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1 Introduction

Finite volume effects are one of the major sources of systematic uncertainties in modern
lattice QCD computations. A primary task in lattice QCD is to evaluate the so-called finite
volume corrections (FVC). Especially when Monte Carlo simulations are performed with
pion mass close to its physical value, the size of FVC becomes large. Therefore, proper
treatment of finite-size effects has been of crucial importance in the precise extraction
of physical results from Monte Carlo data. Even though lattice data for a quantity of
interest are not available for the time being, it is still important to estimate the size of
FVC so as to choose an appropriate lattice, in which the unwanted finite volume artifacts
are suppressed. Finite volume effects are also significant in their own right and imply a
few interesting physical origins. As pointed out by Liischer in ref. [1], for a stable particle,
finite-size effects may result in a mass shift, which can be physically interpreted as the
existence of a cloud of virtual light particles around it.

In practice, a systematical and popular tool to evaluate FVC is the chiral perturbation
theory (ChPT) [2—4] at finite volume. It was proposed, by Gasser and Leutwyler in refs. [5,
6], that it is feasible to do FVC calculations in the so-called p-regime by using the chiral
effective Lagrangians constructed in the infinite volume. For a brief review, see e.g. refs. [7,
8]. The merit is that the obtained FVC results depend both on the finite spatial extent
L and on the pion mass M, and hence can be utilized to perform chiral extrapolation
(my, /d = mZ%S') and also themodynamical extrapolation (L — oo) of lattice data. Based
on ChPT, there accumulate a multitude of works concerning finite volume calculations,
e.g., masses [9-12], decay constants [13, 14], nucleon electric dipole moments [15], scalar
form factor in K3 semi-leptonic decay [16], etc. Very recently, FVC to forward Compton
scattering off the nucleon has been derived in the framework of manifestly covariant baryon
ChPT [17]. In particular, two-loop sunset integrals in the finite volume are computed for
pion mass and decay constants in refs. [18-20]. A package for numerical computation of
the one-loop tadpole and two-loop sunset integrals is realized in ref. [21].

On the other hand, the Liischer formula [1] provides an alternative approach to cal-
culate FVC to masses. Its application to the study of the FVC to the masses of pion,
nucleon and heavy mesons can be found in refs. [22-24]. In this method, the FVC of the
masses are related to the forward scattering amplitudes which, in the low-energy region,
are obtainable from ChPT. The advantage of the Liischer formula lies in that the leading
exponential term exp(—M L) in the finite-volume dependence can be easily estimated [1].
It was shown in ref. [23] that an input of a tree-level ChPT scattering amplitude can re-
produce the one-loop FVC result evaluated in ChPT at finite volume. Nevertheless, the
Liischer approach fails in generating exponential terms beyond leading order. A resummed
version of the Liischer formula was advocated in ref. [23] to restore the subleading expo-
nential corrections. Besides, a Liischer-formula-like asymptotic expression was derived for
the study of decay constant [25]. In a word, the feasibility of the Liischer formula approach
is rather limited. Hence, in many cases, one is often suggested to prefer the method of
ChPT at finite volume, as introduced in the preceding paragraph.



However, the calculations of FVC within the framework of ChPT at finite volume are
tedious. Complexity has already taken place in the one-loop analyses, see e.g. refs. [9—
11, 13-17]. As far as we know, automation of the one-loop calculations of FVC is still
unavailable. Even worse, expressions of the results for a given quantity might be different
in form. Namely, a shift of the integration momentum in the integral or an inversion
of the direction of the momentum in the loop graph would lead to different forms of
analytical results, although the corresponding numerical result keeps the same. It should be
mentioned that the analytical outcomes are usually expressed in terms of Bessel functions.
In principle, one is able to translate them into a unique form by employing the recurrence
relations of the Bessel functions, but the procedure is often intricate. The above-mentioned
issues actually are due to the lack of a unified description of the one-loop tensor integrals
in a finite volume. In this work, we intend to fill this gap.

In the infinite volume, it has been standard to express one-loop tensor integrals in
terms of Lorentz-covariant structures multiplied by Lorentz tensors L#1#F of rank P,
which are composed of metric tensors and external momenta; see e.g. refs. [26-29] for
details. Unfortunately, the decomposition does not hold true for the integrals in a finite
volume any longer. The main difficulty is owing to the un-welcome occurrence of an
extra vector [* = (0,nL) = n*L with n € Z3, in addition to the external momenta and
metric tensor. This vector is introduced by the boundary conditions of the finite volume
V = L3 and, hereafter, n* is called the unit space-like four vector for clarity. Thus, on
top of terms proportional to the Lorentz tensors L#1"'#P in the infinite case, the results
of FVC contain pieces related to n* as well. To address this issue, we generalize the
Lorentz tensor, by incorporating the unit space-like four vector n*, to LM kP a5 shown
in eq. (2.9). With the help of the new rank-P tensor, any one-loop tensor integrals for
FVC can be decomposed uniquely. More importantly, we find that a compact formula can
be achieved for the tensor coefficients after a direct calculation using Poisson summation
formula and Feynman parameterization techniques. In fact, this formula in turn justifies
the validity of the decomposition method we have proposed here.

The reduction of tensor integrals has a long history [26, 30], but still continues to in-
trigue quite a few studies nowadays [31-33]. Generally speaking, the symmetry of Lorentz
invariance in the infinite volume allows one to reduce all tensor coefficients to the basic
scalar integrals [34]. Various algorithms have been invented to either make the process of
reduction faster or to tackle special cases concerning singularities, see e.g. ref. [32] and the
references therein. Here, it would be also interesting to investigate the reduction of the ten-
sor integrals at finite volume. Unlike the infinite case, problem arises because the Lorentz
invariance is explicitly broken in a finite volume. Such a problem can be avoided in the
frame defined by the conditions n-p; = 0, where p; are external momenta and n is the unit
space-like four vector. For definiteness, this frame is referred to as “center-of-mass” (CM)
frame throughout this work.! In the CM frame, two findings can be achieved. One is that

!Note that, since n* = (0,n) is arbitrary, the constraint n - p; = 0 leads to p; =0 for s = 1,--- ,N — 1,
where N is the number of denominator factors defined in eq. (2.1). Although the validity of the obtained
results in section 3 is unaffected, the realistic application of, e.g., reduction of the FVC tensor coefficients,
is actually rather limited, especially for N > 3.



the tensor coefficients can be indeed reduced recursively and two universal reduction formu-
lae are obtained. The other is that, in addition to the scalar integrals, the tensor coefficients
proportional to the metric tensor should be incorporated into the basis. This is a new fea-
ture of the one-loop tensor integrals for FVC, compared to the ones in the infinite volume.

Our unified formulation of one-loop tensor integrals for FVC can be easily implemented
in, e.g. FeynCalc [35-37], in future, so as to realize the automation of the calculations of
FVC to any interesting quantities at one-loop level. As a first application, our formulation
is used to compute FVC to the nucleon mass. The obtained results are concise. The
relevant result in previous literature can be reproduced. We also check that the results
with and without the Passarino-Veltman (PV) reduction are exactly the same, indicating
the correctness of PV reduction numerically.

The layout of this manuscript is described as follows. In section 2, the decomposition
of loop integrals for FVC is discussed in detail, and a general formula for numerical com-
putation of FVC tensor coefficients is derived. Section 3 comprises the PV reduction of
the tensor coeflicients in the CM frame. An example is shown in section 4 to illustrate
the application of our unified formulation. Section 5 contains summary and outlook. In
appendix A, some useful formulae we used are listed. The properties of the auxiliary ten-
sor hy, are briefly presented in appendix B. A detailed mathematical proof of eq. (3.2)
is provided in appendix C. For the sake of easy reference, some results of one-loop tensor
integrals with the number of internal propagators less than and equal to four are collected
in appendix D. Correspondingly, explicit expressions regarding the decomposition of tensor
integrals in the CM frame are shown in appendix E. Finally, appendix F comprises explicit
expressions of the one-loop self-energies of the nucleon.

2 Decomposition of one-loop tensor integrals

As already mentioned in the Introduction, ChPT allows one to perform systematic evalua-
tions of physical quantities of interest both in the infinite space and at finite volume. In the
infinite volume, high-order chiral calculations have already became standard and efficient,
benefiting greatly from the well-prepared loop integrals defined in literature [26, 29, 34]
and in some relevant packages [35-38]. On the contrary, studies done in a finite volume al-
ways suffer from tedious computations of loop integrals from the very beginning. To tackle
this issue, in this section, we are going to provide a general description of one-loop tensor
integrals at finite volume. Note that this can be achieved, equivalently, by studying the
finite-volume shifts of the loop integrals. In what follows, one-loop tensor integrals are de-
fined for FVC, and pertinent tensor decomposition of those integrals is detailed. And then,
we will derive a uniform formula for the tensor coefficients appearing in the decomposition.

2.1 Definition of loop integrals for FVC

The general form of one-loop N-point rank-P tensor integrals can be written as

TN»/M,"' HP —

(2.1)

i

1 A% kM. fkP
/(Qﬂ)leDg---DN’



where the denominator factors are defined by
DJ:[(k+p]—1)2_m§+Z0+]v Jj=1-- N, (22)

with pg = 0 and 70" being an infinitesimal imaginary part. Note that the notation of
ref. [34] is adopted to denote the individual N-point integrals: T1 = A, T? = B, T° = C,
T* =D, T% = E, ---. Furthermore, the case of P = 0 corresponds to the scalar integral,
which is conventionally denoted by TON , e.g., TO1 = Ay, TO2 = By, etc. For brevity, the
arguments of TN+ 1P are suppressed. In a cubic box of volume V = L3, the integration
over the internal momentum k should be replaced by a sum over all allowed discrete
momenta. Specifically, for an arbitrary function F(k)7 one has

dk
/ o ) — 3 ZF (2.3)

where k,, = 27n/L and n = (n1,n2,n3) with n; € Z (i = 1,2,3).2 Therefore, the tensor
integrals in eq. (2.1) at finite volume are given by

0 d
T Z/dk B Y
4 3 DiDy---Dy — iJy (2m)¥ DDy --- Dy

Here the time extent is left infinite, due to the assumption that it is much larger than

the spatial length L of the cubic box. Actually, that is the usual situation encountered in
lattice QCD simulations. The finite-volume sums in the above equation can be done by
making use of Poisson summation formula [40], i.e

1 dk ;1 k
ﬁzn:F(kn) - zn:/(%)ge FR (k). (2.5)
Then, the finite-volume tensor integrals are transformed into

dk g KUk
DiDy--- Dy’

NML N

(2.6)

where a four vector I}’ = (0,nL) has been introduced. One can notice that the term with
lr =0, i.e. n =0, in the sum represents the infinite-volume contribution, since it coincides
with eq. (2.1).

The difference between TN HL7RP and TN-#151P defines the so-called FVC, i.e.

~ Nopq .
TN, mp = ) ML ip N e (2.7)

Hereafter, we use the notation T to represent the tensor integrals defined for the calculation
of FVC. Inserting eq. (2.1) and eq. (2.6) to the above equation, the tensor integrals for
FVC are given by

1...
il k kM kHP

TN — )
D].DZ"'-DN

(2.8)

n760

2Here the discretized momenta arise from the periodic boundary conditions. For discussions on the
momenta constrained by twisted boundary conditions, see e.g. ref. [39].



Note that FVC are ultraviolet (UV) convergent and one can set d = 4. Nevertheless, the
symbol d is retained explicitly throughout this paper. It can be inferred that, due to the
emergence of the exponential piece e "#'* the results after integration over k shall depend
on the four vector [;; in addition to the external four momenta p; (j = 1,--- ,N — 1).
Consequently, the Lorentz indices pg,---,up are distributed over the p;’s, [ and the
metric tensor, which will be discussed in the next subsection.

2.2 Decomposition of the FVC tensor integrals

In the infinite volume, the tensor integrals can be decomposed into Lorentz-covariant struc-
tures, as illustrated, e.g., in refs. [28, 29]. Similar procedure of tensor decomposition can
be applied to the FVC tensor integrals.
To that end, a typical rank-P tensor is introduced,
TP — {U ppn-oon 2‘213':"{’_2,13_254 , (2.9)
s T

where n# = (0,n) is the unit space-like four vector , which is related to Ij via l,‘: = ntL.
The rank-P tensor comprises s metric tensors, r unit space-like vectors and P — 2s — r
momenta P, 1, 5 Dip_ oy, With doei1, -+ ip_gs—p € {1,---,N — 1}. Furthermore,
the curly braces denote that the Lorentz indices are assigned as follows. First, 2s out
of P Lorentz indices are distributed over the metric tensors and any pair of them are

symmetrical. Second, the n-vectors occupy r Lorentz indices from the remaining ones.
U2s+1 HP—2s—7
inst1  Pip_os_y
representative out of the P — 2s —r permutations of the indices i; is kept. As a result, the

Third, the rest Lorentz indices are assigned to the momenta p . Only one

number of terms appearing in eq. (2.9) is

by Chnss P
X Cpas = 258l (P—2s—r)

4 (2.10)

Some instructive examples are given below:

papi2- P i1 12
{pp---p ivioip — Pig Piy -

Hip2 M1 12 M1 g2
{pn 71 _pi1n +n pi17

"pi ) ( )

(2.12)

{ppn étlli,;mﬂs — pétllp.g;nu's +pﬁlnu2péi23 + nlupéifpé;s , (2‘13)

{pnn é’?mm — pﬁlnuznus + n#lpgfn% + nulnuszB , ( )

{gn}uluzm — gﬂluznm + gmmnm + guzugnm , ( )

{gpn Z1M2#3M4 — gmuz (pﬁsn“‘l + n‘“?’p#) + gmus (p/iifnm + n“2pfl4)

+ gmm (péi?nm + n’”pff) + guzus (pé%ll nt4 4+ n”lpfl“)

+ 9#2#4 (pﬁln‘u?’ + n#lpZS) + g#3u4 (pélllnm + n#lpétf) , (2.16)

{gg}MIMQMSMAL — gM1N2gM3M4 _|_g/i1,u3.g#2ﬂ4 + gM1M4gM2M3 i (217)

With the help of the rank-P tensor, one can decompose the one-loop tensor integrals
into the form as

TN:pip2-pp Z TN p-pp ’ (2.18)
n#0



with

[P/2] P—2s —

TNMLU‘Q ‘P — {ggppnn }'Ll"'llzP. j:‘N . .
L  dpio4 cip o NN -
';) TZO m; 1 R , N 7 12541"""1P 251 2s5+1 P—2s—r

s r 2s r
ip_2s—r=1
(2.19)
Here [P/2] is the floor function, which maps a real number to the largest integer less than
or equal to P/2. The hat over T indicates the dependence on the vector n. It should be

mentioned that the tensor coefficient T0 Dizssrip_2s_r

mutation of the subscripts i;’s. Thus, in practice it is usual to choose a representative with

N...n s invariant with respect to per-

the 4; indices arranged in ascending order. For instance, 6’001233 = 6’002133 and we choose
to use 6’001233 as the representative. It is worth pointing out that there are no counterparts
in the infinite volume for those tensor coefficients with subscripts “N” in eq. (2.19).

For future reference, decomposition of the FVC tensor integrals up to rank 5 are
explicitly listed below.

TN“—ZP“TNwLn“fJ{}’, (2.20)
~ R N-1 N-1
TV = g T + Y i T + > Apn VTR 4+ nn Ty (2.21)
ij=1 i=1
R N-1 R R N-1
TP =N {gp P Tons + {gn P Toon + Y PiipiT (2.22)
i=1 ivjk=1
N-1 R R
+ Z {ppn}WPTUN + > Apnn TN + 00 nP Ty
ij=1 i=1
N-1 N-1
TP = {gg} P Tioo + Y {awp}iy " Tovis + > {gpn}i™ " Thin (2:23)
ij=1 i=1
N-1 N-1
+ {gnn TR Ny + Z PPy 7T, ijkl T Z {pppn Z’;gpaﬂgkN
i,4,k,[=1 i,7,k=1
N-1
+ > {Ppnn}WPUTuNN + 3 o Ty + P Ty
ij=1 i=1
~ N-1 ~ ~ N-1 ~
TNHveee — Z {ggp}ﬁwljmTé\ofom + {ggn}wmeé\ofow + Z {gppp}%l;qmeégijk (2.24)
N-1
+ Z {gppn}wmeoong + Z {gpnn}wmeoozNN + {gnnn P T vy
7.7 1 =1

+ Z Py Py ep] vy 'ijlr+ Z {PPPP”}Z%MTUMN"‘ Z {Pppnn}%fmﬂjkzvzv

,],k,l,r 1 1,7,k,1=1 1,7,k=1
N-1
wvpoa nv poa “N
+ Z {ppnnn}y; Tz]NNN + Y {pnnnn} T vy + 0t nfnn “TANNNN -
a.] 1 =1



Obviously, once the coefficients f()]Y~0i25+1~--z‘P,2S,TN-~~N are known, all the FVC tensor
integrals are determined. In the next subsection, we will derive a compact formula suitable
for the numerical computation of the tensor coefficients.

2.3 Evaluation of the coefficients

By the application of Feynman parameterization, the right hand side of eq. (2.8) can be
rewritten as

1 Hi ... LHP
TN, hp Z/ dXN{ / (21 ];d e~ ik k k . N} , (2.25)

nA0 [(k+PN)? = M3, +i07]

where the abbreviation fol dXy =T(N) fol dzy--- fol dey_1z9 - x%:% has been used, and
x; (i=1,--- N —1) are the Feynman parameters. The Py and M%\, in the denominator
can be obtained by using the following recursive relations

’Pj+1 = l’ij + (1 — :Ej)pj , P1=po, (2.26)
Qi =2;Q7 + (1 —aj)(miy, —p)), Qi =mi — g, (2.27)
MG = Q5 + Pl (2.28)

withpo=0and j=1,--- ,N — 1.

The remaining task is to perform the momentum integration. In general, it is much
easier to do the integration in Euclidean space than in Minkowski space, due to the fact
that d-dimensional spherical coordinates can be imposed. The integral in the curly braces
of eq. (2.25) is then changed to that in Euclidean space by making use of Wick rotation,
which gives

AEE 1k Tl - el
{...}E—(_1) /(%)E -k [(kEJr;gP +EM]€,2}N_ (2.29)

Here, we define k% = (Y, E) with k0 = ik% and k= EE, same for all the other involved
momenta. One should keep in mind that now the corresponding metric tensor of Euclidean
tensor is 0, = diag(1,1,1,1), rather than g,, with signature (1,—-1,-1,-1).

To proceed, the Gaussian parameterization eq. (A.1) is used to rewrite the denominator

factors into an exponential form as

(—1)N/ddkE /OO N-1 Y E\2 E21, .
U d LML RRP [(ke+PR)*+My [ tilicks (9
S PR i A I ARGt R (2:30)

Next, we complete the square for kg in the exponential factor and shift it to kp = kg +
PE — % which yields

{} — (_1)N —ZlkP / dA)\N 1 —)\M i;\
E

ddkE - Zlk E m Zlk E wp —\k2




One notices that the domain of the momentum integral is symmetric about zero, therefore
the terms with odd numbers of kg’s vanish. Namely, only the terms with even numbers of
kp’s survive. They can be reformulated by utilizing the following identity

_ _ 1 —5\ S
KR M —  — r5. L g s (2
E E 2S(d/2)s{ } ( E) )
where (d/2)s = T'(4 + s)/T'(%) is the Pochhammer symbol, cf. eq. (A.5), and the small
curly braces are the same as the ones used in eq. (2.9). Consequently, the integrand is a
function of the magnitude of kp and the momentum integral can be performed by employing
eq. (A.4). One obtains

[P/Q] (_1)]\/'677:[]6-7)5 12

— \—) <« o0 /E‘” JEY M1 P Nfs—ﬁfl 7)\MEv277k
{ }E_ SZ;; 25(47T)d/2I‘(N)/0 dA{(SHS,_éPN PN} A 2 1g N =

)

with Py b= g—f\ — Pﬁ = % — Pﬁ. The above equation can be rewritten as

{5 SPE. . PEy. . g e
———

501”028471—d/2F r
% (7“2[’) ( 1 P—2s— r/ d)\)\N s— 1”7771 f)\MEZ i’;\, (232)

where the rank-P tensor has now been moved out of the A integral. In view of eq. (A.2),
the A integral can be readily expressed in terms of the modified Bessel functions. Further,
we change the above equation to the Minkowski space and substitute it back to eq. (2.25).
The result is

N e o ) i
TNH15 ,up_zz Z > 47rd/2F ( > /dXN{g ---PNn-~~n}

n#0 s=0 r=0

|n]2L2

% eilk'PN,CN_S_T_g( i M2, (2.33)

where K, is the modified Bessel function. The expression of Py can be explicitly written as

N-1 .
» , eN—1-Tjpr1(l—x;) for N—1>75+1
Py = Xypj, Xi= sl = a5) , : (2.34)
= 1—x; otherwise

which is obtained through eq. (2.26). One can rearrange eq. (2.33) by inserting eq. (2.34)
and get

. [P/2] P—2s - (_1)N+Pfsfr AN
VIHEP — H1p2 pp s [
2 S M) (o gp e G (3)
n#0 s=0 r=0 125+1 1
ZP 25— 'r*1

|n|2L2

1 . . .
x /0 AXNXRH X Py (P M), (2.35)

with [dXn = gy Jy v = Jo dar--- fy denoaza -2y



Eventually, by comparing with eq. (2.18) and eq. (2.19), we obtain a general expression
for the coefficients, which reads

9 (_1)N+P—8—T

T /LL ' ! 12541 tp—2s—r iLnP
2s T
N—s—r—d/2
202\ =
X < 4M?\/ ) K|Nfsfr—%|(|n|LMN) ) (236)

where My = /M3%. Here K,(Y) is the modified Bessel function of the second kind (A.2),
which possesses the property of K,(Y) = K_.(Y). It can be seen that the Lorentz in-
variance is broken by n - Py in the exponent. One can consult appendix D for the tensor
decompositions of 1-, 2-, 3- and 4-point tensor integrals up to rank 4 or 5. Explicit expres-
sions of the tensor coefficients showing up in those decompositions are shown as well.

3 Reduction of tensor coefficients

In this section, it will be shown that, e.g., in the CM frame, the tensor decomposition of
eq. (2.19) can be further simplified into a more compact form. This is achieved by promoting
the rank- P tensor to a form irrelevant to the unit space-like vector. Consequently, the finite-
volume sum over n can be done prior to the others, resulting in the n-independent tensor
coefficients. Then, we find that it is feasible to apply the procedure of PV reduction to the
n-independent tensor coefficients. General recurrence relations are obtained.

3.1 CM frame

In practice, it is usually convenient to compute FVC in the rest frame of a decaying particle
or in the CM frame of a scattering system. In these frames, the net three momentum is
zero. Here, we consider a more restricted case that

lp pi=0<=mn-p;,=0, t=1,--- ,N—1. (3.1)

Following ref. [19], the frame with the above constraint is also referred to as CM frame.
This condition can be satisfied by, e.g., elastic two-body forward scattering at threshold,
mass renormalization in the rest frame, etc.

In the CM frame, the L kP tensors with the odd numbers of n-vectors vanish. On
the contrary, terms with the even numbers of n-vectors may survive. See appendix C for a
detailed proof. Consequently, for the rank-P tensor, its dependence on n can be relieved.
This can be easily accomplished by employing eq. (C.18), i.e.

1

Z ntl ... pH2t F(n?) = m

n#0

{h---h}Hrra Z(n2)tF(n2) , (3.2)
n#0

where ds = d — 1, (ds/2); is the Pochhammer symbol and F(n?) is an arbitrary function
with respect to the module of n. Furthermore, the auxiliary tensor h,, is defined,

Py = guw — hyhy, = diag(0,—1,-1,-1), h, = (1,0,0,0). (3.3)

~10 -



Mg 1 2 3 4 5 6 7v 8 9 10 11 12 13 14 15 16 17 18 19 20
dng)| 6 12 8 6 24 24 0 12 30 24 24 8 24 48 0 6 48 36 24 24
ns |21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
Y(ng) |48 24 0 24 30 72 32 0 72 48 0 12 48 48 48 30 24 72 0 24

Table 1. The values of multiplicity up to ns = 40.

The effect of contracting a four vector with the h-tensor is to eliminate the zero-th com-
ponent of the vector. For more information on the properties of the h-tensor, we refer the
readers to appendix B. Due to the introduction of the h metric tensor, the rank-P tensor
is now irrelevant of n, enabling us to perform the sum over n in advance. Consequently,
the tensor decomposition of the FVC integrals becomes

(5] (552

==l N-a1
TN papzpp _ Ty e U T .
> 2 2 Aggpeple by L T0 i g

s=0 t=0 12541=1 e t 2s \2;-/

ip_2s—2t=1

(3.4)
where the n-independent coefficients are given by
_ 1 N
N _ 2\t mN
TG0 inai1ip_ne st NN = 3(d./2); %;0 {(” ) 100 ins1ip 20 ot NN | - (3.5)
2s 2t 2s 2t

Some explicit examples are relegated to appendix E. Because the series in the sum rely
merely on n?, the triple sum can be replaced by a single sum over ngs = n? + n3 + n3.
Nonetheless, the multiplicity of n for a given ng, denoted by ¥(ns), should be taken into
account. Therefore, one has

=N _ (=1 t AN
To...o i9s41ip_2s_2¢ NN — m Z ﬁ(ns) ng To...() i2s41ip_2s_2t N---N | (3.6)
2s 2t ns>0 2s 2t

For easy reference, the values of multiplicity J(ns) for ng < 40 are compiled in table 1.

It is worth noting that, in some regularization schemes other than dimensional reg-
ularization, momentum integration is performed with a regulator in order to avoid UV
divergences in the infinite volume. Correspondingly, at finite volume there usually exists
an upper limit for ng, see e.g. [41] for more discussions. Specifically, if a cut-off A is adopted
to restrict the momentum in the integration, the upper limit n,,x of the summation in
.

More generally, for large argument the Bessel functions in the sum of eq. (3.6) decay

eq. (3.6) is given by ny®* = Ceiling|

exponentially as

[L—
K\N_S_Qt_g|(f’3) ~ \/;e , x=+/nsLMy. (3.7)

Given that LMy > 1, the sum converges rapidly. Therefore, the sum can be truncated
at a certain value of ng, provided that a good approximation is generated for the complete
sum [22]. In another word, there is no need to sum ng to infinity in most cases.
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3.2 Passarino-Veltman reduction

As discussed above, in the CM frame only even numbers of n-vectors are left, of which every
two are replaced by an auxiliary tensor h,,. Under this circumstance, the PV reduction is
still valid [26], although the Lorentz invariance is absent. The essence of PV reduction is
to establish algebraic relations between the tensor coefficients, by means of contracting the
tensor integrals, i.e. eq. (2.1), with external momenta p;, and the metric tensor g,,. For
more details, the readers are referred to refs. [26, 28, 29]. The relations at finite volume
are more complicated.

Let us start with the simplest situation. That is to deal with the one-point tensor
integrals. It is obvious, as can be seen from eq. (2.1), that they are irrelevant to external
momenta. Therefore, they can only be contracted by the metric tensor, leading to reduction
of tensor rank and cancellation of denominators. After the decomposition equations (3.4)
are imposed, the recurrence relations can be read off by comparing coefficients,

[(d—1)+2(t - 1)]‘1&;‘11\”‘)+ [d+2s +4(t — 1)]2&_.’0&;}/ = m%;lw&;}/. (3.8)
2s 2t 2542 2t—2 2s  2t—2

Specifically, the relations up to rank 6 are given below.

dAgy + (d — 1) Ay = m2 Ay, (3.9)

(d +2)Aoooo + (d — 1) Agor1 = m3 Ago, (3.10)
(d+4)Agors + (d+ 1) Ay = midn, (3.11)

(d + 4) Aoooooo + (d — 1) Agooor1 = m3F Agooo , (3.12)
(d + 6) Agooor1 + (d + 1) Agor111 = m3 Agorr (3.13)
(d+8)Agor111 + (d+ 3) A = midi; . (3.14)

All the above relations can either be checked numerically by inserting eq. (2.36) and
eq. (3.5), or be verified by the recurrence relations of the modified Bessel functions K,(Y),
eq. (A.3).

In the infinite volume, one-point tensor integrals can be uniformly expressed in terms
of the scalar integral Ay, see e.g. eq. (3.4) of ref. [29]. It is also interesting to discuss the
analogue for the case of FVC. To that end, it can be found from figure 1 that all the one-
loop FVC integrals can be reduced to a linear combination of ﬁw with s =0,1,2,---.

2s

Thus, the ﬁo, /Ioo, Agooo, ete., can be adopted as the tensor basis. More specifically, the
tensor coefficients of one-point integrals can be expressed by

¢ B 1 .
~ B [m%]t ) ;
Ao\gs’q% - ;:6{ j=1a(j) Z [5’ 251 Hl[b(J)] }A;()S:; ) (3.15)



Ay
v'.
Agy | e Ay
\ 3 v.
Apgoo| <+ Agorp e Aqyy
V.. \ 3 v.
Apooooo | <+ Agooor1 Agorin A

Figure 1. Schematic roadmap for PV reduction of one-point FVC tensor integrals. The dashed
lines with arrows represent simplification operations by the recursive use of eq. (3.8). The coefficients
on the left, enclosed in the boxes, are regarded as tensor basis.

As for two-point integrals, the contraction of the external momentum p;, makes us
obtain the equation as

QP%B()...O 1.1 2.2 + 2€§0...0 1.1 2.2
NN =

2s  £+1 2t 2s+2 -1 2t
= (550140...0 1.1 (2) — (—1)6140...0 1.1 (1) — fQB()...o 1.1 242 (316)
~ ~ N
2s 2t 2s 2t 2s 4 2t

with fo = p? —m3 +m3. Here ﬁ(k) means that it is obtained by omitting the k-th denom-
inator in eq. (2.1). On the other hand, an extra relation can be deduced by contracting
the metric tensor, which reads

[d + 25 + 20 + 4t]§0...0 1.1 2.2 + [(d — 1) + Qt]éo...o 1ol 2.2 —|—p%§0...0 1.1 2.2
SN N =~

<~
2542 £ 2t 25 L 242 2s 642 2t
P—2-2(t+s) 2o
= (—1) ( )Ao...o 1.1 (1) + mlBg...o 1.1 2.9 - (317)
N2\ N Ny
2s 2t 2s 4 2t

Explicit relations for arbitrary rank are obtainable by just setting s, £ and ¢ to the values
as needed. For the sake of easy reference, here we show the relations for the two-point
integrals up to rank 4.

pBut g md - Bo= Do)~ S Aalmd). 318)

p2B11 +dBog + (d—1)Bay = Ag(m3)+m?2By, (3.19)

2B +l§00+%(p%+m%—m%)l§1 = %flo(m%) (3.20)
P2Bi11 + (d+2)Booy + (d— 1) Byay =m3By — Ag(m3) , (3.21)

P By +2Bo01 + 5 (03— ) By = — = Ao, (322)
P Boo + 5 0+ md —m3) Boo = 5 [Aoo(m?) ~ Aun(md)],  (3.23)

~13 -



Byooor +——Boo11—— B111n1 Bi1120—Bo122 By

Figure 2. Schematic roadmap for PV reduction of two-point FVC tensor coefficients. The solid
and dashed lines stand for the recursive applications of eq. (3.16) and eq. (3.17), respectively. The
boxed tensor coefficients are taken as the basis.

~ 1 ~ 1.~ -

piBiso + 5(]0% +mi —m3) By = > [A11(m?) — Apn(m3)] . (3.24)
p2Bii11 + (d+4) Boor1 + (d— 1) By2g = Ag(m3) +m3 By, (3.25)
p1Boo11 + (d+2) Boooo + (d — 1) Booa = Ago(m3) +m?Boo, (3.26)
p%BllQQ + (d+4)B()022 + (d+ 1)32222 = An(mg) —|—’I’I’L%B22 R (327)

. - 1 ~ 1~
p3Bi111 +3Boo11 + 5(17% +mi—m3)Bi = §A0(m§) , (3.28)

_ _ 1 _ 1~
p3Boo11 -+ Boooo + i(p% +m? —m3)Boo1 = §A00(m%) ) (3.29)

_ _ 1 _ 1~
piB1192 + Booaz + i(p% +m? —m3)Biag = 51411 (m3). (3.30)

It should be noted that some of the above relations have been given in ref. [20], though dif-
ferent notations are adopted therein. It can be found that, by solving the above equations,
the tensor coefficients of two-point integrals can be reduced to the ones with lower rank
and one-point tensor coefficients. A typical reduction procedure is graphically illustrated
in figure 2. The number of subscripts “2” is reduced by recursively utilizing eq. (3.17),
which is represented by the dashed lines in figure 2. Meanwhile, the indices “1” can be
eliminated by making use of eq. (3.16), and the corresponding procedure is indicated by
the solid lines in figure 2. In the end, only those tensor coefficients with even numbers of
“0” survive, just like the case for one-point integrals.

Likewise, the reduction of the coefficients of N-point (N > 3) tensor integrals can be
achieved recursively as well. The reduction procedure of two-point tensor coefficients can
be straightforwardly extended to the N-point cases.

— 14 —



For a given N-point rank-P tensor integral, the contraction of momentum p? ! yields
the following relationship of the coefficients

P—1-2s-2t N-1 (N—1)
2 Y 6 TY : + > 2Ty
jl’ 0---0 225+1 ,i P 1-25—2t N---N 0---0 m123+1 p_1-2s— 2tN N
r=2s+1 N~~~ S N—— m=1 ~—~ N——
2(s+1) 2t 2s 2t
5 5 FN-1 :
53123‘*‘1 " jip1 oo TO"'O,(i2s+1)j"'(iP—l—Qs—zt)J’ Nfl“'Nfl(] +1)
2s 2t
T/N—1 TN
— - . 1) — fiaT ; ; 31
0---0 125+1"""1P—1—-25—2¢ NN( ) f]+1 0---0 2s4+1""tp_1_95-2¢t N---N ’ (3 3 )
2s 2t 2s

2t

where 6;; =1 — 6,5, fj = pjg;1 - m? +m? and i, € {1,--- , N — 1}. In the first term of the
above equation, a slashed index is to indicate that the index is omitted. Here, (i,); = i,
if j > 4,, and (i,); = i» — 1 if j < 4,. It is worth noting that the above relation for FVC
is in the same form as the one in the infinite volume, given in e.g. ref. [29]. This is due
to the fact that no extra terms are generated in our case of FVC, thanks to the identity
P hyypy, = 0. The Gram matrix is defined by

2p1-p1 - 2p1-pN-1
Z(N-1) _ S : . (3.32)

2pN—1°P1 " 2DN—1°"DN-1

Besides, the contraction of gHt#2 leads to the equation

TN
[d +2s+20+ 4t]T0 0 igst1-ip_g—s—at N--N T [(d -+ 2t]Twi2s+1"'iP7272572t NN

2(s+1) 2t 2s 2(t+1)
N—
Z TO -0 nmizst1--ip_2_2s—2¢ NIV
nm:
2s 2t

=, N—1

0---0 izs+1---ip_2—zs_2tN---N(l)+m1 TO 0 12541 ip—2-2s—2t NN (3'33)

2s 2t 2s 2t

with ¢ = P — 2 — 2s — 2t.
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Figure 3. Schematic roadmap for PV reduction of N-point FVC tensor coefficients. The solid
and dashed lines stand for the recursive applications of eq. (3.31) and eq. (3.33), respectively. The
boxed tensor coefficients are taken as the basis.

In eq. (3.31) and eq. (3.33), the coefficients of the non-standard tensor integral, labelled
by a prime, can be re-expressed in terms of the ones of the standard tensor integral, i.e.,

T/N—1
Tw$i25+n+1“'iP—25—2t—n N-“N(l)
2s n 2t
n N-2 _
- (_1)n Z CgL Z T(])\']"Olil"'inLi2s+n+1—1"'7;p72372t,n—1N—1~--N—1(1) ° (334)
m=0 i1=1, \2:'/ T
im—=1

The non-standard tensor integral is defined by omitting the first denominator factor Dy in
eq. (2.1).

Schematic illustration of PV reduction of N-point FVC tensor coefficients is displayed
in figure 3. The solid and dashed lines denote the utilizing of eq. (3.31) and eq. (3.33),
respectively.

It should be pointed out that we only aim at finding out the feasibility of PV reduction
and the existence of a tensor basis for the one-loop integrals at finite volume. It is a first
attempt and has its own limitations. For instance, the Gram matrix eq. (3.32) may appear
in the denominator during the reduction procedure. Numerical instabilities could be caused
when it is small. In some special cases, the Gram matrix can even be identical to zero, and
alternative reduction approaches should be employed. See e.g. ref. [29] and the references
therein. Anyway, one can always use eq. (3.5) or eq. (3.6) for a practical calculation when
the above-mentioned drawbacks are encountered.
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Figure 4. Leading one-loop Feynman diagrams contributing the nucleon mass in baryon ChPT
with pions, nucleons and deltas as explicit degrees of freedom. The solid, dashed and double lines
represent nucleons, pions and deltas, in order. The black dots denote vertices of O(p!).

4 A pedagogic example of application

The calculation of the nucleon mass up to next-to-leading order in the chiral perturbation
theory can be found elsewhere [10, 42-44]. For the sake of easy comparison, the explicit
expressions of the one-loop self-energies, given by ref. [10], are compiled in appendix F.
Here, we are going to recalculate the FVC to the nucleon mass using the formulation of the
one-loop integrals proposed in this work. The effects of FVC stem only from loop diagrams.
Relevant Feynman diagrams contributing to the nucleon mass at leading one-loop order are
shown in figure 4. The chiral effective Lagrangians can be found, e.g., in ref. [44], and the
corresponding Feynman rules are given in ref. [45]. Our explicit expressions of the one-loop
self-energies are relegated to appendix F.

It can be seen from eq. (F.6) and eq. (F.7) that it is convenient to decompose the
self-energy of the nucleon into the form as

S(p.ot) = A+ pB+ > 9icC, (4.1)
n#0

where A, B and C are functions with respect to scalar products of the external momentum
p* and the unit space-like vector n#. The occurrence of the third term is due to the
introduction of spatial boundary conditions of the finite volume.

For diagram (a), in view of eq. (F.6), one obtains

3g2m ~ ~ ~ ~ ~ ~ ~
Ag = g4AF2N Z {SBO +2sBy + dBoo + sB11 +n% By — 2n - p [BQ + 312} } )
™  n#0

3g> ~ ~ ~ ~ ~
B, = % 3 {531 +2sBy1 + 2dBoo + (d + 2) Boor + sBi11
™ n#0

+n? |:2.§22 + Elzg} —2n-p [§2 +2B1p + §112} } ;

304 ( A ~ ~ ~ ~
Co = Zng{sBQ — (d + 2)3002 — sBj12 — n23222 + 2n 'pBlgg} , (4.2)
s
with s = p?. The explicit expressions of the tensor coefficients B can be found in ap-
pendix D. Here g4 is the axial coupling constant, F); is the pion decay constant, and my
denotes the nucleon mass in the chiral limit. The arguments of the loop functions are omit-

ted for brevity. In the CM frame, i.e. the rest frame of the nucleon, one has u(p)tu(p) = 0,
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hence the term C is switched off. In the meantime, A and B can be simplified to

.Aa = 39,24mN

5 {SEO + 2S§1 + déoo + Sén + (d — 1)322} ,
AR

3% ( ~ _ _ - _ _
B, = 4;‘3 {831 + 2s5B11 + 2dBoo + (d 4 2) Boo1 + sBi11 + (d — 1) {2322 + Bm] } - (43)

It can be seen that the tensor coefficients with odd numbers of indices “2” disappear. They
can be further simplified by making use of PV reduction,

B.(L) = —A4(L), (4.4)

where the arguments of the loop functions are now explicitly shown. Here M, is the pion
mass and L is the size of the spatial cubic box.
The same procedure can be conducted on diagram (b), which yields

B2 - -
AUE) =~ {3 B V) 0y~ M) B )
A
+>‘(m2Aam?V7M72)EO(m%V7m2A7M72raL)}a
B2 - _
By(L)= W%{A(mi,m%,Mf)Ao(mZ;L) —[(mA —M2)? —miy +4m3 M7 Ag(M2; L)
T MAMy

+4m3[Ago(mi; L) — Ao (M2 L)]

N M2 £k =M Bo(mk oA MELD) . (05)

with A(a,b,c) = a? + b? + ¢® — 2ab — 2ac — 2bc being the Kéllén function. The coupling
constant of the mNA interaction is denoted by h 4, and ma is mass of the delta resonance
in the chiral limit. As expected, only scalar integrals and tensor coefficients, with even
numbers of indices “0”, show up in the PV reduced results.

Eventually, the expression of the FVC on the nucleon mass reads

m\WC(L) = [A(L) + myB(L)], (4.6)
with
A(L) = Ao(L) + Ay(L), B(L) = Bo(L) + By(L). (4.7)

The FVC result of the nucleon mass is unique in form after PV reduction, and hence it is
portable and convenient to be used elsewhere.

In our numerical computation, the values of the involved parameters are set to be:
ga = 1.27, hy = 1.35, F; = 92.2MeV and M, = 134 MeV. For the masses in the chiral
limit, we take my = 890 MeV and ma = 1170 MeV from ref. [10]. Our results are plotted
in figure 5. The red dashed, black dotted and blue solid lines represent the contributions
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Figure 5. Left panel: FVC to the nucleon mass. Right panel: the L-dependence of the nucleon
mass with various values of the pion mass.

from diagrams (a), (b) and their sum, in order. The olive open squares stand for the
total contribution that is calculated by using the expressions without PV reduction. The
validity of the PV reduction for the FVC tensor coefficients is explicitly verified, due to
the fact that the numerical results with and without PV reduction are exactly the same,
as can be seen from the left panel of figure 5. We have also checked that our result of
diagram (a) is identical to the one calculated by employing eq. (F.3) (i.e., eq. (B27) in
ref. [10]). From figure 5, one could find that the contributions of the nucleon and delta
loops are comparable with each other, which implies the importance of the A resonance in
the estimation of FVC to the nucleon mass.

In the right panel of figure 5, the L dependence of the FVCs with various values of
the pion mass are presented. It can be found that, for a given finite size L, the larger the
pion mass is, the smaller the FVC become. Figure 5 also indicates that the effect of FVC
on the nucleon mass becomes negligible when ML 2 3.

5 Summary and outlook

A systematical formulation has been advocated to handle the one-loop tensor integrals
at finite volume in a universal way. Unlike the infinite case, an extra unit-like space
vector arises from the periodical boundary conditions in cubic volume, which makes the
decomposition of the tensor integrals cumbersome. We have addressed this problem by
incorporating the unit-like space vector in the rank-P tensor, so that a novel decomposition
form of the tensor integrals can be established for the calculation of FVC to any physical
quantities of interest. As for the tensor coefficients in the decomposition, we have derived
a compact formula for them, which is suitable for numerical computations.

In the CM frame, the tensor coefficients can be simplified to a concise form by means
of PV reduction. Two general reduction relations are obtained. When the two formulae
are applied recursively, it is found that only the scalar integrals and tensor coefficients
proportional to the metric tensors are left to the very end, which can thus be chosen as
the tensor basis.
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Lastly, an example is given to illustrate the application of our formulation, where the
calculation of the FVC to the nucleon mass is shown step by step. We have also numerically
checked that the results with and without PV reduction are exactly the same, indicating
the correctness of PV reduction at finite volume.

In summary, our formulation is useful for the calculation of FVC at one-loop level
within the framework of perturbation theory, e.g., ChPT. On the other hand, the automa-
tion of calculations of FVC often turns out to be challenging due to the necessity of working
with quantities that lack Lorentz invariance. The formulation, we have obtained in this
work, pave a path for efficient computations of FVC, as it can be easily implemented in
high-energy physics packages such as FeynCalc [35-37] in future.

Acknowledgments

This work is supported by National Nature Science Foundations of China (NSFC) under
Contract Nos. 12275076, 11905258 and by the Fundamental Research Funds for the Central
Universities under Contract No. 531118010379.

A Some useful formulae

The Gaussian parameterization is given in the form as

R T Al N SV
DN_F(N)/O DAV 1eD (A1)

with the Gamma function I'. The formula for the integration of the A parameter in eq. (A.1)
is represented by the modified Bessel functions of the second kind K, (Y") [46],

]CZ(X, Y) _ / dA)\Z—le—YA—X/)\ _2(§)2KZ<2\/ XY) (A2)
0
The recurrence relation for the Bessel functions is [46]
2z
K.n(Y)-K,_1(Y) = ?KZ(Y). (A.3)

In the Euclidean space, the following kind of momentum integration over kg is needed,

/El;fﬁl@%)se%: L Mgts) 1 <d>7 (A.4)

where (a)y, is the Pochhammer symbol with n being non-negative integers. The definition
of the Pochhammer symbol is given by (e.g. see ref. [46])

I'a+n+1)

0 (n>1). (A5)

(@o=1, (ai=a, (a)ns1=ala+1)--(a+n)=
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B Properties of the h-tensor

For completeness, the properties of the auxiliary tensor h,, in the Minkowski space are
collected in this appendix. The h-tensor is symmetrical with respect to its Lorentz in-
dices, i.e., by = hyy. In four-dimensional space-time, it reads h,, = diag(0,—1,—1,—1).
Contractions of the Lorentz indices of the h-tensor lead to the following identities:

.« Bh=d-1;
o Dy h =d—1;
. guh =d—1;
o GuhtPh¥? = h7;

° h,uz/p'u = (Oa _p) .

C Proof of eq. (3.2)

In a finite box, the rotational symmetry is broken down to the octahedral group O. Cor-
respondingly, vectors n with integer components transform under the group O as

n;=[0"(g)l{n;, g€O, (C.1)
where O71(g) is the irreducible representation matrix in a three dimensional space. The ma-
trix OT1(g) is orthogonal and the transformation keeps the length of the vectors invariant,

ns=ni+n3+n3=nf+nf+nf=nl. (C.2)

In consequence, any scalar functions of ng are invariant. It is also evident that the sum
of all the vectors in the whole space remains unchanged, since the effect of transformation
under the symmetry group O is merely rotate one vector to another in the same space.
Therefore, the following identity holds

Z ni, - -ni, F(—ng) = Z ngl .- nqu(—n’S) . (C.3)

n#0 n’#0
With the aid of eq. (C.1) and eq. (C.2), one obtains

Sy F(-ng) = 3 (107 (9))] ngl) -([oﬂ(g)]z;fnju)F(—ns)

n#0 n#0
[OTI( )] o OTl Z ng, - ng, F (—ns) - (0'4)
n#0
For convenience, one may introduce a tensor of rank u,
7;1"'% = Z Mgy - 'nqu(_ns) ) (C'5)

n#0
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Rank u Isotropic Cartesian tensors Total number N (u)
1 _ —
dij

€ijk
0ij0kt, Oikdj1, 0udjk
€ijk0lm s €ijl0km s €ijmOkl > €ikiOjm > €ikmOjl, €imOjk
0ij0k10mn > 0ij0kmOin > 0ij0knOtm » 0ik0ji0mn » OikOjmOin 15
0ik0in0tm 5 0i10jkOmn » 0i10jmOkn s 0i10jnOkm s OimOjk0imn ,
0im010kn s Oim0inOki > OinOjkOim » 0in0ji10km » OindjmOn

S Ot e W N
D W = =

Table 2. Distinct and independent isotropic Cartesian tensors up to rank 6. The total number is
calculated by using eq. (C.8).

and eq. (C.4) is simplified to
Tiviawi = [OT (DI O™ (@)1 - (O™ (@)Y Thrjoiu» V9 €O. (C.6)

The above equation indicates that the rank-u tensor 7;,,..;, is an invariant tensor under
rotations of group O, which is also called isotropic Cartesian tensor [47]. Distinct and
linearly independent isotropic Cartesian tensors up to rank 6 are shown in table 2, and the
ones of ranks 7 and 8 can be found, e.g., in refs. [47-49].

In general, as proved in ref. [50], every isotropic Cartesian tensor of even rank can
be expressed as a linear combination of products of Kronecker deltas, and every isotropic
Cartesian tensor of odd rank is given by a linear combination of products of Kronecker
deltas and an alternating tensor. To be specific, the rank-u tensor 7;,i,...;, is written as

N (u)
El Kq [eikliink35ik4ik5 e 6ik2tik2t+1:|q 5 u=2t+1 s
q:
Tivig-viu = (C.7)
N (u)
pzzjl Ap [52"“11"@2 o 5ik2t—lik2t:|p , u=2t,
where ¢t = 1,2,--- and the k’s take values in {1,---,u}. Furthermore, N(u) is the total

number of independent tensors, which can be calculated by the following formulas [48],

, u=2t+1,

(C.8)

Here k4 and ), are unknown coefficients, whose values will be determined below.
For the case of odd u, it can be seen from eq. (C.7) that, due to the presence of €, there
must exist three ¢’s which are anti-symmetric. However, in view of eq. (C.5), the tensor 7
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is totally symmetric with respect to its subscripts. Therefore, one may deduce that all the
coefficients x, should be equal to zero. Hence,

1112 241 Z Ty " Mgy ( ns) =0. (Cg)
n#0

It is worth mentioning that the above equation is also true for u = 1, due to the fact that
there is no isotropic Cartesian tensor of rank one, as can be seen from table 2.

For the case of even u, thanks to the above mentioned symmetry regarding the indices
of the tensor 7T, the coeffecients )\, are identical. Namely,

A=Ay = = Ayay = A, (C.10)
which enables one to rewrite the second line of eq. (C.7) as
Tivigerving = A® {o--- 5}11@'2...12,5 ) (C.11)

or equivalently

Z Ny -+ Ny, F(—ns) = A®) {6- --(5}2-”-2__2-% . (C.12)
n#0

Note that the notation {---} introduced in eq. (2.9) has been used. For instance,

{0}iris = diia » (C.13)
{55}ili2i3i4 = 5i1i26i3i4 + 51'11'352'21'4 + 5i1i45i2i3 ’ (0'14)
(C.15)

By contracting 6;,i,0i5is + ** Oins_yin, ON both sides of eq. (C.12), the coefficient A®) can be
obtained:

X = (2ti1)” l;)(ns)tF(—ns) : (C.16)

Substituting it into eq. (C.12), one gets

1
Z Niy =+ Mg, F(—ns) = s {0+ 5}1 g Z(ns)tF(—ns). (C.17)
o, (2t + )N e e
In terms of the space vectors n* = (0,n) and the auxiliary tensor hy, (h;; = —d;; and

huw = 0 otherwise), one can recast eq. (C.9) and eq. (C.17) into forms as

ST n# ‘--n“thlF(nQ):O, for odd number of n* |

n#0

1
> k2t F(n?) = —————— {h---h}F1H2 7120 57 (n2) F(n?), for even number of n#,
n#0 2t(ds/2); n#£0

(C.18)
with ds = 3 and (ds/2); being the Pochhammer symbol (A.5).
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D Collection of tensor integrals in arbitrary frame

In this appendix, explicit expressions for the decomposition of 1-point, 2-point, 3-point and
4-point tensor integrals up to rank 4 or 5 are listed for easy reference.

D.1 One-point integrals

The case of P = 0 corresponds to the scalar integral A, which is given by

Ay =" Ag(mi; L,m), (D.1)
n#0
with
~ 1 My
Ao(m?;L,n) = ——— " K;(|n|L =m. D.2
o(m1; L, n) 1 [alL 1(In|LMy), Mip=m (D.2)

The tensor integrals of odd ranks are equal to zero. For rank 2, the decomposition of the
tensor integral A" takes the form

AM = > {g“”ﬁoo +nfn¥ Ay |, (D.3)
n#0

with the coefficients

Aoo(m?: L,n) = 12T|2L)2K2(|n|LM1), (D.4)
/Tn(m%;L,n) = 41(|’3_2; 3(‘H’LM1) (D5)

The one-loop tensor integrals of rank 4, i.e., A‘”‘p", can be written as

Ampr — Z [{gg}wpggoooo + {gnn}° Agory + nfn¥nPn’ Ay | (D.6)
nZ0
with
Auno(rs L) = = SO iz, (0.7)
Agorn(m2: Lm) = —— ‘(/\@2 Ky(In|LM)) | (D.8)
Avna(m2: Lon) = 41<| |5; Ks(Jn|LM,) . (D.9)

D.2 Two-point integrals

The expressions of the two-point tensor integrals up to rank 4 are explicitly given in the
following. The two-point scalar integral By reads

Bo = Bo(pt,mi,m3; L), (D.10)
n#0
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where

~

1 1 .
Bo(p?,m?,m2 L,n) = 8?/0 dX2em P21 Ko (|n|LMs), (D.11)

and [dXs = fol dzi. With the help of the recurrence formulae eq. (2.26) and eq. (2.28),
Py and M3 can be obtained, which read

PQ = (1 — :pl)pl = X21p1 s (D12)
Q; = xymi + (1 — z1)(mj — pi), (D.13)
M2 — Q2 + 732 . (D.14)

For tensor integral of rank 1,

Bt = Z {p’fél + n“ég} , (D.15)
n#0

with the coefficients

. 1 /1 .
Bi(p?,m?,m3; L,n) = —7/ dX, X3emP2L Ko (In|LMs), (D.16)
. M

Bo(p3, m3, m3; L,n) = 7r2/ dXse mPQL’ i Ki(In|LMy) . (D.17)

Here X1 is the coefficient of p; in Py. It can also be calculated by using the general formula
of eq. (2.34).
For the case of rank 2,

B =% {guuéoo +php{ Bu + {p1n}* Bia + n*n"Bas | , (D.18)
n#0

with the corresponding coefficients

_ My
Buo(p?, it s L) = — b [ e P22 gy (i), (D.19)
Bi(pt,mi,m} L,n) = ﬁ/ dX5(X3)%e™ P2l Ko (In]LMs) (D.20)
M
Bua(p,m? m3: Lm) = / AXo X4 P LK (I LMo), (D:21)
Boo(p?,m?,m3; L,n) = dX it (M2)® (In|ZM>) (D.22)
1o 1161y 1102y Ly 871'2 | |2 2 2)- .

For rank 3, one has

Brve — Z [{gpl}‘wpéom + {gn}**? Booa + p’fp’fpf§111
n#0

+ {p1p1n}*? Bria 4 {p1nn}*? Bigs + n*n¥nf Bas | (D.23)
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with the coefficients
5 2 2 9
BOOl(pla my,m3; L, n)
BOU?(pla m%v m2a L n

2
Blll(pla mq, m2a L n

Bll?(plamlvaaL n) =

n 2 2 2, —
B122(p17 my,moy; L7 n) —

3222(17177”177”2,[/ n

M
/dX Xge Pt S (I LM).
in- MQ)
87T2/dX P I nlLMs).

3 zn PQLKO(‘I’ILLMQ)

/dX

in- M
87’(‘2/ dX2 )2 el |Il| 1(|H|LM2),

in (M2)2
72/ nglee P2 L ’ ‘2

mn- M
87r2/ dXpein Pl L . |23) Ks(|n|LMs) .

Ks(|n|LMs),

For the tensor integral of rank 4, we have

(D.24)
(D.25)

(D.26)

(D.27)
(D.28)

(D.29)

Bree =% [{gg}wpagoooo +{gp1p1 }*° Boowr + {gpin}**° Boora + {gnn}***7 Boozs

n#0

+ P\ DY pT Bi111 + {p1p1pin }**P? Bi112 + {p1p1nn }*P7 Brigg + {p1nnn}*P° Bigos

+n“n”nan§2222] )
with the coefficients

Boooo(p}, m$, m3; L,n) =
Boou1(p}, m3, m}; L,n) =
Booi2(p, m3, m%; L,n) =
Booo2(p?,m?, m}; L,n) =
Bllll(pla ml, m2, L 1’1
B1112(p1, m%, m2, L Il
B1122(p%,m%7m§§La n) =
31222(19%77”%»7”%3137 n) =

D 2 2 2. _
Baaaa(p1, mi, m3; L,n) =

1 1
872 / dX2€

872 / d_X2€

in- (M2)2
‘W/o dXa(X})2eim Pl A2

1 1
— [ dX
872 /0 2 [n|4

in- M 2
PQL‘( |22£2K2(|n|LM2),

M
/ dX, X2)2 m732L| |z

My)?
dX Xl ln'PQL( K
/ 2L

in-PoL (M2)3
In[*L

Ki(|n|LMy),

87-‘-2 (|n|LM2) )

Ks3(|n|LMa),

772/ AXo (X1 e PeL Ky (|In| LMs)
3 znPgL

[
Inf

Ki(In|LMy),

n|?

1 ) M
o [ axexpenra 2 e (In|LMy)

nf?
in-PoL (M2>

Ky(|In|LM>).
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Ks(In|LMz),

(D.30)

(D.31)
(D.32)
(D.33)
(D.34)

(D.35)

(D.36)
(D.37)
(D.38)

(D.39)



D.3 Three-point integrals

The decomposition of the three-point integrals up to rank 4 and the involved coefficients
are given in the following. The three-point scalar integral Cj reads

Co=>_ Co(p?, (p2 — p1)*, 3, m?, m3, m3; L,n), (D.40)
n#0
with

CO(p%7 (p2 _pl)zvpgvm%amgamg;lﬁn) = -

! n-pyr, DL
/ AXaen Pl UL pe (ni M), (D.41)
0 M

1672 3

and [dX3 = [j day [y dzows. Hereafter, the arguments of the C functions will be sup-
pressed for brevity. The P3 and M3 can be obtained by the recurrence formulae eq. (2.26)
and eq. (2.28), which read

Ps=z2(1 —z1)p1 + (1 —22)p2 = ZX:),PM (D.42)
Q2 = 2903 + (1 — x2)(m? — p3), (D.43)

For the tensor integral of rank 1, the decomposition is

2
6’“ = Z |:pr6’ + n“ég} , (D45)
n#£0 “i=1
where the coefficients are
Ai X XZ Zn'PgL‘ | L D.4
é T / d o K (mlZMs), (D.46)
Cy= 15 / AX3e PsL Ko (In] LM) (D.47)

Here, X?} and X§ are the coefficients of p; and py in P3 (D.42), respectively.
For rank 2, one has

o =3 [ #Coo + Z pp;Cij + Z{pn}’“’c 3+ nn"Ca| (D-48)
n7$0 7.7 1 i=1

with the coefficients

~ 1 1 i

0= 1oz | X PRyl My), (D.49)
167

o n- | |

= 16772/ dX3 XiXje PSLM Ki(In|ZLMs3), (D.50)

Cis = — foe / AXs X P Ko (|n|LMs3) (D51)

N M3L

Can — dXse in-PsL L ) D.52

=15 | Sl Kl (D.52)
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For the case of rank 3,

cHve — Z

n=£0 ij,k=1 ij=1
2
+ Z{pnn}f“p@gg + {nnn}“”nggg} ,
i=1
with
~ 1 ! i in-P3L
Cooi = o | dXaXien P Ky (M),
A M3
dX in-P3L LM
003 = 16” / € ‘n‘ Ki(|n 3)
A dXXXJXk znPgL’ ’ L
ijk 167T / 343 M3 1(|Il| M3)a
Aij3 — 1671-2/ ngX’ J mPsLKO ’n‘LMg)
~ MsL
Cian = / dX Xl mn-P3L L ’
133 ].6 ) ‘1’1‘ 1(‘n| Mg)
~ M
Cs33 = T6n 2/ dXs emng( \rf\) Ko(In|LMs3).

For the case of rank 4,

2
DY [{gg}wpacoooo + Z {QPP}WPUCOOZ‘J' +>_{gpn}i"" Coois
n#0 1,j=1 =1

2
+ {gnn}"*? Cooss + Z peoioipf Cijr + Y {pppn i Cijrs

0.5k, 1=1 i,j,k=1
2 R 2 R R
+ Z {ppnn}%”p”Cijgg + Z{pnnn}fVWC’ig,gg + n#n'nPn’Cssss
ij=1 i=1
with
~ 1 1 ; M3
C, :—7/ dXsem Pl "2 K (|In|L ,
0000 1672 3€ In|L 1(|n|LMs)
Conis = 15— / dX3X4X3e™ oL Jo(In| LM;)
- Ms
Cooi /dX XiemPsk LMS3),
00i8 = ~ 762 \n| Ki(|n|LMs)

_ _ mPgL(M?))
0033 167r2/ dXze n? Ks(In[LM3),

_ L inpyr B L
ik = — Tor 2/ dX3 X5 X XEX e Ps M, Ki(In|LM3),

= oo 2/ AdX3XiX] XkemPsL Ko (In|LMs3)
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2 2 2
> Agp}" Cooi + {gn}*PCoos + D PiwiiCik + Y {opn}iy " Cijs

(D.53)

(D.54)
(D.55)
(D.56)
(D.57)

(D.58)

(D.59)

(D.60)

(D.61)
(D.62)
(D.63)
(D.64)
(D.65)

(D.66)



~

MsL

dX3 X5 X7 emPsL L D.
5 = Tom / X S (M), (D.67)
~ i in (M3)2
01'333 = — 1671'2 / dX3X36 P3LWK2(IHILM3) 5 (D.68)
~ inpar (M
03333 16 2/ dX e P3L( ‘ 3‘) Kg(‘n|LM3) (D.69)

D.4 Four-point integrals

The decomposition of the four-point integrals up to rank 5 and the involved coefficients
are given in the following. The four-point scalar integral Dy reads

BO = Z BO(p%a (p2 - pl)za (p3 - p2)2ap§7p%’ (p3 _p1)2,m%a m%a m%,mi, La Il) ) (D7O)
n#0
with
D / dXye™ Pt B |2L2K (In|LMy), (D.71)
07 32n2 (My)2 2 * ‘

and [dXy = [y dzy [} dzg f) dzszexl. Hereafter, the arguments of the D functions will
be suppressed for brevity. The P, and M3 can be obtained by the recurrence formulae
eq. (2.26) and eq. (2.28), which read

3

Py = x3x2(l — 21)p1 + 23(1 — x2)p2 + (1 — x3)p3 = ZXipi , (D.72)
i=1
Qf = 305 + (1 — x3)(mj — ), (D.73)
M2 = Q24+ P2. (D.74)
For the tensor integral of rank 1, the decomposition is
Dr=3%" [Z pi'D; + n“D4] (D.75)
n#0
where the coefficients are

D; = dX, Xie™ par L L D.76
sz | ( L KalnlL M), (D.76)

D ax P oL LMy) . D.
=g | W (mlLM) (D.77)

Here, X}, X2 and X} are the coefficients of p, p2 and p3 in P4 (D.72), in order.
For rank 2, one obtains

3 3
D=3 [gw Doo+ > pi'piDij + > {pn}" Dis + n¥n” Dyy| , (D.78)
n#0 i,j=1 i=1
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with the coefficients

. L

.D dX l?’L’P4L|n’ L D
] L o

. 12

Dy; = dX,XiX]e inpyr APL2 oy D.
1= g [ XS ] (D.50)

Dy = dX,Xie inPy |01 L L D.81
o 2/ v Ki(nlZMa) (D.81)

Dyy = ~3973 / dX4e™PU Ko (In|LMy) . (D.82)

For rank 3, one has

3 3 3
EEDY [Z{gp}prDooz' +{gn}*PDooa+ D PiPipiDiji + Y {ppn}li" Dija

n#£0 ig,k=1 ij=1
3
+> {pnn}"P Diss + n“nynpD444] ; (D.83)
=1
with
Dogi = dX,Xie inpar L e g D.84
00i 327r2/ M, 1(n|LMy), ( )
D _ “PuL
Doy = — 327r2/ dX,e™ P L Ko(In|LMy) , (D.85)
_ L2
D;; AX (X X]Xke inpan 0L e D.86
=gy [ XX e I
N J 7>L||
Diji = 2/ AXaX{X e P K (] LM). (D.87)
o / X4 X e L Ko (|n|LM,) (D.88)
327[‘2 0
~ 1 ) L2
Duas =gy [ axae P LM e iy, (D.89)
3272 Jo In|

For rank 4, we have
N 3 3 ~
DEGEDY [{99}” Y27 Doooo + > {QPP}WPUDOOM +> {gpn}**? Dovia
n£0 i.j=1 =1

+ {gnn}"*° Dooas + Z oy o] Diji + Z {pppn}i” Dija
7]7kl 1 ,]k} 1

3
+ Z {ppnn}“ pUDZ]44 + Z{pnnn}fV’MDM@ + nfnnfn’ Dygaq |, (D.90)
5,j=1 i=1
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with the coefficients

Dooo = = / dX 4™ P (In| LMy, (D.91)
Duoyy = e [ PR g o), (D.92)
Doois = 32 R / AX 4 Xie™PiL R (In|LMy) (D.93)
Dooas = 5o 2/ dX4e Z"P“LMI;I‘ Ki(In|LMy), (D.94)
Diju = o / AdX, XiXI Xk X! ””’4L|( /\|/l) (In|LMy), (D.95)
Dijra = —32;/ AX 4 XiX]xkem 7’4L’M’4 Ki(In|LM,), (D.96)
Dijas = — 3% / AX 4 XiX]e™ Pl Ko(In|LM,), (D.97)
Digas = / AdX 4 XjeinPal M4K1(\n\LM4), (D.98)
32 3272 In|
Duasi = 5 / dx, Z"P4LL|(IIA’/;4)2K2(\n|LM4). (D.99)

For the case of rank 5, the decomposition is given by

5 3
DEGEESY [Z{ggp}?ymeooom +{ggn}""*7 Doooos + D {gppp} ™" Dooiji

n7#0 i,5,k=1
3
+ Z{gppn}“”P““Dom + > {gpnn}}"*7® Dooias + {gnnn}**** D
ij4 gpnng; 00744 gnnn 00444
ij=1 i=1
3 3
+ Z Py pl vy ® Dyjur + > {ppppon}i”® Dijpa + > {pppnn}is Dijpas
7] k,l,T 1 i)j’k’lzl lyjzkzl
3
+ Z{ppnnn}“ypm 13444+Z{pnnnn}f"mei4444+n“n”npn"no‘D44444 , (D.100)
i,j=1 i=1
with the coefficients
Dooooi = ~39,2 / dXy Xiem Pl Ko (In|LMy) , (D.101)
=~ My
Doooos = 55 - 2/ dXy emp“L’ | Ki(In|LMy) (D.102)
D Jyk PL|n|L
DOOijk 397 2/ dX4X4X X inPa M4 (‘H‘LM4) <D103)
Dooija = 3%2 / AX, X, Xe™ Pl Ko (In|LM,) (D.104)
= M L
Dovias = — 55 / dX  Xien Pl |If’ 1(In]ZMy), (D.105)
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o M

Dooaas = 59 2/ dXy Gmp‘*L( |4’) Ks(|n|LMy) , (D.106)
N I vk T zn73‘4L‘ ‘2L2

Dijkir = 32 ] dX4X4X XiXiXie M))? 5 Ko(In|LMy), (D.107)
Dijha = 32 — / dX4X4XJXle ZnP4L/\‘/14 Ki(|n|LM,), (D.108)
ﬁijk44 397 2/ dX4X4Xij nPal ) (In|LMy) (D.109)
o My L?

Dijasa = ~3or 2/ dX 4 X X]em Pk |f1| Ki(In|LMy), (D.110)
~ M

Diyasg = ~39.2 / dX,Xle inPr { ‘4?2 Ko(In|LMy), (D.111)
R ./\/l 3L2

Dygaqq = 39 2/ dX emp‘lL(|n)K3(|n’L/\/l4). (D.112)

It is straightforward to derive the relevant expressions for the N-point tensor integrals
of higher ranks by making use of eq. (2.36).
E Collection of tensor integrals in the CM frame

In the CM frame, the tensor decomposition of the N-point integrals can be explicitly
written down, in view of eq. (3.4) and eq. (3.5). In what follows, results shown in the
preceding appendix will be reformulated accordingly.

E.1 One-point integrals

The one-point tensor integrals up to rank 4 take the form of

AR — Q”UAOO + h/ﬂ/gn , (E.1)
Amee = Lgg e Aoooo + {gh}P? Agorr + {hh}*° A1, (E-2)

with the coefficients

Ay = Z Ao, Ay = Z n?Ay, Agooo = Z Aoooo
n;éO n7é0 n#0
Agor = Z n*Aorr,  Aun = Z n*Ann, (E.3)
s a0 (ds + 2)d, 2

where explicit expressions of the A functions are shown in the previous appendix.
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E.2 Two-point integrals

The two-point tensor integrals up to rank 4 have the following form

Bt =ptBy, (E.4)
B" = g" Boo + plip{ Bi1 + " Baa, (E.5)
B = {gpl}’wpéom +Plfp'fpf§111 + {plh}wpél?? J (E-6)

B = {gg}“y’wéoooo + {gplpl}”l’paéoon + {gh}“ypaéoom + PTPTPTP?BHH
+ {p1p1h}*P° Biigg + {Rh}*P° Bagas (E.7)

with the coefficients

Blzzéh Boozzéom §11=Z§11, 322— ZnBzz,

n#0 n#0 n#0 n;éO
~ . - _ - 1 . _
Boor =Y Booi, Bin=)»_ B, Biaa= 7 > " n?Biga,  Boooo =Y B0000,
n#0 n#0 % n#0 n#0
~ . - 1 . - . ~
Booi1=Y_ Booi1, Boozz = 7 > n®Booz2, Buii=)»_ B, Bus= Z n?Bi1as,
n;éO S n#£0 n#0 S n#£0
Bosan = @12, +2 Z n'Baoa (E.8)

where explicit expressions of the B functions are shown in the previous appendix.

E.3 Three-point integrals

The three-point tensor integrals are written down up to rank 4, which are

2
OF — pr(’fl ’ (E.9)
i=1
2
O = g Coo + Y PPy Cij + W Cs, (E.10)
ij=1
B 2 B 2 B 2 _
CHP =N g} Cooi + > PiDipfCijic + > _{ph}"*Ciss, (E.11)
i=1 ij k=1 i—1

2

CHre = {gg}**? Coooo + Z {gpp}wpgcooz‘j + {gh}"* Cooss + > PiPIDLD} Cijna
7] ]' i’j7k7l:1

+ Z {pph Y7 Cijaz + {hh}#7P7 Cza, (E.12)
1,j=1
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with the coefficients

Ci=3 Ci, Co=3 Cou, Cy=> Cy, 633— Y n*Cs,

n#0 n#0 n#0 S n#£0
Cooi = > Coois Cijk = > Cijiy Cizs = Z n?Ciss
n#0 n#0 n7£0
Coooo = > Coooo, Cooij = > Cooij Cooss = Z n?Cooss ,
n#0 n;éO n;ﬁO
Ciji = > Cijki, Cijaz = Z n?Cijzz, Caszz = Z n*Cs33, (E.13)

n#0 S n#£0 (d + 2

where explicit expressions of the C functions are shown in the previous appendix.

E.4 Four-point integrals

The four-point tensor integrals up to rank 5 are given by

3
Dt =>"pl'D;, (E.14)
~ ~ 3 ~ ~
D" = g"' Doo + Y pi'plyDij + " Day, (E.15)
ij=1
B 3 B 3
DHP = Z{gp}ngDOOi + Z pfp]ka'ij + Z{ph}u pDz44 ’ (Elﬁ)
i=1 ij k=1 i=1

3
DH7 = {gg}**** Doooo + Z {QPP}W’MDUOZ‘J' + {gh}**" Dooas + > Pi'Pipip] Dija

1,j=1 i,5,k,1=1
+ Z {pph}Y "7 Dyjas + {hh}**° Dygas (E.17)
t,j=1
3 3 3
DHPTS = Z{ggp}fywaooom + Z {appp}iil" Dooiji + Z{gph}ﬁ‘ "P7% Dooiga (E.18)

3
+ Z PEPYLDT 8 Dijrar + Z {ppph Y7 Dijkas + > _{phh}""* Disaas ,
i,5,k,l,r=1 i,5,k=1 i=1

with the coefficients

Eizzﬁi, Eoozzﬁoo, ﬁijzzﬁzja [744— ZTLD44,

n#0 n#0 n#0 n;ﬁo
Dooi =Y Dooi, Dy = > Diji;, Disa= Z n?Dja,

n#0 n#0 n;éo

Doooo = > Doooo,  Dooij = > Dooij,  Doosa = Z n? Dooas
n#0 n#0 n;éo

~ 1 ~ ~ 1 ~
Diju = Z Dzykzl s Dijaa= i Z n°Djjas, Daysas = (2, Z n* Dyaas,

n#0 S n#£0 $
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Dooooi = Y Dooooi,  Doviji = > Dovijies  Dooiaa = Z n? Dooja,

n#0 n;ﬁO n;é(]

_ . 1 N

D = Z Dijrir z]k44 = Z n ngk447 Diggas = A2, Z n*Disaas, (E.19)
n#0 n;éO (ds )ds n#0

where explicit expressions of the D functions are shown in the previous appendix.

F  One-loop self-energies of the nucleon

The dressed propagator of the nucleon is given by

i

iSn(p) = jom S

(F.1)

where E(p) and m are the nucleon self-energy and bare mass, respectively. The physical
nucleon mass my is defined as the pole of the dressed propagator,

my =m+ X(my). (F.2)

Feynman diagrams displayed in figure 4 contribute to the self-energies at one-loop level.

At finite volume, the corresponding FVC effects have been calculated in, e.g., ref. [10].
Here we list the explicit expressions for the sake of easy comparison. For diagram (a), the
self-energy reads

Yn3(M2, L) =3

2
i /01 dz2my [«1 —2)Pmd + (3 — 2)M%) Ko(In|Ly/ M3,)
T 20

/M2
+ (42 — 6)L|n|NK1(n|L\/M§V)] : (F.3)

with M3, = 2M2 — 2(1 — 2)p? + (1 — 2)m3,. Here g4 and Fy are the nucleon axial coupling
and the pion decay constants, respectively. For diagram (b), the self-energy is

AT ha 12 1 VMA
zNAg(Mg,L)zg{M;‘mA] Z/O dz(sz+mA)2m?Vl—L|n|K1(\n|L1/M2A)
™ n#0

+M2Ko<|n|L\/Mz>] |

with M4 = 2M2 — 2(1 — 2)p* + (1 — 2)mA and ha being the axial coupling constant of
the N-A transition. Mention that the above expressions are obtained in the rest frame of
the nucleon.
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In our case, diagram (a) and diagram (b) yield

o—ilk-k k[(k‘ﬂﬁ) _mN]k
-+ )2 = w32 = 322

ik (K +p) +ma
)

Yol

(R T
kQ (d - 2)(7‘6 - (k+p))?
{d_l R —k:2}. (F.5)

By making use of the FVC tensor integrals defined in section 2.2, the above expressions of

self-energies become

3g4m ~ ~ ~ ~ ~ ~ ~
Ea(pit) = g4AF2N > {SBO +25B; +dBog + sB11 +n*Bay — 2n - p [Bz + Blz} } ;
n#0

3
gAQ Z {531 +2sB11 + 2dBog + (d + 2)Boor + sBin
4F7r o

n? [2@22 + Blm} —2n-p [Ez + 2§12 + §112] }}?,

3
gé Z {SBQ — (d + 2)3002 — 8B112 —-n B222 +2n - pBlzg}ﬂL (FG)
4F7r o

and

So(pot) = m;}{mAsBo+2mAsBl+(dmA $)Boo+s(m% —s) B

—28(2+d)3001 —282§111 —d(2+d)§0000—28(2+d)§0011 —82§1111

+n2 {migm —28@122 — 2(2+d)§0022 —28@1122 —n2§2222}
—2n-p [mQAEQ — (s—mZA)Elg —(2+d) (EOOQ +2§0012) — 8(3§112 +2§1112)

—712(3222 —|—2§1222)} — (n-p)2 {Ezz +4Bj2; +4§1122] }

2(d—2)h%

(d—1)F2m% 2 {_mZSBl —2mA Boo—2mj s Bi1 — (m} (2+d) —3s) Boos
s

n#0
—s(mQA —5)3111 —|—2(2+d)§0000+23(5+d)§0011 +252§1111 + (d+2)(d+4)§00001

+25(4+d) Boo111 45> Bi1111 —n® [WLQAEuz —2Boo22—25B1122 —2(4+d)§00122
—25B11122 —n2§12222] +2n-p {miéu — Booz— (S—mQA)an - (6+d)§0012
—2(4+d)Boor12—5(3B1112+2B11112) —n%(B1aza+2B11222)

+(n-p)? [3122 +4§1122+4§11122} }?
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2(d—2)h% 3

(d—1)F2m};

- {mis§2+2mis§12+(mi(2+d) —S)§002+S(m2A —S)B112
A n#0

—25(4+d)Boo12— 25 Br112— (d+2) (d+4) Booooz — 25 (d+4) Boo112 — > Bi1112

+n? {miézn —25B1299 —2(d+4) Booaz — 25 B11229 — n21§22222]
—2n-p [m2A§22 —(s—mA)Biaz— (44d)(Boozz +2Boo122) — s(3B1122+2B11122)

—n? (32222 + 2§12222)} —(n-p)? [§222 +4B1929 +4§11222} }% (F.7)
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