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ABSTRACT: We explore the prospects of measurements of spectral moments of inclusive charm
decays with BESIII. The rich and uniquely clean data set of charm mesons and baryons
at BESIII offers a unique laboratory to study the evolution of Heavy Quark Expansion
(HQE) parameters across different charm hadron species and to shed light on the interplay
between heavy quark dynamics and light quark effects. The HQE in terms of inverse powers
of the heavy meson mass is well-established in beauty decays, however due to the lighter
charm mass its applicability to charm remains an open question. To date no determination
of the HQE parameters, the kinetic energy, chromomagnetic moment and Darwin terms,
has been attempted. A particularly important role here is given to the Darwin and weak
annihilation operators, whose values are important to predict lifetimes of heavy hadrons.
Using a fast simulation for the BESIII detector response and predictions for spectral moments,
we investigate the sensitivity to HQE parameters with today’s and possible future data sets.
In addition, we discuss the theory challenges for the HQE in charm and the experimental
limitations. We further investigate the sensitivity of determining the CKM matrix element
|Ves| with inclusive semileptonic charm decays.
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1 Introduction

The Heavy Quark Expansion (HQE) is a powerful technique to study the dynamics of
inclusive heavy hadron decays and predict their lifetimes. In this formalism, the decay rates
of heavy quarks can be related to the forward scattering amplitude and the time ordered
products can be expanded using the Operator Product Expansion (OPE). The first non-trivial
contribution to the decay rate arises from dimension-5 operators (at order 1 /mé), where
m¢ is the mass of the heavy quark and the non-perturbative matrix elements {u2, u2}
correspond to the kinetic energy and the chromomagnetic moment of the heavy quark inside
the heavy meson. Dimension-6 operators (entering at order 1/ m3Q) result in two additional
contributions {p3,, p%s} corresponding to the Darwin and spin-orbit terms. The Darwin
operator provides one of the key corrections to the free heavy quark decay lifetime [1] and the
HQE is constructed in such a way that it depends on the flavour of the initial heavy hadron.

For inclusive semileptonic beauty meson decays, the HQE has achieved remarkable
precision, with hadronic matrix elements identified up to dimension 8 [2] and a2 corrections
to the total decay rate calculated [3], collected in the open-source package Kolya [4]. This
progress, combined with experimental precision, enables the extraction of inclusive |V at the
percent level (see, e.g., [5, 6] and references therein). Furthermore, the possibility of measuring
inclusive B, decays using a sum-over-exclusive technique has been studied at the LHC [7].

For charm decays, the challenge is the low mass of the charm which lies close to the
non-perturbative QCD regime, which may lead to a break down of the OPE. For example,
four-quark operators, weak annihilation, and Pauli interference terms enter in the HQE for



charm meson lifetimes. These terms are numerically enhanced by 1672 and play an important
role in explaining the large lifetime differences in charm decays [8-10].

On the other hand, the semileptonic widths of the different charm decays are more
similar, which may indicate that weak annihilation (WA) operators are of less importance.
This gives confidence in the validity of the OPE, which was discussed in [11, 12], with a recent
reevaluation in [13]. Precisely due to the slower convergence, inclusive charm decays are
significantly more sensitive to HQE hadronic matrix elements, such as p3,, as well as to WA
operators. These WA operators are crucial input parameters for Standard Model predictions
of B — Xty [14-17] and B — X 400 [18-20] decays. As discussed above they also form
crucial inputs in lifetime predictions [21]. Charm meson and baryon lifetimes have recently
been revisited and measured with thus far unprecedented precision by Belle II [10, 22-24].

In this paper, we explore the opportunities that measurements of inclusive semileptonic
charm decays could provide. We assess the potential of the large data set recorded by the
Beijing Electron Spectrometer Mk. IIT (BESIII), which is particularly intriguing due to its
clean samples of DY, D™, D} and A} decays. Such an experimental program, combined
with corresponding theoretical progress, would permit a detailed study of the evolution of
non-perturbative QCD parameters across various species of heavy hadrons, including the
first determination of these parameters in heavy baryon decays. In addition, this program
would, for the first time, link semileptonic charm hadron measurements with precision tests
of the Standard Model through charm hadron lifetimes.

Previous measurements of inclusive semileptonic DY, D*, and D decays at CLEO [25]
have already been used to determine the magnitude of weak annihilation operators [14, 16].
More recently, measurements from BESIII [26, 27] have been used to determine the strength
of the strong coupling constant [28] at the charm scale.

In ref. [16], CLEO’s differential measurements of lepton energies were converted into
moments. When combined with the HQE parameters obtained from B — X ¢, inclusive
decays, this enabled the extraction of weak annihilation effects, which were found to be small,
suggesting that the HQE may converge sufficiently rapidly. We propose a dedicated analysis
of the lepton energy moments and the as-yet unexplored di-lepton invariant mass moments
of D°, D* D}, and A} decays. This approach could pave the way for a full determination
of charm HQE parameters directly from charm data. The comparison between D and D}
decays would allow for an SU(3) symmetry test based on data, providing crucial inputs for
lifetime determinations [1]. Moreover, comparing these findings with the HQE parameters
obtained from inclusive B decays will be intriguing. Finally, combining these results with
branching ratio measurements [25-27] could facilitate the extraction of both |V,| and |V 4| in
a manner analogous to the inclusive |V;| extraction [5, 6, 29], with the potential to achieve
uncertainties competitive with exclusive determinations.

The remainder of this manuscript is organized as follows: section 2 introduces a real-
istic fast simulation of BESIII for semileptonic decays, including estimates for systematic
uncertainties. Section 3 discusses the experimental approach to calibrating detector-level
observables to unfolded raw spectral moments. Section 4 reviews the HQE for charm and
details the challenges associated with the lighter charm quark compared to beauty decays.
Section 5 presents an exploratory study on extracting the experimental precision of HQE



parameters from the unfolded spectral moments. Lastly, section 6 provides a detailed outlook
on the prospects for the inclusive charm program outlined in this work.

2 Prospects for inclusive semileptonic measurements at BESIII

BESIII records electron-positron collisions provided by the Beijing Electron-Positron Collider
Mk. II (BEPCII) [30]. BEPCII can deliver center-of-mass energies between 1.85 and 4.95 GeV
and the BESIII experiment’s large data sets at open-charm-hadron pair-production thresholds
provide ideal data samples to perform inclusive semileptonic measurements in the charm
system. From the interior to the exterior, the BESIII detector [31] is comprised of a drift
chamber tracking system, a plastic scintillator time-of-flight system, a crystal calorimeter, a
1T super-conductor solenoid, and a resistive-plate-chamber muon system. The drift chamber
provides sub-percent level momentum resolution of charged particles and, combined with
measurements from the time-of-flight system, is able to distinguish well between protons,
charged pions, and charged kaons. The BESIII calorimeter allows for excellent identification
of electrons and provides percent-level resolution on energy depositions of charged and
neutral particles.

The sensitivities to HQE parameters from measurements of D — Xetv., D° — Xe'tw,,
Df — XeTv,, and AF — Xetv. at BESIII are estimated by analyzing Monte Carlo
simulation produced with the EvtGen package [32]. A measurement strategy similar to that
employed in inclusive semileptonic beauty decays at Belle and Belle 1T [33, 34] is assumed, in
which the lepton and all hadrons accompanying the lepton in the final state of the semileptonic
decay are reconstructed. This differs from techniques applied in previous measurements
of inclusive semileptonic charm decays [25-27], in which the hadronic system X was not
reconstructed and only the charged lepton was identified. These measurements produced
precise determinations of the inclusive branching fractions and the electron momentum spectra
in the laboratory frame. With additional assumptions on the production mechanism of charm-
hadron pairs, of the measured laboratory-frame distributions allowed for HQE analysis of the
D°, DT, and D decays to constrain the contribution of weak-annihilation operators [14, 16].
In this study, we examine how precisely the explicit reconstruction of the hadronic X system
can be performed to construct Lorentz-invariant observables. Such quantities are crucial for
mitigating the proliferation of HQE parameters at higher orders [35, 36]. This reconstruction
enables the reconstruction of the Lorentz-invariant lepton-neutrino mass squared, ¢2, and the
Lorentz-invariant mass of the hadronic system, Mx. Additionally, properties of the X system
allow for the separation of ¢ — s and ¢ — d transitions, facilitating the first extraction of the
CKM matrix elements |Vs| and |V4| from inclusive semileptonic charm decays.

In the explored analysis procedure, double-tag techniques similar to those developed by
the MARKIII collaboration [37, 38] are employed with the tag decay modes' D° — K7+,
D~ — K~ ntnt, fromref. [39] for Dy, and from ref. [27] for A, . The dataset listed for BESIII
analysis of D mesons primarily contains D} mesons produced through ete™ — DI* DT,
and so the identification of a D} meson through a D} — D,y is also assumed, where the D,
meson produced through the D} can decay to either a semileptonic decay or to a hadronic

!Charge conjugation is implied here and throughout the paper.



D D+ DF [40] | AF [41, 42]

Ecm [ GeV] 3.773 | 3.773 | 4.130-4.230 | 4.600-4.699
Integrated Luminosity [fb™!] 21 21 7.1 4.5
Estimated Double-tag Yields | 200000 | 700000 30000 4300

Table 1. Integrated luminosities, center-of-mass energies and estimated inclusive semileptonic double-
tag yields of BESIII data sets assumed in sensitivity studies.

tag final-state. The assumed size of BESIII data samples are listed table 1. The listed data
sets correspond to samples which BESIII has analyzed for publication, with the exception of
the samples for D? and D7 analysis, where a larger dataset has recently been collected.

2.1 Estimated distributions from fast simulation

A fast-simulation software based on EvtGen [32] is developed to estimate the effects of BESIII
detector response, momentum resolution, and geometric and kinematic acceptance on inclusive
semileptonic measurements. The effects of final-state radiation are neglected in the simulation.
The decays of charm hadrons are generated by EvtGen for the tag-side meson and all observed
semileptonic decays [43], and those predicted by isotopic symmetry based on observed decays.
The ISGW2 [44] model is assumed for all {D*, D% D} AT} — Metv decays, where M
is any hadron, and a uniform phase-space model is assumed when more than one hadron
is produced in the semileptonic decay. Detector effects are incorporated probabilistically
based on publicly reported reconstruction efficiencies and resolutions. The efficiencies of
tracking charged particles and particle identification are estimated based on the published
measurement of the branching fraction of D — XeT v, decays [26]. Photon reconstruction
efficiencies and resolution are estimated based on ref. [45]. The energy deposition of K?
mesons and neutrons in the BESIII calorimeter is estimated based on the analysis of K 2
backgrounds in the search for D° — 790w at BESIII [46]. The reconstruction efficiency and
momentum resolution of K% — 777~ decays is estimated based on ref. [47]. The efficiency
and momentum resolution of reconstructing A — pr~ decays is assumed to be identical to
Kg — mtr~ decays due to the similar vertex reconstruction.

Simulated measured distributions of the kinematic distributions of interest in the HQE
(the squared four-momentum of the e*v system g2, the et energy in the parent rest frame
Ey, and the mass of the hadronic system in the final state Mx) are produced by the fast
simulation based on the estimated double-tag sample sizes listed in table 1. The BESIII
detector is unable to consistently distinguish between electrons and other charged particles
for candidate tracks with momenta less than 200 MeV. As such, it is required that the
momentum of the electron candidate be above this threshold. The resulting Fiijss — Pmiss
distribution produced by the fast simulation for each charm hadron is shown in figure 1,
with the contribution of decays with K? mesons or Kg — 770 decays in the final state
highlighted. As the figure shows, decays with K9 mesons or K2 — 7%7% decays are often
poorly reconstructed due to the poor resolution of K9 energy depositions in the calorimeter
and the inability of the BESIII detector to distinguish between energy depositions due to
photons and those due to Kg mesons. As such, a requirement of | Eiss — Pmiss| < 500 MeV
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Figure 1. Distribution of the reconstructed Fpiss — Pmiss for decays of (top-left) D° — Xetu,,
(top-right) DT — XeTv,, (bottom-left) Df — Xetv,, and (bottom-right) A} — Xet v, produced
by the fast simulation. The light blue histogram is the total distribution, and the dark blue histogram
corresponds to events with K9 mesons, Kg — 7979 decays, or neutrons in the final state. The
Elniss — Pmiss selection requirements correspond to the interior of the dashed red lines.

is placed on simulated events to estimate the sensitivity of measurements at BESIII, and
a correction is later applied to account for this requirement. It should be noted that a
measurement at BESIIIT could correct for decays with K9 mesons or Kg — 7970 decays
in the final state that are removed with this selection based on measurements of decays
with Kg — 77~ decays in the final state, which BESIII reconstructs with high efficiency
and good momentum resolution. Contributions from neutrons, primarily in A} decays,
can similarly be corrected for assuming isotopic symmetry? based on observed decays with
protons in the final state.

The decay D} — 77v,, 77 — et v, is expected to pass the selection requirements at a
similar rate to signal processes, as it did in the previous BESIII analysis of D} — Xetv [26].
We suggest that it can be handled in a similar fashion in our procedure as the previous
analysis, subtracting on its contribution based off of the measured branching fraction, as
the modeling of this decay carries negligible systematic uncertainty.

The kinematic and geometric acceptance of BESIII associated with reconstructing and
identifying the positron and the Fiiss — Pmiss requirement reduce the sample size for analysis,
and sculpt the kinematic distributions of interest. The efficiency of the acceptance and
selections is approximately 68%, 53%, 44%, and 49% for the D° — Xetv,, Dt — Xetu,,

2The decay AT — netr must be handled separately.
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Figure 2. Comparisons between the generated DT distributions of the (top-left) Fy, (top-right) Mx,
and (bottom) g2, variables and the reconstructed distributions produced by the fast simulation. In
each plot, the generated distribution is shown as the dashed orange histogram and the reconstructed
distribution is shown as the solid light blue histogram.

Df — XeTv,, and A} — Xe'v, samples, respectively. While the resolution is predicted
to be considerably worse for the D} sample, a measurement at BESIII could improve this
with a kinematic constraint on the D} candidate. Comparisons between the generated kine-
matic distributions of interest of D — XeTv, decays and the corresponding reconstructed
distributions produced by the fast simulation are shown in figure 2.

After the selection requirements are applied, the event-by-event difference between
reconstruction and generated variables exhibit a clear core resolution with a tail due to
missing particles in the reconstructed X system. The effects of the BESIII resolution can be
corrected for with a calibration procedure similar to refs. [33, 34]. The distribution of the
difference of the reconstructed and generated ¢2, referred to as Ag?, is shown in figure 3,
where all discussed selections have been applied.

The differentiation of inclusive decays proceeding through ¢ — s and ¢ — d transitions
can be achieved by identifying the total strangeness of the hadronic system X. This can be
determined from the number of observed KT mesons, K3 — 777~ decays, and A — pr~
decays with high efficiency. It should be noted again that the requirements on Eiiss — Pmiss
suppress contributions from decays with Kg mesons, other Kg decays, or neutrons in the
final state, but that this can be corrected based on the observed decays with reconstructed
Kg — 7r~ and proton candidates. Estimates of the capability of ¢ — s-tagging is shown
in figure 4. The residual contribution of events where the strangeness of the final state is



o N 16000
6000 D’ — Xe'r,
14000 -
2 5000 a
S < 12000 4
S S
— 4000 -~ 10000
3 3
o o
= 3000 4 = 80007
3 3
= =
§ g o000
5 20004 &
4000 4
10004
000 2000
] 04
100 075 —050 —0.25 000 025 050 075 100 100 —075  —050 —025 000 025 050 075 100
Ag? (GeV?) Ag? (GeV?)
500 160 4
Df = Xety, A — Xetv,
s 140 4 ¢
., 400+ o
— — 1204
> >
S S
— 300 < 1001
o o
s S w0
~~ ~~
2 2001 2
15 £ 60
> >
w w
40
100 -
204
| 0
100 -075  —050 —0.25 000 025 050 075 100 100 -075  —050 —0.25 000 025 050 075 100
A (GeV?) Ad® (GeV?)
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light blue, the contribution of events with K9 mesons and K g — 1970 decays in the final state is shown
in dark blue, and the true distribution of events passing selections shown as the dashed green histogram.

misidentified (responsible for the large contribution of misidentified events in the ¢ — d
distribution) could be determined through a simultaneous template fit of the Mx distributions
for the ¢ — s-tagged sample and the ¢ — d-tagged sample.

2.2 Systematic uncertainties

The size of systematic uncertainties in BESIII measurements of the differential spectra due
to detector modeling are estimated by varying the assumed reconstruction resolution and



the reconstruction and particle identification efficiencies within their stated uncertainties
and repeating the procedure described in section 2.1. The calibration procedure described in
section 3 depends on the branching fractions that are assumed for the component exclusive
branching fractions. Alternate spectra are produced based on the measured uncertainties of
the exclusive branching fractions included in the fast simulation and checked to determine
the magnitude of the dependence.

The dominating experimental systematic uncertainties are associated with the mea-
surements of the exclusive branching fractions, which are all currently limited by BESIII
sample sizes, and corrections for imperfect simulation of detector response, which are all also
dominated by the size of data control samples used to estimate the correction. As such, we
assume that the experimental systematic uncertainties of each of the measurements will scale
with the square root of the collected sample’s luminosity for data-taking scenarios possible in
the near-future. We expect this assumption may not hold for samples larger than the currently
collected D° and D+ samples estimated in table 1 or samples ten times larger than the listed
DY and A. samples that could be collected at a proposed Super-Tau-Charm Factory [48].

2.3 Background contributions

While we consider all foreseen detector effects on reconstructing and identifying signal
events in the fast simulation, we do not consider possible contributions from backgrounds.
Backgrounds will arise from the tag-side hadron being misidentified, the lepton candidate
being a misidentified hadron, and contributions from e*e™~y Dalitz decays of light mesons
produced in the final state of charm hadron decays. The first category can be handled
in a similar fashion to the inclusive semileptonic beauty measurements at Belle and Belle
IT [33, 34]. The second category can be handled through a weighting procedure, where
particle identification observables are used to weight the observed sample. The third and final
category can be corrected for with a similar procedure to previous inclusive semileptonic charm
measurements [25-27], where these backgrounds are corrected for with data control samples in
which the identified lepton has opposite charge to the expected flavour of the parent hadron.
The expected impact of background subtraction on the statistical precision are estimated
from the purities observed in the previous inclusive semileptonic charm measurements [25-27],
described in more detail in section 5.

3 Calibration procedure and sensitivity of raw spectral moments

We use the simulated events to determine the raw moments of ¢?> and Ej of order n and for
a progression of threshold cuts on ¢?. This is done in a three-step procedure following the
approach from refs. [33, 34]. First, we apply a linear calibration as a function of ¢ or Ep,
exploiting the fact that the reconstructed spectral moments of the distributions of interest
are mostly linearly shifted with respect to their true values. We determine the slope ¢, and
intercept m,, of the linear calibration function via a fit to the simulated samples that solves

q?:l = (qggco - Cn) /mn ’ Eanl = (EZreco - Cn) /mn : (31>

Here the subscript ‘reco’ indicates the reconstructed moments and ‘cal’” indicates the calibrated
moments. We further derive individual calibration constants for ¢?* and E} and for each
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order n. In figure 5 we show the linear calibration function for the first ¢> moment for the
DY decay: the reconstruted and generated values are approximately linearly shifted. Second,
we correct the calibrated moments for deviations from the linear calibration function via
a correction factor derived from simulation,

Cealib = <qggn,sel>/<qggl> or <Eden,sel>/<Eanl> ’ (32)

where the subscript ‘gen,sel” indicates the generator level moments with selections applied.
Third, we correct for the selection and acceptance effect with a correction factor, also derived

from simulation,

Cgeﬂ = <ngn>/<q§gn,sel> or <E2gen>/<E€2,gen,sel> (33)

where the subscript ‘gen’ indicates the generator level moments without any selections or
acceptance effects imposed. Both Ccait, and Cgen are determined for each ¢? threshold and
shown in figure 6. The Ceayp factors range between 0.97 and 1.03 for the (¢*") and are very
close to unity for the (E}). The Cgen factors range between 0.75 and 1.00 for both (¢*") and
(E}'). The origin of these large factors are decays that are only partially reconstructed due
to the presence of e.g. K1, and are rejected by the |Eniss — Pmiss| > 0.5 GeV selection (cf.
figure 1). In figure 6 we show the calibration factors for the first ¢ moment for the DY decay
at different thresholds qfh. Both Ceatib, and Cgen exhibit a similar behaviour among the four
decays considered. A more detailed discussion on the linear calibration functions and the
multiplicative calibration factors can be found in appendix A.
Applying all outlined calibration steps, we determine the spectral moments via

<q2n> = Z Qizgal X Ccalib X Cgen ) <Eg> = Z EZi,Cal X Ccalib X Cgen ) (34>
% A

with ¢ denoting a given event. The absolute precision, including both statistical and systematic
uncertainties, that can be achieved for the moments based on our simulation outlined above
is listed in table 2 and shown in figure 7.
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4 The heavy quark expansion for charm

4.1 Theoretical framework

The setup of the Operator Product Expansion (OPE) for inclusive D — X /v, decays differs
from the standard, well-established setup for B — X ¢y decays due to the hierarchy between
the charm-quark and light-quark decay products. In the latter case, the ratio m./my is
fixed when setting up the OPE. However, for D — X and D — X decays, the s and
d quarks need to be integrated out at their respective scales. This introduces four-quark
operators (weak annihilation) (see e.g. [17, 49] for a detailed discussion). As such, the OPE
used to describe charm decays resembles more that of the B — X, /i, case. The setup
of the HQE is such that the hadronic parameters depend on the mass of the initial state
meson. Therefore, the hadronic matrix elements differ between charm and beauty decays,
but also between Dy and D decays.

From the theoretical side, extracting the HQE element from data requires the OPE
expressions for the spectral moments at certain order in the Aqcp/m. and o (m.) expansions.
Here we follow the approach of ref. [13], which set up the HQE as an expansion in both
Aqcp/me, as(me) and mg/m. for the ¢ — s transition. The ¢ — d expressions can be
obtained by taking m,; — 0.

In the following, we only work up to order 1/m3, although the 1/m? terms are also
known [13] and could be included in a future analysis. We define the hadronic matrix elements
X for the two-quark operators following [13, 35, 36|

2mpX = (D|O¥|D), (4.1)

where equivalent expressions for Dy or A, can be written. The matrix elements are then?

2mpu’ = (¢,(iD?%)c,) (4.2)
2mpud = (¢,(iDa)(iDg)(—ic®?)c,) (4.3)
and at order 1/m3
dmipls = 3 (e {(iDa), [ivD, iDs]} (~io™)cy) (4.4)
amppd = %@ ((iD,0), [ivD,iD"]] ) (4.5)

where we have omitted the initial state D mesons for simplicity but note that the matrix
elements depend on the initial state meson. In addition, unlike in the setup for B — X,
inclusive decays, the four-quark (weak annihilation) operators remain in the OPE. Following
ref. [13], we define

2mpTi(pwa) = (D|OM|D), withi=1,2. (4.6)
where pwa is the weak annihilation scale. At order 1/m? only two operators contribute

01 = (EU}éPLS) (EjﬁPLCv),
Oz = (e Prs) (5y,Prcy). (4.7)

3These are defined in the reparametrization invariant (RPT) basis. See [35] for a conversion to the spatial
derivative basis.
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The weak annihilation operators 77 and T mix under renormalization with the Darwin
term [17, 49]. This introduces only one new operator [13]

Cc

2
70 = 12872 (T} — T») + 8log (‘2‘?) 0. (4.8)

We note that our setup, which follows [13], differs from [14, 16, 28] due to the three expansion
parameters that we employ and through the definition of the four-quark operators given
above. In the latter, the WA matrix elements are named Bwa. Specifically, our expressions
differ in the non-logarithmic terms from those of b — ¢ due to a difference in the matching
of the two-quark operators for the ¢ — s transition. This subtle point was discussed in [13]
and overlooked in [14, 16, 28]. In addition, converting 79 to Bwa also requires setting the
scale pwa, which in [16] was set at puwa = 0.8 GeV.

The operators 77 and Tb discussed above are non-valence Weak Annihilation (WA)
operators, which do not depend on the flavour of the spectator quark. For D° decays, only
non-valence WA contributes, however for D, and D' decays the valence WA also enters
weighted by the relevant CKM factors (see expressions in section 6 of [13]). These operators
are defined through (4.7) by replacing s — ¢, where ¢ is the valence spectator quark. The
non-valence WA contribution is similar for D° and D* but differs for Dy decays due to SU(3)
breaking effects that also affect the other HQE elements. The valence and non-valence WA
could be disentangled by measuring the WA parameters, 7, from DY, D* and Dy decays [17].
It is important to extract these WA parameters from inclusive charm decays as they form
a crucial input into the DY, DT and Dj lifetime calculations.

The WA operators have been obtained from the total rates in [14]. In [16], the CLEO
inclusive charm data were converted to lepton energy moments and used to extract both
the non-valence and valence WA operators. As discussed above, their setup differs from [13]
employed here, making it more challenging to disentangle the effect of the logarithmic p?,
terms and the WA effects. Moreover, ¢> moments are currently not available. As such,
redoing the extraction of WA combined with the first extraction of the other HQE parameters
in charm would be beneficial. There is also quite some progress in determining the HQE
elements directly from lattice QCD calculations [50-53]. In the future, it will be intriguing
to compare extractions from data with the lattice calculations.

In order to extract the HQE parameters, we define the moments of the spectrum as

M, = rlo / (M)";TZ dM | (4.9)
where M is the lepton energy E; or the dilepton invariant mass ¢> and Iy is the tree-level
normalization factor. In the current work, we only consider lepton energy and ¢> moments.
The latter have the advantage that they are reparametrization invariant (RPI) observables
that depend on a reduced set of observables. Specifically, p%s and p2 do not enter the ¢>
moments [13, 36]. The integration limits are over the allowed phase space depending on the
employed kinematic thresholds on the lepton energy or ¢?. Here we work with normalized
moments defined as

Mn

() = (4.10)
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These moments can be converted to centralized moments, which are customary to use
B — X v, analyses (see e.g. [5, 6]). For our exploratory study, we however fit the raw
moments as defined in (4.10). The expressions for the lepton-energy and ¢ moments at tree
level are given in [13]. For the A. decays, the expressions are similar to those for the D
decays, except that all o - G terms cancel due to the spin structure and thus M2G and p3 g do
not contribute. In the following, we consider moments up to n = 4. We note that especially
these higher order moments are very sensitive to the HQE parameters and would suffer from
larger theoretical uncertainties due to neglected 1/m? HQE parameters.

Finally, using information on the total decay semileptonic width allows for an extraction
of [Vog@al- At leading order in as, we have

LD = Xot) 2 M — 1 ne b, T
—_ = —(1-8p—1 1 -2 C —2-8p) ¢ +6: 24+ = (411
= (1-8p—100%) g | (280 S 6 (4)

where p = (ms/m.)? and Ty = GZm3|Ves?/(19273) and equivalent for D — X, decays by
putting p — 0 and replacing |Ves| — |[Veql.

4.2 Theory challenges

For a precision determination of the HQE parameters in charm, the setup of the HQE
for charm at leading order in «a does not suffice due to the large value of the strong
coupling constant at the relevant scale m.. Practically this means higher-order « corrections
should be included, while getting a reliable estimate for the missing higher-orders in ay is
challenging. Clearly, a simple scale variation (often done for B decays) would render much
larger uncertainties. For charm decays, o, corrections for ¢ and lepton energy moments can
be obtained from [54] which uses an expansion in § = 1 — /p with p = (mq/mq)? for the
mgq — my transition. For massless quarks, the a; corrections can be obtained from [55] for
¢*> moments. For the lepton energy moments in charm decays, [16] implemented the a2 BLM

corrections obtained from [56] for different lepton energy threshold cuts. For the total rate,

2

2 corrections are available [57]. To our knowledge, for ¢ moments, no dedicated calculations

o
for ¢ — s transitions are available. They could be obtained by adapting existing calculations
for inclusive b — ¢ semileptonic transitions. For the latter, the full o corrections to the ¢?
moments were recently obtained [58]° For the lepton energy moments, non-BLM corrections
are only known for B decays for fixed m./my, masses and for several kinematical cuts [59]. In
addition, for b — ¢ decays even the a2 corrections to the total rate and kinematic moments
without any kinematic cut are available [3, 54].

In addition to the NNLO (or higher) corrections, a short-distance mass scheme for
the charm quark is required to avoid the bad perturbative behavior of the pole mass. In
B — X, decays it is customary to use the kinetic mass [60, 61], which relies on a cut of
Aqcp < < mg. See also refs. [62, 63] for a discussion on different mass schemes in B decays.
For charm decays, this makes the allowed window for u rather small. Refs. [16, 28] use the
kinetic scheme for charm with p = 0.5 GeV, however, as discussed in [35] (see also [14]), it

“Technically, we first have to split off the spatial and time derivatives in pZ by converting from the RPI
basis as uZ — (uZ)* — pb/me — pig/me. We can then set (u%)* and p? g to zero.
5Slightly before that the BLM corrections for the ¢ moments were calculated [6].
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remains to be seen if ;1 ~ 0.5 GeV is sufficiently away from Aqcp. Alternatively, one could
employ the MS scheme at y = mg [64], although it has been argued that this scheme is
less suitable for decays of the b and ¢ quarks given that the typical energy release is much
lower than mg [65]. In ref. [14], the perturbative series of the 1.5 [66, 67] and PS scheme [68],
finding a reasonably well behaved series for the former.

In order to set up a full charm semileptonic program, a suitable charm mass scheme
should be investigated further. This also applies to the HQE parameters themselves. In the
B — X lv, analysis, the kinetic scheme for the HQE parameters is also employed. This kinetic
scheme change introduces additional perturbative corrections that multiply the coefficients
of 2 and p?jj. The effect on the four-quark parameters 79 remains to be investigated. In
addition, this kinetic scheme change of the HQE parameters suffers from the same issue
as the kinetic charm mass definition.

As such, the dedicated experimental program in inclusive charm proposed here should
be combined with detailed theoretical study of the perturbative corrections to inclusive
charm decays.

5 Towards an extraction of the Darwin and other HQE operators

To check the future potential of an inclusive charm program at BESIII, we perform an
exploratory study and analyze the ¢ and E, moments. Given the theoretical challenges
described above, we consider only the achievable experimental uncertainty on the extracted
HQE parameters. Our sample data contains {D°, D, Dy, A} — (Xs + Xg)lv decays. As
discussed, in the future these samples could be separated as is done for semileptonic B — X,
versus B — X, decays. For this first study, we neglect the ¢ — d contribution in the
theoretical expressions for simplicity. In addition, we correct for the lepton energy acceptance
when applying the Cgen factor, so that the measured moments have only the quoted qtzh
threshold selections applied.

Specifically, we work up to order 1/m? in the HQE and only include ay corrections. It is
customary to include an additional theoretical uncertainty due to excluded higher orders in
the HQE (and «, expansion) (see e.g. the discussion in [6]). We do not include any theory
uncertainties in the fit, as the aim of our work is to determine the experimental feasibility
of such measurements. Estimates of the theory uncertainties requires a dedicated program
addressing the challenges detailed above We also do not consider any external inputs for
the ,uQG parameter which can in principle be linked to the mass difference of the initial state
and its first excited state.

For the strange quark mass, we use the 2 4+ 1 + 1 Lattice QCD FLAG averages [69-73]

ms(2 GeV) = (93.44 £ 0.68) MeV . (5.1)

As discussed, the choice of the charm-quark mass definition is more challenging. Since
our aim is to get an estimate for the attainable experimental precision only, we do not discuss
in detail the different mass schemes for the quarks. For our study, we use the MS definition,
obtained from 2 + 1 + 1 Lattice QCD FLAG average [69-74]

e (M) = (1.280 + 0.013) GeV . (5.2)
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We treat both masses as external inputs and fixed parameters. We note that this choice gives
rather large ag corrections, although the convergence of the series can only be checked by
including higher order terms in «,. Comparing to the kinetic scheme with u = 0.5 GeV and
mXi" = 1.4 GeV, we find that the o contributions for the lepton energy moments are smaller
for the kinetic scheme. Its contribution is further reduced by including also the scheme
change of the HQE parameters (as done in [16]). For the ¢ moments, we however observe
large a5 corrections in the kinetic scheme when including the perturbative contribution to
p3D, which should be investigated further. Alternatively, m. and mgs/m. could be obtained
from the fit (see discussion for B — X, decays in [75]).

For the coupling constant, we use
as(m.) = 0.386, (5.3)

obtained from RunDec with ny = 3 active flavours [76-78]. Recently, [28] used the inclusive
charm branching ratios together with input for the HQE parameters from the B — X (i,
decays to extract as employing the kinetic scheme for the charm mass. Our input value
is in good agreement with the value extracted in that way. In a similar way as in [28],
a future moments analysis could also allow the determination of the value of the strong
coupling constant directly from the data.

The fit is performed in the following way: we define the y? function as
X2 - XQ(Mgmru%?p?)Dap%SaTO)ﬁv (5'4>
depending only on the HQE parameters up to O(1/ mg) and the weak annihilation coefficient
70- The experimental data used in the fit are the fully inclusive (g3 = 0GeV?) (¢*") and
(E}) moments with n = {1,2,3,4}. We take into account the full statistical and systematic
covariance between the two sets of spectral moments and the different orders. We perform the
fit to the simulated data, construct an Asimov data set [79] based on the fit result, and refit
the Asimov data to determine the experimental precision. To take into account backgrounds
from wrongly reconstructed tags, the statistical uncertainty is scaled by 1/ VP, where P is
the estimated purity based on the previous BESIII inclusive semileptonic analyses [25-27].

The resulting estimates on the attainable absolute uncertainty on the extracted HQE
parameters are given in table 3 and shown in figure 8. We obtain similar uncertainties
when using m, in the kinetic scheme. These estimates show an excellent experimental
precision and highlight the feasibility of the suggested program at BESIIL. In particular,
the experimental uncertainty on the p3D extraction looks very promising. The precision on
,u2G may be further improved by putting an external constraint from the mass splitting. As
discussed, the uncertainty attainable on the weak annihilation parameter 7y is challenging to
compare with the previous extraction in [16] due the mixing with p?’D. A simple conversion
based on the phase-space factors allows an estimate of the improvement. We find over a
factor of two up to an order of magnitude improvement. In [16], the WA parameters were
found to be consistent with zero. It will be important to determine if they remain consistent
with zero even with improved precision. For the A. decays, no HQE parameters have been
extracted before. For pis, which is only constrained through the lepton energy moments,
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[ e P Pls 0
DY 214 291 14 375 66.1
Dt 85 45 03 6.7 5.3
D, 945 101.1 3.1 929 944
A, 50.8 2.8 86.1

Table 3. Estimated absolute precision x10% on the HQE and weak annihilation parameters in the
four decays considered from the simulation described in the text. The quoted uncertainty includes
all systematic uncertainties considered, and a more detailed separation into individual sources of
uncertainties can be found in the text.

we note that this parameter has only a small prefactor. Due to RPI, it does not enter the
¢*> moments nor the total rate.

Comparing with the relative uncertainty on the measured moments in figure 7, we note
that moments of the Dy and A, modes are determined least precise. This is also reflected
in the estimated precision on the extracted HQE parameters. We highlight the excellent
prospects for the extractions from DT decays due to its large branching fraction. We note
that the inclusion of a2 corrections or a different mass definition would shift the central
values of the theoretical expressions and might also affect the absolute uncertainty on the
extraction. A similar note holds for including a theoretical uncertainty, which allows more
flexibility for the fit to accommodate the measured moments. As such, the exact values
of the estimated uncertainties should be taken with caution and mainly identify points of
improvement for a future experimental analysis.

The uncertainty budget of the D, D, D,, and A, is given in tables 4, 5, 6, and 7,
respectively. In each decay mode, the statistical uncertainty can be improved with a larger
BESIII data set, and the calibration uncertainty (labeled as ‘MC stat.)) can be improved with
increases in the integrated luminosity of the simulated data set. The track reconstruction
efficiency is also a leading uncertainty. We stress that the Dg and A, modes specifically would
benefit from more precise measurements of the exclusive branching ratios. We show the
evolution of the precision estimates in figure 9, where we assume that all uncertainties will
scale with the square root of the integrated luminosities and that BESIII will keep 40 times
the integrated luminosity for their simulation with respect to the recorded data. Increased
samples of D; mesons and A, baryons at BESIII would allow for competitive precision on
the HQE parameters for all four flavours of charm hadrons.
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pioopdko oY plg

Full 214 29.1 14 375 66.1
Stat. 92 59 02 9.6 109
MC Stat. 14.7 164 03 226 27.1
€track. 16.1 268 1.2 329 620
Ttrack, 02 02 00 03 03
€K0 1.8 0.8 00 16 0.9
oK 00 00 00 00 0.1
€y 07 08 01 1.1 17
O 03 01 00 01 09
PID 00 01 00 01 0.1
B(D° — K tw) 51 6.0 0.0 81 9.6
B(D° — K*{v) 41 34 06 87 210
B(D® — K~ lvy) 36 45 02 54 5.0
B(D° — p~tvy) 6.0 126 0.7 134 30.1
B(D° = (K7)s_wavelve) 68 56 0.1 9.1 8.9

Table 4. Absolute uncertainties on the HQE and weak annihilation parameters for the D° channel.
A description of the systematic uncertainties can be found in the main text. The values are multiplied
by x103.
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Wr wg Ph pls T

Full 85 45 03 6.7 5.3
Stat. 50 08 0.1 33 1.6
MC Stat. 31 14 01 20 27
Etrack. 23 29 02 36 1.1
O track. 02 0.0 00 0.1 0.1
€Ky 32 17 01 21 1.9
oK 01 01 00 0.1 0.0
€ 15 09 00 09 09
o, 05 02 00 03 1.1
PID 0.0 00 0.0 00 0.0
B(D — 1/ tyy) 04 01 00 05 1.1
B(Dt — nlvy) 14 03 01 14 22
B(Dt — K* () 26 06 00 17 05
B(Dt — K~ () 22 09 01 22 05
B(DT — wlyy) 06 09 01 02 09
B(Dt — n () 16 1.3 00 05 23
B(DT — p~luy) 09 1.1 01 13 0.7
B(Dt — (K7)g—wavelve) 41 18 00 1.5 1.3

Table 5. Absolute uncertainties on the HQE and weak annihilation parameters for the D channel.
A description of the systematic uncertainties can be found in the main text. The values are multiplied
by x103.
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proopkooph e

Full 945 101.2 3.0 92.9 944
Stat. 346 9.6 0.6 28.6 18.0
MC Stat. 256 25.8 1.1 21.3 154
Etrack. 225 281 1.0 276 21.1
Otrack. 84 101 05 56 4.2
€0 80 69 02 67 121
) 86 101 05 57 4.2
e 79 43 02 112 24
oy 102 79 06 88 7.1
PID 86 10.0 0.5 57 4.2

B(Ds —n'lv)) 542 98 02 278 106
B(Ds — nlvy) 333 903 23 610 86.5
B(Ds — folv)) 144 33 02 86 3.1
B(Ds — K*fv;) 302 210 10 308 59
B(Ds — K~ fv;) 348 128 02 26.7 155
B(Ds — ¢fvy) 334 196 02 362 238

Table 6. Absolute uncertainties on the HQE and weak annihilation parameters for the D, channel.
A description of the systematic uncertainties can be found in the main text. The values are multiplied
by x103.
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2 3
Mo PD 70

Full 50.8 2.8 86.1
Stat. 37.0 14 46.1
MC Stat. 27.6 0.9 244
€track. 7.2 0.6 174
Otrack. 7.4 0.3 10.0
€KY 7.2 0.3 9.8
IKY 69 03 98
€y 44 02 6.3
oy 6.0 0.1 438
PID 72 0.3 9.8
B(A. — A'K’fy) 186 1.5 46.8
B(A. — Awy) 10.3 0.7 17.2
B(A. — nPlwy) 16.0 1.6 51.3
B(A, — X0700) 77 04 171
B(A. — pTKfty,) 153 1.4 408

Table 7. Absolute uncertainties on the HQE and weak annihilation parameters for the A. channel.
A description of the systematic uncertainties can be found in the main text. The values are multiplied
by x103.
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6 Outlook

As demonstrated, a future program of the study of inclusive charm decays at BESIII is
extremely promising. Such a program will improve measurements of the lepton energy
moments and allow for the first determinations of the reparametrization invariant ¢ moments
of the kinematical spectrum of D°, D, D, and A, inclusive decays. This opens the way for
studying the HQE for the first time in baryonic decays and making a direct comparison
between different initial state mesons. Our analysis shows that such a measurement program
is achievable, and furthermore highlights how the measurements could further improve. The
DY and A, measurements have particularly strong prospects for improvement with more data.
We have performed an exploratory analysis of the estimated moments, obtaining a
promising attainable precision on the {u2, u2, p%, p3 o} HQE elements and the important
weak annihilation 79 parameter. The precision on the extracted HQE parameters could be
further improved by analyzing moments of the spectrum at different kinematic cuts on the ¢?
or lepton energy, in a similar fashion to the B — X fU, analysis. In addition, moments of
the hadronic invariant mass Mx could be studied. For this work, we extracted normalized
raw moments of the spectrum. In a future analysis, it would also be interesting to compare
the theoretical or experimental benefits of normalized raw versus centralized moments.
Combining the extracted HQE elements with measurements of the inclusive branching ra-
tio allows for the extraction of |V.s| and |V,4| for the first time from inclusive decays. The latter
requires separating the ¢ — s from ¢ — d transition, which as outlined seems feasible in a future
analysis. Using the determined HQE parameters, we obtain an experimental precision for |V_g|
of 3.3% for D° and DT (with a branching fraction uncertainty contribution of 1.1% [25]), and
3.8% for D (1.3% due to the branching fraction [26]). Given the long-standing puzzle between
inclusive and exclusive |V], it would be charming to obtain inclusive |V, s| and |V 4| from data.
The HQE parameters have been extracted with good precision from semileptonic B — X fv de-
cays, but have never been studied in inclusive charm decays. Extracting the HQE parameters
with high precision requires improvements in theory. At minimum, the NNLO and possibly
N3LO corrections should be included, and a consistent charm mass definition should be em-
ployed. This would then allow for the establishment of a theoretical framework analogous to
that used in B — X fiy decays. In the future, this framework could be merged with the open-
source package Kolya which provides theoretical expressions for inclusive B decays [80, 81].
Comparing the HQE parameters among the different charm species will provide the first
test of SU(3) flavour symmetry within the HQE and allow valence and non-valence weak
annihilation parameters to be separated. Whether or not a HQE analysis of the experimental
moments converges will provide an additional and valuable experimental test of the validity
of the HQE for charm. Moreover, comparing the HQE parameters between beauty and charm
allows for a further test of non-perturbative QCD among different generations. In the infinite
mass limit, the HQE parameters in beauty in charm are equal, but in the standard HQE
approach they depend in a non-trivial way on the mass of the initial decaying hadron. In
refs. [13, 16], the difference between beauty and charm elements is estimated. With the
outlined program, these relations can be tested with data.
In addition to these comparisons among different quark species, determining the HQE
elements themselves is important as they enter the theoretical predictions for charm lifetimes.
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Furthermore, the weak annihilation parameters also enter B — X, 4¢¢ and B — X, (i,
predictions. In this way, the envisioned charm program reaches across different families and
would allow for compatibility checks between hadron sectors within the Standard Model.
There is a grandeur in this view of semileptonic decays.
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A Calibration

The linear calibration functions for the first, second, third, and fourth ¢?> and E, moments
of D°, D, D} and A? are depicted in figures 10-13. The corresponding Ceayn and Cgen
corrections for all four states factors are depicted in figures 14 and 15.
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Figure 10. D raw moment calibration.
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Figure 11. DT raw moment calibration.
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Figure 15. Cge, calibration factors.
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