea level.
The IAU (1991) defined in 1991 a new coordinate
time: the terrestrial time (TT), a scaled version of the
coordinate time TCG, so that the mean rate of TT
agrees as much as possible with that of the proper
time of a clock located on the geoid. However, not-
ing the intricacy and temporal changes of the defini-
tion and realization of the geoid, the IAU in 2000 (IAU
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2000) re-defined TT by fixing the scaling constant to
L = 6.969290134 x 10~ such that

TT — TCG = —Lg x (JDpp — To) X 86400s.  (5)

where JDpr is the TT Julian date with T, =
2443144.5003725 being the TT Julian day 1977
January 1st, 0" 0™ 32.184°.

Let us note that according to Klioner (2008), scal-
ing the coordinate time is necessarily accompanied
by the corresponding scaling of spatial coordinates:
X* = (1 — Lg)X, and mass parameter of celestial bod-
ies: (Gm)* = (1 — Lg) (Gm). This is needed to ensure
that a range (difference of proper times) satisfies the
general covariance principle as discussed in section 3.
The scaled coordinate times and spatial coordinates
can be thought of as defining a new reference systems:
one with coordinates (¢T*,X*) where T* denotes TT.
This new reference system can be characterized by
its own metric tensor, different from the one of the
GCRS (Klioner et al 2009).

Fixing the constant Lg also fixes the value to
the reference Earth potential W, used for defin-
ing TT. Clocks located exactly on the geoid W =
62636856m?*s~2 provide a direct realization of TT
up to a precision of one part in 1077 (Klioner 2008),
with an uncertainty depending on the clock accuracy.
The proper time of a clock ‘¢’ located at an ortho-
metric altitude H, (i.e. altitude above the geoid) then
deviates from TT by

dre—dr* 1 [
ng/o ge(’Iv*,h) dh,

where g. is the gravity acceleration on Earth (i.e. the
gradient of centrifugal plus effective potentials). This
rate deviation corresponds to a frequency shift of
about 107'® per altitude meter. A more detailed
derivation can be found for instance in Wolf and Petit
(1995).

One realization of TT is the International Atomic
Time (TAI) to which is added an offset of 32.184 s.
This timescale is calculated a posteriori every month
by the Bureau International des Poids et Mesures
(BIPM), from a clock ensemble algorithm com-
bining about 450 atomic clocks distributed around
the world. To ensure the best agreement between
TAI and the SI second duration, the result of this
clock ensemble (called Echelle Atomique Libre) is
then steered using the comparison with a dozen of
primary and secondary frequency standards, namely
cold atoms atomic fountains or more recently optical
clocks (Panfilo and Arias 2019). As a consequence, the
primary and secondary frequency standards meas-
urements used to ensure the accuracy of the TAI have
to be first corrected for their relativistic redshift, as
TAI is a realization of TT which was defined in such a
way that its rate is indiscernible from the mean rate of
an ideal clock on the geoid defined by the equipoten-
tial W up to terms of order 10~'7 (Klioner 2008). As

(6)
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an example, the frequency standards operating at the
US National Institute of Standard and Technology,
located at about 1660m above the geoid, must be
corrected for a relativistic redshift of (—1.7987 +
0.0003) x 10~ "% (Pavlis and Weiss 2017). This value
can be estimated from precise altitude measurements
combined with geoid models and gravity measure-
ments, see for instance (Pavlis and Weiss 2017) for
more details.

Finally, the international reference for time and
frequency is UTC, obtained from TAI after applying
leap seconds. UTC being computed a posteriori, it is
not available for a real time use. All time laborat-
ories contributing to UTC by submitting their clock
data therefore maintain a realization of UTC called
UTC(k), where K’ is the acronym of the laborat-
ory. The BIPM publishes each month the ‘Circular T
which presents the differences between the different
UTC(k) and UTC (BIPM 2025). From the Circular T
it is seen that some UTC(k) are able to stay close to
UTC within a few nanoseconds. In most cases they are
available in real time as a physical signal for synchron-
ization and can be used to demonstrate the traceabil-
ity to UTC.

2. Timescales in the selenocentric
reference system

In this section, we aim at deriving the rate of proper
time of a clock at rest on the surface of the Moon. To
this end, we first introduce the LCRS and its associ-
ated space-time metric. Then, we derive the expres-
sion of the rate of proper time with respect to TCL
for any lunar clock. This expression is applied to the
clock on the lunar surface. We systematically neglect
physical effects smaller than one part in 10'®, which is
the long-term stability of UTC (Petit et al 2015)—this
threshold is well beyond the accuracy of the future
clocks that will live in the lunar region in the next dec-
ade. Finally, mimicking what was done for the Earth,
the rate of proper time of the clock on the Moon is
determined with respect to a rescaled version of TCL
by invoking a lunar equipotential W, (similar to W
in GCRS).

2.1. Lunar celestial reference system

The AU 2024 resolution II (IAU 2024) recommends
constructing a LCRS—with TCL as the coordinate
time—using the same approach as for constructing
the GCRS—with TCG as the coordinate time. It also
recommends that the unit of measurement of TCL be
consistent with the SI second.

The local LCRS coordinate system is denoted by
(X*) = (cT, X); itis centered at the center of mass of
the Moon, with the X -axis directed towards the ver-
nal equinox of J2000.0, the Z-axis pointing towards
the celestial pole of Earth’s J2000.0 equator, and the
Y-axis completing the right-handed triad. The spatial
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axis of LCRS are thus kinematically non-rotating with
respect to the BCRS ones, namely the LCRS under-
goes a relativistic precession with regard to the BCRS.
According to TAU 2024 resolution II, the LCRS
space-time metric, denoted by G, 3, is constructed in
a similar fashion as GCRS’s, namely based on the res-
olution B1.3 of the IAU 2000 (Soffel et al 2003); the
Earth related quantities are replaced by Moon’s:

Goo (T, X) =—142cW(T,X) =2 *W (T, X)

+0(c™9) (7a)
Goa (T, X) = —4c Wi (T, X))+ O (), (7b)
Gap (T,X) =0u [14+2c2W(T,X)|+0(c™%). (7¢)

The effective potentials W and W* are called the
scalar potential and the (ath component of the) vector
potential W, respectively. The scalar potential reads

W(T,X) =WL(T,X) +Wsda (T, X)
+ Winer (T,X) ) (8)

with W, the lunar gravitational potential, Wiqa
the tidal potential (mainly from Earth and Sun),
and Winer the inertial potential (caused by the non-
geodesic acceleration of the Moon center of mass).
The vector potential is given by

WI(T,X)=WL(T,X)+Whsda (T, X)
+ Whnet (T, X) . (9)

See for instance (Soffel et al 2003) and references
therein (in particular (Damour et al 1991, 1992)) for
full expressions of the different contributions in W
and W including terms up to O(c™?).

In LCRS, the position and the (coordinate) velo-
city of a lunar clock T can be seen as functions
of TCL, namely X, = X|(T) and V; = V|(T) with
V) =dX;/dT. Hence, 7, the proper time of clock ‘1I}
is given by

dn = dT [~Goo (T, X1) — 2¢ " Gou (T, X1) W}
1/2

G (T, ) W] (10)

where the components of the LCRS space-time met-

ric G, are evaluated at time 7 along the world-

line of clock T. V" denotes the a-th component of

V. Then, by substituting equations (7) for G,z into

equation (10), we find, after Taylor expanding the so-

obtained expression in power series of ¢!, the rate of
proper time of clock ‘I’ with respect to TCL:

dn —d7

1 1
7 2 [V +2W(T, &1)] — Y v

+1R2VIW (T, X)) — 4W* (T, &)
=32V - W(T, X)]+0(c7%), (11)

where V) represents the norm of the LCRS velocity of
clock ‘1, namely W = |V)|. Equation (11) is referred
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to as the relative frequency difference between clock
s proper time and TCL.

The LCRS, analogously to the GCRS, consti-
tutes a local nearly freely falling frame that provides
a convenient framework for investigating physical
phenomena in the vicinity of the Moon. As previ-
ously discussed, the influence of external gravitational
fields is largely suppressed within such local frames.
Consequently, the effective external potential acting
on the Moon and its immediate environment reduces
essentially to tidal contributions, which considerably
simplifies the local spacetime geometry. In practice,
retaining only the leading terms in the series expan-
sion of the tidal potential (fact that we denote as the
‘minimal’ version of LCRS) is typically sufficient for
describing phenomena within a spatial domain small
enough to be encompassed by the LCRS, in its ‘min-
imal’ version. However, note that the spatial extent of
the ‘minimal’ LCRS is smaller than that of the ‘min-
imal’ GCRS one. Indeed, the next-to-leading-order
term beyond the quadrupole contribution in the tidal
potential becomes significant—at the level of 10~ 16—
for clocks situated at altitudes larger than 6200 km.

2.2. Rate of proper time with respect to TCL

Let us now consider the clock ‘I’ to be at rest on the
lunar surface. All terms present in equation (11) are
discussed and then estimated in appendix A in this
context. We summarize the discussion hereafter.

The position of clock I is given, to a sufficient
accuracy, in terms of its (spherical) selenographic
coordinates (Ry, 6}, 1) by the following relation:

X\(T) =RiN(T), (12)
where R, is the (mean) radial distance of clock T
measured from the center of mass of the Moon and
M is the unit vector defined such as

Ni(T) = es(T)cosbcos ) + ep (T ) cos by sin g
+ec(T)sinf,. (13)

) and ¢ being the (mean) selenographic latitude and
longitude of clock ‘T, respectively (with —90° < 6 <

0° and —180° < ¢ < 180°). The unit vectors ey, ep,
and ec form the vectorial basis attached to the prin-
cipal axis of inertia of the Moon. The A and C-axis are
directed along the directions of minimal and maximal
moments of inertia of the Moon, respectively. The B-
axis completes the right-handed triad.

The coordinate velocity of clock ‘I’ is given, to a
sufficient accuracy, by

VI(T)=mRiec(T)x Ni(T), (14)

ny being the lunar mean motion; it corres-
ponds to a sideral period of 27.32d, namely
ny = 2.66 x 10~ °rads™!. This expression neglects
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lunar physical librations that shall not exceed
1073 rad (see discussion below and in appendix A).

The clock trajectory describes a timelike world-
line in space-time and its velocity tells us how fast the
clock moves along it. From that worldline, we can now
deduce the rate of the proper time 7, of clock ‘" with
respect to TCL, up to a precision of one part in 10'°.
We find the following expression:

d dT 1
TldT —Z0 (R0, , (15)

where the equipotential ® reads as

%% (91)

@ (R1,6, 1) = +WL(R1,61, 1)

+ Wtidal (Ri,601,¢1) - (16)

According to results derived in appendix A, the equi-
potential is constant in time at that precision and is
given by the following relation:

G R L 2R3
A S (| +L+ o
Ry Ry 2Gmy,

35 L R iR}
2 2Gm

@ (Ry,0,1) =

) sin? 6, + 3 (C%Z cos2¢p;

6ot
+85, sin 2@1) cos® 0) + Z Z Py (siné))
£=3 m=0

Clypcos (mey) + S, sin (mepy) |

x|
%( )( ) 3c052616052<p11)}.

(17)

In this equation, my and Ry denote the lunar mass
and (mean) equatorial radius of the Moon, respect-
ively. The term ap represents the semi-major axis of
the Moon’s orbit about the Earth-Moon barycen-
ter. J5 is the lunar quadrupole moment of the mass
distribution, namely J§ = —C5,, while C};,, and S},
are the Stokes coefficients of the Moon gravitational
potential. The parameter /g represents the degree to
which the partial sum over £ is stopped; for a preci-
sion of one part in 10'®, we choose /g = 150. Below
and in appendix A.3.5, we further discuss this choice
which represents a compromise between computa-
tional time and precision.

After integration, relation (15) simply reads such
as

() =T =t =Tlir R 0.0) (18)

where the function [T — T (7 r, 6, returns the dif-
ference between the proper time of a clock at rest

on the surface of the Moon—at spatial coordinates
(R1,61,1)—and TCL; it is defined as

=Tl rusen =~ 2% Ribh0) (T = To)
+ const, (19)
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Figure 1. Map of the relative frequency difference between the proper time of a clock at rest on the lunar surface and (a) TCL (i.e.
T in equation (15)), (b) a rescaled TCL (i.e. 7T in equation (23)).
equation (C.1)). The origin of the longitude represents lunar prime meridian.
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The clock is assumed at radial position Rj = Riopo (i1, 61) (see

with 75 a conventional origin of time for TCL
(defined by the IAU (2024) such that the reading
of TCL be 1977 January lst, 0"0™32.184° when the
reading of TCB be 1977 January Ist, 0P o™ 32.184%)
and ‘const’ representing [T — T |(7; ®,.0,,¢)> Namely
the value of 71(7y) — 7, that is the switch-on syn-
chronization offset of the clock.

Figure 1 depicts the dependence to (6),¢)) of the
relative frequency difference between proper time and
TCL (see equation (15)) for a clock ‘I’ at rest on
the lunar surface, namely a clock forced to follow
the lunar topography: Ri = Riopo (61, ¢1) (see explan-
ations in appendix C).

It is possible to trace back in equations (15)
or (18) the different contributions in (17). For
instance, the first term in curly brackets in (17) (i.e.
one) represents the monopole contribution of the
lunar gravitational potential V. This represents the
main effect in equation (15); it is at the level of 3.14 x
107! (see equation (A.24)).

The second term in equation (17) (i.e. Ry /Ry — 1)
corresponds to the effect of the altitude of clock T
on the lunar surface (w.r.t. the equatorial radius).
It comes from the lunar gravitational potential Wi.
According to the discussion in appendix A.3.2, this
term shall induce in equation (15) an effect of the
order 1.62 x 107" due to maximum altitude vari-
ation of +7 km to —8 km with respect to the equat-
orial radius (see equation (C.2); see also figure ClI,
and discussion in B for a comparison with respect
to the selenoid). As depicted in figure Al, this term
highly depends on the location of the clock on the
lunar surface.

The terms proportional to nfR}/(Gmy) in
equation (17) represent the contribution from the
centrifugal potential evaluated at the level of clock ‘T’

This term contributes only to the level of 1.19 x 10716
in equation (15) (see equation (A.15)) and depends
on the selenographic latitude of the clock. The small
value of the centrifugal term is due to the lunar spin
orbit resonance 1:1 which makes the clock at the
lunar surface experiences a complete period in one
Moon’s sidereal orbital period. This also justifies us
not including the physical lunar librations in this
analysis.

All together, the contributions from degree two
lunar gravitational potential V|, namely terms pro-
portional to J5, C%, and S5, induce a maximum effect
at thelevel of 7.92 x 10~> which depends on the lon-
gitude and latitude on the Moon (see figure A2).

In equation (17), each one of the £ > 3 terms do
not contribute significantly to equation (15) when
they are evaluated independently from each other.
However, the sum of them all might still be significant
if the sum over the #’s in the th degree is reasonably
close to the sum over the m’s in the (¢ — 1)th degree.
In other words, the contributions of the terms with
£ > 3 in equation (17) depends critically on the con-
vergence properties of the series. However, it is well
known that this series expansion converges poorly
when the field point lies close to the surface of the
non-spherical body. For this reason, the discussion
below should not be regarded as suitable for future
high-precision applications—it merely provides an
order-of-magnitude estimate of the proper time rate
for a clock located on the lunar surface. In the next
section, a more general framework based on local
gravimetric measurements is introduced; this latter
approach should be preferred for future experiments.

As shown in figure A4 (see the blue curve rep-
resenting the summation over ¢ from ¢ > 3 to 300
and the red curve representing the summation over m
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from 0 < m < £ for each degree ¢), the series expan-
sion Sy, (61, ¢1) (see equation (A.28)) would not con-
verge after considering only the first tenth degrees
for a clock located at the intersection between the
lunar prime meridian and lunar equator, namely
(01,1) = (0°,0°). As a matter of fact |S;(0°,0°)| =
226 x107°  while  |S300(0°,0°)| =3.25x 1077,
which returns

GmL
—— ) 1810(0°,0°)| = 7.10 x 10716,
(S ) is(0".07)

G
(2’?) |S300 (0°,0°) [ = 1.02x 10717, (20)
CTKL,

after being inserted into equation (15). In other
words, a series expansion up to the order /g = 10 can-
not be considered accurate when considering a preci-
sion at the level 107! since it has not converged yet
as shown in equation (20). In every cases we investig-
ated, the series expansion reaches rough convergence
for £ 2 150 which justifies our choice for the numer-
ical value of £g = 150. With this, the maximum effect
induced by ¢ > 3 terms from the non-spherical part
of the lunar gravitational potential in (15) is of the
order 6.34 x 10~ !>, Figure A5 depicts the dependency
of this effect to the location of the clock on the lunar
surface. Note that it is different from the topography
contribution which is shown in figure Al.

Finally, the last line in equation (17) represents
the permanent tidal potential raised on the Moon by
the Earth. Once inserted into equation (15), it con-
tributes at the level of 2.37 x 107!¢ as discussed in
appendix A.4. Note that this relative frequency shift
is due to the Moon spin orbit resonance 1:1 which
renders the tides raised by the Earth on the Moon per-
manent, unlike tides raised by the Moon and Sun on
the Earth which are only periodic. We emphasize that
the tidal permanent effect depends on the location of
the clock on the lunar surface as depicted in figure A6.

2.3. Rate of proper time with respect to a rescaled
TCL

The expression (15) suggests that, similar to what has
been done for GCRS, we could introduce an equi-
potential surface close to the physical surface of the
Moon. As discussed in appendix B, the time aver-
aging of the equipotential ® in equation (16) can be
used to impose a numerical value for the equipoten-
tial of the selenoid. For instance, we can choose to
define the selenoid such as @ = 2.82 x 10°m?s~2
(see appendix B for more details); let us call this
equipotential W, = @y in order to match GCRS’s
notations.

Then, by expanding ®(X)) around W, in
equation (15), the rate of proper time with respect to
TCL, for a clock ‘I’ located at an orthometric altitude
H relative to the equipotential surface of reference
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W, will then be given by

dn —d7T 1 H
T Z—Cj [Wo—/o gl(Tah) dh} Y

where g is the lunar gravity acceleration (i.e. the
gradient of centrifugal plus effective potentials) at
the clock location. In the context of future high-
precision applications, the expression (21) is more
suitable than (15) (with ® given by (17)). It indeed
relies on local gravimetric measurements rather than
on the series expansion of the gravitational potential
which is poorly converging as discussed previously.

The integral in equation (21) corresponds to a fre-
quency shift of about 2 x 107!7 per altitude meter.
While this factor is about 5 times smaller than on the
Earth, the topography of the Moon surface is much
more contrasted than on the Earth, with minima and
maxima reaching 7.5 km with respect to the equi-
potential surface W, (see figure C1 and Barker et al
(2015)). The frequency shift between the proper time
of two clocks at the lowest and highest altitudes on the
Moon is therefore about 3.0 x 10~ (see (b)-label in
figure 1).

The reader can notice that the term W, has been
kept in equation (21) while no W, was present in the
corresponding equation (6) for a clock on the Earth.
The reason is that equation (6) is not written in term
of TCG but rather in term of TT, a rescaled coordin-
ate time which was precisely defined to remove W,
from the averaged rate of proper time of a clock on
the geoid. An equivalent approach for the Moon (if
needed) would require us to introduce a new coordin-
ate time being a scaled version of TCL, in a similar
way as TT is a rescaled coordinate time with respect
to TCG. Such a scaled coordinate time (denoted 7
hereafter and called ‘option ii’ in section 4), if it is
constructed with the same purpose as TT in the geo-
centric context, would be given by 71 =T + [T —
T1(1)> where the function [T — T] 7 is

(T =Tl =—-L(T-T), (22)

with Ly = W)y /c* a defining constant and 7, intro-
duced back in equation (19). As expected, making
use of this new coordinate timescale rather than TCL
allows one to remove the constant rate YV, from the
proper time equation which shall now reduce (atlead-
ing orderin ¢~ ') to

dn—d7t 1 [
D=5 aTiman @
0

This result can alternatively be written such as

TI(TT) - TT = [T - TT](T‘r,xlT) (24)
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where the function [r —77] . x}) returns the dif-
ference between the proper time of the clock—
situated at spatial coordinates X IT = (RIT ,HIT ,<pr )—
and 7'; it is given by

1
=T === @ (RE6f )~ Wo

X ('7’4r — 76T) +constt.  (25)

In this expression ’7?;[ represents the time origin of 71
(not defined by the IAU) and ‘const’” is the difference
n(7]) — 7', namely the clock switch-on synchroniz-
ation offset. Relying on 7 ' rather than 7T for comput-
ing the proper time of a clock on the lunar surface will
remove the constant rate of 3.14 x 10~!! due to the
monopole contribution (see (a)-label in figure 1) and
leave behind a peak-to-peak amplitude of 3.0 x 10713
mainly due to the lunar topography as depicted in the
(b)-label of figure 1.

Let us emphasize that the scaling of the lunar
coordinate time will force similar scaling into dis-
tances and mass parameters (Klioner 2008): X' =
(1 =Ly)X and (Gm); = (1 — L) (Gm), respectively.
Hence, ‘IJ(RIT , 93 , cplT ) shall return the exact same
numerical value as ®(Ry,6;,¢1). Note also that the
scaled (Gm) of the current section would be different
from the one introduced in section 1.2 (i.e. (Gm),) as
expected from the occurrence of parameters Ly and
Lg in the scaling relations.

It is important to note that TT, the scaled counter-
part of TCL, has neither been established nor adop-
ted in any IAU resolution to date. Hence, introdu-
cing 7 for the lunar system—in a similar way as
TT is introduced in the geocentric context—is a pos-
sible way (see e.g. Ashby and Patla (2024), Kopeikin
and Kaplan (2024), and Turyshev ef al (2025)), but
not a required one. Indeed, before the adoption of
a fully relativistic framework by the IAU at the end
of the 20th century, timescales similar to TT and
barycentric dynamical time (TDB) were already in
widespread operational use. In other words, TT and
TDB existed (with different definitions) long before
the coordinate timescales TCB and TCG were intro-
duced by the IAU in 1991. Abandoning completely the
pre-existing timescales was not feasible due to their
long-standing practical utility. It was thus preferable
to equip them with consistent definitions within the
new relativistic formalism. In 2000 and 2006, TT
and TDB were thus defined from TCG and TCB,
respectively.

For the lunar system, there is no historical pre-
cedent of 7T being employed independently of
any Earth-based timescales. Therefore, the neces-
sity of defining and adopting 7, as introduced in
equation (22), remains open to question. This point
will be further discussed in sections 4 and 6.
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3. Geocentric and selenocentric timescale
difference

In previous sections, we derived the rates of proper
times with respect to local coordinate timescales in
GCRS and LCRS for clocks on the Earth and on the
Moon, respectively. In view of the future communica-
tion between the Earth and the Moon it is also needed
to establish the relation between the local coordin-
ate times employed around the Moon and around the
Earth. As it will be shown in this section, this relation
depends on the intermediate reference system which
is used for the light travel time computation, as well
as the position of the clocks.

Hereafter we consider a clock T’ on or around the
Moon and a clock ‘¢’ on or around the Earth, and a
one-way synchronization between them. We consider
that the synchronizing link is an electromagnetic sig-
nal (encoding the proper time of clock ‘e’) emitted
by clock ‘e’ at TCG T, and then received by clock T’
at selenocentric coordinate time 7;. The light travel
time is computed in an intermediate reference sys-
tem using its associated coordinate time (rescaled or
not). We consider three possible intermediate refer-
ence systems: (i) BCRS with TCB or TDB, (ii) GCRS
with TCG or TT, and finally (iii) LCRS with TCL or a
rescaled TCL. Each of these cases is discussed in turn
with their advantages and drawbacks.

3.1. Using BCRS with TCB or TDB

Let us start investigating the range equation (i.e. the
difference between proper times) in BCRS while using
TCB as intermediate timescale. The range between
clock T and clock ‘e’ obtained through a one-way sig-
nal reads as follows:

N =Te =T =Tl 2, + [T =ty ) + 00—t 0
—T= gy =7 = Tz.x) 5 (26)

where [T — T x,) and [T — T](7, x,) are the trans-
formations between the proper time of clock 1" and
TCL, and the proper time of clock ‘¢> and TCG,
respectively. These two functions have been presen-
ted in equations (18) and (1), respectively consider-
ing clock T’ on the lunar surface. Note that, according
to equations (5) and (6), the function [T — T](7, x,) is
usually separated into two pieces (see equation (39)
below): (i) the transformation from proper time of
clock ‘¢’ to TT, namely [T — T*](T: x:)> and (ii) the
transformation from TT to TCG, that is [T* — T](r,).

Then, the term [ — ] (s, x.5) in equation (26)
corresponds to the light travel time of the signal
expressed in the global coordinate system: the BCRS
with TCB. For the one-way experiment under con-
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sideration, the time of reception of the signal is
unknown. Therefore, the light travel time is a func-
tion of the barycentric time of emission t, the bary-
centric position of emitter x. = x.(t.), and the bary-
centric position of receiver x; = xj(1;). The function
[l = te] (1.x.,x,) 15 thus called an emission time transfer
function (Teyssandier and Le Poncin-Lafitte 2008). It
returns the difference between the (coordinate) time
of reception and the (coordinate) time of emission:
fi—te=[ti—te] ;s x) - (27)
In most applications (except lensing effect), the time
transfer function is the one corresponding to the
so-called quasi-Minkowskian light path (Linet and
Teyssandier 2016), and is thus expressible such as

N A (te, xe (1), %1 (1))

c

[t] — te](te,xe(te)yxl(fl)) =

, (28)

with the following associated condition: |x(#) —
Xe(te)] > A(te,xe(te),x1(#1)). In these expressions,
A/c is called a delay function (Teyssandier and Le
Poncin-Lafitte 2008); it usually contains a gravita-
tional delay, called the Shapiro delay, and an atmo-
spheric delay due to the presence of the Earth
atmosphere—see e.g. Bourgoin (2020) for an expres-
sion of the delay function containing simultan-
eously gravitational and atmospheric delays and see
appendix D for estimates of the delays in the one-
way transfer considered here. Note that the light-time
equation (27) (together with equation (28)) is impli-
cit in #}, it must therefore be solved iteratively in order
to eventually determine x;(#). In the appendix D, we
present analytical expressions of 4 including O(c ™)
terms.

Finally, the functions [7" — #](; ») and [T — #] ;) in
equation (26) are part of 4D relativistic transforma-
tions between (i) LCRS and BCRS, and (ii) GCRS and
BCRS, respectively. Note that both transformations
are expressed at the point-event with BCRS coordin-
ates (ct,x). Hereafter, we shall discuss each function
in turn.

3.1.1. Transformation from TCB to TCG

The one-before-last term in equation (26), namely
[T — t](1x)> is the difference between the geocentric
and the barycentric coordinate time, expressed at
barycentric coordinate time ¢ and at barycentric pos-
ition x. This difference is given by the IAU Resolution
B1.5 (2000) (considering here only ¢~2 terms):

[Tt = —;2 {/t: {V%y/) +wE(xE(t’))] dt’

+vg (1) - [x — xg (1)] } +0(c),
(29)
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where xg and v are the position and velocity of the
geocenter in BCRS, and Wy is the Newtonian poten-
tial (evaluated at the geocenter) due to all bodies in
the Solar System besides Earth. The reference epoch
to is 1977 January lst, 0h0™32.184° in TCB, or 1977
January 1st, 0 0™ 0s TAL

3.1.2. Transformation from TCB to TCL

The second term of equation (26), namely [T — #]; x),
is the equivalent for TCL of the term just described
for TCG; it gives the difference between selenocentric
and barycentric coordinate times, expressed at bary-
centric coordinate time ¢ and at barycentric posi-
tion x. IAU Resolution II (2024) recommends that
the transformation between TCL and TCB be given
by a relation similar to the one described in IAU
Resolution B1.5 (2000), with Earth related quantit-
ies replaced by those of the Moon. The relationship
between TCB and TCL is therefore given by the time
part of the full 4D relativistic transformation between
the barycentric and selenocentric reference systems:

(A pp— {[ [V%gt) +WL(xL(t/)):| dr’

B

i (1) - [x —xv ()] } +0(c™),
(30)

where x and v, are the position and velocity of the
center of mass of the Moon in BCRS, and wy (x) is
the Newtonian potential (evaluated at the Moon cen-
ter of mass) due to all the bodies in the Solar System
besides Moon. The reference epoch #, is the same
as for the difference TCG — TCB. Currently, the dif-
ference between TCG and TCB (see equation (29))
can be computed using the IAU service establishing
and maintaining an accessible and authoritative set
of algorithms and procedures that implement mod-
els used in Standards Of Fundamental Astronomy
(SOFA) (IAU SOFA Board 2025). The difference is
then obtained for a given coordinate time and pos-
ition (¢,x). The lunar-equivalent is not available to
date in the SOFA but could, in principle, be provided
in a similar way.

3.1.3. Timescale transformation in BCRS

From these expressions, it appears that in BRCS,
it is not possible to provide a unique relation for
TCG-TCB and TCL-TCB as those depend on the
location of the point-events where the transforma-
tions are to be performed. As an example, we show
in figure 2 the difference [T —#](, x) — [T — (1. x)
appearing in equation (26), using relations (29)
and (30). Equation (29) is computed at point-event
(te,Xe) with x. corresponding to an Earth station
located at a 0° longitude and a 0° latitude in geo-
graphic coordinates. Equation (30) is computed at
point-event (#,x;) with x; corresponding to a lunar
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Figure 2. Coordinate time differences [T —#](, ) — [T — #] (. x.) Over the year 2024 with x| at a lunar latitude and longitude (0°,
0°) and x. at a Earth latitude and longitude (0°, 0°).
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Figure 3. Top: scalar product vg - (x — xg) from equation (29) over one month in 2024, evaluated at Earth latitudes and longit-
udes (0°, 0°) in green, (90°, 0°) in blue and (0°, 120°) in orange. Bottom: scalar product v, - (x — x) from equation (30) over

one month in 2024, evaluated at Moon latitudes and longitudes (0°, 0°) in green, (90°, 0°) in blue and (0°, 90°) in orange.

station at a 0° longitude and a 0° latitude in sel-
enographic coordinates. The computation is realized
using Astropy’s default ephemerides, namely DE430
(Folkner ef al 2014), and considering only the grav-
itation potential of the Sun and the Earth for TCL —
TCB, and the Sun and the Moon for TCG-TCB. As
seen in figure 2, we obtain a difference [T — ] x) —
[T — t](s, x,) mainly characterized by a linear drift (also
called secular term) of about 1.5usd™! (i.e. a relat-
ive frequency offset of 1.7 x 10~ !!) plus a monthly
periodicity with an amplitude of 127 us. Note that
the linear drift only contains the contribution from
the two coordinate time transformations being used.
The total secular term in the range between a clock
at rest on the surface of the Earth and a clock at rest
on the surface of the Moon also contains the relative
frequency difference between proper times and local
coordinate times in the GCRS (about 6.97 x 10719)
and in the LCRS (about 3.14 x 10~!1) (see the first
and last terms in equation (26)). Summing together
all these contributions, we finally find a range rate dif-
ference of about 6.58 x 1071, or about 56 us d ! (see
also Ashby and Patla (2024), Kopeikin and Kaplan
(2024), and Turyshev et al (2025)). The periodic vari-
ation in figure 2 is mainly due to the integrated terms
in equations (29) and (30). Those are independent of
the location and time where the time transformations
are performed. The location-dependent terms give
rise to periodic variations with an amplitude limited

to a few microseconds (not visible on figure 2) and
depending mainly on the latitude of the clocks on the
surface of the Earth and on the surface of the Moon.
The longitude of clocks only changes the phase of
periodic variations as depicted in figure 3. In the top
panel, the location-dependent terms in TCG-TCB
produces daily variations due to the motion of the
clock on the Earth which rotates at the Earth sider-
eal period as seen from the BCRS. In bottom panel,
the location-dependent terms in TCL-TCB produces
monthly variations due to the motion on the lunar
clock which rotates at the lunar sidereal period as seen
from the BCRS. Hence, only seasonal variations are
present for a clock at the lunar poles. For clocks loc-
ated on the surface of Earth and Moon, the amplitude
variations of position-depend terms remain at the
level a few microseconds. However, amplitude vari-
ations are expected to be larger for clock’s in orbit due
to larger geocentric and selenocentric distances.

3.1.4. Using TDB instead of TCB

Let us emphasize that the numerical value of the range
in equation (26) is independent of the barycentric
timescale being employed for the computation of the
light travel time. Either TCB or its rescaled version,
TDB, could have been used indifferently. TDB was
defined by the IAU Resolution B3 (IAU 2006) as a
scaled version of TCB with a scaling factor chosen in
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order to have the same average rate than TT at the
geocenter:

TDB — TCB = _LB X (IDTCB — T()) x 86400 s
+TDB,, (31)

where JD1cp is the TCB Julian date; T was given
earlier in equation (5). Ly and TDBy are two defining
constants: Ly = 1.550519768 x 10~® and TDB, =
—6.55 x 107 s, respectively. For the range to be inde-
pendent of using either TDB or TCB in equation (26),
some cancellations of coordinate-dependent terms
must occur. For this to happen, the scaling of TDB-
compatible quantities such as distances and mass
parameters has to be carried out closely as discussed
in appendix E. There, we indeed show that the range
is generally covariant only if the scaling of TDB-
compatible quantities is properly accounted for in
the light travel time expression. Ignoring this scaling
would induce relative errors of the order of Ly in the
computation of proper time difference 71 — 7e; this is
because the scaling is affecting the leading order term
in the light travel time equation (i.e. the Minkowskian
term in equation (28)). Considering that planetary
ephemerides are computed and distributed in a TDB-
compatible frame (see e.g. INPOP19 (Fienga et al
2019) and DE440/441 (Park et al 2021)), it is more
advantageous and safe to compute the light-time in
TDB rather than in TCB, and this means inserting
equation (E.1) into (26), so that we eventually obtain
the following symmetrical expression for the range:

3k

M—"Te=[T— 7-](71?6'1) +[7T- t](tlvxl) U t](tl)
T = (e e ) T =
[Ty — T = Trx,) » (32)

where ** is TDB and x** denotes TDB-compatible
coordinates. The function [t** — 1], thus denotes the
right-hand side of equation (31).

3.2. Using GCRS with TCG or TT

The clock comparison presented in the previous
section involved two coordinate time transforma-
tions computed at two different positions when using
BCRS as intermediate system for the computation of
the light travel time (relying either on TCB or TDB).
An alternative path would be to use instead GCRS as
the intermediate system. In this case, a single coordin-
ate time transformation is required at the level of
Moon’s clock with the light travel time computed in
GCRS (relying either on TCG or TT). Indeed, the
range between clock ‘e’ and clock ‘I’ through the one-
way signal then reads

N—Te= [T - 7_](7T,X1) + [T_ T](TI’XI)
+[T - Te](TC,XC,XI) —[r- T](Tc7xc) , (33)

where the light travel time is expressed in the GCRS
with emission and reception coordinate times in
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TCG. Let us emphasize that the difference [T —
T)(1,,x)> should be known at X, namely the geo-
centric position of the lunar clock; the position of the
clock on Earth does not show up in the coordinate
time transformation.

3.2.1. Timescales transformation in GCRS

This is the approach followed by Kopeikin and Kaplan
(2024) to derive the coordinate time transformation
between TCL and TCG. Reworking equation (30) in
order to reveal geocentric quantities, and then sub-
tracting equation (29) to it, allows one to reduce the
influence of external bodies to the Earth—-Moon sys-
tem to tidal terms only. As emphasized by Kopeikin
and Kaplan (2024), this is a consequence of the
Einstein equivalence principle. The difference TCL-
TCG reads

1 hirve(r
[T_T](TI,XI)__Cz{/T [ LZ( )-i-

+Wtidal(T7XL(T)):| dr

G (mE — sz)
XL (T)|

+ Vi (Th) - [Xi(Th) — Xi. ()] } ;
(34)

with X1 and V|, the position and velocity of the Moon
center of mass in the GCRS, and Wyq, the quadrupole
of the tidal gravitational potential of the Sun:

1 Gmg X0 \2
Wida (T, X1) = 2|X:{ (%) [3(Ns-NL)*—1]

| X |

+(Rﬂ)bmyM)—ﬂM4wﬂ}
(35)

with the unit vectors Ns=Xs/|Xs| and N =
X1./|X1]; Xs being the geocentric position of the Sun.
Note that equation (34) is similar to equation (12) of
Kopeikin and Kaplan (2024) except that (i) the integ-
ration time is TCG rather than TCB, and (ii) the tidal
potential (see equation (35)) contains the next-to-
leading order beyond the quadrupole term since it is
of the order of 1.65 x 10716, Note however that our
expression (34) cannot be retrieved from equation
(20) of Fienga et al (2024) which seems to contain
a misprint in its velocity-dependent term. Also note
that equation (34) is limited to post-Newtonian terms
only since post-post-Newtonian effects are expected
to be in the order of 10717 (Kopeikin and Kaplan
2024).

The so-obtained difference TCL-TCG shows the
same 1.6 x 10~ (or 1.5 usd™!) secular term as in
the BCRS case, but with periodic variations not lar-
ger than 0.5 ps in magnitude. An example is given in
the top panel of figure 4 for a clock located at 0° lon-
gitude and 0° latitude on the Moon (the secular term
is removed for clarity). The lower amplitude of peri-
odic terms when relying on GCRS rather than BCRS
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Figure 4. Top: time differences [T — T (7;, x,) over the year 2024, with X’} at a lunar latitude and longitude (0°, 0°), after remov-

ing the secular term of 1.5 usd ~!. Bottom: scalar product Vi - (X; — X) from equation (34) over two months in 2024, evaluated

at Moon latitudes and longitudes (0°, 0°) in green, (90°, 0°) in blue, and (0°, 90°) in orange.

can be explained by the fact that the Earth and the
Moon forming a 2-body system in free fall in the grav-
itational field of the Sun (and other planets of the
Solar System) appears only in the form of tidal terms
(Kopeikin and Kaplan 2024). The timescale difference
TCL-TCG is compatible with a light travel time com-
puted in GCRS. In this case, the numerical value of
[T — T (r,,x,) depends on the lunar clock position via
the location-dependent term in equation (34): V. -
(X1 — X1). It generates differences up to 20 ns between
separate locations as shown in the bottom panel of
figure 4.

An alternative to the GCRS as intermediate refer-
ence system is discussed in the appendix of Kopeikin
and Kaplan (2024) where they rely on IAU 2000 res-
olutions to build a Earth—-Moon local coordinate sys-
tem with the origin at the Earth-Moon barycenter. In
doing so, they recover, and enlarge, previous results
by Ashby and Patla (2024) and then perform some
comparison with the GCRS. The magnitudes of the
periodic terms they obtain are very similar than in
GCRS as the barycenter of the Earth—-Moon system is
lying inside the Earth.

Using BCRS or GCRS to estimate the numerical
value of the range between the clock on the Earth
and the clock on the Moon shall not affect the out-
come 7] — T.. We thus expect some cancellations of
coordinate-dependent terms between the light travel
time equation and the timescales transformation
when 4D relativistic transformations between BCRS
and GCRS are properly applied. For this to happen, a
quick comparison of equations (26) and (33), reveals
that the following relation:

[T =T x) + [T = Tel 1, x. x)

= [T_ t](tl,xl) + [tl - te](fevxe,xl) n [T_ t](t“xe) '

(36)

shall be verified for the range to remain generally
covariant. In the appendix F, we demonstrate that
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the left-hand side of the previous expression does
indeed reduce to the right-hand side when 4D relativ-
istic transformations between BCRS and GCRS are
applied consistently.

3.2.2. Using TT instead of TCG

TCG is not the only coordinate time which might
be employed to compute the light travel time in
GCRS coordinates; TT could be used too, and hence,
the light-time would split into the three following
contributions:

[T = Tl g ey = [T7 = Ty + 117 = Tel (2 e x)

- [T* - T](Tl) ’ (37)

where [T} — T¢](1: x: x») is the TT-compatible
light travel time, and where [T* — T](r is given in
equation (5). To ensure the general covariance while
computing the difference of proper times 7 — 7o,
it is important to employ TT-compatible distances
and mass parameters in the light travel time expres-
sion (this statement can be demonstrated in a sim-
ilar way as in appendix E for BCRS with TDB or
TCB). However, let us emphasize that mass paramet-
ers and distances which are distributed by planet-
ary ephemerides are usually TDB-compatible. This
means that two scalings have to be employed to go
from TDB-compatible quantities to TT-compatible
ones. For instance, to pass from a TDB-compatible
mass parameter (Gm),, to the TT-compatible one,
(Gm)., a first scaling to go from TDB to TCB/TCG-
compatible framework must be applied, and then, a
second scaling to go from TCG to the TT-compatible
mass parameter. The relation between (Gm), and
(Gm) .+ thus eventually reads such as

(38)

Considering that planetary ephemerides are com-
puted and distributed in a TDB-compatible frame,
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Figure 5. Top: time differences [T — T (7; x,) over the year 2024, with the Earth clock X at latitude and longitude (0°, 0°),
after removing the secular term of 1.5 ps d 1. Bottom: scalar product Vg - (X — X&) from equation (34) over one month in
2024, evaluated at Earth latitudes and longitudes (0°, 0°) in green, (90°, 0°) in blue and (0°, 120°) in orange.

it is more advantageous and safe to compute the
light-time in TCG rather than in TT—in TCG-
compatible frame, only one scaling shall be applied
to TDB-compatible parameters whereas two scalings
are needed in a TT-compatible frame. However, note
that if TT is used somewhere else in the range calcu-
lation, the double scaling issue will persist. Indeed,
TT is usually not employed at the level of the light-
time computation but rather at the level of the proper
time of the clock on Earth as stated earlier below
equation (26). Therefore, the rate of clock ‘e’s proper
time with respect to TCG in equation (33) is usually
replaced by

[T =T rox) =7 = TN xoy T [T° =T,y
(39)

while the light-time computation is maintained in
TCG. Note however that, from a theoretical point
of view, this does not change the double scaling
issue since the proper time must now be computed
with TT-compatible quantities as it is clearly visible
from the presence of TT-compatible arguments in the
function [T — T*](7+ xx).-

3.3. Using LCRS with TCL or rescaled TCL
Finally, we can also consider working in the LCRS,
where the corresponding range equation reads

n—Te=[T— 7—](71-’('1) +h - 7;](7;,XE,X1)

—[T- 7_](72,)(6) —[r- T](TC,XS) . (40)

In this expression, the light travel time is now com-
puted in LCRS coordinates and a unique coordin-
ate time transformation is actually needed: [T —
Tl(7,2.- It is expressed at the level of the clock on
the Earth unlike what was done in the previous sub-
section where GCRS was employed as intermediate
reference system. There, the timescale transformation
was expressed at the level of the clock on the Moon.

3.3.1. Timescale transformation in LCRS

Using the same analytical development as in Kopeikin
and Kaplan (2024), but in the LCRS, we obtain the
equation for the relative rate of TCG with respect to
TCL:

L[ (T VE(T)
[T—T]('/;,xe)zcz{/T [ E2 +

+Wiidal (T, X (T)):| dT

G(mL — 21’}’1}3)
(X (T)|

+Ve(Te) - [Xe (Te) — Xe (T0)] }7
(41)

where X'r and Vg are the position and the velocity of
the Earth in the LCRS, and W4, is the quadrupole of
the tidal potential of the Sun:

1 Gmg | XE| 2 2
Wtida](T7XE)—E‘XS|{(lxs‘) [3(/\/5'/\/5) *1}

ETAY
+<|xs\> [5WS'NE)3‘3WS‘NF>]}7

(42)

with N = X5 /| Xs| and N5 = X /| Xg|; X's being
the lunocentric position of the Sun. The differ-
ence [T — T](7., x.) shows the same secular term of
1.5usd™! as when relying on BCRS or GCRS as
intermediate systems, plus monthly oscillations with
a magnitude of about 0.25 pus as shown in the top
panel of figure 5. On top of these are superimposed
smaller daily variations whose magnitude and phase
depend on the Earth clock position via the location-
dependent term in equation (41): Vg - (X — Xg) .
The magnitude of these smaller variations can reach
more than 50ns as shown in the bottom panel of
figure 5. Using LCRS instead of BCRS or GCRS to
perform the computation of the difference of proper
times 7 — 7. does not change the outcome of the
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range numerical value. The proof of this statement is
exactly similar to the demonstration in the appendix F
where the range expression rely on GCRS instead
of BCRS. In other words, according to the gen-
eral covariance principle, we expect the following
relation (comparison between range equations (40)
and (26)):

[7T_ 7;](7;,XS,X1) - [T_ ﬂ(Te,Xe)

= [T_ t}(n,xl) + [tl - te](tc,xc,xl) - [T_ t](t“xc) .

(43)

to be always satisfied.

3.3.2. Using a rescaled TCL instead of TCL

In section 2.3, we introduced 77, a rescaled coordin-
ate time in LCRS, such that the average rate of
the proper time of a clock located on the selen-
oid is suppressed when using 7 instead of 7.
If such a timescale is needed and adopted by the
IAU, which is not the case yet, one might wish
to employ it for synchronizing procedure in lunar
environment. This can be done at two different
levels: (i) in the light travel time computation, or
(ii) in the proper time computation. When invok-
ing a rescaled TCL-compatible light-time [7IT—
,ET](TJ, X!ty the TCL-compatible light-time in
equation (40) shall be replaced by

(=Tl e 200 = [T = Thery + 11 =Tt st et

— [T =T, (44)

where the function [T — 7] has been introduced
previously in equation (22). Let us emphasize that in
order to ensure a perfect equality in equation (44),
it is required that rescaled TCL-compatible quantit-
ies be employed in the light travel time expression,
that is to say rescaling distances and mass paramet-
ers. As discussed above in the case of TT and TCG,
two scalings are actually needed to pass from TDB-
compatible quantities to rescaled TCL-compatible
ones. For instance, if a TDB-compatible mass para-
meter (Gm). is provided by planetary ephemerides,
after applying the double scaling, the rescaled mass
parameter (Gm); is given by

@y = (1o ) Gm 9

1—1Lg

with Ly introduced back in equation (22). From a
practical point of view, avoiding multiple scaling is
preferable. Hence, considering the light travel time in
TCL rather than in its rescaled version is more advant-
ageous since only one scaling is needed to pass from
TDB-compatible quantities to TCB/TCL-compatible
ones. However, note that if the rescaled TCL is used
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somewhere else in the range calculation, as suggested
by option (ii), the double scaling issue will still persist.
Indeed, if the rate of clock T’s proper time relative to
TCL in equation (40) is replaced by

=Ty = 7 =T g 2y + [T = Tl
(46)

while keeping the light-time computation in TCL, we
note that rescaled TCL-compatible quantities are still
in use in the function [ — TT](TT xi)

1 ™1

3.4. Summary

3.4.1. General covariance

As already discussed in this section, the expression of
the range between two clocks depends on the inter-
mediate reference system and its associated coordin-
ate timescale being adopted for the computation of
the light travel time. However, as imposed by the gen-
eral covariance principle, the numerical value of the
range has to remain unchanged no matter the inter-
mediate reference system being employed. To ensure a
full covariance, the structure of the equation relating
the two proper times invariably relies on three con-
tributions: (i) a function relating observer’s proper
time to a local coordinate time, (ii) a transforma-
tion between a local coordinate time and an inter-
mediate coordinate time (used for expressing the
light travel time), and (iii) a time transfer function
expressed in the intermediate coordinate time. In a
one-way experiment, when the intermediate refer-
ence system is BCRS, the transformation (ii) involves
two timescale transformations applied at the two
space-time events (#,x]) and (., ). In GCRS (resp.
LCRS) only one timescale transformation is required;
it is applied to the space-time event (T7,X) (resp.
(Te, X.)). However, let us emphasize that this greater
simplicity is only apparent, it is indeed counterbal-
anced by the fact that the light travel time must
be expressed in GCRS (or LCRS) whereas the posi-
tions and velocities are usually distributed in BCRS
by planetary ephemerides. Thus, a spatial relativ-
istic transformation from BCRS to GCRS (or LCRS)
is generally required into the light-time expression.
Moreover, if the intermediate coordinate time is a res-
caled coordinate time, the general covariance imposes
one to use rescaled distances and mass parameters in
the light-time expression or in the proper time com-
putation, and this might be a source of confusion and
errors (we recall that the scaling of distances impacts
the leading order term in the time transfer function).
This is even more critical if the intermediate coordin-
ate time is TT or a rescaled version of TCL since two
scalings are required for a complete invariance: a first
scaling from TDB to TCB/TCG/TCL and a second one
to TT or to the rescaled version of TCL. Therefore,
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in a given application, if planetary ephemerides must
be called to compute a light-time and a proper time,
we would advise to rely on expression (32) (without
rescaled coordinate times) in order to avoid possible
confusion at the level of coordinate transformations
and scaling factors.

3.4.2. Practical use

As we have seen, the difference between TCG and
TCL is showing a secular term of about 1.5 pusd™!
plus periodic variations with magnitude depending
on the coordinate system and on the clock posi-
tions where this difference is computed. Users on
Earth willing to communicate with users on the Moon
(or inversely), will have to use timescale transforma-
tions which are consistent with the intermediate ref-
erence system being adopted for the computation
of the light travel time. As discussed earlier, these
transformations being part of 4D relativistic trans-
formations, they depend on a location. For users on
the surface of the Earth and on the surface of the
Moon, the location-dependent terms seem to have
straightforward dependency to latitudes and longit-
udes. It would therefore be possible to derive analyt-
ical expressions, such that the users would just need to
input their local coordinates into the model broadcast
by the lunar communication and navigation services.
In the difference between a lunar reference coordinate
time and UTC, only the secular term does not depend
on the clock positions and the intermediate coordin-
ate system. The exact value of this frequency shift will
slightly vary over long time scales due to the secular
relative motion of the Moon and the Earth. However,
a standard value could be used by the different space
agencies as a convention, avoiding the need to broad-
cast it continuously. The variations with respect to
the conventional value, could then be broadcast as a
polynomial.

4. Three options for the lunar reference
timescale

In order to allow interoperability between different
PNT systems on the Moon, it is important to define
a common reference timescale, exactly as TT (and its
realization TAI, or further UTC) has been chosen and
commonly adopted for all activities in the vicinity of
the Earth. We suggest to call the reference timescale in
the Moon environment the lunar time (TL).* Several
criteria have to be considered for this lunar timescale
to be adopted as a reference.

o The lunar reference timescale should be defined as
a linear function of TCL.

4 We do not recommend using LT since this abbreviation is used
for ‘Local Time'.

17

A Bourgoin et al

o A physical realization should be available so that all
actors could steer their clocks and internal times-
cales on this reference. Note that this physical real-
ization should be based on Earth’s clocks as long as
there is no accurate clock on the Moon.

e This reference should have a clear and documented
relationship with UTC. UTC produced by the
BIPM, based on TAI, is indeed the only recommen-
ded timescale for international reference as stated
in the Resolution 2 of the 26th CGPM in 2018
(CGPM 2018).

e The approach chosen for defining the Lunar refer-
ence time should be applicable to Mars, and pos-
sibly other planets, in the future.

The first criteria implies that TL is an affine function
of TCL, namely scaled by some constant frequency
offset:

TL = TCL+ Af (TCL — TCLy) + consty.  (47)

We consider here three options that could make sense
for lunar operations:

(i) Af is such that the rate of TL is exactly the same
as TCL, namely Af = 0;
(ii) Af is such that the rate of TL corresponds, on
average, to the rate of proper time of a clock on
a given selenoid;
(iii) Af issuch that there are only periodic variations
between TL and TT.

As these three options are based on frequency
offsets, before discussing them in turn, we give in
table 2 the order of magnitude of the mean rate dif-
ferences between TCL and either the proper time
of clocks on the lunar surface (which would be the
scaling for option (ii)) or TT (which would be the
scaling for option (iii)). The first value has been
computed as in section 2.2. The value of (TCL —
TT) mean rate has been estimated from the difference
between equations (29) at the geocenter and (30)
at the Moon center of mass, then adding the rate
difference TCG — TT, namely Lg. For comparison,
we also provide the corresponding values for the
TCG, which both correspond to +Lg. Furthermore,
in order to consider the fourth criteria for choosing
the lunar reference time mentioned here above, we
also provide an estimation of the corresponding val-
ues for Mars. While Mars coordinate time (TCM) has
not yet been formally defined by the IAU, its rela-
tions to TCB must be equivalent to the one for the
Earth and the Moon (equations (29) and (30)). We
estimate here (TCM — TT) mean rate in the same way as
explained here above for the Moon. The difference
(Tsurface — TCM) mean rate i computed from the grav-
itational potential on Mars’ surface, using the IAU
recommended values for the Mars radius, rotation
speed and gravitational parameter.
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Table 2. Magnitude of the mean relative frequency offsets between proper times on the surface and local coordinate times TCX, with
TCX meaning TCG for the Earth, TCL for the Moon and TCM for Mars.

<Tsurface - TCX> mean rate

<TCX - TT)mean rate

Earth —Lg —60.2usd™! Lg 60.2pusd™!
Moon —3.1x107" —2.7psd™! 6.8x 10710 58.7 usd ™!
Mars —1.4x1071° —14.7usd™! 5.8x107° 501 usd ™!

Let us recall some consequences of scaling TCL as
in options (ii) and (iii). As mentioned in sections 1
and 2, a scaling of a coordinate time is necessarily
accompanied by the corresponding scaling of spa-
tial coordinates and mass parameters of celestial bod-
ies so that the form of the equations of motion and
light propagation are preserved (Klioner 2008). The
scaled coordinate time and spatial coordinates can
then be seen as defining a new reference system char-
acterized by its own metric tensor. Presently, two
different scalings are recommended by the IAU: the
one defining TDB from TCB (see equation (31)) and
the one defining TT from TCG (see equation (5)).
Defining a reference coordinate time based on a scal-
ing of TCL in the lunar environment would thus
introduce an additional set of rescaled mass para-
meters and distances. Applying a similar approach to
Mars in the future would again imply another scal-
ing factor and an another set of rescaled masses and
distances, leading to possible increasing confusion as
more scaled coordinate times would be introduced
for other planets.

Hereafter, we denote by T+ the TL timescale,
whatever the TL option which is selected—according
to our previous notation in section 2, option (ii) reads
as T+ =TT with Af = —L (see equation (22)). For
the following discussion, we assume that TL is intro-
duced in the range computation at the level of the
proper time of clock 1. Therefore, we replace [T —

T1(7,2,) in equation (32) by

[ =Ty = 7= T s i)+ [TF =Tl
(48)

where [T+ —T]1 is given in equation (47). By
invoking equation (39) in order to rely on TT rather
than TCG at the level of the computation of proper
time of clock ‘e, the symmetrical expression for the
range now becomes

—Te=[T— Ti](TliJff) +[TF— A [
- t:*}(t;*,x;*,xr‘*)
— [T —1t7] e e T [T — T*](T;,X;) :
(49)
The different steps in that equation are the following:
proper time of clock 1 to TL, TL to TDB evaluated at
clock T, TDB-compatible light-time between clocks

‘e’ to I}, then, TDB to TT evaluated at clock ‘e’ and
finally TT to proper time of clock ‘e’.
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4.1. TL equal to TCL

This option implies that an ideal clock located on
the surface of the Moon would have a frequency shift
about 3.14 x 10!, that is to say 2.7usd™!, with
respect to the reference TCL. However, this frequency
offset would be visible only if the clock accuracy is suf-
ficient, namely better than the 10™!! level. Note that
to date only Caesium clocks, H-masers and optical
clocks reach that level on the Earth. Nevertheless, in
order to avoid possible large differences between the
reference and the time indicated by an accurate clock
on the lunar surface, its frequency could be adjusted
by a synthesizer from which the output signal would
tick at a rate corresponding to the TCL. This is similar
to what is currently done on the Earth for the UTC(k)
which are steered on UTC. These UTC(k) are driven
from clocks at different altitudes, hence with different
rates with respect to T'T, and their frequency is there-
fore adjusted to compensate the gravitational redshift
and the clock instability in order to provide a times-
cale aligned on UTC. It is also similar to what is done
for some GNSS satellite clocks which are pre-tuned to
tick UTC while their proper time would deviate from
UTC by about 38 usd 1.

Depending on user needs, any clock in lunar
environment could be adjusted to the reference time
TCL broadcast for instance by the lunar navigation
systems, or some ground station—on Earth or even
on the Moon in the future. For Mars, the frequency
offset is about 1.4 x 1071° between a clock on the
surface and TCM; the exact same approach as just
explained for the Moon, namely introducing fre-
quency corrections, could be employed, depending
on user needs.

The main advantage of this option with respect
to options (ii) and (iii) below is that no additional
coordinate time besides TCL has to be introduced,
which avoids new definition and avoids the need to
introduce new scaling of mass parameters and dis-
tances. If this choice is also adopted for Mars and
other planets in a near future, it would drastically sim-
plify future transformations between reference sys-
tems and timescales. There would be only one time
scale per local reference system except for the geo-
centric system which would still involve TCG and TT
for historical reasons.

4.2. TL rate aligned on the average clock rate on a
selenoid

This option consists in mimicking what has been
done for the Earth with TT (see e.g. Ashby and Patla



10P Publishing

Metrologia 63 (2026) 015003

(2024), Kopeikin and Kaplan (2024), and Turyshev
et al (2025) for similar approach). The TL would be
defined as a scaled version of TCL, so that the rate dif-
ference between TL and the average rate of a clock on
alunar surface of reference is as small as possible. This
would require that a selenoid is defined with a refer-
ence potential W, and an associated scaling factor Ly,
by analogy with the Earth W, and Lg scaling. As a
consequence, any clock in free-running mode on the
defined selenoid would be realizing TL with an accur-
acy equal to the clock accuracy (and at a maximal level
of 1078 due to periodic terms from the tidal poten-
tial). Such definitions of W, and L; however do not
exist to date.

Moreover, as seen in section 2 and in figure 1,
due to the high variations of the surface topography,
a clock at rest on the lunar surface can experience
rate differencesup to 1.6 x 101 (i.e.up to 20nsd 1)
with respect to the reference depending on its sel-
enographic coordinates. Therefore, if the user needs
are surpassing that level, the clocks should anyway be
steered accordingly on the reference TL, or corrected
from local gravity measurements.

Note that, unlike option (i), option (ii) requires
implicitly the introduction of a new space-time refer-
ence system associated with a scaled version of TCL.
This adds possible confusion in the numerical val-
ues of mass parameters to be used. The scaling of
3.14 x 107! would also apply to distances, that is to
say about 1 cm on the Earth—-Moon distance, which
should be taken into account within a centimeter
requirement when expressing for instance the light
travel time between the Earth and Moon in the LCRS
using TL as the coordinate time. This is even larger for
Mars where the scaling amounts to 1.4 x 107! which
would imply a difference of hundreds of meters on
the Earth—Mars distance when working in the Mars
Celestial Reference System (MCRS) using a rescaled
coordinate time rather than TCM. In both cases, the
scaling would also apply on mass parameters distrib-
uted by planetary ephemerides.

4.3. TL aligned on TT

In this option, the difference between TL and TT
would reduce to periodic terms only (see e.g. Fienga
et al (2024) for similar approach). There would be no
long-term drift between TL and TT/TDB, potentially
facilitating communication with the Earth.

This option could be particularly interesting when
using Earth GNSS on the Moon such as in the LUGRE
mission (Parker et al 2022). Because Earth GNSS ref-
erence time is aligned on UTC, the GNSS signals
would enable to get a rough timing in the lunar
region. It seems however unlikely that simultaneous
use of signals from Earth’s constellation and lunar
PNT satellites could easily be done due to the dif-
ference of coordinate reference systems used by the
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two constellations (we recall that the geocentric pos-
ition is encoded in the GNSS signal from Earth’s
constellation).

On a more technical level, using TL aligned in
average on TT would permit to use TL as a good first
estimate of TDB (i.e. {* = 7Ii) while solving iterat-
ively for the implicit time transformation equation:
65 = T [T = %] o ey With [T — 2% e ey
containing only small periodic terms for option (iii).
Instead, for option (i) (i.e. 7;1 =), one would have
to start with

7 =T~ Ly~ Lc) (1~ To) + DBy, (50)

(where T, and TDBy have been introduced in
equations (5) and (31); Lg and L¢ were introduced
in TAU (1991) and later redefined in TAU (2000)) to
ensure convergence of the iterative process for any
value of 7y. For option (ii) (i.e. 7+ = 7), one should
start the iterative resolution with

T 7IT +(Lo—Lg+Lc) (7IT — Ty — consto)
— TDB, — consty, (51)

(where consty was introduced in equation (47)) to
ensure convergence for all values of 7ﬁ. Note however
that ™ = 7[1 will also be a good first approximation
(better than 1% relative error) for both options (i)
and (ii) as long as |7fE — To| > 5d with T being 1977
January 1st, 0" 0™ 0° TAIL Therefore, what seemed to
be at first glance a privilege advantage of option (iii)
with respect to the two other options is actually not
for current and future data well beyond 1977 January
Ist, 0" 0™ 0° TAL

The first drawback of option (iii) would be that an
ideal clock located on the Moon surface would have a
significant frequency offset of about 6.6 x 10710 (i.e.
56 usd™!) with respect to the reference. This, how-
ever, would be only visible for accurate clocks such
as Rubidium/Caesium clocks or better. Some corres-
ponding frequency correction should then be eventu-
ally applied to steer these clocks on the reference TL,
which is, in the end, not that different than what was
proposed in options (i) and (ii).

The main drawback, as for option (ii), is the
introduction of a scaling factor between TCL and TL
which changes the numerical values of distances and
mass parameters. This scaling would be 7 x 10~ for
the Moon, that is to say about 30cm on the Earth—
Moon distance when expressing it in the LCRS using
TL as coordinate time rather than TCL. If the same
approach is later used for Mars, the scaling would be
much larger as seen in table 2; it would generate a dif-
ference of 1.5cm on the Mars radius and of the order
of some kilometer on the Earth-Mars distance when
working in the MCRS using the rescaled coordinate
time rather than TCM.
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Table 3. Options that require a clock steering, as a function of the user need.

User need (in 107Y)

Y={9-11}

Y={11-13} Y>13

Clock accuracy (in 107%) Y<9

X<9 (), (ii), (iii)
X={9-11} ———
X>11 ——,—

(i), (ii), (iii)
—, —, (iii)
—, —, (iii)

(1), (ii), (iii)
(1), (ii), (iii)
(i), — (iii)

(1), (ii), (iii)
(1), (ii), (iii)
(1), (i), (iii)

Finally, it must be noted that if the scaling is
defined to have no mean drift with respect to TT, the
value will be determined with a limited accuracy and
would be subject to changes in the future. Fixing a
conventional value now would solve for that issue, but
a small frequency offset could still be observed in the
future between TL and TT due to the limited accuracy
of the current determination possibilities.

4.4. On the need for clock frequency steering

To conclude this section, we summarize in table 3
the impact of the TL definition on the need for clock
steering, as a function of the user requirement. The
thresholds where chosen as follows: 10~ correspond-
ing roughly to the scaling of option (iii), 10~ cor-
responding roughly to the scaling of option (ii), and
10~ corresponding to the proper time rate vari-
ations along the Moon topography. In table 3, we
observe a difference between the three options only
in two cases: (a) steering would be needed only for
option (iii) when the clock accuracy is higher than the
1077 level, and the user needs are between 10~ and
10~ and (b) option (ii) only leaves the need of steer-
ing when the clock accuracy is better than 10~!! and
the user requirement between 107! and 1071%, In all
other cases, the need for steering does not depend on
the chosen option for the reference timescale TL.

5. Realization of TL and traceability to
UTC

In the first years, having no atomic clock on the
Moon, there will be no local realization of TL. The
reference used for the lunar timing will necessarily be
based on Earth clocks and some time transfer between
lunar clocks and these Earth clocks. The best refer-
ences available in real-time on the Earth are the real-
izations of UTC, named UTC(k). From what we have
seen before, there is no unique relation between TT
and TL, as it depends on the reference system in which
the observer is, and on the clock locations. However,
it is possible to monitor the difference between a lunar
clock and the lunar reference timescale using time
and frequency transfer with a clock realizing UTC
on the Earth. The lunar clock error can be determ-
ined after removing the position-dependent relativ-
istic terms from the clock comparison. Let us consider
UTC(k) at a given location on the Earth.
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The lunar clock with proper time 73, which should
be steered on a reference TL, will be compared to the
UTC(k) using equation (26), (or its equivalent (33) in
the GCRS or (40) in the LCRS), detailed in section 3.
The time transfer measurements will then be correc-
ted for the known relativistic effects as well as the
light-time to finally get [( — Ti}(ﬁﬂ X1y where T+
denotes TL (whatever the definition of TL) and (; =
71 + €1 with €] being the clock error. We thus have the
following relation:

€l + [T - Ti](ﬁi,xf)

= [Cl —UTC (k)]meas - [Ti - t] (t1,%1)
==t ) T LT =t
+[UTC(K) = T 1y (52)

where [T — T (Tt xh) is the difference between the

proper time of clock I and TL, with X li the TL-
compatible position of the clock in LCRS, whatever
TL is. [(1 — UTC(K)]meas is the measured difference
between the lunar clock and UTC(k), and [UTC(k) —
T (1+) i the difference between UTC(k) and TT (or
T*). After correction for leap second and the 32.184 s,
as UTC(Kk) is a realization of UTC and hence of TT,
this term is always very small. If the time transfer
measurements from the Moon to the Earth, as well
as the relativistic models and travel time modeling
are realized with given uncertainties, the traceability
of the lunar clock to UTC can then be demonstrated
by using the difference UTC — UTC(k) from BIPM
Circular T for the last term of equation (52).

Note that if two clocks ‘I;” and ‘I’ located in dif-
ferent positions around the Moon are synchronous
in TL, of course they are not synchronous in TT,
but if we compare them with two clocks ‘e;” and
‘e;” synchronized in TT, also located at different loc-
ations on the Earth, and remove all the relativistic
corrections, we get the same result for the two com-
parisons (), — €, ) and (&), — ., ). Hence, all clocks
around the Moon that will be steered on different
UTC(k) maintained on the Earth, using time links
as in equation (52), will be synchronous with respect
to TL. It is obvious that for a strict traceability, the
uncertainties associated with the relativistic correc-
tions, and the ephemerides used for them, should be
considered. Whether their magnitude will be signific-
ant with respect to the other sources of uncertainties
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in the clock comparisons is out of the scope of this
paper.

It is foreseen that in the future there will be
autonomous clocks on the Moon. For example, ESA
should launch in early thirties the NovaMoon lunar
in-orbit demonstrator and reference station which
will provide a lunar-based local differential, geodetic
and timing stations to enhance the accuracy of lunar
PNT services to sub-meter levels across the South Pole
(Ventura-Traveset et al 2025). Such kind of clocks
could then be used as local realizations of TL and
serve as reference for lunar applications if their sig-
nal is made available. To be completely autonomous,
these clocks should have a frequency accuracy suffi-
cient for the user needs, and located on a place where
the gravitational potential is known with a sufficient
accuracy so that the gravitational redshift with respect
to the reference can be taken into account. These local
realizations of the lunar reference time TL could be
called TL(k), and if a network of clock is then used
in an algorithm ensemble like is done for UTC on the
Earth, we propose then to call this ensemble timescale
TL(MOON). The traceability to UTC should however
still be ensured via regular time transfer links between
TL(k) and UTC(k).

6. Discussion and conclusion

Since prehistoric times, the time on the Earth was
based on the Earth rotation. The duration of a day
was defined as 86400s. As soon as clocks were built,
they were designed to tick this time on the surface of
the Earth. When special and general relativity entered
into the game, with the need to define a coordinate
time associated to the GCRS, it was of course natural
to continue with the time rate as it was in use since
millennia. For the moon, the situation is completely
different as there is currently no clock in use on the
Moon, a reference timescale has thus to be defined
from scratch. The only obligation is to define a lunar
reference timescale based on the TCL which is the
coordinate time associated with the LCRS.

Three options were proposed in the previous
section: (i) using directly TCL, or using a scaled ver-
sion of TCL so that (ii) the lunar reference times-
cale corresponds, on average, to the proper time of a
clock on the surface of the Moon, or, (iii) the lunar
reference timescale differs from TT only by periodic
variations.

Options (ii) and (iii) would require an associ-
ated scaling of mass parameters and distances, which
would unavoidably introduce complexity in every
computation, especially while computing Earth—
Moon time and frequency transfers. In addition,
because we consider that a similar approach should
be used later for Mars and maybe for other planets,
this would again ask for additional scalings, with, for
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each of them, a different numerical value for mass
parameters and distances in the Solar System. In par-
ticular, using option (iii) in the case of Mars would
imply a scaling of the order of 10~° which, if not
correctly implemented, would lead to errors of the
order of few kilometers on the Earth—Mars distance.
In the option (iii), in addition, an accurate clock
placed on the Moon surface (or later Mars surface)
would not tick the reference time but would have
a frequency offset of about 7 x 1071 for the Moon
and 6 x 10~ for Mars; this frequency offset should
be compensated for all applications requiring a higher
accuracy. We therefore consider this option as the less
convenient one. Aside of the problem of scaling, one
advantage of option (ii) would be that an accurate
clock on the Moon surface would tick the reference
time TL. However this argument is valid only at the
condition that the clock accuracy is better than 10!
and that the user need is less than 10~!3 which is the
variation of proper time along the Moon surface due
to the topography. For less accurate clocks or more
precise user needs, the clocks should be steered on
the reference, exactly as if the reference is not defined
on the selenoid. In view of this, and considering in
addition that option (ii) would require the defini-
tion of a lunar W, which does not exist to date, we
consider that the less constraining and natural solu-
tion is to use option (i), that is to say TL = TCL, for
which only one scaling is required to transform TDB-
compatible quantities into TCL/TCB-compatible
quantities.

The steering of clocks in the lunar environment
should be done from time and frequency transfers
with either the Earth clocks, or with lunar navig-
ation satellites. And the adjusted frequency will be
maintained by the clocks for a certain period of time,
depending on their intrinsic stability, until the next
connection with either the Earth or the satellites. For
very accurate clocks, the steering could also be done
based on very accurate determination of the ortho-
metric altitude.

For the link between the TL and UTC, we have
shown that the relationships between the different
proper times are complex and can not be uniquely
modeled, at accuracy levels well within the expec-
ted requirements for applications such as position-
ing and navigation. The secular trend between Moon
time and Earth time, whatever the reference TL, could
however be sufficient to time-tag events in UTC at
the sub-microsecond level, which is the magnitude of
the periodic terms between TL and TT when work-
ing in the Earth-based or Moon-based coordinate sys-
tems. We expect UTC to remain the common opera-
tional timescale for humans on the Moon, as the con-
tactand coordination with Earth-based operators will
be crucial and frequent, and in many cases the syn-
chronization error will be completely negligible for
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these contacts. For example, it will be less error-prone
to synchronize launches for orbital rendez-vous with
the control center in UTC than having to use differ-
ent timescales for the different spacecrafts involved.
In such a scenario, errors committed by neglect-
ing the periodic differences of proper time over the
short time span of the manoeuvre are negligible with
respect to the trajectory corrections that will be neces-
sary anyway for other reasons.

For more precise applications related to commu-
nications between the Earth and the Moon, the user
will have to consider both the periodic terms of TL-
TT and the travel time of its communication link.
We therefore suggest that the periodic terms from
the integrals of equations (29) and (30) are broad-
cast to the users in a standard way, plus some expres-
sion of the scalar products as a function of the latit-
ude and longitude for both the Earth and the Moon.
So that it is easy for the timing device to communic-
ate with an Earth station working in UTC, while still
keeping its internal timescale reference aligned on TL.
These informations could take the form of polynomi-
als, similar to how (UTC-GNSS timescale) are cur-
rently broadcast in navigation messages. The level of
complexity of this scheme (degree of the polynomi-
als, their validity period, sensitivity to ephemerides,
expected accuracy) has to be studied more in details.

Finally, the different options for a lunar refer-
ence timescale proposed here should be reviewed
by the space agencies and analyzed in the frame of
their operational constraints. Defining the coordinate
timescale to be used in the lunar region will be a task
for the IAU. As long as there is no accurate clock on
the Moon, the UTC(k), being realization of TT, will be
used together with the modeling of relativistic effects
based on lunar ephemerides, to serve as realization of
the lunar timescale reference TL.
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Appendix A. Proper time of a clock on
Moon’s surface

Integrating equation (11) for an observer at rest on
the lunar surface, for instance clock I, will allow us
to determine the function [T — T (7; x,). In what fol-
lows, we explicit the different terms of (11), where W
and W are given in equations (8) and (9), respect-
ively. We keep in the final expression only the terms
which are significant at the level of 10~'¢ which is the
current accuracy of the SI second.
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First, we derive the expressions for X|(7) and
Vi(T), namely the trajectory and velocity of clock
T in the LCRS. From the velocity, we derive the
centrifugal potential and evaluate its contribution in
equation (11). Then, we study successively the lunar
gravitational potential and the tidal potential which
appear at O(c™?) in equation (11). Finally, we show
that the scalar inertial potential and the vector poten-
tial are negligible when considering relative frequency
differences up to 1071 for a clock situated on the
lunar surface.

A.1. Selenographic frame

We shall introduce a selenographic frame in which
clock T is at rest. This frame is rigidly attached to the
principal axis of inertia of Moon’s figure and is thus
referred to as the ‘lunar principal axes frame’. The A
and C-axis are directed along the direction of min-
imal and maximal moments of inertia of the Moon,
respectively. The B-axis completes the right-handed
triad. We shall denote by (e4, ep,ec) the three unit-
vectors of the lunar principal axis frame. In this frame,
the selenocentric position of clock T reads as (see also
(Kopeikin and Kaplan 2024) for a similar expression
without the tidal contribution though)

X\(T) =RiN(T) +AX\(T), (A1)
where the unit vector V] is defined by

NI(T) = es(T)cosbcos ) + e (T) cos by singy
+ ec (T) sin 91 . (AZ)

R, is the (mean) radial distance of clock T from
the center of mass of the Moon, ) and (] being the
(mean) selenographic latitude and longitude of clock
T, respectively (with —90° < 6 < 90° and —180° <
1 < 180°). The term AX)| represents the degree 2
lunar surface displacement due to tides raised on
Moon by bodies in the Solar System (mainly Earth
and Sun). This term can be modeled such as (see Petit
and Luzum (2010))

- () () (3)

A#£L

» {hg oM7) N () - 2
x (3 cos 6 cos® ) — 1)} NI(T)
+3L (M(T) - Na(T)) INA(T)
—(MI(T)-Na(T)NI(T)] } ,
(A.3)

where h} (resp. IY) is the nominal degree 2 Love (resp.
Shida) number and P; is the Legendre polynomial of
degree 2. R and N, are respectively the norm and
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direction of the selenocentric position vector of body
A, namely Xp= RANA with Ry = |XA| Let us
emphasize that we have removed the constant radial
part of the tidal displacement due to Earth tides since
it shall be included in the lunar topography. This was
done by introducing 6o whichis dag = 1if A = E (i.e,
if the external body is Earth) and 4 = 0 otherwise.
We can approximate the radial displacement AR, as

AR] >~ AX[ -M, (A.4)

at linear order in |AX)|/R,. Using, equation (A.3),
we thus arrive to

o (2) () ()

A#£L

« [Pz Wi (T)-Na(T))
—(SQ—E (3c052 6, cos” ), — 1)] . (A5)

Let us now focus on tidal displacement raised by
the Earth. According to equation (A.54) below, we
have

1 3
Py (N7 Ng) = 3 (3cos’Bcos’ o — 1) — % sin 26,
cospysin (M, + wr) , (A.6)

at linear order in O(e1) and neglecting O(eL ). In this
expression, €[ is the lunar obliquity (¢, = 0.12rad), e,
is the Moon eccentricity (e, = 0.055), My is the mean
anomaly of the Moon, and wy is its argument of peri-
gee. Because the constant contribution is removed
from P,(N]-MN3) in equation (A.5), the radial dis-
placement of the lunar crust is varying with a mean
synodic month period and an amplitude of the order
of

L 3
AR (T) ~ 3erh; <m5) (RL> —4.95%107%,

Ry 2 ”’TL ar
(A.7)

where g denotes the semi-major axis of the Moon;
we considered a; = 3.85 x 10° km and h} = 0.03786
(Folkner et al 2014). The lunar crust displacement
thus amounts to +8.6 cm. On the other hand, the dis-
placement due to solar tides scales such as

R 3
HL (:f) <L> R, =42 mm, (A.8)
L ag

where ap denotes the semi-major axis of the Earth.
The tidal displacement by Sun is thus one order
of magnitude smaller than Earth’s so it will be sys-
tematically neglected. Hereafter, the influence of the
tidal displacement of the lunar surface in the time
difference [ — T] (7, x,) will be further investigated
through the centrifugal potential and lunar gravita-
tional potential.
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For later convenience, we shall make use of the
ecliptic J2000.0 spatial vector basis, that we shall
denote by (e, e, e;). This basis, such as the (equator)
LCRS basis (e, ey, ez), is non-rotating. The x-axis is
directed toward the vernal equinox of J2000.0, the
z-axis points toward the celestial pole of the ecliptic
J2000.0, and the y-axis completes the right-handed
triad. The unit-vectors (e, e,,e;) and (ex, ey, ez) are
related by a rotation of angle € about the direction of
the vernal equinox J2000.0:

e, =ex, (A.9a)
e, =eycose+ezsine, (A.9b)
e, = —eysine+ezcose, (A.9c)

where ¢ is the obliquity of the J2000.0 ecliptic, ¢ =
23°26' (Petit and Luzum 2010).

The orientation of the lunar principal axis frame
is modeled according to the empirical laws of Cassini,
namely neglecting the lunar physical librations that
shall not exceed 10 3rad (Newhall and Williams
1996) (see also Kopeikin and Kaplan (2024) for sim-
ilar approximation) and would only be responsible
for introducing periodic terms within the time differ-
ence computation. The empirical laws of Cassini state
that (Eckhardt 1981):

1. The Moon rotates uniformly about its polar axis
ec with a rotational period equal to 27 /ny, with
ny the mean sideral period of its orbit about the
Earth.

2. The descending node of the lunar equator on
the ecliptic precesses in coincidence with €2y, the
ascending node of the lunar orbit on the ecliptic.

3. Theinclination of the lunar equator on the ecliptic
is constant; it is I; = 0.027rad.

The second laws implies that the Moon polar
axis ec, its orbit normal, and the celestial pole of
the ecliptic e, are coplanar. Furthermore, in order
to maintain a locally-minimum gravitational energy
such as is required for stability, the longest axis of
the Moon, which coincides with the lowest moment
of inertia, have to point Earthward. Among the two
unit-vectors that lie within the lunar equator, it is thus
e, which points Earthward whereas eg = ec x e4. The
orientation of the principal axes frame with respect to
the ecliptic J2000.0, is described by the three following
Euler angles: ¢, 8, and ; ¢ is the longitude of the des-
cending node of the lunar equator on the ecliptic of
J2000.0, 6 is the inclination of the lunar equator to the
ecliptic J2000.0, and 1 is the angle between the des-
cending node and A-axis. Cassini’s laws thus imply

¢:QL3

GZ*ILa w+¢:LL+7T7

(A.10)

where Ly is the mean longitude of the Moon. It follows
that
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+e,sinly sin (M +wy) ,

+e,sinly cos (M +wr) ,

ec = —e.sinlysinQy + e, sinl cos () + e, cos]y .

Let us recall that because of perturbations from
the Sun and other planets, the lunar orbit does
a retrograde precession along the ecliptic in a
time period of 18.6 yr, and a prograde preces-
sion of the perigee in 8.85 yr (see e.g. Simon
et al (1994)), which corresponds to mean rates
of () =—1.07 x107® rads~' and (W) = 2.25 x
1078 rads™!, respectively. Therefore, the time deriv-
atives of the unit-vectors of the principal axis frame
are given by

& =Qa(T)xea(T), (A.12a)
& =9 (T) xes(T), (A.12b)
& = (e xec(T). (A.12¢)

where Q¢ is the angular velocity of the Moon as pre-
dicted by Cassini’s laws:

QCL (T) = nrec (T) + (wL> ec (T) + <QL> e;.
(A.13)

A.2. Centrifugal potential
The LCRS velocity of clock 1" is given by (time differ-
entiation of equation (A.1))

VI(T) =RiQen (T) x M (T) + Qe (T)
dAX,

x AX(T)+ T

(A.14)

The second and last terms in the right hand side
are due to solid tides which are responsible for dis-
placing the crust of the Moon and hence clock T.
These two terms are expected to be (at most) of the
order of |2 |AR; and n AR, respectively. From
equation (A.13), we see that they are in fact both
proportional to n AR, due to the lunar spin orbit
resonance 1:1. Let us show that the tidal displace-
ments lead to negligible contributions in the centri-
fugal potential (i.e. the square of the LCRS velocity
of clock T). Indeed, the first term in the right hand
side of equation (A.14) is the dominant one; it returns
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ey = e.[cosIy sinQy sin (My + wy) — cosQy cos (M, + wy )]
—e, [cos Iy cos Yy sin (M + wy) + sin €y, cos (M, + w )]

ep = e, [cosI sinQy cos (M + wr) + cos Qsin (M, + wy )]
—ey [cos Iy cos Qy cos (M, +wr) — sin Qg sin (My, + wy )]

(A.11a)
(A.11b)
(A.11¢)
[
VE ~ n{Ri, that is to say
R\
( L L) =2.38x 10716, (A.15)
c

after being inserted into equation (11). Therefore, the
contribution from tidal displacement generated by
Earth (Sun’s is smaller than Earth’s, see discussion
below equation (A.7)) to the relative frequency dif-
ference (through the centrifugal potential) is scaling
such as

(A.16)

HLRL : AR} - 10724
[ RL '

It can thus safely be neglected. Only the first term in
the right hand side of equation (A.14) is considered.
Then, considering that

' 0O
() =8.46 x 1072, () =—4.02x1077,

nL ny
(A.17)

we keep in equation (A.14) only first order terms in
(wr)/ny and () /nr. With these simplifications, the
expression of the centrifugal potential evaluated at

clock I’ reduces to
(RI ) : 1}
Ry

. 2 : 2
+72<wL> (&> + 2(n) (&) cosI,
nL Ry n Ry

: 2
2(Q) (%) tan @ sin Iy sin (M1 + wi + ) } .

Vi = R} cos’ 91{ 1+

L

(A.18)

This relation, once inserted into equation (11), shows
indeed that the main contribution from the centri-
fugal potential is of the order of (A.15) at the lunar
equator. This corresponds to a rate of —20.5psd ! in
the time difference [7 — T(7; x,). Let us emphasize
that this contribution depends on the selenographic
latitude of clock T’ through the trigonometric func-
tion cos? 6. It is thus null at the lunar poles, namely
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on the axis of proper rotation as one could expect for
a centrifugal potential term.

The second term in the expression of the centrifu-
gal potential depends on the radial position of clock 1,
it thus changes with the lunar topography. However,
as shown in equation (C.2), we expect

~ 1072, (A.19)

when Rj = Riopo (61, 41) With Reopo the radial topo-
graphy of the Moon (see equation (C.1)). This means
that the contribution from the topography is two
orders of magnitude smaller than the dominant one
which scales such as in equation (A.15); it is thus
negligible.

Moreover, since terms proportional {(wy) /sy and
(Q) /ny. represent few percent of the dominant one
(see equations (A.17)), all the remaining terms in the
centrifugal potential can be neglected. Therefore, at
the precision we are working, it is sufficient to model
the centrifugal potential at the level of clock T such
as

Vi = n?R} cos* . (A.20)

The estimate in equation (A.15) shows that the
term V*/c* in equation (11) is completely negligible
when evaluated at clock I’ (15 orders of magnitude
off requirement).

A.3. Lunar gravitational potential
According to Soffel et al (2003), the lunar gravita-
tional potential at clock ‘I’ is given by the following
expression (neglecting ¢ 2 terms):

+oo £

el {*Zz(m )

£=2m=0

X P (sin6h (T)) | o (T) cos (miay (T)

WL(T, &) =

485, (T) sin (my, (T))] } , (A21)

where C;, (7)) and S}, (T) are the lunar Stokes coef-
ficients. The time dependency of Stokes coefficients
is due to tides raised on the Moon by bodies in the
Solar System (mainly Earth and Sun) and to lunar
angular velocity variations. The latter will be neg-
lected according to discussion and assumptions in
appendix A.2. However, we consider time variations
due to tides raised by body A on lunar degree 2 coef-
ficients. Then, neglecting the non-elastic response of
the Moon to tidal perturbations, we can write (see
e.g. Petit and Luzum (2010))

25
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(2—m)!
(2+m)!

x;(ﬁ) {Rf(L’r)rp”” (stnfa (7))

x cos (mpa (T)) ,

C%m (T) = C%m + kli (2 - 50m)

(A.22a)

N R | .
X g;L <mL> |:RA (T)] Py, (sinfa (T))
x sin (mpa (T)) , (A.22b)

where k% is the degree 2 potential Love number of
the Moon, C}, and S, (without time dependency)
denotes the rigid part of the lunar potential coef-
ficients, and Xa(7) = (Ra(T),0a(T),a(T)) are
the selenographic coordinates of tides raising body A.

The Moon being highly distorted Earthward, it is
convenient to separate in equation (A.21) the dom-
inant degree 2 from higher order terms, namely ¢ >
3. The lunar gravitational potential thus reads as
follows:

WL(T, X))
:%{H(&il)imlm (R > +JZ<RL>
Ry R Ry R 2 \Ry

RL 3
*(a)

+oo £

+ Z Z < Re ) Py (sin6)) {sz cos (mep)) + Szm sin (ﬂ’ltpl)]

=3 m=0

+ZZkL(2—50m <f> (%)‘ {R,\R(LT)]S 8;:;:

AF#L m=0

3 L
3 (C;z cos2¢p) + S;z sin 2<p1) cos’ 0, — % sin® 91:|

X Py (sin6y) Poyy (sin €y (7)) cos[m (oa (T) — 1)) } )

(A.23)

where we included AR, the effect of the radial dis-
placement of the lunar crust caused by Earth and Sun
tides (see equations (A.4)). We neglected longitudinal
and latitudinal displacements by considering that 6,
and ) are constants.

Let us now discuss each contribution in
equation (A.23) in turn, namely £ = 0 (i.e. the mono-
pole), the topography (i.e. the second term in curly
brackets), the tidal displacement of clock ‘I’ (i.e. the
third term in curly brackets), ¢ = 2, ¢ > 3, and finally
the degree 2 tidal perturbations of the lunar gravita-
tional potential.

A.3.1. Monopole contribution
The monopole term in W is constant in time, we thus
expect it to contribute at the level of

G\ 5 1ax107,
CZRL

(A.24)
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Figure A1. Map of the contribution to the relative frequency difference in equation (11) due to the topography of the Moon. The
origin of the longitude represents lunar prime meridian (directed Earthward).
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after being inserted into equation (11). This corres-
ponds to a rate of about —2.71us/day in the time dif-
ference [T — T (7, x))-

As we shall see below, the monopole term in W is
the dominant contribution in the scalar potential W.
We conclude that the term W?/c* in equation (11)
is thus negligible (it is in fact 6 orders of magnitude
smaller than our 10~ !¢ limit). Furthermore, consid-
ering that WV is five orders of magnitude larger than
V? for a clock on the lunar surface, the term VW /c*
in equation (11) is negligible too, being at the level of
1077,

A.3.2. Altitude contribution

Let us now investigate the contribution from the
topography of the Moon, namely the second term in
equation (A.23). This term depends on the location
of the clock on the Moon through the ratio Ry /R;.
Indeed, for a clock at rest on the lunar surface, we
have Rj = Riopo (1, 61), where Riopo (1, 61) is given in
equation (C.1). The contribution of the lunar topo-
graphy to the relative frequency difference is repres-
ented in figure A1. It shows that the clock rate highly
depends on its longitude and latitude on the Moon.
The amplitude variation reaches +1.60 x 10~ (i.e.
+13.8nsd™!) from place-to-place so it cannot be
ignored.

A.3.3. Tidal displacement contribution

Tidal displacement caused by Earth are responsible
for (at most) 8.6 cm amplitude variations of the radial
distance of clock I’ (Sun’s effects are neglected, see
discussion below equation (A.7)). We now want to
determine how these impact the time difference [T —
T1(7,x,) through the lunar potential contribution.

Applying A = E into equation (A.5) returns

TRl () (3) (7))
Ry - mr, Ry ar Re
X {Pz (M-N%) — % (3c05201c052g01 — 1)] .
(A.25)

Due to the lunar spin orbit resonance 1:1 and small
lunar obliquity, the term in square brackets is pro-
portional to lunar obliquity (and lunar eccentricity)
(see equation (A.6)) and is varying with a synodic
month period. Therefore, after inserting this into
equation (A.23) and then into (11), we infer that
the contribution of the tidal displacement to [7 —
T (7,2, is a monthly variation with amplitude of the
order of

GmE RL ’
——— ) (=) =3.90x10""ps. (A.26
L (CZ"LRL> <0L> ) ps. (A20)

This oscillating contribution is negligible.

A.3.4. Degree 2 contribution

The lunar gravitational field is peculiar because
of the Moon spin-orbit resonance 1:1 that makes
Earth’s tides permanent which elongates the Moon
Earthward. This leads the numerical value of C%, to be
only one order of magnitude smaller than quadrupole
moment J5 (see numerical values in equation (B.5)
below). The contributions of Moon degree 2 gravita-
tional field to the relative frequency difference is rep-
resented in figure A2. The maximum amplitude is of
the order of 1074,

A.3.5. Degree 3 and beyond contribution
Let us now investigate the non-spherical terms ¢ > 3
in equation (A.23). For a clock on the lunar surface,

26
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Figure A2. Contour map of the contribution to the relative frequency difference in equation (11) from ¢ = 2 terms in the lunar
potential. The red contour corresponds to null frequency rate. The clock is assumed at radial position R = Riopo (1, 6) (see
equation (C.1)). The origin of the longitude represents lunar prime meridian.
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we saw that the monople produces a linear drift of
approximately 3.14 x 107!, This suggests that the
double sum over ¢ and m in equation (A.23) must
reach at least one part in 10° to produce a sensitive
effect at the threshold we fixed. Let us, in light of this,
determine the appropriate degree £ to which one can
stop the summation without loss of precision.

For that purpose, let U, be the sum obtained
by summing in equation (A.23) each of the non-
spherical terms ¢ > 3 over m from m =0 to ¢:

¢ R\
Z/{[ (91,901) = Z <§1> Pgm (Sil‘lel)
m=0
X [C]gm cos (mpy) + S, sin (mgol)} ,
(A.27)

with Ry = Riopo (61, 1). Then, let Sy, be the partial
sum obtained by summing U,’s over ¢ from ¢ = 3 to
{g, that is

lg
St (B1) = > Us (61,91) - (A.28)
=3

The evolution of Sy, (0°,0°) and Uy, (0°,0°) with
degree (g is shown in figure A3 considering the lunar
gravitational potential derived in GRGM1200A mod-
eling (see e.g. Lemoine et al (2014), Goossens et al
(2016); see also Konopliv et al (2014)). There, the red
curve shows that the trend of Uy,,’s is a decrease with
g (at least up to {g = 300), and hence, Sy, is slowly
converging (because we are considering a field point
on the lunar surface). Indeed, from the blue curve in
figure A3, we infer that |Sy,(0°,0°)]| reaches conver-
gence around /g = 150.

In addition, let us emphasize that

1St >150 (0°,0°) | ~ 1077, (A.29)

which, according to our requirement on precision
(Se, >1079), leads in the computation of [r—
Tl(7, x> to a negligible contribution from £ >3
terms, when clock 1’ is at the intersection between
the lunar prime meridian and equator. In figure A4,
we show the evolution with degree (g of partial
sums Sy, (90°,0°) and Uy, (90°,0°), namely for a
clock located at the North pole of the Moon. There,
the situation is different than in figure A3 for
two reasons. Firstly, because convergence is reached
(roughly speaking) around ¢ = 100 instead of /g =
150. Secondly, because

|Se>150 (90°,0°) | ~ 1077, (A.30)
which produces a contribution to [T —T]7 x))
which is one order of magnitude above the threshold
we fixed. Therefore, for an arbitrary position of clock
T on the lunar surface, we cannot neglect Sy, (61, 1)
in general. Furthermore, has shown in figure A3 and
explained in the text above, we cannot consider only
the first tenth degrees, so we have to consider all
degrees up to atleast {g = 150 in order to ensure con-
vergence of the partial summation.

Hereafter, we will keep the sum over £ to go to {g
within formal expressions and consider summation
up to £ = 150 for the next-coming numerical applic-
ation. The contribution of £ = {3,...,150} terms to
the relative frequency difference is shown in figure A5.
It is approximately the same amplitude as the £ =2
terms discussed earlier.

A.3.6. Tidal contribution

As mentioned earlier, the selenographic coordinates
of the Earth are almost constant in time due to spin
orbit resonance 1:1 and small lunar obliquity. Hence,
the tidal perturbation by Earth, through the variation

27
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(R4,0°,0°) with Rj = Riopo(0°,0°) (see equation (C.1)).
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Figure A3. Evolution of the absolute values of partial sums Sy, (0°,0°) (thick blue) and sum Uy, (0°,0°) (light red) with degree
£G. Both sums are computed for a clock located at the intersection between the lunar prime meridian and equator, namely X} =

Riopo (90°,0°) (see equation (C.1)).
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Figure A4. Evolution of the absolute values of partial sums Sy, (90°,0°) (thick blue) and sum U, (90°,0°) (light red) with
degree /. Both sums are computed for a clock located at the lunar north pole, namely X} = (R;,90°,0°) with R; =

of the lunar gravitational potential coefficients, will
induce a constant contribution to the relative fre-
quency difference at the level of

3
k%(GmE) (RL> —563x107"%,  (A31)

2 RL ag,

once plugged into equation (11); the numerical value
of kb is 0.024 (Folkner et al 2014). This contribu-
tion can therefore be neglected in view of our 1071
threshold. Concerning the Sun, its selenographic
coordinates are not constant as for the case of the
Earth. Therefore, when plugging the tidal perturba-
tion by Sun into equation (11), oscillating signature

is expected in the relative frequency difference with
an amplitude of the order of

G R\’
kg( s )(L) =1.19x 10" 2ps, (A.32)

c T’ILRL ag

and a period which is equal to the synodic period of
the Moon (1), — ng), that we approximated to #y.. This
oscillating contribution being below the picosecond,
it can safely be neglected. Therefore, both Earth and
Sun tidal distortions of the lunar potential can be
omitted.
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Figure A5. Map of the contribution to the relative frequency difference in equation (11) from the £ = {3,...,
= Riopo (41, 61) (see equation (C.1)). The origin of the longitude rep-
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A.3.7. Summary

To sufficient approximation, the expression of the

contribution of the total lunar gravitational potential
o [T — T]¢7,2,) is eventually given by

1

T
— 5 [ dTWL(T, &)
“Jn

GmL RL ]2
= === 1 =L 2
(CZRL>{ +<R1 >+
Lo 2, 35 o
+3 (CIZ“Z cos2p; + Sy, sm2<p1) cos” 6, — 78111 0

le 4
+> > Pow(sinfy) [C%m cos (m¢p1)

£=3 m=0

with g = 150. In this expression, we omitted the
topography contribution in terms proportional to
the non-spherical part of the lunar gravitational
potential.

A 4. Tidal potential

In this section and the next one (see appendix A.5),
we adopt the Einstein summation convention on
repeated indices whatever the position of the repeated
indices. When dealing with sequences of spatial
indices (Latin indices), we shall adopt the following
notation: a spatial multi-index containing j indices
is simply denoted J (always a capital-letter), namely
J=1iy...i. We also make use of Symmetric and
TraceFree tensors (denoted STF tensors). STF tensors
are denoted via the use of angular brackets around
capital-letter, such as 1D = nli--i) The reader is ref-
ereed to Hartmann et al (1994) or Poisson and Will
(2014) for a detailed description of the definition and

the use of STF tensors in celestial mechanics or in gen-
eral relativity, respectively.

According to Soffel et al (2003), at Newtonian
order, the tidal potential is given by the following
relationship:

Wtidal (T7 X) = WL (t7xL + X) - WL (ta xL)

— 04 X0 Wy (t, xL) , (A.34)

where the arbitrary function of time has been fixed
to Wy (t,x) for later convenience. In this expression
and below, x4, the BCRS position of a body A, must
be understood as its BCRS trajectory, namely x5 =
xa(t). In equation (A.34), because Wiga is already
multiplied by ¢™? in equation (11), the 4D rela-
tions which are used to pass from BCRS space-time
coordinates to LCRS’s, are limited to the Newtonian
terms only, that is

=T, x=x +X. (A.35)

The (Newtonian) external gravitational potential
to the Moon is given by

X)
/ |xtxA+ &X', (A36)
A£L

with X’ the position vector of the source point taken
from the center of mass of body A. Typically, X

is spanning a volume enclosing body A. When the
external potential is evaluated at the lunar center of
mass, namely x = x; , the distance |x; — x| (with A #
L) is much larger than |X|, it is thus appropriate to
expand the denominator in a Taylor series. Hence, the
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expression of the Moon external potential reduces to

GZZ

A£L j=0

t) Olx — xa| 7",
(A.37)

where I ) denotes the (Newtonian) STF mass multi-
pole moment of body A:

B 0= [0 Ex a3)
A
|
WHL(T,X) =G> m
A#L  j=2
+oo+oo

tldal TX _GZZZ lkl

A#L j=2 k=2

respectively. In these expressions, Ry = |X 5| = |xa —
x1| and Ok is the (j + k)-th partial derivative relative
to components of x4, namely

otk
Oy = i — - (A.41)
Oxy ...0x,0x, ...0x,
We thus infer
) N,
oRy = (- T )
A

where Ny = X /Ra.

To derive estimates of the non-spherical compon-
ents in equation (A.40b), let us assume that Solar
System bodies are axi-symmetric about their polar
axis sy (with s5 - sy = 1). According to Poisson and
Will (2014), the mass multipole moment of body A
is thus given by the simple relation:

1)) = —mR Y

(A.43)
for j > 2. In this expression, ]JA is the body A zonal
harmonic coefficient of degree j and Ry is its radius.
After inserting it in equations (A.40) and making use
of the following STF identities (see e.g. Hartmann et al
(1994) and Poisson and Will (2014)):

A p—

) A
N P

Pi(N-Na), (Adda)

Nsy (NA)<]K>

(j+K)!

B Pj_;,_k(NA'SA)
(24 2k—1)!

Pj(NA'SA)z -1
([P, Wa 0 P Wi -50)
—Pi (Na-52)| Py (N - Ny)
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Expanding, in equation (A.34), the external
potential Wy (¢,x, + X) in Taylor series around X =
0, and then inserting equation (A.37) evaluated at
wi(t,x1), leads to the following expression:

Wtidal (T’ X) tldal (T X) + Wldal (Tv X) ’

(A.39)

where the tides by the monopole and non-spherical
components of body A gravitational fields are given
by

XDORIN(T), (A.40a)
I (T) Ry (T), (A.40D)
+ [Pj(Na - 5a) Pe (N - sa)
—Piy i (Na-sa)| P (N 'SA)}7 (A.44b)

we eventually obtain

tldal T X Z

A#L

Gra < Z (RA) Pj(N Ny,

(A.45a)

tldal (T X)
GmA +§+§ k+1 j )' A(R)j
= Z =
AL i=2 k=2 ]'k' Ra
Pii (N -sa)

(%)
X { [P (N -5a) Pik (N - 5n)

—Py(Na-32)] Pj(N - Ny)
+ [P]‘(NA-SA)P]{(NA'SA)

- j+k(NA'SA)]P]‘(N'SA)},

Pj(NA'SA)zfl

(A.45b)

where R = | X|and N = X' /R. In these expressions,
P; denotes the Legendre polynomial of degree j.

Now let us apply equation (A.45b) at the posi-
tion of clock T considering the main term only (i.e.
j=2and k=2). We thus find that the tides raised by
the non-spherical component of body A gravitational
field at the level of clock I’ scales such as

Z] Gma & 2 R7A 2
A?st CZ'RA 'RA 'R,A ’

(A.46)

wffd#ﬁ T,X))
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For tides raised by the Earth’s and Sun’s quadrupole
moments, we find

g Gms) (R (Re)' o
2 CZRE RE RE ’
Gms\ (RL (R .. s
—~) (=) ~10 A.47
]2<CZRS> (RS) <RS> A

considering numerical values: Rgp=6378km and
Ry =6.96 x 10°km for radii, and ]g =1.08x1073
and J5=2.11x10"7 for quadrupoles (see e.g.
Folkner et al (2014)). We conclude that WM g 1S com-
pletely negligible.

Let us now focus on the monopole component
from external bodies, namely WM . According to
equation (A.45a) this term scales such as

1 t1da1TXl ZZ(S;’Q)( 1)

A£L j=2

(A.48)

at the level of clock ‘I. For Earth, the quadrupole and
hexapole terms (i.e. j=2 and j=3) are of the order

of
GmE RL : —16
—_— — | =2.37x10
(CZRE> (RE> ) 7

GmE RL ’ —18
— | =1.07x10
(CZRE) (RE> ’

while for Sun, the quadrupole term scales such as

Gms RL 2 —18
— ] =1.32x10 .
(CZRS> (RS) 8

(A.49)

(A.50)

cosf, = —e + 20— e[)2+1 Js (ser.) cos (sMy) ,
sinfi, = (1—¢f) 72 S Demt (seL) — Jot (sew)] sin (sMy)

where J;(x) denotes the Bessel function of first
kind with s-index and e refers to the eccentri-
city of the lunar orbit. Only first order in e is
considered in the following discussion since ey, =
0.055. In addition, we already mentioned that the
lunar obliquity is a small angle so only first order
in € is also considered. Couplings terms of order
eLer are neglected for the rest of the discussion.
With these simplifications, we find the following
expression:

<RE) Py (N1 - Ng)
=3 (3 cos” 6 cos” ) — 1) (1+3e cosMy)

3ep . .
— % $in 26, cos gy sin (M1, + wy.)

+ 3¢y cos® 6 sin 2y sin My . (A.54)
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Therefore, for what concerns us only the Earth’s
quadrupole tidal potential shall be kept, so that to suf-
ficient accuracy, the tidal potential eventually reads

as
T () () rosioa.
(A.51)

Wiidga (T, X1) =

Within the lunar principal axis frame, A/§ is given by

N = +eq[cosepsin (L, — Q) sin (f; +wi)
+cos (L — Q) cos (f +wi)]
+ e [coser cos (L — Q) sin (f; +wi)
—sin (Ly — ) cos (f, +wr)]

—ecsinepsin(fy +wr) , (A.52)

where f; is the true anomaly of the lunar orbit
and where ¢ is the lunar obliquity. Given that the
Moon orbit is tilted by ¢;, = 0.089rad relative to the
ecliptic and considering, according to Cassini’s laws,
that the Moon equator is inclined by I}, = 0.026rad
with respect to the ecliptic, we infer that ep = ¢ + I,

namely ¢, = 0.12rad.
It 1s convenient to develop the Legendre polyno-

mial in equation (A.51) in a Fourier series of M,
the mean longitude of the Moon. This is achieved
after expressing the lunar true anomaly in term of the
mean anomaly with the following series expansion

(A.53q)
(A.53b)

After plugging it into the expression of the tidal
potential and then integrating with respect to time,
one gets (i) aterm linear in time and (ii) periodic vari-
ations (at the lunar orbital frequency about the Earth)
in the expression of the time difference [7 — T (7 x,).
The term linear in time scales such as

G R\
< 2mE> <L> —237x1071°,
cear, ay,

which represents 7.48 nsyr~—! and must thus be con-
sidered in the modeling. The periodic variations have
amplitudes scaling such as

GmE RL 2
— | =10.7
cr (canaL) (aL) ps;
G R
eL< 5 e ) (L) =4.90 ps
cenyag, ay,

and can then be neglected.

(A.55)

(A.56)
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Figure A6. Contour map of the contribution to the relative frequency difference in equation (11) from the permanent tides raised
on the Moon by the Earth. The red contour corresponds to null time rate. The origin of the longitude represents lunar prime
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Therefore, to sufficient accuracy, we have the fol-
lowing expression for the tidal potential:

1 T 1 Gﬂ’lE RL 2
- d ! idal I,X =3 -

z ) T Weidal (T, X)) 2<c2aL><aL)

x (3cos*fcos’ o — 1) (T —To) - (A.57)

It is represented in figure A6. It clearly shows two
bulges separated by 180° in longitude, with a max-
imum effect with an amplitude around —2.5 x 10~1¢
at locations (6, ¢) = (0°,0°) and (0°,180°) .

A.5. Negligible potentials

All the terms in equations (8) and (9) that have not
been discussed yet are actually negligible when relat-
ive time keeping is required at the level of 107! in a
lunar environment. This is what we intent to demon-
strate in this section.

We have already shown that some of the terms
proportional to c* are expected to not contribute in
equation (11) when the observer is at rest on the sur-
face of the Moon, and hence, the relative frequency
difference shall reduce to

dn—d7T 1
1(177_, = _27(:2 [Vlz +2W(T,X1)]

4
+ gvl W (T, X)) . (A.58)
Let us recall that & and V) refer to the trajectory of
clock T, namely X} = X|(T) and V) = V(7).

A.5.1. Scalar inertial potential

Among the O(c™?) terms, is the scalar inertial poten-
tial Winer. According to Soffel et al (2003) it reads
such as

Winer (Tv Xl) = Q (T) : Xl P (A59)

where Q represents the non-geodesic acceleration of
the Moon. The a-th component of Q is given, at
Newtonian order, by

9, (T) =04 [81 wL (t,xL) — ai (t)] ; (A.60)
note that in this expression, the 4D relations which
are used to pass from BCRS space-time coordinates
to LCRS’s, are limited to the Newtonian terms only

(see equations (A.35)). The BCRS acceleration of the
Moon is

X1 ()

‘ +
ai(t)ZZf

!
=0/’

8,-]TVL (t, xL) . (A61)

Therefore, after invoking (A.37), we deduce the fol-
lowing expression

=Gy = Z T) 0Rx(T)

A7£L
+oo+oo () (K)
‘(R0 (1)
oy 3y CHA DA
A#L j=2 k=2

X &UKRA (T) . (A.62)
The dominant term, is the first one in the right-hand
side. It corresponds to the couplings of the Moon
non-spherical potential to the monopole of external
bodies. The second term represents the couplings
between non-spherical potential of the Moon and
non-spherical potential of external bodies; it is expec-
ted to be smaller than the first one. Let us thus focus
on the first term considering the main effect which
is due to the quadrupole moment of the Moon (i.e,
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j=21in equation (A.62)). In this condition, the non-
geodesic acceleration of the Moon scales such as

G R\’
|Q|o<152< 7:;:‘) (R‘;) .

A#L

(A.63)

The Earth (resp. the Sun) contribution is of the order
of 1.12 x 10~ "' ms™2 (resp. 1.61 x 10~ ms=2). Itis
interesting to note that the non-geodesic acceleration
of the Moon is thus the same order of magnitude as
the Earth’s (see discussion in section 1.1). Concerning
the non-inertial potential, it scales such as

1 e (Gma (R (R
w2015 (G5 () (=)

A#L
(A.64)

when evaluated at the position of the clock on the
Moon. The Earth and Sun contributions are of the
order of

GmE RL } _
5 — ] =2.18x 10" %
b (CZRE> (RE> oA

Gm R ’
L S L 35
— | =3.11x1 ; A.
]2 (62R5> (Rs) 5 x 10 ’ ( 65)

both are negligible.

A.5.2. Vector potential

Let us now discuss the vector potential contribution
in equation (A.58), where VW is given by equation (9).
The vector potential is a combination of three terms
whose amplitudes are discussed in turn hereafter. The
vector lunar gravitational potential Wy, is given by

QSL(T) XXl

WL (Taxl) = ) R3 )
1

(A.66)

where Sy is the spin of Moon, that we approximate
by

2

Su(T) = 3 myRf Qe (T) - (A.67)

By making use of equation (A.13), we end up with

4 _ 4 (mR\ (G
&vl.WL(T’Xl)_5< ¢ ) (CZRL)

R
X <7ZL) cos’6, (A.68)

1

which scales such as

R\’ /G
(nL L) ( mL) =747x1077,  (A.69)

c 2Ry

and can be neglected.
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Then, let us discuss the tidal vector potential. The
dominant part can be obtained from Damour et al
(1991, 1992); we infer the following estimate

. Gmy \ (VaW
EVI Widga (T, X1) Z <C2RA) ( ¢ )

A#L
R (R
. (RA> (RL> M,

where V, is the norm of the LCRS velocity of body A:
at the Newtonian level, it is given by Vs = |vy — vi|,
where v, and vy, are the BCRS velocities of body A and
Moon, respectively. For the Earth contribution to the
vector tidal potential, we find

Gmg VeV, Ry : 29
B — — ] =1.21x1
(CZRE>< ¢ )(RE) <10

(A.71)

(A.70)

and for the Sun’s

Gms VsV] RL 2 —30
— — ] =1.97x10 ;
(CZRS>< e )(RS) 7 ’

(A.72)

both contributions are negligible in view of our 1016
threshold.
Now we examine the effect of the inertial vector

potential Wiyer. According to Soffel et al (2003) it is
given by

Winer (Ta Xl) - _é Qiner (T) X Xl 5 (A73)

which shows from equation (A.58), that it contributes
to the relative frequency difference as follows:

4 1
gvl “Winer (T, Xl) = _67 Qiner (T) : (Xl X vl) .
(A.74)

The angular velocity €2, is a combination of the
geodetic, Lense—Thirring, and Thomas precessions:

Qiner = Qap + Qrrp + Qrp. (A.75)

At leading order, these are given by
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where Sy and s, are respectively the magnitude
and direction of S, namely Sy =Sysa. In the
last expression, the non-geodesic acceleration of the
Moon was expressed, at lowest order (i.e. consider-
ing the quadrupole moment of the Moon only). Let
us emphasize that part of the Lense—Thirring effect
(term proportional to v4) was inserted into the geo-
detic precession for conciseness.

According to expression (A.74), we deduce that
the geodetic precession contribution to the relative
frequency difference scales such as

1 1 T’ZLRL GmA
Lo (1) (52

A#£L

(=) @)E)

For Earth and Sun contributions, we find —7.72 x
10726 and 5.46 x 1072, respectively. So the geo-
detic precession can be omitted considering the 1016
threshold.

The Lense-Thirring effect enters the time model-
ing according to equation (A.74), that is to say

1 nRL [ GSa
— g S (W) x2) ( c ) <c372,2\>

AL
Ra INUA

For Earth and Sun contributions, we find 8.23 x
107% and 3.76 x 107, respectively. For the numer-
ical estimate of Ss we have considered Ss = 1.909 x
10*' kgm?s~! (Pijpers 1998). Both contributions are
negligible.

Finally, let us discuss the Thomas precession. It
scales such as

1 3L v\ [ nRL
B oo E S () (M)

A#£L

(G (R (R
CZRA RA RL ’
Then, Earth and Sun contributions are 3.43 x 10~3*
and 4.96 x 10737, respectively. These contributions

(A.77)

(A.78)

(A.79)

34

A Bourgoin et al

Qep=—3z > (%A) Nax (3vL—4ny), (A.76a)
A#L A
Qurp=—% ((7;53“) [B(Na-sa) Ny —sal, (A.76b)
A#L A ,
X{ [(Na-sL)Ps (Na-st) — Py (Na-su)| Na
(N -s1) Py (N -st) — P (N - sL)]sL} v, (A.76¢)

are perfectly negligible; they are respectively eighteen
and twenty-three orders of magnitude smaller than
requirement.

Appendix B. Shape of the selenoid

Let ® be the time average of the equipotential surface
representing the sum of the centrifugal potential plus
the scalar potential W (see equation (16))

@wﬁnmlflTny+wUxﬂ.

T—00 T

(B.1)

For the Moon it is the synodic month
period. According to previous computations (see
appendix A), we obtain the following relation:

mR3
2 GmL

L 2 2793
R
_ & & + n sin @
2 R 2 GmL
Ry

2
+3 (ﬁ) (C%2 cos2¢p + S, sin2g0) cos®

+ f:i (%)ZPM (sin6)

£=3 m=0

_ G L /R
¢(R,9,¢)—7?L{1+]22(RL> +

X [C]ém cos (mep) + S5, sin (map)]

1 AN
+ = (@) (—) (3c05291cos2 w1 — 1) }
2 my, ar,

(B.2)

Let us define ®, the numerical value of the
(mean) potential of the selenoid, as the equipoten-
tial ® evaluated on the equatorial radius and at the
intersection between the lunar prime meridian and
lunar equator, that is to say at the spatial point of
coordinates X = (Ry,0°,0°). Let us emphasize that
this choice is purely arbitrary—a common definition
should result from a globally admitted convention
instead. We thus have @, = ®(Ry,0°,0°), namely
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Figure B1. Contour map of the altitude of the approximate selenoid (see equation (B.8)) with respect to the lunar equatorial
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with numerical value @, = 2.82 x 10° m?s~2. From
Dy, we can now proceed and solve for Ry, the shape
of the selenoid, from the following relation:
@ (Rselaev QD) — Dy =0. (B.4)

This equation can be solved numerically, up to
the desired precision, using for instance a simple
Newton—Raphson algorithm with Ry = Ry, as first
iteration. Instead, hereafter, we provide an approxim-
ate algebraic expression.

To this end, let us first recall that the numerical
values of the Moon gravitational coefficients are

Ch, =2.24x107°,
(B.5)

J5=2.03x107*,
S5, =5.86x 1071,

and (using GRGM1200A modeling up to /g = 150)

lo £
Z Z CIZmPZm (0)

0=3 m=0

=—6.06x107". (B.6)

Moreover, we also have the following numerical
estimates:

23
MR g s9x1076,  TE <&
ar

3
=7.54%x10"°
Gmy, my, )

(B.7)

These suggest, as a good first approximation, to not
consider S5, and £ > 3 terms while solving for Ry

from equation (B.4). After some algebra we find the
first order expression of Ry; it reads such as

3y | mR\ .o
se ) = 1-
Ry (0,9) RL{ <—2 + 2Gm. sin” 0

+ 3C%2 (c0520c052<,0 — 1)

3 (mg R\’ 2 2
+2(mL) (uL> (cos 0 cos cp—l) .

(B.8)

In figure B1, we represent the altitude of the selenoid
with respect to the equatorial radius of the Moon as
function of the latitude and longitude on the Moon.
Let us compute Ry at some specific locations. For
0 =0 and ¢ =0 (intersection between lunar prime
meridian and equator), we find Ry(0,0) =Ry =
Re1(0,7), as it is expected from the definition ®. =
®(Ry,0,0). For # =0 and ¢ = /4, we obtain

3 Mg RL ’
-3 ()]

51 (0,37/4) , (B.9)

Rga (07’”/4) =R

namely Ry (0,7/4) < Ry since C%, > 0. For § = 0 and

© =7/2, we find
3 (m R\’
)]
2 my, ag,

= Ry (0,37/2) (B.10)

Ry (0,7/2) =Ry,

so that we eventually have Ry(0,7/2)<
Ry(0,7/4) < Ry. Let us now compute Ry at the
lunar pole, that is to say for § = 7 /2 and ¢ = 0 (notice
that ¢ is not defined when 6 = 7/2); we obtain
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35 R}
Rai(7/2,0) = Ry [1 AR g,
3 mg RL }
2 my, ay,
:Rsel(fﬂ'/zao) , (B.11)

from which we infer Ry (7/2,0) < Re1(0,7/4) < Ry.
In order to compare Ry (7/2,0) and Ry (0,7/2) let
us substitute the numerical values for the lunar (and
Earth) physical parameters. We find

Rl (0, 7T/2)

1— =1.46 x 107*,
Ry,
Ry (/2,0
1— % —3.87x107%, (B.12)
L

so that Ry(m/2,0) < Rei(0,7/2) as it is expected
from the direction of the mass quadrupole moment.
Numerical estimates in equation (B.12) represent
deficits of 253m and 672m with respect to Ry,
respectively. In other words, the minimal distance
between the surface of the selenoid and the center of
mass of the Moon occurs at the poles. The largest dis-
tance happens at the intersection between the lunar
prime meridian and equator, but also at the sym-
metric position with respect to the center of mass of
the Moon. Within the equatorial plane, the minimal
distances are found at £90° from the lunar prime
meridian (see figure B1).

Let us mention that our approach is just illus-
trative and would require more careful treatment
to provide a comprehensive definition of the selen-
oid. See for instance results by Czirdki and Kamilla
(2023) who considered GRGM1200A modeling but
neglected the centrifugal and tidal potentials. Their
selenoid might therefore show differences of the order
of 10 m with respect to a selenoid built from ® rather
than W, alone.

Appendix C. Lunar topography

The topography of the Moon can be assessed from the
data obtained by the Lunar Orbiter Laser Altimeter
(LOLA) (Ramos-Izquierdo et al 2009, Smith et al
2010)—an instrument onboard the NASA Lunar
Reconnaissance Orbiter mission. The lunar topo-
graphy is conveniently reconstructed using LOLA’s
spherical harmonic coefficients (AL B ) distrib-
uted in the principal axis frame. The radial posi-
tion of a point on the surface of the Moon is thus
given by R = Riopo(f,¢), where Riopo(8, ) repres-
ents the radial topography of the Moon (radial dis-
tance between the center of mass of the Moon and
the surface of the Moon) and is given by the following
partial sum
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Liopo £
Riopo (67 90) = Z Z P (Sine)
£=0 m=0
x [A},, cos (mp) + B, sin (mp)]
(C.1)

with A}, and B}, having length dimension and o,
being the degree to which the series is stopped. In
figure C1, we represent the lunar topography (with
Liopo = 150) relative to the selenoid Ry derived in
equation (B.8). The chosen {p, is a compromise
between computational time and precision of topo-
graphic details of the lunar surface. Roughly speak-
ing, the precision of topographic details goes on like
Ry /€iopo> that is to say 12 km for £;qp, = 150.

The maximum of the difference between the
mean equatorial radius Ry and the topography
Riopo (8, ¢) is of the order of

Rtopo (95 (P)
Ry

max

— 1’ ~52x%x1073, (C.2)

for —90° < 6 < 90° and —180° < () < 180°.

Appendix D. Resolution of the light travel
time equation

Expression (27) being implicit in #, it is usually solved
numerically by an iterative process starting with tl(o) =
t.. After n iterations, we shall have f; = tl(”). This even-
tually allows one to determine the position of the
receiver at time f.

Another possibility is to perform manually the
iterations and then the series expansion in the right-
hand side of (28) in order to get a closed-form expres-
sion of # up to the desired order in c¢~!. As an illus-
tration, after three iterations, we find

) _, , Lo La Le 2
tl —te+7+ciz(ll'vl>+§ 2(11'1’1)

2
L .
+La(h-a)+ —= [+ — (M>
|xle| |x1€|
O’A
+ Ly Vb [b] } (D.1)
axl“@xl (teyxe(te) X1 (te))

where we used xj. = x)(te) — x.(t.), a1 = a(te), and
vi = vi(.) with v, = |v||. The instantaneous distance
L is defined by

Lo = [x1e| + A (te, Xe (te) , %1 (fe)) 5 (D.2)

and I, the tangent vector to the ray at position x(t.),
is given by (see Le Poncin-Lafitte et al (2004) and
Bourgoin (2020))
Xle |:3A
L=

B |x15|

= (D.3)
0x ] (teyxe(te) 21 (te))
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Figure C1. Map of the lunar topography reconstructed from LOLA’s data considering £ipo = 150 in equation (C.1). The
lunar topography (i.e. Riopo (6, ¢) in equation (C.1)) is expressed relative to the altitude above the selenoid (i.e. Ryl (0, ¢) in
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In most applications, we have |x|>
A(te,%e(te),x1(t.)). Therefore, it is convenient to
apply another series expansion in A/|xj| around
A/|xie| = 0. At zeroth-order in A/|x|, we therefore
obtain (see also Petit and Wolf (1994)):

G) [Xie| | Xie-vi |xie]
I

2
Vi + (’M) +xle-a1] . (D4)

X
|xie |

This approximate time of reception can be used
eventually to estimate, in the right-hand side of
equation (28), the position of the receiver x = x(#)
with f; = £,

For the one-way time or frequency transfer
between a clock on the Earth and a clock on the
Moon, |xj| ~4 x 10® m while the Shapiro delay
caused by the Sun, the Earth, and the Moon, are of
the order of 10ns, 50ps, and 0.8 ps, respectively (i.e.
4m, 2cm, and 0.3 mm, resp. in terms of range). The
delay caused by the atmosphere is typically the same
order of magnitude as the Shapiro delay caused by
the Sun. These estimates justify the approximation
|x1e] > A(te, x(te), x1(2e)).

Appendix E. Demonstration of range
covariance using either TCB or TDB

When relying on TDB (labeled t**) rather than TCB
(labeled 1), the light travel time in equation (26) can
be decomposed such as

[ = tel () = 17 = ey I = 87T e )
- t](tl) , (E.1)

where [£* — £2*] (2 xo+ x2+) is nOW the light travel
time expressed in TDB. The function [f** — ],

appearing in equation (E.1) represents the difference
between TDB and TCG and is given by the right-hand
side of equation (31).

According to the general covariance principle,
making use, in equation (26), of either the left-hand
side or the right-hand side of (E.1), shall not affect
the proper time difference 7; — 7.. Let us thus demon-
strate that the right-hand side of equation (E.1) do
indeed reduce to the left-hand side.

On one side, according to the definition in
equation (31), we have

[t** — t](te) — [t** - t](tl) = LB (tl - te) . (EZ)

On the other side, the expression for the light travel
time expressed in TDB reads

|xil=* _x**|

*ok *ok _ e

= ) = g

AF* (t:*,x** xik*)

e

c
(E.3)

As discussed in Klioner (2008), in order for the
light travel time expression to be the same in
equations (28) and (E.3), the TDB-compatible dis-
tances and mass parameters have to be rescaled
by the same factor than the one used to rescale
TDB in equation (31), namely t** = (1 — Lg)t + 3%,
and hence, x** = (1 — Lg)x and A** = (1 —Lg)A.
Inserting these two last relations into the right-hand
side of equation (E.3), we find

(6 = 1Y e o) = (L= L) (1= 1), (E4)

after invoking equations (28) and then (27).
Equation (E.1) is finally recovered by adding together
equations (E.4) and (E.2), and then making use
of (27), which achieves the demonstration.

37



10P Publishing

Metrologia 63 (2026) 015003

Appendix F. Demonstration of range
covariance using either BCRS or GCRS as
intermediate system

In order to show that the proper time difference 7, —
T is independent of the intermediate system being
used for the light travel time computation, we shall
demonstrate the equality in equation (36). Following
Kopeikin and Kaplan (2024), let us start by rewriting
the first term in the left-hand side of equation (36) as

[T_ T}(Tth) = [T_ t](tl’xl) -

where [T — ], ) is given by equation (30) and [T —
t](t,x) by equation (29). Equation (36), thus reduces
to

[T—1 ., ED

T~ Ty ~ 10~ W
f [T_ t](tl,xl) - [T_ t](tc’xe) ’ (F.z)

The equality between the left-hand side—i.e. the dif-
ference between the light travel times between clock
T and clock ‘e’ in GCRS and BCRS—and the right-
hand side—i.e. the difference between the time trans-
formation from TCB to TCG at clock I and at clock
‘e’—can be easily demonstrated at the order ¢ 2.

As a matter of fact, the time transfer function
expressed in TCG and at second order in ¢ 2 is given

as follows (see appendix D for more details):

X —X| Vi-(Xi—X)
Ti-Tdrxx="7F T~ 2

+O(c7), (E3)

where all quantities in the right-hand side are
expressed at T.. Let us emphasize that we neglected
the delay function for simplicity. Then, according
to resolution B1.3 of IAU 2000 (Soffel et al 2003),
the geocentric and barycentric coordinates of a given
space-time event are related, up to second order terms
inc 2, by

(F4a)

X(T)=x(t) —xp () + O (c?),
v(t) — (F.4b)

(1) —ve () +0O(c7?) .
Applying these to equation (E.3), we thus deduce

[T = TeJr, x x) = [0 tel 1)

Ve - (%1 — X) -3
= mEEE o), @)
where [t| — fe] (1, x.x) 18 given, at second order in ¢!,

by

X| — Xe V- (X] — Xe —
[tl - te](fe,xey"l) = ‘ c | + ( 2 ) +O (C 3) )
(E.6)

where all quantities in the right-hand sides of
equations (E5) and (F.6) are expressed at t..

38

A Bourgoin et al

Let us now focus on the right-hand side of
equation (F.2). According to equation (29), the dif-
ference between TCG and TCB at clock ‘I’ is given by

TGy = { [ [ 4w )]

C

+ve (1) - [ (1) —xe (0)] p +O ().

(E7)

Substituting for # from # =t.+ [t —te]( x %)
into (E.7), while making use of (F.6), shall return

ve - (%1 — xg)
[T_ t](tl,xl) - [T_ t](tc,xc) == 2

+O(c7?), (B8

after Taylor expanding the expression around # = ¢,
and after keeping only terms of order ¢ 2.

The equality between equations (E5) and (E8)
verifies the correctness of equation (F.2), which

achieves the demonstration.

ORCID iDs

A Bourgoin 2 0000-0001-8789-0699

P Defraigne @ 0000-0001-7780-8540

F Meynadier @ 0000-0003-2719-5592
References

Ashby N 2003 Relativity in the global positioning system Living
Rev. Relativ. 6 1

Ashby N and Patla B 2024 A relativistic framework to estimate
clock rates on the Moon Astron. J. 168 112

Barker M K, Mazarico E, Neumann G A, Zuber M T, Haruyama J
and Smith D E 2015 A new lunar digital elevation model
from the Lunar Orbiter Laser Altimeter and SELENE terrain
camera Icarus 273 34655

BIPM 2025 Circular T (available at: www.bipm.org/en/time-ftp/
circular-t)

Blanchet L, Salomon C, Teyssandier P and Wolf P 2001 Relativistic
theory for time and frequency transfer to order c = Astron.
Astrophys. 370 320-9

Bourgoin A 2020 General expansion of time transfer functions in
optical spacetime Phys. Rev. D 101 064035

Brumberg V A 1991 Essential Relativistic Celestial Mechanics
(Adam Hilger)

Brumberg V A and Kopeikin S M 1990 Relativistic time scales in
the Solar System Celest. Mech. Dyn. Astron. 48 23—44

CGPM 2018 Proc. 26th CGPM (2018) vol 475 (CGPM) p 2019

Cziraki T and Kamilla G 2023 Parameters of the best fitting lunar
ellipsoid based on GRAIL’ selenoid model Acta Geod.
Geophys. 58 139-47

Damour T, Soffel M and Xu C 1991 General relativistic celestial
mechanics. I. Method and definition of reference systems
Phys. Rev. D 43 3273-307

Damour T, Soffel M and Xu C 1992 General-relativistic celestial
mechanics. II. Translational equations of motion Phys. Rev.
D 451017-44

Damour T, Soffel M and Xu C 1993 General-relativistic celestial
mechanics. III. Rotational equations of motion Phys. Rev. D
47 3124-35

Damour T, Soffel M and Xu C 1994 General-relativistic celestial
mechanics. IV. Theory of satellite motion Phys. Rev. D
49 618-35


https://orcid.org/0000-0001-8789-0699
https://orcid.org/0000-0001-8789-0699
https://orcid.org/0000-0001-7780-8540
https://orcid.org/0000-0001-7780-8540
https://orcid.org/0000-0003-2719-5592
https://orcid.org/0000-0003-2719-5592
https://doi.org/10.12942/lrr-2003-1
https://doi.org/10.12942/lrr-2003-1
https://doi.org/10.3847/1538-3881/ad643a
https://doi.org/10.3847/1538-3881/ad643a
https://doi.org/10.1016/j.icarus.2015.07.039
https://doi.org/10.1016/j.icarus.2015.07.039
https://www.bipm.org/en/time-ftp/circular-t
https://www.bipm.org/en/time-ftp/circular-t
https://doi.org/10.1051/0004-6361:20010233
https://doi.org/10.1051/0004-6361:20010233
https://doi.org/10.1103/PhysRevD.101.064035
https://doi.org/10.1103/PhysRevD.101.064035
https://doi.org/10.1007/BF00050674
https://doi.org/10.1007/BF00050674
https://doi.org/10.1007/s40328-023-00415-w
https://doi.org/10.1007/s40328-023-00415-w
https://doi.org/10.1103/PhysRevD.43.3273
https://doi.org/10.1103/PhysRevD.43.3273
https://doi.org/10.1103/PhysRevD.45.1017
https://doi.org/10.1103/PhysRevD.45.1017
https://doi.org/10.1103/PhysRevD.47.3124
https://doi.org/10.1103/PhysRevD.47.3124
https://doi.org/10.1103/PhysRevD.49.618
https://doi.org/10.1103/PhysRevD.49.618

10P Publishing

Metrologia 63 (2026) 015003

Eckhardt D H 1981 Theory of the libration of the Moon Moon
Planets 25 349

Fienga A, Deram P, Viswanathan V, Di Ruscio A, Bernus L,
Durante D, Gastineau M and Laskar ] 2019 INPOP19a
planetary ephemerides Notes Sci. Tech. I'Inst. Mec. Celeste
109 (available at: https://www.imcce.fr/recherche/equipes/
asd/inpop/)

Fienga A, Rambaux N and Sosnica K 2024 Lunar references
systems, frames and time-scales in the context of the ESA
programme moonlight (arXiv:2409.10043)

Folkner W M, Williams J G, Boggs D H, Park R S and Kuchynka P
2014 The planetary and lunar ephemerides DE430 and
DE431 Interplanetary Netw. Prog. Rep. 42-196 1-81

Giordano P, Malman F, Swinden R, Zoccarato P and
Ventura-Traveset ] 2022 The lunar pathfinder PNT
experiment and moonlight navigation service: the future of
lunar position, navigation and timing Int. Technical Meeting
of The Institute of Navigation (Long Beach, California) pp
632-42

Goossens S et al 2016 A global degree and order 1200 model of the
lunar gravity field using GRAIL mission data 47th Annual
Lunar and Planetary Science Conf., Lunar and Planetary
Science Conf. p 1484 (available at: https://ui.adsabs.harvard.
edu/abs/2016LPI....47.1484G)

Hartmann T, Soffel M H and Kioustelidis T 1994 On the use of
STF-tensors in celestial mechanics Celest. Mech. Dyn. Astron.
60 139-59

TAU SOFA Board 2025 IAU SOFA software collection (available at:
www.iausofa.org)

IAU 1991 Proc. 21st General Assembly, (Buenos Aires) (1AU)

TAU 2000 Proc. 24th General Assembly, (Manchester) (1AU)

TAU 2006 Proc. 26th General Assembly, (Prague) (IAU)

IAU 2024 Proc. 32nd General Assembly, (Cape Town) (IAU)

Israel D J, Mauldin K D, Roberts C J, Mitchell ] W, Pulkkinen A A,
Cooper L'V D, Johnson M A, Christe S D and Gramling CJ
2020 LunaNet: a flexible and extensible lunar exploration
communications and navigation infrastructure IEEE
Aerospace Conf. pp 1-14

Klioner S A 1993 On the hierarchy of relativistic kinematically
nonrotating reference systems Astron. Astrophys. 279 273-7

Klioner S A 2008 Relativistic scaling of astronomical quantities
and the system of astronomical units Astron. Astrophys.

478 951

Klioner S A, Seidelman P K and Soffel M H ed 2009 Units of
relativistic time scales and associated quantities (available at:
https://core.ac.uk/download/pdf/191829735.pdf)

Klioner S A and Voinov A V 1993 Relativistic theory of
astronomical reference systems in closed form Phys. Rev. D
48 1451-61

Konopliv A S et al 2014 High-resolution lunar gravity fields from
the GRAIL primary and extended missions Geophys. Res.
Lett. 41 1452-8

Kopeikin S M and Kaplan G H 2024 Lunar time in general
relativity Phys. Rev. D 110 084047

Kovalevsky J, Mueller I T and Kolaczek B ed 1989 Reference frames
in astronomy and geophysics (available at: https://ui.adsabs.
harvard.edu/abs/1989ASSL..154.....K)

Le Poncin-Lafitte C, Linet B and Teyssandier P 2004 World
function and time transfer: general post-Minkowskian
expansions Class. Quantum Grav. 21 4463-83

Lemoine F G et al 2014 GRGM900C: a degree 900 lunar gravity
model from GRAIL primary and extended mission data
Geophys. Res. Lett. 41 33829

Linet B and Teyssandier P 2016 Time transfer functions in
Schwarzschild-like metrics in the weak-field limit: a unified

39

A Bourgoin et al

description of shapiro and lensing effects Phys. Rev. D
93 044028

Ma L, Xie P, Liu D and Wu Y 2019 Research on the influence of
China’s commercial spaceflight on the economic and social
development of the regions along the belt and road New
Space 7 223-34

Newhall X X and Williams ] G 1996 Estimation of the lunar
physical librations Celest. Mech. Dyn. Astron.
66 21-30

Panfilo G and Arias F 2019 The coordinated universal time (UTC)
Metrologia 56 042001

Park R S, Folkner W M, Williams J G and Boggs D H 2021 The
JPL planetary and lunar ephemerides DE440 and DE441
Astron. J. 161 105

Parker J J K et al 2022 The lunar GNSS receiver experiment
(LuGRE) Proc. 2022 Int. Technical Meeting of The Institute of
Navigation (ITM 2022) (Institute of Navigation) pp 420-37

Pavlis N and Weiss M 2017 Re-evaluation of the relativistic
redshift on frequency standards at NIST, Boulder, Colorado,
USA Metrologia 54 53548

Petit G, Arias F and Panfilo G 2015 International atomic
time: status and future challenges C. R. Physique
16 480-8

Petit G and Luzum B 2010 IERS conventions (2010) IERS
Technical Note 36 1 (available at: https://ui.adsabs.harvard.
edu/abs/2010ITN....36....1P)

Petit G and Wolf P 1994 Relativistic theory for picosecond time
transfer in the vicinity of the Earth Astron. Astrophys.
286 971-7

Petit G and Wolf P 2005 Relativistic theory for time comparisons:
a review Metrologia 52 5138

Pijpers F P 1998 Helioseismic determination of the solar
gravitational quadrupole moment Mon. Not. R. Astron. Soc.
297 L76-L80

Poisson E and Will C M 2014 Gravity (Cambridge University
Press)

Ramos-Izquierdo L et al 2009 Optical system design and
integration of the Lunar Orbiter Laser Altimeter Appl. Opt.
48 3035

Simon J L, Bretagnon P, Chapront J, Chapront-Touze M,
Francou G and Laskar ] 1994 Numerical expressions for
precession formulae and mean elements for the Moon and
the planets Astron. Astrophys. 282 663

Smith D E et al 2010 The lunar orbiter laser altimeter
investigation on the lunar reconnaissance orbiter mission
Soc. Sci. Res. 150 209—41

Soffel M et al 2003 The IAU 2000 resolutions for astrometry,
celestial mechanics and metrology in the relativistic
framework: explanatory supplement Astron. J.
126 2687-706

Teunissen P and Montenbruck O (eds) 2017 Springer Handbook of
Global Navigation Satellite Systems vol Xxxi (Springer)

Teyssandier P and Poncin-Lafitte C L 2008 General
post-Minkowskian expansion of time transfer functions
Class. Quantum Grav. 25 145020

Turyshev S G, Williams J G, Boggs D H and Park R S
2025 Relativistic time transformations between the
Solar System barycenter, earth and moon Astrophys. J.
985 140

Ventura-Traveset ], Swinden R, Melman F, Psychas D and Audet Y
2025 Novamoon: a new paradigm in lunar exploration
Inside GNSS 20

Wolf P and Petit G 1995 Relativistic theory for clock syntonization
and the realization of geocentric coordinate times Astron.
Astrophys. 304 653


https://doi.org/10.1007/BF00911807
https://doi.org/10.1007/BF00911807
https://www.imcce.fr/recherche/equipes/asd/inpop/
https://www.imcce.fr/recherche/equipes/asd/inpop/
https://arxiv.org/abs/2409.10043
https://ui.adsabs.harvard.edu/abs/2016LPI....47.1484G
https://ui.adsabs.harvard.edu/abs/2016LPI....47.1484G
https://doi.org/10.1007/BF00693097
https://doi.org/10.1007/BF00693097
http://www.iausofa.org
https://doi.org/10.1109/AERO47225.2020.9172509
https://doi.org/10.1051/0004-6361:20077786
https://doi.org/10.1051/0004-6361:20077786
https://core.ac.uk/download/pdf/191829735.pdf
https://doi.org/10.1103/PhysRevD.48.1451
https://doi.org/10.1103/PhysRevD.48.1451
https://doi.org/10.1002/2013GL059066
https://doi.org/10.1002/2013GL059066
https://doi.org/10.1103/PhysRevD.110.084047
https://doi.org/10.1103/PhysRevD.110.084047
https://ui.adsabs.harvard.edu/abs/1989ASSL..154.....K
https://ui.adsabs.harvard.edu/abs/1989ASSL..154.....K
https://doi.org/10.1088/0264-9381/21/18/012
https://doi.org/10.1088/0264-9381/21/18/012
https://doi.org/10.1002/2014GL060027
https://doi.org/10.1002/2014GL060027
https://doi.org/10.1103/PhysRevD.93.044028
https://doi.org/10.1103/PhysRevD.93.044028
https://doi.org/10.1089/space.2019.0012
https://doi.org/10.1089/space.2019.0012
https://doi.org/10.1007/BF00048820
https://doi.org/10.1007/BF00048820
https://doi.org/10.1088/1681-7575/ab1e68
https://doi.org/10.1088/1681-7575/ab1e68
https://doi.org/10.3847/1538-3881/abd414
https://doi.org/10.3847/1538-3881/abd414
https://doi.org/10.33012/2022.18199
https://doi.org/10.1088/1681-7575/aa765c
https://doi.org/10.1088/1681-7575/aa765c
https://doi.org/10.1016/j.crhy.2015.03.002
https://doi.org/10.1016/j.crhy.2015.03.002
https://ui.adsabs.harvard.edu/abs/2010ITN....36....1P
https://ui.adsabs.harvard.edu/abs/2010ITN....36....1P
https://doi.org/10.1088/0026-1394/42/3/S14
https://doi.org/10.1088/0026-1394/42/3/S14
https://doi.org/10.1046/j.1365-8711.1998.01801.x
https://doi.org/10.1046/j.1365-8711.1998.01801.x
https://doi.org/10.1364/AO.48.003035
https://doi.org/10.1364/AO.48.003035
https://doi.org/10.1007/s11214-009-9512-y
https://doi.org/10.1007/s11214-009-9512-y
https://doi.org/10.1086/378162
https://doi.org/10.1086/378162
https://doi.org/10.1088/0264-9381/25/14/145020
https://doi.org/10.1088/0264-9381/25/14/145020
https://doi.org/10.3847/1538-4357/adcc18
https://doi.org/10.3847/1538-4357/adcc18

	Lunar reference timescale
	1. Timescales in the geocentric reference system
	1.1. Geocentric celestial reference system
	1.2. Terrestrial time

	2. Timescales in the selenocentric reference system
	2.1. Lunar celestial reference system
	2.2. Rate of proper time with respect to TCL
	2.3. Rate of proper time with respect to a rescaled TCL

	3. Geocentric and selenocentric timescale difference
	3.1. Using BCRS with TCB or TDB
	3.1.1. Transformation from TCB to TCG
	3.1.2. Transformation from TCB to TCL
	3.1.3. Timescale transformation in BCRS
	3.1.4. Using TDB instead of TCB

	3.2. Using GCRS with TCG or TT
	3.2.1. Timescales transformation in GCRS
	3.2.2. Using TT instead of TCG

	3.3. Using LCRS with TCL or rescaled TCL
	3.3.1. Timescale transformation in LCRS
	3.3.2. Using a rescaled TCL instead of TCL

	3.4. Summary
	3.4.1. General covariance
	3.4.2. Practical use


	4. Three options for the lunar reference timescale
	4.1. TL equal to TCL
	4.2. TL rate aligned on the average clock rate on a selenoid
	4.3. TL aligned on TT
	4.4. On the need for clock frequency steering

	5. Realization of TL and traceability to UTC
	6. Discussion and conclusion
	Appendix A. Proper time of a clock on Moon's surface
	A.1. Selenographic frame
	A.2. Centrifugal potential
	A.3. Lunar gravitational potential
	A.3.1. Monopole contribution
	A.3.2. Altitude contribution
	A.3.3. Tidal displacement contribution
	A.3.4. Degree 2 contribution
	A.3.5. Degree 3 and beyond contribution
	A.3.6. Tidal contribution
	A.3.7. Summary

	A.4. Tidal potential
	A.5. Negligible potentials
	A.5.1. Scalar inertial potential
	A.5.2. Vector potential


	Appendix B. Shape of the selenoid
	Appendix C. Lunar topography
	Appendix D. Resolution of the light travel time equation
	Appendix E. Demonstration of range covariance using either TCB or TDB
	Appendix F. Demonstration of range covariance using either BCRS or GCRS as intermediate system
	References


